8.323 Problem Set 1 Solutions

February 15, 2023

Question 1: Quantum harmonic oscillator in the Heisenberg picture (25 points)
Consider the Hamiltonian for a unit mass harmonic oscillator with frequency w,

1
H =3 (5" +w3?)

In the Heisenberg picture p(t) and Z(t) are dynamical variables which evolve with time. They obey the
equal-time commutation relation

[2(t),p(t)] =i
Here and below we set h = 1.

(a) Obtain the Heisenberg evolution equations for &(t) and p(t).
We use Heisenberg’s equations of motion for #(¢) and p(t):
dp(t)

= i[H,#(t)] g = HHB(t)]

di(t)
dt

The right hand sides can be computed using H = %(ﬁz + w?4?), the commutator [#,p] = 4, and the
Heisenberg time evolution O(t) = e?#'Oe~*H!. For instance:

[H,i’(t)] — [H, ethi,efth] — eth[H, i,]efth — _Z'ethﬁefth — —Zﬁ(t)
Hence, we have:
dz(t) . dp(t) .
dt —p(t) dt =-w $(t)

(b) Suppose the initial conditions at ¢ = 0 are given by
WO =8 p0)=p

Find #(¢) and p(t).
We can decouple the system by converting to second order equations:

i = () (1) = —?p(t)
Solving with the initial conditions (0) = & and p(0) = p, we find

1
Z(t) = & coswt + —psinwt p(t) = pcoswt — wi sin wt
w



(c¢) It is convenient to introduce operators a(t) and a'(t) defined by:

1

#(t) =\ 5 (@(t) +al (1), B) = —iy/ S (a() — ' (1)

Show that a(t) and af(t) satisfy the equal-time commutation relation
[a(t),a" ()] = 1
We solve for a(t) and af(t) in terms of &(t) and p(t):

w 1

1
a(t) =/ =2(t) +iy/ —p(t at(t) = [ =a(t) — iy —p(t
a(t) S () + iy 5 -B(2), a'(t) 5 2(t) =iy 5 -p(t)
Using the commutation relations between position and momentum operators, we have

[p(t), &(t)] = 1

(1), a1 (1) = — L[2(5), 5(1)] +

v
2 2

(d) Express the Hamiltonian in terms of a(t) and af(t).

where in the last equality we define the number operator, N(t) = a'(t)a(t).

(e) Obtain the Heisenberg equations for a(t) and a'(t).
Using the results in parts (c¢) and (d), we have

dizit) = i[H,a(t)] = iwla' ()a(t), a(t)] = —iwal(t)
af
: dt(t) = i[H,al ()] = iwla' (t)a(t), ' (1)] = iwa (2)

(f) Suppose the initial conditions at ¢ = 0 are given by
a(0) = a, at(0) =al

Find a(t) and af(t).
The equations in (e) are decoupled, and first-order linear. We immediately have

a(t) = ae~ ™t al(t) = ale™!

(g) Express 2(t), p(t), and the Hamiltonian H in terms of @ and a'.
We substitute the expressions obtained in (f) into parts (c) and (d).

1 . .
.ﬁ'(t) _ ﬂ(de—zwt + &T€ZWt)



Question 2: Lorentz transformations (15 points)
(a) Probe that the 4-dimensional J-function

is Lorentz invariant, i.e.
W (p) =8 (p)

where p* is a Lorentz transformation of p*.
We express the d-function in integral form, and use that p - x is a Lorentz scalar, i.e. Ap- Ax =p - x.

1 1 )
(4) — 4,.,ipT 4 . iAp-Ax
' (p) (@) /d xe (27r) /d xe

Now we make the change of variables Z = Az. Note that d* = d*z. To see this we use ATnA = 7, which
implies 1 = det(AT) det(A) = (det A)?. Hence, the Jacobian J = |det A| = 1. One thus has

1 o 1 )
(4) _ 4z iApE 4. iApx _ ¢(4)
0" (p) @) /d ze G /d xe 0 (Ap)

(b) Show that
w16® (ky — k)
is Lorentz invariant, i.e.
w18®) (k1 — ka) = W, 6O (K — k)

Here k; and ko are respectively the spatial part of four-vectors K = (w1, El) and kb = (wo, EQ) which
satisfy the on-shell condition

k2 4+ k2 = —m?

and k' = (w], ), k' = (wh, kb) are related to k¥, k& by the same Lorentz transformation.
We consider the expression §(k? + m?) which imposes the mass-shell constraint. We can simplify this

using the J-function identity o(f(x)) = Z /1 Sz — x;).
R e
S(k* +m?) = 6(—k3 + k% +m?) = 23} ] (6(ko — lwgl) + 6(ko + lwgl)) (1)

We will assume wy wg, > 0, as is the case for physical 4-momenta.

k b
We can pick out the k) = wg, enforcing d-function in (1) by multiplying both sides by 9(“’1'51)'

G(wgl)é(k‘% +m?) =

Now we multiply both sides by 6®) (k; — ks):

0(wp )3(kT +m?) - 2w 83 (k1 — ka) = 6(k) — wp )0®) (ke — ko)
= 0(k) — wy,)6@) (By — ko)
= 0(k — k98 (ky — k2)
0(wp )5(kF +m?) - 2w 63 (ky — k) = 6 (kY — k) (3)



In the second equality, we use that the 5(3)(E1 - Eg) allows us to replace w; with wg . For this step, it is

crucial that sign(wy; ) = sign(wy, ), which is true since both are positive.

Finally, let us study (3). The right-hand side is Lorentz invariant by part (a). On the left-hand side,
§(k? +m?) is Lorentz invariant since k} is a Lorentz scalar, and 0(w;-) is Lorentz invariant because the
energy of a particle does not change under a (proper, orthochronous) Lorentz transformation. It then
follows that wglé(?’)(ﬁl — k) is Lorentz invariant.

(¢) For any function f(k) = f(k°, k', k2, k?), prove that

Pr1 .
/W%Ef(k), CL)E = ]{72 + m2

is Lorentz invariant, in the sense that

Bk 1 Bk 1, -
| ey ® = [ g ®

where kt = AP, kY is a Lorentz transformation of k*.
Since the momentum is on the mass-shell, we write f(k) = f(wg, k).
By introducing another §-function, we may write this expression as a integral over 4-dimensions:

Pk 1 Bk 1 - 1 1 =
/ @ 2 w=J @) 2y B 2 | Phggnd 07— SR F)

(27103 / d*k 0(wz)5 (k% +m?) f (k") (4)

where in the last equality we have used (2).

Now we make a change of variables, k = AK’, for A an arbitrary (proper, orthochronous) Lorentz trans-
formation. In parts (a)-(b), we showed that d'k = d*K’, 0(w;) = 0(wp,), and §(k* + m?) = §(k" + m?).
Hence,

(2711_)3 /d4k0(w;§)5(k2+m2)f(kﬂ) - (27::-)3 /d4k'0(w,—€»,)5(k’2—i—m?)f((Ak’)ﬂ)
Pk 1
:/szzf(/\k)

where the last equality is obtained using the reverse sequence of operations that led to (4).
Putting everything together, we have the desired result,

/d?’z%’ 1 f(k):/ Bk 1 AR

(2m)3 2wy (2m)3 2wy



Question 3: A complex scalar field (20 points)
Consider the field theory of a complex valued scalar field ¢(z) with action

S = / diz( - 8,86 — V(o]2), |62 = 6"

One could either consider the real and imaginary parts of ¢, or ¢ and ¢* as independent dynamical
variables. The latter is more convenient in most situations.

(a) Check that the action is Lorentz invariant, and find the equations of motion.

A Lorentz transformation acts as ¢ — ¢/, such that ¢'(z) = ¢(A~'z). The action transforms as:

S8 = / iz ( — 8,8 (1)0"9 () — V(8 (@) )
- / dhx( — 0,67 (A )9 $(A1z) — V(|o(A 1))

Now we make the change of variable 2’ = A='z. We showed in 2(a) that d*z = d*2’. Furthermore, by
the chain rule we have 9, = (A~1),"d,,. Here 8, and &/, denote differentiation with respect to  and .

8= [t (— (et @) (A7) 00la!) ~ V(o))
= [t/ (= 50,07 ()0 0l ~ V(o))
B / d*a’ (= 06" ()" (') = V(|p(@)) = S

where in the second line we use

AR (AT, = (WD) WA, = (M) u(ATHH, = 6

To find the equations of motion, we use the Euler-Lagrange equations, treating ¢ and ¢* as independent:

oL oL oL oL

O 5(0,8) ~ 96 % 50,6 ~ 26"

The left-hand side can be confusing to evaluate due to the contracted indices, so we do one calculation

very explicitly:

8£ _ a * QU _ o xSVl 92 1k
aum = O 8(8,@)( 0y9*0"¢)| = 0u[-0,9"0,] = —07¢
Hence, the equations of motion are
&*¢" = V'(j¢]*)¢" =0, 06— V'(|¢]*)¢ =0

Note that these are conjugate equations, as expected.

(b) Find the canonical conjugate momenta for ¢ and ¢*, and the Hamiltonian H.
We write the Lagrangian density as

L =00~ Vo' Vo~ V(e]”)
The conjugate momenta are thus

oL . ..o
I —8t¢, m™oi= a(8t¢*)—8t¢




The Hamiltonian is given by

H= /d3x(7r6t¢ 40— L) = /d3a:<7r*7r +Vo" - Vo +V(|g])

(¢) The action is invariant under the transformation
¢ — P, ¢* — e "
for arbitrary constant «. When « is small, i.e. for an infinitesimal transformation, this becomes
0p = iag, 0¢* = —iag”

Use Noether’s theorem to find the corresponding conserved current j# and conserved charge Q.
By Noether’s theorem, the conserved current is given by

oL
= §5&, — FH SL — 0
J 0, Ba) F L=0,F

In this case, d¢ = iag, d¢* = —ia¢*, and 6L = 0. We find
g = —0"¢"(iag) — OM¢(—iag") = ia(¢*0"¢ — ¢0"¢")
One may remove the proportionality constant if desired, to get
=00 — 60
The corresponding charge is then
Q= [ @ = [dateos - 606"

(d) Use the equations of motion from part (a) to verify directly that j* is conserved.
We compute:

Bug" = Bu($* "¢ — pOF ") = ¢* 02 p — ¢p0*¢*
=V'(|¢|*)¢*¢ — V'(|¢]*)¢*¢ =0

where in the second line we use the equations of motion from part (a).



Question 4: The energy-momentum tensor (20 points)
In this problem we work out the energy-momentum tensor of the complex scalar theory in Question 3.
(a) Under a spacetime translation

ot — P =P+ ot
a scalar field transforms as
¢'(z') = ¢(x)

Show that the action is invariant under the transformation ¢(z) — ¢'(z).
Under the transformation, the scalar field satisfies ¢'(z) = ¢(x — a). The action transforms as:

58 = [ dlao( - 8,6" @0" ) - V(¢ (@))
= [ 060 — 00 - ) ~ V(6(z — a))
:/fﬂ—@wwwwm—vwmwn=5

where in the last line we change variables from z# — x* 4 a/, which does not change the integration
measure.

(b) Write down the transformation of the scalar fields ¢ and ¢* for an infinitesimal translation, and use
Noether’s theorem to find the corresponding conserved currents T+,
An infinitesimal translation acts on the fields as:

0¢ = ¢ (x) — ¢(z) = ¢(z — a) — $(x) = —a"Oue(2)
06" = ¢ (2) = ¢"(x) = ¢"(x — a) — ¢"(z) = —a" 09" (2)

We also need the change in the Lagrangian density under translations:

0L =L~ L=-0,(¢"(z) — a"0u¢"(2)) ”(¢($)—-a“au¢( z))
— V((¢"(x) — a0y (2))(¢(x) — a"ui(2))) —
= a"(0,0,9" ()0 ¢(x) + 0,¢" ()0 O ¢(x D+a”ﬂ@H@(u¢¢+¢*uwﬁ4ﬂwﬁﬂ
= —a"0,L = a,0,(—n"" L) := (au,0,)F"

The translations are parameterized by a 4-vector a*, and we have a Noether current (itself a 4-vector) for
each. Hence, we can encode the conserved currents from translations into a rank-2 tensor, T#. In the
following, we let the first index pick out the direction of the translation a*.

The Noether current is

oL oL
SHIH SOFVH — FHv
53,9 %"+ a@,en 00V =T

= —0"¢" (—0M¢) — 0" p(—0"9") + L
= 0" d+ 0”9 " — " (0,00 d + V(|6]*))

T = () =

(¢) The conserved charge for a time translation

H:/fﬂm



should be identified with the total energy of the system, while that for a spatial translation

P’ = / d*xT"

is identified with the total momentum. Thus T*" is referred to as the energy-momentum tensor.
Write down the explict expressions for H and P?. Compare H obtained here with the Hamiltonian in
problem 3(b).

We compute:

= [ @1 = [ (200600 + (-0'0'00 + Fo - Fo + V(6P))
— [ @ (v 0+ Fo - Fo+ V(o)
/ Pz = / PPx (0'¢*0'¢p+ 09 ') = / &’z (0:9"0;¢ + 0" )
The expression for the Hamiltonian is equal to the Hamiltonian obtained in problem 3(b).

(d) Use the equations of motion of problem 3(a) to verify directly that T#" is conserved.

Recall that the first index of T*” picks out the direction of the translation a*, so formally Noether
conservation should tell us 9,7"” = 0. However, from part (c) it can be seen that T*” is symmetric, so
we can contract the derivative with respect to either index.

We compute:
QT = 0,(8"6"0" ) + 8”970 §) — 0”(8,6"0°9) — 0"V (|¢]*)
= 0% ¢ + 0" ¢* 0% — 0"V (|6[?)
= ¢*0"¢ V'(|6°) + ¢0"¢™ V'(|¢]*) — ¢*0"¢ V'(|¢]*) — ¢0” 6" V'(|¢]*) =

where we use the equations of motion in the 3rd equality. Thus the Noether currents are conserved.
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8.323 Problem Set 2 Solutions

February 21, 2023

Question 1: A Problem with Relativistic Quantum Mechanics (20 points)
The Schrodfinger equation for a free non-relativistic particle is:

1

iOpp(Z,t) = —%v%(f,t)

The generalization of the above equation to a free relativistic particle is the so-called Klein-Gordon
equation

0P (E,t) — V(& 1) + m*)(&,t) = 0

We emphasize that in both these equations, 1(Z,t) is interpreted as a wave function for the dynamical
variable Z(t), rather than a dynamical field.

(a) As a reminder, derive from the Schrédinger equation the continuity equation for the probability
op+V-J=0

where

PVY — pVYT)

2 T i
= J: _—
p= Il o

We compute:
* * i =2 % *v 72
Rl CA A )
m
= * 7 =% = T
- V- (vV0 - uVu) = =V J
m
where we use the Schrodinger equation in the second equality.
(b) Suppose 9(Z,t) has the plane wave form, i.e.
W(Z,t) x eik-E

for some real vector k. Find the solutions to the Klein-Gordon equation above.
We substitute the ansatz ¢(x,t) = e**¢(t) into the Klein-Gordon equation to get an equation for ¢(t):

Gio+ (K +m*)o =0
This has plane-wave solutions of positive and negative frequencies,

P(t) = Ae” it 4 Belwxt, wi = VK2 +m?



Hence, the Klein-Gordon equation has solutions

¢(f, t) = Aei(_wkt+k'x) + Bei(wkt—‘rk-x)

(¢) Show that the Klein-Gordon equation also leads to a continuity equation, with p and J now given by

{ % * 7 L * — *
p= 5 (WO = pO). S =g VY =Y

In the same way as in part (a), we compute:

-

Oup = 5 (WO} —VOPYT) = 5 (VP V) =~V - ]

7
2m
where we use the Klein-Gordon equation in the second equality.
(d) Argue that this p cannot be interpreted as a probability density.
We write

7 1

p= o (Y 0pp — YOp™) = —Im(pOyp™)

m m
Any proper probability density must be positive definite, i.e. p > 0. This is not the case here. For
instance, for the plane wave solution A = 0, B from (b) we compute

p=1Im <Beiwkt+ik'x(—iwk)Be_iwkt_ik'x) = — By <0

Since wyx = vk? +m? > 0, the existence of negative-frequency solutions means that p cannot be positive
definite, and cannot be interpreted as a probability density.



Question 2: Commutation relations of creation and annihilation operators (20 points)
For the real scalar field theory discussed in lecture,

1 1
_ _ w22
L 2u¢8¢ ngb

we showed that the time-evolution of the quantum operator ¢(x,t) is given by

1

_ [
o(x,t) = [ d km

(akuk(x, t) + aLui“{(x, t))

where

Wk = /k2 + mg’ T e—zwkt+zk~x

We use 7(x,t) to denote the momentum density conjugate to ¢. The canonical commutation relations
among ¢ and 7 are

[¢(x, t)7 ¢(le t)] = [W(xa t)? ﬂ-(xl7 t)] =0, [(;5()(, t)? TI'(XI, t)] = i6® (X - X/)

(a) Show that it is enough to impose the canonical commutation relations at ¢ = 0. That is, once we
impose them at ¢t = 0, then the relations at general t are automatically satisfied.
Note: this statement in fact applies not only to V(¢) = %m2q§2, but any potential V' (¢).

In the Heisenberg picture we have:

[A(x, 1), B(X', )] = [ A(x, 0)e ™" e B(x', 0)e 1] = '[A(x,0), B(x', 0)]e """
Now let us impose the canonical commutation relations at ¢ = 0. Then, it follows that

[¢(X7 t)a ¢(Xlﬂ t)] = [7T(X, t)7 W(XI, t)] = ethOe*th =0

[p(x, 1), m(x, )] = 460 (x — x)e "t = i604) (x — X)
These are again precisely the canonical commutation relations, now at generic .

(b) Express ax and a;r( in terms of ¢(k) and m(k), where ¢(k) and (k) are Fourier transforms of
o(x,t =0) and 7(x,t =0), e.g.

o(k) = /d3x6_ik'x¢(x,t =0)

We start with the mode expansions for ¢(x,t) and 7(x,t)

d(x,t) = /d3k\/217k

W(X,t) = _Z/dgk\/? (ake_iwkt+ik‘x _ aTkeiwkt—ik-x>

This is almost of the form of a Fourier transform, and by changing variables of one of the terms from
k — —k we have

—iwt+ik-x T dwgt—ik-x
(ake + ape )

1 . .
0k, 1) = o (e ol o)

m(k,t) = —iy/ % (ake*iwkt — aT_kei“’kt>



Now, observe that the equations are decoupled in k. We can take t = 0 and solve this as a regular system

of equations for Ak and CLTk.
¢(k) ) ! ”(k)
ke 2 ! 2w

o =\ [0k iy 5wk (1)

(c) Using the expressions derived in part (b), deduce the commutation relations

[ax, axe], ol al,], [ax, a,]

from the commutation relations above at ¢ = 0.
It is useful to take the Fourier transform F (from position to momentum space) of the ¢ = 0 canonical
commutation relations:

[6(k), ¢(k')] = [r(k), 7(k')] = Fxosk © Fxrw(0) = 0
[D(k), 7(K)] = Fxoi © Frow (160 (x —x')) =i / BPxd®x'e=H* e~ ¥ 50) (x — x')

=i / dPxe”HK)x — 497)366) (k + k)

Now we compute commutators of creation and annihilation operators using the results in (b)

e cae] =+ (19000), ()] + [ (1), 6(1)]) = RO+ 1)~ SO+ 1) =0
o af] = — (1801, m(~K)] + [r(~k), o(~K)]) = —5 (2 (5O (ke ~ K) 69 (=K ~K)) =
e aly] =+ 5 (<1900, w(~K)] + [0, o(~K))) = —3 (2w}~ = 1) ~ 5O - )

= (21)*0®)(k - X (2)



Question 3: Noether charges in terms of creation and annihilation operators (20 points)

In problem set 1, we obtained the conserved charges associated with spacetime translational symmetries
for a complex scalar field theory. The results there can be easily converted to the corresponding expressions
for a real scalar field theory.

1 1
_ - w22
L= Qﬁuqﬁaqﬁ 2m(;5

(a) Express the Hamiltonian H of this theory in terms of ay and alT(.
From problem set 1, we quote
1
H= 2/d3x(7T2 + (Vo) + m?¢?)

