
Notation and Conventions

We list here some notation and conventions that are used throughout this book:

• c = 1 : length = time, energy = momentum = mass

• h̄ = 1 : momentum = wavenumber, energy = frequency

• pµ ≡ (p0,p) : 4-momentum; p : three-dimensional spatial components

• Ep ≡
√

p2 +m2 : positive on-shell energy of a particle of momentum p and mass m

• L : Lagrangian density (more rarely, the Lagrangian itself)

• H : Hamiltonian; S : action

• µ,η, κ,j, . . . (more rarely α,β,γ, . . . ): Lorentz indices in Minkowski space

• i, j, k, l, . . . : Lorentz indices in Euclidean space

• a, b, c, d, . . . : group indices in the adjoint representation

• i, j, k, l, . . . : group indices in the fundamental representation

• εµηκ··· : Levi–Civita symbol. In situations where it makes sense to raise or lower the
indices (e.g., for Lorentz indices in Minkowski space), the normalization convention is
with lowered indices, ε012··· = +1

• The normalization of creation and annihilation operators is defined so that the canonical
commutation relation reads [ap, a

†
q] = (2π)32Epδ(p! q) (except in Problems 80 and

81, where it is convenient to omit the factor 2Ep). Their dimension is (mass)!1.
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About the Problems of this Chapter

• Problem 1 establishes a crucial relationship between the field operators η (Heisenberg
representation) and ηin (interaction representation), namely that the former obeys the
interacting equation of motion if the latter obeys the free Klein–Gordon equation.

• In Problem 2, we derive an explicit form of the elements of the little group for massless
particles. This is then used in Problem 9 in order to show that, in a theory with massless
spin-1 bosons, the Lorentz invariance of scattering amplitudes implies a property that
may be viewed as a weak form of the Ward–Takahashi identity. This observation, due to
Weinberg, is extended to gravity in Problem 10.

• Problem 3 establishes some formal relationships between various expressions for the
time evolution operator and the S-matrix. Then, Problem 4 shows that the expression
for the S-matrix as the time-ordered exponential of a local interaction term is to a large
extent a consequence of causality.

• In Problem 5, we derive a set of conditions, known as the Landau equations, for a given
loop integral to have infrared or collinear singularities. An explicit multi-loop integration
is studied in Problem 6, which provides another point of view on these conditions.

• Problem 7 establishes Weinberg’s convergence theorem in the simple case of scalar
field theory, a crucial result in the discussion of renormalization since it clarifies the
role of the superficial degree of divergence in assessing whether a particular diagram is
ultraviolet divergent.

• The electron anomalous magnetic moment is calculated at one loop in Problem 8. This
is a classic QED calculation of great historical importance, which has now been pushed
to five loops and provides one of the most precise agreements between theory and
experiment in all of physics.

• Problem 11 derives the Lee–Nauenberg theorem, an important result about soft and
collinear singularities which states that such divergences are removed by summing
transition probabilities over degenerate states, thereby providing a link between the
finiteness of a quantity and its practical measurability.

• In Problem 12, we discuss the external classical field approximation, thanks to which a
heavy charged object may be replaced by its classical Coulomb field.

• Problems 13 and 14 are devoted to a derivation of the Low–Burnett–Kroll theorem,
a result that states that the emission probability of a soft photon is proportional to the
probability of the underlying hard process, at the first two orders in the energy of the
emitted photon.

• Coherent states are introduced in Problem 15 and their main properties established.
They will be discussed further in Problems 20, 21 and 22.

• Problems 16 and 17 study the running coupling in a scalar field theory with two fields,
and in a QCD-like theory at two-loop order.
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1. Relationship between the Equations of Motion of η and ηin Recall that the field
operators in the Heisenberg representation (η) and in the interaction representation (ηin) are
related by

η(x) = U(!∞, x0)ηin(x)U(x0,!∞). (1.37)

The goal of the problem is to show that, if V(η) is the interaction potential, this implies the
following relationship between the left-hand sides of their respective equations of motion:

(!+m2)η(x) + V ′(η(x)) = U(!∞, x0)
[
(!+m2)ηin(x)

]
U(x0,!∞),

provided that U(t2, t1) ≡ T exp!i
∫t2
t1
d4xV(ηin(x)). This is an important consistency check,

since it implies that ηin is a free field while η evolves as prescribed by the self-interaction
term in the Lagrangian.

1.a Apply a derivative κµ to (1.37). Note that spatial derivatives do not act on the U’s. In par-
ticular, show that κ0

[
U(!∞, x0)ηin(x)U(x0,!∞)

]
= U(!∞, x0)jin(x)U(x0,!∞).

How did the terms coming from the time derivative of the U’s cancel?

1.b Apply a second time derivative to this result, to obtain

κ20

[
U(!∞, x0)ηin(x)U(x0,!∞)

]

= U(!∞, x0)
[
κ20ηin(x)! i

∫
d3y

[
jin(x), V(ηin(x

0,y))
]]
U(x0,!∞).

1.c Calculate the commutator on the right-hand side (one may prove that if [A,B] is an
object that commutes with all other operators, then [A, f(B)] = f ′(B) [A,B]).

1.a Let us start from

η(x) = U(!∞, x0)ηin(x)U(x0,!∞).

Since the evolution operators depend only on time, we have trivially

(!∇2 +m2)η(x) = U(!∞, x0)
[
(!∇2 +m2)ηin(x)

]
U(x0,!∞),

and the main difficulty is to deal with the time derivatives. The first time derivative reads

κ0η(x) =
[
κ0U(!∞, x0)

]
ηin(x)U(x0,!∞) +U(!∞, x0)ηin(x)

[
κ0U(x0,!∞)

]

+U(!∞, x0)
[
κ0ηin(x)

]
U(x0,!∞)

= iU(!∞, x0)
[
ηin(x), I(x

0)
]
U(x0,!∞)

+U(!∞, x0)
[
κ0ηin(x)

]
U(x0,!∞),

where we denote I(x0) ≡ !
∫
d3x V(ηin(x0, x)). The first line contains an equal-time

commutator of ηin with some functional of ηin, which is zero, leaving only the non-vanishing
term of the second line.
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1.b A second differentiation with respect to time gives

κ20η(x) = iU(!∞, x0)
[
κ0ηin(x), I(x

0)
]
U(x0,!∞)

+U(!∞, x0)
[
κ20ηin(x)

]
U(x0,!∞).

1.c The commutator in the first line is an equal-time commutator between the canonical
momentum κ0ηin and a functional of the field ηin. In order to evaluate it, we need the following
result:

[A, f(B)] = [A,B] f ′(B) , valid when [[A,B], B] = 0.

This can be shown by using the Taylor series of f(B), by first showing by recursion that
[A,Bn] = n[A,B]Bn!1. Then, we can write

i
[
κ0ηin(x), I(x

0)
]
= !i

∫
d3y

[
κ0ηin(x), V(ηin(x

0,y))
]

= !i

∫
d3y

[
κ0ηin(x),ηin(x

0,y)
]

︸ ︷︷ ︸
!iδ(x!y)

V ′(ηin(x
0,y))

= !V ′(ηin(x)).

Now, using U(!∞, x0)V ′(ηin(x))U(x0,!∞) = V ′(η(x)), we get

(!+m2)η(x)! L ′(η(x)) = U(!∞, x0)
[
(!+m2)ηin(x)

]
U(x0,!∞).

Therefore, the left-hand sides of the equations of motion for the Heisenberg representation
(interacting) field η and for the interaction representation (free) field ηin are related by a
unitary transformation identical to the formula that relates the field operators themselves.

2. Little-Group Elements for Massless Particles The little group is the subgroup of the
Lorentz group that leaves a fixed reference vector qµ invariant. In this problem, we derive a
particularly convenient explicit form of the elements of the little group in the case where qµ is
the light-like vector qµ ≡ (ω, 0, 0,ω).

2.a First, show that an infinitesimal little-group transformation of this kind can be written as
follows:

R ≈ 1! iθ J3 + iα1 B
1 + iα2 B

2,

with three generators J3, B1, B2 (the first one being the generator of rotations about the
third direction of space) that one should determine explicitly. Check also that they satisfy
the following commutation relations (after an appropriate normalization):

[
J3, Bi

]
= iεij B

j,
[
B1, B2

]
= 0.
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2.b Show that any finite element R of the massless little group can be written as

Rµ
ν =





1 0 0 0
0 cos θ ! sin θ 0
0 sin θ cos θ 0
0 0 0 1




×





1+
β2
1+β2

2
2 β1 β2 !

β2
1+β2

2
2

β1 1 0 !β1

β2 0 1 !β2
β2
1+β2

2
2 β1 β2 1!

β2
1+β2

2
2




.

Hint: use the exact Baker–Campbell–Hausdorff formula:

ln
(
eiXeiY

)
= i X+ i

∫ 1

0
dt F

(
et ad

Y ead
X
)
Y,

where adX(Y) ≡ !i
[
X, Y

]
and F(z) ≡ ln(z)

z! 1
,

in order to exponentiate the infinitesimal form.

2.a This question is not difficult to solve by “brute force,” i.e., by looking for the most
general little-group transformation

Rµ
ν ≡ δµν +ωµ

ν

such that ωµ
νq

ν = 0 for all values of the index µ, with the additional constraint that ωµν =
0 is antisymmetric (so we have a legitimate infinitesimal Lorentz transformation). If we
parameterize

ωµν ≡




0 a b c
!a 0 d e
!b !d 0 f
!c !e !f 0



,

the condition that qν ≡ (ω, 0, 0,ω) is invariant is equivalent to

c = 0, a = e, b = f,

implying that there is a three-parameter family of ωµ
ν’s that fulfill all the requirements:

ωµ
ν = θ




0 0 0 0
0 0 !1 0
0 1 0 0
0 0 0 0



+ α1




0 1 0 0
1 0 0 !1
0 0 0 0
0 1 0 0



+ α2




0 0 1 0
0 0 0 0
1 0 0 !1
0 0 1 0





= !i θ
(
M12
︸︷︷︸
J3

)µ
ν + iα1

(
M10 !M13
︸ ︷︷ ︸

≡ B1

)µ
ν + iα2

(
M20 !M23
︸ ︷︷ ︸

≡ B2

)µ
ν.

(The identification in the second line follows from ωµν = ! i
2ωαβ

(
Mαβ

)
µν

, valid for the
spin-1 representation of the Lorentz algebra, where (Mαβ)µν = i(δαµδβν ! δανδ

β
µ).) Note

that the first term corresponds to rotations about the x3 axis, which trivially leaves invariant
any vector whose only non-zero spatial component is along the third direction.
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The announced commutation relations can be checked by an explicit evaluation of the
corresponding matrix products. Alternatively, they can also be obtained from

J3 = M12, B1 = M10 !M13, B2 = M20 !M23,

and by using the defining commutation relation of the Lorentz algebra,
[
Mµν,Mρ,

]
= i(gνρMµ, ! gµρMν,)! i(gν,Mµρ ! gµ,Mνρ).

2.b Given the infinitesimal form of little-group transformations for massless particles de-
rived above, any finite little-group transformation R can be obtained by exponentiating the
inifinitesimal ones:

R ≡ ei(!θJ3+α1B
1+α2B

2).

Note first that the factor on the left of the proposed formula is nothing but the rotation e!iθJ3 ,
i.e., a rotation by an angle θ about the x3 axis, which affects only the coordinates 1, 2:

(
e!iθJ3

)µ
ν =




1 0 0 0
0 cos θ ! sin θ 0
0 sin θ cos θ 0
0 0 0 1



.

Thus, the form proposed in the statement of the problem suggests that R may also be written as

R = e!iθJ3 ei(β1B
1+β2B

2).

Our ansatz for the form of the second factor is based on the case θ = 0 (in this case, we
should of course have βi = αi, but this is not necessarily true for θ $= 0). Verifying that
the two expressions for R are equivalent could in principle be performed by calculating both
expressions and equating them in order to find the relationship between the coefficients α1,2

and β1,2, but this is rather challenging.
A much more efficient method is to use the exact form of the Baker–Campbell–Hausdorff

formula, recalled in the statement of the problem. In the present case, the commutation
relations among J3, B1, B2 lead to

ad!θJ3(βiB
i) = !θβiεijB

j, ead−θJ3 βiB
i = βi

(
e!θε

)
ij
Bj, adβiBi(Bj) = 0,

and the Baker–Campbell–Hausdorff formula gives

ln
(
e!iθJ3eiβiB

i)
= !iθJ3 ! iβi

[ θε

e!θε ! 1

]

ij
Bj.

Using the fact that εijεjk = !δik, we have

e!θε ! 1 = cos θ! 1! ε sin θ,

ln
(
e!iθJ3eiβiB

i)
= !iθJ3 ! i θβi

[
ε(cosθ! 1! ε sin θ)!1

]
ij︸ ︷︷ ︸

!αj

Bj.

This formula shows that ei(!θJ3+αiB
i) = e!iθJ3eiβiB

i with the following relationship between
the coefficients α1,2 and β1,2:

βi = θ!1
(

sin θ+ ε(1! cos θ)
)
ij
αj.

(Note that βi = αi when θ → 0, as expected trivially in this limit.)



3 S-MATRIX IN TERMS OF ηin AND ηout 15

In order to calculate the factor eiβiB
i , one should first note that eiβiB

i
= eiβ1B

1
eiβ2B

2

since B1 and B2 commute. Using the explicit representations of B1,2, simple algebra shows
that

(
(iB1)2

)µ
ν =

(
(iB2)2

)µ
ν =




1 0 0 !1
0 0 0 0
0 0 0 0
1 0 0 !1



 ,

and
(
(iB1)n

)µ
ν =

(
(iB2)n

)µ
ν = 0 for n ≥ 3.

Therefore, we have

(
eiβ1B

1)µ
ν =

(
1+ iβ1B

1 + 1
2β

2
1(iB

1)2
)µ

ν =





1+
β2
1
2 β1 0 !

β2
1
2

β1 1 0 !β1
0 0 1 0
β2
1
2 β1 0 1!

β2
1
2



 ,

(
eiβ2B

2)µ
ν =

(
1+ iβ2B

2 + 1
2β

2
2(iB

2)2
)µ

ν =





1+
β2
2
2 0 β2 !

β2
2
2

0 1 0 0
β2 0 1 !β2
β2
2
2 0 β2 1!

β2
2
2



 ,

and finally

(
eiβiB

i)µ
ν =





1+
β2
1+β2

2
2 β1 β2 !

β2
1+β2

2
2

β1 1 0 !β1
β2 0 1 !β2

β2
1+β2

2
2 β1 β2 1!

β2
1+β2

2
2



 ,

which establishes the announced result.

3. S-matrix in Terms of ηin and ηout Given an interaction Lagrangian LI , the field
operators in the Heisenberg representation (η) and in the interaction representation (ηin) are
related by means of a time evolution operator

Uin(t2, t1) ≡ T exp
(
i

∫ t2

t1

d4xLI

(
ηin(x)

))

expressed in terms of the free field ηin (we have added a subscript in to this evolution operator,
in order to recall that it is defined in terms of ηin, since we are about to introduce its counterpart
defined in terms of ηout). Likewise, we define a similar evolution operator in terms of ηout, the
field operator in the interaction picture that coincides with the Heisenberg picture at x0 = +∞:

Uout(t2, t1) ≡ T exp
(
i

∫ t2

t1

d4xLI

(
ηout(x)

))
.
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3.a Show that Uin(+∞,!∞) = Uout(+∞,!∞). In other words, the S-matrix (i.e., the
time evolution operator over the entire time range) does not depend on whether it is
defined in terms ηin or ηout.

3.b Are Uin and Uout identical in general? Find the relationship between the two.

3.c Show that the S-matrix is also given by S = Uin(x0,!∞)Uout(+∞, x0), for any inter-
mediate time x0. Note that, on the surface, this expression does not seem to be properly
time-ordered. Why is it nevertheless a correct formula?

3.a Recall the relationship between the interacting field η and the free field ηin of the
interaction representation:

η(x) = Uin(!∞, x0)ηin(x)Uin(x
0,!∞),

Uin(t2, t1) ≡ T exp
(
i

∫ t2

t1

d4x LI

(
ηin(x)

))
. (1.38)

(Since we shall shortly write the analogous relationship with ηout, it is important to have a
subscript in on the evolution operator to avoid confusion, since it depends on ηin.) By taking
the limit x0 → +∞ in this equation, and using the fact that in this limit the interacting field
becomes identical to the free field ηout, we obtain a first relationship between ηin and ηout:

ηout(x) =
x0→+∞

Uin(!∞,+∞)ηin(x)Uin(+∞,!∞).

Strictly speaking, this limiting procedure gives a relationship between the two fields only for
large x0. Then, we use the fact that two fields obeying the same equation of motion (here,
ηin and ηout both obey the Klein–Gordon equation) and identical in some region of time are
equal at all times (this argument relies on the uniqueness of the solutions of the Klein–Gordon
equation, if their value and that of their first time derivative are prescribed at some time).
Therefore, the above equation is in fact valid at all times.

Note that the right-hand side of this equation depends only on ηin, but in a completely
non-linear and non-local fashion because of the evolution operators. Another noteworthy aspect
of this equation is that, despite the fact that both ηin and ηout are free fields, the relationship
between the two involves the interactions.

The easiest way to invert the relationship between ηin and ηout is to write the analogue of
(1.38) for the free field ηout:

η(x) = Uout(+∞, x0)ηout(x)Uout(x
0,+∞),

Uout(t2, t1) ≡ T exp
(
i

∫ t2

t1

d4x LI

(
ηout(x)

))
. (1.39)

Taking the limit x0 → !∞ in this equation leads to a second form of the formula that relates
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ηin and ηout:

ηin(x) = Uout(+∞,!∞)ηout(x)Uout(!∞,+∞),

or, equivalently,

ηout(x) = Uout(!∞,+∞)ηin(x)Uout(+∞,!∞).

In order for the two relations we have obtained to be consistent, we must have

Uin(+∞,!∞) = Uout(+∞,!∞).

Therefore, the evolution operators over the entire time range are identical, regardless of whether
they are constructed with the fields ηin or ηout. For this combination of time arguments, we
may drop the subscripts in/out on the evolution operators.

3.b But it is important to realize that this property is not true for arbitrary time intervals. By
requesting that (1.38) and (1.39) give the same interacting field η, we must have

Uin(!∞, x0)ηin(x)Uin(x
0,!∞)

= Uout(+∞, x0)ηout(x)Uout(x
0,+∞)

= Uout(+∞, x0)U(!∞,+∞)ηin(x)U(+∞,!∞)Uout(x
0,+∞),

implying that in general we have

Uin(x
0,!∞) = U(+∞,!∞)Uout(x

0,+∞). (1.40)

Writing Uin(x0,!∞) = Uin(x0, y0)Uin(y0,!∞) and using the same identity with x0 replaced
by y0, we obtain

Uout(x
0, y0) = U(!∞,+∞)Uin(x

0, y0)U(+∞,!∞).

(This relation could also have been obtained from the definition of Uout, by performing its
Taylor expansion in powers of ηout, replacing every occurrence of ηout by its expression in
terms of ηin, and at the end repackaging the series to obtain a Uin.)

3.c By multiplying (1.40) on the right by the inverse of Uout(x0,+∞), we obtain another
formula for the full evolution operator,

U(+∞,!∞) = Uin(x
0,!∞)Uout(+∞, x0),

which is rather counterintuitive since the order of the operators on the right-hand side may
(wrongly) suggest that it is inconsistent with the time ordering. The resolution of this paradox is
that U(+∞,!∞) is time-ordered when expressed entirely in terms of ηin or entirely in terms
of ηout; but the right-hand side of the above formula mixes ηin and ηout, and the relationship
between ηin and ηout is non-local in time, which obscures the actual time ordering of the
operators.
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4. Constraints on the S-matrix from Causality The goal of this problem is to derive
general constraints on the S-matrix from causality. To that end, let us assume that the coupling
constant λ that controls the interactions is a function of spacetime, λ(x). With this modification,
the S-matrix becomes a functional S[λ].

4.a Consider two regions of spacetime, .1 and .2, such that .2 lies in the future light-cone
of .1, and denote by λ1,2(x) the coupling function restricted to these domains (we
assume it is zero outside of .1 ∪.2). Show that S[λ1 + λ2] = S[λ2]S[λ1].

4.b Generalize this result to the more general situation where .1 and .2 are simply sepa-
rated by a locally space-like surface.

4.c Consider now the case where the separation between any pair of points of .1 and .2 is
space-like. Show that

[
S[λ1], S[λ2]

]
= 0.

4.d If two coupling functions λ and λ ′ coincide for x0 ≤ y0, show that S[λ ′]S†[λ] does not
depend on the behavior of the coupling at times ≤ y0. By considering an infinitesimal
variation of the coupling function, show that

δ

δλ(y)

(
δS[λ]

δλ(x)
S†[λ]

)
= 0 if y is not in the future light-cone of x.

4.e Solve the constraints of causality and unitarity to obtain the form of S[λ] up to O(λ2).

4.a Let us consider two regions .1 and .2 of spacetime, as shown in Figure 1.1. Thus, for
any pair of points x1 ∈ .1, x2 ∈ .2, we have x02 > x01 and (x1 ! x2)2 > 0. We assume that
interactions exist only in .1 ∪.2 and are zero elsewhere, and we denote by λ1,2 the coupling
functions in these two domains. The coupling function over the entire spacetime is thus

λ(x) = λ1(x) + λ2(x),

and the full S-matrix is S[λ1 + λ2]. Recall that the S-matrix is the operator that connects the in
states at x0 = !∞ and the out states at x0 = +∞:

〈
αout

∣∣ =
〈
αin

∣∣Sin[λ1 + λ2].

For the time being, it is safer to add a subscript in on the S-matrix in order to indicate that it is
expressed in terms of the field operator ηin. Given the relative configuration of the domains
.1 and .2, we could also construct another version of the interaction representation, where
the fields coincide with the Heisenberg representation ones at some intermediate time located
between .1 and .2. Let us call intermediate this representation, and ηinter the corresponding
free field operator. We have

〈
αinter

∣∣ =
〈
αin

∣∣Sin[λ1],
〈
αout

∣∣ =
〈
αinter

∣∣Sinter[λ2].

Thus, we obtain

Sin[λ1 + λ2] = Sin[λ1]Sinter[λ2].

Note that this equation is subject to the same paradox regarding the ordering of the operators
as in the last equation in Problem 3: the seemingly unnatural ordering between Sin[λ1] and
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Ω1

Ω2

intermediate time

in

out

Figure 1.1 Domains .1 and .2, with .2 under the causal influence of .1.

Ω1

Ω2

intermediate

space-like surface

in

out

Figure 1.2 Domains .1,2, such that .2 does not causally influence .1.

Sinter[λ2] is due to the fact that the latter is implicitly expressed in terms of the field ηinter while
the former depends on the field ηin. Using exactly the same manipulations as in Problem 3,
we can rewrite this expression solely in terms of ηin, which gives

Sinter[λ2] = Sout[λ2],

Sin[λ1 + λ2] = Sin[λ1]Sout[λ2],

Sin[λ1 + λ2] = Sin[λ2]Sin[λ1].

From now on, we implicitly assume that all S-matrix operators are expressed in terms of ηin,
and we suppress the subscript in.

4.b In words, the previous setup could be described by saying that .2 is under the influence
of .1. A much more general situation would be to simply request that .2 does not influence
.1. This is achieved by dividing spacetime with a hyper-surface / located between the
domains .1 and .2, provided that this surface is locally space-like (i.e., no signal can travel
from the surface towards the domain below it). This setup is shown in Figure 1.2. This ordering
of the domains .1 and .2 is sufficient to reproduce the preceding arguments, leading again to
S[λ1 + λ2] = S[λ2]S[λ1].

4.c Consider now the situation where the interval between any point in .1 and any point
in .2 is space-like, as illustrated in Figure 1.3 (left panel). Since it is possible to find an
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Figure 1.3 Left: domains .1 and .2 with mutual space-like separations. Center and right:
displacements of the domains under a Lorentz boost.

appropriate space-like surface separating the two domains, the previous result applies. But
now there is an ambiguity regarding which domain should be considered as being “before” the
other one. In fact, what is special about this kinematical configuration is that the time ordering
between the two domains can be altered by applying a Lorentz boost, as illustrated by the
second (β < 0) and third panels (β > 0) of Figure 1.3. In this case, because of this lack of
absolute time ordering between the two domains, the following two equations are both true:

S[λ1 + λ2] = S[λ1]S[λ2] and S[λ1 + λ2] = S[λ2]S[λ1],

which implies that
[
S[λ1], S[λ2]

]
= 0.

4.d Consider now two distinct coupling functions in the domain .2, namely λ2 and λ ′
2. Thus,

we have two realizations of the coupling function:

λ ≡ λ1 + λ2, λ ′ ≡ λ1 + λ ′
2.

For these two coupling functions, the S-matrix is given by

S[λ] = S[λ2]S[λ1], S[λ ′] = S[λ ′
2]S[λ1],

and we therefore have

S[λ ′]S†[λ] = S[λ ′
2]S[λ1]S

†[λ1]S
†[λ2] = S[λ ′

2]S
†[λ2].

This combination is independent of the function λ1, i.e., independent of the behavior of the
coupling function in the portion of spacetime that cannot receive any causal influence from .2.
Let us now assume that the difference δλ ≡ λ ′

2 ! λ2 is infinitesimal. To first order in δλ, we
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have

S[λ ′] = S[λ] +

∫
d4x δλ(x)

δS[λ]

δλ(x)
+ O(δλ2),

and

S[λ ′]S†[λ] = 1+

∫
d4x δλ(x)

δS[λ]

δλ(x)
S†[λ] + O(δλ2).

Since this should be independent of λ1 for any variation δλ, we must have

δS[λ]

δλ(x)
S†[λ] is independent of λ1 if .1 is not under the causal influence of x.

This condition can also be phrased as

δ

δλ(y)

(
δS[λ]

δλ(x)
S†[λ]

)
= 0 if y is not in the future light-cone of x. (1.41)

Note that the same identity would be true in a theory where the fields are coupled to some
external source Jext, if we replace λ by Jext, again thanks to causality.

4.e In order to see the consequences of this constraint on the S-matrix, let us write a formal
Taylor expansion of the functional S[λ]:

S[λ] = 1+

∫
d4x S1(x) λ(x) +

1

2

∫
d4xd4y S2(x, y) λ(x)λ(y) + · · · .

In this expansion, the objects S(x1, . . . , xn) are operator-valued symmetric functions of their
arguments. In addition to the constraint (1.41), the S-matrix must be unitary, and also satisfy[
S[λ1], S[λ2]

]
= 0 when the supports of λ1 and λ2 have purely space-like separations. The

last constraint implies that the coefficients Sn are multi-local operators (i.e., Sn(x1, . . . , xn)
depends only on the field operator and its derivatives at the points x1, . . . , xn) constructed with
the field operator and its derivatives (non-locality would lead to violations of this commutation
relation). In the first two orders, the unitarity of S implies that

S1(x) + S†1(x) = 0, S2(x, y) + S†2(x, y) + S†1(x)S1(y) + S†1(y)S1(x) = 0.

(In deriving the second equation, we must be careful to symmetrize the coefficient that
multiplies λ(x)λ(y) in the integrand of the second-order term.) These equations can be
rewritten as

S†1(x) = !S1(x), S2(x, y) + S†2(x, y) = S1(x)S1(y) + S1(y)S1(x).

Note that unitarity can only constrain the Hermitian part of the coefficients Sn, and does not
say anything about their anti-Hermitian part. To put constrains on the latter, we need to make
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use of (1.41). It is straightforward to check that

δ

δλ(y)

(
δS[λ]

δλ(x)
S†[λ]

)
= S2(x, y) + S1(x)S

†
1(y) + O(λ).

Therefore, at lowest order, (1.41) tells us that

S2(x, y) = !S1(x)S
†
1(y) = S1(x)S1(y) if y is not in the future light-cone of x.

Using the fact that S2(x, y) should be symmetric, we also have

S2(x, y) = S2(y, x) = S1(y)S1(x) if x is not in the future light-cone of y.

(Note that these two conditions on x, y are both satisfied if their separation is space-like. For
such a space-like separation, we could thus use either of the two formulas. This does not
lead to any contradiction, provided that S1(x) is a local function of the field operator and its
derivatives.) Therefore, the answer valid for any x, y can be written as

S2(x, y) = T (S1(x), S1(y)).

(One may check a posteriori that the unitarity constraint is satisfied.) Using the same constraints,
one could show by induction that the coefficient of order n, Sn(x1, . . . , xn), is the time-ordered
product of n factors S1. Therefore, we see that unitarity and causality provide an almost closed
form for the S-matrix,

S[λ] = T exp
( ∫

d4x S1(x)λ(x)
)
,

in which the only remaining unknown is the first coefficient S1(x). The latter can be related to
the interaction Lagrangian by considering a λ(x) which is non-zero in an infinitesimal region
of spacetime. Therefore, regardless of the microscopic details of a given theory – which control
the first coefficient S1 –, the general structure of the S-matrix is governed to a large extent by
the constraints provided by unitarity and causality.

5. Landau Equations for Soft and Collinear Singularities The goal of this problem is to
study the singularities that may occur in a Feynman integral due to vanishing denominators
(not to be confused with ultraviolet divergences, due to an integrand that decreases too slowly
at large momentum). Consider a Feynman integral with L loops and m denominators:

I({pi}) ≡
∫ L∏

j=1

dD0j
(21)D

N({pi}, {0j})

(q2
1 !m2

1 + i0+) · · · (q2
m !m2

m + i0+)
.

In this integral, the pi are the external momenta, the 0j the loop momenta, and the qr the
momenta of the propagators in the loops, i.e., linear combinations of loop momenta and
external momenta of the form qr ≡

∑L
j=1 εrj0j + 2r (where the coefficients εrj take values in

{!1, 0,+1} and the 2r depend only on the external momenta).
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5.a Use Feynman parameters xr to combine the m denominators into a single one, Dm.

5.b By considering the following elementary examples,
∫+1

!1

dx

x+ i0+
,

∫+1

0

dx

x+ i0+
,

∫+1

!1

dx

(x+ i0+)(x! i0+)
,

explain why singularities occur only when a pole is located on the boundary of the
integration manifold, or when multiple poles “pinch” the integration manifold.

5.c Study the variations of D as a function of the loop momenta 0j, and explain why the
zeroes of D must also be extrema of D in order to produce singularities.

5.d Now study the dependence with respect to the Feynman parameters and show that, for
each r, one must have either xr = 0 or q2

r = m2
r in order to have a singularity.

5.e Conclude that the conditions for a singularity are given by the Landau equations:

For each propagator r: xr(q2
r !m2

r) = 0; For each loop j:
m∑

r=1

εrjxrq
µ
r = 0.

5.f Determine the singularities of the one-loop
Feynman diagram shown on the right (assume
k2 = k

′2 = 0, (k + k ′)2 > 0 and all internal
particles are massless)

q
2

q
1
="

q
3

k

k'

k+k'

5.a Consider a Feynman integral with L loops and m denominators. Generically, such an
integral may be written as

I({pi}) ≡
∫ L∏

j=1

dD0j
(21)D

N({pi}, {0j})

(q2
1 !m2

1 + i0+) · · · (q2
m !m2

m + i0+)
,

where the pi are the momenta external to the loops and the 0j are L independent loop momenta.
The momenta qr are the momenta carried by the various propagators along the loops. They are
all of the form

qr ≡
L∑

j=1

εrj0j + 2r,

where the coefficients εrj take values in {!1, 0,+1} (a propagator may belong to a loop or not,
and may be oriented in the same way as the loop momentum or in the opposite direction) and
where the 2r depend only on the external momenta (they are thus constants from the point
of view of evaluating the loop integrals). N({pi}, {0j}) is a numerator that comprises all the
momentum dependence that may arise, e.g., from three-gluon vertices in QCD or from the
Dirac traces if there are fermion loops. This factor plays no role in analyzing the singularities of
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the integral, except in those rare situations where a singularity due to a vanishing denominator
may be canceled by an accidental concomitant vanishing of the numerator.

The first step is to combine the m denominators into a single one thanks to Feynman
parameterization:

I({pi}) = 3(m)

∫ L∏

j=1

dD0j
(21)D

∫

xr≥0

m∏

r=1

dxr δ
(
1!

∑

r

xr
) N({pi}, {0j})(

D({qr}, {xr})+i0+
)m , (1.42)

D({qr}, {xr}) ≡
m∑

r=1

xr(q
2
r !m2

r).

5.b In this problem, we assume that the ultraviolet divergences have been properly disposed of
by some regularization, and we are chiefly interested in the possibility of additional singularities
that may arise from a vanishing denominator. Obviously, that the equation

D({qr}, {xr}) = 0

has solutions in the integration domain is a necessary condition for having such singularities.
But a zero of the denominator of the integrand does not always lead to a singularity in the
integral. In order to see this, let us consider the following toy examples:

∫+1

!1

dx

x+ i0+
=

∫+1

!1
dx

(
P
(
1

x

)
! i1 δ(x)

)
= !i1,

∫+1

0

dx

x+ i0+
= ∞,

∫+1

!1

dx

(x+ i0+)(x! i0+)
= lim

4→0+

∫+1

!1

dx

x2 + 42
= ∞.

In the first example, the integral is finite despite the fact that denominator vanishes at x = 0,
because the integration contour is slightly shifted from the singularity by the presence of the
i0+. An infinite result would be obtained when it is impossible to shift the contour to avoid
the pole. In the second example, we cannot avoid the singularity because the pole occurs on
the boundary (here, at an endpoint) of the integration domain. In the third example, there are
two poles in the interior of the integration range, but these poles pinch the integration contour,
which prevents moving the contour to avoid the poles and also leads to an infinite result.

5.c Although the conditions of occurrence of a genuine singularity are the same, the situ-
ation we have to analyze is arguably more complex than these toy examples because of the
multivariate nature of the denominator. For a multi-dimension integral, the above condition is
that the poles of the integrand cannot be avoided by deforming the integration manifold. We
can make the following observations:

• Note first that the fact that D is raised to the m-th power in (1.42) is irrelevant for this
discussion: every zero of D leads to a pole of order m of the integrand, but this is
equivalent to having m poles all on the same side of the integration domain, so this
cannot produce a pinch.
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• For the L loop momenta 0j, the integration domain is DL. We may add to this domain
a point at infinity (assuming an ultraviolet regularization, the integrand goes to zero in
all directions at infinity), which leads to an integration domain topologically equivalent
to a DL-dimensional sphere SDL . This domain is boundaryless and therefore the only
possibility of singularities when integrating over the loop momenta is to have a pinch.

• For the Feynman parameters xr, the integration domain is a (m ! 1)-dimensional
simplex,

{
(x1, . . . , xm)

∣∣∣xr ≥ 0,
∑

r

xr = 1
}
,

i.e., a line segment for m = 2, a triangle for m = 3, a tetrahedron for m = 4, etc.
Clearly, this domain has a boundary and therefore endpoint singularities may occur.

Let us now study the behavior of the denominator D. This function is quadratic in the loop
momenta, and linear in the Feynman parameters. Note also that, after a Wick rotation of the
loop momenta, D is a negative definite quadratic form in the Euclidean loop momenta, at fixed
{xr} (this is obvious from the fact that the second-degree part of D is a sum of squares weighted
by the negative coefficients !xr). Therefore, when varying the loop momenta at fixed {xr}, the
denominator D has a maximum. We can distinguish the following cases:

• If max{0j}(D) < 0, the denominator is always non-zero and there is no singularity.

• If max{0j}(D) > 0, the denominator can vanish, but the zeroes are simple zeroes that
cannot pinch the integration manifold for the variables {0j}. The integral is also finite in
this case.

• The dangerous situation is when max{0j}(D) = 0, because the location of the maximum
is then a double zero (as in the third of the toy examples considered earlier) in all the 0µj
variables.

Therefore, we are seeking zeroes of D that are also extrema of its dependence with respect to
all the loop momenta:

D = 0,
κD

κ0µj
= 0.

Note that these conditions are still not sufficient for a genuine singularity since we have only
discussed what happens at fixed {xr}, and we have not yet analyzed whether it may be avoided
by a deformation of the integration domain for the xr’s. This discussion can be divided into
two cases:

• First, note that if q2
r $= m2

r , a small variation of xr will change the value of D and move
the denominator away from zero. For xr in the interior of its allowed range, this means
that there is no actual singularity. The only exception is at xr = 0, since this is on the
boundary of the integration range.

• In contrast, when q2
r = m2

r , the denominator D is independent of xr, and a zero of D
persists at all values of xr.
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Figure 1.4 One-loop example of application of the Landau equations.

5.d We now have all the information to give the conditions of occurrence of a singularity in
the Feynman integral I({pi}):

D = 0,
κD

κ0µj
= 0; for each r, either xr = 0 or q2

r = m2
r.

(Note that the last condition can be phrased as xr(q2
r ! m2

r) = 0 for each r, which makes
the first one, D = 0, redundant.) These conditions are known as the Landau equations. By
explicitly evaluating the derivative of the denominator with respect to the loop momenta, these
conditions can be written as

for each propagator r: xr(q2
r !m2

r) = 0; for each loop j:
m∑

r=1

εrjxrq
µ
r = 0.

5.e Consider now the example of Figure 1.4. The corresponding Landau equations read

x10
2 = x2(0+ k ′)2 = x3(0! k)2 = 0, x10

µ + x2(0
µ + k

′µ) + x3(0
µ ! kµ) = 0.

A first solution is obtained for

02 = (0! k)2 = 0, x2 = 0, x10
µ + x3(0

µ ! kµ) = 0,

which (since we have assumed that k2 = 0) is equivalent to

02 = k2 = 0 · k = 0, 0µ =
x3

x1 + x3
kµ.

This type of singularity is called a collinear singularity, since it occurs when the loop momen-
tum is aligned with one of the external momenta. A similar type of singularity is obtained at
x3 = 0, i.e.,

02 = k
′2 = 0 · k ′ = 0, 0µ = !

x2
x1 + x2

k
′µ.

Another way to fulfill the Landau equations is to have 0µ ) kµ, k
′µ. In this limit, the first

three conditions are automatically satisfied, and the last one becomes x2k
′µ = x3k

µ. Since kµ

and k
′µ are a priori not collinear, this implies that x2 = x3 = 0. This last type of singularity

is called a soft or infrared singularity, since it occurs when all the components of the loop
momentum go to zero.
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Coleman–Norton Interpretation: A more intuitive physical interpretation of the Landau
equations was found by Coleman and Norton (see Coleman, S. and Norton, R. E. (1965),
Nuovo Cimento 38: 438). They propose to interpret a Feynman graph literally, as if the
graph represents a process in spacetime, with the vertices being the locations where some
instantaneous interactions happen. They further propose that the spacetime separation dxµr
between two vertices is parallel to the momentum qµ

r , and proportional to the Feynman
parameter xr:

dxµr = xrq
µ
r .

(The constant of proportionality could be different from 1, but should be the same for all
propagators. Its value is not important, as one may freely rescale the entire diagram without
affecting the Landau equations.) Based on this identification, one may make the following
observations:

• If a singularity happens at xr = 0, the spacetime separation is zero, and we may shrink
the corresponding propagator to a point. The resulting graph is called a reduced graph.
A similar reduction is possible if qµ

r = 0, in the case of a soft divergence.

• If xr $= 0, the Landau equations tell us that we should have q2
r = m2

r instead. Thus, in
this interpretation, the propagators of a reduced graph represent the on-shell propagation
of a particle between two interactions. In this case, we may also write

xr =
dx0r
q0
r
, dxµr = dx0r

qµ
r

q0
r
, i.e.,

dxµr
dx0r

=
qµ
r

q0
r
= vµr ,

where vµr is the 4-velocity of an on-shell particle of momentum qµ
r .

• The last of the Landau equations becomes
∑

r

εrj dx
µ
r = 0, for every loop j.

This equation is consistent with dxµr being a separation in spacetime, since adding these
separations along a closed loop should obviously give zero. This also implies that the
spacetime separation between two vertices does not depend on which path we follow on
the graph to connect them, as it should for this interpretation to make sense.

As an illustration, let us show the reduced diagrams for the three singularities we have found
for the triangle one-loop graph studied above:

"

"−k

k

k'

"

"+k'

k

k'

k

k'

In more complicated cases, where solving the Landau equations may be difficult, the Coleman–
Norton interpretation and the associated reduced diagrams can be used as guidance for identi-
fying the possible solutions. This is based on the fact that there is a one-to-one correspondence
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between the solutions of the Landau equations and the spacetime diagrams proposed by Cole-
man and Norton. For instance, in the case of the above example, we could use it as a way of
checking that there are no other solutions. Indeed, there could in principle be two additional
reduced diagrams:

k'

−k k

k'

"

k

k'

However, neither of them is kinematically allowed; the left graph would have two non-collinear
particles propagating along the same spacetime interval, and the right graph would have a
physical free particle making a closed loop.

6. Multi-loop Integration in D Dimensions Start from equation (1.42) in Problem 5, in
the special case where the numerator is trivial, i.e., N ≡ 1. Note that the denominator D is a
quadratic form in the components of the loop momenta, which we may arrange as follows:

D ≡ LtµALµ + LtµB
µ + Bt

µL
µ + C, Lµ ≡ (0µ1 , 0

µ
2 , . . . , 0

µ
L
).

6.a Perform explicitly the integration over the L loop momenta in D dimensions in order to
obtain

I({pi}) =
iL3(m! DL

2 )

(!41)
DL
2

∫

xr≥0

m∏

r=1

dxr
δ
(
1!

∑
r xr

) (
detA)m!

(L+1)D
2

(
C detA! Bt

µ C
t
A
Bµ

︸ ︷︷ ︸
≡ 2

+i0+
)m!

DL
2

,

where CA is the matrix of co-factors of A.

6.b Show that 2 = det





A11 . . . A1L Bµ
1

A21 . . . A2L Bµ
2

...
...

...
AL1 . . . ALL Bµ

L

B1µ . . . BLµ C




and is of degree two in each variable xr.
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6.a Using the notation of Problem 5, qr ≡
∑

j εrj0j+2r, the denominator D can be rewritten
as

D =
∑

r

xr(q
2
r !m2

r)

=
∑

j,k

(∑

r

xrεrjεrk

︸ ︷︷ ︸
≡ Ajk

)
0µj 0kµ + 2

∑

j

(∑

r

xrεrj2
µ
r

︸ ︷︷ ︸
≡ Bµ

j

)
0jµ +

∑

r

xr(2
2
r !m2

r)

︸ ︷︷ ︸
≡ C

= Ltµ ALµ + LtµB
µ + Bt

µL
µ + C.

In this expression, note that:

• A is a real symmetric L × L matrix, whose coefficients are linear in the Feynman
parameters xr and are independent of the external momenta. This matrix is positive
since zjAjkzk =

∑
r xr(

∑
j εrjzj)

2, and positive definite if all xr > 0 (depending on the
details of the Feynman graph under consideration, it can still be positive definite if some
– but not all – of the xr are zero).

• Bµ is a column vector with L components, linear in the Feynman parameters and linear
in the external momenta.

• C is linear in the Feynman parameters, and also contains the squared masses and Lorentz
invariant scalar products of external momenta.

Let us first rearrange the quadratic form D as follows:

D = Ltµ ALµ + LtµB
µ + Bt

µL
µ + C

= (Lµ +A!1Bµ)
t A︸︷︷︸
.tD.

(Lµ +A!1Bµ
︸ ︷︷ ︸

Kµ

) + C! Bt
µ A

!1 Bµ

= (.Kµ)
t D (.Kµ) + C! Bt

µ A
!1 Bµ

= RµR
µ + C! Bt

µ A
!1 Bµ, with Rµ

j ≡
√

Djj (.K)µj .

The second line is the standard manipulation that eliminates the linear terms from the quadratic
form (the Jacobian is 1, since this is just a translation). In the third line, we used the fact that
the symmetric matrix Ajk (of size L× L) is diagonalizable by an orthogonal transformation
. (the Jacobian is also 1). In the last line, we have rescaled the various loop momenta in
order to absorb the diagonal elements of D. In the final form, we may view RµR

µ as the norm
of a unique vector with DL components (D being the dimension of spacetime). The overall
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Jacobian of this sequence of transformations is given by

dDLL =
(
detA

)!D/2 × dDLR.

Therefore, the integration over the loop momenta reads

∫
dDLL

(21)DL

1

Dm
=

1

(detA)D/2

∫
dDLR

(21)DL

1(
RµRµ + C! Bt

µ A
!1 Bµ

)m

=
iL

(detA)D/2

∫
dDLRE

(21)DL

(!1)m(
R2

E
+ Bt

µ A
!1 Bµ ! C

)m

=
(!1)m iL

(41)
DL
2

3(m! DL
2 )

3(m)

(
Bt
µ A

!1 Bµ ! C
)DL

2 !m

(detA)D/2
.

In the second line, we have applied a Wick rotation to the temporal components of the L loop
momenta, and the result of the last line is a standard integration in DL dimensions (see the
first of Eqs. (1.21)). Therefore, the expression for the L-loop integral is

I({pi}) =
(!1)miL3(m! DL

2 )

(41)
DL
2

∫

xr≥0

m∏

r=1

dxr δ
(
1!

∑

r

xr
)

×
(
Bt
µ A

!1 Bµ ! C! i0+
)DL

2 !m

(detA)D/2
.

(We have reinstated the i0+ prescription of Feynman propagators.) Using A!1 =
(
detA

)!1
Ct

A
,

where CA is the matrix of co-factors of A, we may rewrite this as

I({pi}) =
iL3(m! DL

2 )

(!41)
DL
2

∫

xr≥0

m∏

r=1

dxr δ
(
1!

∑

r

xr
)

(
detA)m!

(L+1)D
2

(
C detA!Bt

µC
t
A
Bµ

︸ ︷︷ ︸
≡ 2

+i0+
)m!

DL
2

.

Written in this form, the fraction in the integrand is a rational function of the Feynman
parameters, with 2 ≡ C detA! Bt

µ C
t
A
Bµ a homogeneous polynomial of degree L+ 1 and

detA a polynomial of degree L.

6.b This expression for the loop integral can shed extra light on the discussion of singularities
in Problem 5, which led to the Landau equations. First, note that the determinant of A is zero
only in accidental situations, since in general D is a negative definite quadratic form of the
Euclidean loop momenta. Thus, the singularities in the above expression come from zeroes
in 2. This quantity is precisely the maximum of the denominator D, viewed as a function of
the Euclidean loop momenta 0µj . Therefore, we recover the fact that the singularities of I({pi})
may only occur when D has a vanishing maximum.

Recall now that C detA! Bt
µ C

t
A
Bµ = C detA! Bt

µ (detA)A!1 Bµ. Consider now the
linear equation AjkX

µ
k = Bµ

j (where µ is treated as a fixed parameter). Its solution may be
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written as

(detA) (A!1)jkB
µ
k = (detA)Xµ

j = det
(
A[1,j!1] B

µ A[j+1,L]

)
,

where the notation A[1,j!1] B
µ A[j+1,L] stands for the L× L matrix obtained with columns 1 to

j! 1 of A, the column vector Bµ, and columns j+ 1 to L of A. Therefore, we have

2 = C detA! Bt
jµ det

(
A[1,j!1] B

µ A[j+1,L]

)

= C detA! Bt
jµ (!1)L!j det

(
A[1,j!1]A[j+1,L] B

µ
)

= det





A11 . . . A1L Bµ
1

A21 . . . A2L Bµ
2

...
...

...
AL1 . . . ALL Bµ

L

B1µ . . . BLµ C




. (1.43)

In the second line, we just need to count the number of column permutations necessary to
bring the column Bµ to the rightmost position. The last equality can be checked by expanding
the determinant on the right-hand side according to the minors of the last line. Observe now
that the function of x1, x2, . . . , xm obtained after integrating over the loop momenta does
not depend on how we labeled the loop momenta (possibly up to a permutation of the {xr}).
Therefore, let us assume that, for the internal propagator r = 1, we have made the choice

qµ
1 = 0µ1 , i.e., ε1j = δ1j, 2

µ
1 = 0.

With this choice, we have

Ajk = x1δ1jδ1k +
∑

r≥2

xrεrjεrk, Bµ
j =

∑

r≥2

xrεrj2
µ
r ,

C = !m2
1x1 +

∑

r≥2

xr(2
2
r !m2

r).

In particular, the only coefficients that depend (linearly) on x1 are A11 and C. By expanding
the determinant in (1.43), we see that 2 is a quadratic function of x1 (with the other xr fixed).
Since our choice of setting q1 = 01 was arbitrary, we conclude that 2 is of degree two in every
variable xr (and overall homogeneous of degree L+ 1).

7. Weinberg Convergence Theorem The goal of this problem is to establish a criterion
for ultraviolet convergence for loop integrals in scalar field theories (this restriction simplifies
the problem a bit, since the integrands have a trivial numerator equal to one). This result,
known as Weinberg’s convergence theorem, states that a loop integral is ultraviolet convergent
if the superficial degree of divergence of the loop integral, and of any of its restrictions to
hyperplanes obtained by setting linear combinations of the loop momenta to constants, is
negative. To establish this, we consider general Euclidean integrals of the form

I
(
C, q,m

)
≡

∫
d401 · · ·d40m∏n

j=1

(
(Cji0i + qj)2 +m2

j

) ,

where Cji is an n×m constant matrix.
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7.a Why can one consider instead the simpler integrals

J(C) ≡
∫

D

d401 · · ·d40m∏n
j=1(Cji0i)2

, D ≡
{
(0µ1 , . . . , 0

µ
m)

∣∣1 ≤ (C0)2
}
,

that do not depend on the masses or on the external momenta?

7.b Show that I(C, q,m) is absolutely convergent if 4m! 2n < 0 and if the restriction of
this integral to any hyperplane of co-dimension 4 is also absolutely convergent.

Hint: define kj ≡ Cji0i and write the integral J(C) as a sum of terms Jj(C) in which the
squared norm k2j is the smallest among all the k20 ’s, then rescale all the k0 $=j by |kj|. Show
that the integral Jj(C) factorizes into a one-dimensional integral whose convergence is
determined by power counting, and an integral over a subspace of co-dimension 4 of the
same type as the original integral.

7.c Show that an equivalent convergence criterion is that the superficial degree of divergence
of I(C, q,m), and of restrictions of I to any hyperplane defined by setting some linear
combinations of the momenta to constants, is negative.

7.a Since we are interested only in the ultraviolet convergence of this integral, the masses
mj and the shifts qj do not play any role at large momenta (even though they matter for the
convergence in the infrared and for the precise value of the integral). As far as ultraviolet
convergence is concerned, we may as well set these parameters to zero, but we need to cut
out a small region around 0j = 0 in order to avoid infrared problems. Thus, we may consider
instead

J(C) ≡
∫

D

d401 · · ·d40m∏n
j=1(Cji0i)2

, D ≡
{
(0µ1 , . . . , 0

µ
m)

∣∣1 ≤ (C0)2
}
, (1.44)

which has exactly the same ultraviolet behavior as the original integral. (For technical reasons
that will become clear later, it turns out to be a bit simpler to remove a ball of radius unity in
the space of the variables kj ≡ Cji0j rather than 0i.)

7.b Note that the first of the two conditions listed in the statement of the problem for the
ultraviolet convergence of this integral, namely 4m ! 2n < 0, is nothing but the demand
that the superficial degree of divergence of this integral be negative. This is a necessary
condition because the integrand cannot decrease faster than 54m!2n when all the 0i’s are
rescaled according to 0i → 50i. The reason why this condition alone is insufficient to ensure
the convergence is that, depending on the matrix Cji, there could be directions in 4m along
which the decrease of the integrand is slower, for instance if one or more of the 0i’s do not
appear in one of the kj’s. As we shall see, the second condition ensures that this problematic
situation does not occur.
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Then, we may write the integral J(C) as a sum of integrals Jj(C) in which the squared
norm k2j is the smallest among all the k2l ’s:

J(C) =
n∑

j=1

Jj(C), Jj(C) ≡
∫

Dj

d401 · · ·d40m∏n
l=1 k

2
l

,

Dj ≡
{
(0µ1 , . . . , 0

µ
m)

∣∣1 ≤ k2j ≤ · · ·
}
.

The next step is to perform a linear change of the integration variables, t ≡ A0, such that

detA = 1, t1 = kj.

In terms of the tµi , the integral Jj(C) may be rewritten as

Jj(C) =

∫

t21≥1
d4t1

∫

U

d4t2 · · ·d4tm∏n
l=1(CliA

!1
ik tk)

2
, U ≡

{
(tµ2 , . . . , t

µ
n)
∣∣t21 ≤ (CA!1t)2

}
.

Then, we rescale t2, . . . , tn by the Euclidean norm of t1,

tµi ≡ |t1| 0
′µ
i

(
|t1| ≡

√
t21
)
,

which leads to the following form of the integral Jj(C):

Jj(C) =

∫

t21≥1
d4t1 |t1|

4m!2n!4 ×
∫

U ′

d40 ′2 · · ·d40 ′m∏
l $=j(C

′
lk0

′
k)

2
, (1.45)

with C ′
lk ≡ CliA

!1
ik , U ′ ≡

{
(0 ′µ2 , . . . , 0 ′µn )

∣∣1 ≤ (C ′0 ′)2
}
.

In this form, it is clear that:

• The first integral on the right-hand side is absolutely convergent if 4m! 2n < 0.

• The second integral is of the form (1.44) with one less integration variable. Since the two
integrals on the right-hand side are independent, it must also be convergent for Jj(C) to
be finite.

This proves the announced convergence criterion.

7.c If we apply this criterion recursively, we get integrals of lower and lower dimensionality,
until the last step where the analogue of (1.45) contains only the first factor (this corresponds
to a one-loop integral). When we reach this point, we can conclude about the convergence
from power counting only. Thus, the convergence of the original integral is ensured if its
degree of divergence 4m! 2n, and the degree of divergence of all the sub-integrals obtained
by restricting the integration domain to hyperplanes of lower dimension, are negative. In this
form, the convergence criterion is known as Weinberg’s convergence theorem (note that here
we have studied a less general situation than in the original theorem, which also considers
the possibility of a polynomial of the integration variables in the numerator of the integrand).
Let us add a final remark: the criterion derived in this problem is a criterion for absolute
convergence. When it is not satisfied, it could still happen that the integral is nevertheless
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(weakly) convergent because of cancellations among various parts of the integration domain.
And of course, there could also be cancellations among the contributions of various Feynman
graphs. This is typically what happens in gauge theories, where the gauge symmetry can
induce cancellations among graphs that form a gauge invariant set (a single graph is usually
not gauge invariant).
Source: Hahn, Y. and Zimmermann, W. (1968), Commun Math Phys 10: 330.

8. Electron Anomalous Magnetic Moment Consider the amputated renormalized
photon–electron–positron vertex function 3µr (k, p, q) (with the convention that all momenta
are incoming).

8.a Using the Dirac equation, prove the following relationship:

(pµ ! qµ)u(!q)u(p) = 2mu(!q)
[
6µ +

i

m
Mµν(p+ q)ν

]
u(p),

known as Gordon’s identity (with Mµν ≡ i
4 [6

µ,6ν]).

8.b Show that its contribution to electron scattering off an external field Aµ can be parame-
terized as follows:

Aµ(k)u(!q)3µr (k, p, q)u(p)=erAµ(k)u(!q)
[
F1(k

2)6µ+i F2(k
2)
Mµνkν
mr

]
u(p).

Hint: the most general form of 3µr is

3µr = Cµ
11+ Cµα

2 6α + Cµ
365 + Cµα

4 6α65 + Cµαβ
5 Mαβ.

Then, use Lorentz invariance and the Ward–Takahashi identity to show that Cµ
1 ∝

(pµ ! qµ), and then the Gordon identity to bring this term to the announced form. The
same reasoning can be used to bring the remaining four terms in 3µr to the announced
form.

8.c Approximate this formula for a constant magnetic field. In particular, for an electron at
rest in a homogeneous magnetic field B in the x3 direction, show that

Aµ(k)u(!q)3µr (k, p, q)u(p) becomes
erB

mr

(
1+ F2(0)

)
u(0)M12u(0).

8.d Calculate the relevant parts of 3µr at one loop in order to show that F2(0) = α
21 . (This

result led to one of the first experimental verifications of quantum electrodynamics.)
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8.a Let us rewrite the Poincaré algebra generator Mµν as follows:

Mµν =
i

4

(
6µ6ν ! 6ν6µ

)
=

i

2

(
6µ6ν ! gµν

)
=

i

2

(
gµν ! 6ν6µ

)
.

Then, consider

u(!q)Mµν(pν + qν)u(p) =
i

2
u(!q)

(
6µ6ν ! gµν

)
pνu(p)

+
i

2
u(!q)

(
gµν ! 6ν6µ

)
qνu(p)

= imu(!q)6µu(p)!
i(pµ ! qµ)

2
u(!q)u(p).

This relation, known as Gordon’s identity, can be rewritten as

(pµ ! qµ)u(!q)u(p) = 2mu(!q)
[
6µ +

i

m
Mµν(p+ q)ν

]
u(p). (1.46)

8.b The object u(!q)3µr u(p) is a radiative correction to an electromagnetic current. Since
the incoming and outgoing electrons are on-shell, it must satisfy the following Ward–Takahashi
identity:

kµ u(!q)3µr (k, p, q)u(p) = 0.

Moreover, this identity must be satisfied even if the photon is off-shell, k2 $= 0. Obviously, the
right-hand side of the announced formula obeys this identity, after one uses the Dirac equation
and the antisymmetry of Mµν.

Let us now give a glimpse of how one would prove the converse, namely that this form is
the only possible one. The starting point is to note that 3µr is a 4× 4 matrix carrying a pair of
Dirac indices, which we may decompose on the basis

{
1,6α,65,6α65,Mαβ

}
:

3µr = Cµ
11+ Cµα

2 6α + Cµ
365 + Cµα

4 6α65 + Cµαβ
5 Mαβ.

Since these terms are linearly independent, they must fulfill the Ward–Takahashi identity
independently. From charge conjugation and parity symmetry, the term in 65 should be zero,
Cµ
3 ≡ 0. The Lorentz indices of the remaining coefficients must be carried by the vectors p, q

(or k = !p! q), the metric tensor, and possibly the Levi–Civita symbol in the case of 6α65,
with prefactors that depend only on Lorentz invariant quantities. In fact, all Lorentz invariant
quantities can be expressed in terms of the electron mass and the photon virtuality k2, since

p · q = k2 !m2, p · k = q · k = !k2

2 .

Consider for instance the coefficient Cµ
1 of the identity. It may be written as

Cµ
1 = C1a(k

2)pµ + C1b(k
2)kµ.

The Ward–Takahashi identity implies

0 = C1a k · p+ C1b k
2 = k2

(
C1b !

1
2C1a

)
.

Therefore, this coefficient must have the following form:

Cµ
1 = C1b(k

2)
(
2pµ + kµ

)
= C1b(k

2) (pµ ! qµ).

Thanks to the Gordon identity (1.46), this term of 3µr indeed has the general form quoted in the
statement of the problem. This turns out to be true for all the terms in this decomposition, as one
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may check by first writing the most general Lorentz structure allowed by the Ward–Takahashi
identity and then by using the Dirac equation to simplify the result after insertion between
u(!q) · · ·u(p).

8.c The coefficients F1(k2) and F2(k2), called the form factors of the electron, describe the
properties of the cloud of photons and virtual pairs that surround the electron, as one varies
the virtuality k2 of the photon that probes the electron (in a sense, k2 plays the role of a the
resolution scale at which the photon probes this cloud). In the limit k2 → 0, the photon probes
this cloud on very large distance scales. Given its similarity with the bare vertex, the term
proportional to 6µ encodes the electrical charge seen by the photon. On very large distance
scales, this must be the usual charge of the electron as we know it from atomic physics, which
means that F1(0) = 1. Let us now discuss the meaning of F2(0). Consider a constant external
magnetic field B in the x3 direction, corresponding to

A2(x) = Bx1, A2(k) = iBκk1 , F12(x) = !F12(x) = B,

where Fµν is the field strength. When an electron at rest is embedded in this field, the dressed
coupling of the photon to the current reads (in the limit k → 0)

erBu(!p)
[
i62κp1 + F2(0)

M12

mr

]
u(p)

∣∣∣
p=0

.

The derivative κp1 acting on a spinor of small momentum acts like the boost K1 in the direction
x1. More precisely, we have

u(!p)i62κp1 u(p)
∣∣∣
p=0

= u(!p)i62 iK
1

mr
u(p)

∣∣∣
p=0

= !u(!p)i626
160

2mr
u(p)

∣∣∣
p=0

=
1

mr
u(!p)M12u(p)

∣∣∣
p=0

.

(The Dirac equation for zero momentum spinors reduces to 60u(p) = u(p).) Therefore, the
above coupling becomes

erB

mr

(
1+ F2(0)

)
u(!p)M12u(p)

∣∣∣
p=0

.

The 1 in 1+ F2(0) encodes the bare coupling of the magnetic field to the electron, and F2(0) is
therefore a correction to this coupling.

8.d At one loop, the QED Feynman rules lead to the following expression for the vertex
function contracted between the spinors of the incoming and outgoing fermions:

u(!q)3µ(k, p, q)u(p) = !i e3
∫

dD0

(21)D
u(!q)6,(/0!/q+m)6µ(/0+/p+m)6,u(p)

02((0! q)2 !m2)((0+ p)2 !m2)

≡ !i e3
∫

dD0

(21)D
Nµ

D
.

For the time being, we use dimensional regularization to make all intermediate expressions
finite, but we shall see shortly that the form factor F2 is ultraviolet finite. The denominators of
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the three propagators can be combined into a single one by introducing Feynman parameters:

1

ABC
= 2

∫ 1

0
dx1dx2dx3

δ(x1 + x2 + x3 ! 1)

(x1A+ x2B+ x3C)3
.

In the situation of interest here, the resulting denominator reads

x1((0+ p)2 !m2) + x2((0! q)2 !m2) + x3 0
2

= L2 + x1(1! x1)p
2 + x2(1! x2)q

2 ! (x1 + x2)m
2 + x1x2 p · q

= L2!(x1 + x2)
2m2 + x1x2k

2

︸ ︷︷ ︸
≡!2

,

where we have defined L ≡ 0 + x1p ! x2q and where in the final line we have assumed the
electrons to be on-shell (p2 = q2 = m2, k = !(p+ q)).

The next step is to express the numerator Nµ in terms of the new integration variable L:

Nµ = u(!q)6,/L6µ/L6,u(p)

+ terms linear in L

+ u(!q)6,(m! x1/p! (1! x2)/q)6
µ(m+ (1! x1)/p+ x2/q)6,u(p). (1.47)

The terms linear in L can be dropped since the denominator is even in L. The combination of
Dirac matrices in the first line can be rewritten as

6,/L6µ/L6, =
(2!D)2

D
L2 6µ.

Since it is quadratic in L, this terms leads to a logarithmic ultraviolet divergence, but the
proportionality to 6µ indicates that it contributes only to the form factor F1 (the ultraviolet
divergence in F1 leads to a renormalization of the electron electrical charge). Since our goal
is to evaluate F2, we can disregard this term from now on. The term on the last line of (1.47)
does not depend on L and therefore gives an ultraviolet finite integral over L, which implies
that we can perform the Dirac algebra for this term in D = 4. Using

6µ6ν6µ = !26ν , 6µ6ν6ρ6µ = 4 gνρ , 6µ6ν6ρ6,6µ = !26,6ρ6ν

and the Dirac equations obeyed by the two spinors, a straightforward but somewhat tedious
calculation leads to

u(!q)6,(m! x1/p! (1! x2)/q)6
µ(m+ (1! x1)/p+ x2/q)6,u(p)

= 4m
(
u(!q)u(p)

) (pµ!qµ

2 (x3 ! x23) +
kµ

2 (x1 + x21 ! x2 ! x22)
)

+ 2
(
u(!q)6µu(p)

)(
m2(x23 + 2x3 ! 1)! k2(x3 + x1x2)

)
.

The term of the last line, in u(!q)6µu(p), contributes only to F1 and can be ignored. In the
first line on the right-hand side, the term in kµ is odd under the exchange of x1 and x2, while
the denominator is even. Its integral over the Feynman parameters is therefore zero. Thus, we
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need only consider further the term in pµ ! qµ, which can be rearranged thanks to the Gordon
identity (1.46):

u(!q)6,(m! x1/p! (1! x2)/q)6
µ(m+ (1! x1)/p+ x2/q)6,u(p)

=
i

m

(
u(!q)Mµνu(p)

)
kν(!4m2)(x3 ! x23)

+ terms in u(!q)6µu(p)

+ terms that integrate to zero.

By performing the integral over L (using a Wick rotation to have a Euclidean integration
momentum),

∫
dDL

(21)D
1

(L2 ! 2)3
= !i

2D/2!3

(41)D/2

3
(
3! D

2

)

3(3)
=

D=4
!

i

32122
,

and then by comparing the term in Mµν with the expression for the vertex function in terms of
the electron form factors, we obtain

F2(k
2) =

e2

412

∫ 1

0
dx1dx2dx3 δ(x1 + x2 + x3 ! 1)

x3 ! x23
(1! x3)2 ! x1x2(k2/m2)

.

Noting that

∫ 1

0
dx1dx2 δ(x1 + x2 + x3 ! 1) = 1! x3,

we finally get

F2(0) =
e2

812
=

α

21
.

This is the celebrated result obtained by Schwinger in 1948. As of 2019, the QED calculation
of this quantity has been pushed to order α5, allowing a comparison with experimental
measurements of the electron anomalous magnetic moment with an unprecedented accuracy.

9. Ward–Takahashi Identities and Lorentz Invariance The goal of this problem is to
discuss the relationship between the Lorentz invariance of scattering cross-sections involving
photons and the Ward–Takahashi identities obeyed by amplitudes with external photons. We
will see that the Ward–Takahashi identities imply the Lorentz invariance, but also that the
converse is true to some extent: namely a theory of massless spin-1 particles must obey at least
some weak form of Ward–Takahashi identities in order to be Lorentz invariant. To that end,
we consider an S-matrix element with an external photon, written as εµλ(p)Mµ(p, . . . ).

9.a What is the transformation law of Mµ(p, . . . ) under a Lorentz transformation 7?
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9.b Show that, under the same Lorentz transformation, the polarization vectors satisfy

7ν
µεν±(7p) = e∓iθεµ±(p) + terms in pµ,

where we use the basis of positive and negative helicities as the two physical polarizations.
Hint: show that the polarization vectors εµ±(p) can be obtained from those of the
reference momentum qµ ≡ (ω, 0, 0,ω) by applying the Lorentz transformation L(p)
that maps qµ into pµ. Then, use the fact that R ≡ L!1(p)7!1L(7p) belongs to the little
group, and the result of Problem 2.

9.c Show that
∣∣∣εµ±(7p)Mµ(7p, . . . )

∣∣∣
2
=

∣∣∣εµ±(p)Mµ(p, . . . )
∣∣∣
2
+ terms in pµMµ(p, . . . ).

Thus, the S-matrix element is Lorentz invariant up to a phase, provided that Mµ(p, . . . )
satisfies the Ward–Takahashi identity. Discuss whether the converse is true.

9.a The matrix element Mµ(p, . . . ) transforms covariantly under a Lorentz transformation,
i.e.,

Mµ(p, . . . ) =
[
7!1

]
µ
νMν(7p, . . . ) = 7ν

µMν(7p, . . . ).

(Here, we are writing only the factor 7 that corresponds to the external line of momentum pµ;
there should be one extra such factor for each other external particle with non-zero spin.)

9.b In order to construct a basis of physical polarization vectors associated with the mo-
mentum pµ, let us start from the two helicity polarization vectors of the reference momentum
qµ ≡ (ω, 0, 0,ω),

εµ±(q) ≡ 1√
2
(0, 1,±i, 0).

The polarization vectors of an arbitrary momentum pµ can then be obtained by applying the
spatial rotation R(p̂) that brings the axis 3 into the direction p̂:

εµ±(p) =
[
R(p̂)

]µ
ν ε

ν
±(q). (1.48)

Let us introduce the Lorentz transformation L(p) that transforms the reference vector qµ into
the vector pµ. This transformation can be decomposed into a boost B3(p0/ω) in the direction
3 that rescales the vector qµ so that it has the same temporal component as pµ, followed by the
rotation R(p̂) that rotates its spatial components into the correct orientation:

L(p) = R(p̂)B3(p
0/ω).

Note that the boost B3 does not affect the reference polarization vectors, since their only
non-zero components are in the directions 1, 2. Therefore, we also have

εµ±(p) =
[
L(p)

]µ
ν ε

ν
±(q).

Recall now that, for any momentum pµ and Lorentz transformation 7, R ≡ L!1(p)7!1L(7p)
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is an element of the little group since it leaves the reference vector qµ invariant:

qµ −→
L(7p)

(7p)µ −→
7−1

pµ −→
L−1(p)

qµ.

Let us apply this transformation to the reference polarization vectors, which leads to
[
7!1

]µ
ν

[
L(7p)

]ν
ρ ε

ρ
±(q)︸ ︷︷ ︸

εν±(7p)

=
[
L(p)

]µ
ν R

ν
ρ ε

ρ
±(q).

In order to evaluate the right-hand side, we use the explicit representation of little-group
elements obtained in Problem 2, which leads to

Rν
ρ ε

ρ
±(q) = e∓iθεν±(q) + β±q

ν,

where we denote β± ≡ (β1 ± iβ2)/(ω
√
2). Multiplying this equation on the left by [L(p)]µν,

we obtain
[
7!1

]µ
ν ε

ν
±(7p) = e∓iθ εµ±(p) + β± pµ. (1.49)

This formula shows that the physical polarization vectors do not transform as Lorentz vectors:
they transform as 4-vectors only up to a phase and up to an additive term proportional to the
momentum.

9.c By multiplying Eqs. (1.48) and (1.49), we obtain
(
e∓iθ εµ±(p) + β± pµ

)
Mµ(p, . . . ) = 7ν

µ [7
!1]µρ︸ ︷︷ ︸

δνρ

ερ±(7p)Mν(7p, . . . )

= εµ±(7p)Mµ(7p, . . . ).

The right-hand side is simply the S-matrix element evaluated in a boosted frame. The first term
on the left-hand side is the same matrix element in the original frame, multiplied by a phase.
Thus, we have

∣∣∣εµ±(7p)Mµ(7p, . . . )
∣∣∣
2
=

∣∣∣εµ±(p)Mµ(p, . . . )
∣∣∣
2
+ terms in pµMµ(p, . . . ).

From this equation, we see immediately that the Ward–Takahashi identities (i.e., the fact that
the last term on the right-hand side is zero) imply the Lorentz invariance of squared matrix
elements with photons.

Let us now consider the converse. The Lorentz invariance of cross-sections requires that
∣∣∣εµ±(7p)Mµ(7p, . . . )

∣∣∣
2
=

∣∣∣εµ±(p)Mµ(p, . . . )
∣∣∣
2
,

which by the above identity implies that pµMµ(p, . . . ) = 0. This looks like the usual
Ward–Takahashi identity, except for an important restriction: all the other lines are on-shell
and contracted with physical polarizations if they are photons (while in the Ward–Takahashi
identities derived from current conservation, the photons do not need to be on-shell, nor do they
need to have physical polarizations). In other words, any theory of massless spin-1 particles
must satisfy a weak form of the Ward–Takahashi identities (in fact, identical to the non-Abelian
version of the Ward–Takahashi identity), in order for its physical predictions to be consistent
with Lorentz symmetry.
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Additional Note: In the limit of soft massless spin-1 particles, the eikonal approximation
leads to the following universal (i.e., independent of the spin of the emitters) form for the
amplitude for producing a photon of momentum k in addition to hard particles of momenta pi:

Mµ(k;p1, . . . , pn) = M(p1, . . . , pn)
n∑

i=1

ei p
µ
i

pi · k
,

where the ei are the couplings of the spin-1 particles to the emitters (conventionally defined to
be all outgoing). In this limit, the condition kµM

µ = 0 is equivalent to
∑

i ei = 0. In other
words, the Lorentz invariance of scattering amplitudes implies that any soft massless spin-1
particle couples to other fields via a conserved charge. The limitation of this argument to soft
momenta (i.e., long-distance interactions) is easy to understand: a hard spin-1 would probe the
substructure of composite objects, instead of its total charge (this does not mean that the charge
is not conserved on these shorter-distance scales, but that we need to change our description of
the emitters to make it manifest).

10. Equivalence Principle and Lorentz Invariance Recall that the emission of a soft
photon of momentum kµ off a hard scattering amplitude M(p1, . . . , pn) is given by

Mµ(k;p1, . . . , pn) =
k→0

M(p1, . . . , pn)
n∑

i=1

ei p
µ
i

pi · k
, (1.50)

where the pµ
i are the momenta of the hard external particles (with the convention that they are

all outgoing) and ei the electrical charge they carry.

10.a Generalize the formula (1.50) to the emission of a soft graviton in a hard scattering
process.

10.b Extend the arguments of Problem 9 to show that an S-matrix element with an external
soft graviton is Lorentz invariant up to a phase, provided that soft gravitons couple with
the same strength to all the other fields (i.e., provided that long-distance gravitational
interactions satisfy the equivalence principle).

10.a Since they have spin 2, gravitons carry two Lorentz indices. Moreover, since they are
massless, they have only two physical polarizations. It is possible to choose a gauge in which
their “polarization tensors” are obtained from two copies of the photon polarization vectors:

εµν± (k) = εµ±(k) ε
ν
±(k). (1.51)

The only information needed to generalize (1.50) is to recall that gravitons couple to the
energy–momentum tensor. Therefore, instead of a single factor pµ, the coupling of a soft
graviton should contain pµpν. The denominators in (1.50) are unchanged since they come
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from the propagators of the other external lines (fermions, scalars, etc.). Therefore, (1.50)
becomes

Mµν(k;p1, . . . , pn) =
k→0

M(p1, . . . , pn)
n∑

i=1

gi p
µ
i p

ν
i

pi · k
, (1.52)

where gi is the strength of the coupling of a soft graviton to the particle on the i-th external
line.

10.b Thanks to Eq. (1.51) and the results of Problem 9, the Lorentz transform of the polar-
ization tensor of a graviton is given by

[
7!1

]µ
ρ

[
7!1

]ν
, ε

ρ
±(7k)ε,±(7k) = e∓2iθ εµ±(k)ε

ν
±(k)

+ terms in kµεν±, εµ±kν or kµkν.

Then, the reasoning of Problem 9 indicates that S-matrix elements with external gravitons
are Lorentz invariant (up to a phase), provided that the corresponding amplitude satisfies the
following identities:

kµM
µν(k, . . . ) = kνM

µν(k, . . . ) = 0.

Specializing to the case where the graviton is soft and all other external lines are hard, we can
use (1.52), and this becomes

n∑

i=1

gip
ν
i = 0. (1.53)

This identity must be true for any allowed configuration of the momenta pi of the hard external
lines. Obviously, this holds if we have gi = const (the identity then follows from energy–
momentum conservation). This corresponds to the situation where soft gravitons couple to all
other fields with the same strength, i.e., to the equivalence principle. Thus, we have shown that
the equivalence principle implies the Lorentz invariance of cross-sections involving gravitons.

As in Problem 9, the converse is also true. Indeed, g = const is the only way to satisfy
(1.53) for all pi. Therefore, the Lorentz invariance of cross-sections with soft external gravitons
implies the equivalence principle for long-distance gravitational interactions. (Here, “long-
distance” should be understood as long compared to the other distance scales of the process,
but certainly short compared to the size of the Universe, since translation invariance does not
hold on such large scales.) This observation was first made by Weinberg (see Weinberg, S.
(1964), Phys Rev 135: 1049).

Higher Spins: This argument can be extended in order to exclude the possibility of inter-
acting higher-spin massless particles. For instance, for a spin-3 massless particle, Lorentz
invariance would imply

n∑

i=1

gi p
µ
i p

ν
i = 0.

One may check that the only way this can be true for all pi’s and all µ,ν is to have gi = 0.
(But interacting massive spin-3 particles fall out of the scope of this argument, and are in fact
allowed.)
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11. Lee–Nauenberg Theorem In quantum mechanics and quantum field theory, there exist
states that are practically undistinguishable (e.g., states that differ by features that are too dim to
be experimentally detected). Transition amplitudes with such initial or final states are in general
plagued by singularities. The goal of this problem is to discuss these pathologies in the simple
setting of quantum mechanics, and to show that they can be avoided by averaging transition
probabilities over all degenerate states. To that end, consider a Hamiltonian H = H0 + V
decomposed into a free Hamiltonian H0 and an interaction potential V . We recall that the
scattering matrix S can be written as

Sβα = δβα ! 21 i δ(Eα ! Eβ) Tβα,

with Tβα ≡ Vβα +

∫
d6

Vβ6T6α
Eα ! E6 + i0+

, Vβα ≡
〈
8
(0)
β

∣∣V
∣∣8(0)

α

〉
,

where the Eα’s and
∣∣8(0)

α

〉
’s are the eigenvalues and eigenstates of H0.

11.a Show that
(
.in

)
βα

≡ δβα +
Tβα

Eα!Eβ+i0+ is a unitary matrix. Hint: define
∣∣8α,in

〉
≡

∫
d6

(
.t

in
)
α6

∣∣8(0)
6

〉
and consider the matrix element

〈
8β,in

∣∣V
∣∣8α,in

〉
.

11.b Solve formally the equation for Tβα, to obtain

Tβα = Vβα +
+∞∑

n=1

∫
d61 · · ·d6n

Vβ6nV6n6n−1 · · ·V61α

(Eα ! E61 + i0+) · · · (Eα ! E6n + i0+)
.

11.c Denote by D(α) the set of states obtained from α by adding/removing ultrasoft particles,
by splitting collinearly hard massless particles or by recombining collinear particles,
i.e., the set of states that are undistinguishable from the state α. Explain why Tβα has
divergences if 61,62, . . . ,6i all belong to D(α) or if 6i,6i+1, . . . ,6n all belong to
D(β).

11.d Introduce Pα, Pβ, P3, the projectors on D(α),D(β) and on the rest of the Hilbert space,
respectively. Show that squared matrix elements of T become finite if they are summed
over all the states in D(α) and D(β), i.e.,

∑

a∈D(α),b∈D(β)

∣∣Tba
∣∣2 < ∞.

Reminders on Scattering Theory in Quantum Mechanics: The setting of this study is the
formulation of scattering in quantum mechanics. Let us consider a Hamiltonian H, which we
decompose into a free Hamiltonian and an interaction potential:

H = H0 + V.

Denote by
∣∣8(0)

α

〉
the eigenstates of the free Hamiltonian,
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H0

∣∣8(0)
α

〉
= Eα

∣∣8(0)
α

〉
,

and by
∣∣8α

〉
those of the full Hamiltonian,

H
∣∣8α

〉
= Eα

∣∣8α

〉
.

The eigenvalues of the free and interacting Hamiltonians are the same, provided we disregard
the formation of bound states that may happen with certain interactions, and provided the free
Hamiltonian is expressed in terms of the physical masses of the particles. The last equation
may be rewritten as

(Eα !H0)
∣∣8α

〉
= V

∣∣8α

〉
. (1.54)

Note that the operator Eα !H0 is not invertible, since
∣∣8(0)

α

〉
lies in its kernel (as well as any

other state degenerate with it). Consider the following states:
∣∣8α,in

〉
≡

∣∣8(0)
α

〉
+
(
Eα !H0 + i0+

)!1
V
∣∣8α,in

〉
,

∣∣8α,out
〉
≡

∣∣8(0)
α

〉
+
(
Eα !H0 ! i0+

)!1
V
∣∣8α,out

〉
.

These states are obviously solutions of (1.54). These states are time-independent (i.e., they are
states in the Heisenberg representation), but may look different to observers in different frames.
In particular, in a frame that differs by a translation by a time T , these states are multiplied by
e!iHT . Since they are energy eigenstates, the action of this operator is just a multiplication by
an irrelevant phase exp(!iEαT). But these phases have a non-trivial effect on superpositions
of states. Consider, for instance,

∣∣8h,in
〉
≡

∫
dα h(α)

∣∣8α,in
〉

(the notation dα is a shorthand for the integration/summation measure over all the quantum
numbers of the particles in the state α, such as 3-momenta, spins, etc.), where h(α) is a smooth
function that spans a small range of energies Eα. Under such a translation in time, this state
becomes

∣∣8h,in
〉
→

∣∣8h,in
〉
T
=

∫
dα h(α) e!iEαT

∣∣8α,in
〉

= e!iH0T
∣∣8(0)

h

〉
+

∫
dαh(α) e!iEαT

(
Eα!H0+i0+

)!1
V
∣∣8α,in

〉
.

(1.55)

In the second term, we must close the contour for the integral over the energy Eα in the upper
half-plane in order to ensure its convergence if T < 0. Then, the theorem of residues gives
the integral in terms of the singularities of the integrand. Except for the denominator, the
other factors generically have their singularities at finite imaginary part, Im (Eα) > 0 (because
interactions typically lead to a finite lifetime for the particles), and their contribution vanishes
when T → !∞. The denominator leads to poles located at Eα = E∗ ! i0+, i.e., below the real
axis, and therefore it does not contribute to the result. Thus, we have

e!iHT
∣∣8h,in

〉
=

T→!∞
e!iH0T

∣∣8(0)
h

〉
, e!iHT

∣∣8h,out
〉

=
T→+∞

e!iH0T
∣∣8(0)

h

〉
.

Note that, since the operators exp(!iHT) and exp(!iH0T) are unitary, the states
∣∣8h,in

〉
and∣∣8h,out

〉
are normalized like the states

∣∣8(0)
h

〉
. Since this is true for any function h(α), the
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states
∣∣8α,in

〉
and

∣∣8α,out
〉

each form an orthonormal set of states. In other words, the in and
out states become identical to the eigenstates of the free Hamiltonian in frames translated by
a time T → !∞ or T → +∞, respectively. Thus, the physical interpretation of the (time-
independent) state

∣∣8α,in
〉

is that it encodes all the possible outcomes of an interacting system
initialized at T = !∞ in the free state

∣∣8(0)
α

〉
. Likewise,

∣∣8α,out
〉

encodes all the possible
histories that lead to the free state

∣∣8(0)
α

〉
at T = +∞. Therefore, the transition amplitude from

a state α to a state β should be defined as

Sβα ≡
〈
8β,out

∣∣8α,in
〉
.

Note that the definition of the state
∣∣8α,in

〉
can be rewritten as

∣∣8α,in
〉
=

∫
dβ

(
δβα +

Tβα
Eα ! Eβ + i0+

︸ ︷︷ ︸
≡ .βα

) ∣∣8(0)
β

〉
, with Tβα ≡

〈
8
(0)
β

∣∣V
∣∣8α,in

〉

(δβα is the combination of delta functions and Kronecker symbols such that
∫
dβ f(β)δβα =

f(α)). Inserting the definition of
∣∣8α,in

〉
in Tβα, we obtain an integral equation for T :

Tβα = Vβα +

∫
d6

Vβ6T6α
Eα ! E6 + i0+

=

∫
d6 Vβ6 .6α, (1.56)

with Vβα ≡
〈
8
(0)
β

∣∣V
∣∣8(0)

α

〉
. This equation, known as the Lipmann–Schwinger equation, shows

how the matrix elements of T are obtained from the matrix elements of the interaction potential
in the free basis.

11.a Given the above discussion, we have
∣∣8α,in

〉
=

T→!∞
eiHT e!iH0T

∣∣8(0)
α

〉
,

which implies that .βα = limT→!∞
〈
8
(0)
β

∣∣eiHT e!iH0T
∣∣8(0)

α

〉
. In this form, we see immedi-

ately that the .βα’s are the matrix elements of a unitary operator.
Alternatively, we can reach the same conclusion using only the information provided in

the statement of the problem. For this, it is convenient to write

. ≡ 1+ 2, Tβα = (Eα ! Eβ + i0+)2βα,
∣∣8α,in

〉
=

∣∣8(0)
α

〉
+

∫
d62t

α6

∣∣8(0)
6

〉
(2t

α6 ≡ 26α).

Given the integral equation that relates Vβα and Tβα and the definition of
∣∣8α,in

〉
, we have also

Tβα =
〈
8
(0)
β

∣∣V
∣∣8α,in

〉
.

Then, the matrix element
〈
8β,in

∣∣V
∣∣8α,in

〉
can be written in two ways, depending on whether
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we expand the state on the left or the state on the right:

〈
8β,in

∣∣V
∣∣8α,in

〉
=

〈
8
(0)
β

∣∣V
∣∣8α,in

〉
︸ ︷︷ ︸

Tβα

+

∫
d62†

β6

〈
8
(0)
6

∣∣V
∣∣8α,in

〉
︸ ︷︷ ︸

Tγα

=
〈
8β,in

∣∣V
∣∣8(0)

α

〉
︸ ︷︷ ︸

T∗
αβ

+

∫
d6

〈
8β,in

∣∣V
∣∣8(0)

6

〉
︸ ︷︷ ︸

T∗
γβ=T†

βγ

26α.

Equating these two expressions for the matrix element leads to

T∗
αβ ! Tβα =

∫
d6

(
2†
β6T6α ! T †

β626α

)

= (Eα ! Eβ + i0+)

∫
d6 2†

β626α,

i.e., 2+ 2† + 2†2 = 0. From this relationship, we conclude that . = 1+ 2 is unitary.

S-matrix: The matrix element Sβα can also be expressed in terms of Tβα. In order to obtain
this relationship, let us start again from (1.55), but this time we take the limit T → +∞. Since
T > 0, we must close the integration contour in the lower half-plane. In the limit T → +∞,
the only term that survives when we apply the theorem of residues comes from the zero in the
denominator, and we get

∣∣8h,in
〉
T

=
T→+∞

e!iH0T
∣∣8(0)

h

〉
! 21i

∫
dαdβ h(α) e!iEβT δ(Eα ! Eβ) Tβα

∣∣8(0)
β

〉

=
T→+∞

∫
dαdβ h(α) e!iEβT

(
δβα ! 21 i δ(Eα ! Eβ) Tβα

) ∣∣8(0)
β

〉
.

Alternatively, we can also write

∣∣8h,in
〉
T
=

∫
dα h(α) e!iEαT

∣∣8α,in
〉

=

∫
dα h(α) e!iEαT

∫
dβ

∣∣8β,out
〉 〈

8β,out
∣∣8α,in

〉
︸ ︷︷ ︸

Sβα

=
T→+∞

∫
dαdβ h(α) e!iEβT Sβα

∣∣8(0)
β

〉
.

(In the last line, we also used the fact that Sβα is proportional to a delta function of energy
conservation to change Eα into Eβ in the exponential.) By comparing the two formulas, we
conclude that

Sβα = δβα ! 21 i δ(Eα ! Eβ) Tβα.
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11.b The Lipmann–Schwinger equation (1.56) can be solved iteratively, leading to the
following series in powers of the interaction potential:

Tβα = Vβα +
+∞∑

n=1

∫
d61 · · ·d6n

Vβ6nV6n6n−1 · · ·V61α

(Eα ! E61 + i0+) · · · (Eα ! E6n + i0+)
.

The physical interpretation of this expression is that the system starts in the state α and evolves
to the state β, undergoing a sequence of interactions that take it through the intermediate states
61,62, . . . ,6n.

11.c In this formula, the matrix elements of V are regular, and the only potential singularities
come from the poles in the other factors under the integral. However, these poles do not always
lead to a divergence in the result. This can be seen, for instance, in the following two toy
examples:

+1∫

!1

dx

x+ i0+
= !i1,

+1∫

0

dx

x+ i0+
= ∞.

In these examples, we see that in order to lead to a divergence, the pole should be at one of
the endpoints of the integration domain; otherwise we may deform the integration contour
to completely avoid the pole. Another configuration leading to an unavoidable divergence is
when the integrand has a pair of poles “pinching” the integration contour so that it cannot be
deformed.

Two states α and 6 may accidentally have the same energy when one varies the momentum
of a particle. However, when varying the state 6, these accidental degeneracies occur in the
middle of the allowed domain of the variables that parameterize 6. The corresponding pole in
(Eα ! E6 + i0+)!1 is therefore avoidable by deforming the integration contour, and this does
not lead to a divergence.

The state 6 also has the same energy as α if it differs from α by one or more ultrasoft
particles. In this situation, the resulting pole in (Eα ! E6 + i0+)!1 occurs when the energy of
these extra particles goes to zero, which is on the boundary of the integration domain for 6,
and therefore produces an actual divergence in the result. Another situation where 6 has the
same energy as α is when a hard massless particle in one of the two states is replaced in the
other state by two or more collinear particles with the same total momentum. This case also
leads to a divergence, because the pole is reached on the boundary of the angular integration
domain.

In order to keep track of these two problematic situations, let us denote by D(α) the set
of states that are degenerate with α, excluding the accidental degeneracies. Consider now the
sequence of states

α → 61 → · · · → 6i!1 → 6i → 6i+1 → · · · → 6n → β.

Each state 6i in this sequence is related to the preceding and following states by an elementary
interaction V . Obviously, in order to produce a pole, the state 6i must have the same energy as
α. But for this pole to lead to a divergence, a stronger condition should be satisfied: the pole
must occur on the boundary of the integration domain of 6i, which is made of the states in
D(6i!1) or in D(6i+1).
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Assume for instance that 6i ∈ D(6i!1), and has the same energy as α. But this implies
that 6i!1 also has the same energy as α, which happens on a harmless zero measure subset of
the phase-space of 6i!1 unless 6i!1 itself belongs to the degeneracy set of 6i!2, D(6i!2). By
repeating this inductive argument, we see that this divergence occurs only if all of 61,62, . . . ,6i

belong to D(α). If instead we make the assumption that 6i ∈ D(6i+1), then it is the entire
chain 6i,6i+1, . . . ,6n that must be in D(β) in order to have a divergence. This result is
consistent with the well-known fact that infrared divergences happen when soft photons are
attached to the external legs of a hard process, but not when one attaches the soft photon to a
hard internal line of a graph. The same is true of the divergences due to collinear splittings.

11.d We assume now that the initial and final states are not degenerate, i.e., that D(α) and
D(β) do not overlap. Then, we introduce projectors Pα, Pβ and P3 that project respectively on
D(α), on D(β) and on the remaining portion of the Hilbert space. Since the union of these
sets is the complete Hilbert space, the sum of these projectors is the identity

Pα + Pβ + P3 = 1.

Moreover, we assume that the volume of D(α) and D(β) is very small (this is controlled by
what is experimentally meant by “soft” or “collinear”) compared to the rest, implying that we
may neglect these states except when they produce a divergence. In terms of these projectors,
the matrix element Tβα can be written as

Tβα =
+∞∑

n=0

[
V

(
Pα + Pβ + P3
Eα !H0 + i0+

V

)n]

βα

.

This formula is still exact. The next step is to expand this expression, and to drop Pα and Pβ
unless they occur in configurations that produce a divergence. Thus we keep the Pα’s if they
form an uninterrupted chain on the right of the product, and the Pβ’s if they form a chain on
the left of the product:

Tβα =
sing.

+∞∑

r,s,n=0

[(
V

Pβ
Eα!H0+i0+

)s

V

(
P3

Eα!H0+i0+
V

)n( Pα
Eα!H0+i0+

V

)r]

βα

,

which can be written compactly as

Tβα =
(
U†

β,out T3 Uα,in

)

βα
, with T3 ≡ V

+∞∑

n=0

(
P3

Eα !H0 + i0+
V

)n

,

and

Uα,in ≡
+∞∑

r=0

(
Pα

Eα !H0 + i0+
V

)r

, Uβ,out ≡
+∞∑

s=0

(
Pβ

Eα !H0 ! i0+
V

)s

.

The factors Uα,in and Uβ,out contain divergences, while the factor T3 is divergence-free.
Note now that the operator Uα,in is the restriction to the subspace D(α) of the operator .

that we introduced just above (1.56), and that we have shown to be unitary. Therefore, Uα,in is
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also unitary if restricted to D(α), which means that

Uα,in PαU
†
α,in = Pα, Uβ,out PβU

†
β,out = Pβ.

(We have also written an analogous relationship for Uβ,out.) Then, summing the squared matrix
elements over all the states degenerate with α and β, we obtain

∑

a∈D(α),b∈D(β)

∣∣Tba
∣∣2 =

∑

a∈D(α),b∈D(β)

(
U†

β,out T3 Uα,in

)

ba

(
U†

α,in T
†
3 Uβ,out

)

ab

= tr
(
Uβ,out PβU

†
β,out T3 Uα,in PαU

†
α,in T

†
3

)

= tr
(
Pβ T3 Pα T

†
3

)
=

∑

a∈D(α),b∈D(β)

∣∣(T3
)
ba

∣∣2,

which is a finite quantity since it contains only the finite operator T3. In the second line, we
have rewritten the sum over the states in D(α) and D(β) in the form of a trace by introducing
the appropriate projectors, and we have used the cyclic invariance of the trace to reorder the
factors.

This result, established by Lee and Nauenberg, shows that finite cross-sections are obtained
provided one sums over all the initial and final degenerate states. This is rather natural
in quantum mechanics since all these states are undistinguishable in practice, given the
unavoidable limited resolutions (in energy and in angle) of any detector.

12. Classical External Field Approximation The goal of this problem is to study the
scattering between an electron of charge !e and a large atomic nucleus of charge Ze, and to
show that, in the limit of a recoilless nucleus at rest, the nucleus can be approximated by its
classical Coulomb potential.

12.a Why are multiple scatterings important at large Z?

12.b We are interested in the limit where the momentum exchanges ki are soft. Why is this
the relevant limit for a scattering at large impact parameter? How can we simplify the
treatment of the nucleus in this limit?

12.c Express the lower part Aµσ1
···µσn

ss ′ (P, P ′; {k,i}) of the graph shown below (surrounded
by a box) in this limit, for an arbitrary number of exchanged photons.

k
1

k
2 k

3
k
4

k
5

k
6
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σ
1

σ
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σ
3

σ
4

σ
5

σ
6

P P'

Perform the sum explicitly over all the permutations , of the attachments of the photons
to the nucleus, in order to obtain

∑

,∈Sn

A
µσ1

···µσn

ss ′ (P, P ′; {k,i})

≈
ki)P

2 EP δss ′ (21)
3δ
(
P+

∑
ki ! P ′)∏

i

21 (!iZe)Pµi δ(P · ki).
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12.d Show that when the nucleus is at rest, the scattering amplitude of an electron off the
nucleus can be obtained by replacing the nucleus by its classical Coulomb potential.

12.a Each photon exchanged between the electron and the nucleus can potentially bring a
factor Ze2. Despite the smallness of the fine-structure constant (α ∼ 137!1), a large Z can
lead to significant multi-photon effects. Here, we must mention an important limitation to this
power counting: the coupling of the photon to the nucleus gives a factor Ze only if the photon
sees coherently the entire electrical charge of the nucleus. In other words, the wavelength
of the photon should be large enough so that it cannot resolve the more elementary charged
constituents contained inside the nucleus (protons, or quarks at an even smaller distance scale).
Given that the size of a nucleus is of the order of 10 fm, the momentum of the exchanged
photon should not exceed 20 MeV in order to benefit from this enhancement.

12.b If we denote by x and y the spacetime coordinates at the endpoints of a photon
propagator, the momentum k carried by this photon is Fourier conjugate to the difference x!y.
In the case of the photons exchanged between the electron and the nucleus propagators, this
difference is related to the impact parameter of the scattering. Thus, a small momentum carried
by the exchanged photons is equivalent to a large impact parameter.

In fact, the criterion that the photon momentum is small enough for the photon to couple
coherently with the entire nucleus is equivalent to having an impact parameter larger than the
size of the nucleus. In other words, the electron should pass outside of the nucleus. In this
limit, the photon sees only a point-like charge Ze instead of a complicated arrangement of
quarks. Moreover, in this limit, the photon momenta (" 20 MeV) are much smaller than the
mass of the nucleus, implying that the nucleus suffers a negligible recoil in the scattering.

12.c Using the QED Feynman rules, and the approximation of a point-like nucleus, the lower
part of the graph shown in the figure can be written as

A
µσ1

···µσn

ss ′ (P, P ′; {k,i}) ≡ (21)4δ
(
P +

n∑

i=1

ki ! P ′) us ′(P
′)

×
[
(!iZe6µσn ) · · · i(/P + /k,1 + /k,2 +M)

(P+k,1+k,2)
2!M2+i0+

× (!iZe6µσ2 )
i(/P + /k,1 +M)

(P+k,1)
2!M2+i0+

(!iZe6µσ1 )
]
us(P).

Note a limitation of our treatment here, since the above formula assumes that the target has
spin 1/2 (although our final result will in fact be valid for arbitrary spin). Using the fact that
P2 = M2 and the fact that the exchanged photons are soft, the intermediate propagators can be
approximated as

i(/P + /k,1 + · · ·+ /k,i +M)

(P + k,1 + · · ·+ k,i)
2 !M2 + i0+

≈
i
∑

si=± usi(P)usi(P)

2P · (k,1 + · · ·+ k,i) + i0+
.

Note also that us ′(P
′) ≈ us ′(P), ur(P)6µus(P) = 2 δrsP

µ and
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P ′0 ! P0 !
∑

i
k0i ≈

√
M2 + P2 + 2P ·

∑
i
ki ! EP !

∑

i

k0i ≈ !
P ·

∑
i ki

EP
.

Therefore, we have

A
µσ1

···µσn

ss ′ (P, P ′; {k,i}) =
ki)P

2 EP δss ′ (!iZe)n Pµ1Pµ2 · · ·Pµn

× (21)4δ
(
P+

∑
ki ! P ′)δ

(
P ·

∑
ki
)

× i

P · k,1 + i0+
i

P · (k,1 + k,2) + i0+
· · ·

× i

P · (k,1 + · · ·+ k,n−1) + i0+
.

The next step is to perform the sum over all the permutations , ∈ Sn. One may get a hint
about the answer by considering the case n = 2, where there are only two permutations:

21δ
(
P · (k1 + k2)

) ( i

P · k1 + i0+
+

i

P · k2 + i0+

)

= 21δ
(
P · (k1 + k2)

) ( i

P · k1 + i0+
+

i

!P · k1 + i0+

)

= 21δ
(
P · (k1 + k2)

)
21δ

(
P · k1

)
= 21δ

(
P · k1

)
21δ

(
P · k2

)
.

This can be generalized to any n, by starting from the trivial identity

∑

,∈Sn

θ(t,1 ! t,2) θ(t,2 ! t,3) · · · θ(t,n−1 ! t,n) = 1.

Then, we multiply it by
∏n

i=1 exp
(
i(P · ki)ti

)
and integrate over all the ti’s. This leads

immediately to

21 δ
(
P ·
∑

ki
)∑

,∈Sn

i

P · k,1 + i0+
· · · i

P · (k,1+· · ·+k,n−1) + i0+
=

n∏

i=1

21 δ(P · ki).

Therefore, we obtain

∑

,∈Sn

A
µσ1

···µσn

ss ′ (P, P ′; {k,i})

≈
ki)P

2 EP δss ′ (21)
3δ
(
P+

∑
i
ki ! P ′)∏

i

21 (!iZe)Pµi δ(P · ki),

(1.57)

where the only remaining entanglement among the photon momenta is the delta function of
momentum conservation.
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12.d In order to go further with the interpretation of this formula, one should recall that
with our conventions a state

∣∣P, s
〉

represents a beam of particles of momentum P and spin
s, with a uniform density of 2EP particles per unit volume, rather than a single particle. (The
delta function of momentum conservation in (1.57) is consistent with this: indeed, momentum
conservation is equivalent to invariance under spatial translations, which is only possible for
states that are themselves translation invariant.) It is easy to construct a normalizable state that
represents a single particle, by a linear superposition such as

∣∣8
〉
≡

∑

s

∫
d3P

(21)3
eiP·X0

√
2Ep

8s(P)
∣∣P, s

〉
.

Indeed, one may check that

〈
8
∣∣8

〉
= 1 provided that

∑

s

∫
d3P

(21)3
∣∣8s(P)

∣∣2 = 1.

In the definition of the state
∣∣8

〉
, the coordinate X0 may be viewed as the “center” of the

object represented by this state. (For instance, if the momentum-space wavefunction 8s(P)
is a Gaussian, the wavefunction of the state in the coordinate representation is a Gaussian
centered at X0.) The analogue of (1.57) for the state

∣∣8
〉

is

Aµ1···µn(8; {ki})

≡
∑

s,s ′

∫
d3Pd3P ′

(21)6
ei(P!P ′)·X0

√
4EPEP ′

8s(P)8
∗
s ′(P

′)
∑

,∈Sn

A
µσ1

···µσn

ss ′ (P, P ′; {k,i})

≈
ki)P

∑

s

∫
d3P

(21)3
8s(P)8

∗
s ′(P)

∏

i

21 (!iZe)Pµi e!iki·X0 δ(P · ki),

where we have used P ≈ P ′ whenever possible. Let us now attach the n photon propagators
to the Lorentz indices of this expression:

Mν1···νn(8; {ki}) ≡ Aµ1···µn(8; {ki})
n∏

i=1

!i gµi
νi

k2i + i0+

=
ki)P

∑

s

∫
d3P

(21)3
8s(P)8

∗
s ′(P)

∏

i

21 δ(P · ki)
!ZePνi e!iki·X0

k2i + i0+
.

(Note that the result does not depend on the gauge used to express the photon propagators,
because they are contracted into Pµi and we have P · ki = 0.) Assume now that the nucleus
described by the state

∣∣8
〉

is at rest. In other words, the wavefunction 8s(P) is a narrow peak
centered at P = 0, with a support such that the typical P is much smaller than the mass M. In



13 SUBLEADING SOFT RADIATION IN SCALAR QED 53

this static limit, we have

21 δ(P · ki)Pνi ≈ 21 δ(Mk0i )M δνi
0 = 21 δ(k0i ) δ

νi
0,

and

Mν1···νn(8; {ki}) =
ki#P

static

∑

s

∫
d3P

(21)3
8s(P)8

∗
s ′(P)

︸ ︷︷ ︸
= 1

∏

i

21 δ(k0i )
!Ze δνi

0 e
!iki·X0

k2i + i0+

=
∏

i

21 δ(k0i )
Ze δνi

0 e
!iki·X0

k2
i ! i0+

.

The interpretation of this expression is more transparent in coordinate space, after a Fourier
transformation:

Mν1···νn(8; {xi}) ≡
∫ n∏

i=1

d4ki
(21)4

e!iki·xi Mν1···νn(8; {ki}) ≈
∏

i

δνi
0

Ze

41 |xi ! X0|︸ ︷︷ ︸
≡ A

νi
Ψ (xi)

.

In this formula, each factor is nothing but the Coulomb potential produced at xi by a point-like
electrical charge Ze located at X0. Therefore, in this limit, the scattering of an electron off the
target 8 is equivalent to a scattering off an external classical field. One would have obtained
the same answer simply by adding the Coulomb potential Aµ

8(x) into the covariant derivative:

Dµ = κµ ! ieAµ → κµ ! ie (Aµ +Aµ
8).

This approximation is known as the external field approximation or Weizsäcker–Williams
approximation. Its derivation shows unambiguously that the term of order n in this external
field is equivalent to summing over Feynman graphs with n exchanged photons, summed over
all the ways of permuting the attachments of the photons. Thus, the (single) term of order n
in the expansion in powers of the external field contains the contributions from n! Feynman
diagrams:

1 2 3 4 5 6

A
µ

Ψ(x)

≈
∑

,∈Sn

k
1

k
2 k

3
k
4

k
5

k
6
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σ
1

σ
2

σ
3

σ
4

σ
5

σ
6

Ψ Ψ

.

13. Subleading Soft Radiation in Scalar QED The goal of this problem and the next one
is to study the first correction to the formula that gives the amplitude for the emission of a soft
photon off a hard process. In the present problem, we consider the simpler case where the
charged particles are scalar; the result is generalized to spin-1/2 charges in Problem 14.
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13.a Show that the formula (1.50) in the statement of Problem 10, which describes the
emission of a soft photon of momentum k from an amplitude with hard spin-1/2 charged
particles of momenta pi, is unchanged when the charged particles are scalar, i.e.,

Mµ(k;p1, . . . , pn) = M(p1, . . . , pn)
n∑

i=1

ei p
µ
i

pi · k
+ O(k0).

We recall that, at this order in k, the only contributions are obtained when the soft photon
is attached to an external line of the hard process.

13.b Our goal is now to calculate the first subleading correction in k to this formula, in order
to obtain the following improved result:

Mµ(k;p1, . . . , pn) =
n∑

i=1

ei
pi · k

(
pµ
i ! i kν J

µν
i

)
M(p1, . . . , pn) + O(k1),

where Jµνi ≡ i
(
pµ
i

κ
κpiν

! pν
i

κ
κpiµ

)
is the angular momentum operator. Hints: consider

more accurately the insertions of the photon on the external lines. Then, note that there
is also a term where the photon is attached to an inner line, but that the leading piece of
this contribution is fully constrained by the Ward–Takahashi identities.