It is convenient to first convert this expression into momentum space, before using the decomposition into
creation and annihilation operators. We use the identity:

/ Bxf(x)g(x) = / Pxd®kd®K !B X £ (k) g(K)

1
= s [ PP e 1) £1)90) = [ @ies 19—k 3)
m
More generally if there are derivatives acting on f or g, each derivative acting on f drags down a factor
of ik, while each derivative actin on g drags down a factor of 7k/, which becomes —ik after performing
the d®x integral. We further use the shorthand dz = dxz/27 (d is to d as A is to h).

Hence, we can now write
H= ;/dsk (m(k, t)m(—k,t) + (k* + m?*)op(k,t)p(—k, 1))
=5 [ @i n(-k ) + wpolk Dok, 0)
= ;/dgka;k <0Lk(7f)ak(1t)T +ak(t)Tak(t)) = /dgkwkaiak + ;(2ﬂ)35(0)/d3kwk
In the third equality we use the relations (1) from problem 2(b). In the last equality we use the commutator
(2) from problem 2(c), as well as the expressions ay(t) = e~ “kig, and aL(t) = eiwkta;r{. Note that in the

above calculation, we showed that the time-dependence cancels explicitly. We could have also used that
H is conserved to remove the time-dependence immediately by evaluating all fields at ¢t = 0.

This can be written as

H= / d*kwi Ni + Ey
1
for the number operator Ny = altak, and zero-point energy Fy = 5(27r)35(0) /dskwk.

(b) Express the conserved charges P° for spatial translations, in terms of ay and alT(.
Again we quote the charges from problem set 1, and use (3) to write it in momentum space.

Pl = /d?’XﬂquS = —z’/d:”kw(k,t)qﬁ(—k,t)ki
_ % / 1k (axe(t) — acse(0)!) (acset) + an(t)')

1 | | |
=35 /dgkkl (aka—kedwkt +agal —al ay — aT_kaLeQWkt)



In the third equality we use the relations (1) from problem 2(b). Observe that due to the k% factor and
the commutation relations (2), the first and fourth terms in our final expression are odd under the change
of variables k — —k, so they must vanish. Therefore,

pi= % / @Kk (aal, + ajax ) = / d3kkiaTkak+% / dk(27)26®) (0)k = / 3Kk Ny

In the second equality we use the commutator (2), and in the third equality we note that the last term
vanishes because the integrand is k-odd.

We may combine this with the expression for H in part (a) to write

PH = / PREF N + 0 Fy, kY = wy (4)

(¢c) Starting with

$(0,0) = /d3k\/217k (e +al)

show that under the action of translation operators,
b(x,t) = eth—iPizi(b(O’ O)G—th—&-iPixi

Hint: this problem becomes trivial using the following formula for a harmonic oscillator,
iaN  —iaN —iax N = ala

e ae =e "“a,

The formula in the hint follows from the Baker-Campbell-Hausdorff (BCH) formula,

1
AYe X =Y +[X, Y]+ X YT+

We check:
liaN,a] = iafa’a, a] = —ica
. . 1 ,
e Nge 1N — ¢ 4 (—ia)a + E(—ia)za +--=e"a

7iaNaTefiaN N 7o

and similarly, e e“al,

Now we generalize. For a(k’) a real-valued function,
ez‘fd‘3k’a(k’)Nk/ ake—ifd3k’a(k’)Nk/ _ eifd3k’6(k—k’)a(k’)Nk/ ake—ifd‘3k’6(k—k’)a(k’)Nk/

ta(k) ta(k) Ny —ia(k)

=e Negpe™ =e ax (5)
In the first equality, we use that the 2 sets of operators {ay, a};, Ny} and {ay, O‘L" Ny} commute with
each other for k # k’. This allows us to move all but the k’ = k exponentials on the left-hand side past the
ax factor, where it cancels out with the exponentials on the right. Note that for this, it is essential that
a(k’) is a real-valued function. The last equality follows from the instance of the BCH formula derived
above. In the same way, we have that

ez‘fd3k/a(k/)Nk, a;r{e_ifdg’k/a(k/)]vk’ _ eia(k)aTk (6)



Using our expressions for H and P’ in part (a) and (b), identities (5)-(6) allow us to compute

ei(Ht—Pia;i)ake—i(Ht—Pia;i) _ eifd3k’(wk/t—k’~x)Nk/+iEotak€—ifd‘3k’(wk/t—k’~x)Nk/—iEot

— eifdgk/(wk/t—k/~x)Nk/ ake_ifdgk/(wk/t_kl.x)]vk, — e—i(wkt—k~x)ak

ei(HtfPizi)a;f(efi(HtfPizi) _ eifd3k’(wk/t7k’-x)Nk/ aTke*ifdsk/(wk/t*k/'x)Nk/ _ ei(wktfk-x) CLL

Finally, we get
ei(Ht—Piaci)QS(O’ O)e—i(Ht—Pixi) _ d’k ei(Ht—Pixi)(

ax + a;r{)e—i(Ht—Piaci)

— (akefi(wktfk-x) + akei(wktfk-x)) — ¢(X, t)

vV 2wy




Question 4: Noether charges for Lorentz symmetries of a real scalar (20 points + 10 bonus)
In this problem we work out the conserved currents corresponding to the Lorentz symmetries of a real
scalar theory,

L= —% PO P — %m2¢>2
(a) Consider an infinitesimal Lorentz transformation
A =8, +w,
where w,,, = —w,,, are infinitesimal numbers. Show that this satisfies
APnoaA™ = 0

to first order in wy,,, so this does give a Lorentz transformation.
We compute:

AupnpAA,,)‘ = (6" + wup)npk(‘SVA + WVA) = (Mur + wuk)((s)\u - WAV)

=N + W — Wy + OJM,\(/J p=Nuw + O( )

(b) Write down how ¢ transforms under an infinitesimal Lorentz transformation, and show that the
conserved Noether current for this transformation can be written as

J,u)\l/ _ m)\Tw/ . qu,u)\

where TH is the conserved energy-momentum tensor derived in problem set 1.
A Lorentz scalar field transforms in a way obeying ¢'(2') = ¢(x). Therefore, under an infinitesimal
Lorentz transformation, the scalar field ¢ transforms as

3¢ = ¢ () — p(x) = S((A™),a”) — p(a”) = (6", — w",)a") — p(a¥) = —wH 2" D,
where in the last equality we Taylor expand ¢(z# — wH,z") = —wh,2"0,¢.

Using this, the Lagrangian density transforms as

0L = L[¢] — L[¢] = L[p — w ,a"0xg] — L]P] = —w aw w2’ NL = =0\ (w,xV L)

¢

We expand only to first order in w. In the final equality, we use that w,, is antisymmetric, i.e.
I (whz’ f(z)) = w05 f(2) + W avOnf(z) = W f(z) + wavorf(z) = Wz’ O\ f(x)
Hence, 6L = 0, F*, for FF = —wt 2" L

The Noether current for the transformation parameterized by w), is given by
oL

~ 0(9u9)
= w2 (PO P + L) = wya? THA

= ——r—=00p— FF = ,,a:”@“qb@\qb +wht, 2’ L

for the energy-momentum tensor from problem set 1 (now with a real scalar):

= 010"+ L = 060" — S (0,000 + m?)



Note that w), is an arbitrary antisymmetric tensor which parameterizes our infinitesimal transformation.
In total we have an antisymmetric tensor worth of conserved currents, which we can package in J*:

1
J,u)\u — ZL)\T/J,V _ xVT/J)\’ ju _ —§W)\VJH>\V

UV

In writing J#* we have made the antisymmetry in A and v manifest by explicitly antisymmetrizing over

these indices.

(c) Using conservation of the energy-momentum tensor, verify that the current in (b) is conserved, i.e.
DI =0

We compute:

Opd "N = 0 (a T — 2V TH) = 5, T™ + 220, T — 6, T+ — "9, T
_ T)\Z/ _ Tzz)\ -0

In the 3rd equality we used the conservation law 9, T*” = 0, and in the 4th equality we used from problem
set 1 that TH” = T"" is symmetric.

(d) (Bonus problem) Consider the conserved charges associated with J+,
M)\V — /dgl'JO)\V

Express the conserved charges M* for the Lorentz symmetries of this theory in terms of ay and alt.
From part (b), we have

M“V:/d3xJO“V:/d3x($“T0”—azl’T0“)

This is antisymmetric in p and v, so we need to compute M and M%. To do this, we need to expand
T in terms of creation and annihilation operators:

T = — 7ot — %770“ (—7r2 + (Vo) + m2¢2)

1 ) .
= (55 + (V0P + m2a?), ~0') = (H(z), P'(2)
Since M*" are conserved currents, we can compute them at ¢ = 0.

First, we need the identity

/ PPxarl f(x)g(x) = / PPxd®kd®k e 6K 51 £ (k) g (K)

1 . .
= | R 0,500 W) g = [ K fR)g(K) (7
where we have used integration by parts in the last equality. More generally if there are derivatives acting
on f or g, each derivative acting on f drags down a factor of ik, while each derivative actin on g drags
down a factor of ik’, which becomes —ik after performing the d®x integral.




Now we are ready to compute
MO = / Bx(tP(z) — 2 H(2))so = — / Pxri(n? + (V)2 + m2e?)
_ ! / Pk (94, m(k) (k) + w2y, (k) p(—k))
=1 [ @ (-0 (el - o) (Ver(ai - a])
(ak4—aL»>

+ w0k, (—=(ax +a’ ) - (

1 1
\/ Wk v/ Wk
=+ / K (K + @ik, ) (o — al ) - (s = al) + (K = b)) (ax + ') - (s + )
1
= —2/d3kwk ((a,ﬁ.ak) (8ka )a— k = —/d‘gkwk 8k ak) (OkiaL)ak)
1
= —2/d’3kwk (alt(ﬁkiak) + (27T)38ki6(k — k/)|k’:k — ((‘)kiak)ak>
= ke (ol (O ax) — (0]
= B Wk ak( kiak) ( kiak)ak
Line 2 follows from identity (7). Line 5 is obtained by noting that all but 2 terms in the integrand of
line 4 either cancel out or are odd. In line 6 we use the identity obtained by taking the k-derivative of

[ak,aL,] = (27)360) (k — k'), and evaluating at k/ = k. Finally, to reach line 7 we use that the §®®)-term
in line 6 is odd.

In a similar way, we can also compute for i # j (since M* = 0 by asymmetry)
MY = /d3x(aci77j($) — 2/Pi(z)) = —/dgx(aziﬂﬁjgb — 2/md' )
1 : ;
:Q/kaMM%ﬁP@—@Hﬁ)
_ _i/dﬁk (k] w (Ik_a k) ak (\/iuik(a_k‘FaL))_(i(—)j))
_ ¢ /d3k (kj(ak —aly)- <—kl + O, ) (a-x+ap) — (i & j)>

Wk

_—/d3kk] (akaka k+ak3kak—a kOka—x —a’ kakak) — (1)
/d‘?’kk: (akakak—a 1Ok k) — (i <)
(—(Oraal — al(@ram) - G+ j)
_/d3kkﬂ ( (27)30%,0 (k — K) [ro—x — 2a] (O, ak)) — (i ¢ )
=3 /d?’k k:’alt(c?k].ak) — kj(f)kia;f()ak)

where we make ample use of integration by parts, drop total-derivative terms, and use i # j to completely
ignore having to deal with o< Jy k7 terms.

Physically, the conserved quantities are the center of mass velocities M and angular momenta M¥ .

10



Altogether, we may write

MP = _% /#kk“(aﬂak,,ak — O, afar) — (= v),

11
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Question 1: Lorentz Transformations for Operators and States (15 points)

(a) From the commutation relation of creation and annihilation operators ay and aL

lax, GL/] = (2%)35(3)(1{ . k/)

and the result of Problem 2(b) of Problem Set 1, argue that ay, alT( should transform under a Lorentz

transformation as
- [WAK ~ WAk +
ax — ax = —AaAk, a;r( — CLL = —Qpx
Wk Wk

We start with the commutator
ke, aly] = (27)%6) (k — K)

The left-hand side transforms to [ax, ELL]. Furthermore, since wi6®) (k —k’) is Lorentz-invariant (Problem
2 of PS1), the right-hand side transforms to

PAK (97)36@) (Ak — AK) = 2K [a, al, ]
Wk

Wk

The transformations of the two sides must be equal, which is satisfied by imposing

~ [ WAk ~ WAk t
akx — ax = ——aAk, a;r( — a;r( = —Qpk
Wk Wk

(b) Bonus. Using the expression of M, of Problem 4(c) of Problem Set 2, compute

1 1
§[WWMW7 ax], i[wwMW,aL]
where w,,, = —w,,, are infinitesimal constants. Show that this indeed generates an infinitesimal

Lorentz transformation in ay and a;r( which is consistent with part (a).
From Problem Set 2 we quote the result

?
M‘LW = —5 /d{)’kk‘u (a;r(((?kyak) — (8]13”0/11‘()0/1() — (,u < l/), 8k0ak = 0, :ICO = Wk
By antisymmetry, we have

et = =i [ @kt (af(01,01) ~ On, o)



Now we are ready to compute
(W MM ay] = _iw'uy/dgk/klu ([GL, ak](ﬁk/uak/) — [ak;/a;r{,, ak]ak/) du£0

= iwwj / dgk/ki/‘u <[Cbk, a;r(,](c?k;ak/) — [ak, &LQL/]ak/) 51,750

We append the 9, for convenience because the integrand is zero when v = 0 (as we have used the
convenient shorthand dy,ax := 0). This does nothing at the moment, but it will prevent confusion when
we use the ladder-operator commutators, which will give factors like 906 (k — k’). Moving on,

[ MM, ax] = iwm/d‘g/ﬂ'wk/ (5(3) (k = X') (O arr) — (3k;5(3) (k — kl))%/)

+ i / BEE <5<3>(k — K) (O a1) — (9 8 (k — k’))ak/> = (I) + (ID)
Note that the d,.¢ added in the last step kills any w;o term. We first compute the second term:
(I1) = ity / Bk (k’i5<3> (k — K)(Oy ae) + By (Kaxe )3 (ke — k’))
= iwij(kiakj ax + O, (Klay)) = inijk:iakjak + iwijéijak = Ziwijki(?k]. ax

where in the last equality, the second term vanishes because w;; is antisymmetric, but 0% is symmetric.
We also have the first term:

(1) = iwo; / PR (wk,5<3)(k —K) (O i) + O (wivaie) 5™ (k — k’))

= ini (wk(akiak) + 8}61 (wkak)) = 2iw0iwk8ki (0573 + Z'(U()iwfkak

Adding these together gives (where again we define oy, ay := 0)
i

[w,ﬂ,Mw/, ak] = 2iwwk“8kuak + twp; — ax (1)
Wk

Similarly, one can show that
k,i
k (2)

Finally, we want to show that this generates an infinitesimal Lorentz transformation consistent with (a).
From part (a), we have

UparUT(A) =, /WTA:““" UpalUT(A) =, [“2Ka

Wk

(W MH, alT(] = inwk“akya;r( + iwgiw—ka

We can expand these for infinitesimal transformations
Up = eéw’“’MW, (Ak)z = ki + wi"ky, WAK = (Ak‘)o‘kozwk = wk —wp“ky

Substituting these expressions into the ones above yield

; 1
e+ 5w M ar] = (1= ——wo"ky ) (ax +wi” by Ok, a1
2 2wy '

i 1 1 k;

i[w'ijlW’ ak] = (—MWOyk‘V + wi”kl,&ﬁ,) ax = —5 <2wwk“8ku + wOuwk> ax
Multiplying both sides by —2i gives precisely (1). Replacing all instances of ay with alt in this calculation
gives (2), as desired. Therefore, M*” generates an infinitesimal Lorentz transformation acting on ayx and
aL via commutation.



(c) Bonus. Now consider a unitary operator generating finite Lorentz transformations,

UA = 6%“‘)“”M’w

where w,,, are finite constants. Show that
Url0) = |0)

i.e. the vacuum is Lorentz invariant. Assuming the Lorentz transformations of ay and aL in part (a),
show that

Unlk) = [AK)

Note that the expression for M*" in part (b) in terms of ladder operators is already normal ordered, with
a lowering operator to the right in each term. Therefore, M*”|0) = 0 and

1 /i "
Uxl0) =D — <2wWM“") 0) = 1/0) = [0)
n>0
where in the second equality, only the n = 0 term does not vanish.

We can also act Uy on a momentum eigenstate |k) = \/2wkaL|0):

w
UA“C) = \/MUAGTI(U/T\UAK» = 2wy ﬁal\k|0> = |Ak>

Wk

as desired. In the second equality we use the result from (a).



Question 2: Spatially Localized States of a Scalar Particle (25 points)

In a quantum field theory there is no natural way to define a position eigenvector |x), as x is now simply
a label, not an operator. Also, there is a fundamental conflict: a perfectly localized state in space is not
a Lorentz covariant concept, as it picks out a reference frame (we cannot perfectly localize in time at the
same time, as simultaneity is relative).

In this problem we will make these abstract statements concrete. Consider states of the form
i)y i= [ @kl

where f(k) is a function to be determined, and |k) = \/ZwkaL|0> is the 1-particle state of momentum k
and energy wy.
(a) Determine f(k) by the condition of perfect localization,

f<I'1,t‘I‘2,t>f = 5(3)(1‘1 - rQ)

We compute:

Phd®K f(K) £ (K)o~ ieri K m) it wn) gy, (27)360) (k - K/)

§o1,tra, 1) = / dPkdK' f (k) f* (') (K [k) e H(m K Hilleaa)

= (2m)? / d*k 2wy f(k)[Pe e rimr2)

We see that expression is equal to 6 (r; — ry) = [ d3keik(ri—r2)

,_ 11 o1
S = 109 = G

(27)6 2wy’
where in going from |f|? to f the phase is not fixed, but we set it to 1 for simplicity. Therefore, using the
notation r# = (¢,r) we have

e, 1) = / e \/217k|k>e—“f~r 3)

(b) By acting the unitary operator U, for a Lorentz transformation on the result in part (a), show that
|r,t) is not Lorentz invariant, i.e.
UA|I',t>f 7& |AI’, At>f
Proof by contradiction. Suppose that we had Ux|r,t)¢ = |Ar, At);. Then,
pAr2, At|Ary Aty p = plea, lUTUr1 ) p = p{ra,tlrs by

By part (a), the left-hand side is §®) (Ar; — Ary), while the right-hand side is 6 (r; — ry). One has:

(5(3) (AI’l - AI‘Q) = %5(3) (I’l - 1‘2)

so clearly the left and right-hand sides cannot be equal for generic A (a boost will change wy). This gives
us our desired contradiction, therefore |r,¢) cannot be Lorentz-invariant.



(c) With f(k) given by (a), consider the overlap C(r1 —ra,t; — t2) = f(ra,ta|r1,t1) . Evaluate C(r, )
for a spacelike separation |r| > ¢.
Suppose we interpret | ¢(r2,t2|r1, 1) ¢|* as the probability for the particle originally at time ry and
time 1 to transition to time t2. Would the propagation be causal (confined to the forwards light-cone)?
Using (3), we immediately have

C(ry —ro,ty —t2) = /d‘skeik'(r?_rl)e—iwk(b—tl)

This can be slickly evaluated by writing it as the derivative of a Lorentz-invariant integral:

: PR it (ra—r1) —icon(ta—t1)
C(r1 —ro,t1 —ta) =200y, | —e 2 e Wkiizmh
2w
The integral is now Lorentz-covariant, hence we can evaluate it any frame. We are interested in spacelike-
separated points (ri,t), (re,t), hence there exists a Lorentz transformation that makes these points
simultaneous, i.e. At; = Ats. The integral can then be evaluated in spherical coordinates.

/Meik~(r2—r1)e—iwk(t2—t1) — /M{eiAk'(AI‘Q—Arl)e—iwAk(AtQ—Atl) — / d3k/ ikl'(APQ—Arl)

2w 2WAK 2wy €
1 oo ’k|2 ™ 2 | | 0
= dk| ———— d¢/ df sin fe"Ir1r2IC08
2(2m)3 /0 k|2 +m? Jo 0

1 /°° I k? 2sin(k|ry —ry)
0

d
2(2m)? VEZ+m2  klrg —rq|
m
- " K _
47r2|r2 — 1| 1(m[rz — 1)

where K (x) is the modified Bessel function of the second kind.

To compute C(r; —r2,t; —t2), we need to take the 0y, 4, on this object. But this is a bit unclear: we have
chosen a frame where t; = t5. To restore the time-dependence of this object, we use the fact that it is a
Lorentz-invariant. This means that our integral can only depend on |ry — 1| = \/—(t2 — t1)2 + (r2 — r1)?
(using the notation r = (r,t)), which in the specified frame reduces to |r; — ro|. Therefore,

2
m t2 — tl
Kamlry = ri)| = 57 (2 KaGmlra = i)

) m
C(r1 —ro,tq — ta) = 200, ¢, [47r2|7‘2—r1|

Interpreting | f(ro, ta|r1,t1)¢|? as a probability, we have:

m2 tg—tl 2

22 (ry e 2 D

| (ra, talry, tr) g |* =

This is non-zero, meaning that the propagator is non-zero for generic spacelike separated points, i.e.
propagation is non-causal.

(d) Compare your resulting state |r, ) in part (a) with the state
) = ¢(x)|0)
where x = (x,t). Are the states |z) perfectly localized? Show that |z) is Lorentz covariant, i.e.

Unlz) = |Az)



We compute

3
o) = 6(@)l0) = [ ke al ) - [ s

ka

Note that this last expression is written entirely of objects transforming simply under Lorentz transfor-
mations. The equal-time overlap is

:C|93 /d3kd-3k/ zk-x—ik/~m<k/|k>
2wk2wk/
dSkdgk/ 7,k2~x7ik/-x2 2 35(3) k _ kl
/ 2wk2wk, € wie(2m)70 )
d k —'k~( _ /) m ’
_ “ B —ik(x—x') _ K _
/ Zwke 212 |x — x/| 1(mlx =x)

The integral in the second last equality has already been performed in part (c). The final expression is
not equal to 6 (x — x’), which would be the result if the states |z) were perfectly localized.

Lastly, we check Lorentz invariance.

Bk Pk . Ak .
Uplz) = / 2o e~ FTULN k) = / me—”“mm = / me—mkmmm = |Az)

(e) Consider a state

= / a*kh(k)|k)

with the corresponding ‘wavefunction’ defined as

U(z) = (0] (2)|¥(x))

Find h(k) so that at t = 0, the single-particle wavefunction ¥(x) corresponding to |¥) is a Gaussian
wave-packet centered around xg, with width ¢ and momentum p.
Given |U) defined this way, at t = 0 its wavefunction is given by

szmwmmz/fmwwm

This is just a 3D-Fourier transform. Therefore, choosing

é — a2 (k—p)? —ik-x 1 X—x, x
h(k) = (271'1/2@)3/26 5 (k—p) e k-xq R \Ij(x) — W@ 2a2( 0)? etP

which is a Gaussian centered around xg, with width a and momentum p.



Question 3: Normal Ordering and Smeared Fields (25 points)
Consider the free real scalar field theory discussed in lecture.
(a) First show that

(0l (x,£)[0) =0
Evaluate the vacuum expectation value

o? == (0]¢*(x, 1)|0)

Express 02 as an integral over a single variable, and show that the integral is divergent. This result

signifies that the vacuum is not empty! While the expectation value of ¢ is zero, the fluctuations of
¢, as measured by o2, are non-zero, and in fact are infinitely large. This is a reflecton of that a QFT
has an infinite number of degrees of freedom.

The expectation value of ¢ is

a*k
\/2wk

Where we have used ax|0) = 0, and <O|aL = 0.

(0@ (x, £)[0) = ({0lax0)e™ + (0laf j0)e =) =0+0=0

The variance of ¢ has 4 sets of terms when we take the mode expansion, corresponding to combinations
of creation/annihilation operators. The only set of terms that does not vanish is <O]aka}:,]0>, hence:

@k @K
V2w V2w
[ Pk B
) V2w V2o
@: 4 /Oodk k2 _
2w 2(271)3 k% +m?

o2 = (0]¢(x,)[0) = (0]axap,|0ye =+

(271')35(3) (k o k/)ei(kfk’)-z

(b) The general philosophy of QFT is to regard operators like ¢?(x,t) as ‘bad’ operators. One then can
introduce ‘good’ operators which do not suffer divergences, a procedure referred to as renormalization.
One way to remove the divergence in part (a) is to introduce normal-ordered operators. The rule of
normal ordering is whenever one has products of ay’s and a; ’s, to move all the ay’s to the right of the
alT(’s. We denote the normal ordered version of an operator O by :0:. For example,

. T T ol of
[y Ay, kg Oy, 2= Ay, Ay Ok, (kg

Express the normal-ordered operator :¢?(x, t): in terms of aj and aL. Show (0] :¢2(x,t): |0) = 0, and
P (x,t) =0 (x,1): +0*1
The mode expansion for ¢?(x,t) is given by

Ak Bk (
Araxe
V2o e \ KOk

Of the 4 sets of terms composing the integrand, only the third is not normal ordered. Therefore,

i(ktk')- —i(k+k )z

" +alale + agaf e BRI 4 aLake_“’“—’“')'“f)

¢2 (Xa t) =

Pk aK

L A2 o
CCNZ [ o

<akakei(k+k1” +alafemEHRDT 4 of gy bR 4 a;r{akefi(kfk’)'m>



Observe that each term in this expression has a lowering operator to the right, or a raising operator to
the left. Therefore, when acting on the vaccum we have that (0| :¢?(x,t): |0) = 0.

Lastly we have seem that :¢?(x, t): differs from the original ¢2(x,t) by just a single commutator:

Pk PK
V2w 2w
[ &k PK
) V2w V2w

where in the last line we quote the result from (a).

i(k—k")x

[aka CLL]@

¢2(X7 t)_ :¢2(X7 t): =

(27)360) (k — K)e!FF)e = 51

(¢) Another way to introduce ‘good’ operators is to consider the ‘smeared’ field

- C 1 (xy)2 1
¢(X7t) ::N/d3y¢(y7t)e 22 (7y) ) N = W

The definition is motivated from the fact that the divergence in part (a) comes from having 2 ¢’s at
the same spacetime point. Here we thus smear ¢ in a region of radius a. IV is a normalization factor,
chosen so that

lim $(x, £) = 6(x,
a—0
Show that
(0, £)]0) = 0
Now consider the fluctuations of @,

5% := (06" (x, 1)[0)

Express 62 as an integral over a single variable, and show that it is finite.

We first compute the expectation, using the result from (a) that (0|¢(y,?)|0) = 0.
010 010) =N [ @ye = ojo(y. )0} =0

Next, the variance.
Bk @K
vV 2601( vV 2wk/

— N? / Phdbydis o0y at o~ (x-2)? e ik (y-7)
2wk

5% = (0|¢%(x,1)[0) = N? [ d>yd®z <O|akaL|O>e*(x*3')2/a2e*(xfz)z/‘ﬂeik'y*ik/'z

:/dﬁkewkz _ A /00 " k2 —Lak?
2wy 2(2m)3 Jo VEZ £ m2
This last integral can be evaluated in terms of hypergeometric or Bessel functions. Note to marker:

student gets full credit if the integral is not evaluated. We find

1 1 a’m? m? 2 o 2 2 2,2
=2 - _ a*m* /4 a*m*y a‘m
’ 8a27r3/2U<2’0’ 2 ) 1672° (Kl( 1)~ Ko(% )>




(d) Without evaluated the integral in part (c), show that in the limits of small and large a, the leading
term in 62 may be written as

2 ~ aa”

o
Compute o and « for each of these 2 limits. One should discover that at large a the average field
approaches a classical variable, whereas at small a it is dominated by fluctuations.
We seek to compute the integral

. 1 [ k2 1,22 1 o0 u? 2
5= dk——— o730k — = A ———— e U /2
472 0 VEk2Z + m? 472a? 0 Vu2 + m2a?
First we expand for small a. The prefactor to the exponential can be expanded as:

u? u?

= ~Uu

vu? + m?a? u(1+";ig2+...)

Hence, the integral

PLYGIE N /oo dune—1? — L
T 4An2a?  4n2q2

For large a, the prefactor to the exponential can be expanded as:

u? B u? N u?
Vu? +m?a? ma(1+%+...) ma
Hence, the integral
1 / e 2 1
~2 2 —u®/2 _
o R — duue = —
dr?ma® Jo V32m3ma3

We see that 62 — oo for small a, meaning that the field is dominated by fluctuations. On the other hand,
52 — 0 for large a, meaning that the field behaves like a classical variable.



Question 4: Correlation Functions for a Complex Scalar (15 points)
Consider a theory of a complex scalar field ¢ which is invariant under a phase rotation of ¢. The unitary
operator U, generating a phase rotation is

U, = e 9, Q=1 | Bx(ry-d* — mp0)
We also assume that the vacuum of the theory is invariant under the phase rotation,
Ua|0) = |0)

The theory can be interacting. That is, in this problem, you should not use the mode expansion for ¢
discussed in lecture, which applies only to a free field theory.
(a) Show that

Uad(2)UL = e“¢(x), Uad*(2)UL = e7"¢™ ()

First consider the case where @@ and ¢(z) are evaluated at the same time ¢. Using Baker-Campbell-
Hausdorff we compute

Uad(@)U} = 6(a) + [ d*2'[~6(a)moa)) 6(o)
o2
+ S0 [ B ol g (1), [ 9l g (), )] +
Note that [—¢(z")ms(z'), d(x)] = ig(z')3®) (x — x'), whose [ d>x-integral yields i¢(x). Therefore, doing
this process n times for the n-th order term yields i"¢(x), and

Uatp(2)U} = (l +ia -+ (lz')n + - > p(z) = "¢(z)

0

If instead, @ is computed at some time #' = 2'° which is different from ¢ = 2°, we can time-evolve ¢(x)

to the timeslice ¢/, and use that [H, Q] = 0:
anb(X, t)U(‘I); — e—iocQ(t')eiH(t 2] gb(X, /) —iH(t—t) ion(t’)
eiH(t—t’)e—iaQ(t gb(x, /) 1aQ(t') —zH(t—t')

”LH(t—t/)eioqu(x7 t')e H(t—t") _ — oo (X, t)

where in the 3rd equality we quote the result we have just shown above.
An almost identical calculation yields

Uyo* (:E)Ul = e_md)(x)

(b) Show that

(0l¢(x)p(2")[0) = 0

Using the result of part (a), along with the invariance of the vacuum, we have

(0|¢(2)p(2")|0) = (U] (2) U Uap(z)ULI0) = e**(0]¢p(x) p(2)|0)

If we choose a not a multiple of 27, then the equality is not satisfied unless (0|¢(z)¢(z")|0) = 0.

10



(¢) Now consider a general n-point function of products of ¢’s and ¢*’s inserted at different spacetime
points between the vacuum, i.e

(Olp(z1) -+ @™ () - - P(wn)]0)
Show that this vanishes whenever the numbers of ¢’s and ¢*’s are not the same.
Consider a general n-point function with M instances of ¢ and N instances of ¢*’, with n = M + N.
Similarly to (b), we have
(O(x1) -+ ¢* (1) -+ dn(2n)|0) = (O|Uap(@1) ULV -+ UlUa™ (1)Ul Ua -+ UlUayan) UL |0)
= MN0| (1) - 7 (1) -+~ () [0)

By picking again « arbitrary (e.g. irrational), we see that the equality is not satisfied for M # N unless
(Op(x1) -+ ¢ (2s) - - - P )|0) = 0.

That is, the n-point function may only be non-vanishing is the numbers of ¢’s and ¢*’s are the same.

11
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8.323 Problem Set 4 Solutions

March 7, 2023

Question 1: Properties of Wightman and Feynman Functions (20 points)
(a) For a free scalar field theory, using

WAk WAk
UAakU); = ‘/TkCLAb UAGJLU;{ = Tkaj\k

show that
Urd(2)U§ = ¢(Ax)
We use the mode expansion for ¢(z), and the transformation properties of the ladder operators:

d>k
\ 2wWi

d3k %a e zk:):
\/2w Ak Wk

d3k ik-x T ik
\/2wA (aAke + ape )

/d?’k’@ we AT gt ik'-Az>:¢(Ag;)

where in the last line we make the change of variables k/ = Ak (with k’° = wy/), and use that the measure
a3k /2wy is Lorentz invariant.

Upo(z)U} = Uy

<ake_ik'$ + a;f(eik'z) U)L\, kY = wy

(b) Now in the subsequent parts, let us consider a general interacting theory, where the mode expansion
for ¢ given in lecture does not apply. But as far as the system is Lorentz and translation invariant,

Urd(@)U} = d(Az),  Uyd(@)U} = dla +y)
are valid. Use this to prove that for the Wightman function G (z.2') := (0|¢(z)¢' (2')]0), we have
Gi(z,2') = Go(z — ')

Note that the same is true for the advanced, retarded, and Feynman two-point functions.
Using the translation-invariance of the vacuum, we have:

G (z,2") = (0]¢(x)9"(2')|0) = (0|U,¢(z)Uf U, (z")U|0)
= (0lg(x +y)¢' (' + )|0) = G+ (2 +y, 2" +y)
Since y is arbitrary, we can take y = —x’, which gives the desired result:

Gi(r,2') = Gi(z —2/,0) := Gy (z — 2)



(c) Using UAQZ)(SU)U;{ = ¢(Az) and the result of (b), show that one can write G4 (z,2) as
Gi(z,2') = 0(t —t"G((x — ")) + 0(t' — )G* ((x — 2')?)
where G(y) is some function which satisfies
G(y) =G*(y), fory>0
We apply the same method in (b), except using Lorentz transformations instead of translations:
G (w,2') = (0]6(2)! (2)]0) = (0]Uad(z)UL UG () U [0)
= (0l¢(Az)o' (Aa")[0) = G4 (A(z — ')

Therefore, we have G4 (z —2') = G4 (A(z—2')), i.e. our 2-point function is Lorentz invariant. For a given
vector v#, there are 2 independent quantities we can build which are invariant under proper orthochronous
Lorentz transformations: v? and 6(v°). This follows immediately from definition. Lorentz transformations
are (linear) transformations preserving a norm, and orthochronous restricts to those keeping the sign of v°
fixed. Note that preserving parity gives no additional invariant quantity, as with 3D rotations. Therefore,
we have the decomposition

Gy(z,2") =0(t —t)G1((x — 2")?) + 0(t' — t)Ga((x — 2')?)

Note further that G; and G are not independent: complex conjugating this equation and observing
Gy(z,2') = G*(2/, x), we have G1(y) = G3(y). Hence

Gy(z,2") =0t —tG((x — 2)2) + 0t — t)G*((x — 2')?)

Finally for y = (x — 2")? > 0 one has x — 2’ spacelike. Therefore, we can use an SO (3, 1) transformation
to go to a frame where ¢’ > ¢, and a frame where t > t/. Since our expression is Lorentz-invariant, this
demands the desired result,

G(y) = G*(y)

(d) Now take ¢ to be real, and show that for the Feynman function G
Gr(z,a") = G((z —a')?)

where the function G in the above equation is the same as that in part (c).
By definition, for ¢ real we have

Gl a) = 0(t — £)(016()0(a")|0) + Ot — Y016 )d)I0) = 6(t — )G (3, 2) + (¢ — )Gy (o', 2)
Now we substitute our result from (c) for G.

Gr(z,2') =0t —1t) (0t —t)G((x — 2')*) + 0(t' — t)G*((z — 2)?))
+O{ —1) (0" = )G((x — a')?) + 0(t — ') G*((x — 2)?))
=0t —t")G((x — ")) + 0 —t)G((x — 2')?) = G((z — 2')?)

where we use that (¢t —t")0(t' —t) =0, and 0(t —¢') + (' —t) = 1.



Question 2: Particle Production by an External Source (60 points)
Consider a free scalar field theory with external ‘source’ J(x), whose Lagrangian density can be written

L=~ J0u60"0 — sm*6? + J(x)o = Lo+ T(2)6

where Ly is the Lagrangian density for a free scalar, and J(x) is a fixed function. We assume it has the
properties

J(t,x) — 0, t — o0, |x| = 00

and its Fourier transform
J(p) = /d4:ve_ip'mJ(1:)
is analytic in the complex w-plane.

Since J(z) depends on time, the system does not have time translation symmetry. In particular, the
vacuum at past infinity |0, —oo) will be different from the one at future infinity |0, +00). Suppose we start
with the vacuum state |0, —oco) at ¢ = —oco. In the Heisenberg picture, the system remains in the same
state |0, —oo) at all times. At ¢ = 400, the system is then not in the ground state (as |0, —oco) # |0, +00)),
and contains particle excitations. In other words, turning on a source J(x) has produced particles. Below
we will find the relation between |0, —oo) and |0, 400), and calculate the probability of producing particles.

At t = Foo, since J = 0 we have a free theory, and ¢ can be written

a*k

H(z) = Pinjout () = o

(ain/out(k)eik.x + a'J[ (k)e_ik‘x> ) . — Foo

in/out
where
inout (), o ()] = (2735 (k — 1)
We then define the past/future vacuum as
@in fout (K) |0, Foo) = 0, (0, F00[0, Foo) = 1

Particles (at past/future infinity) can be defined by acting a! on this vacuum. For example, and

in/out
n-particle state at past/future infinity can be written as

n
ki, e, Foo) = [ [ V2010, (Ki)[0, Foo)

i=1
with the normalization for a single particle state
(k, ToolK', Foo) = 2wy (2m)36®) (k — K')

Due to the presence of the external source J(x), the past and future annihilation operators ai, and aoyt

are different. The field ¢(¢,x) with —oo < ¢ < oo interpolates between ¢i, and Pyt .

(a) For general t, solve the classical equation of motion for this Lagrangian, and show that the solution
can be written in a form

o(x) = ¢o(x) +1 / d4a:’G(a: —a2")J(2)) (1)



where ¢g(z) is a solution of the homogeneous equation
(=0 +m?)go(z) = 0
and G(z — 2') is a Green function satisfying
(=% + m?*)G(z — ') = —idW (x — )

We discussed various types of Greens functions. Which one should be used here?
The Euler-Lagrange equations pick up an extra term due from J(x)¢ in the Lagrangian, and the equation
of motion is given by

(0% —m?)g = —J

We substitute the form for ¢(z) given above into the left-hand side of equation of motion, and show it
reproduces the source term.

(0% —m?)p = (0> — m?)o(z) + (0> — mQ)i/d4$’G(:c —a')J(2))
— / Ao (—02 + m) Gz — ) I (&)
=—i / d*! (—i)6W(z — ') J(2)) = —J ()
In the second line we use that ¢g solves the homogeneous equation of motion. In the 3rd line we use

the defining property of the Greens function as satisfying the inhomogeneous equation of motion with
d-source.

Here we should use the retarded Green’s function, as causality requires that the field ¢(¢,x) at time ¢ can
only be influenced by the source at times ¢’ < t.

(b) Now consider the quantum theory, and promote ¢ to a quantum operator, with (1) now an operator
equation. Show that ¢g in this equation should be given by ¢iy.

We evaluate (1) as we take t — —oo, with G = Gp the retarded Green’s function. In this regime,

O(t —t') = 0 for all ¢’ on which J(x) has support. Hence, Ggr(z — 2’) x 0(t — t’) also vanishes for these ¢'.

We thus compute

O(x)|t——00 = Go(x) +1 / d*2'G(zx — 2)J(2)) = ¢o(x)

Finally, we know ¢(z)|t——cc = ¢in(z). Combining these equations we have ¢g(x) = ¢in(x), as desired.
Note that this equation only makes sense for ¢ — —oo, since this is the domain of ¢, ().

(c) Evaluate (1) at t = 400 to find the relation between aoyt(k) and aiy, (k).
Recall from class that the retarded Green’s function is

Bk /o, / , /
/ / ik-(z—a') —ik-(z—a')
GR(:L‘—:E)—Q(t—t)/2k(e —e )

For t — +o00, for all points in the support of J(¢',x’) we have 8(t —t') = 1. Using this and the result of



(b), we compute
Gout () = () [iso0 () = din () + i / ' Gl — o) I ()

&Pk : ; /
Y . 4,1 tk-(z—2') _ —ik-(xz—1') /
¢1n(x)+z/d:v/2wl< (e e )J(x)

d*k ik-x T —ik-x [ &k ik-x —ik-x
= \/TTk@m(k)e +al (K)e )+z/2wk(e J(k) — e J(—k:))

— j;% [(ain(k) + zj%) ik 4 <a§n(k) - Z{;%) e—z‘m]

Note that the 4-momenta are implicitly evaluated at k& = (w, k), which is what we mean when we write
J(k) = J(k). In the last line, we also use that J(z) is real for a real scalar, so its Fourier transform
satisfies J(—k) = J* (k).