13.a Consider an amplitude M(p1, . . . , pn) in scalar QED, with all external particles hard.
The emission of a soft photon of momentum k off this amplitude is dominated by Feynman
graphs where the soft photon is attached to one of the external lines (the analysis of the
denominators is the same in scalar and in spinor QED). The only change comes from the
coupling of the photon to a scalar line: the Feynman rule for attaching a photon of momentum
k and Lorentz index µ to a scalar of momentum p and charge e is a factor !ie(2p + k)µ.
Therefore, when attaching a soft photon to an outgoing scalar particle of momentum p, the
amplitude is modified by a factor

!ie (2p+ k)µ
i

(p+ k)2 !m2
≈

k→0

e pµ

p · k.

(All the momenta are defined to be outgoing.) Note that here e is the coupling constant as
it appears in the definition of the covariant derivative, Dµ ≡ κµ ! ieAµ. In the case of an
outgoing scalar, this parameter is also the electrical charge that flows outwards. But consider
now an outgoing antiscalar of momentum p. In this case, the amplitude is modified by a factor

!ie (!2p! k)µ
i

(p+ k)2 !m2
≈

k→0

!e pµ

p · k ,

which differs by a sign from the case of an outgoing scalar. It is possible to make the subsequent
formulas look more uniform if we introduce for each external line the corresponding outwards
flowing electrical charge, denoted e. The relationship between this charge and the coupling
constant e is simply
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• Outgoing scalar: e = e

• Outgoing antiscalar: e = !e

• Incoming scalar: e = !e

• Incoming antiscalar: e = e.

In terms of this outgoing electrical charge, the modification factor for the emission of a soft
photon is epµ/p · k for any kind of external line (in this respect, scalar QED is therefore
identical to spinor QED).

Summing over all the charged external lines, we thus obtain

Mµ(k;p1, . . . , pn) ≈
k)pi

M(p1, . . . , pn)
n∑

i=1

ei p
µ
i

pi · k
, (1.58)

where the sum runs over all the charged external lines of the hard process. The first neglected
terms in this formula are of order zero in kµ. Recall that, with the conventions used in this
problem, conservation of momentum and conservation of electrical charge in the hard process
read

n∑

i=1

pµ
i = 0,

n∑

i=1

ei = 0.

13.b Our task is now to determine the first subleading correction to (1.58), i.e., the next term
in the formal expansion in powers of k/pi. In order to calculate this correction, we need two
things:

i. Improve the approximation made when the soft photon is attached to a charged external
line of the hard process, so that it remains accurate at least up to the next order in k.

ii. Consider graphs where the soft photon is attached to an internal line of the hard process.

Let us start with i. Without doing any approximation, the attachment of a soft on-shell (i.e.,
k2 = 0) photon to an outgoing scalar line leads to

n∑

i=1

ei
(2pi + k)µ

(pi + k)2 !m2
i

M(. . . , pi + k, . . . ) =
n∑

i=1

ei
(2pi + k)µ

2pi · k
M(. . . , pi + k, . . . ).

Note that this will simplify further when we contract the Lorentz index µ of the soft photon
with a physical polarization vector, since kµελµ(k) = 0. This contraction will get rid of
the term in kµ, leaving the same eikonal factor pµ

i /(pi · k) as in (1.58). Anticipating this
contraction, the only difference from (1.58) is that the hard amplitude must be evaluated at
pi + k instead of pi when the i-th line emits the soft photon. This is true for all the possible
types of external scalar lines (incoming/outgoing, scalar/antiscalar).

Now consider ii, i.e., the contributions where the soft photon comes from the interior of the
hard process. As we shall show, these extra contributions are constrained by gauge invariance,
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and these constraints are sufficient to determine the dominant terms in these contributions. Let
us write the total amplitude as follows:

Mµ(k;p1, . . . , pn) =
n∑

i=1

ei
(2pi + k)µ

2pi · k
M(. . . , pi + k, . . . )

︸ ︷︷ ︸
photon attached to external lines

+ Nµ(k;p1, . . . , pn)

︸ ︷︷ ︸
photon attached to an internal line

.

An important point is that the two terms are in general not gauge invariant separately, but their
sum is. In particular, the full amplitude must obey the following Ward–Takahashi identity:

0 = kµM
µ(k;p1, . . . , pn)

=
n∑

i=1

ei M(. . . , pi + k, . . . ) + kµN
µ(k;p1, . . . , pn). (1.59)

(We have used the fact that the photon is on-shell, k2 = 0, in order to simplify the first term.)
Note that the term Nµ is not singular when k → 0, since the leading k!1 behavior of the
amplitude is entirely contained in the first term. Thus, the expansion of Nµ in powers of k
starts with a constant, followed by a term linear in k, etc.:

Nµ(k;p1, . . . , pn) = Nµ
0 (p1, . . . , pn) + kνN

µν
1 (p1, . . . , pn) + · · · .

We can similarly expand the quantity M(. . . , pi + k, . . . ):

M(. . . , pi + k, . . . ) = M(p1, . . . , pn) + kµ
κ

κpiµ
M(p1, . . . , pn) + · · · .

The next step is to investigate the consequence of the Ward–Takahashi identity (1.59) order-by-
order in k. At order k!1, only the term in M contributes, and the Ward–Takahashi identity is
trivially satisfied thanks to charge conservation in the hard process. At the next order (k0), the
Ward–Takahashi identity reads

0 =
n∑

i=1

ei kµ
κ

κpiµ
M(p1, . . . , pn) + kµN

µ
0 (p1, . . . , pn).

Therefore, we have

Nµ
0 (p1, . . . , pn) = !

n∑

i=1

ei
κ

κpiµ
M(p1, . . . , pn) +Gµ(p1, . . . , pn),

where Gµ is a term that fulfills the Ward–Takahashi identity by itself, kµGµ = 0. But note
that such a Gµ would have to be independent of the photon momentum k, and yet satisfy this
identity for any k. The only possibility is therefore Gµ(p1, . . . , pn) = 0. Thus, the leading
term in Nµ is in fact fully determined by gauge invariance, and we have

ελµ(k)M
µ(k;p1, . . . , pn)

=
n∑

i=1

ei

(
pi · ελ(k)
pi · k︸ ︷︷ ︸
O(k−1)

+
(pi · ελ(k)

pi · k
kν!ελν(k)

)

︸ ︷︷ ︸
O(k0)

κ

κpiν

)
M(p1, . . . , pn)+O(k1).

Quite remarkably, it is not just the leading term, but also the first subleading correction in the
photon momentum, that we can write in this factorized form (provided we allow derivatives
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with respect to the pi in the formula). The first non-factorizable term occurs only two orders
down, with a suppression (k/pi)2 relative to the leading term. Note that the above expression
can be written in a somewhat more symmetric way:

ελµ(k)M
µ(k;p1, . . . , pn)

=
n∑

i=1

ei p
µ
i

pi · k

(
ελµ(k) +

(
ελµ(k)kν ! kµελν(k)

) κ

κpiν

)
M(p1, . . . , pn) + O(k1).

Note also that
(
ελµ(k)kν ! kµελν(k)︸ ︷︷ ︸

antisymmetric in (µ,ν)

)
pµ
i

κ

κpiν
=

ελµ(k)kν ! kµελν(k)

2

(
pµ
i

κ

κpiν
! pν

i
κ

κpiµ

)

= !i ελµ(k)kν
(
i pµ

i

κ

κpiν
! i pν

i
κ

κpiµ︸ ︷︷ ︸
angular momentum op. Jµν

i

)
.

Therefore, a very compact way of writing the amplitude for soft emission is
ελµ(k)M

µ(k;p1, . . . , pn)

= ελµ(k)
n∑

i=1

ei
pi · k

(
pµ
i ! i kν J

µν
i

)
M(p1, . . . , pn) + O(k1).

This result was first derived by Low (Low, F. (1958), Phys Rev 110: 974). It has been
subsequently extended to Dirac fermions by Burnett and Kroll (see Problem 14), and it is now
known as the Low–Burnett–Kroll theorem.

A consequence of this factorization is that, if a hard process is forbidden because of some
conflicting quantum numbers, emitting a soft photon will not resolve the conflict (this is true in
the first two orders in an expansion in the soft photon energy). For instance, if some decay is
forbidden by charge parity (e.g., via Furry’s theorem), one may naively think that emitting an
extra photon – no matter how soft – lifts the obstruction since the charge parity of a photon is
!1. Moreover, since extra soft photons have a probability of order one of being emitted, thanks
to the terms in k!1, this extra emission would not lead to a suppressed decay rate, implying
that charge parity is in practice not conserved, at odds with experimental evidence. But the
above result tells us that this conclusion is not true: it is only via the terms of order k1 that the
extra photon stands a chance of lifting the obstruction, and therefore it cannot be soft (thus,
emitting it truly brings a suppression factor ∼ α). For this reason, another way this theorem is
sometimes phrased is by saying that “soft photons do not carry quantum numbers.”

14. Low–Burnett–Kroll Theorem In this problem, we extend the result of Problem 13 to
the case of QED with spin-1/2 charges. As we shall see, the generalization requires that one
sum the squared amplitude over the spins of the particles in the hard process, and the resulting
formula reads

∑

spins

∣∣∣ελµ(k)Mµ
∣∣∣
2
=

n∑

i,j=1

eiej(pi · ελ)
(pi · k)(pj · k)

(
pj · ελ ! i ελµkνJ

µν
j

)∑

spins

∣∣M
∣∣2 + O(k0).

This result implies that corrections to a hard process by the emission of an extra soft photon are
in general of order α(7/k)2 relative to the hard process, where 7 is the hard scale. (However,
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the divergence that would arise when integrating over the energy of the soft photon is canceled
when one also includes virtual corrections with a soft photon in a loop.) More importantly, this
formula also shows that, when a hard process is forbidden by charge parity, emitting an extra
soft photon is not sufficient to lift the obstruction despite the fact that the extra photon flips
the charge parity, at least up to a relative order α(7/k)0. For this reason, this result is often
phrased by saying that “soft photons do not carry quantum numbers.”

14.a Adapt the QED Feynman rules to the convention where all the external momenta in the
amplitude M are defined to be outgoing.

14.b Consider an outgoing fermion of momentum pi, spin si and charge ei in the hard
amplitude, and single out the corresponding external spinor by writing M ≡ usi(pi)Asi .
Show that attaching a soft photon to this external line can be done by the substitution

usi(pi)Asi → ei usi(pi)
pµ
i + pµ

i kνκ
ν
pi

+ 1
26

µ/k

pi · k
Asi + O(k).

Determine the substitution rules for attaching a soft photon to all the other types of
external lines.

14.c Use the Ward–Takahashi identity to determine the term where the soft photon is attached
to an internal line of the hard process. Write the total amplitude as

Mµ(k;p1, . . . , pn) =
∑

i

ei
pµ
i ! ikν

[
Jµνi

]
A,B

pi · k
M(p1, . . . , pn) + Eµ + O(k1),

Eµ ≡
∑

i∈{u,v}

{
usi(pi)

vsi(!pi)

}
ei6

µ/k

2pi · k
Asi +

∑

i∈{u,v}

Bsi

ei/k6
µ

2pi · k

{
usi(!pi)

vsi(pi)

}
,

where the subscript A,B on the angular momentum operators Jµν indicates that they
should not act on the external spinors contained in the hard amplitude M.

14.d Square this amplitude and sum over the spins of the hard external fermions in order to
prove the announced formula.

14.a In order to provide an easy connection with Problem 13, we use a convention in which
all the momenta are outgoing. In spinor quantum electrodynamics, this implies somewhat
unusual assignments for the arguments of the spinors that represent the external fermions, and
the Dirac equations they satisfy are also modified:

Feynman rule Dirac equation

Outgoing fermion us(p) u(p)(/p!m) = 0

Outgoing anti-fermion vs(p) (/p+m)v(p) = 0

Incoming fermion us(!p) (/p+m)u(!p) = 0

Incoming anti-fermion vs(!p) v(!p)(/p!m) = 0
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14.b Consider an amplitude M(p1, . . . , pn) with n hard external fermions or anti-fermions.
When an extra soft photon is emitted in this process, the leading contributions come from
Feynman diagrams where the extra photon is attached to one of these external lines. However,
since we now want to calculate the next-to-leading contribution (in an expansion in powers
of the photon momentum k), the calculation of the attachments of the photon to the external
lines must be refined. Since we have to consider in turn every external line, it is convenient
to write the hard amplitude in a factorized form that highlights the spinor corresponding to a
given external line. Depending on the type of external line under consideration, we write

M ≡ usi(pi) Asi ≡ vsi(!pi) Asi ≡ Bsi usi(!pi) ≡ Bsi vsi(pi).

(In these expressions, there is no sum on the index i.) Let us start with the case of an outgoing
fermion of momentum pi. Attaching the soft photon of momentum k to this line gives a
contribution that corresponds to the following substitution:

usi(pi)Asi(. . . , pi, . . . )

→ usi(pi) e6
µ /pi +m+ /k

2 pi · k
Asi(. . . , pi + k, . . . )

=
e

pi · k
usi(pi)

{
pµ
i + pµ

i kνκ
ν
pi

+ 1
26

µ/k
}
Asi(. . . , pi, . . . ) + O(k).

In the second line, the denominator has been simplified thanks to the assumption that the
external fermion as well as the photon are on-shell. In the last line, we have used the Dirac
equation and we have expanded the function Asi(. . . , pi + k, . . . ) in order to extract the linear
order in k. As in Problem 13, e denotes the coupling constant that enters in the definition of
the covariant derivative, which is equal to the charge of a fermion and is opposite to that of an
anti-fermion.

Consider now a soft photon attached to an outgoing anti-fermion of momentum pi. This
leads to

Bsi(. . . , pi, . . . ) vsi(pi)

→ Bsi(. . . , pi + k, . . . )
!/pi +m! /k

2 pi · k
e6µ vsi(pi)

= Bsi(. . . , pi, . . . )
{
pµ
i + pµ

i kν
←
κ ν

pi
+ 1

2
/k6µ

}
vsi(pi)

!e

pi · k
+ O(k).

Two remarks are in order about this formula. First, note that the derivative with respect to pi

acts on the left, as indicated by an arrow. Second, in the eikonal factor !e/pi ·k, the numerator
!e is nothing but the electrical charge flowing outwards. In order to further uniformize the
notation, it is convenient to express everything in terms of the outgoing electrical charge e,
whose relationship with e depends on the type of external line under consideration:

• Outgoing fermion: e = e

• Outgoing anti-fermion: e = !e

• Incoming fermion: e = !e

• Incoming anti-fermion: e = e.
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With these conventions, it is easy to work out the remaining two cases (incoming fermions
and anti-fermions). All the rules for attaching a soft photon, up to terms of order k, to the four
types of external fermions lines can be summarized by

{
usi(pi)

vsi(!pi)

}
Asi → ei

{
usi(pi)

vsi(!pi)

}
pµ
i + pµ

i kν
→
κ ν

pi
+ 1

26
µ/k

pi · k
Asi ,

Bsi

{
usi(!pi)

vsi(pi)

}
→ eiBsi

pµ
i + pµ

i kν
←
κ ν

pi
+ 1

2
/k6µ

pi · k

{
usi(!pi)

vsi(pi)

}
.

Recall also that with outgoing momenta and electrical charges, the conservation laws in the
hard process take the following simple forms:

∑

i

pµ
i = 0,

∑

i

ei = 0.

14.c The amplitude for the emission of an extra soft photon can be split into a term where
the photon is attached to one of the external lines of the hard process and a term where the
photon is attached to an internal line:

Mµ(k;p1, . . . , pn) ≡ Mµ
ext(k;p1, . . . , pn) +Mµ

inner(k;p1, . . . , pn).

The first term is obtained by summing the results of the preceding section over all the external
lines:

Mµ
ext(k;p1, . . . , pn) =

∑

i∈{u,v}

ei

{
usi(pi)

vsi(!pi)

}
pµ
i + pµ

i kν
→
κ ν

pi
+ 1

26
µ/k

pi · k
Asi

+
∑

i∈{u,v}

eiBsi

pµ
i + pµ

i kν
←
κ ν

pi
+ 1

2
/k6µ

pi · k

{
usi(!pi)

vsi(pi)

}
,

where the first line contains the contributions from outgoing fermions and incoming anti-
fermions, and the second line that of incoming fermions and outgoing anti-fermions (in each
case, one should choose the appropriate spinor from the two listed). The above expression can
also be rearranged as follows:

Mµ
ext(k;p1, . . . , pn) =

(
∑

i

ei
pµ
i + pµ

i kνκ
ν
pi

∣∣
A,B

pi · k

)
M(p1, . . . , pn)

+
∑

i∈{u,v}

{
usi(pi)

vsi(!pi)

}
ei
2 6

µ/k

pi · k
Asi +

∑

i∈{u,v}

Bsi

ei
2
/k6µ

pi · k

{
usi(!pi)

vsi(pi)

}
,

where the subscript A,B added to the derivative with respect to pi in the first line indicates
that it does not act on the spinors associated with the external lines in the hard amplitude M.

We now need to determine the term Mµ
inner where the photon is attached to an inner line of

the hard process. This term starts at order k0, and therefore, to the accuracy of the expansion
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considered here, it is independent of k. As in the scalar QED case, this term can be constrained
by requesting that the full amplitude obey the Ward–Takahashi identity when we contract it
with the photon momentum kµ. Note that the terms in /k vanish identically in this contraction
since /k/k = k2 = 0. Using the fact that the total outgoing charge in the hard process is zero,
the Ward–Takahashi identity gives

Mµ
inner(p1, . . . , pn) = !

(
∑

i

ei
κ

κpiµ

∣∣∣∣
A,B

)
M(p1, . . . , pn).

(A priori, we could add to this expression a term Gµ such that kµGµ = 0. But since Gµ should
be independent of k, the only way to satisfy this for all kµ is to have Gµ ≡ 0.)

When we combine this term with Mµ
ext, the terms with derivatives with respect to the

external momenta pi can be arranged into angular momentum operators Jµνi ≡ !i(pµ
i κpiν !

pνκpiµ). This gives

Mµ(k;p1, . . . , pn) =
∑

i

ei
pµ
i ! ikν

[
Jµνi

]
A,B

pi · k
M(p1, . . . , pn) + Eµ + O(k1),

Eµ ≡
∑

i∈{u,v}

{
usi(pi)

vsi(!pi)

}
ei6

µ/k

2pi · k
Asi +

∑

i∈{u,v}

Bsi

ei/k6
µ

2pi · k

{
usi(!pi)

vsi(pi)

}
.

The first term is identical to the scalar case, except for the fact that the angular momentum
operators do not act on the external spinors (as indicated by the subscript A,B). Another
difference from the scalar QED case is that the second term, Eµ, does not vanish when
contracted with a physical polarization vector.

14.d It turns out that, after squaring this amplitude and summing over the spins of the external
hard fermions, the terms in Eµ provide the missing terms to enlarge the scope of the action of
the angular momentum operators to the full hard amplitude. In order to be consistent with the
accuracy to which we have determined Mµ, we should keep only terms of order k!2 and k!1

in its square, since the higher orders would be incomplete. At this order, the squared amplitude
reads

∑

spins

∣∣∣ελµ(k)Mµ
∣∣∣
2
=

∑

i,j

eiej(pi · ελ)
(pi · k)(pj · k)

(
(pj · ελ)! i ελµkν

[
Jµνj

]
A,B

)

︸ ︷︷ ︸
O(k−2) ⊕ O(k−1)

∑

spins

∣∣M
∣∣2

+
∑

i

ei(pi · ελ)
pi · k

∑

spins

(
M∗ελµE

µ +MελµE
µ∗
)

︸ ︷︷ ︸
O(k−1)

. (1.60)

Note that in the first line, the derivatives contained in the angular momentum operators act on
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the two factors of
∣∣M

∣∣2 = M∗M. In order to calculate the term of the second line, note that

∑

spins

(
M∗ελµE

µ +MελµE
µ∗
)
=

∑

j∈{u,v}

ejAsj

{
/pj +m
!/pj !m

}
/ε/k+ /k/ε

{
/pj +m
!/pj !m

}

2pj · k
Asj

+
∑

j∈{u,v}

ejBsj

{
!/pj +m
/pj !m

}
/ε/k+ /k/ε

{
!/pj +m
/pj !m

}

2pj · k
Bsj .

Using the fact that k · ε = 0, we have

(/p±m)/ε/k+ /k/ε(/p±m)

2p · k =
(p · ε)/k! (p · k)/ε

p · k

=
1

p · k
(
! iεµkν

[
Jµνp

])
(/p±m).

The remarkable feature of this result is that it takes the form of an angular momentum operator
acting on spin sums such as

∑
s us(p)us(p) = /p+m. Thanks to this formula, the terms in

the second line of (1.60) are precisely what is needed in order to lift the restrictions on the
action of the angular momentum operators in the terms of the first line, allowing us to write
the complete answer up to (and including) the order k!1 in a much more compact fashion:

∑

spins

∣∣∣ελµ(k)Mµ
∣∣∣
2
=

∑

i,j

eiej(pi · ελ)
(pi · k)(pj · k)

(
(pj · ελ)! i ελµkνJ

µν
j

)∑

spins

∣∣M
∣∣2.

This formula, obtained by Burnett and Kroll (Burnett, T. and Kroll, N. M. (1968), Phys Rev
Lett 20: 86), generalizes Low’s theorem (established in Problem 13) to the case of hard charged
external particles of spin 1/2. And the main consequence is the same: if some unpolarized
hard process is forbidden by charge parity, emitting extra soft photons is not sufficient to make
it possible. (The emission of an extra photon may make this process possible via terms of order
O(k0), but these terms are not enhanced by inverse powers of the photon energy. )

15. Coherent States in Quantum Field Theory In quantum mechanics, coherent states
are defined as eigenstates of the annihilation operators. In a certain sense, they are the closest
analogues to classical states where the position and momentum are both well defined. The
goal of this problem is to generalize the concept of coherent state to a non-interacting scalar
quantum field theory, starting from the following definition:

∣∣9in
〉
≡ N9 exp

{∫
d3k

(21)32Ek
9(k)a†

k,in

} ∣∣0in
〉
,

where 9(k) is a function of 3-momentum and N9 a normalization constant.

15.a Check that this state is an eigenstate of ak,in.
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15.b Determine the prefactor N9 so that
〈
9in

∣∣9in
〉
= 1. Hint: introduce the operator

T9 ≡ exp
∫

d3k

(21)32Ek

(
9(k)a†

k,in ! 9∗(k)ak,in
)

and write it in normal-ordered form.

15.c Show that |9in
〉

is the ground state of a free scalar field theory with a shifted field:

η(x) → η(x)!

∫
d3k

(21)32Ek

(
9∗(k)eik·x + 9(k)e!ik·x

)
.

15.d Consider two coherent states
∣∣9, ϑin

〉
, with 9(k), ϑ(k) ∝ δ(k), and calculate

〈
ϑin

∣∣9in
〉
.

15.a Let us denote

E9 ≡
∫

d3k

(21)32Ek
9(k)a†

k,in.

The commutation relation between creation and annihilation operators leads to
[
ak,in, E9

]
= 9(k),

[
ak,in, f(E9)

]
= 9(k) f ′(E9).

This implies

ak,in
∣∣9in

〉
= N9 ak,ine

Eχ
∣∣0in

〉
= N9

[
ak,in, e

Eχ
] ∣∣0in

〉

= N9 9(k) e
Eχ
∣∣0in

〉
= 9(k)

∣∣9in
〉
.

Thus, coherent states are eigenstates of the annihilation operators.

15.b Consider now the following operator:

T9 ≡ exp
∫

d3k

(21)32Ek

(
9(k)a†

k,in ! 9∗(k)ak,in
)
.

First, it is trivial to check that T †
9 = T!9 = T!1

9 . (Therefore, T9 is unitary.) Then, by using the
Baker–Campbell–Hausdorff formula, we can put this operator in normal-ordered form:

T9 = exp
(
!

1

2

∫
d3k

(21)32Ek

∣∣9(k)
∣∣2
)

exp
( ∫

d3k

(21)32Ek
9(k)a†

k,in

)

× exp
(
!

∫
d3k

(21)32Ek
9∗(k)ak,in

)
.

From this expression, we see that
∣∣9in

〉
∝ T9

∣∣0in
〉
. Since T9 is unitary, this implies that the

normalization
〈
9in

∣∣9in
〉
= 1 is obtained by choosing precisely

∣∣9in
〉
= T9

∣∣0in
〉
, from which

we read the value of the normalization prefactor N9:

N9 = exp
(
!

1

2

∫
d3k

(21)32Ek

∣∣9(k)
∣∣2
)
.
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15.c If H0 denotes the Hamiltonian of a free theory, let us now define H9 ≡ T9H0T
†
9 . Note

first that H9 is Hermitian. Then, we have

H9

∣∣9in
〉
= T9H0 T

†
9T9︸︷︷︸
= 1

∣∣0in
〉
= 0.

Thus, the coherent state is the ground state of the modified Hamiltonian H9.
Using the commutation relations
[
ak,in, T9

]
= 9(k) T9,

[
a†
k,in, T9

]
= 9∗(k) T9,

we obtain

T9ak,inT
†
9 = ak,in ! 9(k), T9a

†
k,inT

†
9 = a†

k,in ! 9∗(k),

and the modified Hamiltonian is more explicitly given by

H9 =

∫
d3k

(21)32Ek
Ek

(
a†
k,in ! 9∗(k)

)(
ak,in ! 9(k)

)
.

(We have discarded the zero-point energy term, since it is not modified by the action of
T9 · · · T †

9 .) Recalling the formulas that relate a free field operator and the creation and annihila-
tion operators, we see that this is the Hamiltonian of a free theory with a shifted field:

η(x) → η(x)!Φ9(x), Φ9(x) ≡
∫

d3k

(21)32Ek

(
9∗(k)eik·x + 9(k)e!ik·x

)
.

(Note that Φ9(x) is an ordinary real-valued function, not an operator.)

15.d Consider two such coherent states,
∣∣9in

〉
,
∣∣ϑin

〉
, in the special case where their defining

functions only have support at k = 0: 9(k) ≡ (21)390δ(k), ϑ(k) ≡ (21)3ϑ0δ(k) (we assume
90, ϑ0 ∈ ). The overlap of these two states is given by

〈
ϑin

∣∣9in
〉
= exp

(
!

1

2

∫
d3k

(21)32Ek

[∣∣9(k)
∣∣2 +

∣∣ϑ(k)
∣∣2
])

×
〈
0in

∣∣ exp
( ∫

d3k

(21)32Ek
ϑ∗(k)ak,in

)
exp

( ∫
d3k

(21)32Ek
9(k)a†

k,in

)∣∣0in
〉

= exp
(
!

1

2

∫
d3k

(21)32Ek

(∣∣9(k)! ϑ(k)
∣∣2 + 9∗(k)ϑ(k)! ϑ∗(k)9(k)

))

= exp
(
!

V |90 ! ϑ0|
2

4m

)
.

Therefore, spatially homogeneous coherent states (i.e., ground states of quadratic theories
shifted by a uniform field) have an exponentially suppressed overlap, and the argument of
the exponential is proportional to the volume. Thus, pairs of coherent states of this type are
mutually orthogonal if the volume is infinite.
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16. Running Couplings in a Two-Field Scalar Field Theory The purpose of this problem
is to study at one loop the scale dependence of the coupling in a scalar field theory with quartic
coupling, first with a single field and then with two coupled fields. In the latter case, we show
that the theory evolves towards a U(1) symmetry at large distance.

16.a Draw the graphs that contribute to the β function at lowest order (i.e., one-loop) in a
scalar field theory with λ

4!η
4 interaction. Why don’t we need to consider self-energy

graphs at this order?

16.b Calculate the relevant part of these graphs in dimensional regularization, at the renor-
malization point where the Mandelstam variables are set to s = t = u = !µ2. Write
their sum as 3

2λ
2L(µ), where L(µ) is a quantity that should be made explicit. From this,

check that the β function is β = 3λ2/(41)2.

16.c Next, we consider a theory with two scalar fields η1 and η2, with the following La-
grangian:

L ≡ 1
2(κµη1)(κ

µη1) +
1
2(κµη2)(κ

µη2)!
λ
4! (η

4
1 + η4

2)!
2ρ
4!η

2
1η

2
2.

(Note that this theory has a U(1) invariance in the (η1,η2) plane when λ = ρ.) What
are the free Feynman propagators for the fields η1 and η2 (in momentum space)? What
are the vertices in this theory and the corresponding Feynman rules?

16.d Draw the graphs that give, at lowest order, the β function that controls the scale depen-
dence of the coupling constant λ. Show that the relevant part of these graphs is given by(
3
2λ

2 + 1
6ρ

2
)
L(µ), where L(µ) is the quantity obtained in question 16.b. Check that this

β function is βλ = (3λ2 + ρ2/3)/(41)2.

16.e Repeat question 16.d for the β function that controls the scale dependence of the coupling
constant ρ. Check that it is βρ = (2λρ+ 4ρ2/3)/(41)2.

16.f Derive the renormalization group equation for the ratio ρ/λ. What are the fixed points
of this equation? Is ρ/λ = 1 an attractive fixed point in the ultraviolet? in the infrared?

16.a The calculation of the β function requires the coupling counterterm δλ and the wave-
function renormalization counterterm δz. δλ is obtained from the one-loop corrections to the
vertex function (i.e., the four-point function in the case of the η4 theory):

1

2

3

4

1

3

2

4

1

4

3

2

(Note that there are three ways of attaching the four external lines to the loop.) δz comes
from the momentum dependence of the self-energy. But in the η4 theory, the self-energy is a
constant at one loop, and therefore one has δz = 0 at this order.
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16.b We need to calculate only one of the above graphs, since the renormalization point we
have chosen is symmetric under the exchange of the channels s, t, u. Moreover, since only
the ultraviolet divergent part is necessary, we do not need to keep the mass in the propagators.
With this in mind, let us consider the first graph. Its contribution to the amputated correlation
function 34 reads (we use dimensional regularization, with d = 4! 2ε):

3
(1)
4 (p1,2,3,4) = iµ2ε (!iλ)2

2

∫
ddk

(21)d
i

k2
i

(k+ p1 + p2)2

= i
λ2µ2ε

2

1∫

0

dx

∫
ddk

(21)d
1

(k2 ! 2)2
= !

λ2µ2ε

2

1∫

0

dx

∫
ddkE

(21)d
1

(k2
E
+ 2)2

= !
λ2µ2ε

2

1∫

0

dx
2d/2!2

(41)d/2
3(2! d

2 )

3(2)
,

with 2 ≡ !x(1 ! x)(p1 + p2)2 = x(1 ! x)µ2. The x dependence of the integrand is of the
form (x(1! x))ε and therefore this integral produces a result of the form 1+ O(ε). Since we
are only interested in the ultraviolet divergent part, only the 1 is needed. Thus, we can write

3
(1)
4 (p1,2,3,4) = !

λ2

2(41)2ε

µ2ε

µ2ε
.

Since the renormalization point is symmetric in the s, t, u channels, the above result is simply
multiplied by 3 when we include all the graphs:

3
(1+2+3)
4 (p1,2,3,4) =

3λ2

2
L(µ), with L(µ) ≡ !

1

(41)2ε

µ2ε

µ2ε
.

In this notation, the prefactor 3
2 is the number of graphs times their symmetry factor, the factor

λ2 is the contribution from the two vertices, and L(µ) is the value of the loop integral. The
counterterm that removes this divergence is

δλ = !
3λ2

2
L(µ),

which leads to the following β function:

β = ! lim
ε→0

µκµ δλ =
3λ2

(41)2
.

16.c Consider now an extension of this theory that has two scalar fields η1 and η2, with the
following Lagrangian:

L ≡ 1
2(κµη1)(κ

µη1) +
1
2(κµη2)(κ

µη2)!
λ
4! (η

4
1 + η4

2)!
2ρ
4!η

2
1η

2
2.

The two propagators of this theory have identical expressions:

=
i

p2 + i0+
, =

i

p2 + i0+
.

(Even though the propagators are the same, it is important to use different symbols for the
two fields in the diagrams, since there will be various vertices, depending on which fields are
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attached to them.) This theory has only quartic vertices, η4
1, η4

2 and η2
1η

2
2:

= !iλ, = !iλ, = !i
ρ

3
.

For the first two vertices, this is just the Feynman rule for the vertex of the standard η4 theory,
when the interaction term in the Lagrangian is normalized as λ

4!η
4. For the third vertex, the

Feynman rule is obtained as

!i
2ρ

4!︸︷︷︸
coeff. in L

×2!× 2! = !i
ρ

3
,

where the first factor 2! corresponds to the two ways of attaching the fields η1η1 to the two
solid lines of the vertex, and the second factor 2! counts the number of ways of attaching the
fields η2η2 to the two dotted lines of the vertex.

16.d In order to determine the β function that controls the scale dependence of the coupling
λ, it is sufficient to calculate at one loop the four-point function with only external fields of
type 1. The corresponding graphs are:

1

2

3

4

1

3

2

4

1

4

3

2

1

2

3

4

1

3

2

4

1

4

3

2

The values of the loops do not depend on the type of field running in them since we neglect
masses in this calculation, and are therefore given by the same function L(µ) in all six graphs.
We just need to count the graphs and their symmetry factors ( 12 in all cases), and assign them
the appropriate vertices to find the correct four-point function:

34(p1,2,3,4) =
(3
2
λ2 +

3

2

(ρ
3

)2)
L(µ) =

(3λ2

2
+

ρ2

6

)
L(µ).

Since L(µ) is already known, we do not need any new calculation in order to obtain the β
function in this case. It is sufficient to appropriately adjust the prefactor, to obtain

βλ =
3λ2 + ρ2

3

(41)2
.

16.e To obtain the β function that drives the evolution of ρ, we need to consider the 4-point
function with two external fields η1 and two external fields η2. To be definite, let us assume
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0 1 3

IR attractor

ρ/λ

µ∂µ(ρ/λ)

Figure 1.5 The β function that controls the running of the ratio ρ/λ. The arrows indicate the
direction of the flow towards long distances.

that the legs 1, 2 carry the field η1 and the legs 3, 4 are attached to a field η2. Thus, the
one-loop graphs that contribute to this function are the following:

1

2

3

4

1

2

3

4

1

4

2

3

1

3

2

4

We can directly write the corresponding expression for the four-point function in terms of the
integral L(µ):

34(p1,2,3,4) =
(2
2
λρ
3 + 2

(ρ
3

)2)
L(µ).

(The first two graphs have a symmetry factor 1
2 , while the remaining two have a symmetry

factor 1.) From this, we directly obtain the following β function:

βρ = 3×
2λρ
3 + 4ρ2

9

(41)2
=

2λρ+ 4ρ2

3

(41)2
.

(On the right-hand side, the prefactor 3 is due to the fact that the four-point function we have
calculated is a correction to ρ/3, and must therefore be multiplied by 3 in order to obtain a
correction to ρ itself.)

16.f From the above results, we have

µκµλ = βλ, µκµρ = βρ,

µκµ
(ρ
λ

)
=

βρ

λ
!

ρβλ

λ2
= !

ρ

3

(3! 4ρ
λ + ρ2

λ2

(41)2

)
= !

ρ

3(41)2
(ρ
λ ! 1

)(ρ
λ ! 3

)
.

From the factorized form of the right-hand side in the preceding equation, the fixed points are
ρ

λ
= 0, 1, 3.

To decide whether they are attractive or repulsive, we just need to determine the sign of the
right-hand side of this equation in the various intervals between the fixed points. Figure 1.5
shows that ρ/λ = 1 is an attractive fixed point in the infrared (and repulsive in the ultraviolet).
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17. Solution of the Running Equation at Two Loops Consider a theory, such as
QCD, in which the β function has the following perturbative expansion up to two loops:
β(g) = β0g

3 + β1g
5 + O(g7), with β0 < 0. Show that the scale dependence of the coupling

is given by

g(µ2) = !
1

β0 ln
( µ2

72

)

(
1+

β1

β2
0

ln ln
( µ2

72

)

ln
( µ2

72

)

)
+ O

(
ln!2

( µ2

72

))
.

Hint: recall that 7 is defined as the infrared scale where the coupling constant becomes infinite.

Given the β function, the coupling constant evolves according to µκµg = β. This can be
turned into a differential equation for the scale dependence of g2:

µ
κg2

κµ
= 2β0g

4
(
1+ β1

β0︸︷︷︸
≡ b ∼ g2

g2
)
,

which can be rewritten as

dg2

g4(1+ bg2)
= β0

dµ2

µ2
.

To be definite, we integrate this differential equation between a coupling g2(µ2) at the scale
µ2 and a coupling g2(72) = ∞ at the scale 72. In other words, we define 7 to be the scale at
which the running coupling becomes infinite. Note that this scale always exists if β0,β1 < 0,
as is the case in QCD when the number of quark flavors is not too large (see Problem 47). In
the following integral, it is legitimate to integrate up to g2 = ∞ since the denominator 1+bg2

does not vanish if b > 0. We get
∫+∞

g2(µ2)

dg2

g4(1+ bg2)
= β0

∫72

µ2

dµ2

µ2
= !β0 ln

( µ2

72

)
.

In order to evaluate the integral on the left-hand side, we use
∫+∞

g2(µ2)

dg2

g4(1+ bg2︸︷︷︸
x

)
= b

∫+∞

bg2(µ2)

dx

x2(1+ x)
=

1

g2(µ2)
+ b ln

( bg2(µ2)

1+ bg2(µ2)

)
.

Therefore, we have

1

g2(µ2)
+ b ln

( bg2(µ2)

1+ bg2(µ2)

)
= !β0 ln

( µ2

72

)
.

Now, we must invert this equation in order to express g2(µ2) in terms of the logarithm that
appears on the right-hand side. Unfortunately, this cannot be done in closed form, and we must
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perform some kind of expansion. Let us denote by g20(µ
2) the solution obtained when keeping

only the one-loop β function,

g20(µ
2) = !

1

β0 ln
( µ2

72

) ,

and then write the full g2 as

g2(µ2) = g20(µ
2) + g21(µ

2).

When solving for g21, we may replace g2 by g20 in the term in b ln(·) because this term is
formally of higher order. Therefore, we have

1

g20(µ
2)

(
1!

g21(µ
2)

g20(µ
2)

+ · · ·
)
≈ !β0 0! b ln

( bg20(µ
2)

1+ bg20(µ
2)

)
,

where we denote 0 ≡ ln
( µ2

72

)
for compactness. This leads to

g21(µ
2) ≈ bg40(µ

2) ln
( bg20(µ

2)

1+ bg20(µ
2)

)

= !
β1

β3
00

2

(
ln(0) + ln

(β2
0

β1
+ 0!1

)
︸ ︷︷ ︸

const +O(0−1)

)

= !
β1 ln(0)
β3
00

2
+ O(0!2).

Therefore, we have

g(µ2) = !
1

β0 ln
( µ2

72

)

(
1+

β1

β2
0

ln ln
( µ2

72

)

ln
( µ2

72

)

)
+ O

(
ln!2

( µ2

72

))
.
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About the Problems of this Chapter

• Problem 18 addresses the quantization of a field theory in which the classical Hamilto-
nian is not separable, i.e., is not the sum of a function of momenta and a function of the
coordinates. Weyl quantization is introduced and its main properties are studied, as well
as its consequence on the path integral.

• The Legendre transform that relates the quantum effective action η to the generating
functional of connected correlation functions can be obtained from the request that
η shall reproduce the full theory solely from trees. In Problem 19, we provide a
combinatorial interpretation of the Legendre transform that illustrates its action at the
level of Feynman graphs.

• Problem 20 introduces the coherent state path integral, by which one may resolve the
identity in terms of coherent states instead of states of fixed coordinates or fixed momenta.
This formalism is used in Problem 21 in an alternative, more intuitive, derivation of the
bosonic path integral.

• In Problem 22, the concept of coherent state is extended to a spin, where it also has the
interpretation of a “nearly classical state” (i.e., loosely speaking, an arrow pointing in
some direction of three-dimensional space). A path integral expression is derived for the
transition amplitude between two such spin coherent states, that exhibits the so-called
Berry phase, or geometrical phase.

• As an illustration of zeta function regularization, Problem 23 derives a regularized
expression of the determinant of the Klein–Gordon operator.

• In Problem 24, we derive the Casimir energy between two parallel walls in scalar field
theory by the traditional approach, which consists in computing the dependence of the
zero-point vacuum energy on the separation between the walls. In Problem 25, we
reconsider this calculation in the spirit of the present chapter, and derive the Casimir
energy as the free energy resulting from an explicit modeling of the field–wall interaction.
This also provides a concrete application of zeta function regularization.

• The Gross–Neveu model, a model of spontaneous chiral symmetry breaking, is intro-
duced in Problem 26. In addition to its phenomenological interest, this illustrates a
standard technique called bosonization, by which a local fermionic interaction may be
removed via the introduction of an extra auxiliary bosonic field.

• Problem 27 derives the D’Hoker–Gagné formula, which provides a fermionic path
integral representation for the trace of a Wilson line in SU(N). This illustrates the fact
that path integrals may be used for ordering any type of non-commuting objects.

• In Problem 28, we introduce the framework of stochastic quantization, in which Eu-
clidean correlation functions may be obtained as noise averages of products of fields
that obey a Langevin equation with Gaussian white noise. These ideas are explored
further in Problem 29, in the case of a non-Euclidean toy model, in order to introduce
the concept (and problems) of complex Langevin equations.
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18. Weyl Quantization Weyl’s prescription for the quantization of a general classical
quantity f(q, p) is

F(Q,P) ≡
∫
dpdqdµdκ

(2j)2
f(q, p) ei(µ(Q!q)+κ(P!p)),

where Q,P are the position and momentum operators, while q, p are the corresponding
classical variables. (This is known as Weyl mapping.)

18.a Show that, for a separable quantity f(q, p) = a(q) + b(p), this definition simply leads
to F(Q,P) = a(Q) + b(P).

18.b Show that (αq+ βp)n is mapped to (αQ+ βP)n.

18.c Calculate the Weyl mapping of qp.

18.d Show that the inverse of Weyl mapping is the Wigner transform:

f(q, p) ≡
∫
ds eips

〈
q! s

2

∣∣F(Q,P)
∣∣q+ s

2

〉
.

18.e Show that, in the path integral, a non-separable Hamiltonian can be handled by evaluating
the Hamiltonian at the midpoints of the path discretization.

18.a A first remark that will prove useful in the following is to write the kernel of the Weyl
mapping in a factorized form using the Baker–Campbell–Hausdorff formula:

ei(µQ+κP) = eiµQ eiκP ei
µκ
2 .

Consider now a function a(q) of the classical coordinate. Its Weyl mapping is given by

A(Q,P) =

∫
dpdqdµdκ

(2j)2
a(q) e!i(µq+κp)eiµQ eiκP ei

µκ
2

=

∫
dµ

2j
ã(µ) eiµQ = a(Q).

In the second line, ã(µ) is the Fourier transform of a(q). The integral over µ is the inverse
Fourier transform, evaluated for an operator argument Q. A heuristic justification of the fact
that the result is the operator a(Q) consists in acting on an eigenstate

∣∣q
〉

of the position
operator (i.e., Q

∣∣q
〉
= q

∣∣q
〉
):

∫
dµ

2j
ã(µ) eiµQ

∣∣q
〉
=

∫
dµ

2j
ã(µ) eiµq

∣∣q
〉
= a(q)

∣∣q
〉
= a(Q)

∣∣q
〉
.

Thus, for a function that depends only on the coordinate, the Weyl prescription simply amounts
to replacing the classical variable q by the quantum operator Q in the function. A completely
analogous result holds for functions that depend only on the momentum p (the proof is
identical). Thus, Weyl’s prescription amounts to the usual substitution q → Q,p → P for
separable Hamiltonians.
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18.b Let us now see the changes for non-separable Hamiltonians. Consider first the function
f(q, p) ≡ (αq+ βp)n. Its Weyl mapping reads

F(Q,P) =

∫
dpdqdµdκ

(2j)2
(αq+ βp)n e!i(µq+κp)ei(µQ+κP)

=

∫
dpdqdµdκ

(2j)2

[
in(α∂µ + β∂κ)

n e!i(µq+κp)
]
ei(µQ+κP)

=

∫
dµdκ δ(µ)δ(κ)(!i)n(α∂µ + β∂κ)

n ei(µQ+κP).

At this stage, the evaluation of the derivatives is complicated by the fact that Q and P do not
commute. We can avoid this problem by introducing new variables ρ,σ defined by

µ ≡ αρ+ (1! α)σ, κ ≡ β(ρ! σ).

Under this transformation, we easily check that

dµdκ δ(µ)δ(κ) = dρdσ δ(ρ)δ(σ),

α∂µ + β∂κ = ∂ρ, µQ+ κP = ρ(αQ+ βP) + σ((1! α)Q! βP).

In terms of these new integration variables, we can write

F(Q,P) =

∫
dρdσ δ(ρ)δ(σ)(!i)n∂nρ e

i(ρ(αQ+βP)+σ((1!α)Q!βP))

=

∫
dρ δ(ρ)(!i)n∂nρ e

iρ(αQ+βP) = (αQ+ βP)n.

18.c In order to obtain the Weyl mapping of qp, we use the fact that qp = 1
2((q + p)2 !

q2 ! p2). The previous results imply the following mappings:

q2 → Q2, p2 → P2, (q+ p)2 → (Q+ P)2 = Q2 + P2 +QP + PQ.

Therefore, the Weyl mapping of qp is

qp → 1
2(QP + PQ).

This a simple example of a more general result: for any monomial qmpn, Weyl mapping
produces a sum of all the possible orderings of m Q’s and n P’s, divided by the number of
terms. Note that there is not a unique representation of these formulas, since seemingly different
but nevertheless equivalent expressions can be obtained by using the canonical commutation
relation [Q,P] = i.

18.d Let us now consider the inverse problem: find f(q, p) given the quantum operator
F(Q,P). Consider the following integral, called the Wigner transform of the operator F(Q,P):

∫
ds eips

〈
q! s

2

∣∣F(Q,P)
∣∣q+ s

2

〉

=

∫
dsdrdkdµdκ

(2j)2
eipse!i(µr+κk) f(r, k)

〈
q! s

2

∣∣eiµQ
︸ ︷︷ ︸
e
iµ(q−

s
2 )
〈
q!

s
2

∣∣

eiκPei
µκ
2
∣∣q+ s

2

〉
.

On the right-hand side, we have just replaced F by its expression as the Weyl mapping of f.
Then, we insert on the right of the operator exp(iκP) an indentity operator expressed as a
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complete sum over momentum eigenstates. This leads to
∫
ds eips

〈
q! s

2

∣∣F(Q,P)
∣∣q+ s

2

〉
=

∫
dsdrd*dkdµdκ

(2j)3
f(r, k)

× eipse!i(µr+κk)eiµ(q!
s
2 )ei

µκ
2
〈
q! s

2

∣∣eiκP
∣∣*
〉〈
*
∣∣q+ s

2

〉
︸ ︷︷ ︸

eiν"e−i"s

.

Then, the integral over κ gives a factor 2j δ(*! k+ µ
2 ), and the integral over s gives a factor

2j δ(*! p+ µ
2 ). With these delta functions, we can effortlessly perform the integrals over k

and * to obtain
∫
ds eips

〈
q! s

2

∣∣F(Q,P)
∣∣q+ s

2

〉
=

∫
drdµ

2j
f(r, p) eiµ(q!r) = f(q, p).

This completes the proof of the fact that the Wigner transform is the inverse of Weyl mapping.

18.e Consider now a general classical Hamiltonian H(q, p), possibly non-separable. In
order to derive the path integral representation of a transition amplitude, we need to evaluate
an elementary matrix element such as

〈
q2

∣∣e!i∆H(Q,P)
∣∣q1

〉
=

〈
q2

∣∣
(
1! i∆H(Q,P) + O(∆2)

)∣∣q1

〉
.

The zeroth-order term is trivial. For our purposes, it is sufficient to calculate the term of order
∆1. Indeed, since ∆ ∼ N!1 (N being the number of time slices), the terms of order ∆2 or
higher disappear in the limit N → ∞ when all time slices are combined. Therefore, let us
consider

〈
q2

∣∣H(Q,P)
∣∣q1

〉
=

∫
dpdqdµdκ

(2j)2
H(q, p) e!i(µq+κp) ei

µκ
2

〈
q2

∣∣eiµQ eiκP
∣∣q1

〉
︸ ︷︷ ︸

eiµq2
∫

dk
2π

eiνk eik(q2−q1)

=

∫
dpdqdκ

2j
H(q, p) e!iκp δ(q2 ! q+ κ

2 ) δ(κ+ q2 ! q1)

=

∫
dp

2j
H(q1+q2

2 , p) eip(q2!q1).

All the integrals are trivial, and the final outcome is an expression where the classical Hamilto-
nian is evaluated at the midpoint coordinate q1+q2

2 instead of q1 or q2.

19. Combinatorial Interpretation of the Legendre Transform This problem provides a
combinatorial approach to the Legendre transform, which leads to a simple diagrammatic inter-
pretation. Consider a formal power series η(X) ≡ 1

2η
(2)
ab XaXb +

∑
n>2

1
n!η

(n)
a1···anXa1 · · ·Xan ,

with no constant or linear terms and with η
(2)
ab invertible. Viewing this series as an “effective ac-

tion,” denote by W(J) the formal series of trees constructed with the “Feynman rules” defined
by this action and a source Ja coupled to the field Xa. We wish to prove combinatorially that
η(X(J)) + J X(J) = W(J), where X(J) and J are linked by Ja + ∂η/∂Xa = 0. (The derivative
∂η/∂X is a well-defined operation in the ring of formal series, which does not require any
notion of convergence.)
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19.a Given a tree diagram G, show that nV (G)!nE(G) = 1, where nV and nE are the number
of vertices (including the sources J) and edges of G, respectively.

19.b Consider the m-th derivative ∂mW(J)/∂Ja1 · · ·∂Jam

∣∣
J=0

. Show that it is the sum of all
the tree graphs with m external points a1, a2, . . . , am, with edges E ≡ !(η (2))!1 and
vertices Vn ≡ η (n). Explain why every graph has a symmetry factor equal to 1.

19.c Consider now the m-th derivative of η(X(J)) + J X(J). Show that it is represented by
the same tree graphs as the derivative of W(J).

19.d Show that each of these graphs occurs nV (G) ! nE(G) times. Hint: show that the
derivatives of η(X(J)) + J X(J) can be decomposed as

∂mη(X(J)) + J X(J)

∂Ja1 · · ·∂Jam

∣∣∣
J=0

= t
(1)
1 +

∑

n≥3

1

n!

[
Vn

]
t
(n)
1 · · · t(n)n !

1

2
t
(2)
1 E!1t

(2)
2 ,

where the t
(n)
p are trees. Then, explain why the first two terms produce each tree graph

nV (G) times, and the third term produces this graph nE(G) times.

19.a The functional W(J) is defined as the formal series of trees constructed with the rules
allowed by the action η(X), and all the “branches” of these trees are terminated by a source J:

W(J) =
∑

trees J

E = −[Γ (2)]
−1S

(3)

S
(4)

.

(In quantum field theory, these graphs would give the connected tree-level vacuum-to-vacuum
transition amplitude in the presence of an external source J.) Let us denote by n(i)

V
the number

of vertices of valence i (i ≥ 3) in such a graph, by nE its number of edges, and by nJ the
number of sources it contains. Since this a tree diagram, we have

0 = nE + 1!
(
nJ +

∑

i≥3

n(i)
V

︸ ︷︷ ︸
≡ n

V

)
.

(This is the standard formula for the number of loops in a graph.) Although these graphs are
not Feynman graphs but just graphical representations of a formal series, the same type of
reasoning applies if we imagine that the lines carry a “momentum.” This equation counts
the number of unconstrained momenta in the graph, starting from the number of edges and
subtracting 1 for each vertex or each source (since the source controls the momentum that
flows from it into the graph). As usual, the +1 is due to the fact that these constraints are not
independent, but obey exactly one linear relationship corresponding to overall momentum
conservation.
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19.b Each time we differentiate W(J) with respect to a source Ja, we remove a source from
the corresponding graphs, as in

∂W(J)

∂Ja
=

∑

trees a

.