Finally, we can compare this to the mode expansion
a3k
VvV ka

to relate the incoming and outgoing ladder operators,

J(K) .
mv alut - a;[n<k) —1

¢out (SL‘) = (aout (k)ezkx + a’j)ut (k)eilkﬂU)

J* (k)
V2w

Qout = ain(k) +1

(d) Using (c), show that the expectation value A for the total number of particles produced is given by
a3k
A= [ —|J(k)]?
JEmLC)

The expectation value for the total number of particles produced is given by taking the expectation of
the outgoing number operator with respect to our state. In the Heisenberg picture our state is constant,
and is just |0, —oo). Therefore,

A = (0, —o0| / Pkal () agu (K)]0, —00)

out

= /d3k<0, —o0| (afn(k) —zjk%) (ain(k) +z:;%> |0, —o0)
J(K) Pk

J* (k)
_/dSk\/M\/M<O’_OO‘O’_OO>_/QWk‘J(k)Q

(e) Show that we can write

aout (k) = STain(k)S

with S a unitary operator given by

We compute this using Baker-Campbell-Hausdorft:

STain(k)S = e Pagy (k)e'? = a (k) — i[B, aim (k)] — =[B, [B, awn(K)]] + - - -



This series terminates after the second term, since [B, aiy(k)] is a c-number:
31/

a’k al

\/ka

(B, ain (k)] = / d'zJ (z)[¢m(2), aim(k)] = / d'zJ(z) (K'), ain (k)Je ™"

1

1 4
- = d4 J —tkx _ _
T | At Vo

in

J (k)

Therefore,
i

STain(k)S = ain(k) + —=—
ain (k) “()+m

J(k) = aout(k)

(f) Use the result in part (e) to show that
510, +00) = |0, —00), Slki, ..., ky,+00) = |ky, ..., ky,, —00)
This indicates that S is in fact the S-matrix operator of the system, i.e. for free theory states |a), |5)
Sga = (B, +00|a, —00) = (B, —00|S|ar, —00)

To show that the state S|0,400) is the incoming vacuum, we need to show that it is annihilated by all
ain(k), and has the correct normalization. We compute

ain(k) S0, +00) = S5 ain (k)S|0, +00) = Saeu(k)|0, +oo) =0
Furthermore, S defined in part (e) is unitary (as both J and ¢ are real), so
(0, +00| $T510, +00) = (0, +00[0, +00) = 1

Therefore 5|0, +00) can only differ from |0, —co by a phase, which we can absorb into our definition of S.
We have shown S|0, +00) = |0, —00).

Now we show the desired equality for n-particle states:

S|y, .. Ky +00) = /201, -+ /201, Sal (k1) - - al L (Kn)]0, +00)
V20, - /201, S8l (k1)S -+ STal (k) 8)0, +00)
V20, -\ 2w, 0 (k1) -+ al (k,)[0, —o0)

= |ki,...,kp, —00)

In the 3rd line we use both 5|0, +00) = |0, —oc) and the result in (e).

(g) In the following parts we will compute the probability of computing n particles. Before doing that,
in this part we develop a technical tool to make that task easier. Show that we can write S as

S =B = lFele?2
with A as in (d), and

a*k d*k
=i [ —J(K)dl (k G=i | —1J
? \/m ( )all’l( )’ ? \/m

Again we use the Baker-Campbell-Hausdorff formula, which in one of its forms states that

F (—k)ain (k)

efe = exp <F+G+;[RG]+112[F7[F7GH_112[G’[F’GH+'”>



We first compute the commutator of F' and G:

Pk PK AT
\/ﬂ \/Wk’ (k)J<_k )[ain(k)a aln(k )]

3 3
— [ 5ot k):/dku( )2 = A

[F,G) = -

2w

In the last line we use that J(x) is real, so J(—k) = J*(k). This is a c-number, so all further commutators
with operators vanish. The Baker-Campbell-Hausdorff formula reduces to

oFoG — FHGHM2 o FGo—\2 _ JF+G

It remains to compute the right-hand side. We have
d3

= i/d4xJ($) j;% <6_ik.za;rn(k) + eik.zain(k)) = i/d4xJ( )bin(z) = iB

Putting everything together, we have the desired result,

F+G=i @wmﬁm+kam4m)

FeGoN2 _ iB _ g

(h) Use the results of (f) and (g) to find the vacuum to vacuum probability,
Py = [{0, +00[0, —00)

Py is the probability of no particle production.
We compute

Py = |{0, +00[0, —00)|* = [0, —oo| (S0, —00)[* = 7{0, —oole” |0, —o0)[?

Note that G is a linear combination of a;,’s, so |0, —0c0) = €°|0, —o0) = |oo). Similarly, F is a linear
combination of a;fn’s, s0 (0, —oc|ef" = (0, —oc|. We thus find

Py = e*[(0, —00]0, —o0)|* = ™

(i) Use the results of (f) and (g) to show that
(K1, ..., Kp,+00[0, —00) = i"J (k) - - - J (ky)e 2
We compute:
(K1, ... Ky, +00]0, —00) = (k1,..., Ky, —00|5|0, —00) = e M2(ky, ..., k,, —oo|ele®|0, —c0)
= *A/Q\/kal e \/2wkn (0, —colain (ki) - - ain(kn)e |0, —00)

o2
= \/2wk1 \/2wkn(0, —oo|ain (k1) - - - ain(kp ) F™|0, —00)

In line 1, we use from (f) that S|ky,..., ky,+o00) = |ki,...,ky, —00), and the decomposition of S in (g).
In line 2, we use from (b) that |0, —o0) = |oc). In line 3, we Taylor expand ef” explicitly, and keep only
the term F™, as all other terms vanish (a term vanishes unless the number of creation operators equals
the number of annihilation operators).



To finish the computation, we note that

ain(kn) F™ = F"ain(ky) + [ain(ky), F"
a3k a3k!
=F" ink " ' an/ Jk, 1nkna ink/ ink,
Qi ( NN (k1) - J(ky)[ain(kn), ain (k) - - - ain (k)]

iJ(ky)
Vi,

acting both sides on the state |0, —oco), the first term on the right vanishes. We can use this result to
simplify our previous equation:

n—1

= F"ain(k,) +n

o M2
(k1,...,kp, +00[0, —00) = \/kal -/ 2wi,, (0, —o0|ain (k1) - - - ain(kn) F™|0, —00)
—>\/2
n — 1 \/2wkl w/2wkn 12 0 oo|am(k1) ain(kn_l)Fnilm, —OO>

By iterating this step n times in total, we obtain the desired result,

<k17 R o +OO|O7 _OO> = ZnJ(kl) e ‘](kn)ei)\/2<07 _00‘07 _OO>
=i"J(ky) - J(kp)e 2

(j) The probability dP of finding exactly n particles, with one particle each in the ranges d°k; around k;,
1 <i < n, can be shown to be

n

dP = |(ky, ..., kn, +00[0, —o0)* | |
=1

a3k;
kai

Use this formula to show that the probability of finding exactly n particles is
A"

P, = —
n!

This is a Poisson distribution with average particle number .
We compute

d3k d3k; _
n,/H - Ky, +00[0, —00) /H (k) 2e

1 a3k 5\ An
= — _— k — J—
nl© (/ 2wk’J( ) ) "

Note that the integration over phase space contains a factor of 1/n! to avoid overcounting identical
particles. In the second equality we use the result from (i).
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8.323 Problem Set 5 Solutions

March 14, 2023

Question 1: A Useful Formula, and the Path Integral in Phase Space (20 points)
(a) Derive the following equations:

<$z'+1

. A2 . A~
iy Ate—zAtV(a:)

2
1=Z> = [ dp;exp [—iAtQP;rL — AtV (x;) + ipi(wip1 — l‘z)]

e 2
m imAt (i1 — x4 2
\ 2riae P |2 ( At > ALY (2:)

We start by deriving the first equation:

<~Ti+1

. p2 . .
e i5m Ate—zAtV(J:)

52
aﬂ> :/dpi<33i+1|€_25'”m|l)i><pi|€ BV ;)
"’?A i ALV (;
—/@mwnl<mmﬂmwm»
/d‘pe z% oIV (20) ipiist ,—ipis
p?
= /d‘pi exp {—iAtZZ — AtV (x;) + ipi(xip1 — x4)
m

To get the second equation from this, we complete the square and compute the Gaussian integral, or
equivalently use the identity [ dre—ax’+be — %ebQ/ 4a_ Hence,

<:L'i+1 &

$2 . .
—ig— Ate—zAtV(ac)

_ 1 2mm ($i+1—l‘z‘)2 —iAtV (z;)
x7’>_27r iAt eXp[ 2ilt/m |

m [imAt (xlqu —z

N\ 2
omint P | 2 At >_1Atv(xi)

(b) Use the first equation in (a) to derive the following:

z(ta)=2aq t
ortabanti) = [ DatoyDp(oyep |1 [ attpi — 1)
( t

x(ty)=xp

The integration in this expression should be understood as

z(te)=2q
/ Da(t) Dp(t) = h /dpo/dﬂﬁldm H/de—lde—l
z(tp)=p 2m

where we again divide the interval [ty, t,] into N segments, with tg = 5, ty = t4.




We denote the left-hand side of the equation in (a) by M;. Now we do the same trick from class to derive
the path-integral:

(as talas, to) = (wale™ ™0 ay) = (24| (e ANy

= / day - dey_1(ze|e A ey 1) (@n_q| - |21) (1| e T H A a)

=/d$1"'d£€N—1MN_1-“Mo

N—1
= /diEr"dl‘N—ldpomeN—l H exp [

(i) +ipi(Tit1 — fb‘i)]

i=0
z(ta)=2q Tiil — p2
= Dz(t)Dp(t) exp At( i S < x; >]
[ Prtommtom v
z(ta)=%a ta
:/ Dz(t)Dp(t) exp [z/ dt(pz —H)}
z(tp) =1 123

In the second line we insert the identity N — 1 times, so that we can use the formula from (a) for each
matrix element in the 4th line. In the 5th line the product of exponentials becomes a sum of exponents,
which in the continuum case reduces to the integral in the last line.



Question 2: The Schrédinger Equation, Rederived (20 points)
The wavefunction (¢, z) for a system at time ¢ can be obtained from that at time ¢’ by

ot w) = / o' K (z, t: 2/ ), 1)

for the propagator given by

z(ta)=2q t
K(z,t;2', ) = (z,t]a', V') = / Dz(t) exp [z/ dtL(jc,a:)]
t/

x(ty) =y

Show that (¢, x) satisfies the Schrodinger equation,

(1, ) = 50 (t,2) + V)t )

We therefore consider the wavefunction after an infinitesimal time step dt:

Y(t+ ot ,x) = /dyK(t + 5t x5 t,y)U(t, y)

Equating both sides of this equation to order § will lead to the Schrédinger equation.
The left hand side is simple:

LHS = ¢(t + 6t, x) = (¢, ) + 5tdpb(t, x) + O(6t%)

To expand the right hand side, note for an infinitesimal ¢ that the propagator K (t + dt,z;t,y) can be
written as a single infinitesimal time step:

m \1/2 , m(x—y 2
K(t+5t,x,t,y)—(2m5t) exp [2515 <2< 50 > —V(y)>

Therefore we expand:

RHS = /dyK(t +0t, 23, y)Y(t, )

= ()" / aye® (3 (7 VW) )

2midt
1/2
27TZ) /duez( 5tV(CE+U\/7) (t $+u\/7)

My

=
<27m)1/2/ e F0 (1= otV (@) (Wﬂf) + VOOt w)u + %82331/1% U)u2> +O(51%)
(G

(t,x) + ot <—zV( Vot z) + ;;lagw(t,x)) + O(5t%)

In the third line we have made the substitution u\/§t = y — z, and in the 4th line we expand each term
to order dt, neglecting higher order terms. In the subsequent line we perform the Gaussian integrals over
u, noting that the order (5t)1/2 term becauyse the integral is odd.

Setting the 2 sides equal, we have the Schrodinger equation as desired:

i0n(t, z) = <—271na§ 4 V(x)) it )



Question 3: The Free Particle (20 points)
For a free particle, i.e. V(z) = 0, perform explicitly the integrals over z;, i = 1,..., N — 1 to show that

Koo tuzpty) = (— ) exp [ M0 = 20)
Laylas Ty, lp) = 27Ti(ta_tb) xp 2<ta—tb>

We evaluate the integrals in order, starting with the one over x1. We denote x¢g = xp and xny = z4.

N/2 Cm
K tain ) = lim (57) / doy - iy 3 (Ex—en ) e (=20 (1 —20)?)

_ A}Efloo <27TTAt>N/2 (iwﬂ?t)m/dw2 e da g et oA @y =y ) (@3 —a2) 4 (22-20)?)
= Jm (5ria1) N ¢2§ <i§§t> 1/2/ ds - - da 1€ PRe (N —oN -0t (3 —30)?)
= (z 7 >2_2 } / ds - diy e Be (N —2N -0 Hz1=a2)*+ f (wa=s0)?)

1/2

( ) i (Ta—wp)?
N—>oo QWZNAt

.m (Ta— zb)
— 2 ta—t

27TZN(ta — tb)



Question 4: The Path Integral for a Free Particle, Revisited (20 points)

In this problem we evaluate the path integral for a free particle using a different method than Problem
3. For simplicity, take x, = xp = 0,t, = 0,t, = T. As discussed in class, K is a Gaussian path-integral of
form:

z(T)=0

K(0,T;0,0) = /

z(0)=0

Da(t) exp [; / dtdt’x(t)A(t,t’)x(t’)]

for some differential operator A.
(a) Write down the explicit expression for A.
The action for a free particle is given by

Sla(t)] = / dt%@tx&gx - —% / dtxd2z = —% / dtdt'z(¢')5(t — )02 (t)
= ;/dtdt’x(t’)A(t’,t)x(t), A(t',t) = —mé(t — )07
Then, we write the propagator as

z(T)=0 ) z(T)=0 i [T
K(0,7;0,0) :/ Dxe'® :/ Dz exp [/ dtdt'z (')At t)x(t)
2(0)=0 2(0)=0 2 Jo

for the differential operator A(t',t) = —md(t — t)0?.

(b) Find all the eigenvalues of A. Show that the determinant of A can be written as

o n’r?
det A= ][ m=—
n=1
The eigenvectors of a second order derivative operator are precisely exponentials, z(t) = f(t) = . We
further need our eigenvectors to satisfy the boundary conditions z(0) = z(T") = 0, since the endpoints of
our trajectory are fixed. Hence, a complete set of eigenvectors are given by sine functions, with momenta
integer multiples of /7. Without loss of generality we can restrict to n > 0.

2 . nmt
i, (t) = \/;sm (T)
Furthermore,
/ __ _/Qz-W_W\/?W_
/th(t,t)fAn(t) = m/dté(t t)\/;at sm( T > =M/ 7 sin | =5 = S, (1)

for the eigenvalue \,, = m“;’f. In this basis A is diagonal: A,,, = m%&lm. Finally, the determinant

of an operator is obtained by multiplying all of its eigenvalues, giving us the desired expression:

TL27T2
T2

det A = ﬁ m
n=1

(c) Since our propagator is Gaussian, it can be evaluated as

C

K(0,T:0,0) = N




where C' is some constant. By comparing this equation with the solution to Problem 3, show that the
consistency of the 2 approaches requires

C m \1/2
JdetA (2m'T)

We substitute x, = 2, = 0,t, = T, t, = 0 into the result in Problem 3:

m \1/2 im0? m \1/2
KO,T;O,O:( , ) z( : )
( )=t eXp[ oT } omiT

It therefore follows immediately from our work in (b) that

m \1/2 C CcT 1
(0,70,0) (27m'T) Vdet A m/m nl;[l n
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8.323 Problem Set 6 Solutions

March 21, 2023

Question 1: Particle Production by an External Source, Continued (10 points)
Consider again Problem 2 of Problem Set 4. Introduce

:/D¢eifd4:p£’ ZO:Z[J:O}:/DQﬁeiIdAlﬁEO
for the Lagrangian:
We can show that, with an appropriate ie prescription,
(0, 4+00[0. — 00) = —
Use this to find the probability of no particle production

Py = {0, 4000, —o0) |?

by directly evaluating the path integral. You should reproduce your answer in 2(h) of Problem Set 4.
We compute:

_ / DeeiJ da(LotT0)
= [ Doen -1 [ (510107 + m ~ie1ots) - T 0)ot0) T )]
= Zyexp [;/d‘lp%]

In the last line, we complete the square and perform a linear shift of ¢, ¢f. Therefore,

.
exp |i / d*plJ(p)? Iml_iJ

p2 +m2

Py =

Z[0
~exp|-n d4pu<p>|25<p2 +m2>]

= o [ [ anls0) 7 008" =) + 3 +up)

= exp w/;ﬂj(wm )|2+|J( Wp, P )|2)]

: a*p _
= €xp —/mu(p)\z] =
L P




In the line 1, we use that a — a* = 2ilm(a). In line 2, we use the identity

lim .
e—0T T — €

X

1
=PV <) +imd(x)
where PV is the Cauchy principal value. Line 3 uses the identity from Problem Set 1 that

5+ m?) = 2ip<5<p° ~op) + 5" + wp))

In line 4 we perform the p° integral. Finally, in line 5 we use the invariance of the / dp under p — —p,
along with J(—p) = J*(p) to show that the second term is equal to the first.



Question 2: Connected Diagrams (30 points)
Consider the A¢* theory discussed in lecture, with interaction Hamiltonian

H; = i’ / dBrpt(z)

(a) List all connected diagrams for

(0T (1) (arz)e " == 1|0

to order O(\?), and give the symmetry factor for each diagram. For diagrams at orders O(\°) and
O(A\!), write down their expressions in both coordinate and momentum space.

Order | Diagram S Expressions
A0 D\ 1 GO (1 — m3)
(2m)*5™W (py p2)m
AL DY 2 A [ d2GY (2 — 2)GY (g — 2)GY(0)
—ix(2m) ' (p1 — p2) +m2 e o [ A
A2 D | 2x2 (—iN)? [ d21d*20G0 (21 — 20) GO (3 — 22) G (21 — 22)G%(0)?
(—i>\)2D§0)(p13p2)p¥+;"27i6p§+;i27i6 (f ¢ 2+m27%>2
A2 DY | 2x2 (—iN)? [ d21d*20G% (21 — 21) GO (39 — 22)GY (21 — 22)2G%(0)
(_i>‘)2D§O)(p1,P2)I€Ti2_i€fd4q (Wé_kyfd‘“qﬁé_ie
A2 D§2) 3! (—iX)? fd4z1d422G%(m1 — Zl)G%(l‘g — ZQ)G%(Zl — z9)3

The symmetry factors for the order A? diagrams are obtained as follows. D}

)20 - -
(—iN)*Dy” (p1, p2)m [ d*qd*q 2+m2 ” q2+m12716 CETETOL )1+m27i6

(2)

receives a factor of 2 from

each of the propagators starting and ending on the same point (z; and xz9). Déz) has one factor of 2
from the propagator starting and ending on the same point, and another factor of 2 from the 2 identical

propagators connecting x1 and 3. Dy

(2)

has 3! from the 3 identical propagators connecting 1 and zs.



(b) List all connected diagrams of the four-point function

Ga(zr, w2, 23, 24) = AYTP(21)d(22) P (3)P(74)[€2)

to order O(\?), and choose 2 to write down their expressions in coordinate and momentum space.
Here we take all momenta to be ingoing, and use the shorthand G%(z — y) =: G%y.

Order | Diagram | S Expressions

AL D%O) 1 —iX [ d*2G%(z1 — 2)G% (w2 — 2)Gh (w3 — 2)Gh (24 — 2)

4 —1 —1 —1
—Z)\(Qﬂ') 5 (Z pz) 2+m2—ze p2+m2—26 p3+m2—7,6 p4+’m2—l€

4
A2 S DP | 2| (iN)? [ diadiaGl, L GO L GYGY, L GO, L GO+ 2(1 &)
=1 1=2

4
. 1 3 3 .
—Z)\Dg )(pl)p27p3ap4)p%+m12_i5 fd4qq2+ml2_ie + 2 :2(1 7’)
=

2
A2 2 —iN)? [diad Gl L GO L (G )G, L GO,

.y (1)
_Z>\D1 (p17p27p37p4 fd4qq +m2—26 (p1+p2 q)2+m2_z€

A2 pP |2 (—iN)? [ dzd*2,GY, . GO (GO VGO . GO

x1,21 T T3,21 21,22 X2,22 7 X4,22

) 1 . .
—iADS" (p1,pa, ps pa) [ dq i T s

(2)
A2 Dy 2 (—iX)? [d'z1d*2GY, L GY, . (G )*GY, G,

—1

.y (1)
_Z>\D1 (p17p27p37p4 fd4qq +m2_Z€ (p1+p4 q)2+m2—ze

For the D(2) diagrams, the symmetry factor of 2 comes from the propagator starting and ending on the

(2)

st diagrams, it comes from the 2 identical propagators connecting z1

same internal vertex. For the D
and xs.



Question 3: Vacuum Diagrams (30 points)
For a A¢* theory, consider the quantity

Zo = (0[Te " J= "1 0)

where the expectation is evaluated in the free theorem. We also assume the free theory vacuum |0) is
properly normalized, i.e. (0/0) = 1.
(a) Consider

Wy = log 2y
Show that Wy can be written in a form
Wo = cst —ieV'T

where cst is a constant independent of the spacetime volume, € is the energy difference between the
full and free theories, and V1" is the total spacetime volume.

Method 1

We can write the path-integral as a ratio of matrix elements:

_ —i [dtHp |y _ [ Dge'So+5D) _ (¢ =0,00[p =0,—00)q
ZD - <0|T6 |0> - fD¢6iSO - <¢ — 0’ OO|¢) — 0, —OO>0

We first compute the numerator by inserting complete sets of eigenstates of H, at very early and late
times. We further take H — H (1 — i€) to make the expression convergent.

(¢ =0,00l¢ =0,T/2)p = lim > (¢ =0,00n,T/2)(n, T/2im,~T/2)(m, ~T/2|¢ = 0, ~T/2)q

n,m

= lim > (6 =0,00ln, T/2)e Em(1=19T s (m, ~T/2|¢ = 0,-T/2)q
—00

For very large T', the dominant contribution to this sum is that with lowest FE,,, i.e. vacuum Egq. Hence,
(¢ = 0,006 = 0,T/2)q = lim Tqlp = 0]Tp[¢ = Ol ""
T—o0
where Uq[¢p = 0] measures the ground state overlap of the ¢ = 0 state.
By the same procedure, we have
(p=0,00]¢p = 0,T/2)o = lim W[ = 0]W[¢p = 0]e *EoT
T—o0
Putting both pieces together, and using that for a perturbation Eq — Ey < 1,

[Walp = 0] e *Fo"
[Wol = 0] P E0T

Wy = log Zy = log ~ cst —i(Fq — Ep)T

This is of the desired form, where we identify € = (Eq — Ep)/V. It is implied that T" — oo.

Method 2
Alternatively, we can compute this directly by expanding in eigenstates of the full Hamiltonian:
Zo = (0| T~ 4H1|0) = Tim (0]e'HoTe=HT|0) = lim 'FoT(0le="HT |0)
T—o00 T—o00

_ % iEoT —iH(1—i€e)T _ i(Bo—Eq)T 2
i, <50 3 0le [n) {nf0) = e (2/0)]



As in Method 1, we take H — H(1 — i€) to make the expression convergent. For very large T, the
dominant contribution to this sum is that with lowest E,,, i.e. the vacuum FEgq.
For a perturbation Eq — Ey < 1, so we have

Wy = log Zy ~ log [(Q|0)|* — i(Eq — Eo)T
Again, we identify € = (Eq — Ep)/V.

(b) The Feynman diagrams in the perturbative expansion of Zy have no external lines, and are often
called vacuum diagrams/bubbles. We thus say that Z is obtained by summing over vacuum diagrams.
Show that Wy is the sum of connected vacuum diagrams.

Let {V;} be the set of connected vacuum diagram contributions (including symmetry factors), and {V7)

be the set of all vacuum diagram contributions.

Then, a general diagram V; consists of nf Vi sub-diagrams, for each V; € {V;}. In particular, we have
explicitly

~ 1 nl 1 nl
w=&gmﬂzﬂwmﬂ

Note that the expressions V; already contain symmetry factors with associated with exchanging internal
elements of subdiagrams. Therefore, the symmetry factor S; above comes only from exchanging identical
connected subdiagrams, of which there are n! of type V;. Hence S; = IL nil.

The full vacuum contribution comes from summing over all possible topologically distinct diagrams Vi.
By the previous discussion, equivalently we may sum over all sets {n;}:

nZ _ i o0 Vi
%—ZW—ZHn, HZH, =1 =
{ni} {ni} 1 to=
Since Zy = "0, we recover Wy = >; Vi as desired, the sum of all connected vacuum diagrams.

(c) Write down the expression for € to order O(A?), in either coordinate or momentum space.
We first write down all the connected vacuum diagrams to order O(\?), using [ d*z = VT.

Order | Diagram S Expressions
Al v 93 —iIAVTGY.(0)?2
—iX <fd‘4q 2+m2 %)2
A2 v 24 (—iN)2VTGY(0)? [ d*2GY(2)?
AP (J agrie) | 4% (gremi)
A2 v |2xal (—iA)2VT [ di2GY ()
—iA)? [ d'qid*qdqs q2+m2 —ie q2+;zl2—ze q2+;zl2—ze (q1+q2+q3)‘2+m2—ze



OO OO0 O

&)
A y® @

The symmetry factor of Vl(l) has 22 from propagators starting and ending on the same vertex, and another
factor of 2 permuting the loops. The symmetry factor of VQ(Q) has 22 from propagators starting and ending
on the same vertex, a factor of 2 permuting the identical vertices, and another factor of 2 due to the 2

identical propagators connecting the internal vertices. The symmetry factor of VQ(Q) has a factor of 2
permuting the identical vertices, 4! from the 4 identical propagators connecting the internal vertices.

Hence, we have

e= o+ 1 + ) + 00
iA2 ix2
= 2630 - S0P [ate(cg@r - 7 [ate(as @)t o)



Question 4: General n-point Function (10 points)

Prove that in evaluating the n-point function G, (x1,...x,), diagrams that contain factor(s) of vacuum
diagrams all cancel. That is, G, is obtained by summing over diagrams without any vacuum diagram
factors. This stateement is true for any H;, but it is enough to prove for the A¢? theory.

Method 1

We start with the expression

(0]T(x1) - - - pwn)e "/ H1|0)
(0| Tei/ dtHr|0)

Gn(x1,. . 2p) =

The numerator can be expanded as:

oo

(O1T(z1) - - - (an)e " AHI o) — Z % <T¢(m1) () (i/d4xL1>m>

m=0

Observe that bubble diagrams must come from contractions between the L;’s themselves. We define
(-+*)np. to be the contribution to a contraction from non-bubble diagrams. We can thus write the
numerator as:

R I
55 (e fou) ) {(cf o))
_ ki: > — <T¢(az1) - G(wn) (z / d4wa>m>n,b, <<Z/ d4’“’“>k>
>

{(0f )"}« S st ( f ),

k=0 m=0

In lines 2 and 3, all we have done is changing the summation indices (discrete change of variables). This
allows us to factor out the vacuum contribution, which we do in line 4. The first factor is precisely the
denominator of the Gell-Mann Low formula, thus

Gn(z1,...25) = <T¢(l’1) o d(zn) <i/d4xL1>m>n.b.

That is, the n-point function is obtained by summing over diagrams without any vacuum bubbles, as
desired.

Method 2
Again, we start with the Gell-Mann Low formula. The idea is to factor the numerator into a sum of
diagrams with no vacuum bubbles, times a factor containing all the vacuum-bubble dependence.

Let {V;} represent the connected vacuum diagram contributions (including symmetry factors), as in
Problem 3(b). Further, let {D;} represent diagrams (including symmetry factors) contributing to the
numerator in the Gell-Mann Low formula, that contain no vacuum bubbles.

For any diagram D;, the sum of all diagrams contributing to the numerator which contain D; as a
subdiagram is precisely D; [ j V7. This follows from the argument in 3(a), and that all symmetry factors



are accounted for-there are no additional symmetry factors between the D; and V;’s. Furthermore, every
contribution to the numerator must contain some D; as a sub-diagram, therefore the numerator is

(O[T(a1) -~ d(wn)e 4Hrj0) = 3" e¥D; = 20> D;
i i
where in the second equality we use from Problem 3(b) that Zy =[], e"i. Therefore,

Zo> . D
Gn(xl,...,ﬁn)zogg:ZDi
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8.323 Problem Set 7 Solutions

April 4th, 2023

Question 1: Momentum Conservation (10 points)
Consider an interacting field theory of a real scalar ¢. Assume that the theory is translation invariant.
Introduce the Fourier transform of

Gn(z1,. .. xn) = (QTP(z1) - - - d(20)|€2)

Gn(ph v apn) = /d41'1 s d4.%'n€_izipi'xiGn(.%'1, ce l’n)

Show that

Gn(p17 ce 7pn) 0.8 (27T)4(5(4)(p1 + ... +pn)

The idea is to use translation invariance to remove the x1 dependence in GG,,, so taking its Fourier transform
gives a d-function when integrating over x7.
We compute:

Gn(p1,---,0n) = /d4:v1 . -d4xn6_iz?=1pi'ziGn(:c1, Ty eey Tp)

= /d4x1d4:c2 . -d4xne*i2?:1pi'“"Gn(0, LY — Xlyene, Ty — T1)

= /d4x1d4x'2 cdial em LT i @R PG (0,2, . al)
= /d4xl2 x 'd4$;67i2?=2 Z;'piG(O, Th ... 1) / dize X pi
— 2m)* D (p1 + -+ pa) & (p2,- - - Pn)

In the second line we use translation invariance of the correlator. In the third line we change variables
z; = x; — x1 for i > 2. In the last line we define G'(x2,...,z,) = G(0,22,...,2,) and G'(p2, ..., pp) its
Fourier transform. We see that integrating over the x1-dependence has given us the desired d-function.



Question 2: Feynman Rules for a Complex Scalar Field (20 points)

For a complex scalar field particles and antiparticles are distinct, which we can think of as positively
and negatively charged. The Feynman rules must distinguish them. We can make the distinction by
including an arrow for each propagator indicating the flow of charge (note that this is separate from
arrows indicating the flow of momentum, which are arbitrary). For a particle it is customary to point the
arrow away from the external point in the initial state, and towards the external point in the final state.
For an antiparticle, the direction is reversed. The charge arrows for propagators of the rest of a diagram
then follow from charge conservation.

In order to avoid 2 kinds of arrows, we can simply align momentum arrows with the charge ones.
(a) Consider a complex scalar field theory

A
L=—0,00"p* —m*¢*¢ — Z(¢*¢)2

Write down the momentum space Feynman rules for this theory.
There are 2 Feynman rules: the propagator and a 4-point vertex. These correspond to the quadratic and
4th order terms in L.

¢ —>—0 ¢ ¢

v —iX
p? +m? —ie

(b) Draw the connected diagrams for the scattering amplitude for the process

P+ ¢" = ¢+ o7

to order O(\?), where ¢ and ¢* denote particle and antiparticle.
We have 1 diagram at order A\. The rest are at order A2, corresponding to s, ¢, u-channel scattering.
Note that we also have order A\? diagrams coming from corrections to the propagator, with loops on any
of the 4 external legs, but these can be dropped since only amputated diagrams contribute to scattering

(c) Now suppose ¢ interacts with a real field y via
L;=Nx0"¢*0,¢

That is, the full Lagrangian is the sum of the free (¢, ¢*) theory, the free x theory, and £;. Suppose
X has mass M. Use a solid line for the ¢ propagator and a dashed line for the x propagator. Write
down the momentum space Feynman rules for the full theory.

We write down the new Feynman rules, for the x propagator and the x¢*¢ interaction: In the second



X --------- X o
—iX'p1 - p2

diagram, the particles ¢ and ¢* have momentum p; and ps, respectively. The Feynman rule comes from
writing ¢£; is momentum space, giving us the factor i\ (ipy - p2) = —iNpy - pa.

(d) Suppose both A\, X' ~ O(e), with € a small parameter. Draw all the connected diagrams to order O(e?)
for the amplitude of the decay process

X — ¢+ o"

We have 1 diagram at order € given by the 3-point vertex. The rest at order €2 come from corrections to
the external ¢-propagators (which do not contribute to the decay process), and the 1-loop correction to
the 3-point vertex (shown below).



Question 3: Higgs Production at LHC (10 points + 10 bonus)

The LHC collides protons with protons at very high energies. Each proton contains a number of quarks
and gluons, so collisions of protons can also be considered as collisions of gluons. Here we consider a baby
version of the Standard Model, which contains 3 types of scalar fields:

e Real gluon field g. Use a wavy line to denote its propagator.
o Complex quark field q. Use a solid line with an arrow to denote its propagator.
e Real Higgs field H. Use a dashed line to denote its propagator.

Suppose the interaction part of the theory is given by
L=Xigq'q+NHq'q

Note that there is no direct coupling between the gluon g and Higgs H. Assume that the couplings Aq,
Ao are small and of copmarable strength.
(a) The dominant channel of Higgs production at the LHC is gluon fusion, schematically written as

g+g9g—H

Draw the leading Feynman diagram(s) for this process.
The leading diagrams contribute at order A?)\q, and are given by the 2 ‘triangle diagrams’ below. These 2
diagrams give equal contributions in our case, but with realistic vector gluons and fermionic quarks, they
do not.

(b) Bonus. Another channel for Higgs production is
g+g—H+q+q

where ¢ denotes antiquark. Draw the leading Feynman diagram(s) for this process.
The leading diagrams contribute at order A2\, and there are 6 of them given below.

q4q H q q q H qq H q q H q

949 g 99 99 99 g



Question 4: Properties of Gamma Matrices (25 points)

Without resorting to a particular representation, prove the following identities.

(a) Try* =0

The canonical way to do this is define the matrix 5 = iy0y1727374. Using {7*,~7"} = 2n**, we immediately
have {y#,7%} =0 and 72 = 1.

Now, we compute
Tra# = Tryty%y” = =Try°y#y° = =Tr#'y°y" = —TrH#

In the third equality we use that v° anticommutes with v#, and in the 4th line we use the cyclicity of the
trace. Therefore, Try* = 0.
Note that the same argument goes through with 4°4° replaced by some Yp¥P (no sum over p), with p # p.

(b) TryHy” = dnh”
We compute

1 1
Troka” = STr({7",7")) = gTr2n™ 1 = 4n™
In the second equality we use the cyclicity of the trace.

(c) Try#yy* =0
Again we use the 4° trick in (a):
Tr 7"y = Tey 9"y *9%9% = (=1)3Tr 1490 = —Try#y?y*yPy® = —Try#y¥y>

Therefore Try#4¥y* = 0. Note that the same argument goes through with 4°® replaced by some YoY?
(no sum over p), with p # p, v, A

(d) p¢ =2p-q—dp =p-q—2iX"p,q,, where we define p = p,7”, and X = i['y“, ]
The first equality follows from contracting both sides of the anticommutation relation y#~* = 2p#¥ —~
with p,q,. To show the second equality, we use

V,y,u
4 1 v 1 4 v . v
=0+ T = e
Contracting both sides by p,q, gives the desired result.

(e) Ypyu = —2p
First note that

1
VU = M = 57} = e = 41
We thus compute
Yy = =AY 4 29 = Ay 4 297 = —297

Contracting with p, gives the desired result.



Question 5: Conserved ‘Probability’ Current of the Driac Equation (15 points)
Starting from the Dirac equation

(Y0 —m)yp =0
(a) Show that one can construct a current j# which is conserved,
Oujgt =
Note that taking the adjoint of the Dirac equation gives
0= o1 (1) (=8) = m) = ¢ (31°9° (")) = mr®) = ~ @D + m)”

In the first equality we use that the derivative 0, = —ip, is anti-Hermitian, since the momentum is
Hermitian. In the second equality we use (y°)2 = —1. In the third equality we use (y)* = 70y#40.

Therefore @(g,/y“ +m) =0.

Now consider the object j* := ¢y, where 1 := 1)T79. We compute
i o) g I DD Vo — 7 Traly —
g = (O ) + P(vH0u) Y = —mapip + mypp = 0

(b) Show that the j# you constructed is real.
We take the conjugate:

() = W) = 1" ()T = 9T (=) ()T ()0 = 7 (7)1 = hyty = j*
Hence our current is real. In the 3rd equality we used that (40)f = 707040 = —70,
(¢) Show that by choosing the overall sign of j#, the zeroth component of j*
pi=17J

can be made to be postive definite.
We compute

p =7 =y =Ty = Ty

This is negative definite. Thus by defining j* := —¢y*1), we have p = j° = ¥Te) positive definite.
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8.323 Problem Set 8 Solutions

April 11, 2023

Question 1: Proofs of Spinor Identities (21 points)
(a) From the definition

i a\ M ) o
O i S(A) = e~ sweo ™"

Prove the identity

Hint: use the identity
(297, 4] = ~(JP7 Y

By the Baker-Campbell-Hausdorff formula we have

eABe A = i %L”(A, B), LA, B) = [A,....[A[A B]..]

n=0 "

n times

We wish to use this with A = —%meW and B = y*. Following the hint, we use the identity
(297, 4#] = —(T# )y

We now compute

LA, B) = L"Y(A,[4, B]) = L'} <A, ;w,,g(ﬂ“)“w”> = L (TP (A A)

1

= [t [gomtaror] oty = = [ (o) | 2

In the last expression the power is taken in Lorentz space, i.e. [(w-J)"*, = (w-T ) a(w-T)% - (w-T) ..
Substituting this into the BCH formula, we have

SA nwg—1 — - 1 i po "1 v __ +£wpgjp0 K v __ —I\p v
(W57 A) =D | (5w ™) | 27 = (757 ) 97 = (A7)

n=0
(b) Prove the identity
ST — _,YOS—I,YO

From the definition, we start with

S(A) = exp <;wp,,zpf’T>



Now we use the conjugation of the gamma matrices, and ()% = —1.

0.v.0

ST = —— [y AT = =< [y, ] = = [709710, 409440 = Z’YO[V“,’YV]’YO = —05H40

4 4 4[

Substituting this in the exponential, we have

. oo . n
{ o 1 { o
S(A)" = exp (—prﬂoﬁ” 70> =) (—prﬂOEp 70)

n=0
1 1 " "
_ ,YOZ m (_QWpazpa) ( 1 n—1 0 OZ ( Wpo pa) ,YO _ _70571(1\)70
=0
In the third equality we use that ()2 = —1 exactly n — 1 times to pick up a factor of (—1)"~1.

(¢) From the Lorentz transformation of v, show that 1) and ¢y transform as a scalar and vector.
We know that under a Lorentz transformation,

Ya(r) = Y (@) = S’ (M)hp(A™ ) = S(A)p(A ")
Using the result from (b), the Dirac conjugate transforms as
P(a) = T ()" = 9T (AT ) S(A) Y0 = T (AT 2) (—1°S(A) 070 = (A~ 2)S(A)
Now we can compute
Pip(x) = PS(A) T S(A) (A z) = P(A )
Dyp(a) = pS(A)TIAS(A) (AT e) = pS(AT S THATY(A 2) = A* Py (A )

where in the last equality of the second line we use the result from (a). These are the transformation laws
for a scalar and vector.



Question 2: More Spinor Identities (8 points)
Without using any explicit form uf us and vg, show either one of

ul (k)us(k) = 2E6,, vl (K)vs(k) = 2E5,
In other words, show one of the following.