If we differentiate m times, and then set J ≡ 0, only the graphs that have exactly m sources
contribute, and this operation gives tree graphs with m open external legs (and no source left).
Note that the external lines of these graphs carry labels a1, . . . , am corresponding to the labels
of the sources with respect to which the differentiation was performed:

∂mW(J)

∂Ja1 · · ·∂Jam

∣∣∣∣
J=0

=
∑

trees a1

a2 a3

am

.

Because of these labels, these graphs have a symmetry factor equal to 1 (i.e., permuting external
lines gives a different graph).

19.c The formal series X(J) that satisfies Ja + ∂η/∂Xa = 0 can be constructed recursively
order-by-order in J, starting from the solution of the “lowest-order” equation,

η
(2)
ab X(J)b + Ja = 0, i.e., X(J)a = !

[
η (2)

]!1

ab︸ ︷︷ ︸
≡ Eab

Jb.

We see from this expression that the edges Eab of the graphs are given by the inverse of
!η

(2)
ab . Moreover, for n ≥ 3, η (n)a1···an is the expression for the vertex Vn of valence n, and

to uniformize the notation we may view the source Ja as a valence-1 vertex V1. Beyond the
lowest order, the series X(J) is given as the sum of tree graphs with one open end and sources
attached to all the other external lines:

X(J) = + + + + . . . . (2.18)

Consider now the object A(J) ≡ η(X(J)) + J X(J). First, we have

η(X(J)) = 1
2η

(2)
ab X(J)aX(J)b +

∑

n≥3

1
n!η

(n)
a1···anX(J)a1 · · ·X(J)an .

Then, A(J) can be written as follows in terms of the edges E and vertices Vn:

A(J) =
[
V1

]
a
X(J)a +

∑

n≥3

1

n!
[Vn]a1···anX(J)a1 · · ·X(J)an !

1

2

[
E
]!1

ab
X(J)aX(J)b.

Our next task is to differentiate A(J) multiple times with respect to J. Recall that X(J)a
is the sum of trees with one labeled external leg (see (2.18)), and all other legs attached to
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a source. Obviously, when we differentiate the above expression m times with respect to J
and then set J = 0, we also obtain tree graphs with exactly m labeled external legs, i.e., a
contribution to the m-th derivative of W(J). Formally, we may organize this derivative as
follows:

∂mA(J)

∂Ja1 · · ·∂Jam

∣∣∣
J=0

= t
(1)
1 +

∑

n≥3

1

n!

[
Vn

]
t
(n)
1 · · · t(n)n !

1

2
t
(2)
1 E!1t

(2)
2 , (2.19)

where the t(n)p are trees obtained by stripping out the contributions to X(J) of all their J’s. (Note
that V1 is no longer present in this expression, since it was equal to a source and therefore
disappeared in the differentiation).

19.d Let us now count how many times a given tree graph G with m labeled external legs
(i.e., a contribution to the m-th derivative of W(J)) can occur in this expression. First, let us
note that in (2.19), the tree graphs are constructed in two different ways. In the first two terms,
a tree graph G is obtained by attaching smaller trees to a vertex v (which can be one of the
external points of G, considered as a vertex of valence 1). Generically, trees built in this way
around a vertex v have the following expression:

G =
1

n!
v

n∏

i=1

[
Tree

]
i
.

On the right-hand side, v = Vn for n ≥ 3 and v = 1 for n = 1, and the prefactor 1/n! ensures
that we are not overcounting when permuting the trees attached to the exposed vertex. The
first two terms of (2.19) provide this kind of representation of G, for any possible choice of a
vertex in G, as illustrated below:

t
(1)
1 =

v

+

v

+ +

v

∑

n≥3

1

n!

[
Vn

]
t
(n)
1 · · · t(n)n =

v

+ v +

v

+
v

.

(In the diagrams on the right-hand side, we indicate by an open circle the vertex around which
G is constructed.) Therefore, if the graph has nV vertices, the first two terms of (2.19) are
equal to nV × G:

t
(1)
1 +

∑

n≥3

1

n!

[
Vn

]
t
(n)
1 · · · t(n)n = nV G.

The other way in which a tree graph G appears in (2.19) is via the third term, in which an
edge e of the graph is singled out and two trees (amputated of one of their external legs) are
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attached on either side of this edge. In terms of this edge, the graph can be written as

G =
1

2
LER =

1

2

(
LE

)
︸ ︷︷ ︸
t
(2)
1

E!1
(
ER

)
︸ ︷︷ ︸
t
(2)
2

,

where L, R are the sub-trees (amputated of the external leg on the side of the exposed edge)
on the left and on the right of the exposed edge. The prefactor 1/2 is a symmetry factor that
compensates for the overcounting due to swapping the two sub-trees. Such a combination
occurs in the third term of (2.19), for all possible choices of the edge e:

1

2
t
(2)
1 E!1t

(2)
2 =

e
+ e + e .

Since the exposed edge e (shown in bold on the right-hand side of the preceding equation) can
be arbitrary, the third term of (2.19) is equal to nE × G if the graph G has nE edges:

1

2
t
(2)
1 E!1t

(2)
2 = nE G.

Since this reasoning applies to any tree graph G, we have in fact shown that

∂mA(J)

∂Ja1 · · ·∂Jam

∣∣∣∣∣
J=0

=
∑

trees

(
nV ! nE︸ ︷︷ ︸

= 1

)
G =

∑

trees
G =

∂mW(J)

∂Ja1 · · ·∂Jam

∣∣∣∣∣
J=0

,

and the derivatives of J X(J) + η(X(J)) and of W(J) are identical, which ensures that the two
formal series are identical.
Source: Jackson, D. M., Kempf, A. and Morales, A. H. (2017), J Phys A 50: 225201.

20. Coherent State Path Integral This problem builds upon Problem 15, about coherent
states. Consider a coherent state defined by

∣∣,in
〉
≡ exp

(
!

1

2

∫
d3k

(2j)32Ek

∣∣,(k)
∣∣2
)

exp
( ∫

d3k

(2j)32Ek
,(k)a†

k,in

) ∣∣0in
〉
.

20.a Check that

ap,in
∣∣,in

〉
= ,(p)

∣∣,in
〉
, a†

p,in

∣∣,in
〉
=

(,∗(p)
2

+ (2j)32Ep
δ

δ,(p)

) ∣∣,in
〉
.

20.b Show that the overlap between a coherent state and a Fock state (i.e., a state with a fully
specified particle content) is given by

〈
p1 · · ·pnin

∣∣,in
〉
= exp

(
!

1

2

∫
d3k

(2j)32Ek

∣∣,(k)
∣∣2
)
,(p1) · · ·,(pn).
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20.c Use this result to show that the identity operator can be written as

1 =

∫ [
D,(k)D,∗(k)

] ∣∣,in
〉〈
,in

∣∣.

20.d By using 1 = 12, find another – non-diagonal – representation of the identity in terms of
coherent states, of the form

1 =

∫ [
D,D,∗DξDξ∗

]
F[,,,∗, ξ, ξ∗]

∣∣,in
〉〈
ξin

∣∣.

The fact that the representation of the identity is not unique when expressed in terms of
coherent states implies that the set of coherent states is overcomplete.

20.a In order to determine the action of the annihilation operator ap,in on a coherent state,
we must bring this operator to the right of the exponential containing the creation operators,
where it will annihilate the vacuum. We have

[
ap,in, a

†
k,in

]
= (2j)32Epδ(p! k),

[
ap,in,

( ∫
d3k

(2j)32Ek
,(k)a†

k,in

)n]
= n,(p)

( ∫
d3k

(2j)32Ek
,(k)a†

k,in

)n!1
,

which implies the announced answer after summation on n. To check the formula for the
action of a creation operator on a coherent state, we simply differentiate its definition with
respect to ,(p), which gives

δ

δ,(p)
exp

( ∫
d3k

(2j)32Ek
,(k)a†

k,in

)
=

a†
p,in

(2j)32Ep
exp

( ∫
d3k

(2j)32Ek
,(k)a†

k,in

)
,

δ

δ,(p)
exp

(
!

∫
d3k

(2j)34Ek

∣∣,(k)
∣∣2
)
= !

,∗(p)

(2j)34Ep
exp

(
!

∫
d3k

(2j)34Ek

∣∣,(k)
∣∣2
)
.

20.b Let us now recall the definition of Fock states,
∣∣p1 · · ·pnin

〉
= a†

p1,in
· · ·a†

pn,in

∣∣0in
〉
,

and that they form a complete set of states. From their definition, it is easy to calculate the
overlap between two Fock states:

〈
q1 · · ·qmin

∣∣p1 · · ·pnin
〉

(2.20)

=
〈
0in

∣∣aq1,in · · ·qqm,in a†
p1,in

· · ·a†
pn,in

∣∣0in
〉

= δmn

∑

σ∈Sn

(2j)32Ep1
δ(p1 ! qσ(1)) · · · (2j)32Epn

δ(pn ! qσ(n)). (2.21)

(This result is obtained by moving in turn every annihilation operator from the left to the right,
where it will eventually annihilate the vacuum state. While doing this, we collect non-zero
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contributions from their commutators with the creation operators. The final result is in fact
very similar to Wick’s theorem, and takes the form of a sum over all the possible pairings
between the creation and annihilation operators.)

In order to simplify the notation, let us denote by N, the prefactor that normalizes the
coherent state:

N, ≡ exp
(
!

1

2

∫
d3k

(2j)32Ek

∣∣,(k)
∣∣2
)
.

In order to calculate the overlap of a coherent state with a Fock state, we expand the exponential
containing the creation operators:

∣∣,in
〉
= N,

( ∞∑

n=0

1

n!

( ∫
d3k

(2j)32Ek
,(k)a†

k,in

)n
)
∣∣0in

〉
.

When contracting this with an n-particle state, the previous result ensures that only the term
of order n in the exponential contributes, because this is the only one that gives matching
numbers of creation and annihilation operators:

〈
p1 · · ·pnin

∣∣,in
〉
=

N,

n!

∫
d3k1

(2j)32Ek1

· · · d3kn

(2j)32Ekn

,(k1) · · ·,(kn)

×
∑

σ∈Sn

(2j)32Ep1
δ(p1 ! kσ(1)) · · · (2j)32Epn

δ(pn ! kσ(n))

= N, ,(p1) · · ·,(pn).

(To obtain the final formula, note that the integral over k1, . . . ,kn is fully symmetric, implying
that all the permutations σ ∈ Sn give the same contribution, which cancels the prefactor
1/n!.)

20.c In order to check the proposed expression for the identity operator, recall that the Fock
states are a complete set of states, whose overlap is given in Eq. (2.21). Thus, it is sufficient
that the proposed formula gives the same result when sandwiched between two Fock states:

〈
q1 · · ·qmin

∣∣
[ ∫ [

D,(k)D,∗(k)
] ∣∣,in

〉〈
,in

∣∣
]
∣∣p1 · · ·pnin

〉

=

∫[
D,(k)D,∗(k)

] 〈
q1 · · ·qmin

∣∣,in
〉〈
,in

∣∣p1 · · ·pnin
〉

=

∫[
D,(k)D,∗(k)

]
exp

(
!

∫
d3k

(2j)32Ek

∣∣,(k)
∣∣2
)
,(q1)· · ·,(qm),

∗(p1)· · ·,∗(pn).

The final integral is a Gaussian path integral (in momentum space). By means of Wick’s
theorem, such integrals are fully expressible in terms of the only non-zero two-point correlation
function:

∫ [
D,(k)D,∗(k)

]
exp

(
!

∫
d3k

(2j)32Ek

∣∣,(k)
∣∣2
)
,(q),∗(p) = (2j)32Epδ(p! q)

(2.22)

(this equation defines the otherwise ambiguous normalization of the path integral). The general
result is a sum over all the ways of pairing the ,’s and the ,∗’s (thus it is non-zero only if
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m = n, hence the factor δmn), which reproduces (2.21) and proves the stated expression
for the identity. This result shows that the coherent states form a complete set of states. In
particular, any state

∣∣.
〉

can be written in the coherent state basis as follows:
∣∣.

〉
=

∫ [
D,(k)D,∗(k)

] 〈
,in

∣∣.
〉

︸ ︷︷ ︸
.(,,,∗)

∣∣,in
〉
,

where .(,,,∗) can be interpreted as the wavefunction of the state
∣∣.

〉
in the coherent state

representation.

20.d In fact coherent states are an overcomplete set of states, in the sense that any state can
be obtained as a linear superposition of a strict subset of the coherent states. One way to see
this overcompleteness is to consider

1 = 12 =

∫ [
D,D,∗DξDξ∗

] 〈
,in

∣∣ξin
〉 ∣∣,in

〉〈
ξin

∣∣. (2.23)

Note that the overlap of two coherent states is non-zero:

〈
,in

∣∣ξin
〉
= exp

(
!

1

2

∫
d3k

(2j)32Ek

(∣∣,(k)! ξ(k)
∣∣2 + ξ∗(k),(k)! ,∗(k)ξ(k)

))
.

(2.24)

(This formula was obtained in Problem 15.) Therefore, Eq. (2.23) provides an alternative
non-diagonal resolution of the identity operator in terms of coherent states. The existence of
several manifestly distinct representations of the identity in terms of a given set of states is an
indication that this set is overcomplete.

Additional Note: In the case of one-dimensional quantum mechanics, a coherent state is
defined by a single complex number ,. In this simpler situation, it is possible to characterize
more precisely when a subset of the set of coherent states is complete. Such subsets consist in
picking a subset {,} ⊂ . Whether such a subset is complete or not depends crucially on the
density of points , in the complex plane. In particular, for subsets defined as a lattice of points
{,mn ≡ m,1 + n,2|m,n ∈ } (with ,1,2 a pair of non-collinear complex numbers, defining
a parallelogram of non-zero area), one has the following results:

• The subset is overcomplete if the area of elementary cells of the lattice is < j.

• The subset is also overcomplete if this area is equal to j, but this time very mildly.
Removing any single element of the subset leads to a complete set, and removing any
pair of elements gives an incomplete set.

• The subset is not complete if this area is > j.

Loosely speaking, since coherent states have nearly well-defined position and momentum
(corresponding respectively to the real and imaginary parts of ,), a set of coherent states is
complete if there is at least “one state per quantum of phase-space, ∆q∆p ∼ 2j”. A proof of
this result can be found in Bargmann, V., Butera, P., Girardello, L. and Klauder, J. R. (1970),
Rep Math Phys 2(4): 221. (These properties are part of the more general theory of Gabor
frames.)
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21. Coherent State Path Integral (Continued) This problem follows up on Problem 20.

21.a Show that a coherent state can also be written as
∣∣,in

〉
= exp

(
i

∫
d3x

(
/(x)0in(0, x)! 0(x)/in(0, x)

)) ∣∣0in
〉
,

with 0,/ two real commuting functions related to the function ,(k) that defines the
coherent state. Thus, the coherent state

∣∣,in
〉

may also be denoted
∣∣(0,/)in

〉
.

21.b Show that
〈
(0,/)in

∣∣F[0in(0, x),/in(0, x)]
∣∣(0,/)in

〉

=
〈
0in

∣∣F[0in(0, x) + 0(x),/in(0, x) + /(x)]
∣∣0in

〉
= F[0(x),/(x)].

(The final result is valid under the assumption that F is normal-ordered.) Use this result
to obtain the expectation values of 0in(0, x) and /in(0, x) in a coherent state

∣∣(0,/)in
〉
.

Hint: use Weyl mapping, introduced in Problem 18, in order to express F[0in,/in] in
terms of a classical quantity f[0,/].

21.c Show that the identity operator can be expressed as

1 =

∫ [
D0(x)D/(x)

] ∣∣(0,/)in
〉〈
(0,/)in

∣∣.

21.d Derive a path integral formula for the transition amplitude between two such coherent
states,

〈
(0f,/f)in

∣∣ exp
(
! iH(tf ! ti)

)∣∣(0i,/i)in
〉
. Specify its boundary conditions.

21.a Recall the Fourier decomposition of the (free) field of the interaction representation
and its conjugate momentum,

0in(x) =

∫
d3k

(2j)32Ek

{
a†
k,in e

+ik·x + ak,in e
!ik·x

}
,

/in(x) = i

∫
d3k

(2j)32Ek
Ek

{
a†
k,in e

+ik·x ! ak,in e
!ik·x

}
.

The argument of the exponential of the proposed expression for a coherent state can then be
written as

i

∫
d3x

(
/(x)0in(0, x)! 0(x)/in(0, x)

)

=

∫
d3k

(2j)32Ek

{
i

∫
d3x e!ik·x (/(x)! iEk0(x)

)

︸ ︷︷ ︸
,(k)

a†
k,in

+ i

∫
d3x e+ik·x (/(x) + iEk0(x)

)

︸ ︷︷ ︸
!,∗(k)

ak,in

}
,

whose exponential is identical to the operator T, introduced in Problem 15. Since we have
shown there that

∣∣,in
〉
= T,

∣∣0in
〉
, this proves the announced representation of the coherent
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state. Note that the relationship between ,(k),,∗(k) and 0(x),/(x) can be inverted, to give

0(x) =

∫
d3k

(2j)32Ek

{
,∗(k) e!ik·x + ,(k) e+ik·x

}
,

/(x) = i

∫
d3k

(2j)32Ek
Ek

{
,∗(k) e!ik·x ! ,(k) e+ik·x

}
.

In other words, 0 is a commuting free field and / is its canonical conjugate (evaluated at
x0 = 0), in which ,∗(k) and ,(k) take the place of the creation and annihilation operators,
respectively.

21.b Consider now a generic operator built from 0in(0, x) and /in(0, x). In this calculation,
it is convenient to view F[0in,/in] as derived from a corresponding classical quantity f[0,/]
by means of Weyl mapping (see Problem 18):

F[0in,/in] ≡
∫ [

DµDκD0̃D/̃
]

exp
(
i

∫
(µ(0in ! 0̃) + κ(/in ! /̃))

)
f[0̃, /̃].

The expectation value of F[0in,/in] in the coherent state
∣∣(0,/)in

〉
can be written as

〈
(0,/)in

∣∣F[0in,/in]
∣∣(0,/)in

〉
=

∫ [
DµDκD0̃D/̃

] 〈
0in

∣∣e!AeBeA f[0̃, /̃]
∣∣0in

〉
,

with the following shorthands:

A ≡ i

∫
(/0in ! 0/in), B ≡ i

∫
(µ(0in ! 0̃) + κ(/in ! /̃)).

Since A and B contain only equal-time field operators and their conjugates, the Baker–
Campbell–Hausdorff formula gives

eBeA = eAeBe[B,A], [B,A] = i

∫
(µ0+ κ/),

so that
〈
(0,/)in

∣∣F[0in,/in]
∣∣(0,/)in

〉

=

∫ [
DµDκD0̃D/̃

]〈
0in

∣∣ exp
(
i

∫ (
µ(0in+0!0̃)+κ(/in+/!/̃)

))
f[0̃, /̃]

∣∣0in
〉

=
〈
0in

∣∣F[0in + 0,/in + /]
∣∣0in

〉
.

In this form, this equation is always valid. (Note that this formula is consistent with the fact
that a coherent state is the ground state of a quadratic theory with a shifted field, a property
already observed in Problem 15.) To evaluate the right-hand side, we may expand F[·, ·] in
powers of 0in,/in about F[0,/]. If all the operators are normal-ordered so that the creation
operators are on the left of the annihilation operators, all the terms in this expansion have a
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null expectation value in the vacuum, except the zeroth-order term, i.e.,
〈
(0,/)in

∣∣F[0in,/in]
∣∣(0,/)in

〉
= F[0,/] = f[0,/].

(F[· , · ] differs from f[· , · ] by the ordering of the 0’s and /’s, but this distinction is irrelevant
when the arguments are commuting classical fields.) In particular, we have

〈
(0,/)in

∣∣0in(0, x)
∣∣(0,/)in

〉
= 0(x),

〈
(0,/)in

∣∣/in(0, x)
∣∣(0,/)in

〉
= /(x).

These formulas suggest that the coherent state
∣∣(0,/)in

〉
is a close quantum analogue of a

classical state of “position” 0 and “conjugate momentum” /. Moreover, without normal-
ordering, we also have

〈
(0,/)in

∣∣02
in
∣∣(0,/)in

〉
!
〈
(0,/)in

∣∣0in
∣∣(0,/)in

〉2

=
〈
0in

∣∣(0in + 0)2
∣∣0in

〉
!
〈
0in

∣∣0in + 0
∣∣0in

〉2

=
〈
0in

∣∣02
in
∣∣0in

〉
!
〈
0in

∣∣0in
∣∣0in

〉2
,

and likewise
〈
(0,/)in

∣∣/2
in
∣∣(0,/)in

〉
!
〈
(0,/)in

∣∣/in
∣∣(0,/)in

〉2
=

〈
0in

∣∣/2
in
∣∣0in

〉
!
〈
0in

∣∣/in
∣∣0in

〉2
,

regardless of 0,/. In other words, the variance of the field fluctuations is the same in a coherent
state and in the vacuum (to check this property, we must not normal-order the operators, since
normal-ordering suppresses the zero-point vacuum fluctuations).

21.c The integration measure [D,(k)D,∗(k)] can be rewritten in terms of the real fields
0(x),/(x):

[
D,(k)D,∗(k)

]
= det

(
δ(,(k),,∗(k))

δ(0(x),/(x))

)

︸ ︷︷ ︸∏
k
(2iEk)

[
D0(x)D/(x)

]
.

The determinant is field independent and can thus be ignored. Using the result (2.22) of the
previous problem, we thus obtain

1 =

∫ [
D0(x)D/(x)

] ∣∣(0,/)in
〉〈
(0,/)in

∣∣. (2.25)

21.d Let us now see how to use this result in order to derive a path integral representation
of transition amplitudes between a pair of coherent states. First, we factorize the evolution
operator into N factors corresponding to intervals 1 ≡ (tf ! ti)/N:

e!i(tf!ti)H = e!i1H × · · ·× e!i1H
︸ ︷︷ ︸

N factors
.

Then, we insert between each pair of such factors an identity operator expressed as (2.25). In
order to streamline the notation, it is useful to rename the initial state

∣∣(00,/0)in
〉

and the final
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state
〈
(0N ,/N)in

∣∣. We are thus led to evaluating elementary factors such as

〈
(0n,/n)in

∣∣e!i1H
∣∣(0n!1,/n!1)in

〉

=
〈
(0n,/n)in

∣∣(0n!1,/n!1)in
〉
〈
(0n,/n)in

∣∣1! i1H + O(12)
∣∣(0n!1,/n!1)in

〉
〈
(0n,/n)in

∣∣(0n!1,/n!1)in
〉

=
〈
(0n,/n)in

∣∣(0n!1,/n!1)in
〉
(
1!i1

〈
(0n,/n)in

∣∣H
∣∣(0n!1,/n!1)in

〉
〈
(0n,/n)in

∣∣(0n!1,/n!1)in
〉 +O(12)

)

=
〈
(0n,/n)in

∣∣(0n!1,/n!1)in
〉(
1!i1

〈
(0n,/n)in

∣∣H
∣∣(0n!1,/n!1)in

〉
+O(12)

)

=
〈
(0n,/n)in

∣∣(0n!1,/n!1)in
〉

exp
(
!i1

〈
(0n,/n)in

∣∣H
∣∣(0n!1,/n!1)in

〉
+O(12)

)

=
〈
(0n,/n)in

∣∣(0n!1,/n!1)in
〉

exp
(
!i1

〈
(0n,/n)in

∣∣H
∣∣(0n,/n)in

〉
+O(12)

)

=
〈
(0n,/n)in

∣∣(0n!1,/n!1)in
〉

exp
(
!i1H(0n,/n)+O(12)

)
. (2.26)

In going from the third to the fourth line, we used
〈
(0n,/n)in

∣∣(0n!1,/n!1)in
〉
= 1+ O(1).

In the penultimate line, we identified the two coherent states in the second factor, because their
difference contributes only at order 12 and therefore vanishes in the limit N → +∞.

We must now evaluate the first factor on the right-hand side of (2.26) at order 11. The
overlap between two coherent states is given in Eq. (2.24) in the Problem 20. Here, we need
the overlap between two nearby coherent states,

〈
,+ δ,in

∣∣,in
〉
= exp

(1
2

∫
d3k

(2j)32Ek

(
(δ,)∗,! ,∗(δ,)) + O(δ,2)

)

= exp
( i

2

∫
d3x

(
/(δ0)! 0(δ/)

)
+ O(δ,2)

)
,

where δ0, δ/ are the variations of the functions 0,/ corresponding to the variation δ,.
At this point, we can take the limit N → +∞ of infinitesimal intervals. The sequence of
functions of space 0n(x),/n(x) can then be replaced by a pair of spacetime-dependent ones
0(t, x),/(t, x), and the transition amplitude takes the form of a path integral,

〈
(0f,/f)in

∣∣e!i(tf!ti)H
∣∣(0i,/i)in

〉

=

∫
[D0(x)D/(x)] exp

(
i

∫ tf

ti

d4x
(
1
2(/∂t0! 0∂t/)!H(0,/)

))
.

Up to an integration by parts of the second term inside the exponential, this is the well-known
Hamiltonian form of the path integral. Moreover, from the derivation, it should be clear that
the boundary values of the functions 0,/ are

0(ti, x) = 0i(x), /(ti, x) = /i(x), 0(tf, x) = 0f(x), /(tf, x) = /f(x).
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22. Spin Coherent States and the Berry Phase Consider a single spin-1/2 object, and
denote by

∣∣±
〉

the usual spin states
∣∣s = 1

2 ,m = ± 1
2

〉
(with a quantization axis along the z

axis). Let n̂ be a unit vector pointing in the spatial direction corresponding to a polar angle 2
and azimuth 3, let n̂0 be the unit vector in the z direction, and define a spin coherent state

∣∣n̂
〉

by

∣∣n̂
〉
≡ ei2α̂n·s

∣∣+
〉

with α̂n ≡ n̂× n̂0

||n̂× n̂0||
, si ≡ σi

2
.

22.a Check the following properties about
∣∣n̂

〉
:

∣∣n̂
〉
= cos 2

2

∣∣+
〉
+ ei3 sin 2

2

∣∣!
〉
,

〈
n̂
∣∣n̂

〉
= 1,

1

2j

∫j

0
d2 sin 2

∫ 2j

0
d3

∣∣n̂
〉〈
n̂
∣∣ = 1.

22.b Show that
〈
n̂
∣∣s
∣∣n̂

〉
= 1

2 n̂. Therefore, a coherent state
∣∣n̂

〉
is a state where the spin

points in the definite direction n̂, providing the closest possible analogue to a classical
angular momentum.

22.c Show that
〈
n̂ ′∣∣n̂

〉
=

(
1+n̂·n̂ ′

2

)1/2
e!i4, where 4 is a real phase. For a state n̂ ′ infinitesi-

mally close to n̂, show that 4 is one-half of the area of the spherical triangle of summits
(n̂n̂ ′n̂0). Extra: prove that this is also true for arbitrary separations.

22.d Derive a path integral expression for the transition amplitude
〈
n̂ ′∣∣e!i(tf!ti)H

∣∣n̂
〉
. Note

that the resulting formula contains a purely geometrical term that does not vanish even
when H → 0. This term is known as a Berry phase.

22.a Let 2,3 be the polar and azimuthal angles in spherical coordinates that represent the
vector n̂, respectively. The Cartesian coordinates of n̂, n̂0 and n̂× n̂0 read

n̂ =




sin 2 cos3
sin 2 sin3

cos 2



 , n̂0 =




0

0

1



 , n̂× n̂0 =




sin 2 sin3

! sin 2 cos3
0



 .

Since sin 2 is positive in the interval 0 ≤ 2 ≤ j, the unit vector in the direction of n̂ × n̂0

reads

α̂n ≡ n̂× n̂0

||n̂× n̂0||
=




sin3

! cos3
0



 .

A standard su(2) calculation then yields
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ei2α̂n·s = cos 2
2 + 2i sin 2

2 α̂n · s.

Note that α̂n ·s can be expressed in terms of the raising and lowering operators, s± ≡ s1± is2:

α̂n · s =
1

2i

(
ei3 s! ! e!i3 s+

)
.

Using s+
∣∣+

〉
= 0, s!

∣∣+
〉
=

∣∣!
〉
, we thus get the following expression for the spin coherent

state:
∣∣n̂

〉
≡ ei2α̂n·s

∣∣+
〉
= cos 2

2

∣∣+
〉
+ ei3 sin 2

2

∣∣!
〉
. (2.27)

It is immediately clear that this state is normalized to unity, since
〈
n̂
∣∣n̂

〉
= cos2 2

2 + sin2 2
2 = 1.

Consider now the quantity
〈
L
∣∣n̂

〉〈
n̂
∣∣R
〉
, where

〈
L
∣∣,
∣∣R
〉

are the basis spin states
∣∣±

〉
. It is

straightforward to obtain the following table for this quantity and its integral over 2,3:
〈
L
∣∣ ∣∣R

〉 〈
L
∣∣n̂

〉〈
n̂
∣∣R
〉 ∫j

0 d2 sin 2
∫2j
0 d3

〈
L
∣∣n̂

〉〈
n̂
∣∣R
〉

〈
+
∣∣ ∣∣+

〉
cos2 2

2 2j
〈
+
∣∣ ∣∣!

〉
e!i3 cos 2

2 sin 2
2 0

〈
!
∣∣ ∣∣+

〉
ei3 cos 2

2 sin 2
2 0

〈
!
∣∣ ∣∣!

〉
sin2 2

2 2j

From these results, we conclude that

1

2j

∫j

0
d2 sin 2

∫ 2j

0
d3

︸ ︷︷ ︸
∫

d2n̂
2π

∣∣n̂
〉〈
n̂
∣∣ =

∣∣+
〉〈

+
∣∣+

∣∣!
〉〈

!
∣∣ = 1. (2.28)

Therefore, the coherent spin states provide a complete (in fact, overcomplete) set spanning the
Hilbert space of spin-1/2 states.

22.b In order to evaluate the expectation value of the spin operator in a coherent state, we
need the following:

s1 =
s++s−

2 , s2 =
s+!s−

2i , s3
∣∣±

〉
= ± 1

2

∣∣±
〉
.

We get
〈
n̂
∣∣s1

∣∣n̂
〉
= 1

2

〈
n̂
∣∣s+

∣∣n̂
〉
+ 1

2

〈
n̂
∣∣s!

∣∣n̂
〉
= 1

2 cos 2
2 sin 2

2

(
ei3 + e!i3

)
= 1

2 sin 2 cos3,
〈
n̂
∣∣s2

∣∣n̂
〉
= 1

2i

〈
n̂
∣∣s+

∣∣n̂
〉
! 1

2i

〈
n̂
∣∣s!

∣∣n̂
〉
= 1

2i cos 2
2 sin 2

2

(
ei3!e!i3

)
= 1

2 sin 2 cos3,
〈
n̂
∣∣s3

∣∣n̂
〉
= 1

2 cos2 2
2 ! 1

2 sin2 2
2 = 1

2 cos 2.

We recognize on the right-hand side of these equations the Cartesian coordinates of the vector
n̂, which proves that

〈
n̂
∣∣s
∣∣n̂

〉
= 1

2 n̂. In other words, the coherent spin state
∣∣n̂

〉
is such that

the spin operator has an expectation value aligned with the vector n̂ itself, unlike the states∣∣s,m
〉

in which the spin vector can have a very delocalized orientation.
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22.c Given the explicit expression (2.27) for the coherent spin state, the overlap between
two such states reads

〈
n̂ ′∣∣n̂

〉
= cos 2

2 cos 2 ′

2 + ei(3!3 ′) sin 2
2 sin 2 ′

2 ,

and the scalar product between n̂ and n̂ ′ is

n̂ · n̂ ′ = sin 2 sin 2 ′(cos3 cos3 ′ + sin3 sin3 ′) + cos 2 cos 2 ′

= sin 2 sin 2 ′ cos(3!3 ′) + cos 2 cos 2 ′.

The squared modulus of
〈
n̂ ′∣∣n̂

〉
is given by

∣∣〈n̂ ′∣∣n̂
〉∣∣2 =

(
cos 2

2 cos 2 ′

2 + cos(3!3 ′) sin 2
2 sin 2 ′

2

)2
+
(

sin(3!3 ′) sin 2
2 sin 2 ′

2

)2

= cos2 2
2 cos2 2 ′

2 + sin2 2
2 sin2 2 ′

2 + 2 cos(3!3 ′) cos 2
2 sin 2

2︸ ︷︷ ︸
1
2 sin 2

cos 2 ′

2 sin 2 ′

2︸ ︷︷ ︸
1
2 sin 2 ′

= 1
2 +

1
2 cos 2 cos 2 ′ + 1

2 cos(3!3 ′) sin 2 sin 2 ′ =
1+ n̂ · n̂ ′

2
.

This proves that
〈
n̂ ′∣∣n̂

〉
is equal to

(
1+n̂·n̂ ′

2

)1/2 up to a phase.

In order to get a sense of the value of this phase, let us first consider the case where n̂ ′

is very close to n̂, i.e., where 2 ′ = 2 + d2 and 3 ′ = 3 + d3. Expanding to first order the
overlap between the two states gives

〈
n̂ ′∣∣n̂

〉
= 1! i d3 sin2 2

2 + · · · = 1! i d3
(
1!cos 2

2

)
+ · · · .

From this expansion, we can read the value of the phase 4 for this infinitesimal separation,

4 = d3
(
1!cos 2

2

)
.

In order to see the relationship between this quantity and the area of a spherical triangle, we
may view this area as the flux of a radial field, B(x) ≡ x̂/|x|2. Then, we note that this field
can be obtained as a curl,

B = ∇×A with A(x) =
1! cos 2
|x| sin 2

e0

(with e0 the unit vector along the lines of constant latitude), in order to rewrite this flux as the
integral of A along the boundary of the triangle. Since A ‖ e3, the edges (n̂ ′n̂0) and (n̂0n̂)
of this triangle do not contribute to the contour integral, and only the infinitesimal edge (n̂n̂ ′)
contributes, by an amount A · (n̂ ′ ! n̂) = d3(1! cos 2) (for a unit radius). Therefore, for an
infinitesimal separation, we have indeed shown that

〈
n̂ ′∣∣n̂

〉
=

(1+ n̂ · n̂ ′

2

)1/2
exp

(
! i

2 Area (n̂n̂ ′n̂0)
)
. (2.29)
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n̂0

n̂

n̂'

α

β

∆ϕ

θ

θ'

Figure 2.1 Notation for the angles of the spherical triangle (n̂n̂ ′n̂0).

General Case: For an arbitrary separation between n̂ ′ and n̂, the tangent of the phase 4 is
given by

tan4 =
tan 2

2 tan 2 ′

2 sin(∆3)

1+ tan 2
2 tan 2 ′

2 cos(∆3)
,

where ∆3 ≡ 3 ′!3. If we denote by ∆3,α,β the three angles (see Figure 2.1 for the notation)
of the spherical triangle (n̂n̂ ′n̂0), we have the following results of spherical trigonometry:

Area (n̂n̂ ′n̂0) = α+ β+ ∆3! j, tan
(
α+β
2

)
tan

(
∆3
2

)
=

cos
(
2!2 ′

2

)

cos
(
2+2 ′

2

) .

The first formula states that the area of a spherical triangle (that is, a triangle whose edges are
geodesics on the sphere) on the unit 2-sphere is equal to its excess angle, i.e., the deviation
of the sum of its angles from that of a planar triangle (this formula is a special case of the
Gauss–Bonnet theorem; see the extra material at the end of the solution to this problem for
an elementary proof). The second formula is known as Napier’s analogy, or the tangent rule.
These relations, with the help of some elementary trigonometry, lead to 4 = 1

2Area (n̂n̂ ′n̂0),
which generalizes (2.29) to coherent states with arbitrary separations.

22.d In order to evaluate the matrix element
〈
n̂ ′∣∣e!i(tf!ti)H

∣∣n̂
〉
, the standard procedure is

to slice the time interval [ti, tf] into N sub-intervals of size 1 ≡ (tf ! ti)/N. Then, we insert
between each of the resulting elementary evolution operators an identity operator written in the
form of (2.28). We are thus led to evaluating transition amplitudes between nearby coherent
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n̂0

n̂(τ
1
)

n̂(τ
2
)

Figure 2.2 Geometrical interpretation of the Berry phase.

states,
〈
n̂i+1

∣∣e!i1H
∣∣n̂i

〉

=
〈
n̂i+1

∣∣n̂i

〉
〈
n̂i+1

∣∣e!i1H
∣∣n̂i

〉
〈
n̂i+1

∣∣n̂i

〉 =
〈
n̂i+1

∣∣n̂i

〉
〈
n̂i+1

∣∣1! i1H + O(12)
∣∣n̂i

〉
〈
n̂i+1

∣∣n̂i

〉

=
〈
n̂i+1

∣∣n̂i

〉 (
1! i1

〈
n̂i+1

∣∣H
∣∣n̂i

〉
〈
n̂i+1

∣∣n̂i

〉 + O(12)
)
=

〈
n̂i+1

∣∣n̂i

〉 (
1! i1H(n̂i) + O(12)

)

= exp
(
! id4i ! i1H(n̂i) + O(12)

)
,

where d4i is one-half of the area of the spherical triangle (n̂in̂i+1n̂0) (this area is of order 1).
In taking the limit N → +∞, the discrete sequence of intermediate states n̂i becomes a curve
n̂(5) on the unit sphere, and the transition amplitude can be written as

〈
n̂ ′∣∣e!i(tf!ti)H

∣∣n̂
〉
=

∫

n̂(ti)=n̂

n̂(tf)=n̂ ′

[
Dn̂(5)

]
exp

(
! i

∫ tf

ti

d5
(
d4
d5 +H(n̂(5))

))
.

The first term inside the exponential, in d4/d5, is the spin analogue of the term pq̇ in the path
integral for the motion of a point particle. This term leads to non-trivial effects, even when the
Hamiltonian is zero. In particular, if n̂ ′ = n̂ (i.e., the evolution returns to its starting point),
this phase is one-half of the area above the closed curve n̂(5) on the unit 2-sphere. Loosely
speaking, it owes its existence to the fact that parallel transporting a vector around a closed loop
on a curved manifold results in a vector that differs from the starting one. This phase, known as
a geometric phase, or Berry’s phase, is illustrated in Figure 2.2. The denomination geometric
phase comes from the fact that this phase depends only on the shape of the path n̂(5), but not
on the velocity at which it is traveled. Note also that the Berry phase of a closed loop does not
depend on the choice of the quantization axis used for defining the states

∣∣s,m
〉

and therefore
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the coherent spin states. Indeed, changing the location of the reference orientation n̂0 does not
change the area if n̂0 remains in the upper part of the sphere. If n̂0 is moved to the lower part,
the area is transformed according to Area → Area ! 4j (the – unsigned – area of the lower
part is 4j!Area, but the orientation of the closed loop dictates that we must take its opposite).

From its origin as the overlap between neighboring coherent spin states, the Berry phase
can also be written as

4 = !i

∫
d5

〈
n̂(5)

∣∣∂5
∣∣n̂(5)

〉
= !i

∫
dn̂ ·

〈
n̂(5)

∣∣∇n̂

∣∣n̂(5)
〉

︸ ︷︷ ︸
A(n̂)

.

The second form makes it clear that the phase depends only on the shape of the path on the
2-sphere. The vector A(n̂) acts as a gauge potential, called the Berry potential in the present
case. This object is not defined uniquely: any transformation A → A+∇n̂α leaves the phase
accumulated around a closed loop invariant, provided the function α(n̂) varies by multiples
of 2j when n̂ returns to the starting point. Consequently, the vector A(n̂) is not directly
observable, while the Berry phase is.

From the gauge potential A, one may define the analogue of a field strength by

Fab(n̂) ≡ ∇a
n̂A

b(n̂)!∇b
n̂A

a(n̂),

and Stokes’s theorem allows us to rewrite the Berry phase of a closed loop 6 as an integral
over the upper part of the sphere (7) of boundary 6:

4[6 = ∂7] = !
i

2

∫

7
dn̂a ∧ dn̂b Fab(n̂).

In the case of the spin considered here, an explicit realization of this is obtained by extending
the function n̂(5) (shown by the black curve in Figure 2.2) to a function n̂(5, s) extended to
the part of the sphere above this curve, such that

n̂(5, s = 0) = n̂(5), n̂(5, s = 1) = n̂0.

Then, the total area above the curve can be obtained as

Area =

∫
dsd5 n̂ ·

(
∂5n̂× ∂sn̂

)
.

This integral is known as a Wess–Zumino term.

Elementary Derivation of the Area of a Spherical Triangle (on the Unit 2-Sphere): With
the notation of Figure 2.3, we have the following identities:

2Area
(
S
)
+ Area

(
A
)
+ Area

(
A ′) = 4α,

2Area
(
S
)
+ Area

(
B
)
+ Area

(
B ′) = 4β,

2Area
(
S
)
+ Area

(
C
)
+ Area

(
C ′) = 46,

2Area
(
S
)
+ Area

(
A
)
+ Area

(
A ′)

+ Area
(
B
)
+ Area

(
B ′)+ Area

(
C
)
+ Area

(
C ′) = 4j.

The prefactor 2 accompanying Area
(
S
)

arises because there is another domain, antipodal to
S, on the hidden side of the sphere. Adding the first three relations and subtracting the last one
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Figure 2.3 Left: Notation for the derivation of the area of a spherical triangle. Right:
triangulation of a pentagon by three spherical triangles.

gives

Area
(
S
)
= α+ β+ 6! j.

This formula can be generalized for a spherical p-gon bounded by arcs of great circles,

Area(p-gon) =
p∑

i=1

αi ! (p! 2)j,

where the αi’s are the interior angles at the vertices of the p-gon. This formula is obtained by
triangulating the p-gon so that it becomes a union of non-overlapping spherical triangles (if
one does not introduce any additional vertex, such a triangulation requires p! 2 triangles, as
illustrated in Figure 2.3).

Arbitrary Spins: It is possible to extend this discussion to the case of arbitrary spins S
instead of 1/2. The coherent spin states are defined in the same way, starting from the highest-
weight state

∣∣S, S
〉
. In order to more easily extract the spin dependence, one may check

that

exp
(
2
2e

i3s! ! 2
2e

!i3s+
)
= ezs−e! ln(1+zz∗)s3e!z∗s+ with z ≡ ei3 tan 2

2 .

(Although it is tempting to use the Baker–Campbell–Hausdorff formula to prove this, it is
much easier to check it by explicit matrix exponentiation in the case of the fundamental
representation of su(2), where the spin operators are the Pauli matrices divided by 2. Then,
one uses the fact that the fundamental representation is faithful, to conclude that this identity is
valid in any representation; see Problem 33). Using this identity, the coherent spin states and
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Figure 2.4 Triangulations of a sphere.

their overlap can be written as

∣∣n̂
〉
= (1+ zz∗)!S ezs−

∣∣S, S
〉
,

〈
n̂ ′∣∣n̂

〉
=

[
(1+ z ′∗z)2

(1+ z ′z ′∗)(1+ zz∗)

]S
.

The factors in the denominator are trivial. The numerator is equal to
〈
S, S

∣∣ez ′∗s+ezs−
∣∣S, S

〉
.

Only the terms up to order z2S can contribute in the second exponential (acting once more
with s! after we have reached the state

∣∣S,!S
〉

gives zero). Moreover, each term must have a
matching number of s+’s in order to bring the state back to

〈
S, S

∣∣ after its weight has been
lowered by the lowering operators. Therefore we have in fact an expansion in powers (z ′∗z)p. It
is then straightforward to compute the coefficients and check that they are (2S)!/(p!(2S!p)!),
giving (1 + z ′∗z)2S. Thus, for a spin S, the overlap of two coherent spin states is the 2S-th
power of its value for S = 1

2 . In particular, the phase is 4 = S · Area (n̂n̂ ′n̂0). Another place
where the S dependence enters is the resolution of identity, which becomes

2S+ 1

2j

∫j

0
d2 sin 2

∫ 2j

0
d3

∣∣n̂
〉〈
n̂
∣∣ = 1.

(The proof consists in inserting the left-hand side between the (2S + 1)2 pairs of states〈
S,m

∣∣ · · ·
∣∣S,m ′〉, in order to check that the result is δmm ′ .)

Gauss–Bonnet Theorem: Consider a two-dimensional smooth compact surface S. This
surface can be approximated by covering it with a mesh of planar triangles of increasingly
smaller areas, as illustrated in Figure 2.4 for the case of a sphere. Let us denote by V the number
of vertices, by E the number of edges and by F the number of faces in such a triangulation.
The combination ,(S) ≡ F + V ! E is called the Euler characteristic of the surface S. It is
easy to check that this combination is unchanged as one refines the triangulation, i.e., it is in
fact a property of the topology of the surface S, independent of the triangulation by which it is
approximated (see the discussion in Problem 42). Since a tetrahedron (V = 4, E = 6, F = 4)
is the simplest triangulation of a sphere, we have , = 2 for a sphere. Then, removing one
face (i.e., creating a closed boundary in the surface) reduces , by one unit. If we create two
such boundaries and then “glue” them in order to make a handle, , is reduced by two units.
Therefore, we have in general

, = 2! 2× (number of handles)! (number of boundaries).

For instance, the Euler characteristic of a torus is 0 (one handle and no boundary), as it is for a
finite section of cylinder (no handle and two boundaries).
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v

Figure 2.5 Definition of the angle 2v at a vertex v of a triangulation.

In the case of a general surface S, let us denote by EB the number of triangle edges that sit
on the boundary of S. One may check that

3 F = 2E! EB .

This formula follows from the fact that internal edges belong to two triangles, while boundary
edges belong to a single triangle. Therefore, 3× the number of faces should be 2× the number
of internal edges plus 1× the number of boundary edges. Using this relationship, the Euler
characteristic can be rewritten as

,(S) = V ! 1
2 F!

1
2 EB = V ! 1

2 F!
1
2 VB ,

where VB is the number of vertices on the boundary of S (since the surface is compact, its
boundary is a union of closed curves, and therefore EB = VB). Let us denote by αf,βf,6f

the angles at the corners of the face f. Obviously, since this face is a planar triangle, we have
αf + βf + 6f = j. Thus, we can write

2j,(S) = 2jV ! j F! jVB =
∑

v∈I
2j+

∑

v∈∂S
j!

∑

faces

(αf + βf + 6f)

=
∑

v∈I
(2j! 2v) +

∑

v∈∂S
(j! 2v), (2.30)

where I is the set of internal vertices. In the final equality, we have introduced 2v, the sum of
the angles pointing at the vertex v, defined as shown in Figure 2.5. Note that for an internal
vertex, 2v = 2j only if the surface has no curvature at the point v. Likewise, on the boundary,
2v = j only if the boundary is locally “straight” (which for a curved surface means “along
a geodesic”). Eq. (2.30) is a discrete version of the Gauss–Bonnet theorem. We see that it
expresses a global topological property of the surface (its Euler characteristic) as a sum of
terms that encode the local shape of the surface. In the limit of an infinitely fine triangular
mesh, one can show that

∑

v∈I
(2j! 2v) →

∫

S
KdS,

∑

v∈∂S
(j! 2v) →

∫

∂S
kg d*+

∑

cusps
(j! 2cusp),

where K is the Gaussian curvature of the surface (i.e., the product of its two principal curva-
tures), and kg is the geodesic curvature of the boundary (i.e., a measure of how much it deviates
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α

S
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π
−
α

Figure 2.6 Gauss mapping of a vertex of the triangulation of a surface. The area of the
spherical polygon image of this vertex is 2j! 2v.

from a geodesic). The final term in the second expression is the sum of finite contributions
one gets at the cusps of the boundary, assumed to be piecewise smooth. Thus, the continuous
version of the Gauss–Bonnet theorem reads

2j,(S) =

∫

S
KdS+

∫

∂S
kg d*+

∑

cusps
(j! 2cusp).

The remarkable aspect of this formula is that on the left-hand side the curvatures K and
kg are metric concepts on the manifold S, while the right-hand side is a purely topological
property of S.

The relationship between the quantity 2j ! 2v and the integrated curvature may be
understood as follows. First, observe that in the case of a triangulation, since the faces are
flat, the curvature K is concentrated at the vertices in the form of terms proportional to delta
functions. The fact that 2j! 2v is the contribution of the vertex v to the integrated curvature
can be established by using Gauss mapping, which maps a point x ∈ S of the surface, where
the unit normal vector is nx, to the point nx of the unit 2-sphere S2. A crucial property of
Gauss mapping is that it preserves the integrated curvature. Under this mapping, the faces,
edges and vertices of a triangulation are transformed as follows:

faces → points,
edges → arcs of great circles,

vertices → geodesic polygons,

as illustrated in Figure 2.6. From this figure, we see that the sum of the interior angles of the
p-gon which is the image of the vertex v under Gauss mapping is pj! 2v. Therefore, the area
of this polygon – which is also the corresponding integrated curvature since K = 1 on the unit
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sphere – is 2j! 2v. Since Gauss mapping conserves the integrated curvature, 2j! 2v is the
amount of integrated curvature of the triangulation carried by the vertex v.

23. Zeta Function Regularization of the Klein–Gordon Operator The heat kernel of
a Hermitian operator O of eigenvalues 8n and eigenfunctions .n(x) (normalized so that∑

n.n(x).∗
n(y) = δ(x! y)) is defined as

H
O
(x, y; 5) ≡

∑

n

e!8n5 .n(x).
∗
n(y).

23.a Find the equation of motion obeyed by H
O
(x, y; 5) and its initial condition at 5 = 0.

23.b The zeta function of O is defined as 9
O
(s) ≡

∑
n 8

!s
n . Show that it is given by

9
O
(s) =

1

η(s)

∫∞

0

d5

5
5s

∫
d4x H

O
(x, x; 5).

23.c Use this approach to show that the zeta function of the Euclidean Klein–Gordon operator
O ≡ m2 ! ∂2 in four dimensions is

9
O
(s) =

m4V4

16j2

1

m2s

1

(s! 1)(s! 2)

(V4 is the volume of space, assumed to be finite), and deduce from this an expression for
its determinant.

23.a From the fact that O.n(x) = 8n.n(x) and the definition of the heat kernel, we
immediately get

∂5HO
(x, y; 5) = !OH

O
(x, y; 5).

When O is an elliptic differential operator, this is indeed very similar to the heat equation,
hence the name heat kernel given to the function H

O
. Moreover, when 5 = 0, we have

H
O
(x, y; 0) =

∑

n

.n(x).
∗
n(y) = δ(x! y),

where we have used the completeness of the set of eigenfunctions.

23.b From the definition of the heat kernel, we also get
∫
d4x H

O
(x, x; 5) =

∑

n

e!8n5

∫
d4x .n(x).

∗
n(x)

︸ ︷︷ ︸
δnn=1

=
∑

n

e!8n5.

Recall here the integral that defines the gamma function,
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η(s) =

∫∞

0

d5

5
5s e!5,

from which we obtain
∫∞

0

d5

5
5s

∑

n

e!8n5 = η(s)
∑

n

8!s
n = η(s)9

O
(s),

where 9
O
(s) ≡

∑
n 8

!s
n is the zeta function associated with the operator O. Therefore, we

have shown that

9
O
(s) =

1

η(s)

∫∞

0

d5

5
5s

∫
d4x H

O
(x, x; 5).

This formula provides, in principle, a way of calculating the zeta function of the operator O.

23.c Consider now the Klein–Gordon operator in d-dimensional Euclidean space, O ≡
m2 ! ∂i∂i. The equation of motion for its heat kernel reads

∂5HO
= (∂2 !m2)H

O
.

The easiest way to solve it is to Fourier transform H
O

by defining

H̃
O
(p; 5) ≡

∫
ddx e!ip·(x!y)H

O
(x, y; 5),

so that

∂5H̃O
= !(p2 +m2) H̃

O
, with initial condition H̃

O
(p; 0) = 1.

This is an ordinary differential equation whose solution is trivial:

H̃
O
(p; 5) = e!(m2+p2)5.

The inverse Fourier transform is a simple Gaussian integral, giving

H
O
(x, y; 5) =

e!m25

(4j5)d/2
e!

(x−y)2

4τ . (2.31)

From this intermediate result, we have
∫∞

0

d5

5
5s

∫
ddx H

O
(x, y; 5) =

Vd

(4j)d/2

∫∞

0

d5

5
5s!d/2 e!(m25+

(x!y)2

45 )

=
2Vd

(4j)d/2

( |x! y|

2m

)s!d/2
Ks!d/2(m|x! y|).