09 () = =, (), 1), )0 () = 2, () (19

The idea is to use the Dirac equation twice, once on u'(k) (or v(k)), and once on u(k) (or v(k)).
The Dirac equation, in all its forms, is given by

mus (k) = ikus(k), us(k)m = us(k)ik
mvs(k) = —ikvs(k), vs(k)m = —v;(k)if
We thus compute:
b )1 (0) = — (70 (K7t (K) 1) (00) = =5 (K)o () + 7 (k)3 Ko )
= o k(1A 00) = M (s () =~ (s () = 26,
()2 0) = 43 (51370 ) + 2070 () =+ 5, () (K) = 25,

In the last step of both calculations we use the normalizations

ur(k)us(k) = 2imd,s, or(k)vs(k) = —2imd,s



Question 3: Stress Tensor and Hamiltonian for the Dirac Theory. (21 points)

(a) The Dirac action is translationally invariant. Use the Noether procedure the construct the conserved
currents ©*¥, i.e. the energy-momentum tensor.
The ‘charge’ density O for time translation is the energy density. Show that ©% indeed coincides
with the Hamiltonian density H derived in class, i.e.

0% = H = ith(y'0; — m)Y

We begin with the Lagrangian density £ = —iy)(¢d —m)y
The Noether current for a transformation is given by

oL
H = 0Py — FH, oL =0,F"
T 00,00 "
Under an spacetime transformation x# — x* + € the Lagrangian density transforms as 6L = —€"0,,L.

The fields transform as 1) = —e"0,1). Putting everything together, we have
' = =iy (=€ 0)) + L = € (Db — ipmuu (@ — m)p) = ie b (Y — (@ —m))y
We find that j#* = ¢, 0" for the stress-energy tensor
O = itp (410 — ™ (@ — m))y
In particular, the energy density is

0% = ip(1°0" + (§ — m))y = i (=1 0 + "0 + 7' 0 —m)y = (0 —m)p =H
ow that using the Dirac equation, the Hamiltonian can be written as
b) Sh h he D he Hamil b

H=i / Bayton
Express H in terms of the operators aj, af, e cfj.
The Dirac equation tells us that

0=ip(@ —m)y =ihp(1°0 +7'0; —m)yy = (0 —m)y = —ipy ) = ih O

Therefore,
H= / 320" = / By (V0 —m) =i / dBayt o
Now we substitute the mode expansion:

a3k
Y(x) = \/T—k
In terms of creation and annihilation operators, the Hamiltonian is thus
Pk K o . . 5 o
NN, [ TTuT(k)e ke Lol (k)et x] (—iky) [af(,us(k')e’k * Ck/Us(k') ik :c}
a3k d3k’ L o
= [ d’x [ W aguf (K)us (K )e ™ ER)T g eyl (kv (K )e i H)-

V2w \/ka/

[aius(k)eik’x + ckTvs(k)e_ik'“”}

H=i [ dx

ehag vl (K)u, (K )elEHF)- c’"cfj,vf(k)vs(k’)e“’f*k’)'x]

a3k
= /2 [aljakuJf (k)us(k) — 2“"ktaTTcsTkuJf (K)vs(—k) 4 e 2Wxtel g® kv:[(k)us(—k) — ckckT ;[(k)vs(k)

= 1/d:"k agaf(ul(k)us(k) —ckckT I(k)vs(k)}

/dsk wie |adlag + &ty — 2(27T)35(3)(0)] = /dskwk(Nk+Nk) + Ejy



In the third equality we integrate over = to get a delta function in k and k’, and subsequently do the
integral over k. In the fourth equality we use the identities u(k)vs(—k) = v} (k)us(—k) = 0. In the
fifth equality, we use {cj, CIS(T,} = 0,5(2m)36®) (k — k') to move the c-creation operator to the left, and the
normalization u;[(k)us(k) = vi(k)vs(k) = 2k%6,,. In the final equality, we identify

Ny = ailag, Ny = leg, Ey= —/d3k 26 (0)

(c) What is the vacuum energy density? Discuss the differences with that of a scalar.
The vacuum energy Eg is identified in (b). To get the vacuum energy density Eg, we use that §(0) = i d3x1

and take the integrand:
el = —/dSk Qo = —4/d3k°"2“
We can compare this to a complex scalar field:

el = 2/d3k°"2“

A real scalar field has 2 degrees of freedom per momentum k, each of which is a harmonic oscillator with
negative vacuum energy wy/2. A Dirac field has 4 degrees of freedom per momentum k (u; 2, v1,2), each
of which is a harmonic oscillator with positive vacuum energy —wy /2. In particular, if we have 2 complex
scalars for each Dirac fermion, then the vacuum energy is exactly zero.



Question 4: Angular Momentum Operators (30 points)

The Dirac action is Lorentz invariant.

(a) Write down an infinitesimal Lorentz transformation for .

We consider an infinitesimal Lorentz transformation A#, = §*, — %wpa(j PaVE,
A spinor and its conjugate transform as

5ha(®) = U (x) — Ya(@) = So’ (M)hs(A™'2) — Ya(x)
= (5= 2027 (40) + o052 — 5800, 0,0)) = )
S (;(zﬂf’)aﬂ + 559508#) Vs(a)
() = U (2) — ba(z) = Pa(A2)(STHA)) 0 — Palx)

= <1Z,B(m) + %wnxi(ﬁﬁ“@ 0y ) g gx”) (5 i 2w (277" > = ¥ale)

— —uplila) (52 + 83007

(b) Use the Noether procedure to construct the conserved charges M*" for with Lorentz transformations,
and show that M*” can be written in terms of a ‘spin’ part and ‘orbital angular momentum’ part,

MW = SHY 4 LH
Show that the orbital part L*” has the same form as that of a scalar
L* = /de(af“@O” — 2e%)
Where O is the energy-momentum tensor from 3(a). Show that the spin part S#” can be written as
S = — / PPt sy
We start with £ = —it)(# — m)v. Under the Lorentz transform in (a), £ transforms as
0L = —i(09(P — m)p + (@ — m)sy)
= iWpo [w (—;Ep" - g”:c") (@ —m)Y + (@ —m) <;EPU + x”8p> @b}
= —Wpe " 0P L + iw e thy” 0P + %wPU@(E’JU@ — PEPT N

_ 1 _
= —wpea 0" L + iwpo )"0 — Swoo (TP Ny Ot
= —wpe? 0L = —wpe0° (27 L)
Note that in the third line, the second term comes from the product rule, in particular by @ acting on the

x? of the previous expression. In the fourth line we use that [2°7 v#] = —(JP7)*,~". In the last line we
use the explicit form of (J#?)*,, and that w,, is antisymmetric.



Therefore, the Noether current is:

§P = 8(86§>A) Py — FP = —itpyP 60 + wzo L
D

= (5D i 100 L
= W (—;Www + @Wx”)
where we recall the energy-momentum tensor
O = ih (Y1 — (@ — m))b = iy + L

We have an independent Noether current for each independent component of w,,, of which there are 6.
Therefore, we can define j° = —%wWJ PRV for the conserved currents

Jery — %&ng[w}w — @l — @szlww + ZhOPY — P OPH
The Noether charges are
M = / P — / d | = pTSy 4 2O — 27 Q| = S 4 L
where we identify
S = — / Papisry, DY = / Pr(z0% — 27e"%)

Note that S*¥ and L*" are not separately conserved.

(c) Express the S*” in terms of the operators aj, afj, o cfj.

We need the mode expansion

B a3k
N vV 2wy

The process is straightforwards, very similar to 2(b). We substitute the mode expansion into S*¥, and
expand to get 4 terms. We perform the integral over x to get a 6®) (k — k') or 6 (k + k') for each term,
and perform the k’ integral to set k’ = k for the u/¥*u and vI¥*v terms, and set k' = —k for the
u'Y" v and vI2#y terms. The result is

()

[as (€)™ + o, (k)™

v d3k T 8 v W rT S v
g / o [t ()2 ) + 2t uf () 20, ()

+e*2i‘“ktcﬁas_va(k)E‘“’us(—k) 4 cﬁci%i(k)zwvs(k)}

T



(d) From the expression in (c) for S¥, keep only the time-independent part, denoted S%. Define

Show that the one-particle states constructed by acting afj and clsj with k = 0 (i.e. in the rest frame)
on the vacuum are eigenstates of J% with eigenvalues corresponding to that of a spin—% particle.
We note that S# has time-dependent terms. This is fine, since only the combination M*” = S# 4 L*
is expected to be conserved. Thus in the analysis of angular momentum we may throw away these terms.
We further normal order our operator by placing annihilation operators to the right, to get Sk The
spatial components of this tensor are
a3k

59 = [ 5 [t 002 8) — el el 09572,09

Note that the second term picks up a —1 from normal ordering, because the operators are fermionic.

Now we compute the action of J? = %S” SZ] on the 1-particle state ao \O>

a3k a3k ; ) )
e tT’0> 2 ka 2wy [ r(0X7u ! (k)} [ui’(k/)EUUS’(k )] aljakak/ Ay G, T‘0>
1 .
=5 i ZZ] T 3. rt
2 (2w0)2ur(0) Us (O)US(O) z]Ut(O)ao |O>
1 y )
: ij r 1 .
= 7 1 (O Zijus(0)(2miag'10) = ol (0037 (0)el0)
13 3
= —— T TT _ 2 t-i-
4m 5 Ur(0)u(0)ag'0) = - ag|0)

In the first line, note that any terms containing ¢’s vanish, since the lowering operator anticommutes with
a’ to annihilate the vacuum. In the second line we use that

aplagap aga|0) = 651 (2m)?6@) (K )ayl agap, |0) = 6718 (21)563) ()63 (k — K )ay] |0)

In the third line we use that ug(0)u}(0) = i(if +m)lk=0 = m(i + 7%). Further noting that {°,7'} = 0,
we see that this commutes with £ = £[y*,49]. In the fourth line (and fifth line), we use the identity
ul(k)us(k) = 2F0,s. Finally, in the fifth line we also use that

g 1 o 1 . ... S
YUY, = _Eh Y, ] = —g(VWJVl’YJ — Y'Yy

= 5O F 20 =3yy) =~ (-9+6-9) =5

1
3 2
Therefore, we see that the one-particle state ao |0> is an eigenstate of J? with eigenvalue s(s +1) = %, as
expected from a spin-1/2 particle.

The calculation is almost identical with the one-particle state CO ]O) one merely replaces a’s with c’s
and u’s with v’s. The one difference is in the third line, where instead we need to use the identity
v5(0)0i(0) = i(if — m)|xk—o = m(—i + v°). However, this still commutes with %%, so the same proof
follows through.
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8.323 Problem Set 9 Solutions

April 18, 2023

Question 1: Some Identities (10 points)
Define 7° as

A5 = 0y 23
Show it has the following properties: (a) (v°)" =~° and (7°)? =1
We compute:

(V) = =i AT (O = =i(1*7*°) (1) (1 ° ') (1°40)
= — (=D’ = —i(=1)% 0y =
In the 2nd equality we use that (y°)2 = —1. In the 4th equality we use the anticommutation properties
of the gamma matrices.

Furthermore,

(75)2 _ _707172,73707172,}/3 _ _(_1)3(_1)2(_1)17070,}/17172727373 — _n00n11n22n33 = _1

In the 3rd equality we use (y*)? = %{V“,'y" } =1 (no sum over p).

(b) {°,7*} = 0 and Try> = 0
This is not difficult to compute for each = 0,1, 2,3. Using the anticommutation relations, we have:

{7°,7°} =i 7?0 + "0 1%) = i
{779} =i + 410 = i
{75772}21‘(01232 20123) (
( ) =i(

7

1)37%9%919%4% +909041y%4%) = 0

(1)
(=129 41423 4+ (=12 2% =0
(1)

1

Y 23492 + 424 0919293) = i((= 1)1 2293 + (=1)29% %) = 0
(7%, 73} = i3 + 302 ) = i (V0 3R + (=1)309 1238 = 0
Furthermore,
1

Try° = Tr(v°7%0) = §(Tr(’v57°'yo) + Tr(707°7?))

1 1

= ~(Tr(v"v%70) + Tr(v"9° %)) = s Tr({v*, 710} = 0
2 2

In the 3rd equality we use the cyclicity of the trace, and in the last equality we use the previous result
that {7°,7°} = 0. Note that instead of 4* we could have chosen any y* matrix.



Question 2: Feynman Propagator for Dirac Spinors (10 points)
Show that the Feynman Green function

D3 (@ = y) = (0| T¢a(@)ts(y)|0) = i(@ + m)asGr(z —y)

where G is the Feynman propagator for a free complex scalar of the same mass m.
We start by computing the Wightman function using the mode expansion of .

_ P PR e ek
<0’¢a($)¢,8(y)’0> - mm<0’akak”0>ua(k)u5(k )6
PPk d‘3k’ 3 4 / d3k .
_ 3) L, =5 (1 i(k-x—Ky) _ SR+ ik-(z—y)
=i(d+m)ag / ﬂeik’(x_y) =i(J +m)asGi(z —y)
In the 3nd equality we use the identity
Zu =A} s(k) = i(if 4+ m)ap
In the last equality we identify G4 (z —y) = gil: ik (2 =y),
Similarly, we have:
- P’k K s ir r —s —i(k-z—k'-
s (w)ia(@)0) = [ 5= 5 0l 0)0f Qo aee 04
Bk @K / d3k -
5r6(2 35(3) k — K)o" (K55 (K —i(k-z—k'-y / —zk~(x—y)
mm ( 7T) 4 ( )va( ) 5( ) 2wk a
. d3k —ik-(z—
= —z(a+m)ag/ s C T = i@+ m)apGily — )

Now we compute the Feynman Green’s function:

D3 (e — y) = 0(2° — ") (014 (2)9° (4)[0) — 6(° — 2°) (01" (1) ()]0)
= 0(a” = y")i(@e + M) Gz —y) +0(y° — 2)i(@, +m)* Gy — x)
= i(J +m)*’Cr(z —y) - 2(3 0(2° — )G (z —y) —i(@.0(y° — 2°)) Gy — )
= i(Ps +m)*PGr(x —y) — i7" (6(z° = )G (z —y) = 6(2° = ¢*)G1(y — @)
= i(d, +m)*Gr(z - y)
In the second last line we use that 9,00(2® — %) = —0,00(y° — 2°) = §(2° — ¢%). In the last line, we use

that G4+(0,x —y) = G4 (0,y — x), which can easily be seen from the formula for G4 above. This leaves
us with the resired result.



Question 3: Chiral and Majorana Fermions. (50 points)
We consider the chiral representation, and write a Dirac spinor in terms of 2 chiral spinors ¥y, ¥g as

_ 1/1L>
4 <¢R
a) Show that under a rotation with parameters w;; = €;10%, ¥ g transform as
] j b
Vi (a') = e2® 7y (a), Y(a) = 3%y (x)

A Dirac fermion transforms as

In the chiral basis,

wij _ L [( 0 ic 0 do\]_i[(lo",6’] 0
T4 |\ict 0 ) \io? 0 )] 4 0 (0%, 0]

Therefore for a rotation,

Yr(al) =e
Ur(z') =e

wij[Uian]¢L(x) = e%%jk%(?iqﬂﬂl)wL(@ = e%O'GQpL(;p)

willr' () = e29%p(x)

ool e

(b) Show that under a boost with parameters wo; = 3;, ¥ g transform as

W (2') = e3P (a), Wr(a!) = et 1Py p(x)

Proceeding analogously, in the chiral basis,
0i _ [0 i 0 do"\]_ ifo" 0\ _ <o
> _4[(1' 0>’<iai 0)]_ 2(0 i) T

W (2') = ema0ir o)y (0) = e 38 y (2) = e3P0y ()
1
4

w}%(x/) ot (WOiUi_WiOUi)¢L($) — 6+%ﬁioi¢R($) — e+%ﬂ~a¢R($)

Therefore for a boost,

(c) The Lagrangian density fo the Dirac theory contains a mass term of the form

L= timpp = —m@r + L)

Using the transformations in (a), (b), show that the mass term is Lorentz invariant, while a term of
the form mszLwL or mw};z/JR is not.
We expand the Lagrangian into chiral spinors, in the chiral representation:

e =it - my =ik (] o) (g, T (12)
= ith} oD, + i 51O, — m(bl R + W hr)



Under a rotation, (¢, 1¥r) — (eéo"’@bL, eée"’wR), and (wTL,Q/)}L%) — (1%26_%0'0,14};6_%9'0) by Hermiticity.
The mass terms are both invariant. Under a boost, (¢, ¥r) — (€728, et2P7¢yp), and (1%,1”%) —
(wze_%ﬁ 7, ¢};e+%ﬁ ‘7). The mass terms are again invariant, establishing full Lorentz invariance.
However, under a boost wTL@Z)L or M;@Z) g are not invariant:

Wiy = Yle Py, bhip = Yhe™Popp

(d) The discussion in (c¢) may give the impression that it is not possible to write down a mass term with
1, or g alone. This is possible, with some more sophistication. For this purpose, first show that

o2Go? = —G*

From this, show that 021/12 transforms under Lorentz transformations in the same was as ¥g.

We can check directly, either by explicit multiplication or using {o*, 07} = 2§", that
o2olo? = ol = —(al)*, 020302 = —0% = —(o
Now consider the transformation properties of 021/}2.
Under rotations,
o> (af) = 0*(e297) Y (2) = o2e 297 %0y (z) = €277 P (w)

In the last equality we make use of the above identity. This can be made more precise by expanding the
exponential as a power series, inserting 1 = 0202 between powers of o, using said identity, and resumming

the series.
Under boosts,

o2 (') = o (e POy (a) = 0% TP o202 (a) = T3P oy (o)
Therefore, Usz transforms like 9 g.

(e) From the observation in (d), construct a mass term using 7, alone, which is both Lorentz invariant
and real. This is called the Majorana mass term. Show that it is identically zero if v, consists of
ordinary functions, while it is non-zero if ¢, are anticommuting variables.

Consider the mass term mzﬁ}a%ﬁi. This is Lorentz invariant, as we showed in (c) that wTLz/) R is invariant,

and in (d) that J2wz transforms in the same way as 1¢g. To make it real, we add its Hermitian conjugate,

which must also be Lorentz invariant. Therefore, consider

1 * 1 * 0\ %k *
Lo = —3mufo*} — 5 (mofo™vi)" = — T (L] +vlo™vr)

To see whether this vanishes, we write the second term in components:

VEoPr = ¥1a(0®) 0] = (~1)VL(0°) Wra = —(~1) WL (07 e = —(~1)PLo%r
Here we introduce the notation (—1)¢, where € = 0 for regular functions, and € = —1 for Grassmann
functions. When ¢ = 0 we see that the term is the negative of itself, and vanishes. The same holds for its
Hermitian conjugate, thus the Lagrangian vanishes identically. If the field is Grassmann, we get no such
constraint.

(f) Now write down a Lorentz invariant full action using 11, alone, including both kinetic and mass terms.
Write down equations of motion.



Consider now the Lagrangian
. m .
L= ipjot b, — 5 (WLoV] + vl o*ur)
Treating 17, and 9} as independent variables, the equations of motion are

it Ounbr, — maih =0

—idl ot — myplo? =0

(g) Does the theory of part (f) have a conserved charge? Argue that such a theory can only describe
neutral particles.

The theory has the usual conserved charges corresponding to spacetime and Poincaré symmetry. However,

there are no internal symmetries, as the mass term is not invariant under a U(1) rotation ¢ — e™@4.

Therefore, there is no U(1) conserved charge, and particle number is not conserved. This cannot describe

charged particles, as it would violate charge conservation.



Question 4: Majorana Fermions (10 points)

In the Majorana representation, v* are real, and thus 1 can be chosen to be real. Such a spinor is called a
Majorana spinor. This has important physical consequences. Upon quantization, being real, a Majorana
particle should not have an antiparticle (or equivalently, it is its own antiparticle).

We discussed in lecture that the concept of a Majorana spinor can be generalized to any representation
of 7. If we can find a matrix B satisfying

By"B~h = ()"
the Majorana condition is
Yt = By

(a) In lecture we showed that in the chiral representation we can choose B = 42. Solve the Majorana
condition in the chiral representation. Show that in this representation a Majorana spinor i can be
expressed in terms of 7, alone.

For B = 2, the Majorana condition in the chiral representation is

. 0 _iUQ wL . W o
po= (e 5 ) (i) = ()

This gives us ¢} = —io?ypr, and g = io?y. Therefore g = —i(0?)*f = io?y}, and we can write v

in terms of purely ¢ :
_( YL
o= (it

(b) Plug in the expression (in terms of 1) for the Majorana spinor ¢ from (a) into the Dirac action.
Show it reduces to the action in part 3(f).
The Dirac Lagrangian becomes:

L= —itp(@ —m)p = i} o0 pr, + i b5 0ubr — m(Pl or + Yiar)
= i} P Oupr, + il 025 a0l — im(y] 0Py — Yl oy

To write this in a more familiar form we integrate the second term by parts and discarding the boundary
contribution.