When doing this calculation, we may view the heat kernel H
O
(x, y; 5) as a function of x and

x! y. Since (2.31) depends only on the coordinate difference x! y, the integration over x at
fixed x! y simply produces the volume Vd of d-dimensional Euclidean space (we need this
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volume to be finite for the integral to converge). We have expressed the final answer in terms
of the modified Bessel function of the second kind, whose integral representation is

Kκ(x) ≡
∫∞

0

d5

5
5κ e!

x
2 (5+5−1).

The only property of this special function that we need is its behavior near x = 0,

Kκ(x) =
x≈0

η(κ)

2

(2
x

)κ
+ · · · .

Thanks to this formula, we obtain

9
O
(s) =

Vd

(4j)d/2
1

m2s!d

η(s! d/2)

η(s)
=
d=4

m4V4

16j2

1

m2s

1

(s! 1)(s! 2)
.

Here, we can note a slightly unpleasant feature of our definition of the zeta function of an
operator, namely the fact that its dimension depends on the dimension of the operator and on
the value of the argument s (this is because the eigenvalues 8n have the same dimension as O
itself). Since in this example O has mass dimension two, this can be remedied by redefining

9
O
(s) → µ2s9

O
(s) =

d=4

m4V4

16j2

( µ

m

)2s 1

(s! 1)(s! 2)
,

where µ is some arbitrary mass scale (which one may think of as a renormalization scale). By
taking the derivative of this expression at s = 0, we get

ln det (m2 ! ∂2) =
d=4

m4V4

16j2

[
ln
(m
µ

)
!

3

4

]
.

24. Casimir Zero-Point Energy The goal of this problem is to calculate the Casimir
force exerted on a pair of parallel plates in a massless scalar field theory. As shown in
Figure 2.7, we consider a box of size L × L × *, containing three parallel plates at z = 0, a
and * on which we assume that the field must vanish. E(r) denotes the zero-point energy
contained between a pair of such plates separated by r, and the Casimir energy is defined as
E(a) ≡ E(a) + E(*! a)! 2 E( *2).

24.a Determine the expression for E(r) (as a combination of integrals and sums that we shall
not try to compute at this point). In order to make it finite, introduce a cutoff function on
the energy of the modes, f(ω/Λ).

24.b In the case where the separation r is large, approximate the discrete sum on the longitu-
dinal modes by an integral, and show that

E(r) =
large r

j2L2r

8a4

∫∞

0
dnF(n), with F(n) ≡

∫∞

n2
dx

√
x f

(
j
√
x

aΛ

)
.
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L

L

a !−a

Figure 2.7 Setup for the calculation of the Casimir energy.

24.c When r = a, show that

E(a) =
j2L2

8a3

∑

n≥0

F(n).

24.d Use the Euler–MacLaurin formula in order to obtain the following Casimir energy:

E(a) = const !
j2L2

1440a3
.

Calculate the corresponding force.

24.e Determine a constant energy–momentum tensor Tµκ such that E(a) = T00L2a.

24.a It is common to define the Hamiltonian of quantum field theory as normal-ordered in
order to remove the infinite zero-point vacuum energy, on the grounds that it is a constant that
does not play a role in physical processes since they are sensitive only to energy differences.
However, when a system is subject to non-trivial boundary conditions, it may happen that
changes at the boundaries lead to measurable variations of the vacuum energy. This is known
as the Casimir effect. In this problem, we illustrate this phenomenon in the case of a massless
scalar field theory, for a particularly simple geometrical configuration.

Let us denote by E(r) the vacuum zero-point energy in a “slice” of size L× L× r (with
the field vanishing at z = 0 and z = r). With the notation of Figure 2.7, the Casimir energy is
defined by

E(a) ≡ E(a) + E(*! a)! 2 E( *2). (2.32)

The subtraction in the third term is not crucial, but removes some infinite a-independent terms
(although infinite, these terms are not very important, because they do not contribute to the
Casimir force since they are constant). Since we assume that the walls that delimitate the
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two cavities in the z direction are such that the field vanishes on the walls, while there is
no boundary condition in the x, y directions, the allowed Fourier modes kx,y are continuous
variables, while kz is discrete:

k‖ ≡ (kx, ky), kz =
jnz

r
, ω(k‖, nz) ≡

√
k2‖ + k2z,

where nz is an integer. Note that changing nz → !nz does not give a distinct eigenmode of
the field; therefore, we must restrict it to nz ≥ 0. The corresponding zero-point vacuum energy
is therefore given by

E(r) = L2
∫
d2k‖
(2j)2

∑

nz≥0

ω(k‖, nz)

2
f
(
ω(k‖,nz)

Λ

)
,

where we have regularized the ultraviolet divergence of this sum/integral by inserting a
regulating function f(ω/Λ) chosen such that f(0) = 1 and f(z) decreases sufficiently fast
when z → ∞.

24.b When r is large, we can also treat the momentum kz as a continuous variable, since the
splitting between two successive modes is inversely proportional to the width of the cavity in
this direction. In this limit, we obtain the following expression for E(*):

E(r) =
large r

L2
∫
d2k‖
(2j)2

∫∞

0
dnz

ω(k‖, nz)

2
f
(
ω(k‖,nz)

Λ

)

=
j2L2r

8a4

∫∞

0
dn

∫∞

n2
dx

√
x f

(
j
√
x

aΛ

)

︸ ︷︷ ︸
≡ J(n)

,

where we have performed the angular integration in the (kx, ky) plane and introduced new
integration variables n ≡ anz/r and x ≡ n2 + a2

j2k
2
‖ in the final expression.

24.c This approximation of a continuously varying nz is not applicable to the first term of
(2.32), where r = a. For this term, we may still perform the angular integration in the (kx, ky)
plane and introduce the variables n ≡ nz and x ≡ n2 + a2

j2k
2
‖ in order to obtain

E(a) = L2
∫∞

0

dk‖k‖
4j

∑

nz≥0

ω(k‖, nz) f
(
ω(k‖,nz)

Λ

)

=
j2L2

8a3

∑

n≥0

∫∞

n2
dx

√
x f

(
j
√
x

aΛ

)
=

j2L2

8a3

∑

n≥0

J(n).
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24.d Therefore, in the limit a ) *, the Casimir energy is given by

E(a) =
j2L2

8a3

{∑

n≥0

J(n)!

∫∞

0
dn J(n)

}
.

The most effective way to evaluate this quantity is by using the Euler–MacLaurin formula,
which gives

E(a) =
j2L2

8a3

{
1
2J(0)!

∞∑

p=1

B2p

(2p)!
J(2p!1)(0)

}
,

where the B2p are the Bernoulli numbers (B2 =
1
6 , B4 = ! 1

30 , . . . ; the odd ones are zero). In
writing this expression, we have already used the fact that J(n) vanishes when n → ∞, as do
all its derivatives (this property follows from our assumptions about the behavior of the cutoff
function f(z) at large z). By a simple rescaling of the integration variable x, we see that the
term in a!3J(0) is independent of a and therefore only gives a constant (infinite) shift to the
Casimir energy. Then, a straightforward calculation gives

J ′(0) = 0, J ′′′(0) = !4,

which leads to the following contribution to the Casimir energy:

E(a) = const !
j2L2

1440a3
.

Note that this result does not depend on the choice of the regulator function, aside from
the generic properties we have assumed. (However, there are additional terms, suppressed
by powers of 1/(aΛ), that are not universal and depend on the details of how the cutoff is
implemented.) The derivative of this energy tells us the force exerted on the plate:

F(a) = !
dE(a)

da
= !

j2L2

480a4
,

which is attractive. A similar calculation could have been done in QED, with a result twice
as large as the scalar one (because photons have two degrees of polarization per momentum
mode). Although predicted in 1948, this force was first observed experimentally only in 1997.

24.e One may also view the Casimir energy as coming from a homogeneous “vacuum
energy–momentum tensor,” E(a) = L2a T00. With the geometrical setup of the problem
at hand, this energy–momentum tensor must be constructed solely from gµκ and from the
unit vector nµ = (0, 0, 0, 1) orthogonal to the plates. Moreover, it has to be symmetric, and
traceless since we are considering massless fields (a free massless scalar field theory is scale
invariant). These constraints lead to

Tµκ = !
j2

1440a4

(
gµκ + 4nµnκ

)
.

From this, we obtain the pressure in the z direction (i.e., the force per unit of transverse area):

Pz ≡ T33 = !
j2

480a4
.

This negative pressure implies an attraction between the plates, consistent with the force
obtained above if multiplied by L2 (recall that pressure is force per unit area).



25 THE FEYNMAN DIAGRAMS BEHIND THE CASIMIR FORCE 107

25. The Feynman Diagrams behind the Casimir Force In Problem 24, we derived the
expression for the Casimir force exerted on two nearby walls by calculating how the zero-
point vacuum energy is altered by the presence of the two walls. This derivation may seem
somewhat mystifying because nowhere did we talk about the interactions of the scalar field
with the walls (these interactions were of course implicit in the boundary conditions imposed
on the field). Here, we propose a more explicit derivation of the Casimir energy, achieved by
modeling the field–wall interaction and by calculating the corresponding free energy, using
the technique developed in Problem 23. This calculation suggests that the Casimir force is an
actual wall–wall interaction mediated by a scalar loop.

The walls at x3 = 0 and x3 = a are modeled by an external field σ(x), coupled as follows
to the scalar field:

L = 1
2

(
∂µ0

)(
∂µ0

)
! g

2σ0
2, σ(x) ≡ δ(x3) + δ(x3 ! a).

25.a Show that the free energy F of the system is F = 1
2β

!1 ln det (gσ!!E), where β is the
inverse temperature and !E is the Euclidean d’Alembertian operator.

25.b Show that, in the limit g → ∞, the normalized eigenfunctions of gσ!!E are

.k,n(x) =
√
2 eik·x sin

(
jnx3

a

)
(k ≡ (k0, k1, k2), x ≡ (x0, x1, x2), n ∈ +).

25.c Show that, when g → ∞, the zeta function of the operator gσ!!E is equal to

9
gσ−!(s) =

βL2

8j3/2

(a
j

)2s!3 9(2s! 3)η(s! 3
2)

η(s)
.

25.d Use this result to recover the expression for the Casimir energy.

25.a The walls are modeled as an external field σ(x) localized on the two planes x3 = 0 and
x3 = a, which acts as a kind of mass for the scalar field. The corresponding Lagrangian reads

L = 1
2

(
∂µ0

)(
∂µ0

)
! g

2σ0
2, σ(x) ≡ δ(x3) + δ(x3 ! a),

where g is a coupling constant that controls the strength of the interaction of the scalar field
with the walls. In the limit g → ∞, the potential of the field 0 has very steep minima at
x3 = 0 and x3 = a, which forces the field to vanish on the walls. Therefore, this limit should
be equivalent to the boundary conditions assumed in Problem 24. By going to Euclidean time,
we can express the partition function Z(β) of the system as a path integral,

Z(β) =

∫

0(0,x)=0(β,x)

[
D0

]
e!S

E
[0], with SE [0] ≡

1

2

∫β

0
d5d3x

(
! 0!E0+ gσ02

)
,

where β is the inverse temperature and !E is the Euclidean d’Alembertian operator. The
path integral is over field configurations that are periodic in Euclidean time with a period
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x3

x3 = 0 x3 = a

Figure 2.8 Example of a diagram contributing to the free energy in the presence of two walls
described as localized external fields. The solid black lines are scalar propagators, and the dots
denote insertions of the external field gσ(x).

β. The finiteness of the time interval implies that the corresponding frequencies are discrete
(they are the Matsubara frequencies). However, in the following, we shall assume that the
spacing a between the walls is much smaller than β, which allows us to treat the frequencies
in the temporal direction as continuous variables (physically, this assumption means that the
temperature is low enough so that the thermal excitations have an energy much smaller than
that of the discrete modes in the x3 direction). From the partition function, we can obtain the
free energy of the system as

F = !β!1 ln(Z).

(Note that, since we neglect thermal fluctuations, the entropy is zero, and the energy and the
free energy are identical.) Since the above action is quadratic, the path integral is immediate
and leads to

Z(β) =
const√

det (gσ!!E)
, i.e., ln(Z) = const ! 1

2 ln det (gσ!!E). (2.33)

Diagrammatically, the logarithm of the determinant of gσ!!E is the sum of all the connected
one-loop diagrams such as the one shown in Figure 2.8. One may view these graphs as a kind
of wall–wall interaction mediated by scalar fields (given the coupling between 0 and the field
σ that describes the walls, this is the only allowed topology).

25.b In order to calculate the logarithm of the determinant that enters in Eq. (2.33), we use
the zeta function regularization method developed in Problem 23, which requires first obtaining
the eigenfunctions of the operator gσ ! !E . Quite generally, these eigenfunctions can be
written as

.k,8(x) ≡ eik·xf8(x
3),

where we denote k ≡ (k0, k1, k2), x ≡ (x0, x1, x2). The undetermined function f8(x3) must
satisfy

(
gσ(x3)! ∂23

)
f8(x

3) = 82 f8(x
3). (2.34)

Since the function σ(x3) is zero almost everywhere, we look for a function f8(x3) of the form
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f8(x
3) =






Aei8x
3
+ Be!i8x3 for x3 ≤ 0,

A ′ei8x
3
+ B ′e!i8x3 for 0 ≤ x3 ≤ a,

A ′′ei8x
3
+ B ′′e!i8x3 for a ≤ x3.

Since the differential equation that controls f8 has only second-order derivatives, the delta
functions in σ(x3) produce jumps of the first derivative f ′8(x

3) at x3 = 0 and a, but the function
f(x3) itself is continuous. The continuity of the function leads to two conditions:

A+ B = A ′ + B ′, A ′ei8a + B ′e!i8a = A ′′ei8a + B ′′e!i8a.

Two additional conditions are obtained by integrating the differential equation (2.34) over
infinitesimal intervals centered at x3 = 0 and x3 = a, respectively. Using the continuity of
the function, we obtain a relationship between the values of the function at x3 = 0, a, and the
jump of its derivative at these points. This gives

g(A+ B) = i8 (A ′ !A! B ′ + B),

g(A ′ei8a + B ′e!i8a) = i8 (A ′′ei8a ! B ′′e!i8a !A ′ei8a + B ′e!i8a).

Although this could in principle be carried out for any value of the coupling g, we restrict
ourselves to the limit g → ∞ for simplicity. In this limit, the above four conditions simplify to

B = !A, B ′ = !A ′, A ′(ei8a ! e!i8a) = 0, A ′′ei8a + B ′′e!i8a = 0.

In order to have a non-zero solution in the range [0, a], the frequency 8 must be of the form

8n ≡ jn

a
, n ∈ +.

When this is the case, the last constraint becomes B ′′ = !A ′′. Therefore, the eigenfunctions
in the domain between the two walls are given by

.k,n(x) =
√
2 eik·x sin

(
jnx3

a

)
.

The prefactor
√
2 ensures that they are normalized with a unit probability per unit volume, i.e.,

∫
d4x

∣∣.k,n(x)
∣∣2 = βL2a,

where β is the length of the Euclidean time interval and L2 is the transverse section under
consideration. The completeness relation satisfied by these eigenfunctions reads

a!1
∑

n≥1

∫
d3k

(2j)3
.k,n(x).

∗
k,n(x

′) = δ(x! x ′).
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25.c The heat kernel (see Problem 23) of gσ!!E is then given by

H
gσ−!(x, x

′; 5) ≡ 2

a

∑

n≥1

∫
d3k

(2j)3
e!5(k2+j2n2/a2) eik·(x!x ′) sin

(
jnx3

a

)
sin

(
jnx ′3

a

)
.

Evaluating this at x = x ′ and integrating over x in a domain of transverse section L2 between
the two walls gives

∫
d4x H

gσ−!(x, x; 5) = βL2
∑

n≥1

∫
d3k

(2j)3
e!5(k2+j2n2/a2),

and the corresponding zeta function is therefore

9
gσ−!(s) =

βL2

η(s)

∫∞

0

d5

5
5s

∑

n≥1

∫
d3k

(2j)3
e!5(k2+j2n2/a2).

The integral over k is an elementary Gaussian integral,
∫

d3k

(2j)3
e!5k2

=
1

8j3/253/2
.

Up to a rescaling, the integral over 5 gives a gamma function,
∫∞

0

d5

5
5s!

3
2 e!5j2n2/a2

=
( a

jn

)2s!3
η(s! 3

2).

Finally, the sum on n produces a Riemann zeta function. Combining everything, we get

9
gσ−!(s) =

βL2

8j3/2

(a
j

)2s!3 9(2s! 3)η(s! 3
2)

η(s)
.

25.d Noting that η(s) ≈ s!1 in the vicinity of s = 0, its derivative at s = 0 is

9 ′
gσ−!(0) = ! ln det (gσ!!E) =

j3/2βL2

8a3
9(!3)
︸ ︷︷ ︸
=

1
120

η(! 3
2)︸ ︷︷ ︸

=
4
3j

1/2

=
j2βL2

720 a3
.

Finally, we obtain the following expression for the free energy:

F = !
1

2
β!19 ′

gσ−!(0) = !
j2L2

1440 a3
,

which is identical to the expression for the Casimir vacuum energy obtained in Problem 24.
Although the derivation followed here is not technically simpler, it provides a much more
satisfactory handle on how the fields interact with the walls. In particular, we see explicitly
how the Casimir energy is nothing but the free energy of the two walls (strongly coupled to the
fields) interacting by the exchange of scalar particles. Technical challenges aside, there would
be no conceptual difficulty in extending the present approach to deal with the case where the
field–wall interaction has a finite strength, or walls that have a non-zero thickness, or even
to calculate the finite-temperature corrections (neglected here because we have replaced the
Matsubara frequencies by a continuous k0).
Source: this problem was inspired by Jaffe, R. L. (2005), Phys Rev D 72: 021301.
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26. Gross–Neveu Model The Gross–Neveu model is a (1 + 1)-dimensional quantum
field theory with N species of massless fermions (indexed by n = 1, . . . ,N), with a quartic
interaction,

L ≡ i
∑

n

.n/∂.n +
g2

2

(∑

n

.n.n

)2
.

This quantum field theory is a toy model for the spontaneous breaking of chiral symmetry, and
also provides an example of the technique of bosonization.

26.a Check that a valid representation of the Dirac matrices in two dimensions is 60 = σ2,
61 = iσ1 (with σ1,2 Pauli matrices). Also define 65 ≡ 6061. Check that (65)2 = 1,
(65)† = 65, {65,6µ} = 0 for µ = 0, 1. Show that L is invariant under .n → 65.n.
Would a mass term be consistent with this symmetry?
According to the power counting, can this theory be renormalizable in d = 2?

26.b Prove the following equality:
∫
[D.D.] ei

∫
L =

∫
[D.D.D0] ei

∫∑
n .n(i/∂!0).ne

!
i

2g2
∫
02

,

where 0 is an auxiliary scalar field.

26.c We are now interested in the ground state of this theory, in which 0 is constant. Perform
the integration over the fermions in closed form for a constant 0, and show that the
result of this integration is a factor

exp

{
N

∫
d2p

(2j)2
ln(!p2 + 02)

}
, with p2 ≡ p2

0 ! p2
1.

26.d Using ln(A) = !∂α(A!α)α=0, and using dimensional regularization with d = 2! 21,
show that the integral can be written as

∫
ddp

(2j)d
ln(!p2 + 02) = i

02

4j

(1
1
+ const + 1! ln02 + O(12)

)
.

Which operator should one renormalize to eliminate the ultraviolet divergence? After
introduction of an appropriate counterterm, show that the effective potential for the field
0 can be written as

Veff(0) =
02

2g2
+

N02

4j

(
ln
(02

µ2

)
! 1

)
,

where µ is a constant whose precise value depends on the finite terms included in the
counterterm besides the pole in 1!1.

26.e Determine analytically the location of the minimum of Veff(0). Could this answer have
been found by a perturbative expansion in powers of g2? What are the consequences for
the fermions of having a non-zero expectation value for 0?

26.f What are the diagrams that would give the result of the above functional calculation?
Why is the answer exact in the limit N → ∞?
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26.a In order to verify that the proposed matrices are valid Dirac matrices in two dimensions,
we just need to verify that

{
6µ,6κ

}
= 2 gµκ:

(
60

)2
=

(
σ2

)2
= 1,

(
61

)2
=

(
iσ1

)2
= !1,

6061 + 6160 = iσ2σ1 + iσ1σ2 = i(!iσ3) + i(iσ3) = 0.

Defining 65 ≡ 6061, we have

(
65

)2
= 60616061 = !60 6161

︸︷︷︸
!1

60 = +1,

(
65

)†
= (iσ2σ1)† = !iσ1σ2 = +iσ2σ1 = 65,

{
65,6µ

}
= 60616µ + 6µ6061 = 0.

(In the final equality above, since µ is either 0 or 1, 6µ commutes with one of 60,1 and
anti-commutes with the other one.) Under the transformation .n → 65.n, we have

.n → 65.n,

.n ≡ .†
n6

0 → .†
n 65†60

︸ ︷︷ ︸
=6560=!6065

= !.n6
5,

.n.n → !.n.n,
(
.n.n

)2 →
(
.n.n

)2
,

.n6
µ.n → !.n 6

56µ65

︸ ︷︷ ︸
!6µ

.n = .n6
µ.n,

hence the invariance of the Lagrangian. Note that a mass term is not allowed by this symmetry
since .n.n → !.n.n under this transformation.

The mass dimension of the field .n is 1
2 in d = 2, and therefore the mass dimension of the

coupling constant g is zero. This theory should therefore be renormalizable in two dimensions
according to the power counting.

26.b In order to check the proposed equality, we proceed by explicitly performing the
integration over 0 on the right-hand side. For this, we need

! 1
2g2

02 ! 0
∑

n

.n.n = ! 1
2g2

[
02 + 2g20

∑

n

.n.n

]

= ! 1
2g2

[(
0+ g2

∑

n

.n.n

)2
! g4

(∑

n

.n.n

)2]
.

Then, we define 0 ′ ≡ 0 + g2
∑

n.n.n and trade the integration variable 0 in favor
of 0 ′. The integral produces a constant prefactor (which we ignore), and leaves a factor
exp(g

2

2 (
∑

n.n.n)2), hence the announced equality.



26 GROSS–NEVEU MODEL 113

26.c When 0 is a constant, we can perform the integration over the fermions explicitly. Each
pair of integrals D.nD.n produces a factor

det
(
i/∂! 0

)
.

These factors do not depend on the index n, and there are N of them, so the N fermionic
integrations give

[
det

(
i/∂! 0

)]N
= exp

{
N tr ln

(
i/∂! 0)

}
= exp

{
N

∫
d2p

(2j)2
tr ln(/p! 0)

}
.

Note that the original trace was over both spacetime and the Dirac indices. In the final equality,
we have rewritten the trace over spacetime as a trace over momentum and we keep unchanged
the trace over the Dirac indices. For the latter, we can write

tr ln(/p! 0) = ln det

(
!0 i(p0 ! p1)

!i(p0 + p1) !0

)
= ln

(
02 ! p2

)
.

(We have used the explicit form of the Pauli matrices in the first equality.) This gives the
announced formula.

Alternative Proof: It is possible to do this calculation without resorting to any explicit
representation of the Dirac matrices, as follows:

tr ln(/p! 0) = tr ln(!0)︸ ︷︷ ︸
=2 ln(!0)=ln(02)

+tr ln(1! /p/0)

= ln(02)!
∑

n≥1

1

n
tr
([ /p

0

]n)
= ln(02)!

∑

p≥1

1

2p
tr
([ /p

0

]2p)

= ln(02)!
∑

p≥1

1

p

( p2

02

)p
= ln(02) + ln(1! p2/02) = ln(02 ! p2).

(In the third line, we used the fact that /p2p+1 = p2p/p has a null trace, and therefore we keep
only the terms of even order.)

26.d Then, the integration of the momentum p proceeds as follows:
∫

ddp

(2j)d
ln(!p2 + 02) = !∂α

∫
ddp

(2j)d
1

(!p2 + 02)α

∣∣∣∣∣
α=0

= !i∂α

∫
ddpE

(2j)d
1

(p2
E
+ 02)α

∣∣∣∣∣
α=0

= !i∂α
0d!2α

(4j)d/2
η(α! d

2 )

η(α)

∣∣∣∣∣
α=0

.

Note that η(α) ≈ α!1 when α → 0. Therefore, we have
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∂α
F(α)

η(α)

∣∣∣∣∣
α=0

= F(0),

and we obtain
∫

ddp

(2j)d
ln(!p2 + 02) = !i

0d

(4j)d/2
η(!d

2 ) = !i
020!21

(4j)1!1
η(!1+ 1)︸ ︷︷ ︸

!
1
1+const+O(1)

= i
02

4j

[1
1
+ const + 1! ln(02) + O(12)

]
. (2.35)

(We could have written const + 1 as some unique constant, but it will be convenient later to
pull out this 1.) The pole in 1!1 can be removed by renormalizing the operator 02. More
precisely, we introduce the counterterm

!i
02

4j

[1
1
+ const ′

]
,

where const ′ is a finite constant that may be subtracted along with the pole 1!1. Combining
the original term in 02 with the result (2.35) and the counterterm, we get

02

2g2
+

N02

4j

(
ln
(02

µ2

)
! 1

)

for the sum of the terms in 02 inside the exponential.

26.e The derivative of this effective potential is given by

∂

∂0
Veff(0) = 20

[ 1

2g2
+

N

4j
ln
(02

µ2

)]
.

This derivative vanishes at 0 = 0, but this is a local maximum. The other zero of the derivative
is at

0∗ ≡ µ exp
(
!

j

g2N

)
.

One may check that this is a local minimum. Note that the location of this minimum depends
on the renormalization scale, but the minimum is always there, no matter which scale we
choose. Note also that this minimum is non-perturbative since its value is a non-analytic
function of the coupling g (more precisely, it is a function whose Taylor coefficients at g = 0
are all zero). Because of the coupling .n0.n, and the non-zero expectation value of the scalar
field, the fermions become massive in the ground state of this theory (this is similar to the
Higgs mechanism), and the chiral symmetry is spontaneously broken.

26.f Diagrammatically, the determinant resulting from the integration over the fermion fields
corresponds to the sum of all the diagrams with one fermion loop, dressed by insertions of the
scalar field 0. By its position inside the exponential, N acts in a similar way to h̄!1. Taking
the limit N → +∞ has the same effect as taking the limit h̄ → 0, namely eliminating all the
higher-order corrections. For this reason, the results we have derived in this problem do not
receive any higher-order corrections when N is very large.
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27. D’Hoker–Gagné Formula Consider a time-dependent n×n traceless Hermitian matrix
M(5), and define the time-ordered exponential W[M] ≡ T exp(i

∫T
0 d5M(5)). The goal of

this problem is to show that its trace may be represented by the following Grassmann path
integral with anti-periodic boundary conditions:

tr
(
W[M]

)
= 2n

∫ 2j

0

d0

2j

∫

anti-
periodic

[
D,D,

]
ei0

(
n
2 !1+T−1

∫
,,
)
e!

∫
,,̇+i

∫
,M,.

27.a Express the Grassmann integral on the right-hand side of the above formula in terms
of the determinant of the operator !∂5 + iM + i0T . Why should this determinant be
evaluated over the subspace of anti-periodic functions?

27.b Show that the eigenvalues of this operator are the numbers 8i* = i
T

(
wi+0+j(2*+1)

)
,

with 1 ≤ i ≤ n, * ∈ , where the wi are the eigenvalues of !i lnW[M].

27.c Regularize the determinant by dividing it by a similar determinant defined with M = 0
and 0 = 0. Use the representation of the cosine as an infinite product to obtain

[
det

(
! ∂5 + iM+ i0T

)]

A
=

n∏

i=1

cos
(wi+0

2

)
.

Then, perform the integral over 0 to obtain the announced formula.

27.a First, note that if M is traceless Hermitian, then the Wilson line W[M] is a unitary
n× n matrix, with a unit determinant. Therefore, it may be diagonalized with eigenvalues on
the complex unit circle, whose product is equal to 1. We may thus write W[M] as

W[M] = <† diag
(
eiw1, . . . , eiwn

)
<, with

n∑

i=1

wi = 0,

and its trace is equal to

tr
(
W[M]

)
=

n∑

i=1

eiwi .

Let us now focus on the evaluation of the right-hand side of the proposed formula. The
fermionic path integral leads to

∫

anti-
periodic

[
D,D,

]
ei0T

−1
∫
,, e!

∫
,,̇+i

∫
,M, =

[
det

(
! ∂5 + iM+ i0T

)]

A
,

where the subscript A indicates that the determinant should be evaluated on the space of
anti-periodic functions (since the path integral is restricted to anti-periodic fields).
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27.b The equation for the eigenfunctions of the operator inside the determinant,

(
! ∂5 + iM+ i0T

)
F = 8 F,

is solved by

F(5) = e!85ei0
5
T

(
T exp i

∫5

0
d5 ′M(5 ′)

)
F(0).

The condition of anti-periodicity over the interval [0, T ] reads

0 = F(0) + F(T) =
[
1+ e!8Tei0W[M]

]
F(0)

= <†
[
1+ e!8Tei0 diag

(
eiw1 , . . .

)]
< F(0).

For this equation to have non-null solutions, the n×n matrix in the square brackets must have
a null determinant. Since this matrix is diagonal, this condition is

n∏

i=1

(
1+ e!8Tei(0+wi)

)
= 0.

This equation for 8 has n infinite families of solutions:

8i* =
i
T

(
wi + 0+ j(2*+ 1)

)
(1 ≤ i ≤ n, * ∈ ).

27.c If we simply multiply these eigenvalues, we obviously obtain an infinite product. We
may regularize the determinant by dividing it by the analogous determinant obtained with M
and 0 set to zero, whose eigenvalues are

8
(0)
i* = i

T j(2*+ 1).

Therefore, the regularized determinant can be written as

[
det

(
! ∂5 + iM+ i0T

)]

A
=

n∏

i=1

∏

*∈

(
1+

wi + 0

j(2*+ 1)

)

=
n∏

i=1

+∞∏

*=0

(
1!

(wi + 0)2

j2(2*+ 1)2

)
.

In the second equality, we have paired terms with opposite values of the index 2* + 1. To
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proceed, we need the following representation of the cosine as an infinite product:

cos(x) =
+∞∏

*=0

(
1!

4x2

j2(2*+ 1)2

)
.

Using this formula, we obtain
[
det

(
! ∂5 + iM+ i0T

)]

A
=

n∏

i=1

cos
(wi+0

2

)

= 2!n e!i0
n
2

n∏

i=1

(
1+ eiwiei0

)
,

where we have used the fact that the sum of the wi’s is zero in order to obtain the final equality.
Therefore, using the integral

∫ 2j

0

d0

2j
ein0 = δn0 (n ∈ ),

the right-hand side of the proposed formula is

2n
∫ 2j

0

d0

2j

∫

anti-
periodic

[
D,D,

]
ei0

(
n
2 !1+T−1

∫
,,
)
e!

∫
,,̇+i

∫
,M,

=

∫ 2j

0

d0

2j
e!i0

n∏

i=1

(
1+ eiwiei0

)
=

n∑

i=1

eiwi = tr
(
W[M]

)
.

This formula may be used to rewrite the internal degrees of freedom as a Grassmann path
integral in the worldline formalism.

Variants: Let us mention a possible modification of this representation. Instead of the term
in T!10

∫
,, in the expononential, we could have substituted

T!10

∫ T

0
d5 ,(5),(5) → 0

∫ T

0
d5 δ(5! 50),(5),(5),

where 50 ∈ [0, T ]. With this modification, the Grassmann path integral leads to the following
determinant:∫

anti-
periodic

[
D,D,

]
ei0

∫
δ(5!50),, e!

∫
,,̇+i

∫
,M, =

[
det

(
! ∂5 + iM+ i0δ(5! 50)

)]

A
,

and the solutions of the differential equation that determines the eigenfunctions read

F(5) =






e!85
(

T exp i
∫5

0
d5 ′M(5 ′)

)
F(0) for 5 < 50

e!85 ei0
(

T exp i
∫5

0
d5 ′M(5 ′)

)
F(0) for 5 > 50

.

Since the value of this solution at 5 = T is unchanged, the anti-periodicity condition that
determines the eigenvalues remains the same, as does the final result.
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Another possible modification is to trade the integral over the continuous variable 0 for a
discrete sum. Indeed, the role of this integration,

∫ 2j

0

d0

2j
e!i0

n∏

i=1

(
1+ eiwiei0

)
=

n∑

i=1

eiwi , (2.36)

is simply to “filter out” all the terms of the integrand that are not linear in the exponentials
eiwi . The same effect can be achieved by using

1

N

∑

φ=2π k
N

0≤k<N

ein0 = δ0, n mod N.

In the integrand of Eq. (2.36), we must cancel all the terms in ei0, e2i0, . . . , ei(n!1)0, which
requires us to choose N ≥ n in the discrete version. For instance, we may replace (2.36) by

1

n

∑

φ=2π k
n

0≤k<n

e!i0
n∏

i=1

(
1+ eiwiei0

)
=

n∑

i=1

eiwi .

Source: D’Hoker, E. and Gagné, D. G. (1996), Nucl Phys B 467: 297.

28. Stochastic Quantization The goal of this problem is to introduce the framework of
stochastic quantization and to derive some basic results in this context, in the case of a scalar
field theory of action SE [0] in d-dimensional Euclidean space. The starting point is to extend
the arguments of the field to include a “fictitious time” 5: 0(x) → 3(x, 5), and to let these
generalized fields obey the following Langevin equation:

∂53(x, 5) = !
δSE [3]

δ3(x, 5)
+ η(x, 5), (2.37)

where η(x, 5) is a real random Gaussian variable whose distribution is given by
〈
η(x, 5)

〉
η
= 0,

〈
η(x, 5)η(x ′, 5 ′)

〉
η
= 2 δ(x! x ′)δ(5! 5 ′).

28.a Write the probability distribution of the noise η.

28.b Denote by P2[0] the probability density of an ensemble of field configurations at the
fictitious time 5. Assuming each field in this ensemble obeys the Langevin equation,
show that the distribution evolves according to the following Fokker–Planck equation:

∂5P5[0] =

∫
ddx

δ

δ0(x)

( δSE

δ0(x)
+

δ

δ0(x)

)
P5[0].

Hint: for the time being, assume that δ3(x, 5)/δη(x ′, 5) = 1
2δ(x! x ′).

28.c Prove that δ3(x, 5)/δη(x ′, 5) = 1
2δ(x! x ′).
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28.d Check that exp(!SE) is a fixed point of the Fokker–Planck equation. By defining
Q5 ≡ P5e

S
E
/2, show that generic solutions of the Fokker–Planck equation converge

towards this fixed point. Conclude that ensemble averages of products of solutions of
the Langevin equation converge to the usual time-ordered correlation functions in the
limit 5 → ∞.

28.e Sketch the rules of “stochastic perturbation theory,” i.e., the rules for the perturbative
expansion of 3 and noise averages of products of 3. Use them to recover the propagator
of the non-interacting theory.

28.a Consider a scalar field theory of action SE [0] in d-dimensional Euclidean space. The
expectation values of time-ordered products of fields have the following path integral represen-
tation:

〈
T0(x1) · · ·0(xn)

〉
=

∫
[D0] 0(x1) · · ·0(xn) exp(!SE [0])∫

[D0] exp(!SE [0])
.

Now, we extend the arguments of the field to include a “fictitious time” 5: 0(x) → 3(x, 5)
(to reduce the potential for confusion, we denote by 0 the original field whose support is the
Euclidean spacetime d and by 3 the extended field whose support is d+1) and we let this
generalized field obey the stochastic equation (2.37) given in the statement of the problem. In
this equation, η(x, 5) is a real random Gaussian variable of null mean and variance given by〈
η(x, 5)η(x ′, 5 ′)

〉
η
= 2 δ(x ! x ′)δ(5 ! 5 ′). (The subscript η indicates an average over the

noise. All other correlation functions of the noise are given by Wick’s theorem.) This Gaussian
distribution can be represented by the following functional density:

W[η] ≡ W!1 e!
1
4
∫
ddxd5 η2(x,5), with W ≡

∫
[Dη] e!

1
4
∫
ddxd5 η2(x,5).

Note that the solution 3(x, 5) of equation (2.37) depends implicitly on the noise function
η(x, 5).

28.b Let us start from an ensemble of field configurations at 5 = 0, specified by a probability
distribution P0[0]. Evolving each field in this ensemble with the Langevin equation (2.37)
from 0 to 5 is equivalent to a change of the distribution P0 → P5. In order to determine the
equation that governs the variations of P5[0], consider a functional F[0] of the field and express
its expectation value at the fictitious time 5 in two different ways:

〈
F[3(x, 5)]

〉
η
=

∫
[D0] P5[0] F[0] = W!1

∫
[Dη] F[3(x, 5)] e!

1
4
∫
η2 .

The first expression simply expresses how we could evaluate the expectation value if we knew
the probability distribution P5[0] at 5. In the second expression, we evaluate F at the solution
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3 of the Langevin equation, and then average over all the realizations of the noise. Likewise,
the 5 derivative of this expectation value can be written in two ways:

∂5
〈
F[3(x, 5)]

〉
η
=

∫
[D0]

(
∂5P5[0]

)
F[0]

= W!1

∫
[Dη]

∫
ddx (∂53(x, 5))

δF[3]

δ3(x, 5)
e!

1
4
∫
η2 .

Using the Langevin equation, the second form of this derivative can be written as

W!1

∫
[Dη]

∫
ddx

(
!

δSE

δ3(x, 5)
+ η(x, 5)

) δF[3]

δ3(x, 5)
e!

1
4
∫
η2 .

Let us focus on the second term of this expression. We have

∫
[Dη]

∫
ddx

δF[3]

δ3(x, 5)
η(x, 5) e!

1
4
∫
η2 = !2

∫
[Dη]

∫
ddx

δF[3]

δ3(x, 5)

δe!
1
4
∫
η2

δη(x, 5)

= 2

∫
[Dη]

∫
ddx

( δ

δη(x, 5)

δF[3]

δ3(x, 5)

)
e!

1
4
∫
η2 .

Using the chain rule, this becomes

2

∫
[Dη]

∫
ddx

( ∫
ddy

δ3(y, 5)

δη(x, 5)︸ ︷︷ ︸
=
1
2δ(x!y)

δ2F[3]

δ3(x, 5)δ3(y, 5)

)
e!

1
4
∫
η2

=

∫
[Dη]

∫
ddx

δ2F[3]

δ3(x, 5)2
e!

1
4
∫
η2 .

Collecting all the terms and rewriting the noise average of a functional of 3(x, 5) as an average
weighted by P5[0] of the same functional of 0(x), we have thus shown that

∫
[D0]

(
∂5P5[0]

)
F[0] =

∫
[D0] P5[0]

∫
ddx

(
!

δSE

δ0(x)
+

δ

δ0(x)

) δ

δ0(x)
F[0]

=

∫
[D0]

{∫
ddx

δ

δ0(x)

( δSE

δ0(x)
+

δ

δ0(x)

)
P5[0]

}
F[0].

Since this identity must be true for all functional F[0], we must in fact have

∂5P5[0] =

∫
ddx

δ

δ0(x)

( δSE

δ0(x)
+

δ

δ0(x)

)
P5[0],

which is a Fokker–Planck equation for the probability distribution.
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28.c Let us come back to a property used without proof in the derivation of the Fokker–
Planck equation, about the value of the derivative δ3/δη when the field and the noise are at
the same 5. Let us denote

Xx ′5 ′(x, 5) ≡ δ3(x, 5)

δη(x ′, 5 ′)
.

In order to obtain an evolution equation in 5 for this quantity, we differentiate the Langevin
equation with respect to η(x ′, 5 ′). This gives a linear equation of the form

∂5Xx ′5 ′ = Dx Xx ′5 ′ + δ(x! x ′)δ(5! 5 ′),

where Dx is the second derivative of the action with respect to the field. Since Dx contains the
d’Alembertian operator, this equation is a kind of diffusion equation (with some corrections if
the action SE has interaction terms) with a source term. Its solution can be formally written as

Xx ′5 ′(x, 5) = 2(5! 5 ′) e(5!5 ′)Dx δ(x! x ′).

(A more correct way of writing this would require a 5-ordering of the exponentials, but this
does not change the conclusion.) The main point is that the dependence of 3 at 5 with respect
to the noise at 5 ′ starts at 5 = 5 ′ in the form of a localized distribution δ(x ! x ′), and then
diffuses as 5 increases. Thus, when 5 = 5 ′ we have

Xx ′5 ′(x, 5) = 2(0) δ(x! x ′) = 1
2 δ(x! x ′),

where the factor 1
2 results from a symmetric definition of the step function.

28.d Verifying that exp(!SE) is a fixed point of the Fokker–Planck equation simply requires
us to evaluate its right-hand side with this functional as input, which trivially gives zero.

In order to study the convergence of the solutions towards this fixed point, a standard trick
is to define a new functional density Q5 by

P5 ≡ Q5 e
!S

E
/2.

The functional Q5 satisfies

∂5Q5 = eSE/2 ∂5P5 = eSE/2
∫

δ

δ0

( δ

δ0
+

δSE

δ0

)
Q5 e

!S
E
/2

= !

∫ (
!

δ

δ0
+

δSE

δ0

)( δ

δ0
+

δSE

δ0

)
Q5.

Written in this form, we see that the operator that acts on Q5 on the right-hand side is self-
adjoint and non-positive. Therefore, its spectrum is real and bounded from above by zero.
Moreover, the fixed point we have identified provides an eigenfunction with a null eigenvalue,
i.e., the largest possible. All the eigenmodes with strictly negative eigenvalues decay as
5 → ∞, suggesting that generic solutions of the Fokker–Planck equation indeed converge
towards a distribution proportional to exp(!SE). (The weak point of this argument is that it is
in general difficult to prove that the zero mode is unique, and that there is not an accumulation
of eigenvalues close to zero, whose corresponding eigenfunctions would decay very slowly.)
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The convergence of solutions of the Fokker–Planck equation to exp(!SE) implies the
following equality,

lim
5→∞

〈
3(x1, 5) · · ·3(xn, 5)

〉
η
=

〈
T0(x1) · · ·0(xn)

〉
,

between noise averages of products of solutions of the Langevin equation (in the limit of large
fictitious time 5) and quantum expectation values of time-ordered products of field operators.
This approach therefore provides an alternative to the canonical or path integral definitions of
a quantum field theory, and for this reason it is called stochastic quantization.

28.e The solution of the Langevin equation with a null initial condition can be represented
as an infinite sum of tree diagrams:

3(x, 5) = + + + + + . . . ,

(represented here for a 34 interaction term in SE[3]), where the circled crosses denote the
noise η and the lines are Green’s functions of the operator ∂5 +m2 !!E :

(
∂5 +m2 !!E

)
(x5, x ′5 ′) = δ(5! 5 ′)δ(x! x ′).

When an explicit representation of is needed, it is convenient to work in the mixed rep-
resentation (5, p) (with p the Fourier conjugate of x), in which the propagator is defined
by

(
∂5 +m2 + p2

)
(5, 5 ′, p) = δ(5! 5 ′),

which leads to

(5, 5 ′, p) = 2(5! 5 ′) e!(m2+p2)(5!5 ′).

(This is the retarded solution, appropriate for solving the Langevin equation from some initial
condition at 5 = 0.) In this mixed representation, there is an integration over 5 at the vertices
and at each insertion of the noise, and the momentum p is conserved at the vertices.

The average over the Gaussian noise amounts to connecting the crosses pairwise in the
preceding diagrammatic representation. To work in the mixed representation described above,
we only need

〈
η(5, p)η(5 ′, p ′)

〉
= 2 δ(5! 5 ′)(2j)dδ(p+ p ′).

(Although individual realizations of the noise break translation invariance, the noise distribution
is translation invariant. For this reason, momentum conservation at the vertices holds only for
noise-averaged quantities.) The simplest of these connections is the following:

G(5, 5 ′, p) ≡ τ τ'

p

= 2

∫
d5 ′′ (5, 5 ′′, p) (5 ′, 5 ′′,!p)

= 2

∫min (5,5 ′)

0
d5 ′′ e!(m2+p2)(5+5 ′!25 ′′)

=
e!(m2+p2)(

|τ−τ ′|︷ ︸︸ ︷
5+ 5 ′ ! 2min(5, 5 ′)) ! e!(m2+p2)(5+5 ′)

p2 +m2
.

If we set 5 = 5 ′ and take the limit 5, 5 ′ → +∞, we indeed obtain the bare (Euclidean) scalar
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propagator. By combining contributions of orders η and η3 in two 3’s, we can construct the
following more elaborate example:

τ τ

τ' p

k =

∫
d5 ′ d4k

(2j)4
G(5, 5 ′, p)G(5 ′, 5 ′, k) (5, 5 ′,!p)

=

∫5

0
d5 ′ d4k

(2j)4
e!(m2+p2)(5!5 ′) ! e!(m2+p2)(5+5 ′)

p2 +m2

× 1! e!2(m2+k2)5 ′

k2 +m2
e!(m2+p2)(5!5 ′)

=
5→∞

1

2

1

(p2 +m2)2

∫
d4k

(2j)4
1

k2 +m2
.

We again recover the expected perturbative contribution (ultraviolet divergence included).
Source: Damgaard, P. H. and Hüffel, H. (1987), Phys Rep 152: 227.

29. Complex Langevin Equation This problem is a continuation of Problem 28. Its goal
is to explore within a toy model what happens when the action is complex-valued, leading to
a complex Langevin equation. We consider the “action” S(x) ≡ α

2 x
2 + β

4 x
4, and write the

following Langevin equation:

∂5x = !S ′(x) + η,
〈
η(5)

〉
η
= 0,

〈
η(5)η(5 ′)

〉
η
= 2δ(5! 5 ′).

29.a When α,β are complex, why can’t the distribution of x defined from solutions of this
equation be proportional to exp(!S(x))?

29.b Show that the moments Cn ≡
〈 zn(5)

n!

〉
η

(if they converge) satisfy in the limit 5 → ∞ the
same three-term recurrence relation,

Cn!2 = αnCn + βn(n+ 1)(n+ 2)Cn+2,

as the true moments
∫
dx xn

n! exp(!S(x))/
∫
dx exp(!S(x)).

29.c Show that the moments Cn obtained from the complex Langevin equation coincide with
the true moments if we have limn→∞Cn = 0.

29.d If β ∈ ∗
+, find a condition on α that guarantees the convergence of the moments Cn

(use results from Gibson, P. M. (1971), Proc Edinb Math Soc 17(4): 317).

29.e Show that the complex Langevin equation is equivalent to the following Fokker–Planck
equation for a distribution P5(x, y) over the complex plane:

∂5P5(x, y) =
(
∂2x+∂xReS ′(x+iy)+∂yImS ′(x+iy)

)
P5(x, y).
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29.f For β = 0,α ≡ a + ib, show that the fixed point of this Fokker–Planck equation is
Gaussian,

P∞(x, y) ∝ exp
{
! a

(
x2 + 2a

b xy+
(
1+ 2a2

b

)
y2

)}
.

Although everything looks fine in this case, what practical problem arises when b , a ?

29.a As we have seen in Problem 28, when α,β are positive real integers we can view
exp(!S(x)) as a probability distribution on the real axis, and generate an ensemble of x’s that
samples this distribution by solving the following Langevin equation:

∂5x = !S ′(x) + η,
〈
η(5)

〉
= 0,

〈
η(5)η(5 ′)

〉
= 2δ(5! 5 ′). (2.38)

Moreover, the probability distribution P5(x) of an ensemble of x’s that obey this Langevin
equation evolves according to a Fokker–Planck equation,

∂5P5 = ∂x
(
∂x + S ′(x))P5,

that admits exp(!S(x)) as a unique fixed point.

Consider now the case where the coefficients α,β that define S(x) are complex. In this
case, the weight exp(!S(x)) in the integral is complex-valued and cannot be interpreted as a
probability distribution (moreover, in this case, the integrand has a strong oscillatory behavior
that prevents evaluation by Monte Carlo sampling).

On the other hand, when we solve the Langevin equation (2.38) with a complex action,
it leads to complex solutions even if the initial condition and the noise are real-valued. For
this reason, it is called a complex Langevin equation. Thus, the equilibrium distribution of an
ensemble of z ≡ x+ iy’s obeying this Langevin equation is a positive definite distribution on
the complex plane, i.e., definitely not the complex-valued weight exp(!S(x)) of the original
integral.

29.b From the solution of the complex Langevin equation, let us define 5-dependent moments
by averaging over the noise, as follows:

Cn(5) ≡ Z!1

∫
[Dη] zn(5)

n! e!
1
4
∫
η2 , with Z ≡

∫
[Dη] e!

1
4
∫
η2 .

From this representation, we obtain the derivative of the moments with respect to 5:
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∂5Cn(5) = Z!1

∫ [
Dη(5)

] zn!1(5)

(n! 1)!
∂5z(5) e

! 1
4

∫
η2

= Z!1

∫ [
Dη(5)

] zn!1(5)

(n! 1)!

(
! S ′(z(5)) + η(5)

)
e!

1
4

∫
η2

= Z!1

∫ [
Dη(5)

] zn!1(5)

(n! 1)!

(
! S ′(z(5))! 2

δ

δη(5)

)
e!

1
4

∫
η2

= !
〈 xn!1(5)

(n! 1)!
S ′(x(5))

〉

η
+ 2

〈 xn!2(5)

(n! 2)!

δz(5)

δη(5)︸ ︷︷ ︸
=

1
2

〉

η
,

i.e.,

∂5Cn(5) = Cn!2 ! αnCn ! βn(n+ 1)(n+ 2)Cn+2. (2.39)

Consider now the true moments of this toy model,

Mn ≡
∫
dx e!S(x) xn

n!∫
dx e!S(x)

.

A simple integration by parts shows that

Mn!2 = αnMn + βn(n+ 1)(n+ 2)Mn+2.

Interestingly, the fixed points of the equation (2.39) (defined by requiring that ∂5Cn = 0) obey
exactly the same three-term recurrence relation.

This has led to the conjecture that the probability distribution P5(x, y) in the complex plane
(we denote by x and y the real and imaginary parts, respectively) followed by an ensemble of
solutions of the complex Langevin equation is such that

lim
5→∞

∫
dxdy P5(x, y) f(x+ iy) =

?

∫
dx e!S(x) f(x). (2.40)

The remarkable aspect if this equality (if true) is that the left hand side has a positive weight
over and the test function f is evaluated at complex numbers, while on the right-hand side
the function f is evaluated solely on the real axis but weighted with a complex-valued action.
This certainly requires at a minimum that the function f(z) be analytic so that the values on
the real axis are related to those in the rest of the complex plane (but this limitation should
not be a surprise, since we arrived at this conjecture from considerations on the moments). If
this conjecture were valid (and generalizable from this toy model to a realistic quantum field
theory), it would offer the prospect of turning a path integral that has a sign problem (e.g.,
a path integral in Minkowski spacetime) into one that has a positive definite weight over a
complexified field space (and is thus approachable by Monte Carlo sampling).

The question of the validity of the conjecture (2.40) can in fact be divided into three
sub-questions:

1. If the moments Cn(5) defined from the complex Langevin equation do converge to a
fixed point, does this fixed point actually give the true moments Mn?



126 2 FUNCTIONAL METHODS

−4

−3

−2

−1

0

1

2

3

4

5

0 500 1000 1500 2000 2500 3000 3500

ρ
n
/
2
0
0
0
, 
ϕ
n
  
 (
C
n
,M

n
 =

 1
0
−
ρ
n
e
iϕ

n
 )

n

α = 1+5i, β = 1

true moments

recur. w. C5000=0

Figure 2.9 Comparison of the true moments Mn (evaluated numerically) and the moments
Cn obtained by solving the recurrence with the constraints C0 = 1, C5000 = 0. The moments
are parameterized as 10!ρnei3n ; the exponent ρn (divided by 2000, open squares and solid
line) and the phase 3n (open circles and solid dots) are both shown in the plot.

2. Do they actually converge to a fixed point?

3. In practice one has only a finite number of solutions of the complex Langevin equation,
which is equivalent to evaluating the left-hand side of (2.40) by Monte Carlo sampling.
Even though the distribution P5(x, y) is positive, are there situations where the integral
on x, y cannot be sampled efficiently?

29.c The recurrence relation satisfied both by the fixed point of the Cn and by the true
moments Mn is not sufficient to uniquely determine the moments, and therefore cannot
guarantee that the Cn and Mn are equal. Since this recurrence is linear and involves three
terms, the space of its solutions is a linear space of dimension two. The zeroth-order moment
is trivially fixed at C0 = M0 = 1 in both cases, which reduces to one the dimension of the
space of solutions. One may check that the true moments Mn go to zero when n → ∞, thanks
to the factorial included in their definition. Therefore, if we also had C∞ = 0, the recurrence
would determine a unique sequence of moments, and this sequence would coincide with the
true moments. This is illustrated in Figure 2.9 (for practical reasons related to the numerical
algorithm used to solve the recurrence, we have set C5000 = 0 instead of C∞ = 0), where
we see a perfect agreement (both in norm and in phase) between the true moments and those
obtained by solving the recurrence.

29.d Let us now discuss the convergence of the moments Cn when 5 → +∞. Since C0 = 1
is independent of 5, and using the fact that the odd moments are zero, we can write the equation
of motion of the higher moments as follows:

∂5C = C∗ + BC,

where we denote
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C ≡





C2

C4
...

C2N




, C∗ ≡





C0

0
...
0




, B ≡





!2α !24β 0 · · · 0 0

1 !4α !120β · · · 0 0
...

...
...

...
...

0 0 0 · · · 1 !2Nα




.

(Here, we have truncated the recurrence by imposing that C2N+2 = 0. Alternatively, one could
view B as a matrix of infinite size.) The matrix B is invertible, and the fixed point of the
preceding equation is given by

C(∞) = !B!1C∗.

Whether the solution actually converges to this fixed point is controlled by the sign of the real
part of the eigenvalues of the matrix B. A formal solution of the equation of motion of the
moments is

C(5) = e5B
[
C(0) +

∫5

0
d5 ′ e!5 ′B C∗

]
,

where C(0) is the initial condition for the moments C2,4,6,.... For this solution to forget its
initial condition, we must have

lim
5→+∞

e5B = 0 ,

which requires that all the eigenvalues of B have strictly negative real parts. (The matrix
B is non-Hermitian, and therefore not necessarily diagonalizable. However, the property
exp(5B) → 0 if all eigenvalues have negative real parts remains true, as can be seen by using
the Jordan form of the matrix.) Moreover, when this is the case, we also have

lim
5→+∞

e5B
∫5

0
d5 ′ e!5 ′B = !B!1,

which ensures that the solution converges to the expected fixed point.
When β ∈ (in this case, β should be positive for the original integral to make sense), we

may use the following theorem (see Gibson, P. M. (1971), Proc Edinb Math Soc 17(4): 317):
given a complex tri-diagonal matrix

< ≡





b1 c1 0 · · · 0 0

a1 b2 c2 · · · 0 0

0 a2 b3 · · · 0 0
...

...
...

...
...

0 0 0 · · · bn!1 cn!1

0 0 0 · · · an!1 bn





,

with ai, bi, ci ∈ , if aici ∈ and aici ≤ 0 for all 1 ≤ i ≤ n! 1, then all the eigenvalues 8
of < satisfy

min
{

Re (bi)
}
≤ Re (8) ≤ max

{
Re (bi)

}
.

Therefore, when β is real positive, we may conclude that all the eigenvalues of B have a real
part whose sign is opposite to that of the real part of α:
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• Re (α) > 0 : Re (8) < 0 for all eigenvalues, and the moments converge to the fixed
point, in a fictitious time at most 5 ∼ (2Re (α))!1 (this is the inverse of the smallest
possible real part, among all eigenvalues).

• Re (α) < 0 : Re (8) > 0 for all eigenvalues, and the moments diverge (but would
converge if we changed the direction of the evolution, 5 → !5).

29.e The derivation of the time evolution of the distribution P5(x, y) can be done by the
same method as the one used in Problem 28, by considering a generic test function F(x, y) and
writing

∫
dxdy

(
∂5P5

)
F = Z!1

∫
[Dη]

{
(∂5x)∂xF+ (∂5y)(∂yF)

}
e!

1
4
∫
η2

= Z!1

∫
[Dη]

{
(!ReS ′ + η︸︷︷︸

!2
δ
δη

)∂xF+ (!ImS ′)(∂yF)
}
e!

1
4
∫
η2 .

Then, we integrate the derivative with respect to η by parts to let it act on ∂xF, which gives

2
δ

δη(5)
∂xF = 2

δx(5)

δη(5)︸ ︷︷ ︸
=

1
2

∂2xF = ∂2xF.

Therefore, we have
∫
dxdy

(
∂5P5

)
F =

∫
dxdy P5

{
∂2xF! ReS ′(∂xF)! ImS ′(∂yF)

}

=

∫
dxdy F

{
∂2x + ∂xReS ′ + ∂yImS ′

}
P5,

which gives the announced Fokker–Planck equation since this equality must be true for any
test function F(x, y).

29.f Let us assume a quadratic action, i.e., β ≡ 0, α ≡ a+ ib. The statement of the problem
announces an asymptotic solution in the form of the exponential of a polynomial of degree
two, of the form

! lnP∞(x, y) = 1
2

(
ux2 + vy2 + 2wxy

)
.

Fixed points of the Fokker–Planck equation make its right-hand side vanish. With the above
ansatz, this results in the following set of equations for the coefficients u, v,w:

u2 = au+ bw, w2 = av! bw, 2uw = 2aw+ b(v! u), u = 2a.

(The four equations correspond to equating to zero the coefficients of x2, y2, xy and 1, respec-
tively.) Once u is known, it is straightforward to obtain the other coefficients,

w = 2a2

b , v = 2a
(
1+ 2a2

b2

)
.

(One should also check that the fourth equation is satisfied by this solution.) Therefore, when
β = 0, we indeed obtain the announced fixed point. This distribution looks completely
innocuous, with rapidly falling tails in all directions of the complex plane.
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When b , a (i.e., when the original integral suffers from a severe sign problem), this
distribution becomes nearly isotropic in the x, y plane:

P∞(x, y) =
a)b

a

j
exp

{
! a

(
x2 + y2

)}
. (2.41)

(We have restored the proper normalization prefactor.) From this isotropic distribution, we
would predict C0 = 1, C2,4,6,... = 0, while the exact moments are

M2n =
1

2nn!(a+ ib)n
≈ 1

2nn!bn
.

The moment z2n/(2n)! obtained with (2.41) in an angular slice [2, 2+ 1] reads

1

∫∞

0
dr r a

je
!ar2 r2ne2in2

(2n)!
=

1

j

n!e2in2

an(2n)!
, M2n.

Had we performed the calculation with the exact distribution P∞(x, y), we would have

1

∫∞

0
dr r P∞(x, y)

r2ne2in2

(2n)!
=

1

j

n!e2in2

an(2n)!

{
1⊕ a

b
⊕ · · ·⊕ an

bn
︸︷︷︸
order

of M2n

⊕ · · ·
}
.

We see that the correct result for M2n results from cancellations in the angular integration over
2 (thanks to the weight e2in2), such that the result ∼ a!n in a small angular slice is reduced to
b!n after the angular integration. Thus, the sign problem we sought to circumvent reappears
in a (milder) form that renders difficult the evaluation of high-order moments.
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About the Problems of this Chapter

• Problem 30 derives some basic identities obeyed by the generators of the fundamental
representation of su(n), and by the structure constants fabc and dabc. More elaborate
identities are obtained in Problems 31 and 32.

• In Problem 33, we prove an identity obeyed by the generators of su(2), which plays a
role in problems related to coherent spin states.

• Problems 34 and 35 explore how Wilson loops and Wilson lines change when the
contour on which they are defined is deformed in various ways. This wisdom is then
applied in Problem 35 in order to obtain the Makeenko–Migdal loop equations.

• In Problem 36, we introduce the concept of a classical particle carrying a non-Abelian
charge, and derive the Wong equations that describe how such a charge evolves in an
external gauge potential. These equations are obtained from the worldline formalism in
Problem 38.

• The well-known Stokes’s theorem relates the integral of a vector along a closed path
and the integral of its curl over a surface bounded by this path. The goal of Problem
39 is to obtain a similar formula that relates a non-Abelian gauge potential and the
corresponding field strength.

• In Problem 40, we consider the quantization of QED in a non-linear gauge, which leads
to complications quite similar to those encountered in non-Abelian gauge theories.

• How gauge invariant scattering amplitudes are obtained from LSZ reduction formulas
that contain gauge-dependent fields is discussed in Problem 41.

• Problem 42 is devoted to studying the large-N limit of SU(N) Yang–Mills theory. It is
shown that the leading contribution comes from the subset of planar graphs.

• Soft gluon radiation from a quark–antiquark dipole is calculated in Problem 43, with
emphasis on the antenna patterns of this emission. In Problem 44, we derive an auxiliary
identity useful in this study. Problem 45 is devoted to a derivation of the Low–Burnett–
Kroll theorem in QCD in a simple case.

• In Problem 46, we discuss quadratic and cubic operators that are invariant under global
gauge transformations.

• Problem 47 studies some aspects of Banks–Zaks fixed points, which are perturbative
infrared fixed points in asymptotically free theories.

• Several aspects of instantons are studied in Problems 48, 49 and 50. They are first
discussed in the simpler setting of ordinary quantum mechanics in Problem 48. Then,
it is shown in Problem 49 that in Yang–Mills theory instantons interpolate between
pure gauges of different topological indices, and Problem 50 is devoted to studying the
ground states of Yang–Mills theories and their topological classification.
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30. Basic su(n) Identities Prove the following su(n) identities:

30.a facddbcd = 0

30.b tr
(
taf t

b
f t

c
f
)
= 1

4

(
dabc + i fabc

)

30.c tr
(
taf t

b
f t

a
f t

c
f
)
= ! 1

4n ηbc

30.d facdfbcd = n ηab

30.e dacddbcd =
(
n! 4

n

)
ηab

Hint: for the preceding two questions, write tr
(
taf t

b
f t

a
f t

c
f
)

in several ways.

30.f fadefbeffcfd = n
2 fabc.

30.a Note that the symmetric structure constants dabc must be real (like the fabc), because
the anti-commutator

{
taf , t

b
f
}

is Hermitian. Before we start, let us mention that there is a
simpler variant of the first equality:

fabcdabd = 0,

where the contraction is done on the first two indices. This identity follows trivially from the
fact that fabc is fully antisymmetric, while dabd is symmetric in the first two indices (this is
easily seen from its definition in Eq. (3.4)). The first identity in the statement of the problem is
a bit more complicated, because the contraction is on the second and third indices. We may
write

facddbcd = !2i tr
(
[taf , t

c
f ]{t

b
f , t

c
f }
)

= !2i tr
(
taf t

c
f t

b
f t

c
f ! tcf t

a
f t

b
f t

c
f + taf t

c
f t

c
f t

b
f ! tcf t

a
f t

c
f t

b
f
)
= 0.

(We use tcf t
c
f = (n2 ! 1)/2n and the cyclicity of the trace in order to obtain a pairwise

cancellation of the four terms.)

30.b In order to obtain the second equality, we start from

taf t
b
f = 1

2

(
ηab

n 1+ (dabf + i fabf) tff

)
, (3.26)

multiply on the right by tcf and take the trace. This gives

tr
(
taf t

b
f t

c
f
)
= 1

4(d
abc + i fabc).

Because dabc and fabc are respectively the real and imaginary parts of this trace, we see that
both kinds of structure constants are invariant under cyclic permutations of the indices a, b, c.
Since dabc is symmetric under the exchange of the first two indices a, b, its cyclic invariance
implies that it is in fact fully symmetric. Likewise, fabc is fully antisymmetric. Therefore the
double contraction of a dabc and an fabc on any pair of indices gives zero.
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30.c The third identity is easily obtained by multiplying taf t
b
f t

a
f = ! 1

2N tbf (derived using
the Fierz identity) on the right by tcf and taking the trace, which gives

tr
(
taf t

b
f t

a
f t

c
f
)
= ! 1

2n tr
(
tbf t

c
f
)
= ! 1

4n ηbc.

30.d On the other hand, we could have obtained an alternative expression for this trace as
follows:

tr
(
taf t

b
f t

a
f t

c
f
)
= tr

(
([taf , t

b
f ] + tbf t

a
f )t

a
f t

c
f
)
= ifabetr

(
tef t

a
f t

c
f
)
+ n2!1

2n tr
(
tbf t

c
f
)

= i
4f

abe(deac + i feac) + n2!1
4n ηbc = !1

4f
aebfaec + n2!1

4n ηbc.

(We have used the quadratic Casimir operator,
(
taf t

a
f
)
il
= N2!1

2N ηil.) Comparing the two
forms of this trace gives

faebfaec = n ηbc.

Note that this identity is equivalent to tr
(
Tb

adjT
c
adj
)
= n ηbc.

30.e Yet another form of the same trace can be obtained by using two copies of (3.26):

tr
(
taf t

b
f t

a
f t

c
f
)
= 1

4 tr
((

ηab

n 1+ (dabe + i fabe) tef
)(

ηac

n 1+ (dacf + i facf) tff
))

= 1
4

(
1
nηbc +

1
2(d

abe + i fabe)(dace + i face)
)

= 1
4

(
1
nηbc +

1
2(d

abedace ! fabeface)
)
.

Comparing this expression with the preceding two results leads to

dabedace =
(
n! 4

n

)
ηbc.

Since dabc is invariant under cyclic permutations of the three indices, this identity is also
equivalent to

deabdeac = dbeadcea =
(
n! 4

n

)
ηbc.

30.f For the final equality, note first that

Sabc ≡ fadefbeffcfd = !i tr
(
Ta

adjT
b
adjT

c
adj
)

= !i tr
(
([Ta

adj, T
b
adj] + Tb

adjT
a
adj)T

c
adj
)
= n fabc + Sbac.

On the other hand, we can also write

Sabc = tr
(
(iTa

adj)(iT
b
adj)(iT

c
adj)

)
= tr

(
(iTc

adj)
T (iTb

adj)
T (iTa

adj)
T
)

= !tr
(
(iTc

adj)(iT
b
adj)(iT

a
adj)

)
= !Scba = !Sbac.

(We have used the fact that the matrix iTa
adj is antisymmetric, and the cyclic invariance of the

trace.) This second relationship proves the antisymmetry of Sabc. Combined with the first one,
we thus get

!i tr
(
Ta

adjT
b
adjT

c
adj
)
= fadefbeffcfd = n

2 f
abc.
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31. More su(n) Identities Consider the generators Ta
adj of the adjoint representation of

su(n), and also denote (Da)bc ≡ dabc. Prove the following identities:

31.a fabcTa
adjT

b
adjT

c
adj =

i
2n

2 1adj

31.b fabcDaTb
adjT

c
adj = 0

31.c fabcDaDbTc
adj =

i
2(n

2 ! 4) 1adj

31.d fabcDaDbDc = 0.

Hint: for the last two formulas, one may first prove the following intermediate results:

dabefecd + dbcefead + dcaefebd = 0,
2
n(ηabηcd ! ηacηbd) + dabedced ! dacedbed + fbcefaed = 0.

31.a First, we have

fabcTb
adjT

c
adj =

1
2 f

abc
[
Tb

adj, T
c
adj
]
= i

2 fabcfbcd︸ ︷︷ ︸
n ηad

Td
adj =

in
2 Ta

adj.

(The contraction fabcfbcd was derived in Problem 30.) Multiplying by Ta
adj on the left, and

using Ta
adjT

a
adj = n 1adj, we get the first of the listed identities,

fabc Ta
adjT

b
adjT

c
adj =

i
2 n

2 1adj.

31.b Instead, we may multiply on the left by Da to get

fabc DaTb
adjT

c
adj =

in
2 DaTa

adj.

Recall now that
(
DaTa

adj
)
bc

= !i dabdfadc = 0

(see Problem 30). Therefore, we have

fabc DaTb
adjT

c
adj = 0.
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31.c At this point, the identities proposed in the hint become useful. Let us prove them first.
Using the identity

[{A,B}, C] + [{B,C}, A] + [{C,A}, B] = 0

with A,B,C generators of the fundamental representation of su(N), we obtain

dabefecd + dbcefead + dcaefebd = 0.

(This is sometimes called the second Jacobi identity.) In order to get the second identity
proposed in the hint, the starting point is the following somewhat less-known equality:

[A, [B,C]] = {C, {A,B}}! {B, {A,C}}.

Substituting for A,B,C the three generators taf , t
b
f , t

c
f leads to the announced identity. Recall-

ing that (Ta
adj)bc = !ifabc and (Da)bc = dabc, these identities can be recast as follows:

[Da, Tb
adj] = [Ta

adj, D
b] = ifabcDc,

Ta
adjD

b + Tb
adjD

a = DaTb
adj +DbTa

adj = dabcTc
adj,

[Da,Db] = ifabcTc
adj + κab,

with (κab)cd = 2
n(ηcbηda ! ηcaηdb). Using these intermediate results, we have

fabcDbTc
adj =

1
2 f

abc
[
Db, Tc

adj
]
= i

2 fabcfbcd︸ ︷︷ ︸
n ηad

Dd = in
2 Da,

fabc DaDbTc
adj =

in
2 DaDa.

Using the results of Problem 30, we get
(
DaDa

)
bc

= dabddadc = n2!4
n ηbc,

which implies that

fabc DaDbTc
adj =

i
2 (n

2 ! 4) 1adj.

31.d We also have

fabcDbDc = 1
2 f

abc
[
Db,Dc

]
= i

2 fabcfbcd︸ ︷︷ ︸
n ηad

Td
adj +

1
2 f

abcκbc = in
2 Ta

adj +
1
2 f

abcκbc.

Note now that

fabc
(
κbc

)
ef
= 2i

n

(
Ta

adj
)
bc

(
ηbfηce ! ηbeηcf

)
= 2i

n

{
(Ta

adj)fe ! (Ta
adj)ef

}
= ! 4i

n (T
a
adj)ef,

which implies

fabcDbDc = i n2!4
2n Ta

adj, and fabcDaDbDc = i
(
n2!4
2n

)
DaTa

adj = 0.
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32. More su(n) Identities (Continued) This problem is a continuation of Problem 31.
Prove the following identities:

32.a dabcTa
adjT

b
adjT

c
adj = 0

32.b dabcDaTb
adjT

c
adj =

1
2(n

2 ! 4) 1adj

32.c dabcDaDbTc
adj = 0

32.d dabcDaDbDc = (n2!4)(n2!12)
2n2 1adj.

32.a We start from the following formulas, obtained in Problem 31:

Ta
adjD

b + Tb
adjD

a = DaTb
adj +DbTa

adj = dabe Te
adj, (3.27)

[
Ta

adj, D
b
]
=

[
Da, Tb

adj
]
= i fabe De,

Ta
adjD

b +DaTb
adj = dabe Te

adj + i fabe De.

Multiplying (3.27) by Tc
adj on the left and taking the trace, we obtain

tr (Tc
adjD

aTb
adj + Tc

adjD
bTa

adj) = dabe tr (Tc
adjT

e
adj)︸ ︷︷ ︸

n ηce

= ndabc

and

tr (DaTb
adjT

c
adj) =

n
2 d

abc. (3.28)

(Here, we assume for the time being that tr (DaTb
adjT

c
adj) is symmetric under the permutation of

the indices a, b; we shall return to this point after (3.29).)
Writing the trace more explicitly in terms of symmetric and antisymmetric structure

constants, one can see that this identity is equivalent to

dabcTb
adjT

c
adj =

n
2 D

a.

Then, multiplying this equation on the left by Ta
adj gives

dabcTa
adjT

b
adjT

c
adj =

n
2 T

a
adjD

a = 0 (Ta
adjD

a = 0 was proven in Problem 31).

32.b Multiplying instead by Da on the left gives

dabcDaTb
adjT

c
adj =

n
2 D

aDa = 1
2(n

2 ! 4) 1adj.
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32.c, 32.d In order to prove the remaining two identities, let us start from
[
Da,Db

]
= ifabeTe

adj + κab with (κab)cd = 2
n(ηcbηda ! ηcaηdb),

also obtained in Problem 31. By explicitly writing the components of all the matrices in this
equation, we get dacedbde ! dbcedade = fabefecd ! 2

n(ηacηbd ! ηadηbc). Then, we subtract
from this the same equation with b and c exchanged, which gives

dacedbde ! dabedcde = fabefecd ! facefebd ! 2
n(ηacηbd ! ηabηcd),

or, equivalently,
(
DaDb + Ta

adjT
b
adj
)
df

= dabe
(
De

)
df

+ i fabe
(
Te

adj
)
df

+ 2
n

(
ηabηdf ! ηadηbf

)
.

Finally, we multiply this equation on the right by (Dc)fd, which gives

tr
(
DaDbDc + Ta

adjT
b
adjD

c
)

= dabe tr (DeDc)
︸ ︷︷ ︸
ηec(n2!4)/n

+ifabe tr (Te
adjD

c)
︸ ︷︷ ︸

0

+ 2
nηab tr (Dc)

︸ ︷︷ ︸
0

! 2
n ηadηbfd

cfd

︸ ︷︷ ︸
dcba=dabc

= dabcn
2 ! 6

n
. (3.29)

The right-hand side of this equation is fully symmetric in a, b, c. On the left-hand side, it is
easy to check (using the commutator [Da,Db] derived in Problem 31) that tr (DaDbDc) is
also fully symmetric, which implies the same property for tr (Ta

adjT
b
adjD

c). This was the missing
ingredient in order to complete the proof of (3.28).

Using (3.28), we can then disentangle the two terms on the left-hand side of (3.29), to
obtain

tr
(
DaDbDc

)
= dabcn

2 ! 12

2n
,

which is also equivalent to dabcDbDc = n2!12
2n Da. Multiplying this identity on the left

respectively by Ta
adj and Da leads to the last two of the announced formulas,

dabcTa
adjD

bDc = n2!12
2n Ta

adjD
a = 0,

dabcDaDbDc = n2!12
2n DaDa = (n2!4)(n2!12)

2n2 1adj.

Final Note: In the intermediate steps of the present problem and of Problem 31, a number of
identities have been obtained for pairs of Ta

adj’s or Da’s contracted with a fabc or a dabc. We
collect them here for convenience:

fabcTb
adjT

c
adj =

in
2 Ta

adj, fabcDbTc
adj =

in
2 Da, fabcDbDc = in

2!4
2n Ta

adj,

dabcTb
adjT

c
adj =

n
2 D

a, dabcDbTc
adj =

n2!4
2n Ta

adj, dabcDbDc = n2!12
2n Da.



33 AN su(2) IDENTITY 143

33. An su(2) Identity Let s1,2,3 be the spin operators satisfying the su(2) algebra,
[si, sj] = i jijksk, and denote by s± ≡ s1 ± is2 the raising and lowering operators. Show that

ere
iϕs−!re−iϕs+ = ezs−e! ln(1+zz∗)s3e!z∗s+ , with z ≡ eiϕ tan(r).

Hint: recall that the fundamental representation is faithful. This identity is very useful for the
manipulation of coherent spin states (see Problem 22).

On the surface, it seems that this question could be attacked with the Baker–Campbell–
Hausdorff formula. However, this approach would be somewhat involved. It turns out that a
direct calculation of the matrix exponentials is quite simple in the fundamental representation
of su(2). Since the fundamental representation is faithful, the validity of an equality in
this representation then implies that it is true in any representation. In the fundamental
representation, the spin operators are represented by the following 2× 2 matrices:

s+ =

(
0 1

0 0

)
, s! =

(
0 0

1 0

)
, s3 =

(
1
2 0

0 ! 1
2

)
.

Thanks to the fact that s2± = 0 and s23 =
1
4 ·1, exponentials of s!, s+ or s3 are very simple:

eαs− =

(
1 0

α 1

)
, eγs+ =

(
1 γ

0 1

)
, eβs3 =

(
eβ/2 0

0 e!β/2

)
.

Therefore, a generic product such as the one on the right-hand side of the formula to be proven
reads

eαs−eβs3eγs+ =

(
1 0

α 1

)(
eβ/2 0

0 e!β/2

)(
1 γ

0 1

)
=

(
eβ/2 γ eβ/2

α eβ/2 αγ eβ/2 + e!β/2

)
.

(3.30)

Consider now the left-hand side. The generic form of the argument of the exponential is

as! + bs+ =

(
0 b

a 0

)
.

In order to compute the exponential of this matrix, we need

(
as! + bs+

)2n
= (ab)n

(
1 0

0 1

)
,

(
as! + bs+

)2n+1
= (ab)n

(
0 b

a 0

)
.

Summing the Taylor series that gives the exponential leads to

eas−+bs+ =

(
cosh(

√
ab)

√
b
a sinh(

√
ab)

√
a
b sinh(

√
ab) cosh(

√
ab)

)
. (3.31)

At this point, we simply need to identify (3.30) and (3.31), in the special case where a = reiϕ
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x

γ

γ̃

Figure 3.1 Addition of a small appendix γ̃ to a loop γ, at the base point x.

and b = !re!iϕ. This leads to the following set of equations:

cos(r) = eβ/2, cos(r) = αγ eβ/2 + e!β/2,

! e!iϕsin(r) = γ eβ/2, eiϕsin(r) = α eβ/2,

whose solution is given by

α = tan(r)eiϕ, β = ! ln
(
1+ tan2(r)

)
, γ = ! tan(r)e!iϕ.

(The first, third and last equations directly give β,γ and α, respectively. Then, we must check
that the second equation holds with these solutions.)

34. Area Derivative of a Wilson Loop Consider the trace of a Wilson loop W[A;γ] defined
on a closed path γ. Pick a point x ∈ γ, and at this point add a small closed contour γ̃ that
starts and ends at x. Show that

tr
(
W[A;γγ̃]

)
! tr

(
W[A;γ]

)
= igσµν(γ̃) tr

(
Fµν(x)W[A;γ]

)
+ · · · ,

where σµν(x) ≡ 1
2

∫
γ̃ dx

µ ∧ dxν is the integral of the area 2-form on γ̃. The unwritten terms
represented by the dots are of higher order in the area enclosed by γ̃.

Consider a Wilson loop W[A;γ] along a closed path γ. This Wilson loop is not gauge
invariant, but its trace is. Now, take a point x on the contour γ, and at this point let us add a
small closed contour γ̃ that starts and ends at x, as shown Figure 3.1. The Wilson loop on the
concatenated contour γγ̃ (this notation means that γ is traversed before γ̃) is the product of
the Wilson loops on the individual contours:

W[A;γγ̃] = W[A; γ̃]W[A;γ].

Note a subtlety here: before we marked a point at x, there was no need to specify the starting
point and final point of the path γ in the definition of the trace of the Wilson loop, thanks to the
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cyclicity of the trace. But after we attached the path γ̃ at the point x, the path γ is implicitly
assumed to begin and end at the point x, as is γ̃.

When the contour γ̃ is infinitesimal, the corresponding Wilson line can be expanded as
follows:

W[A; γ̃] = 1+ igσµν(γ̃) Fµν(x) + · · · ,

where we denote by

σµν(γ̃) ≡ 1
2

∫

γ̃
dxµ ∧ dxν

the integrated area 2-form (this measures the oriented area of the projection of γ̃ on the plane
µν). The unwritten terms are of higher order in the size of the loop, and therefore become
negligible when this size goes to zero. Therefore, we have

tr
(
W[A;γγ̃]

)
! tr

(
W[A;γ]

)
= igσµν(γ̃) tr

(
Fµν(x)W[A;γ]

)
+ · · · .

This identity can be formally written as

η tr
(
W[A;γ]

)

η σµν(x)
= ig tr

(
Fµν(x)W[A;γ]

)
,

which is known as the Mandelstam formula. It expresses the variation of the trace of a Wilson
loop when the contour γ over which it is defined is deformed infinitesimally at a point x ∈ γ
(since we have taken the trace, we need not specify in the definition of the area derivative
whether the deformation γ̃ of the contour is added “before” or “after” the contour γ). Note an
important property of this area derivative: when x %= y, we have

η

η σµν(x)

η

η σρσ(y)
tr
(
W[A;γ]

)
=

η

η σρσ(y)

η

η σµν(x)
tr
(
W[A;γ]

)
,

which means that when two deformations are applied at distinct points of the contour, the result
does not depend on the order in which they are applied. This property is not true if x = y: the
difference between the two orderings of the area derivative involves the non-zero commutator
[Fµν(x), Fρσ(x)].

35. Endpoint Derivative of a Wilson Line This problem is a continuation of Problem 34.
Consider a Wilson line defined on an open path γxy that goes from x to y.

35.a By varying the endpoints of the contour, show that

∂µx W[A;γxy] = !igW[A;γxy]A
µ(x), ∂µy W[A;γxy] = igAµ(y)W[A;γxy].

35.b Show that
[
∂µy,∂

ν
y

]
W[A;γxy] = ig Fµν(y)W[A;γxy] and

[
∂yµ,∂

y
ν

]
= η/ησµν(x) (see

Problem 34 for the definition of the area derivative).
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35.c For a gauge field that obeys the classical Yang–Mills equations in the vacuum, check
that

∂µx
η tr

(
W[A;γ]

)

η σµν(x)
= 0.

35.d Is this still zero if we consider the expectation value of the Wilson line,
〈
tr
(
W[A;γ]

)〉

(i.e., the Wilson line averaged over all configurations of the gauge field) instead of the
Wilson line in a fixed Aµ? Determine the non-zero right-hand side in the case of QED.

35.a Consider an open contour γxy starting at the point x and ending at the point y. Now, let
us extend this contour at both endpoints: γxy → ηγx γxy ηγy. The Wilson line defined on the
new contour can be written as

W[A; ηγx γxy ηγy] = W[A; ηγy]W[A;γxy]W[A; ηγx].

(Recall that, in a Wilson line, the fields are ordered from left to right by starting from the
endpoint of the contour.) When the added contours are infinitesimal, they may be viewed as
variations dxµ, dyµ of the endpoints of γxy. For such small contours, we have

W[A; ηγy] = 1+ ig dyµ Aµ(y) + · · · , W[A; ηγx] = 1! ig dxµ Aµ(x) + · · · ,

and

W[A; ηγx γxy ηγy]

= W[A;γxy] + ig dyµ Aµ(y)W[A;γxy]! ig dxµW[A;γxy]Aµ(x) + · · · .

The result of this formula can also be written in the form of endpoint derivatives of the Wilson
line:

∂µx W[A;γxy] = !igW[A;γxy]A
µ(x), ∂µy W[A;γxy] = igAµ(y)W[A;γxy].

35.b If we take the derivative with respect to the final point y twice, we obtain

∂νy∂
µ
y W[A;γxy] = ∂νy

(
igAµ(y)W[A;γxy]

)

= ig
((

∂νyA
µ(y)

)
W[A;γxy] +Aµ(y)

(
∂νyW[A;γxy]

))

= ig
(
∂νyA

µ(y) + igAν(y)Aµ(y)
)
W[A;γxy].

From this formula, it is clear that successive endpoint derivatives do not commute. Instead, we
have

[
∂µy,∂

ν
y

]
W[A;γxy] = ig Fµν(y)W[A;γxy].

Using the result of Problem 34, we may also interpret this as a relationship between endpoint
derivatives and area derivatives:

[
∂yµ,∂

y
ν

]
=

η

η σµν(y)
.
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35.c Consider now a closed contour γxx starting and ending at some point x. Upon variation
of the point x by dx, the Wilson loop varies according to

W[A;γxx] → W[A;γxx]!ig dxµW[A;γxx]Aµ(x)+ig dxµ Aµ(x)W[A;γxx]+· · · ,

which we may write as

∂µxW[A;γxx] = ig
[
Aµ(x),W[A;γxx]

]
.

This implies that ∂µx tr
(
W[A;γxx]

)
= 0. This result could have been derived differently.

Indeed, varying the common endpoint x of a closed contour by the same amount dx is
equivalent to adding a small closed contour γ̃ to γ. As we have seen in Problem 34, the
variation of the trace of the Wilson line is proportional to the area of γ̃, and thus should vanish
at linear order in dx.

Let us now apply the derivative ∂αx to the Mandelstam formula derived in Problem 34. We
get

∂αx
η tr

(
W[A;γ]

)

η σµν(x)
= ig∂αx tr

(
Fµν(x)W[A;γ]

)

= ig tr
(
Fµν(x) (igA

α(x))W[A;γ]
)

+ ig tr
(
Fµν(x)W[A;γ](!igAα(x))

)

+ ig tr
(
(∂αx Fµν(x))W[A;γ]

)

= ig tr
(
(∂αx Fµν(x)! ig[Aα(x), Fµν(x)])W[A;γ]

)

= ig tr
(
[Dα(x), Fµν(x)]W[A;γ]

)
.

If the gauge field Aµ used in the definition of the Wilson loop obeys the vacuum classical
Yang–Mills equations, [Dµ, Fµν] = 0, we have

∂µx
η tr

(
W[A;γ]

)

η σµν(x)
= 0.

35.d Note that if we consider instead the quantum expectation value of the Wilson loop
instead of its value in a fixed background, the right-hand side is not zero:

∂µx
η
〈
tr
(
W[A;γ]

)〉

η σµν(x)
%= 0.

In quantum electrodynamics, one may explicitly calculate the non-zero term that enters on the
right-hand side. First, note that

∫ [
DAµ

] η

ηAµ(x)

(
W[A;γ] eiS[A]

)
= 0,

where S[A] is the photon action. (The zero follows trivially from the fact that this is the integral
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of a total derivative.) By explicitly evaluating the functional derivative in the integrand, we get
〈(

∂µxFµν(x) + e

∫

γ
dyν η(x! y)

)
W[A;γ]

〉
= 0,

which we may rewrite as

∂µx
η
〈
W[A;γ]

〉

η σµν(x)
= !ie2

〈
W[A;γ]

〉 ∫

γ
dyν η(x! y).

(Note that in QED, the trace is superfluous since the value of the Wilson loop is a scalar, not a
matrix.)

36. Makeenko–Migdal Loop Equation This is a continuation of Problems 34 and 35.
Consider a closed path γ, and the Wilson loop W[A;γ] defined on this contour in Yang–Mills
theory.

36.a With the definitions of Problems 34 and 35, show that

∂µx

η
〈

tr
(
W[A;γ]

)〉

η σµν(x)

+ ig2
∫

γ
dyν η(y! x)

〈
tr
(
taW[A;γxy] t

aW[A;γyx]
)〉

= 0,

where γxy and γyx are the portions of γ that go from x to y, and from y to x, respectively.

36.b Show that the right-hand side of this equation is zero if x %∈ γ, Abelian-like if x ∈ γ and
the contour does not have any self-intersection, and contains genuine non-Abelian terms
when γ has self-intersections.

36.c In the case of an SU(N) gauge theory and in the limit of a large number of colors,
N → +∞, show that this equation reduces to

∂µx

η
〈

tr
(
W[A;γ]

)〉

η σµν(x)
+ i

g2

2

∫

γ
dyν η(y! x)

〈
tr
(
W[A;γxy]

)〉〈
tr
(
W[A;γyx]

)〉

= 0.

36.a In Problem 35, we showed that

∂µx
η tr

(
W[A;γ]

)

η σµν(x)
= ig tr

(
[Dµ, Fµν(x)]W[A;γ]

)
. (3.32)

Here, since we want an expectation value, we must not assume that the gauge field Aµ obeys
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Yang–Mills equations (doing so would only give the classical value of the path integral, not the
full quantum result). Therefore, in order to obtain the proposed equation, we must evaluate
the expectation value of the right-hand side. Let us start from the following identity (which is
trivial because the integrand is a total functional derivative):

∫ [
DAµ

] η

ηAν
a(x)

(
eiS[A] tr

(
P eig

∫
γ dxµAµ

︸ ︷︷ ︸
W[A;γ]

))
= 0.

(Note that, under the path integral, the path-ordering is still necessary for the final factor.
Indeed, even though Aµ is no longer an operator in the path integral, it is a non-commuting
matrix-valued quantity.) Let us now apply the derivative to the two factors in turn. First, we
have

η

ηAν
a(x)

eiS[A] = i
(
Dµ

adj
)
ab
Fbµν(x) e

iS[A] = i
[
Dµ, Fµν(x)

]
a
eiS[A].

In order to obtain the derivative of the second factor, note that

η

ηAν
a(x)

P eig
∫
γ dxµAµ = ig

∫

γ
dyν η(x! y)W[A;γxy] t

aW[A;γyx],

where ta is a generator of the gauge algebra in the representation of interest, and γxy (resp.
γyx) denotes the portion of the contour γ that goes from the point x to the point y (resp. from
y to x). Here, a few more words of explanation are in order. Since this derivative is obviously
zero when x /∈ γ, we can assume from now on that the point x lies on γ. Moreover, since at
this stage we have not yet taken the trace, we have to choose a starting and a final point on γ
(they are identical since γ is a closed loop), in order for the Wilson line to be fully defined. In
this case, the simplest choice is to take x as this base point. Thus, the identity we have obtained
reads

〈[
Dµ, Fµν(x)

]
a
W[A;γ]

〉
+ g

∫

γ
dyν η(x! y)

〈
W[A;γxy] t

aW[A;γyx]
〉
= 0.

Then, we multiply by ig ta on the left and take the trace, and recall (3.32) to get

∂µx

η
〈

tr
(
W[A;γ]

)〉

η σµν(x)
+ ig2

∫

γ
dyν η(x! y) tr

〈
taW[A;γxy] t

aW[A;γyx]
〉
= 0.

(3.33)

36.b There are three main cases when discussing the second term:

• The fact that the second term in this equation is zero when x %∈ γ is trivial, and was in
fact already exploited in our form of writing this term.

• When x ∈ γ and the loop γ does not intersect itself, there is a single point in the
parameterization of γ such that y = x. Therefore, one of the two sub-paths γxy or γyx
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γ
xy

γ
yx

x=y

Figure 3.2 Closed path γ with a self-intersection at the point x.

is the trivial path reduced to a single point, while the other one is γ itself. In this case,
the remaining Wilson loop is independent of x, y, and the equation (3.33) simplifies to

∂µx

η
〈

tr
(
W[A;γ]

)〉

η σµν(x)
+ ig2C2r

〈
trW[A;γ]

〉 ∫

γ
dyν η(x! y) = 0,

where C2r is the quadratic Casimir in the representation under consideration. Thus, for
non-intersecting loops, we obtain an equation that has exactly the same linear structure
as in the Abelian case (compare with the final equation obtained in Problem 35).

• When the contour γ possesses self-intersections, and the point x is one of them, then it is
possible that the sub-paths γxy and γyx are both non-trivial closed contours, as illustrated
in Figure 3.2. This is the situation where we have genuine non-Abelian features, since
the non-commutativity of the gauge group forbids moving the two Wilson loops next to
each other to reconstruct the Wilson loop on the full contour (this is always possible in
QED).

36.c Let us focus now on the case of an SU(N) gauge theory, and assume that all the objects
in (3.33) are expressed in the fundamental representation. First, the trace in the second term
may be written more explicitly as follows:

tr
〈
taW[A;γxy] t

aW[A;γyx]
〉
=

〈
taijWjk[A;γxy] t

a
klWli[A;γyx]

〉
.

Then, we use the su(N) Fierz identity in order to explicitly perform the contraction between
the two ta’s,

taijt
a
kl =

1

2
ηilηjk !

1

2N
ηijηkl.

In the limit where N → +∞, we can neglect the second term, and we have

tr
〈
taW[A;γxy] t

aW[A;γyx]
〉

=
N→+∞

1

2

〈
tr
(
W[A;γxy]

)
tr
(
W[A;γyx]

)〉
.

It turns out this can be simplified further in the large-N limit. In order to see this, note first that,
in the fundamental representation, the trace of a Wilson loop scales like N. Recall now that the
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expectation value of a product of Wilson loops amounts to connecting the fields attached to the
loops in all possible ways, according to the rules defined by the Yang–Mills action S[A]. In the
case of the double loop shown in the preceding figure, there are configurations of these links
that do not mix the two loops. These configurations correspond in fact to the product of the
expectation values of the two traces:

〈
tr
(
W[A;γxy]

)〉 〈
tr
(
W[A;γyx]

)〉
= · · ·+

γ
xy

γ
yx + · · · = O(N2).

(In the graphical representation, we have slightly displaced the loops to highlight the fact that
there are two separate traces.) In contrast, links that connect the two loops contribute to the
“correlated” term:

〈
tr
(
W[A;γxy]

)
tr
(
W[A;γyx]

)〉
!
〈

tr
(
W[A;γxy]

)〉 〈
tr
(
W[A;γyx]

)〉

=

γ
xy

γ
yx + · · · = 1

2
γ
xy

γ
yx

︸ ︷︷ ︸
O(N)

!
1

2N
γ
xy

γ
yx

︸ ︷︷ ︸
O(N)

+ · · · .

Therefore, we see that the correlated part of the double trace is only of order N, and in the
large-N limit we have

〈
tr
(
W[A;γxy]

)
tr
(
W[A;γyx]

)〉
=

N→+∞

〈
tr
(
W[A;γxy]

)〉 〈
tr
(
W[A;γyx]

)〉
.

In this limit, the loop equation becomes

∂µx

η
〈

1
N tr

(
W[A;γ]

)〉

η σµν(x)
=

N→+∞
!ig

2N
2

∫

γ

dyν η(x!y)
〈

1
N tr

(
W[A;γxy]

)〉〈
1
N tr

(
W[A;γyx]

)〉
.

This equation, which is a closed equation for expectation values of traces of Wilson loops, is
known as the Makeenko–Migdal equation. In this final form, we have normalized each trace
by a factor N!1 in order to have quantities of order one in the fundamental representation.
With this normalization, the prefactor of the second term contains the combination g2N, called
the ’t Hooft coupling. The limit N → +∞ we have considered in this derivation in general
assumes that the limit is taken while g2N is kept finite.
Source: Makeenko, Y. M. and Migdal, A. A. (1979), Phys Lett B 88: 135.

37. Classical Non-Abelian Particles and the Wong Equations The goal of this problem
is to extend to the non-Abelian case the concept of a classical particle that moves along
a trajectory xµ(t). This is useful in situations where the classical approximation provides
the leading answer, for instance in the calculation of hard thermal loops in QCD at finite
temperature (see Problem 74).
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37.a First, consider the Abelian case. Recall the definition of the momentum pµ of the particle
(assume it is massive, with a mass m), and the expression for dpµ/dt given by the
Lorentz force. Write the electromagnetic current created by this classical particle, and
check that it is conserved.

37.b Write down a non-Abelian generalization of the Lorentz force, introducing a “color
charge” Qa in place of the electrical charge e. Can Qa be gauge invariant? If not, what
is its transformation law?

37.c Can Qa be constant when the particle moves through an external color field?

37.d Write down the non-Abelian current generated by the moving particle. What should its
conservation equation be? Show that this conservation equation implies the following
equation of motion for Qa:

dxµ

dt

[
Dµ,Q

]
= 0 (Q ≡ Qataf ).

37.a First, let us recall the conservation of the electromagnetic current in QED:

Jµ(x) ≡ e,γµ,, ∂µJ
µ = 0,

which follows from the equation of motion of the field operator ,. In this equation, the
current is a quantum operator. However, in this case, it is well known how to obtain a classical
description of the electromagnetic current in terms of classical charged particles. Let us
illustrate this for a single point-like particle of charge e and mass m. We denote by xµ(t) the
worldline of this particle, parameterized by its proper time. Its momentum is given by

pµ = m
dxµ

dt
,

whose equation of motion is driven by the Lorentz force:

dpµ

dt
= e Fµν

dxν
dt

. (3.34)

The electromagnetic current it produces can be written as

Jµ ≡ e

∫
dt

dxµ

dt
η(x! x(t)).

(In this compact notation, keep in mind that the delta function is in fact a product of four delta
functions, one for each dimension of spacetime.) The verification that this current is conserved
goes as follows:

∂µJ
µ = e

∫
dt

dxµ

dt
∂µη(x! x(t))

︸ ︷︷ ︸
! d

dt
η(x!x(t))

= 0.

Note an implicit assumption, crucial in obtaining this conservation law: the electrical charge
of the particle is time-independent (otherwise, an integration by parts would give a non-zero
integrand proportional to the time derivative of e). This is of course very trivial: the electro-
magnetic current of the particle is conserved precisely because electrical charges are constants.
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37.b Now, we would like to generalize the concept of classical particle to particles that carry
a non-Abelian charge. The first equation,

pµ = m
dxµ

dt
,

is of course the same. Then, we would like to write an equation for the time derivative of the
momentum, involving the non-Abelian field strength. Since dpµ/dt is an SU(N) scalar, we
want a scalar on the right-hand side, not a matrix. Then comes the issue of gauge invariance:
dpµ/dt describes the trajectory of the particle, and therefore should be gauge invariant, while
Fµν is not. Taking the trace of Fµν gives a gauge invariant quantity, but this cannot be correct
since the trace is zero. These considerations suggest that we generalize (3.34) as follows in the
non-Abelian case:

dpµ

dt
= 2 tr

(
QFµν)

dxν
dt

, (3.35)

where Q is a matrix-valued “charge” (in the same representation of the Lie algebra as Fµν).
For the right-hand side to be gauge invariant, Q should be gauge-dependent and transform in
the same way as the field strength:

Fµν → Ω† Fµν Ω, Q → Ω†QΩ.

The prefactor 2 on the right-hand side was chosen with the fundamental representation in mind,
so that we also have

dpµ

dt
= QaFµνa

dxν
dt

.

37.c Because of its transformation law and because a gauge transformation Ω can depend
on spacetime, Q should be regarded as a spacetime-dependent object. Moreover, since Q
describes the charge of a colored particle, and since the fields with which it may interact
during its propagation themselves carry color, we expect that Q should evolve according to the
background gauge field in which the particle propagates.

37.d In order to derive the equation of motion for Q, let us first define the non-Abelian
current by mimicking the QED definition:

Jµ(x) ≡
∫
dt Q(x(t))

dxµ

dt
η(x! x(t)). (3.36)

The only notable modification is that the charge Q is evaluated at the current point on the
trajectory of the particle, to account for its spacetime dependence inherited from gauge
transformations. Note also that this current is matrix-valued, and not gauge invariant. It
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transforms as

Jµ(x) → Ω†(x) Jµ(x)Ω(x).

For this classical current to be a good replacement for the quantum one, it should fulfill the
same covariant conservation equation,

[
Dµ, J

µ
]
= 0.

(The covariant derivative makes this conservation law gauge invariant.) Therefore, let us
evaluate the covariant derivative of the current defined in (3.36):

[
Dµ, J

µ
]
=

∫
dt

(
! ig

[
Aµ,Q(x(t))

] dxµ

dt
η(x! x(t))

+Q(x(t))
dxµ

dt
∂µη(x! x(t))

︸ ︷︷ ︸
! d

dt
η(x!x(t))

)

=

∫
dt

(dQ(x(t))

dt
! ig

dxµ

dt

[
Aµ,Q(x(t))

])
η(x! x(t)).

Requesting that this covariant derivative vanish leads to the following equation of motion for
the non-Abelian charge Q:

dQ(x(t))

dt
! ig

dxµ

dt

[
Aµ,Q(x(t))

]

︸ ︷︷ ︸
dxµ

dt
[Dµ,Q]

= 0.

This equation, known as the Wong equation for Q, describes the variation of the color charge
of the particle as it moves through a given background gauge field. Note that even a very soft
field (i.e., whose non-zero Fourier modes are much smaller than the momentum of the particle),
which does not alter the straight motion of the particle, will change its color. Finally, observe
that this equation may also be written as

dxµ

dt

(
Dadj

µ

)
ab
Qb = 0.

In other words, the covariant derivative of Q projected along the trajectory of the particle is
vanishing (this equation of motion is reminiscent of the differential equation that defines a
Wilson line).
Source: Wong, S. K. (1970), Nuovo Cimento A 65: 689.

38. Wong Equations from the Worldline Formalism The goal of this problem is to obtain
the Wong equation derived in Problem 37 by using the worldline formalism. Consider a colored
complex scalar field (which ultimately we would like to describe as a colored classical particle)
embedded in a non-Abelian gauge field Aµ.



38 WONG EQUATIONS FROM THE WORLDLINE FORMALISM 155

38.a Write the worldline representation for the contribution of a scalar loop to the quantum
effective action of the non-Abelian gauge field. For the time being, use a path ordering
to handle the fact that the gauge field is a non-commuting Lie-algebra–valued object.

38.b Use the result of Problem 27 to remove this path-ordering, in order to obtain

. [A] = const +
∞∫

0

dT

T

∫

z(0) = z(T)

[
Dz(/)

]
e!

∫T
0 d/ (

1
4

.
z2(/)+m2)

× 2d
∫ 20

0

d1

20

∫

anti-
periodic

[
D2D2

]
ei1

(
d
2!1+2020

)
e!

∫
2(

.
z·D)2,

where d is the size of the matrices in the representation where the scalar lives, and 2020
denotes the value of 22 at some fixed /0 ∈ [0, T ].

38.c Introduce a charge defined as Qa ≡ g2ta2, and write the effective Lagrangian of the
“worldline particle” and auxiliary Grassmann field 2 that appear in this representation.

38.d Derive the equation of motion of 2, and use it to recover the Wong equation for Qa

discussed in Problem 37.

38.a The worldline representation of the one-loop effective action of a non-Abelian gauge
field due to a scalar loop is almost identical to Eq. (2.17), except that we must keep an explicit
path-ordering in order to handle the fact that the gauge field is non-commuting:

. [A] = const +
∞∫

0

dT

T

∫

z(0)=z(T)

[
Dz(/)

]
e!

∫T
0 d/ (

1
4

.
z2(/)+m2)

× tr P
(
e!ig

∫T
0 d/

.
z(/)·A(z(/))

)
.

The other notable difference is the persistence of a trace over the color indices carried by the
gauge field (the original trace was over spacetime and color, and the path integral over zµ(/)
only takes care of the spacetime trace).

38.b The trace of the path-ordered exponential in the second line is of the type discussed in
Problem 27, with

M(/) ≡ !g
dzµ

d/
Aµ(z(/)).

Therefore, we can directly write

tr P
(
e!ig

∫T
0 d/

.
z(/)·A(z(/))

)
= 2d

∫ 20

0

d1

20

∫

anti-
periodic

[
D2D2

]
ei1

(
d
2!1+2020

)
e!

∫
2(2̇!ig

.
z·A2),

where d is the dimension of the matrix Aµ in the representation appropriate for the scalar field
under consideration. Here, we have adopted the form of this representation wherein the first
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exponential has a term 1 is coupled to the value of 22 at a fixed /0 (which we denote by 2020).
The argument of the last exponential can be rearranged a bit:

2
(
2̇! ig

.
z ·A2

)
= 2

( d

d/︸︷︷︸
dzµ

dτ
∂

∂zµ

!ig
dzµ

d/
Aµ

)
2 = 2

(dzµ

d/
(∂µ ! igAµ︸ ︷︷ ︸

Dµ

)
)
2,

where Dµ is the covariant derivative in the representation of the scalar field. This establishes
the announced formula.

38.c We may also write this formula as

. [A] = const +
∞∫

0

dT

T

∫

z(0) = z(T)

[
Dz(/)

]

× 2d
∫ 20

0

d1

20

∫

anti-
periodic

[
D2D2

]
ei1

(
d
2!1+2020

)
e!

∫T
0 d/Leff(z,2,2),

with an effective Lagrangian defined as

Leff(z,2,2) ≡
.
z2

4
+m2 + 2(

.
z ·D)2 =

.
z2

4
+m2 ! iQa żµAa

µ + 2
.
2,

where we denote Qa ≡ g2ta2. Note that the first three terms,
.
z2

4
+m2 ! iQa żµAa

µ,

are formally identical to the effective Lagrangian for a scalar particle in a superposition of
gauge fields Aµ

a, with charges Qa controlling the couplings to these various fields. These Qa

play the same role as the non-Abelian charge introduced in Problem 37.

38.d By differentiating the effective Lagrangian with respect to 2, we obtain the following
equation of motion for 2:

( .
z ·D

)
2 = 0, i.e., .

2 = ig
.
zµAµ 2,

and by conjugation
.
2 = !ig

.
zµ 2Aµ.

Thanks to these equations of motion, we can calculate the time derivative of the non-Abelian
charge Qa:

.
Qa = g2ta

.
2+ g

.
2ta2 = ig2

.
zµ
(
2 taAµ2! 2Aµt

a2
)

= ig2
.
zµAb

µ 2
[
ta, tb

]
2 = !g2fabc

.
zµAb

µ 2t
c2 = ig

.
zµAb

µ(T
b
adj)ac Q

c

= ig
.
zµ
(
Aadj

µ

)
ac
Qc.

These equations are nothing but the Wong equations obtained in Problem 37 by other con-
siderations. Although the result is the same, the present approach provides more solid field
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theoretical foundations for the definition and evolution of the non-Abelian charge Qa.
Source: Jalilian-Marian, J., Jeon, S., Venugopalan, R. and Wirstam J. (2000), Phys Rev D 62:
045020.