Wl o5 a0, = —i(0u])a?a o™y = —i((0uy] )t ay;)T = il (0%t T oy
= iw2(026“02)*8u¢L = MLJMWL

In the third equality, we pick up a sign when we take the transpose because the fermionic fields anticom-
mute. In the 4th equality we use the Hermiticity of the o#’s. In the last equality we use the relation from
3(d) that (o25+0?)* = ot

Therefore, the Lagrangian becomes:
L =2 o"Oypr, — im (Y] o™} — Loy

This is identical to the Majorana action from problem 3(f) with the field redefinition 7, — v/2e~""/%4¢)y.
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8.323 Problem Set 10 Solutions

April 25, 2023

Question 1: Chiral Symmetry (15 points)
Consider the Dirac action with m = 0. (a) Show that the action is invariant under transformations

¥ — ey
The Dirac conjugate transforms as:
QZ)/ _ wTe—ia'y570 _ wT,yOeioc'ys — &eia'yg,

where we use that {v5,7#} = 0. The second equality can be made more epxlicit by expanding the
exponential, anticommuting the 4° through each term, and resummiong. Therefore, the massless Dirac
Lagrangian transforms as

L= =i Py = —ipe T Y b = —ighytte BT O = —ifd = L
Therefore, the action is invariant.

(b) Construct the Noether current for the above symmetry.
Under an infinitesmial chiral rotation, 81 = iay®t. Noting from (a) that the Lagrangian is invariant, the
Noether current is thus:

oL

j = 78@#})5@0 = Py Y

(c) Find how the mass term ma) transforms. Is it invariant?
The mass term transforms as:

md‘}w N m&’d}' — m&eia'y5eiaw5,¢ — 62ia75m1/_}¢

Since « is arbitrary, this is not left invariant under the chiral rotation.



Question 2: Quantizingf the Theory of Majorana Fermions (25 points)
Consider the theory of Majorana fermions discussed in Problem Set 9, written in terms of a 2-component
complex spinor ¥y,

Lr =i i — 5 (W0 wr +vLo™vi)

where 1T denotes the transpose of ¢, and o* = (1, 7).
(a) Write down the equal time canonical quantization relations.
For the Majorana Lagrangian above, the conjugate momentum to 1y, is

A
T = Zw L
Therefore, the canonical anticommutation relations are

{wLa(tv X)7 wLb(t7 X’)} = {wzaG?X)v ¢Eb(tv X/)} =0, {¢La<t7x)> ¢Eb(t> X/)} = 5ab6(3) (X - X/)

(b) Write down the equations of motion. In momentum space a general solution can be written as

dr(x) = u(p)e™* + v(p)e P*

Using this notation, write down a complete basis of solutions in the rest frame p = 0.
The equations of motion are given by:

ioch Oy, — mo?is =0, —i@uw}éa" —mplo? =0
Using the ansatz ¢, (z) = u(p)e® + v(p)e P, we obtain the momentum space equation
[~puo’ur(p) — movy,(p)le? + [puotvr(p) — mo*ul (p)le” " =0

Both positive and negative frequency parts must vanish independently, which gives

puotur(p) + mo*vi(p) =0, puotvor(p) —moul(p) =0

Note that these are not independent: the first equation implies the second, as

1

1
puotvr, = —E(p co)oa(p- o) uy = —a(p -0)(p-o)ogul = —moagu]

where in the first equality we use the complex conjugate form of p,o#ur(p) +mao?v} (p) = 0, in the second

we use from Problem Set 9 that g90*0y = —09, and in the last equality we use that (p-o)(p-7) = m?2.

Thus, without loss of generality, we look for solutions to p,o*ur(p) + mazvz (p) = 0. In the rest frame,
this becomes

ur(0) = o2v(0)" = wvr(0) = —o2uy(0)

This relates vy, to ur. We still have the freedom to specify the polarization uy(0). First, consider the
normalized eigenvectors {ryeqy of o3. That is, 03¢y = £1, and flfr = 0rs. We let this be our solution
space of ur,(0), and set:

ULS(O) = \/TTLg& Vps = 7\/%0.2557 & = ((1)> , &= <(1))

These are normalized so that UET(O)ULT(O) = mdys.



(¢) Verify the following expresssions give a complete basis of solutions for general p:

us(p) = v/=p - 5&s, vs(p) = —v/=p - G507,

where &,, s = + are respectively eigenvectors of ¢ with eigenvalues +1.
By the discussion in (b), to check these spinors are solutions of the equations of motion, it is sufficient to
check that p - our(p) + mo?vi(p) = 0. We compute:

p-our(p) +mavi(p) = (p- 0)(—p-5)"*E + mo®(—/=p-55°¢)"
= —(=p-0)"*(=p-0)"/*(=p- 6)'/2¢ + ma® (V—p-5) 0’
PO+ M) = 0
In the second line we use p-0 = —(—p-0)/2(—=p-0)/2. In the third line, we use that /—p - o+/—p - = m.

We also use that o?(y/—p-7)*0? = \/—p - 0: this can be showed by expanding the square root as a Taylor
series, and repeatedly applying the identity ooc*09 = —o9 from Problem Set 9.

We show that us(p) give a complete basis of solutions for any p. Solutions only exist on the mass-shell,
so without loss of generality consider any fixed p = (wp, p). It follows from the discussion in (b) that the
solution space is 2-dimensional. Furthermore,

ul (P)u_(—p) = ExvV =P 6 V=P -0t = Ex/—p- oV —p-0E. =mEE =0

Therefore, the uy(p) are always orthogonal. Since neither vanish for any p, they are always linearly
independent, and thus span the solution space for given momentum.

(d) Write down the mode expansion for the quantum operator v,
The mode expansion is given by

P e L 1o e
Yr(z) = ﬁ(aﬁ’uLs(k>ek + af vy (k)7
P i e (s
vh@) = [ o (ol ul09e " + v, (9e)

where the relation between ur(p) and v (p) is given in part (b).

(e) Define the vacuum and construct the single particle states, with proper normalization. Discuss the
differences between the particles in this theory and those of the Dirac theory.

The vacuum is defined by the state annihilated by all the al((s)’s, ie. aﬁj )\0> =0.
The single particle states are defined as usual (with Lorentz invariant inner product):

|k, s) = \/2wkaL(s)]0>

Note that the theory for Majoranas (as constrasted with the Dirac theory) has only particles with no
antiparticles. Equivalently, each particle is its own antiparticle.



Question 3: Gaussian Integrals for Grassmann Variables (16 points)
Show the following identities:

N
/ [1(a0;do;)e=% 4% = det A
=1

N
/ [1(a6;d6:)0,07 % 43% = (A1) det A
=1

We first expand out the exponential as a Taylor series:

e Yiijli — E o | | A@kjkeikejk = E ! | | A’Lk]kejkeik
n=1 ’ k=1 n=1 . k=1

Note that any term of order k£ > N will vanish: there must be at least 2 of some 6, thus the term is
zero because 0,% = 0. Furthermore, any term with k& < N vanishes when taking the 2N integrals, because
[ df1 = 0. Therefore only the Nth order term survives:

N N
* _O0*A..0.: 1 * * *
/H(in df;)e" 4% = N,Az‘m'“Az’NjN/H(d@i db;)(0;,65,) - - (055 07)
i=1 ’ i=1

(_1)N(N_1)/2 al * * *
= Az‘m"'Az‘NjN/H(d@d@i)(@jl"'9jN)(9i1“'@N)
=1

N!
-1 N(N-1)/2 N . * *
=1
1 ) * * *
= N!Aml"'AiNjNejr--jNEilmiN/deNdeN'..deldel(elel)...(gNgN)
1
= i Cirin Ggy Ainiy - Ay = det A

In line 2, we have moved all of the #’s to the left and 6*’s to the right, picking up a total factor of
(—1)N=DFIN=2)+41 — (_)NIN=1/2 1 line 3 we use that 0;, ---0;y, = €;,...in 01Oy, and likewise
for the 6*’s. In line 4 we change the order of the Grassmann variables again, picking up another factor
of (=1)NWW=1/2 cancelling the factor from before. Note also that it doesn’t matter what order we place
the d0;df;’s, since pairs of Grassmann variables always commute with each other. In line 5 we do the
Grassmann integrals successively. Finally we recognize the Leibniz formula for the determinant.

To obtain the second equation, we differentiate both sides of the first equation by A;;. On the left hand
side we get

N N
/ [T (d0rd:)e0 450 (—gr0,) = / [ (d0;d0;)e A% 6,67
i=1 i=1

On the right-hand side we can Jacobi’s formula, § det A = det A Tr(A715A) = (A71) det A, for §A zero
everywhere except the kl-th entry. Therefore,

N
/ [ (d6;d6;)e 4% 6,67 = (A™")p det A
=1



Question 4: Yukawa Theory (24 points)
Consider the Yukawa theory discussed in lecture,

L= —%(8@2 — %m%z = ip(J —m)Y = gpp

Denote the propagator of a ¢ particle by a dashed line, and that of ¢) by a solid line (with arrow). We
will call p the particle excitation of v, and p the antiparticle excitation of .
(a) Consider the process

ptp—=p+p

Draw the lowest order Feynman diagrams, and write down the corresponding scattering amplitude.
Take the initial and final states to have momenta and polarizations (p1, s1) (p2, s2) and (p}, s}) (ph, sb)
respectively.

We identify the Mandelstam variables s = —(p1 + p2)?, t = —(p1 — p})?, and u = —(p; — p)?.

There is an t-channel and a u-channel diagram. Using the Feynman rules, the amplitude is:

M= id? Us, (P1)vg; (P1)0sy (P2)Vsy (D) Usy (P1)0sy (P2) Vs, (P2)vs; ()
(p1 = P1)* +m — e (p1 — ph)% +m3 — ie

| P (P1)vg; (P1) Vs (P2) Vs (P5) Vs, (P1) 0 (P2) Vs, (P2) Vs, (P))
g t—mi—i—ie u—mi—i—ie

it

D D D

e
I

i1

p p D
Figure 1: pp — pp scattering

(b) Consider the process

p+p—90+9

Draw the lowest order Feynman diagrams, and write down the corresponding scattering amplitude.
Take the initial and final states to have momenta and polarizations (pi, s1) (p2, s2) and pf, pb.
There is an t-channel and a u-channel diagram. Using the Feynman rules, the amplitude is:

5 | Us2(p2)(my + i(py — §)))us, (p1) L O (p2)(mp +i(p, — ) us, (p1)
t —m2 4 ie u —m2 +ie

M=g

1 _ m+ik
if—m+ie  kZ+m?2—ie

We have made use of the expression for the fermion propagator, —



Figure 2: pp — ¢¢ scattering

(c) Consider the process
p+o—p+o

Draw the lowest order Feynman diagrams, and write down the corresponding scattering amplitude.
Take the initial and final states to have momenta and polarizations (p1,s1), p2 and (p}, s}), ph.
There is an s-channel and a u-channel diagram. Using the Feynman rules, the amplitude is:

Mo Ug (P))(myp + 8Py + Py))usi (p1) U (p1) (M + (P, — P5))usy (P1)
-9 s —m2 +ie + U —m2 + i€
P P
6 6 6. 9
N N N . p , , 4 ’ \/\/\/\/\/\/\/
/—’—\ m
p D p D

Figure 3: p¢ — p¢ scattering
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8.323 Problem Set 11 Solutions

May 2, 2023

Question 1: Quantization of Maxwell Theory in the Lorentz Gauge (50 points)
In the Lorentz gauge we consider the action

§

L= —EFWF’“’ — 5(8,“4“)2

4
where ¢ is an arbitrary real parameter (and different £’s give equivalent theories). It is convenient to take
& =1, in which case

1 v
L£=—30,A,0"A

The complete set of solutions to the operator equations are

a*k ’ «a 'Lk:p a)x ()T —ikx
m Z 5( Elg ) ay, e }

(a)

where wi = |k|, and k* = (|k|, k). The polarization vectors £, are defined by

£V =(1,0, &Y =0X/k), EM=(0,€2, €2 k=0
where €7 o are orthogonal unit-norm spatial vectors.
With the canonical commutation relations
[Au(t,x), 7" (t,x)] = i046@ (x —x/), 7= dpA"
we find that
a0 = 7 (2m)%6 ) (k — K)
with all other commutators vanishing. We define the vacuum as
al(0) =0,  Va,k
and the ‘big’ Hilbert space is defined as
Huig = {|1)) obtained by acting al((a)Jr on |0)}

As discussed in lecture, Hy;, contains states with negative norms, and thus unphysical states. Indeed
Hpig follows from the gauge-fixed Lagrangian, which by itself is not Maxwell theory.

To obtain the Maxwell theory, we still need to impose 9, A" = 0 and get rid of the residual gauge freedom.
We will see in this problem that by imposing d,A" = 0 we get rid of the negative-norm unphysical states



in Hpig. But this is not enough: we will observe that some states possess zero norm, which can be
attributed to the presence of residual gauge freedom. By eliminating these null states, we obtain the
physical Hilbert space, which contains only 2 transverse massless degrees of freedom rather than 4.

The enforcement of 9, A" at the quantum level is subtle. Remember that in the Coulomb gauge, classically
we apply the gauge condition V;A; = 0 as part of the equations of motion, which becomes an operator
equation at the quantum level. In the Lorentz gauge, classically we only need to impose ‘boundary
conditions’ to ensure that the equation 0?(9,A*) = 0 has the trivial solution 9,A4* = 0. This implies
that, at the quantum level, we cannot enforce 9, A" = 0 as an operator equation. Instead, we will have
to do something weaker, imposing a variant of it as a condition on the physical states.

(a) Calculate

[Ao(t,x), 0, A" (t,x")]

and from your result explain why we cannot impose 9, A" = 0 as an operator equation.
In the mode expansion for Ay, only the a = 0 components survive, since £©) is the only polarization with
a time-like component.

d3k —ik-x
AO — 2wk [a{{O)ezkx_i_ai(O)Te k ]

Next, we compute 9, A" in the mode expansion.

3

3 .
_Z/ d’k Z k g(a (a) pikz _ (k-g(a)*)afca”eﬂk'x]

= z/d?’k\/? [(af{o) +a®)e* — (0O 1 o®)e _m}

where we use k- £ = wy, k-E12 =0, k- £B) = wy by using the explicit form of the polarizations.
Therefore,

BkdK/ . , o
[Aolt, %), B, A" (1, X)) = o 4 e, (@l + a)e 7 — (@) + aff e
m
_ d’kd’k’ ( 0) (O gilka—ka!) | [, <>]ei(_m+k'.z'>>

) ’ Ay,
VerJong \ k
=—1 d3kd3k’\/w7k'(_(27r)35(3)(k _ k/)>ei(k:icfk’-x’)
Wk

= i/d‘%keik‘("_x/) =i(2m)*0% (x — x')
In the 3rd equality, we used that the two terms in line 2 are equal, upon change of variables k «+» k'.

We see that the commutator is non-vanishing. This prevents us from imposing 0,A* = 0 as an operator
equation, which would imply the commutator vanishes identically.

(b) We also cannot impose that ‘physical states’ satisfy
OuA* ) =0

as 0, A*|0) # 0, and we want to keep the vacuum as physical. So, to define physical states we need a
weaker condition. It turns out the condition eliminating all negative norm states while keeping |0) is

MATNY) =0



where AEL_) denotes the annihilation part of A,. We now impose that the set of physical states
Hematl € Hpig satisfies this equation. Show that there is no negative-norm state in Hgmar-

We show that any negative-norm state |¢)) € Hy,iz does not satisfy the defining condition 8“A ]w> =0,
and thus does not belong to Hgmai-

From the calculation in part (a), we have:

auA —Z/dsk Wk )+a1(<3)) ik-x
(0)

The negative norm states in Hy;; come from applying instances of the raising operator ap T We prove

the desired result for the negative norm states |¢)) = ag))T\ X), where |x) is a positive norm state. (Note:
this is a sufficient, but not necessary condition for negative norm state, as a negative norm state can be
obtained from a linear combination of negative, null, and positive norm states. Taking these into account
is more difficult, and is more or less equivalent to doing the rest of the problem. We therefore defer this
to part (g)). We compute

oA 4s) —z/d3k [ (400 4 o))k g OF)
= —i“;)eip'xyx>+i/d’3k\/o;keikmap ak)lx>

This cannot vanish, as the first term is non-zero, and the second term is orthogonal to the first.
(c) Show that

<¢"8“A,U|w> =0, V|¢>, |¢,> € Hsmall

That is, 0, A" has zero matrix element among states in Hgmal-
Note from the mode expansion in (b) that

_ / Pl [ [(af{ )4 )t (@O - (Pheike] = gral) — gra(di
Therefore, for [1)), [¢') € Hsman we have
(W' 0" Aul) = (/0" ALT) — (AT ) =0 — 0 =0

(d) Introduce

Show that the physical state condition can be written as

) =0

From the mode expansion in (b), the physical state condition is

9" AL ) _z/d?’k\f (00 4 3|y _z/cﬁk\ﬁemb(* ) =

Slnce the states b W} bS)W} are orthogonal for k # k', for the above equation to hold we must have
|@D> =0 for all k.



(e) We are not yet done, as Hgman still contains zero-norm states. To see this, work out the commutators
+) o+ =) (= +) (= =) (+
il R vl R e v A Ol vl
and show that Hgnan can also be described as
Hsman = {all states obtained by acting al(j)T, al(fﬁ, bf:r)T on |0)}
In other words, a physical state can have no bl({_)T
The operators have the commutation relations

excitations.

1
[bl(j[) b(i)T] = 3) (3)T] +1 (0) (O)T]) -0

T N e Ay " Qyer
+ 1,3 @ 0) (0
703 = 50 ") = [0, ) = (276 (e 1)

From (d), the condition for |¢) € Hgman is
) =0, vk
Mt @t (5t

Suppose |¢) is generated by applying some number of ay, T, ay’', b "' to the vacuum. By the commutation

relations above, to compute bl(:r)hm we may commute the instance of bl(:r) to the very right, where it

annihilates the vacuum to give 0.

(=)t

Now suppose there are any instances of b’ in generating |¢)) by applying creation operators to vacuum.

Due to the commutation relations these serve as obstructions to commuting bl(:r) to the very right, and

doing so one picks up non-zero terms proportional to 63(k — k), which cannot cancel.

Combining these results, one finds the desired result that

Hsman = {all states obtained by acting al((m, al(f)T, bfj)T on |0)}

(f) Show that any state [1)) € Hgman with non-zero bl(:r)T excitations has zero norm, and its overlap with

any state in Hgman is zero. Such states are called null states, and cannot have any physical significance.

Any state in [¢)) € Hgman can be produced by acting some combination of a1(<1)T7 afﬁ, bl(:r)T on |0). Taking

the Hermitian conjugate, any state (¢'| € Hgman can be produced by acting some as), ag), bl(:r) on (0].

Suppose now we take (¢|¢)), where |¢)) has at least one instance of bl(:r). Since there are no instances of

bl({_)T operators, the bfj) commutes with all the raising/lowering operators in the product. One can thus

commute it all the way to the left, where it annihilates (0|. Therefore, (¢/'|1)) = 0. This includes the case

where [¢)') = |¢), so in particular a state with a bl(:r)T excitation has zero norm.

The same proof holds if |1) is a linear combination of states, each given by acting creation operators on

the vacuum, where at least one has a bl(:r)T excitation.

(g) Show that any state in Hgpan with non-zero norm must have the form

) = [¥r) + 1)

where |1)7) contains only excitations of afj”, al(fﬁ (i.e. transverse components), and |y) a null state.

|1} should be physically equivalent to |17), as they differ only by a null state. We can then forget
about the null states, and define

Hphys = {lvr)}



Hphys contains only positive-norm states, and is identical to that obtained in the Coulomb gauge.

We showed in (f) that any state with non-zero bfj)T excitations is a null state. Since we can expand an

arbitrary state as a sum of n-particle states using creation and annihilation operators, we can write any
state in |¢) € Hgman as

) = lvr) + )

(+)t (+)t

excitations into |x), and all terms without b_"’' excitations

into |¢7). By definition, |y) is a null state, and [¢r) contains only a(l) al(f)T excitations.

where we put all terms with non-zero by,

In particular, one finds (¥|¢)) = (¢Yp|ipp) > 0, which proves (b) in full generality.
()t

(h) Let us call excitations of b’ null photons. To understand their physical interpretation, consider the
‘wave-function’ x,(z) if the single null photon state

Xu(@) = 0| Au(@)lk,+), [k, +) = V2arblT|0)

Note that the above definition of wavefunction x,(z) is the straightforward generalization to vector
fields of our previous discussion for scalar fields.
Show that x,(z) can be written as

Xu(®) = OpA(2)
where A(x) is some function which satisfies the equation for a massless scalar
00X =0

This shows that a null photon can be interpreted as a guage transformation from the vacuum. To see
this, recall that the Lorentz gauge 0,,A,, = 0 leaves residual gauge transformations

Ay = A+ 08, 0,0"A=0

Thus, xu(x) can be considered a residual gauge transformation from A, = 0.
Using the mode expansion for A, (z), we have

(o) = 4@ +) = [ a'p, [ 0l Mo

L ikay (0) , .(3) L i k-
= —"(—€)) + €)= ek, = — 0, (e"*
\/i ( w i ) \/§Wk H \/iwk M( )
In the second line we used the explicit forms of eff‘), and that k, = (—wy, k). Therefore, x,(x) = d,\(x)
with A\(z) = —#wke““'z. Since k? = 0, we immediately have 9?\ = 0.

(i) Show that the conclusion of part (h) holds for any wavepacket of a null photon,

|ﬁ=/ﬁ%ﬂMk+>

More generally, for |f) = [ d®kf(k)|k,+), we compute

d’k zka: 3
(0] Au(2) |k, +) = fW)ky = 9, f(x)
\fu)k
where f(z) := —i f dgk e We again have k,, = (—wx, k) and k? = 0, so all the results from (h)

carry over.



Question 2: Casimir Effect in 1 Dimension (30 points)

Until now, we have disregarded the vacuum’s zero-point energy as an unobservable (infinite) shift in the
energy scale. However, as Casimir demonstrated in 1948, differences in vacuum zero point energies are
observable. This phenomenon is known as the Casimir effect. A simplest example is a small attractive
force between 2 close parallel conducting plates, due to quantum vacuum fluctuations of the EM field. The
force is caused by a change in vacuum energy of the EM field which results from the boundary conditions
imposed by the plates.

In this problem, we will explore the Casimir effect. For technical simplicity, we consider a toy version. As
we have seen, after quantization the EM field has the same number of degrees of freedom as 2 massless
scalar fields. Thus, consider a free, massless, real scalar field ¢ in 1 spatial dimension,

S _% / dxdtd, 60"

The vacuum of the system has infinite zero point energy. Denote it by Ey. Now imagine we put 2 ‘plates’
at x = 0 and x = a such that ¢ is required to vanish at the location of the plates,

d(x=0,t) = d(x =a,t) =0

Adding plates which impose additional boundary conditions on ¢ disturbs the vacuum, and results in a
different zero-point energy F(a).

Even though Ej and E(a) are both infinite, their different turns out to be finite, and physically meaningful.
In fact, the difference

can be considered as the potential energy between the 2 plates. Changing a modifies the potential energy,
resulting in a force between the plates which can be measured experimentally.

In this problem we compute U(a). Taking the difference between infinities is a highly dangerous thing to
do, and in principle one can get any answer, so we will need to be careful.

Both Ey and E(a) have 2 sources of infinities, one from the infinite volume, the other from there being
infinite local degrees of freedom. It is convenient to separate them by putting the system in a box with
finite size L > a. We will take L. — oo at the end. More explicitly, we require ¢ to satisfy a periodic
boundary condition corresponding to a circle of size L,

d(x,t) = ¢(x + L,t)

(a) In the vacuum (i.e. before putting plates), write down the mode expansion for ¢ and calculate its
zero-point energy Fy. Your answer should have the form

Ey = %an
n

where w,, is the energy for each mode. Specify both w, and the range of summation.
We are interested in a real scalar field with periodicity L, i.e. ¢(z + L,t) = ¢(z,t). We write ¢ in terms
of creation and annihilation operators, this time restricting to modes apropriate for the circle.

[e.9]

1 _ " o t—ik 2 27|n|



Substituting this expansion into the Hamiltonian, and using the commutator [a,, ail] = Oym,n, One has

Ho Y Nl Y
n=—oo n=—oo
We find that
1 2rr|n| 1 47
By — _ =
079 L 2 L
nez n>1

(b) Adding the plates separates the system into 2 segments, one with size a, and one with size L — a. In
both segments one has Dirichlet boundary conditions at either end. Therefore it is enough to work
out one of them. Find the mode expansion for ¢ in the region [0, a] and zero point (a). Again your
answer should have the form

1 -
g(a) = 5 Z O,
n
Specify both @,, and the range of summation. The total zero-point energy of the system in the presence
of the plates is thus
E(a) =¢(a) +e(L —a)

We proceed as before, but now write ¢ in terms of modes appropriate for Dirichlet boundary conditions
on the interval [0, a]:

Substituting this expansion into the Hamiltonian, and using the commutator [a,,, aIL] = Om,n, One has

o 1 o0
H:Za)nz\InJr5 Za)n
n=1

n=oo
We find that
1 ™
=527
n>1

(c) Both sums in (a) and (b) are divergent. There is not much sense in taking their difference. To do
this, we will first make them finite by introducing a ‘UV-cutoff’ A, and change the sums to

1 _ 1 - G

Evaluate these expressions with finite A.
Using the identity

0 a
E ne=m = —° = !
o (e*—1)2  4sinh?(a/2)




We find

1 41 _2rn ™
By e T = S 2 (r /LA
=1 2L sinh*(w/LA)
(a) 1 ™ _mn s
ela) = — —e a =
2n21 a 8asinh? (7 /2aA)

(d) Expand the answers from part (c) in the limit A — oo. You will find they become divergent. Keep
terms which are divergent and finite, but throw out all terms which go to zero in the limit.
We obtain

T LAZ2

T
Fo = ~ T o
0= Sremn2yzn) " 2w en O
T alA? T

=_-—+0(A?)

@) = a2 2an) ~ 2r  2da

(e) From your answers in part (d), find

You should find U(a) is finite in the limit A — co. Now take the limit L — oo in U(a), and find the
force between the plates.
Combining the above terms, we have

U(a)=¢c(a)+e(L—a)—FEy= — — — —

Taking L — oo gives
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8.323 Problem Set 12 Solutions

May 14, 2023

Question 1: Decay of a Scalar Particle (20 points)
Consider a theory with 2 scalar fields ¢ and ¥,

1

_ LYoo Iazgr L
£ =—5(0u0) = M6 — o

1 1
aux)z —Zm? 2 Zgoy?
2 2
Assume M > 2m and the coupling g is smnall. Calculate the decay rate I' of ¢-particles to the lowest
order in g.
We can read off the Feynman rules from the Lagrangian. They are

for a x propagator, and ig for the 3-point vertex.

—1 —1
m for a (;5 propagator, m

At leading order, the decay ¢ — xx is given by a single diagram. Using the Feynman rules, the amplitude
is simply M = ig.

Now we substitute this into the formula for differential decay rate in the rest frame of ¢:

1 Ak d®ko
dl = —|M|*(2m)* 64 (ky + ko — k
o MIT(2m)70% (k1 + ko ¢)2wk1 2on,
2 3 2 2 2
g 1 d°k 0 g° VE*—m
=2 50w —kY) = LY qEAO.S(E — M/2
2M 4w? (27)2 (= ko) = 537 39.2E 20( /2)

Performing the integrals, and multiplying by 1/2 for identical final state particles, we have

2 2
r—_9 . Jy_4m
327 M Vg




Question 2: Cross-Sections (20 points)

In this problem we consider a toy model of the process in which an electron-positron collision produces
a quark-antiquark final state through an intermediate photon: eTe™ — v — ¢g. The role of the electron
and positron is played by a massless scalar field ¢. The photon is represented by a massless scalar field
¢. Finally, quarks are represented by a massive scalar field x. The relevant Lagrangian density is

1 1 1 1 1
L1 =—5(0u) — 20,07 - 5007 = 5mi* + 59 00" + Sgox”

Assume that couplings g, ¢’ are small, and of comparable magnitude.
(a) Consider the process

VY — XX
Compute the total cross-section to lowest order in couplings. Express your answer in terms of s, t, u.
The Mandelstam variables for 2 — 2 scattering are given by
4

—(pr+p2)’  t=—(1-p)’  u=—(p—p)’  st+ttu=)» m]
=1

- for a ¢ propagator for a y propagator,

- for a ¢ propagator, ——— P , m

ig for the ¢x? interaction, and ig’ for the ¢i)? 1nteract10n.

The Feynman rules are P

At leading order, the process ¥ — xx is given by a single s-channel diagram.

(4 X
o
02 X
Using the Feynman rules, the amplitude is
—1 1
M = (ig) ————5—(ig) = igg'~
(ig) (p1 +p2)? — ( )= s

To compute the cross-section, we first work out kinematics. We can take the momentum to be

ki = (FE,0,0,F), ko = (E,0,0,—F)

ks = (E,0,k" sinf, k' cos6), ks = (E,0,—k sin 0, —k' cos §), K?:=E? —m?
In terms of the Mandelstam variables, this gives

s =4E?, t =—E%—k?+ 2Fk cos#, w=—E?—k?—2Ek cosf
The differential scattering amplitude is
2g? K
6412 E|M| €2 = 64 2 232

Multiplying by 1/2 for identical final state particles and performing the angular integration, the total
scattering amplitude is

do =

2

327s3 S

o= =

N2 2
;/da:(gg) , 4m?



(b) Consider the process

PP — P

Compute the differential cross-section to lowest order. Express your answer in terms of s, ¢, u.
At leading order, the process ¥ — 1) is given by s,t,u-channel diagrams.

Y (R G

¥ b
> < ¢ ¢
¢
P Y Y

Using the Feynman rules, the amplitude is

! — —i 11 1
M=l o —+ —| (i :"2<++>
(ig) [(pl +p2)? —ie  (p1—p3)?—ie (p1—pa)?— 16} (ig) v s vt wu

Proceeding in the same way as (a) with the same kinematics, the differential cross section is

4 2 4 2
g 1 1 1 g 4
do = -+ -4+ —) dQy = 1———] dQ
7~ 6anZs <s ity >7 64n2s sin? 6 ?
Note: in principle, we would multiply by 1/2 for identical particles and perform the integral for the total
scattering cross section, but the f-integral is divergent at # = 0 and 6 = m. These are known as collinear
singularities, associated with the final state particles moving along the same axis. It is related to subtleties

in defining asymptotic states for massless particles, such as how to distinguish between multiple collinear
massless particles with a single massless particle of the same total energy.




Question 3: Rutherford Scattering (30+10 points) The cross-section for scattering of an electron
by the Coulombfield of a nucleus can be computed, to lowest order, without quantizing the electromagnetic
field. Instead, treat the field as a given, classical potential A, (z). The interaction Hamiltonian is

Hr = /d3xe¢)’y“¢AM

where () is the usual quantized Dirac field.
(a) Show the T-matrix element for electron scattering off a localized classical potential, is to lowest order

P|iT|p) = —ieu(p’)v"u(p)A.(p' — p)

where A,,(¢) is the usual 4D Fourier transform of A, (z).
We compute S-matrix elements:

ot 0 )in = 0|64 ) — (/) — e [ A%, ()59 ulp) + O(c?)
— Wlp) e [ ded,@)a) ulp)e® 7+ O(c)
= (¢'lp) — iea(p’ )y u(p) Au(p — p') + O(e?)
where in the second line we used the mode expansion for 1 (z) and 1 (x).
Comparing this to the definition of the transfer matrix
out (P [P)in = (P'[p) + (#'[iT |p)

we find that to lowest order in e,

(p'|iT|p) = —ieu(p')v"u(p) Au(p’ — p)

(b) If A, (x) is time independent, its Fourier transform contains a delta function of energy. It is then
natural to define

(p'iT|p) := iM(2m)6(Ey — E;)

where E; and Ey are the initial and final energies of the particle. We adopt a new Feynman rule for
computing M:

where A, (q) is the 3D Fourier transform of A, (x). Given this definition of M, show that the cross-

section for scattering off a time-independent, localized potential is

1 1 &py

o= —
‘Vz“ 2Ei 2Ef

|M(pi — py)*(2m)5(Ef — Ej)

where v; is the particle’s initial velocity. Integrate over |py| to find a simple expression for do /dS2.



We compute the cross section by putting our system in a large box of dimensions 7' x V. Spatial momenta
are discretized to multiples of 27/ L, therefore the density of states is V/(27)3. There is 1 initial state
excitation and 1 final state excitation, so we compute:

do — scattering probability dP 1 [(p f’ S|pz>|2 H 3p L
incident flux T\Vz]/V (prlps) (wilpi) L f (27)3
V_(M2rd(Es — Ev))* &°py  V 1 dpp
T|vi| 2FE,V 2E;V (2m)3  |vi| 2E,2E; | M|“2m0 (Ey )

where in the 3rd line we used that (276(Ef — E;))? = 2n6(Ef — E;)2r6(0) = T2r6(E; — E;). All factors
of T and V have cancelled out, as expected.

Finally, we integrate over |ps| to obtain the differential cross section:

do pPdp 1 2 p=dp 1 o I
a0 2mo(E i L ors i
s /(27r)3 |vz|4EEf|M| mo(Ey — Ei) = /(gﬂ):s |VZ|4E2|M| pil m(p — |pil)

T 4(27)2 Ey|vi] = 1672

(c) Specialize to the case of electron scattering from a Coulomb potential, A = Ze/4mr. Working in the
non-relativistic limit, derive the Rutherford formula,
do a’Z?
dQ  4m2vtsin®(9/2)

Refer to (d).

(d) Bonus. Repeat the calculation of (c) in the relativistic regime. After averaging over the spin of the
initial state and summing over the spin of the final state, show that the cross section is given by

d 2 0
a9 _ a. 5 1— A%sin* =
dQ)  4|p|25%sin“(0/2) 2
where a = €2 /47 the fine structure constant, p the electron momentum, and 3 its velocity.
Using the Feynman rules, the amplitude is

M = ea(p' )" Au(p' — p)u(p)

Therefore, the spin-summed /averaged amplitude squared is

1 es ~
§Z|M|2 = 514 (p _p p i Zus 7 us ) s’(p)’yyus(p/)

= —A,(p = p)A, (P — P)Tx[(y"(p + m)V” (y +m)]
=2e2(p- A(p'—p))(»' - A(P' — p)) + (m* +p - ) A%(p' — p)]

Now we specialize to a Coulomb potential, A = 4ZT€7«7 A? = 0. The Fourier transform of A%(z) is divergent
owing to the 1/r behavior, but we can compute it by adding a ‘photon mass regulator’ e, and take
m — 0 in the end.

Z Z
A'(k) = lim_ [ dPxe "X " © — 2% lim [ drdfrsinfe e ilkIrcost
m—0 drr 2 m—0

~ lim Ze Ze
— lim _ "
m—0 k|2 4+ m? k|2



Therefore, using that Ey = E; for a time-independent potential, we have

z%e* Z%e(1— B%sin?(6/2))
P’ —p[*  4[p2B?sin’(6/2)

1
5 DM =26%(m® + EE +p - )

spin
Using the result from (b), the differential cross section is thus
do_ 1 EZ]MF— 22 1—6281n2€
dQ — (4m)22 o ~ 4|p[2B2sint(0/2) 2

In the non-relativistic limit only the first term contributes, which is the result desired in (c).




Question 4: Electron-Muon Scattering (20420 points)
Consider the scattering process

e +pu —e +u

The electron and muon have masses m, and m,,, respectively.
(a) Calculate the scattering amplitude M.

At leading order, the process ¥ — xx is given by a single ¢t-channel diagram.

Using the Feynman rules, the amplitude is

1

M = —ie? .
t+ 1€

(g (D)7 usy (p1)] [T, () Vistiss (P2)]

(b) Calculate % > spin |M|?, averaging over the spins of the initial state, and summing over the spins of
the final state. Express your answer in terms of s,t,u.

Squaring the amplitude, summing over final spins, and averaging over initial spins, we have

64
% Do IMP=1m Y g ()0 ey (1) s, (p1)Y sy (1) [t (05) ity (02) sy (D2) Yt (05)]

51,52,8",85 51,52,8",85
4
e
= 2 A (P17 A ()] Tr A (p2) 1 A (p2)]
464 2 (AYN1% VYN v, 1 2 / / /
= tT[(me +p1-pOn™ = pipy — pipt 1[(my + p2 - Po) N — P2upa, — P2vp,]
8e* W, ;o 2 / 2 / 2.2
=~ (D1 D2P) - Py + p1Papy - P2+ MCp2 - Py + Py Py 2memy,)
8et

s u? 2 2 3, 9 242
=5 Z—i_z_(me+mp)(8+u)+§(me+my)

In the second line we use the identity ), us(p)us(p) = Ay (p) = i(ip + m). In the third line, we use the
gamma trace identities

Tr(y") = Tr(4"9"7) =0, Te(v"") =40, Te(4¥¥9"9P27) = 40”7 — """ + n"7n"")
in order to simplify
Te[y* (ip +m)y” (ig +m)] = 1" (4m* + p - q) — 4p"q” — 4p”¢"
In the last line, we use the Mandelstam identities

s=—(p1+p2)?=mi+m,—2p1-p2,  u=—(p1—py)°=m+m.+2p1-ph



(c) Bonus. Calculate the differential cross-section in the center of mass frame.
We first work out kinematics. In the center of mass frame, we can take the momenta to be

p1 = (Elaoaoap)a D2 = (E270707 _p)
= (F1,0,psinf,pcosh), phy = (E2,0, —psin, —pcosf), p? = E*—m?
In terms of Mandelstam variables,
—(p1+p2)’ = B2y = (BL + E2)°
t=—(p1 — p})* = 2p*(cos — 1)
_(pl — pl2)2 = (E2 — E1)2 — 2p2(COSH + 1)

In the center of mass frame, the spin-summed/averaged differential cross-section is
do 1 |pill 2
= - - M
<dQ)Cm 647128\p1]42’ |

et 2 2 3 2
( +— = (mZ+m2)(s+u) +=(m? + mi>2)

A 2

(d) Bonus. Obtain the differential cross-section in the muon rest frame. Show that in the limit m, — oo,
one recovers the cross section of Rutherford scattering.
In the muon rest frame, the kinematics becomes

b1 = (E1)07Oap)7 b2 = (muaoaoao)
= (E1,0,p sin6,p’ cos ), py = (Ey — E1 +my,,0,—p'sinf,p — p cos §)
The Lorentz-invariant differential cross section is given by
1 1

do = M|AdIT
7T 4B Eglva — UB|4Z| [FdllLips

The spin-summed/averaged amplitude is given in (b). In the muon rest frame,
EyEs|vy — vl = |Erps — Eopi| = mup

The final state phase space factor is

&pldPpy, 1 1

= 5(E — B} — Ey)p™dp/dQ
2w 2w, @R am g, B e B Bptdpdi,

dlips = (2m)*6% (p1 + p2 — P — ph)
for B =m?2+p?, and Ef = m, + |p| — p1|* = m, + p* + p* — 2pp/ cos 0.

Now we take the limit as mi — 00. We have Ej ~ m,, therefore the delta function imposes E ~ Ef,
thus p =~ p’. The final state phase factor simplifies to

H N - Q
dIrips 1672 m d 2
The leading m,, dependence from the amplitude is
< Z IM* = p1 pap) - P + p1 - Pl - P2 + mipa - Py + mipy - ph + 2m2m?)
spln
etm?
~ (2B} — m? — E} + p? cos 0 + 2m?
2p4 Sln4(0/2) ( 1 me 1 p CO me)
(B - P s0/2) = — (1= P sn(6/2), 6= p/E
=t — 2p”sin ——————(1— f*sin =
optsint(/2) ! P Bp? sin (9/2) bre



Putting everything together, the differential cross section in the muon rest frame for mi — o0 is

LA P M O (1 B sini(0/2)
dQ ~ dmyp p167r my 4 4p2,82sin4(9/2)

Sp!

This matches the result from Problem 3.
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