39. Non-Abelian Stokes’s Theorem Consider a closed path γxx of base point x. Choose
a point y ∈ γxx which divides γxx into two sub-paths, γa

xy and γb
yx, and define a family

3t(x) ((t, s) ∈ [0, 1] × [0, 1]) of interpolating paths between γa
xy and γb

yx such that 30(s) =
γa
xy(s), 31(s) = γb

xy(s), 3t(0) = x, 3t(1) = y. With this notation, for an Abelian
gauge field Aµ, Stokes’s theorem states that

∮

γxx

dzµ Aµ(z) =

∫ 1

0
dtds

∂3µ

∂s

∂3ν

∂t
Fµν(3

t(s)).

The goal of this problem is to derive a formula, known as the non-Abelian Stokes’s theorem,
which relates a line integral of Aµ and a surface integral of Fµν in the case of non-Abelian
fields.

39.a Consider the Wilson loop W[A;γxx] defined on γxx. Show that it can be written as

W[A;γxx] = Pt exp
(
i

∫ 1

0
dtA[3t]

)
, with A[3t] ≡ iW!1[A; 3t]

d

dt
W[A; 3t],

where W[A; 3t] is the Wilson line defined on the line of constant t.

39.b Show then that

iA[3t] = ig

∫ 1

0
ds

∂3µ

∂s

∂3ν

∂t
W!1[A; 3t(0,s)] Fµν(3

t(s))W[A; 3t(0,s)],

where γt
(0,s) is the portion of γt that extends from γt(0) = x and γt(s).

39.c Conclude that the non-Abelian Stokes’s theorem reads

W[A;γxx] = Pt exp
(
ig

∫ 1

0
dtds

∂3µ

∂s

∂3ν

∂t
W!1[A; 3t(0,s)]Fµν(3

t(s))W[A; 3t(0,s)]
)
.

39.a The content of the final formula proposed in the statement of the problem is illustrated
in Figure 3.3, with a grid indicating a discretization of the parameters (t, s) to guide the eyes.
In this figure, we have shown in gray the integrand inside the exponential for some values of t
and s (recall that the field strength weighted by the area form is equal to an infinitesimal closed
Wilson loop).
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fixed t

fixed s

x

y

ξ0= γ
xy

a

ξ1= γ
xy

b

Figure 3.3 Setup for the non-Abelian Stokes’s theorem. A grid has been added, in order to
indicate lines of constant t and constant s. The shaded area illustrates the integrand in the
exponential on the right-hand side of the proposed formula.

As a preliminary remark, let us note that the left- and right-hand sides of the proposed
formula transform in the same fashion under a gauge transformation. Indeed, the Wilson line
on the left-hand side transforms as

W[A;γxx] → Ω†(x)W[A;γxx]Ω(x),

and the integrand on the right-hand side transforms as

W[A; 3t(0,s)]Fµν(3
t(s))W[A; 3t(s,0)]

→ Ω†(x)W[A; 3t(0,s)]Ω(3t(s))×Ω†(3t(s))Fµν(3
t(s))Ω(3t(s))

×Ω†(3t(s))W[A; 3t(s,0)]Ω(x)

= Ω†(x)W[A; 3t(0,s)]Fµν(3
t(s))W[A; 3t(s,0)]Ω(x).

We see that, for this to work, the Wilson lines inserted in the integrand are crucial; otherwise
each piece of the integrand would transform differently as we vary t and s.

Let us denote by W[A; 3t] the Wilson line defined on a curve of constant t, as shown
below.

W[A; 3t] ≡

x

y

ξ0= γ
xy

a

ξ1= γ
xy

b

ξ
t

.

From this Wilson line (which belongs to the Lie group), define the following element of the
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Lie algebra:

A[3t] ≡ iW!1[A; 3t]
d

dt
W[A; 3t].

Note that A[3t] transforms covariantly at the point x under a gauge transformation, since we
have

W[A; 3t] → Ω†(y)W[A; 3t]Ω(x),

d

dt
W[A; 3t] → Ω†(y)

d

dt
W[A; 3t]Ω(x),

W!1[A; 3t] → Ω†(x)W!1[A; 3t]Ω(y).

In a way similar to the definition of Wilson lines from a gauge potential, we can define from
A[3t] a group element St that obeys the following differential equation and initial condition:

d

dt
St = iA[3t]St, S0 = 1. (3.37)

Consider now the following derivative:

d

dt

(
W[A; 3t]St W

!1[A; 30]
)

=
dW[A; 3t]

dt
St W

!1[A; 30] +W[A; 3t]
dSt

dt
W!1[A; 30]

=
(
! iW[A; 3t]A[3t]

)
StW

!1[A; 30] +W[A; 3t]
(
iA[3t]St

)
W!1[A; 30] = 0.

Therefore, the quantity being differentiated is constant and equal to its value at t = 0:

W[A; 3t]St W
!1[A; 30] = W[A; 30]S0 W

!1[A; 30] = 1.

Setting t = 1, this equality can be recast as

S1 = W!1[A; 31]W[A; 30] = W[A;γxx].

Therefore, the Wilson loop we are seeking is equal to the value of St at t = 1. We can formally
write the solution of (3.37) as a path-ordered exponential, to obtain

W[A;γxx] = Pt exp
(
i

∫ 1

0
dt A[3t]

)
. (3.38)
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39.b Our remaining task is therefore to obtain an expression for A[3t]. From its definition,
we can write

iA[3t] = lim
dt→0

1

dt

(
1!W!1[A; 3t]W[A; 3t+dt]

)
.

In order to obtain A[3t], we thus need to extract the terms linear in dt in the quantity within the
parentheses. Let us focus on the second term. Pictorially, it may be represented as follows:

W!1[A; 3t]W[A; 3t+dt] =

x

y

ξ0= γ
xy

a

ξ1= γ
xy

b

ξ
t+dt

ξ
t

=

x

y

ξ0= γ
xy

a

ξ1= γ
xy

b

ξ
t+dt

ξ
t

"i

si

.

In the second equality, we have broken the path 3t into a sequence of “staples” (this does not
change the result, since the vertical edges of these staples cancel pairwise). These staples,
combined with a small portion of the path 3t+dt, form a little quadrangle. Let us denote
by !i the Wilson line corresponding to the upper edge of the i-th quadrangle, and by si the
Wilson line corresponding to the staple formed by the remaining three edges of this quadrangle
(oriented according to the arrows in the figure). In terms of these objects, we have

W!1[A; 3t]W[A; 3t+dt] = lim
N→∞

s1s2 · · · sN !N · · · !2!1. (3.39)

The product si!i is an infinitesimal closed Wilson loop. Generically, a small Wilson loop can
be approximated in terms of the field strength as follows:

W[A;γ] ≡ P exp
(
ig

∮

γ
dxµ Aµ

)
= 1+ ig

∮

γ
dxµ Aµ + O(A2)

= 1+ i
g

2

∫

4
dxµ ∧ dxν FAbel.

µν + O(A2)

= 1+ i
g

2
4µν Fµν + higher orders in the size of the loop.

(In the expansion of the first line, the path-ordering has no effect on the term linear in Aµ.
In the second line, we can use the Abelian Stokes’s theorem to rewrite this linear term as an
integral over the surface 4 whose boundary is γ. In the last line, we reckon that, among the
uncalculated terms, some are merely promoting the Abelian field strength into the non-Abelian
one. 4µν denotes the oriented area of the projection of the surface 4 on the (µν) plane.) Using
this result, we may write

si!i = 1! ig dsdt
∂3µ

∂s

∂3ν

∂t︸ ︷︷ ︸
area in the (µν) plane

Fµν(3
t(si)) + · · · .

(Note that the little closed loop formed by si!i is traversed clockwise, hence the minus sign.
Note also that this formula has no prefactor 1

2 , because the “area tensor” contracted into the
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field strength is not antisymmetric here.) The terms linear in dt in (3.39) are thus given by

W!1[A; 3t]W[A; 3t+dt]

= 1! ig dt lim
N→∞

ds
N∑

i=1

!!1
1 · · · !!1

i!1︸ ︷︷ ︸
W−1[A;3t

(0,si)
]

[∂3µ

∂s

∂3ν

∂t
Fµν(3

t(si))
]
!i!1 · · · !1︸ ︷︷ ︸
W[A;3t

(0,si)
]

+O(dt2),

where W[A; 3t(0,s)] is the Wilson line on the portion of 3t that extends from 3t(0) = x and
3t(s). In order to obtain this formula, we expand each si in turn to order dt (expanding more
si’s at once would give higher-order terms). Therefore, all the remaining sj’s are evaluated at
zeroth order in dt, where we have simply sj = !!1

j . Those located at j > i cancel pairwise
with the matching !j, while those at j < i must be kept in the formula because they cannot be
commuted with Fµν. Taking the limit of an infinite number of intervals along the s coordinate
leads to an integral:

W!1[A; 3t]W[A; 3t+dt]

= 1! ig dt

∫ 1

0
ds

∂3µ

∂s

∂3ν

∂t
W!1[A; 3t(0,s)] Fµν(3

t(s))W[A; 3t(0,s)] + O(dt2),

and

iA[3t] = ig

∫ 1

0
ds

∂3µ

∂s

∂3ν

∂t
W!1[A; 3t(0,s)] Fµν(3

t(s))W[A; 3t(0,s)].

39.c Inserting this result in (3.38) proves the announced formula,

W[A;γxx] = Pt exp
{
ig

∫ 1

0
dtds

∂3µ

∂s

∂3ν

∂t
W!1[A; 3t(0,s)]Fµν(3

t(s))W[A; 3t(0,s)]
}
.

This formula is known as the non-Abelian Stokes’s theorem. It is indeed easy to check that it
falls back to the usual Stokes’s theorem in the case of an Abelian gauge field. There are several
notable points about the non-Abelian version:

• It works only for exponentiated fields, i.e., for elements of the group rather than elements
of the algebra.

• It requires a pair of Wilson lines inside the exponential to connect the point where
the field strength is evaluated to the base point x, which ensures the proper gauge
transformation.

• It requires an ordering of the interpolating paths 3t that span the surface (along the
s direction, there is also an ordering, hidden in the Wilson lines present inside the
exponential). The right-hand side of the non-Abelian Stokes’s formula is said to be
surface-ordered.

• The choice of the family of paths 3t is not unique (only the boundary paths 30 and 31

are fixed), which means that the formula is valid for any surface whose boundary is the
original contour γxx.
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• Although we have written it in terms of explicit coordinates (t, s), the non-Abelian
Stokes’s formula is invariant under changes of these coordinates.

• The formula is valid for any choice of the point y ∈ γxx.

Source: Bralić, N. E. (1980), Phys Rev D 22: 3090.

40. QED in the ’t Hooft–Veltman Gauge Consider the quantization of quantum electrody-
namics with the following non-linear gauge condition:

∂µA
µ + 5

2 AµA
µ = 6 ,

where 5 is a constant. This non-linear gauge is known as the ’t Hooft–Veltman gauge, and was
introduced as a playground to mimic within QED some of the features (ghosts, self-coupling
of the gauge bosons) of non-Abelian gauge theories.

40.a Assuming for the time being that the naive quantization procedure works, write the
Lagrangian obtained after performing the Gaussian integration over 6(x). What new
couplings does it contain?

40.b Draw the diagrams that contribute to the photon self-energy at one loop and write the
corresponding integrals. Do they add up to zero?

40.c Derive the Ward–Takahashi identity that the photon polarization tensor should satisfy in
the ’t Hooft–Veltman gauge. Is it satisfied by the result of the preceding question?

40.d Reconsider the gauge fixing more carefully. Why is it necessary to introduce ghosts in
order to handle the above gauge condition? Determine the ghost term in the gauge-fixed
Lagrangian.

40.e Draw and calculate the additional contribution to the photon self-energy due to ghosts.
Check that it restores the expected Ward–Takahashi identity.

40.a At a superficial level (i.e., overlooking the fact that the gauge constraint leads to a
field-dependent Jacobian), the quantization of QED with this non-linear gauge condition leads
to

Z0[j
µ] ≡

∫ [
D6(x)DAµ(x)

]
exp

{
! i

3

2

∫
d4x 62(x)

}

× η
[
∂µA

µ + 5
2AµA

µ !6
]

exp
{
i

∫
d4x

(
! 1

4F
µνFµν + jµAµ

)}
,

i.e.,

Z0[j] =

∫ [
DAµ(x)

]
exp

{
! i

3

2

∫
d4x

(
∂µA

µ + 5
2AµA

µ
)2}

× exp
{
i

∫
d4x

(
! 1

4F
µνFµν + jµAµ

)}
.

The expansion of the term proportional to 3, aside from a term in 3(∂µAµ)(∂νAν) that goes
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into the photon propagator (and gives the same propagator as in the linear gauge ∂µA
µ = 6),

produces three-photon and four-photon couplings, respectively of the form 35(∂µAµ)AνA
ν

and 352AµA
µAνA

ν. The corresponding Feynman rules are

 µ

 ρ  ν

k

q

p

=
35

(
kµgνρ

+ pνgρµ + qρgµν
)
,

 µ  ν

 σ  ρ

=
! i352(gµνgρσ
+ gµρgνσ + gµσgνρ).

40.b Because of these new vertices, there are photon loop contributions to the self-energy
7µν(p) of the photon. Before we turn to calculating these contributions, let us first make a
remark on the gauge dependence of the photon polarization tensor. It is often stated that 7µν is
gauge invariant because one can view it as the vacuum expectation value of a current–current
correlation function, 7µν(x, y) =

〈
0
∣∣T Jµ(x)Jν(y)

∣∣0
〉

(and since Jµ is itself gauge invariant,
since , and , transform with opposite phases). But this identification is only true in gauges
where the only coupling of the photon is to a fermion line. In gauges where the photon has
self-couplings, such as the non-linear gauge considered here, the photon polarization tensor
may contain additional gauge-dependent terms due to these couplings. However, these unusual
contributions to the photon polarization should not cause any unphysical effect, such as giving
a non-zero mass to transversely polarized photons. With 3 = 1, we have

p

µ ν
= !

52

2

∫
dDk

(20)D
pµgρσ + kρgµσ ! (p+ k)σgµρ

k2

× !pνg
ρσ ! kρgν

σ + (p+ k)σgνρ

(p+ k)2
.

(3.40)

Let us first rearrange the denominators by introducing a Feynman parameterization,

1

k2(k+ p)2
=

∫ 1

0

dx

(82 ! κ)2
, κ ≡ !x(1! x)p2, 8 ≡ k+ xp.

The next step is to expand the numerator of (3.40), and replace the loop momentum k in terms
of 8. This leads to

[pµgρσ + kρgµσ ! (p+ k)σgµρ][!pνg
ρσ ! kρgν

σ + (p+ k)σgν
ρ]

= !2gµν(8
2 + x2p2) + (1!D+ 2x2)pµpν + 28µ8ν.

The integration over the loop momentum 8 can be performed by using
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∫
dD8

(20)D
1

(82 ! κ)2
= i

κD/2!2

(40)D/2
.
(
1! D

2

) (
1! D

2

)
,

∫
dD8

(20)D
82

(82 ! κ)2
= i

κD/2!2

(40)D/2
.
(
1! D

2

) (
D
2 x(1! x)p2

)
,

∫
dD8

(20)D
8µ8ν

(82 ! κ)2
= i

κD/2!2

(40)D/2
.
(
1! D

2

) (
1
2x(1! x)p2gµν

)
,

leading to

p

µ ν
= !i

52

4

p2 .
(
1! D

2

)

(40)D/2

∫ 1

0
dx κD/2!2

{
gµν

(
(1!D)(1! 2x2)

+ 2(D! 2)x2
)
! pµpν

p2
(D! 2)

(
1!D+ 2x2

)}
.

(3.41)

In this expression, we have used the fact that κ is symmetric under the exchange x ↔ 1! x to
eliminate the terms linear in x in the numerator (each such linear term can be replaced by 1/2
thanks to this symmetry).

In addition, there is a tadpole built with a four-photon vertex,

p

µ ν

= !
(D+ 2)52gµν

2

∫
dDk

(20)D
1

k2
.

Note that this integral is zero in dimensional regularization. Nevertheless, it turns out to be
useful to keep this term, after rewriting it as follows:

p

µ ν

= !
(D+ 2)52gµν

4

∫
dDk

(20)D

( 1

k2
+

1

(p+ k)2

)

= !
(D+ 2)52gµν

2

∫ 1

0
dx

∫
dD8

(20)D
82 + x2p2

(82 ! κ)2

= !i
52

4

p2 .
(
1! D

2

)

(40)D/2

∫ 1

0
dx κD/2!2

{
2(D+ 2)gµν

(
(1!D)x2 + D

4

)}
.

Even though this expression is nothing but a glorified zero (one can check this by performing
the integration over the Feynman parameter x), it will cancel some terms at the level of the
integrand when combined with the contribution of the first graph. (If we drop this tadpole,
these simplifications are difficult to achieve without explicitly performing the integral over x
in (3.41).)

There is a third graph made only of photons:

p
q

µ ν

= !
52

2

qρgµν + pµgνρ ! pνgµρ
q2

∫
dDk

(20)D
kσg

ρ
σ ! qρgσσ ! kσgσ

ρ

k2
.

As with the tadpole with the four-photon vertex, this is zero in dimensional regularization but it
is helpful to transform it as we did for the preceding graph in the hope that it combines nicely
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with the integrand of the first graph. We get

p
q

µ ν

= !i
52

4

p2 .
(
1! D

2

)

(40)D/2

∫ 1

0
dx κD/2!2

{
(!2D)gµν

(
(1!D)x2 + D

4

)}
.

Summing the three contributions, we obtain

p

µ ν
+ p

µ ν

+ p
q

µ ν

= !i
52

4

p2 .
(
1! D

2

)

(40)D/2

∫ 1

0
dx κD/2!2

{
gµν

(
1! 2x2)! pµpν

p2
(D! 2)

(
1!D+ 2x2

)}
,

which is a priori not zero.

40.c Before reconsidering the quantization of QED in non-linear gauge with the discussion
of Fadeev–Popov ghosts and the calculation of their contribution, it is useful to pause in order
to assess how gauge invariance constrains the form of the photon polarization tensor when
this non-linear gauge fixing is used. Note that this theory coupled to fermions has a conserved
electromagnetic current Jµ = ,γµ,, due to the U(1) invariance of the Dirac Lagrangian.
However, the conservation of this current no longer implies the usual Abelian Ward–Takahashi
identities, because an amputated external photon line is not equivalent to an insertion of Jµ in
the non-linear gauge under consideration (indeed, the photon can also be attached to another
photon – or to a ghost, as we shall soon see – and not only to a fermion). The consequence of
this complication is that the standard Abelian Ward–Takahashi identity is not satisfied by the
photon polarization tensor,

pµ7µν(p) %= 0,

and we should not expect to obtain a transverse photon polarization tensor. In order to derive
a constraint obeyed by the polarization tensor, we can instead mimic the derivation of the
(weaker) non-Abelian Ward–Takahashi identities. The starting point is to generalize the gauge
condition to

∂µA
µ +

5

2
AµA

µ ! 9 = 6,

where 9(x) is an arbitrary function. After the Gaussian integration over 6, we obtain additional
9-dependent terms in the effective Lagrangian,

3

2
92 ! 3 9

(
∂µA

µ +
5

2
AµA

µ
)
.

The term in 92 plays no role since it does not couple to anything else. In the linear terms, 9
acts as an external source coupled to ∂µA

µ and to AµA
µ. Since 9 is a part of the gauge fixing

condition, all physical quantities (e.g., on-shell transition amplitudes with only physical photon
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polarizations) must be independent of 9. For this to be true with one insertion of the source 9,
we must have

[
∂µx

〈
TAµ(x) · · ·

〉
+

5

2

〈
TAµ(x)A

µ(x) · · ·
〉]

· · · = 0,

where the dots inside the expectation values represent the same set of field operators in the two
terms, all appropriately Fourier transformed and contracted into physical polarization tensors
or on-shell spinors as prescribed by the LSZ reduction formulas. If 5 = 0 (i.e., when we use a
linear covariant gauge), the above identity is just the usual Ward–Takahashi identity. However,
when 5 %= 0, we have a more complicated identity that mixes functions with n and n + 1
photons (in the latter case, two of the photon fields are at the same point, with their Lorentz
indices contracted). Applied to the photon two-point function at one loop, this identity reads

[
pµ

p2
1-loop

µ ν
+

5

2
µ

µ ν

k

k+p

]
jν(p) = 0.

(The short light-gray external photon indicates that the external photon propagator has been
amputated. The light-gray dotted line is not attached to a three-photon vertex; instead the
endpoints of two photon propagators are Lorentz contracted at this point.) Note that the bracket
on the left-hand side can only be proportional to pν, and therefore we get zero trivially when
contracting with the polarization vector jν(p) since p · j(p) = 0. If we request independence
with respect to 9 at order 92, we get a stronger identity:

!
pµpν

(p2)2
1-loop

µ ν
!

5pν

p2

µ

µ ν

k

k+p
+

52

2
µ

µ

ν

ν

k

k+p
= 0. (3.42)

For later reference, let us give here the values in dimensional regularization of the graphs that
appear in the second and third terms of the left-hand side:

!
5pν

p2

µ

µ ν

k

k+p
= !i

52

4

.
(
1! D

2

)

(40)D/2

∫ 1

0
dx κD/2!2

{
2(1!D)(2!D)

}
,

52

2
µ

µ

ν

ν

k

k+p
= !i

52

4

.
(
1! D

2

)

(40)D/2

∫ 1

0
dx κD/2!2

{
D(2!D)

}
,

and their sum reads

!
5pν

p2

µ

µ ν

k

k+p
+

52

2
µ

µ

ν

ν

k

k+p
= !i

52

4

.
(
1! D

2

)

(40)D/2

∫ 1

0
dx κD/2!2 (D! 2)2. (3.43)

Note that (3.42) constrains only the longitudinal part of the photon polarization tensor. Then,
(3.43) indicates that this longitudinal component must be non-zero and proportional to 52

(therefore, it would vanish in linear gauges, i.e., when 5 = 0).

40.d Let us now return to the quantization of QED in the ’t Hooft–Veltman gauge. In our
naive derivation of the gauge-fixed Lagrangian, we completely ignored the Jacobian associated
with the functional delta function that enforces the gauge condition. However, since the gauge
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condition is non-linear in the photon field, this Jacobian depends on the field and cannot be
dropped. As in the non-Abelian case, this Jacobian can be rewritten as a path integral over a
pair of ghost fields, 2,2, and we get an extra term in the gauge-fixed Lagrangian,

LFPG =

∫
d4x2M2,

where M is the derivative of the gauge fixing function with respect to the parameter of an
infinitesimal gauge transformation. In the present case, we have

M =
η
(
∂µ(Aµ ! ∂µθ) + 5

2 (Aµ ! ∂µθ)(Aµ ! ∂µθ)
)

ηθ

∣∣∣
θ=0

= !!! 5Aµ∂
µ.

40.e Therefore, the photon self-energy also receives a contribution from a ghost loop, which
reads

p

µ ν
= 52

∫
d4k

(20)4
kµ(p+ k)ν
k2(p+ k)2

= 52
∫ 1

0
dx

∫
dD8

(20)D
8µ8ν ! x(1! x)pµpν

(82 ! κ)2

= !i
52

4

p2 .
(
1! D

2

)

(40)D/2

∫ 1

0
dx κD/2!2

{
! (1!2x2)

(
gµν + (D!2)pµpν

p2

)}
.

Combining this with the purely photonic contributions, we get

p

µ ν
+ p

µ ν

+ p
q

µ ν

+
p

µ ν

= !i
52

4

.
(
1! D

2

)

(40)D/2

∫ 1

0
dx κD/2!2

{
(D! 2)2 pµpν

}
.

Note that this result is non-zero, but purely longitudinal. However, by plugging this expression
into the first term of (3.42) and using (3.43), we can see that the Ward–Takahashi identity
(3.42) is indeed satisfied. Such a purely longitudinal polarization tensor renormalizes the gauge
fixing term 3(∂µAµ)2, but does not affect the transverse part of the photon propagator (hence,
it does not introduce unphysical effects such as a photon mass).

41. LSZ Reduction Formula and Gauge Invariance Recall the LSZ reduction formula
for scalar particles:

〈
q1 · · ·qn out

∣∣p1 · · ·pm in
〉
=

im+n

√
Z
m+n

∫ m∏

i=1

d4xj e
!ipi·xi (!xi +m2)

×
∫ n∏

j=1

d4yj e
iqj·yj (!yj +m2)

×
〈
0out

∣∣T1(x1) · · ·1(xm)1(y1) · · ·1(yn)
∣∣0in

〉
.
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41.a Although this formula has integrals over the entire spacetime for each field operator,
show that the result depends only on the behavior of the field at x0 = +∞ for a final-state
particle and at x0 = !∞ for an initial-state one.

41.b Recall the modifications of the LSZ formula for Dirac fermions and gauge fields. How
should gauge transformations be restricted for the resulting scattering amplitude to be
gauge invariant?

41.c Alternatively, how should the LSZ formula be modified to give an amplitude which is
invariant under any gauge transformation?

41.a In order to prove the assertion made in the first question, let us consider the following
integral, which arises with every initial-state particle:

i√
Z

∫
d4x e!ip·x (!x +m2

) 〈
0out

∣∣T · · ·1(x) · · ·
∣∣0in

〉
,

where the dots indicate the other field operators present inside the time-ordered product. Since
the exponential in the integrand is a solution of the free Klein–Gordon equation, this quantity
also reads

i√
Z

∫
d4x e!ip·x

(−−−−−→
!x +m2 !

←−−−−−
!x +m2

) 〈
0out

∣∣T · · ·1(x) · · ·
∣∣0in

〉

=
i√
Z

∫
d4x e!ip·x

(−→!x !
←−!x

) 〈
0out

∣∣T · · ·1(x) · · ·
∣∣0in

〉

=
i√
Z

∫
d4x ∂µ

(
e!ip·x ↔

∂µ
〈
0out

∣∣T · · ·1(x) · · ·
∣∣0in

〉)

=
i√
Z

∫
d3x

[
e!ip·x ↔

∂0
〈
0out

∣∣T · · ·1(x) · · ·
∣∣0in

〉]x0=+∞

x0=!∞
.

In the final equation, we assume that the boundaries at spatial infinity do not contribute. The
next step is to use the time ordering in order to bring the highlighted field to the front or to the
end of the product, depending on the limit considered. Using also the fact that 1(x) goes to√
Z1in(x) or

√
Z1out(x) at x0 = !∞ and x0 = +∞, respectively, this gives

i

∫

x0=+∞

d3x e!ip·x ↔
∂0

〈
0out

∣∣1out(x)T · · ·
∣∣0in

〉
! i

∫

x0=!∞

d3x e!ip·x ↔
∂0

〈
0out

∣∣T · · ·1in(x)
∣∣0in

〉

= !
〈
0out

∣∣a†
p,out︸ ︷︷ ︸

0

T · · ·
∣∣0in

〉
+
〈
0out

∣∣T · · ·a†
p,in

∣∣0in
〉

︸ ︷︷ ︸∣∣pin

〉
.

The same sequence of steps may be reproduced for a final-state particle:
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i√
Z

∫
d4x e+ip·x (!x +m2

) 〈
0out

∣∣T · · ·1(x) · · ·
∣∣0in

〉

=
i√
Z

∫
d3x

[
eip·x

↔
∂0

〈
0out

∣∣T · · ·1(x) · · ·
∣∣0in

〉]x0=+∞

x0=!∞

=
〈
0out

∣∣ap,out︸ ︷︷ ︸〈
pout

∣∣

T · · ·
∣∣0in

〉
!
〈
0out

∣∣T · · ·ap,in
∣∣0in

〉
︸ ︷︷ ︸

0

.

In addition to providing an a posteriori check of the reduction formulas, this derivation implies
the following identities:

i√
Z

∫
d4x e!ip·x (!x +m2

) 〈
0out

∣∣T · · ·1(x) · · ·
∣∣0in

〉

= !
i√
Z

∫

x0=!∞

d3x e!ip·x ↔
∂0

〈
0out

∣∣T · · ·1(x) · · ·
∣∣0in

〉
, (3.44)

i√
Z

∫
d4x e+ip·x (!x +m2

) 〈
0out

∣∣T · · ·1(x) · · ·
∣∣0in

〉

=
i√
Z

∫

x0=+∞

d3x eip·x
↔
∂0

〈
0out

∣∣T · · ·1(x) · · ·
∣∣0in

〉
. (3.45)

Therefore, even though the covariant form of the LSZ reduction formula contains integrations
over the entire spacetime, the result only depends on the behavior of the field operator at
asymptotic times (x0 = +∞ for a final-state particle and x0 = !∞ for an initial-state
particle).

41.b For Dirac fermions, the LSZ reduction formulas must contain one of the free spinors
us(p), vs(p), us(p) or vs(p), depending on the case under consideration. For gauge bosons
of polarization λ and color a, the LSZ formula must contain the following factors:

i√
Z3

∫
d4x e±ip·x!x j

µ
λ(p)

〈
0out

∣∣T · · ·Aa
µ(x) · · ·

∣∣0in
〉
,

where Z3 is the wavefunction renormalization factor for the gauge boson. (In the exponential,
the plus sign is for outgoing particles and the minus sign for incoming particles.) The result
established for scalar fields remains true for fermions and gauge bosons: the LSZ reduction
formula can be rewritten in a way that involves only a spatial integration, in the limit x0 = !∞
for the incoming particles and in the limit x0 = +∞ for the outgoing ones.

Recall now the gauge transformation of scalars, fermions (both assumed to be charged
under the non-Abelian interaction under consideration) and gauge fields:

Aa
µ(x) → Ω†

ab(x)
(
Ab

µ(x)! ∂µθ
b(x)

)
,

1i(x) → Ω†
ij(x)1j(x), ,i(x) → Ω†

ij(x),j(x),

where Ω(x) ≡ exp(iθa(x)ta). As an example, let us study the effect of a gauge transformation
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on a scalar field inside the LSZ reduction formulas. Instead of (3.44) and (3.45), we now have

± i√
Z

∫

x0=±∞

d3x e±ip·x ↔
∂0 Ω

†
ij(x

0, x)
〈
0out

∣∣T · · ·1j(x) · · ·
∣∣0in

〉
.

The gauge transformation enters in the same fashion into the LSZ formula for fermions. For
gauge bosons, the gauge transformation enters as follows:

± i√
Z

∫

x0=±∞

d3x e±ip·x jµλ(p)
↔
∂0 Ω

†
ab(x

0, x)
〈
0out

∣∣T · · ·
(
Ab

µ(x)! ∂µθ
b(x)

)
· · ·

∣∣0in
〉
.

In the three cases, the factor Ω†(x) has no effect provided that the gauge transformation goes
to the identity at asymptotic times, limx0→±∞Ω†(x) = 1. When this is the case, we also
have limx0→±∞ θb(x) = 0 and the term in ∂µθ

b drops out of the reduction formula for gauge
bosons. Therefore, the usual form of the LSZ reduction formula is invariant under gauge
transformations that do not affect the fields at asymptotic times.

41.c The reason for this restriction on the allowed gauge transformations is in fact easy to
understand. In order to see this, it is useful to rewrite the LSZ formulas in a more compact
fashion. For instance, for scalars of color k and momentum p, we write them as

Incoming scalar:
(
1
∣∣<kp)x0=!∞,

Outgoing scalar:
(
<kp

∣∣1)x0=+∞,

where <i
kp(x) ≡ ηik e

!ip·x is a free solution of the Klein–Gordon equation for color k and
momentum p (in this notation, the subscripts label the quantum numbers of the plane wave –
color, polarization, momentum – and the upper indices are the actual indices carried by the
field), and where we have introduced the following inner product:

(
11

∣∣12

)
x0

≡ i√
Z

∫

fixed x0

d3x 1†
1(x)

↔
∂0 12(x). (3.46)

The LSZ formulas for gauge bosons, fermions and anti-fermions can similarly be written in
the form of inner products, by introducing the following free solutions of the Yang–Mills and
Dirac equations (linearized, since asymptotic fields are assumed to be non-interacting):

Aµa
cλp(x) = ηac j

µ
λ(p)e

!ip·x,

Ψi
+ksp(x) = ηik us(p)e

!ip·x, Ψi
!ksp(x) = ηik vs(p)e

+ip·x.

When we write the LSZ formula in this way, the gauge invariance of scattering amplitudes
is equivalent to the gauge invariance of inner products such as (3.46). The weak form of
gauge invariance that we have discussed so far consists simply in restricting ourselves to gauge
transformations that go to the identity at times x0 = ±∞ (i.e., where we need to evaluate the
inner products for the LSZ formulas). This can easily be promoted to a more general form of
gauge invariance provided that:
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• we apply the gauge transformation to both 11 and 12 in the inner product. This means
that, in the LSZ formulas, we must also use the gauge transformed plane waves, i.e.,

<i
kp(x) = Ω†

ij(x)η
j
k e

!ip·x, Aµa
cλp(x) = Ω†

ab(x)η
b
c j

µ
λ(p) e

!ip·x,

Ψi
+ksp(x) = Ω†

ij(x)η
j
k us(p)e

!ip·x, Ψi
!ksp(x) = Ω†

ij(x)η
j
k vs(p)e

+ip·x,

respectively

• we limit ourselves to gauge transformations that become time-independent at large |x0|
(this property is necessary for the Ω to go through the time derivative). In other words,
asymptotically, the fields and their conjugate momenta must transform in the same way.

(In the case of gauge bosons, after the Ω’s have canceled, the extra term ∂µθb cancels when
contracted with physical polarization vectors.)

42. Large-N Expansion in SU(N) Yang–Mills Theory Consider an SU(N) Yang–Mills
theory (i.e., a non-Abelian gauge theory without matter fields). The goal of this problem is
to study the behavior of graphs when N → +∞, and to relate this behavior to a topological
property of these graphs. (Although we consider the example of vacuum to vacuum graphs in
this problem, the result is more general.)

42.a Draw all the one-particle-irreducible vacuum-to-vacuum graphs made only of gluons
up to three loops (explain why ghosts and gluons contribute similarly to the leading-N
behavior), and determine their leading behavior at large N. Explain why this limit can
be obtained by replacing each gluon line by a double quark–antiquark line.

42.b Find a rescaling of the gauge field in the Lagrangian so that the coupling constant g
appears as an overall prefactor g!2. For later convenience, introduce λ ≡ g2N. How do
the various objects in the Feynman rules scale with λ and N?

42.c Determine the scaling with λ and N of a generic vacuum graph in terms of its numbers
of loops, vertices, propagators and faces (we call every closed quark loop in the double
line representation a face).

42.d Explain why 2 ≡ (number of vertices) ! (number of edges) + (number of faces) de-
pends only on the genus of the closed surface on which the graph is embedded, but not
on the other details of the graph.

42.e What is the value of 2 for a sphere, for a torus with a single handle, and for a torus with
h handles?
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42.a Let us first note that the ghost–antighost–gluon vertex has the same color dependence as
the three-gluon vertex. Likewise, the ghost propagator is identical to the gluon one as far as the
color factors are concerned. Therefore, graphs containing ghosts have the same color structure
as graphs of the same topology with the ghosts replaced by gluons. For this reason, we do
not need to consider ghosts in this discussion. Up to three loops, the one-particle-irreducible
vacuum graphs made only of gluons are the following:

∼ O(N2), ∼ O((g2N)N2), ∼ O((g2N)N2),

∼ O((g2N)2N2), ∼ O((g2N)2N2), ∼ O((g2N)2N2),

∼ O((g2N)2N2), ∼ O((g2N)2N2), ∼ O((g2N)2).

(3.47)

The scaling of the first graph is simply that of a gluon propagator with the two endpoints
connected to each other. The sum over the contracted color indices of this propagator gives a
factor ηaa = N2 ! 1 ∼ O(N2). For the other graphs, we first use the following identity:

i fabc = 2 tr (taf t
b
f t

c
f )! 2 tr (tbf t

a
f t

c
f ),

in order to view the color structure of the three-gluon vertex as that of a quark loop. The
next step is to use the su(N) Fierz identity in order to perform all the contractions taf · · · taf .
Recalling the diagrammatic representation of this identity,

(taf )ij(t
a
f )kl =

k l

j i

=
1

2
!

1

2N
,

the leading term in N is obtained by replacing the gluon line by a pair of “quark–antiquark” lines
(i.e., the first term of the Fierz identity). When we apply this procedure to vacuum diagrams,
we obtain only closed “quark” or “antiquark” loops, which in this estimate correspond to the
trace of the identity matrix in the fundamental representation, and therefore provide a factor N.
For instance, we have

∼ ∼ O(N2), ∼ ∼ O(g2N3).

The only missing rule to this recipe is how to handle the four-gluon vertices. For these, it is
sufficient to note that the color structure of a four-gluon vertex is equivalent to that of graphs
with a pair of three-gluon vertices:

=

a b

cd

+

a b

cd

+

a b

cd

a b

cd

(3.48)
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42.b Interestingly, in the examples listed in (3.47), the first eight graphs are of the form
N2(g2N)p, while the last one is of the form N0(g2N)p. Let us now try to understand this
pattern more generally. Recall the form of the Yang–Mills action,

SYM = !
1

2

∫
d4x tr

(
FµνF

µν
)
, with Fµν ≡ ∂µAν ! ∂νAµ ! ig [Aµ,Aν].

Let us define Ãµ ≡ gAµ. In terms of these rescaled fields, the Yang–Mills action becomes

SYM = !
1

2 g2

∫
d4x tr

(
F̃µνF̃

µν
)
, with F̃µν ≡ ∂µÃν ! ∂νÃµ ! i [Ãµ, Ãν].

With this rescaling, the coupling constant g appears only in an overall prefactor of the action,
and no longer in the field strength. In view of the observations made on the examples of (3.47),
it is useful to rewrite it as

SYM = !
N

2 λ

∫
d4x tr

(
F̃µνF̃

µν
)
, with λ ≡ g2N.

(λ is known as the ’t Hooft coupling.) In terms of these rescaled fields and couplings, the
various ingredients of the Feynman rules scale as

propagator ←→ λ/N,

vertex ←→ N/λ.

(Note that, after this rescaling, the behaviors of three-gluon and four-gluon vertices are the
same.) In addition, in the large-N limit, each gluon line is replaced by a double quark line.
Each closed quark line brings a factor N:

quark or antiquark loop ←→ N.

Each closed quark line corresponds to a face of the diagram, so we may equivalently count the
faces of the diagram. In order to properly account for the factor N coming from the outer quark
line, we must also count as one face the domain external to the graph (for instance, the first
graph of (3.47) has two faces according to this prescription). Topologically, this is equivalent
to viewing a vacuum graph as a polytope embedded in three-dimensional space and counting
its faces, the propagators being the edges of the polytope.

42.c We are now equipped for counting the powers of λ and N in a generic graph. Let us
denote by nV the number of vertices, by nI the number of internal propagators, and by nF the
number of faces of a vacuum graph G. We have

G ∼ λnI
!n

V Nn
V
!n

I
+n

F ∼ λnL
!1 N2(G), (3.49)

where nL ≡ nI !nV +1 is the number of loops of the graph (i.e., the number of unconstrained
internal momenta). We have also defined 2(G) ≡ nV ! nI + nF . This quantity is called the
Euler characteristic of the graph. Before we discuss its properties, note that in (3.49) it was not
necessary to introduce a distinction between three-gluon and four-gluon vertices. Indeed, if
we replace every four-gluon vertex by a pair of three-gluon vertices according to (3.48), we
increase both nV and nI by one unit (while nF remains unchanged), but this does not change
nL , nor 2(G).
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Figure 3.4 Illustration of the invariance of the Euler characteristic when a face of a polytope is
split into two faces.

χ = 2 χ = 2 χ = 2 χ = 2 χ = 2

Figure 3.5 Polytopes with the Euler characteristic of a 2-sphere.

42.d The most important property of the Euler characteristic is that it is invariant under the
addition of lines to a graph, provided the new lines do not cross the existing ones, as illustrated
in Figure 3.4. In the left image, we show one face of a graph (here, a pentagonal face), with the
rest of the graph – in the shaded area – not represented. In the second image from the left, we
have added one line inside this face, connecting two of the existing vertices. When this is done,
the numbers of vertices, lines and faces vary by ηnV = 0, ηnI = 1, ηnF = 1, respectively, and
the Euler characteristic does not change, η2 = 0. In the third image, the new line connects an
existing vertex and a newly created vertex. Thus, we have ηnV = 1, ηnI = 2, ηnF = 1, but
still η2 = 0. And in the last image, we have ηnV = 2, ηnI = 3, ηnF = 1, and again η2 = 0.

This property of being unchanged when lines that do not lead to crossings are added
implies that the Euler characteristic does not depend on the details of the graph, but is in fact a
topological property of the minimal closed surface on which we can embed the graph without
line crossings. For instance, the first five graphs of equation (3.47) can be embedded on a
2-sphere (recall that we must count as a face the domain outside the graph), while the last one
requires a torus.

42.e Conversely, we may use this invariance in order to compute the Euler characteristic of
all closed surfaces, as follows

• A tetrahedron (nV = 4, nI = 6, nF = 4) is topologically equivalent to a two-dimen-
sional sphere. Therefore, 2 = 2 for the sphere, and for all the graphs whose minimal
embedding is the sphere. Figure 3.5 illustrates the invariance of the Euler characteristic
as one refines the triangulation of a surface.

• If we take a polytope and remove one of its faces to create a hole (while keeping the
edges and vertices on the boundary of the hole), we decrease the Euler characteristic
by one unit, since this operation corresponds to ηnV = 0, ηnI = 0, ηnF = !1. If we
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χ = 2 χ = 1 χ = 0 χ = −1

Figure 3.6 Euler characteristics of polytopes with faces removed (indicated as hatched
triangles).

Figure 3.7 Deformation of a polytope with two holes into a torus. The Euler characteristic
does not change in the process.

remove two faces in order to create two holes, we have η2 = !2, etc. In Figure 3.6, we
have indicated the removed faces by hatched areas. Note that removing just the face, or
the face as well as the vertices and edges on the boundary, leads to the same 2 (indeed,
the boundary of a triangle has equal numbers of vertices and edges).

• If we create two holes and then bend the polytope to glue the boundaries of these holes,
we also have η2 = !2, as illustrated in Figure 3.7 (we show three stages of this process;
the Euler characteristic is equal to 2 = 0 at all stages). However, this manipulation
creates a handle in the polytope: for instance, it transforms a sphere into a torus with
one handle, a torus with one handle into a torus with two handles, etc. Therefore, the
Euler characteristic of a closed surface with h handles is 2 = 2! 2h.

Thus, the formula (3.49) provides a one-to-one correspondence between the order in N of
a vacuum graph (after we have absorbed a factor N in the definition of λ) and the genus of
the surface on which the graph may be embedded without line crossings. If we consider the
limit of large N at fixed λ, the leading graphs are those that can be embedded on a sphere (the
standard QFT terminology for these graphs is to call them planar graphs, because the sphere is
topologically equivalent to a plane if we remove its north pole; the large-N limit is also called
the planar approximation), the next-to-leading ones are those that can be embedded on a torus,
etc.

43. Soft Radiation and Antenna Effects in QCD The goal of this problem is to study soft
gluon radiation from a hard QCD process. The main result is that when a soft gluon is emitted
from a quark–antiquark pair in a color-singlet state, its emission at large angles is forbidden.
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43.a Generalize the equation (1.50) in the statement of Problem 10 for the emission of a soft
gluon off a massless quark or antiquark in the final state.

43.b Consider now the case where the only colored particles in the hard process are a quark–
antiquark pair in a singlet state. Show that the squared amplitude for producing an extra
soft gluon is the square of the qq̄ production amplitude times the following factor:

I ≡ 2 g2 Cf
p · q

(p · k)(q · k) ,

where p, q are the momenta of the quark and antiquark, and k that of the gluon.

43.c Check that the above expression is singular when the gluon is aligned with the quark or
with the antiquark. Rewrite it as a sum of two terms, I ≡ Iq + Iq̄, such that Iq (resp. Iq̄)
is singular only in the direction of the quark (resp. antiquark). Note: these conditions do
not uniquely determine the splitting; try to find the most symmetrical one.

43.d Choose the quark momentum as polar direction and integrate Iq over the azimuthal
angle. Show that this integral vanishes if the gluon polar angle is larger than the angular
separation between the quark and antiquark. Similarly, study Iq̄ with respect to the polar
direction defined by the direction of the antiquark.

43.e Does this result hold in the case where the quark–antiquark pair is produced from a
gluon, i.e., is in an octet state?

43.a Consider a QCD scattering amplitude with a massless quark and a massless antiquark
in the final state,

Mri,sj
q,q̄ (p, q, . . . ).

(We only explicitly indicate the quark and the antiquark in this notation. The indices i and j
are the color indices of the quark and antiquark, r and s their spins, and p, q their momenta.)
In order to exhibit the corresponding spinors, we may write

Mri,sj
q,q̄ (p, q, . . . ) = ur(p)A

ij
q,q̄(p, q, . . . ) vs(q).

Let us now attach a gluon of momentum k, polarization λ and color index a to the outgoing
quark line. This gives the following amplitude:

Mri+λa,sj
q+g,q̄ (p, q, k, . . . )

= ur(p)
(
! ig(taf )ii ′γ

µjλµ(k)
) i(/p+ /k)

(p+ k)2
Ai ′j

q,q̄(p+ k, q, . . . )vs(q)

≈
k!p,q

g(taf )ii ′
p · jλ(k)
p · k ur(p)A

i ′j
q,q̄(p, q, . . . )vs(q)︸ ︷︷ ︸
Mri ′,sj

q,q̄ (p,q,... )

.

In the last line, we have assumed the gluon to be soft compared to the quark, and we have
used ur(p)γµ/p = 2pµ ur(p) (thanks to the Dirac equation satisfied by the massless spinor).
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Likewise, we can attach the soft gluon to the outgoing antiquark:

Mri,sj+λa
q,q̄+g (p, q, k, . . . )

= ur(p)A
ij ′

q,q̄(p, q+ k, . . . )
!i(/q+ /k)

(q+ k)2
(
! ig(taf )j ′jγ

µjλµ(k)
)
vs(q)

≈
k!p,q

!g(taf )j ′j
q · jλ(k)
q · k ur(p)A

ij ′

q,q̄(p, q, . . . )vs(q)︸ ︷︷ ︸
Mri,sj ′

q,q̄ (p,q,... )

.

43.b If we assume that the quark–antiquark pair is in a color-singlet state (this is always true
if they are the only colored particles in the process), we may write

Aij
q,q̄(p, q, . . . ) ≡ ηijAq,q̄(p, q, . . . ).

Summing the two terms previously obtained, we obtain the following expression for a qq̄g
final state:

Mri,sj,λa
q,q̄,g (p, q, k, . . . )≈g(taf )ij

[p · jλ(k)
p · k !

q · jλ(k)
q · k︸ ︷︷ ︸

Jµjλµ

]
×ur(p)Aq,q̄(p, q, . . . )vs(q).

(3.50)

Note that the current Jµ contracted into the gluon polarization vector satisfies an Abelian-like
Ward–Takahashi identity,

kµ
[ pµ

p · k !
qµ

q · k

]
= 0,

which ensures the gauge invariance of the amplitude (since a gauge transformation modifies
the polarization vector by a term proportional to kµ).

At this stage, squaring the above amplitude and summing over colors and the gluon
polarizations leads to

∑

ija,λ

∣∣∣Mri,sj,λa
q,q̄,g (p, q, k, . . . )

∣∣∣
2

≈ g2 (taf )ij(t
a∗
f )ij

︸ ︷︷ ︸
tr (taf t

a
f )=NCf

JµJν
( ∑

λ

jλµj
∗
λν

︸ ︷︷ ︸
!gµν+terms in kµ,ν

)∣∣∣ur(p)Aq,q̄(p, q, . . . )vs(q)
∣∣∣
2

= 2g2Cf
p · q

(p · k)(q · k)︸ ︷︷ ︸
≡ I

×N
∣∣∣ur(p)Aq,q̄(p, q, . . . )vs(q)

∣∣∣
2

︸ ︷︷ ︸
∑

i,j

∣∣Mri,sj
q,q̄ (p,q,... )

∣∣2

.
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43.c Obviously, the factor I is singular if p · k = 0 or q · k = 0. Consider the first of these
conditions,

0 = EpEk(1! cos θpk),

where θpk is the angle between the 3-momenta of the quark and of the gluon. Therefore, this
condition is realized when the gluon is emitted collinearly to the quark (note that there would
be no singularity if the quark were massive). Likewise, the condition q ·k = 0 is realized when
the gluon is emitted in the direction of the antiquark. These singularities are called collinear
singularities. The residues at the poles corresponding to the conditions p · k = 0 or q · k = 0
can be obtained easily:

p · q
(p · k)(q · k) =

Ep

Ek(p · k) + finite terms when θpk → 0,

p · q
(p · k)(q · k) =

Eq

Ek(q · k) + finite terms when θqk → 0.

This suggests that we write I = Iq + Iq̄, with

Iq ≡ g2Cf

[
p · q

(p · k)(q · k) !
Eq

Ek(q · k) +
Ep

Ek(p · k)

]
,

Iq̄ ≡ g2Cf

[
p · q

(p · k)(q · k) +
Eq

Ek(q · k) !
Ep

Ek(p · k)

]
.

(This decomposition is not unique, as we may subtract some finite terms along with the poles.)
By construction, Iq is finite when k ‖ q and Iq̄ is finite when k ‖ p, and their sum is trivially
equal to I. Note a caveat here: although it is tempting to interpret the factors Iq,q̄ as giving the
gluon emission off the quark and the antiquark, respectively, this interpretation is not robust
because these two quantities are not gauge invariant independently (only their sum is).

43.d Consider now the first quantity, Iq. In this case, it is convenient to use spherical
coordinates with a polar axis along p. The various vectors involved in the expression for Iq
have the following Cartesian coordinates:

p =




0

0

Ep



 , q =




sin θqp

0

cos θqp



 , k =




sin θpk cos1
sin θpk sin1

cos θpk



 ,

so that
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p

q

Figure 3.8 Allowed regions (illustrated by the two disks) for the emission of a soft gluon from
a quark–antiquark dipole in a singlet color state.

Iq =
1

E2
k(1! cos θpk)

[
cos θpk ! cos θqp

1! cos θqp cos θpk ! sin θqp sin θpk cos1
+ 1

]
.

Let us now perform the integration over the azimuthal angle 1. This integral is of the form

∫ 20

0

d1

a! b cos1
= 20θ(|a|! |b|)

sign (a)√
a2 ! b2

.

This formula, after some trigonometric manipulations, leads to

∫ 20

0
d1 Iq =

20

E2
k(1! cos θpk)

[
cos θpk ! cos θqp
| cos θpk ! cos θqp|

+ 1

]

= θ(θqp ! θpk)
40

E2
k(1! cos θpk)

.

Quite remarkably, the azimuthal integral of Iq vanishes if the emission angle θpk of the gluon
with respect to the quark is larger than the opening of the cone formed by the qq̄ pair. The same
conclusion holds for the integral of Iq̄, but this time with a polar axis along the momentum
q of the antiquark. The pattern of allowed soft gluon emission is shown in Figure 3.8. Let
us rephrase more precisely the caveat mentioned earlier: Iq,q̄ cannot be interpreted as the
emission spectra off the quark and antiquark, respectively. Indeed, the emission of a gluon off
a quark does not suffer any angular restriction. The angular veto we are observing here is in
fact due to a destructive interference between the emissions by the quark and by the antiquark.
Let us mention a paradox: the soft radiation factor J is positive definite, and it is therefore
surprising to find regions with seemingly no radiation. But the quantities Jq and Jq̄ into which
we decompose J are not positive definite, which allows their azimuthal integrals to be zero for
some polar angles. The paradox is resolved by noting that the polar axis is not the same for the
integrals of Jq and Jq̄ (therefore, the sum of these integrals is not the integral of J).
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Semi-quantitative Interpretation: The same collimation effect exists in QED for photon
emission off an e+e! pair, where it is known as the Chudakov effect. This suppression of
gluon radiation at angles larger than the opening of the quark–antiquark pair can be understood
semi-quantitatively as follows. According to the uncertainty principle, the virtuality of the line
of momentum p+ k just before the gluon emission vertex defines the gluon “formation time,”

t!1
f ≡ Ep + Ek ! Ep+k ≈ (p+ k)2

2Ep
= Ek(1! cos θpk) ≈

θpk!1

1
2Ekθ

2
pk.

During this time, the quark–antiquark pair grows to a transverse size

r⊥ = tfθpq.

Moreover, the gluon wavelength (E!1
k ), projected on the plane orthogonal to the quark momen-

tum, reads

λ⊥ =
1

Ek sin θpk
≈

θpk!1

1

Ekθpk
.

For the gluon to be emitted without suppression, its transverse wavelength must be smaller than
the size of the quark–antiquark dipole. Otherwise, the gluon cannot resolve the quark–antiquark
pair, and sees only its total charge, which is zero in the present case since we have assumed the
pair to be in a singlet state. This condition reads

1

Ekθpk
" r⊥ ⇔ θpk " θpq.

This property, known as angular ordering in the context of QCD, can be used to formulate
gluon emission in the form of “parton cascades” in which each quark, antiquark or gluon has a
certain probability of emitting a new gluon. The effect of quantum interference, which would
in principle preclude such a probabilistic description, is taken into account by vetoing emission
at large angles.

43.e Let us now consider the case where the quark–antiquark pair is produced in an octet
state, i.e., from a gluon. In this case, the above qualitative argument fails: even if the produced
gluon does not resolve the pair, it sees a non-zero total charge, and there should not be any
suppression of its emission (in fact, we expect that the emission at large angle should be
equivalent to the emission by the gluon that produced the quark–antiquark pair). First, let us
rewrite the analogue of (3.50) in the case where the quark–antiquark pair is not assumed to be
singlet:

Mri,sj,λa
q,q̄,g (p, q, k, . . . ) ≈ gur(p)

[p · jλ(k)
p · k (taf )ii ′A

i ′j
q,q̄(p, q, . . . )

!
q · jλ(k)
q · k Aij ′

q,q̄(p, q, . . . )(t
a
f )j ′j

︸ ︷︷ ︸
≡ Jµijajλµ(k)

]
vs(q).

Let us check the Ward–Takahashi identity on the current Jµija:

kµJ
µ
ija =

[
taf ,Aq,q̄(p, q, . . . )

]
ij
.

We can see a difficulty here: this current is conserved only when Aq,q̄ is singlet (indeed,
requesting that the commutator on the right-hand side vanish for all generators taf implies by
Schur’s lemma that Aq,q̄ must be proportional to the identity).
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The reason for this problem is that it is impossible for the quark–antiquark pair to be
non-singlet if the quark and antiquark are the only colored particles in the hard process.
Therefore, we must start from a hard process that has at least one gluon in addition to the qq̄
pair:

Mri,sj,λa
q,q̄,g (p, q, k, . . . ) ≡ jµλ(k)ur(p)A

ija
µ (p, q, k, . . . )vs(q).

Since this gluon is colored, it also contributes to the soft radiation. Therefore, the next step is
to calculate the soft radiation off an external gluon line. To be definite, we take this gluon line
to be in the final state. The amplitude corrected by the emission of a soft gluon (of momentum
k ′) off the gluon (of momentum k) line reads

Mri,sj,λa+λ ′a ′

q,q̄,g (p, q, k, k ′, . . . ) = jλ ′µ ′(k ′)
!i

(k+k ′)2
(!gfaba

′
)Vµνµ ′

(!k, k+ k ′,!k ′)

× jλµ(k)ur(p)A
ijb
ν (p, q, k+ k ′, . . . )vs(q),

where Vµνµ ′
(!k, k+ k ′,!k ′) is the momentum-dependent factor in the three-gluon vertex:

Vµνµ ′
(!k, k+ k ′,!k ′) = gµν(!2k! k ′)µ

′
+ gνµ

′
(k+ 2k ′)µ + gµ

′µ(!k ′ + k)ν

≈
k ′!k

gµν(!2kµ
′
) + gνµ

′
kµ + gµ

′µkν.

The two underlined terms will give zero, since kµjλµ = 0 and kνAijb
ν (p, q, k, . . . ) = 0. Using

also (k+ k ′)2 ≈ 2k · k ′, we obtain

Mri,sj,λa+λ ′a ′

q,q̄,g+g (p, q, k, k ′ . . . )

≈ (!igfaba
′

︸ ︷︷ ︸
g(Ta ′

adj )ab

)
k · jλ ′(k ′)

k · k ′ jµλ(k)ur(p)A
ijb
µ (p, q, k, . . . )vs(q).

(One may check that the soft emission off an incoming gluon is given by the same formula.)
Summing the soft emissions off the quark, the antiquark and the gluon, we have

Mri,sj,λa,λ ′a ′

q,q̄,g,g (p, q, k, k ′, . . . )

≈ g jµλ(k)ur(p)
[k · jλ ′(k ′)

k · k ′
(
Ta ′

adj
)
ab

Aijb
µ (p, q, k, . . . )

+
p · jλ ′(k ′)

p · k ′
(
ta

′
f
)
ii ′

Ai ′ja
µ (p, q, k, . . . )

!
q · jλ ′(k ′)

q · k ′ Aij ′a
µ (p, q, k, . . . )

(
ta

′
f
)
j ′j

︸ ︷︷ ︸
≡ jλ ′µ ′ (k) J

µ ′
ijaa ′

]
vs(q). (3.51)

This time, we have

k ′
µ ′J

µ ′

ijaa ′ =
(
Ta ′

adj
)
ab

Aijb
µ +

(
ta

′
f
)
ii ′

Ai ′ja
µ !Aij ′a

µ

(
ta

′
f
)
j ′j

= 0. (3.52)

(See Problem 44 for a discussion of this identity, which may be viewed as the statement of
color conservation in the hard process.) In order to be more specific, consider the case where
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the quark–antiquark pair is in the octet channel, i.e.,

Aija
µ ≡ Aab

µ (tbf )ij.

(In this representation, b is the color of the gluon that produces the pair.) Plugging this
representation into Eq. (3.52) leads to

[
Ta ′

adj,Aµ

]
ac

(tcf )ij = 0.

For this to be true for all assignments of the color indices, Schur’s lemma implies that the
object Aab

µ must be proportional to ηab,

Aab
µ ≡ Bµ ηab,

which is just saying that the gluon that produces the quark–antiquark pair must have the same
color as the external gluon in the hard process. We can now plug this specific form of Aija

µ into
(3.51) and square the amplitude. Because p2 = q2 = k2 = 0, the squares of the three terms
vanish after summing over the polarizations λ ′. Therefore, we need only consider the crossed
products,

∑

λ ′

∣∣∣Mri,sj,λa,λ ′a ′

q,q̄,g,g (p, q, k, k ′, . . . )
∣∣∣
2

=
∣∣∣Mhard

∣∣∣
2 (

! Ikp(k
′)
(
Ta ′

adj
)
ab

(
tbf
)
ij

(
taf
)
ji ′

(
ta

′
f
)
i ′i

+ Ikq(k
′)
(
Ta ′

adj
)
ab

(
tbf
)
ij

(
ta

′
f
)
jj ′

(
taf
)
j ′i

+ Ipq(k
′)
(
ta

′
f
)
ii ′

(
taf
)
i ′j

(
ta

′
f
)
jj ′

(
taf
)
j ′i

+ complex conjugate
)
,

where we denote

Ipq(k
′) ≡ g2

p · q
(p · k ′)(q · k ′)

, Mhard ≡ jµλ(k)ur(p)Bµvs(q).

When we sum over the colors, the various color structures that appear in this formula can be
simplified easily in the case of su(N):

(
Ta ′

adj
)
ab

(
tbf
)
ij

(
taf
)
ji ′

(
ta

′
f
)
i ′i

= !ifa
′ab tr

(
tbf t

a
f t

a ′
f
)
= !1

4 N(N2 ! 1),
(
Ta ′

adj
)
ab

(
tbf
)
ij

(
ta

′
f
)
jj ′

(
taf
)
j ′i

= !ifa
′ab tr

(
tbf t

a ′
f taf

)
= +1

4 N(N2 ! 1),
(
ta

′
f
)
ii ′

(
taf
)
i ′j

(
ta

′
f
)
jj ′

(
taf
)
j ′i

= tr
(
ta

′
f taf t

a ′
f taf

)
= !1

2 Cf.

Therefore, we obtain
∑

ijaa ′,λ ′

∣∣∣Mri,sj,λa,λ ′a ′

q,q̄,g,g (p, q, k, k ′, . . . )
∣∣∣
2

= N2!1
2

∣∣∣Mhard

∣∣∣
2(

NIkp(k
′) +NIkq(k

′)! 1
NIpq(k

′)
)
.

Each term in this sum has a specific radiation pattern, as discussed earlier, and the total emission
pattern depends on the relative orientations of p,q,k. For instance, if these three vectors are
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all nearly in the same direction, then the soft gluon emission is also collimated in this direction
(this happens, for instance, if the gluon was itself radiated from the quark–antiquark pair; this
argument indicates that successive emissions of gluons from an initial color-singlet qq̄ pair
remain collimated). In contrast, if k ∼ !(p + q), then the soft emission covers most of the
solid angle.

From the above formula, one can also see that, when N → ∞, the soft radiation is
dominated by the first two terms, i.e., as if the gluon were emitted independently by a (pk)
quark–antiquark pair and by a (kq) quark–antiquark pair. This can easily be understood from
the fact that we can replace the gluon by a quark–antiquark double line in this limit, which
effectively amounts to replacing the qgq system by qqqq. This observation is the starting
point of the dipole model for successive soft gluon emissions in the large-N limit.

44. An Identity Obeyed by On-Shell QCD Amplitudes Consider an amplitude
Ma1···i1···ı̄1···, where the indices a1, a2, . . . are the color indices of external gluons, the indices
i1, i2, . . . are those of outgoing quarks or incoming antiquarks, and the indices ı̄1, ı̄2, . . . those
of outgoing antiquarks or incoming quarks. Show that

∑

α ∈ {out. q, in. q̄}

(
tbf
)
iαi ′α

M···i ′α··· !
∑

α ∈ {in. q, out. q̄}

M···ı̄ ′α···
(
tbf
)
ı̄ ′α ı̄α

+
∑

α ∈ {gluons}

(
Tb

adj
)
aαa ′

α
M···a ′

α··· = 0.

This identity may be proven in several ways. In the spirit of Problem 43, we can derive it
by adding a soft gluon to the amplitude under consideration, in all possible ways. In Problem
43, we worked out the eikonal factors corresponding to the emission of a soft gluon by an
outgoing quark or antiquark:

outgoing quark: M···i··· → g
p · jλ(k)
p · k (tbf )ii ′ M

···i ′···,

outgoing antiquark: M···ı̄··· → !g
p · jλ(k)
p · k M···ı̄ ′··· (tbf )ı̄ ′ ı̄.

(Of course, the momentum p should be that of the corresponding outgoing line.) Similar
considerations give the following corrective factors for gluon emission off an incoming quark
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or antiquark:

incoming antiquark: M···i··· → g
p · jλ(k)
p · k (tbf )ii ′ M

···i ′···,

incoming quark: M···ı̄··· → !g
p · jλ(k)
p · k M···ı̄ ′··· (tbf )ı̄ ′ ı̄.

We can then repeat this calculation with incoming and outgoing gluons, to obtain

outgoing gluon: M···b··· → g
p · jλ(k)
p · k (Tb

adj)aa ′ M···a ′···,

incoming gluon: M···b··· → !g
p · jλ(k)
p · k M···a ′··· (Tb

adj)a ′a.

(Note that the adjoint generators of su(N) are antisymmetric, implying that the eikonal factor
is the same for incoming and outgoing gluons.)

The amplitude for producing an extra soft gluon is the sum of all these terms, over the
various kinds of external lines of the original amplitude. The non-Abelian Ward–Takahashi
identity requires that this new amplitude vanish if the polarization vector of the extra gluon,
jµλ(k), is replaced by the momentum kµ (all the other external lines are on-shell, and contracted
with physical polarization vectors in the case of gluons). This condition reads

0 =
∑

α ∈ {gluons}

(
Tb

adj
)
aαa ′

α
M···a ′

α···

+
∑

α ∈ {out. q, in. q̄}

(
tbf
)
iαi ′α

M···i ′α··· !
∑

α ∈ {in. q, out. q̄}

M···ı̄ ′α···
(
tbf
)
ı̄ ′α ı̄α

.

This identity may be viewed as the statement of color conservation in the original amplitude.

45. Low–Burnett–Kroll Theorem in QCD Consider a color-singlet quark–antiquark bound
state, e.g., a J/, particle. The color-octet model asserts that the production of such a bound
state proceeds in two steps: (i) a quark–antiquark pair is first produced in an octet state from a
gluon, and (ii) a soft gluon is emitted in order to evaporate the extra color and obtain a singlet
state (the idea being that, since the gluon is soft and the strong coupling constant is large at
small momentum, there is no suppression of the emission of the soft gluon). In the spirit of
Problems 13, 14 and 43, show that this scenario is problematic because the emission of soft
gluons is kinematically suppressed in this situation. In other words, “soft gluons cannot bleach
color.” This calculation can be done by going through the following steps:

45.a Calculate the emissions of the soft gluon from each of the three external lines, at leading
order (LO) and next-to-leading order (NLO) in the momentum of the new gluon.

45.b Calculate the emission of the soft gluon from an inner line of the hard amplitude, with
the same degree of accuracy.

45.c Simplify the sum of these contributions by projecting the colors of the quark and
antiquark on a singlet configuration, since we want to produce a singlet bound state.
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45.d Contract the result with the polarization vector jνσ(!) of the soft gluon and square. Sum
over the color of the hard gluon and the spins of the quark and antiquark.

45.a Our starting point is a gluon–quark–antiquark amplitude,

Maij ≡ u(p)Aaij(p, q, k)u(q), with Aaij(p, q, k) ≡ jλµ(k)A
µ(p, q, k)

(
taf
)
ij
.

Note that Aµ may be a very complicated object if loops are involved. Obviously, this amplitude
gives zero when projected on a color-singlet bound state, since (taf )ijηij = 0. Let us now
alter this amplitude in order to allow the emission of a gluon of momentum 8, color b and
polarization σ. This additional gluon can be emitted from one of the external legs, or attached
to one of the inner lines in the hard amplitude. Compared to Problem 43, we want to keep an
extra order in the expansion in powers of the momentum of the soft gluon, which implies that
we must keep the term where the gluon is attached inside the hard amplitude.

Consider first the term where the gluon is attached to the external quark line of momentum
p. Using the Dirac equation, this term (before contracting with the polarization vector of the
new gluon) reads

Mν
abij;q = g(tbf )ii ′ u(p)

1

p · 8

(
pν

︸︷︷︸
∼ 8−1

+ 1
2γ

ν/8+ pν8ρ
∂

∂pρ

∣∣∣∣
A︸ ︷︷ ︸

∼ 80

)
Aai ′j(p, q, k)u(q).

(We have indicated under each term the order in 8 at which it contributes.) The derivative
in the last term comes from expanding Aaij(p+ 8, q, k) to first order in 8, and the subscript
A indicates that the derivative should act only on Aaij. Likewise, attaching the gluon to the
antiquark line of momentum q gives

Mν
abij;q = g(tbf )j ′j u(p)Aaij ′(p, q, k)

(
! qν + 1

2
/8γν + qν8ρ

←
∂

∂qρ

∣∣∣∣∣
A

) 1

q · 8 u(q).

(The arrow indicates that the derivative acts on the factor Aaij ′(p, q, k) located to its left.) Fi-
nally, the contribution where the new gluon is attached to the external gluon line of momentum
k reads

Mν
abij;g = g(Tb

adj)aa ′ jλµ(k)
1

k · 8

(
gµρkν + gνµ8ρ ! gρν8µ + gµρkν8/

∂

∂k/

∣∣∣∣
A

)

× u(p)Aρ(p, q, k)
(
ta

′
f
)
ij
u(q).

(In this expression, we have discarded a term in 8ν by anticipating the fact that it will cancel
after contraction with physical polarization vectors. Another term in kρ has been discarded
thanks to the Ward–Takahashi identity satisfied by Aρ(p, q, k).)
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45.b To these three terms, we must add a term Mν
abij;in coming from attachments of the new

gluon inside the hard amplitude. This term does not diverge when 8 → 0. Since we want
to go up to order 80, this term is in fact independent of 8, and depends only on p, q, k. As
we have seen in Problems 13 and 14, this term is fully determined (at this order in 8) by the
Ward–Takahashi identity:

0 = 8ν
(
Mν

abij;q +Mν
abij;q +Mν

abij;g +Mν
abij;in

)

= g 8ρ
(
(tbf )ii ′

∂Mai ′j

∂pρ

∣∣∣∣
A

+ (tbf )j ′j
∂Maij ′

∂qρ

∣∣∣∣
A

+ (Tb
adj)aa ′

∂Ma ′ij

∂kρ

∣∣∣∣
A

)
+ 8νM

ν
abij;in.

(We have used the result of Problem 44 in order to get rid of the terms of order 80 in this
equation.) This constraint determines Mν

abij;in only up to a term Gν such that 8νGν = 0. But
since we are looking for a function independent of 8, this additional term is in fact vanishing.
Therefore, we have

Mν
abij;in = !g

(
(tbf )ii ′

∂Mai ′j

∂pν

∣∣∣∣
A

+ (tbf )j ′j
∂Maij ′

∂qν

∣∣∣∣
A

+ (Tb
adj)aa ′

∂Ma ′ij

∂kν

∣∣∣∣
A

)
,

and the total gluon emission amplitude up to order 80 reads

Mν
abij =g

(tbf )ii ′

p · 8
(
pν ! i8ρ

[
Jνρp

]
A

)
Mai ′j + g

(tbf )j ′j
q · 8

(
! qν ! i8ρ

[
Jνρq

]
A

)
Maij ′

+ g
(Tb

adj)aa ′

k · 8
(
kν ! i8ρ

[
Jνρk

]
A

)
Ma ′ij + Eν

abij,

where
[
Jp
]νρ
A

≡ i
(
pν ∂

∂pρ
! pρ ∂

∂pν

)
A

is the angular momentum operator (with the action of
the derivatives restricted to Aaij) and where we have defined

Eν
abij ≡ g

(
(tbf )ii ′

p · 8 u(p)
γν/8

2
Aai ′ju(q) +

(tbf )j ′j
q · 8 u(p)Aaij ′

γν/8

2
u(q)

+
(Tb

adj)aa ′

k · 8
(
gνµ8ρ ! gρν8µ

)
u(p)Aρ(p, q, k)

(
ta

′
f
)
ij
u(q)jλµ(k)

)
.

45.c The next step is to contract this amplitude with the polarization vector jσν(!) of the
additional gluon, and to square it. In order to address the question of the production of a
color-singlet bound state, we can simplify the task considerably by first projecting the colors
of the quark and antiquark on a singlet configuration. When we perform this projection, the
various color structures that appear in the amplitude simplify as follows:

ηij (t
b
f )ii ′(t

a
f )i ′j = tr (tbf t

a
f ) =

1
2ηab,

ηij (t
b
f )j ′j(t

a
f )ij ′ = tr (taf t

b
f ) =

1
2ηab,

ηij(T
b
adj)aa ′(taf )ij = 0.

The last equation has a simple physical interpretation: the emission of the soft gluon off the
external hard gluon does not change the color state of the pair (octet) and leads to a null
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projection on a singlet. After this projection, the amplitude simplifies to

ηijM
ν
abij = g

ηab
2

u(p)

([ pν

p · 8 !
qν

q · 8︸ ︷︷ ︸
≡ Rν

!i8ρ
([Jνρp

]
A

p · 8 +

[
Jνρq

]
A

q · 8

)]
Aµ

+
1

2

[γν/8Aµ

p · 8 +
Aµγν/8

q · 8

])
u(q)jλµ(k).

45.d Next, we contract this amplitude with jσν(!) and then we square it, keeping only terms
up to order 8!1. When evaluating this square, we sum over the color of the hard gluon, and
over the spins of the quark and antiquark. This leads to

∑

a,spins

∣∣∣ηijMν
abijjσν(!)

∣∣∣
2

=
g2

4

(
(
R · jσ

)[(
R · jσ

)
! ijσν8ρ

([Jνρp
]
A

p · 8 +

[
Jνρq

]
A

q · 8

)]∑

spins

∣∣∣u(p)
[
A · jλ

]
u(q)

∣∣∣
2

+
(
R · jσ

)
tr
(
(A · jλ)(/q+m)(A∗ · jλ)

(/p+m)/jσ/8+ /8/jσ(/p+m)

2p · 8

)

+
(
R · jσ

)
tr
(
(A∗ · jλ)(/p+m)(A · jλ)

(/q+m)/jσ/8+ /8/jσ(/q+m)

2q · 8

))
.

In Problem 14, we showed that

(/p+m)/jσ/8+ /8/jσ(/p+m)

2p · 8 = !
i

p · 8jσν8ρ
[
Jνρp

]
uu

(
/p+m

)
.

The subscript uu indicates that the angular momentum operator acts only on the p dependence
coming from the spinors. Combined with the similar terms that act only on A, we can
reconstruct the unrestricted angular momentum operator that acts on the complete squared
hard amplitude:

∑

a,spins

∣∣∣ηijMν
abijjσν(!)

∣∣∣
2

=
g2

4

(
R · jσ

)[(
R · jσ

)
! ijσν8ρ

( Jνρp
p · 8 +

Jνρq
q · 8

)]∑

spins

∣∣∣u(p)
[
A · jλ

]
u(q)

∣∣∣
2

︸ ︷︷ ︸
squared color-stripped

hard amplitude

.

(3.53)

This formula extends (in a simple case) to QCD the Low–Burnett–Kroll theorem established
for QED in Problem 14.

Let us now discuss the significance of (3.53) for the production of color-singlet quark–
antiquark bound states. Note first that Rν is the radiation current of a color-singlet quark–
antiquark pair (compare with equation (3.50) in Problem 43). In that problem, we studied in
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detail the angular pattern of emissions due to such a current, and we saw that emissions are
allowed only in cones whose opening is the angular separation between the quark and antiquark.
However, in order to merge in a bound state of small size, the quark and antiquark must have
nearly parallel momenta, which implies that Rν ≈ 0 (therefore, not only does the leading term
of order 8!2 cancel, but so does the subleading term of order 8!1). To gain more intuition on
the physical mechanism at work here, one may think of the emission of a soft gluon as being
extremely delocalized in time, and happening after the color singlet has been formed, hence the
suppression. The conclusion is that a soft gluon cannot “bleach” a color-octet quark–antiquark
pair in order to produce a color-singlet bound state (this may happen via terms of higher order
in 8, but these emissions will not be enhanced by inverse powers of 8).

46. Globally Gauge Invariant Operators Consider the bilinear and trilinear operators
αabA

µ
aAbµ and βabc2a2b2c, where Aµ

a is the gauge field and 2a is the ghost field. The goal of
this problem is to determine the form of the coefficients αab and βabc such that these operators
are invariant under global gauge transformations. A useful tool will be Schur’s lemma, which
states that any operator C that commutes with all the generators of an irreducible representation
of a Lie algebra is proportional to the identity, C ∝ 1.

46.a Why can we assume that αab is symmetric and βabc is fully antisymmetric? Why should
β vanish when any pair of indices are contracted, e.g., βaac = 0? How do the gauge
field Aµ

a and the ghost 2a change under a global gauge transformation?

46.b Show that the global gauge invariance of αabA
µ
aAµb is equivalent to αΩ = Ωα, for

any Ω in the adjoint representation of the gauge group. Show that this is equivalent to
[α, Ta

adj] = 0 for all a, and that this implies that one should have αab ∝ ηab.

46.c Show that βabc2a2b2c is invariant under global transformations if βabcΩadΩbeΩcf =
βdef, for any Ω in the adjoint representation of the gauge group. Introduce matrices
Ba defined by (Ba)bc ≡ iβabc. Show that this condition is equivalent to [Ta

adj, B
b] =

ifabcBc. From this, conclude that βabc ∝ fabc is a solution.

46.d Extra: prove that this solution is the only one up to a rescaling.

46.a The operator Aµ
aAbµ is symmetric in (a, b), while 2a2b2c is fully antisymmetric

in (a, b, c). Therefore, they must be accompanied by coefficients αab and βabc that are
symmetric and antisymmetric, respectively. Moreover, since 2a2a = 0, the coefficients βabc

should vanish when contracting any pair of indices (to see this for the pair ab, decompose βabc

into a term proportional to ηab and a traceless term; the term in ηab cancels when contracted
with 2a2b).
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Under any gauge transformation Ω, the gauge field Aµ transforms as

Aµ → ΩAµΩ† +
i

g
Ω∂µΩ†.

In the case of a global transformation, the second term is zero, and the transformation simplifies
to

Aµ → ΩAµΩ†,

or, equivalently, Aµ
a → ΩabA

µ
b if written in terms of the color components. For the ghost field,

the transformation reads

2a → Ωab2b.

46.b Under the preceding global gauge transformation, we have

αabA
µ
aAµb → αabΩacA

µ
cΩbdAµd.

Therefore, this operator is invariant if αcd = αabΩacΩbd for all Ω. Noting that the adjoint
group elements are real (and therefore obey Ωt = Ω!1), this condition can be rewritten as

Ωacαcd = αabΩbd, i.e.,Ωα = αΩ.

Writing Ω ≡ exp(iθaTa
adj) and requiring that this condition be true for any values of the

coefficients θa, we obtain the following equivalent condition:
[
α, Ta

adj
]
= 0, for all a.

Then we use Schur’s lemma and the fact that the adjoint representation is irreducible to
conclude that the matrix of coefficients α must be proportional to the identity.

46.c The operator βabc2a2b2c transforms as

βabc2a2b2c → βabcΩad2dΩbe2eΩcf2f.

Therefore, for this operator to be invariant, we must have

βabcΩadΩbeΩcf = βdef, for any Ω.

In terms of the matrices Ba whose components are (Ba)bc ≡ iβabc, this condition can be
transformed into the following equivalent conditions:

Ba
bcΩadΩbeΩcf = Bd

ef,

Ωad

[
ΩtBaΩ

]
ef
= Bd

ef,

ΩtBaΩ = BdΩt
da = ΩadB

d.

(Note also that Ωt = Ω† for the adjoint representation.) Then, we replace Ω by Ω =
exp(iθaTa

adj). For the final condition to be true for all values of θa, we must have [Ta
adj, B

b] =

ifabcBc (to see this, we just need to expand to first order in θ). This condition is obviously
true if the Ba are proportional to the adjoint generators Ta

adj themselves, which corresponds to
βabc being proportional to the structure constant fabc.
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46.d Let us now consider the reverse question, namely whether βabc ∝ fabc is the only
solution. Note first that the fact that Ba is an imaginary traceless Hermitian matrix does
not imply that it can be written as a linear superposition of the adjoint generators Ta

adj, since
the dimension of the space of (n2 ! 1) × (n2 ! 1) imaginary traceless Hermitian matrices
( 12(n

2!1)(n2!2)) is in general larger than the dimension of the Lie algebra su(n). Therefore,
the naive approach that would consist in writing Ba ≡ babT

b
adj (which would imply [b, Ta

adj] =
0, i.e., bab ∼ ηab by Schur’s lemma) is not correct (the only exception is for n = 2, where the
two dimensions are equal, and therefore this argument is valid).

A proper treatment of this question requires the concept of SU(n) tensors. An SU(n)
fundamental vector is an object ,i that transforms as

,i → Ωi
i ′,i ′ , ,∗

i → ,∗
i ′Ω

∗
i
i ′ ,

where Ω is a matrix in the fundamental representation of SU(n). In this discussion, it is
convenient to denote the transformation matrix with a lower and an upper index, in order
to easily keep track of which contractions of indices are allowed, and the notation can be
made more uniform by also denoting ,i ≡ ,∗

i ,Ω
i
i ′ ≡ Ω∗

i
i ′ so that the transformation of the

complex conjugate of , reads

,i → Ωi
i ′,

i ′ .

A rank-r fundamental SU(n) tensor is an object carrying r indices (up or down), that
transforms like an outer product of r vectors (with matching up or down indices):

Ti1···ip
ip+1···ir → Ωi1

j1 · · ·Ωip
jp Ωip+1

jp+1
· · ·Ωir

jr Tj1···jp
jp+1···jr .

Some tensors have the remarkable property of being invariant under SU(n). This is obviously
the case for the Kronecker symbol ηij (this follows from the fact that Ω is unitary). It turns out
that the Levi–Civita symbol with n indices, all up or all down, is also invariant, since

ji1···in → Ωi1
i ′1 · · ·Ωin

i ′n ji ′1···i ′n = ji1···in det
(
Ω
)

︸ ︷︷ ︸
= 1

.

The most general version of our original problem is to find βabc such that βabcXaYbZc is
invariant when Xa, Ya, Za transform according to the adjoint representation of SU(n) (when
the fields X, Y, Z are all identical, the solution should be fully symmetric or fully antisymmetric,
depending on whether this field is commuting or anti-commuting). Finding such coefficients
βabc is equivalent to making a SU(n) scalar out of the following rank-2 fundamental tensors:

Xi
j ≡ Xa(t

a
f )i

j, Yi
j ≡ Ya(t

a
f )i

j, Zi
j ≡ Za(t

a
f )i

j.

The only way to obtain a SU(n) scalar from the outer product of three rank-2 tensors is to
contract all the lower indices with the upper ones, possibly also using the SU(n) invariant
tensors discussed above, i.e., Kronecker symbols (with mixed indices) and Levi–Civita symbols
(with all indices up or all indices down). But since we are only allowed to contract upper
indices with lower ones, we must use an even number of Levi–Civita symbols. Therefore, we



47 BANKS–ZAKS FIXED POINTS 191

can always combine them in pairs (one with lower indices and one with upper indices) and use

ji1···inj
j1···jn = det





ηi1
j1 . . . ηi1

jn

ηi2
j1 . . . ηi2

jn

...
...

ηin
j1 . . . ηin

jn




.

Thanks to this formula, all the Levi–Civita symbols appearing in such a contraction can in fact
be replaced by products of Kronecker symbols. This implies that the most general scalar one
can make from X, Y, Z is a linear combination of the following terms:

tr (taf t
b
f t

c
f )XaYbZc and permutations,

tr (taf ) tr (tbf t
c
f )XaYbZc and permutations, tr (taf ) tr (tbf ) tr (tcf )XaYbZc.

In other words, a spanning set for the most general βabc is obtained by forming all the possible
products of traces with three fundamental generators (this result generalizes in an obvious
manner to scalars constructed with any number of adjoint fields). Since the trace of a single
generator is zero, all the terms of the second line are in fact vanishing. Moreover, the trace
of three generators is made of only two independent objects, fabc and dabc. In our original
problem involving three ghost fields, the only solution is the fully antisymmetric one, i.e.,
βabc ∝ fabc.

47. Banks–Zaks Fixed Points Consider a theory (e.g., QCD) in which the β function has
the following two-loop perturbative expansion: β(g) = β0 g

3 + β1 g
5 + O(g7).

47.a What are the conditions on β0 and β1 for the β function to be negative at small coupling
and positive at large coupling? How does the theory behave at short distance and at long
distance in this situation?

47.b What extra condition on β0,1 should be satisfied in order to have a weakly coupled theory
at the infrared fixed point?

47.c Consider now QCD with N colors and Nf flavors of quarks in the fundamental represen-
tation, for which the coefficients β0,1 are

β0 = !
1

1602

11N! 2Nf

3
, β1 =

1

(1602)2

(
Nf

(
2Cf +

10N

3

)
!

34N2

3

)
.

What is the range of values of Nf for having a fixed point of the type discussed above?
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g

β(g)

Figure 3.9 Sketch of the β function obtained for β0 < 0,β1 > 0. The arrows indicate the
renormalization group flow towards the ultraviolet.

47.a With the type of β function proposed in the statement of the problem, the requested
behavior of the β function is realized for β0 < 0, β1 > 0. Such a β function is illustrated in
Figure 3.9. In this case, the β function has a zero at the coupling constant g∗ defined by

g2∗ = !
β0

β1
.

Then, if 0 < g < g∗, the β function is negative. This implies that the coupling decreases as
the energy scale rises. Thus the corresponding theory exhibits asymptotic freedom as long
as the coupling never exceeds g∗. Conversely, when the energy scale decreases towards the
infrared, the coupling constant increases, until it reaches the value g∗. At g∗, the running of
the coupling stops no matter how much one decreases the energy scale. g∗ is therefore an
infrared fixed point for this theory. To summarize, a theory with this type of β function has the
following fixed points:

i. a non-interacting ultraviolet fixed point,

ii. an interacting infrared fixed point.

At both fixed points, the theory is scale invariant (by virtue of being at a fixed point).

47.b The existence of the infrared fixed point is the main difference between the situation
considered here and a situation where the β function would be negative everywhere. In the latter
case, the theory becomes strongly coupled in the infrared (the coupling increases indefinitely
at large distance), while it stands a chance of being perturbative in the case considered in the
present problem. For this, it is not sufficient to have an infrared fixed point, but the value of the
coupling at this fixed point should in addition be small enough. To be definite, let us say that
perturbation theory is applicable if g∗ < 1 (this is arguably a bit arbitrary, and may depend on
the observable of interest). This additional condition is satisfied if |β0| < β1. When it is in the
perturbative regime, the infrared fixed point ii is known as a Banks–Zaks fixed point.
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47.c Consider now the specific case of QCD, for which the first two coefficients of the β
function are given in the statement of the problem. The condition β0 < 0 is equivalent to

β0 < 0 ⇐⇒ Nf <
11N

2
(= 16.5 for N = 3).

The condition β1 > 0 is equivalent to the following condition on Nf:

β1 > 0 ⇐⇒ Nf >
34N3

13N2 ! 3
(≈ 8 for N = 3).

Thus, the infrared fixed point cannot be realized with the six families of quarks that are known
to exist in nature. Note that the value of the coupling g∗ at the infrared fixed point is

g2∗ =
1602(11N! 2Nf)

Nf(6Cf + 10N)! 34N2
.

This ratio decreases as Nf increases at fixed N (it goes to zero at the upper end of the allowed
range of values of Nf, and to infinity at the lower end of the range of Nf). The value of Nf at
which this critical coupling is equal to unity is given by

Nf =
8802N+ 17N2

1602 + 3Cf + 5N
(≈ 15.6 for N = 3).

Therefore, the infrared fixed point is perturbative only at the largest allowed value of the
number of flavors, very close to the value where the theory ceases to be asymptotically free.
Source: Banks, T. and Zaks, A. (1982), Nucl Phys B 196: 189.

48. Instantons and Tunneling in Quantum Mechanics This is the first of a series
of three problems devoted to the role of instantons in classifying the vacua of Yang–Mills
theory. In this first instalment, we start with a warmup in non-relativistic mechanics, and
show that instanton-like solutions of the classical equations of motion provide a semi-classical
approximation of quantum tunneling amplitudes. Consider a one-dimensional double-well
potential V(x) ≡ λ(x2 ! x2∗)

2, which has two degenerate minima located at x = ±x∗.

48.a Recall the path integral expression for a transition amplitude from !x∗ to +x∗, A ≡〈
+ x∗

∣∣e!iHt
∣∣! x∗

〉
. Explain why there is no classical path making the action extremal

in this path integral.

48.b Perform a Wick rotation of the time variable by defining / = i t, and write the resulting
expression for the transition amplitude.

48.c Show that a saddle point approximation is now possible, and that the leading behavior
of the amplitude is given by the quantum mechanical analogue of instantons. Solve
the imaginary time equation of motion to obtain this dominant classical path, and
calculate the corresponding action. Are there other minima of the action that would give
subleading contributions?
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48.d The preceding calculation does not give the prefactor in A(t). How can it be obtained?
Without doing an explicit calculation, explain why this prefactor is proportional to the
time t. What is the range of t where this semi-classical approximation is valid? What
contributions should one include to extend it to larger times?

48.e Let us denote by
∣∣,0,1,2,...

〉
the eigenstates of the Hamiltonian, with energies E0,1,2,....

Express the transition amplitude A(t) in terms of these eigenstates. Use this alternative
representation to show that the tunneling amplitude A(t) is approximately proportional
to the splitting between the energies of the first two levels, ηE ≡ E1 ! E0.

48.a The transition amplitude from the position !x∗ at time 0 to the position +x∗ at time t
is given by

A(t) ≡
〈
+ x∗

∣∣e!iHt
∣∣! x∗

〉
=

∫

x(0)=−x∗
x(t)=+x∗

[
Dx(t)

]
eiS[x], (3.54)

where the action S[x] reads (for a mass m ≡ 1)

S[x] ≡
∫ t

0
dt ′

( ẋ2(t ′)
2

! V(x(t ′))
)
.

Classical trajectories are extrema of the action S[x] that satisfy ẍ+ V ′(x) = 0. Multiplying by
ẋ leads to 1

2 ẋ
2 + V(x) = const, i.e., energy conservation. Therefore, a classical particle that

starts with no velocity from the bottom of one of the potential wells cannot reach the other
well. Because of the absence of a classical solution with the appropriate boundary conditions,
the path integral (3.54) is not dominated by any path in particular, and its value is the result of
interferences between many paths contributing comparably.

48.b However, we can simplify this problem by defining / ≡ i t. The path integral (3.54)
becomes

A(t) =

∫ [
Dx(/)

]
e!S

E
[x],

with a Euclidean action equal to

SE [x] ≡
∫ it

0
d/ ′

( ẋ2(/ ′)

2
+V(x(/ ′))︸ ︷︷ ︸
!U(x(/ ′))

)
.

(Now the dot denotes a derivative with respect to /.) This action has the same form as before,
if we interpret it as a fictitious particle moving in the inverted potential U(x) ≡ !V(x) (see
Figure 3.10).
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x

V(x)

−x
*

+x
*

x

U(x)

−x
*

+x
*

Figure 3.10 Left: double-well potential. Right: classical solution of the Euclidean time
equation of motion, that connects the two extrema.

48.c Because the potential U is flipped upside down, the Euclidean action has extremal paths
connecting !x∗ to +x∗, which are the quantum mechanical analogue of instantons (recall that
instantons are gauge field configurations that make the Euclidean action extremal). Solving the
Euclidean equation of motion is best done by starting from “energy conservation,”

ẋ2

2
+U(x) = 0,

which can be rewritten as

dx

x2∗ ! x2
=

√
2λd/.

This can be solved by

x(/) = x∗ tanh
(
6
2 (/! /0)

)
,

where 6 ≡
√

8λx2∗ and where /0 is an integration constant that defines when this solution
reaches the position x = 0. The value of the Euclidean action for this solution is SE [x] =
63/(12λ). Note that although this solution connects !x∗ to +x∗ in an infinite Euclidean
time, the effective duration of the transition is 6!1 ∼ λ!1/2. Therefore, this path is a good
approximation of an extremal path (away from the transition region, this trajectory stays an
infinite amount of time at !x∗ and at +x∗, but these parts of the trajectory do not contribute to
the action) for any transition duration t * 6!1, and we find

A(t) ∼
t'6−1

e!63/(12λ).

There are other extrema of the action. The classical trajectory that gives the next-to-lowest
minimum starts at !x∗ and goes to +x∗, then back to !x∗, and finally returns to +x∗. The
action of this “triple instanton” is three times the action we have previously obtained, and
therefore its contribution to the transition amplitude is considerably suppressed when λ + 1
since it enters in an exponential,

e!363/(12λ) + e!63/(12λ).
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48.d At this point, we have only obtained the leading dependence of the transition amplitude
on the coupling constant λ, but we know nothing about the prefactor. In particular, we
also do not control the dependence of A(t) on the duration t. This prefactor would be
obtained by integrating over the fluctuations around the extremal trajectory, which in a first
approximation is a Gaussian integral. Because the instanton solution has a free parameter /0,
these Gaussian fluctuations have a flat direction (along which the action does not increase),
which corresponds to fluctuations that merely amount to changing the value of /0. The
integration of the fluctuations along this direction therefore leads to a factor

∫t
0 d/0 = t, and

the prefactor due to fluctuations is proportional to the duration:

A(t) ∼
t'6−1

6t e!63/(12λ).

Obviously, the modulus of A(t) should not be larger than 1 (since its square is a transition
probability). Therefore, the validity of this expression is certainly limited by

1 + 6t + e6
3/(12λ).

For times comparable to or larger than the upper bound, we need to take the multi-instanton
transitions into account, since they will provide corrections in powers of 6te!63/(12λ) and their
summation to all orders will tame the large time behavior of the single-instanton contribution.

48.e If the eigenstates of the Hamiltonian are
∣∣,0,1,2,...

〉
, we can write the transition amplitude

as follows:

A(t) =
∑

m,n

〈
+ x∗

∣∣,m

〉 〈
,m

∣∣e!iHt
∣∣,n

〉
︸ ︷︷ ︸

ηmn e−iEmt

〈
,n

∣∣! x∗
〉

=
∑

m

〈
+ x∗

∣∣,m

〉〈
,m

∣∣! x∗
〉
e!iEmt

≈
〈
+ x∗

∣∣,0

〉〈
,0

∣∣! x∗
〉
e!iE0t +

〈
+ x∗

∣∣,1

〉〈
,1

∣∣! x∗
〉
e!iE1t,

where we keep only the lowest two eigenstates in the approximation. Recall now that in a
symmetric double-well potential (with well-separated wells), the ground state and the next-to-
lowest state are the symmetric and antisymmetric combinations of the Gaussian packets ,±
that would give the ground state of each separate well:

,0(x) =
1√
2

(
,+(x) +,!(x)

)
, ,1(x) =

1√
2

(
,+(x)!,!(x)

)
.

Moreover, when the wells are well separated, we have ,+(!x∗) ≈ 0 and ,!(+x∗) ≈ 0.
Therefore, the above transition amplitude becomes

A(t) ≈ i

2
,+(+x∗),!(!x∗) e

!iE0t (E1 ! E0)t.

Thus, this formula establishes a direct connection between the tunneling amplitude and the first
level splitting of the Hamiltonian. In particular, we see that the symmetric and antisymmetric
lowest-energy states are degenerate if the tunneling probability is zero. (This result is not
specific to instantons; another area where it is relevant is the discussion of spontaneous
symmetry breaking.)
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49. Instantons as Transitions between Pure Gauges in Yang–Mills Theory In this
problem, we consider time-independent pure gauge fields such that Ai(x) → 0 when |x| → ∞
(in the gauge A0 = 0). We show that these fields can be classified in topological classes whose
index is a Cartan–Maurer invariant, and that instantons are field configurations that interpolate
between two such pure gauges.

49.a Consider a pure gauge Ai(x) ≡ ig!1Ω†(x)∂iΩ(x), with Ω(x) → 1 at |x| → ∞.
Explain why the homotopy classes of these fields are the elements of 03(SU(N)), with
an index n given by

n ≡
∫

d3x

2402
jjkl tr

(
Ω†(∂jΩ)Ω†(∂kΩ)Ω†(∂lΩ)

)
.

49.b We denote by
∣∣nin,out

〉
the asymptotic states made of pure gauges in the homotopy

class of index n. A representative field configuration of the topological class n = 0
is Ai

a(x) ≡ 0. How does this field evolve via the classical Yang–Mills equation in
the gauge A0 = 0? Conclude from this that the transitions

〈
nout

∣∣0in
〉

are classically
forbidden if n %= 0 and necessarily happen by quantum tunneling.

49.c By analogy with Problem 48, write the path integral representation of this transition
amplitude after going to imaginary time, and argue that the amplitude is dominated by
Euclidean classical solutions.

49.d Recall that the topological index of the instanton is given by

N = g2
∫

d4x

6402
jijklF

a
ijF

a
kl = lim

R→∞
g2

∫

S
R

d3Si
1602

jijkl tr
(
AjFkl +

2ig
3 AjAkAl

)
,

where SR is a three-dimensional sphere of radius R. Deform the sphere S∞ at infinity
into the surface of a hyper-cube, and show that in the gauge A0 = 0 this integral is the
difference of two integrals on surfaces at x0 = ±∞, respectively, that are the topological
indices of two pure gauges. Conclude that the instanton of index N interpolates between
pure gauges of index 0 and N.

49.a Since the pure gauge fields Ai(x) under consideration go to a constant when |x| → ∞,
we may identify all the points at infinity in 3, which amounts to identifying 3 with a 3-sphere
S3 (this mapping can be done explicitly by a stereographic projection). Thus, the group element
Ω(x) that defines the pure gauge can be viewed as a function from S3 to SU(N), and the
homotopy classes are the elements of the third homotopy group of SU(N), 03(SU(N)). The
topological index of a given Ω(x) is the appropriately normalized Cartan–Maurer invariant,

n ≡
∫

d3x

2402
jjkl tr

(
Ω†(∂jΩ)Ω†(∂kΩ)Ω†(∂lΩ)

)
.
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49.b The topological sector n = 0 admits as representative the group element Ω(x) which
is constant and equal to the identity everywhere, i.e., the null gauge potential Ai

a = 0. In the
gauge A0 = 0, the classical Yang–Mills equations leave this field configuration unchanged
throughout all the time evolution. Therefore, the transition from a field of index n = 0 to a
field of index n %= 0 is classically forbidden, and can only be mediated by quantum tunneling.

49.c After a transformation to imaginary time, this transition amplitude may be written as

〈
nout

∣∣0in
〉
=

∫ [n]

[0]
[DAi] e!S

E
[A],

where SE is the Euclidean action, and where the notations [0] and [n] on the integral symbol are
a reminder of its boundary conditions, namely pure gauge field configurations (which depend
only on x since they are at the boundaries in time) of topological indices 0 and n, respectively.
This path integral is dominated by the minimal action over the set of fields compatible with
these boundary conditions. On the other hand, we know that the fields that give the minima of
the Euclidean action are instantons, whose value at the boundary of 4 is a pure gauge.

49.d The topological index N of an instanton solution is given by the integral

N = g2
∫

d4x

6402
jijklF

a
ijF

a
kl = g2

∫

∂( 4)

d3Si
3202

Ki, (3.55)

with

Ki = 2 jijkl tr
(
AjFkl +

2ig

3
AjAkAl

)
=

|x|→∞

4ig

3
jijkl tr

(
AjAkAl

)
.

(The first term in Ki becomes negligible in the limit |x| → ∞ for fields that go to a pure gauge
at infinity.) The second equality in (3.55) comes from the fact that jijklFaijF

a
kl is equal to the

total derivative 2∂iK
i. Therefore, by Stokes’s theorem, the integral can be rewritten as the

flux of Ki through the boundary at infinity. The result does not depend on the precise shape
of this boundary, and we can thus take a four-dimensional hyper-cube. Two “faces” of this
hyper-cube correspond to the boundaries at infinite time, and all the others are boundaries at
infinity in one of the spatial directions.

Let us consider the A0 = 0 gauge. If i is a spatial direction, then in jijklA
jAkAl, one

of j, k, l must be 0 and therefore Ki vanishes at infinity on the two faces of the hyper-cube
orthogonal to the spatial direction i. Thus, only the two boundaries at x0 = ±∞ may contribute,
and the topological index of the instanton can be rewritten as

N =
4ig3

3
j0jkl

{ ∫

x0=+∞

d3x

3202
tr
(
AjAkAl

)
!

∫

x0=!∞

d3x

3202
tr
(
AjAkAl

)
}
.

In these integrals, the field Ai is a pure gauge Ai = (i/g)Ω†∂iΩ, with Ω belonging to the
topological sector 0 (at x0 = !∞) or n (at x0 = +∞), respectively. The integrals are the
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corresponding Cartan–Maurer invariants, i.e., the topological indices of the initial and final
pure gauges. For instance:

4ig3

3
j0jkl

∫

x0=+∞

d3x

3202
tr
(
AjAkAl

)
=

∫
d3x

2402
jjkl tr

(
Ω†(∂jΩ)Ω†(∂kΩ)Ω†(∂lΩ)

)

︸ ︷︷ ︸
topological index n of Ω(x) at x0 = +∞

.

Therefore, we have shown that

N = n! 0 (more generally, N = n(+∞)! n(!∞)).

Therefore, the instanton of index N is the Euclidean solution that interpolates between pure
gauges of topological indices n and n+N.

50. Vacua of Yang–Mills Theory The goal of this problem is to show that classical
Yang–Mills theory has a countable infinity of ground states. When quantum effects are taken
into account, this leads to a continuous set of ground states known as the θ-vacua. Consider
Yang–Mills theory in the temporal gauge A0 = 0, with the coupling set to g = 1 for simplicity.

50.a What is the conjugate momentum of Ai? Derive the Hamiltonian, and check that
Hamilton’s equations are the usual Yang–Mills equations. Why do we need in addition
to impose Gauss’s law, i.e., G[A] ≡

[
Di,∂

0Ai
]
= 0, on the classical solutions? (Note

that the quantum analogue of Gauss’s law is that physical states should be annihilated
by G[A].)

50.b Yang–Mills theory in the temporal gauge has a residual invariance under purely spatial
gauge transformations Ω(x). Explain why the gauge transformation Ω(x) ≡ ei>a(x)t

a

is generated by

Q> = !

∫
d3x

(
∂0A

i
a

)(
Di

ab>b
)
.

If Ω(x) goes to the identity at spatial infinity, show that this generator becomes propor-
tional to the Gauss’s law constraint, implying that physical states are in fact invariant
under the action of eiQϑ .

50.c From the above considerations, show that a vacuum state is a superposition of pure
gauge fields iU†∂iU, related to one another by spatial gauge transformations Ω(x) that
go to the identity at infinity.

50.d Consider transition amplitudes between two vacua, the first one corresponding to U1 ≡ 1
and the second one to U2(x). Show that U2(x) should go to a constant at infinity for this
amplitude to be non-zero. Why can these U’s be seen as mappings from the 3-sphere S3
to the gauge group?

50.e Use the preceding result to conclude that SU(N) Yang–Mills theory has a countable
infinity of inequivalent energy minima, indexed by an integer given by the Cartan–
Maurer invariant. How do quantum fluctuations alter this classical picture? Determine
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which linear combinations of these minima are eigenstates of the quantum Hamiltonian.
Hint: introduce T, the “translation operator” that transforms the ground state of index
n into the ground state of index n + 1, and use the fact that T commutes with the
Hamiltonian. Note: there is a close analogy between these superpositions and Bloch
states in solid-state physics.

50.a By using the temporal gauge A0 = 0, we circumvent the problem that A0
a has a vanish-

ing conjugate momentum, because A0 is not a dynamical variable in this gauge. Regarding the
other components of the gauge potential, the conjugate momentum 7i of Ai is given by

7i
a ≡ ∂LYM

∂∂0Ai
a
= ∂0A

i
a.

It is convenient to introduce the chromo-electric and chromo-magnetic fields by

Ei
a ≡ F0ia = 7i

a (in A0 = 0 gauge), Bi
a ≡ 1

2jijk F
jk
a ,

in terms of which the Lagrangian density can be written as follows:

!
1

4
Fµνa Faµν = !

1

4

(
! F0ia F

0i
a ! Fi0a F

i0
a + FijaF

ij
a

)
=

1

4

(
2Ei

aE
i
a ! jijkjijlB

k
aB

l
a

)

=
1

4

(
2Ei

aE
i
a ! (ηjjηkl ! ηjkηjl)B

k
aB

l
a

)
=

1

2

(
Ei
aE

i
a ! Bi

aB
i
a

)
.

Then, the Hamiltonian is given by

H = 7i
a(∂0A

i
a)︸ ︷︷ ︸

Ei
aE

i
a

!L =
1

2

(
Ei
aE

i
a + Bi

aB
i
a

)
=

1

2
7i
a7

i
a +

1

4
FijaF

ij
a .

(Note that this is also equivalent to the component T00 of the energy–momentum tensor in
Yang–Mills theory.) The Hamilton equations are

∂0A
i
a =

∂H

∂7i
a
= 7i

a, ∂07
i
a = !

∂H

∂Ai
a
= !∂jF

ji
a ! fabcAb

j F
ji
c .

The first equation is equivalent to the definition of the conjugate momentum, while the second
one reads

∂0F
0i
a +

[
Dj, F

ji
]
a
= 0,

which is indeed equivalent to the Yang–Mills equations in the vacuum.
Note, however, that the first Yang–Mills equation,
[
Dµ, F

µ0
]
= ! [Di, E

i]︸ ︷︷ ︸
≡ G[A]

= 0,

does not appear among the Hamilton equations. In the Lagrangian formalism, it would appear
as the variation of the action with respect to A0. But when we set A0 = 0 as the gauge
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condition, this equation has to be imposed separately as a constraint. Note also that G[A] = 0
is the non-Abelian generalization of Gauss’s law, ∂iEi = 0. In addition, one may check that
the Poisson bracket of G[A] with the Hamiltonian is zero, which implies that the condition
G[A] = 0 is preserved by the time evolution. In the corresponding quantum theory, we have[
H, G[A]

]
= 0, and the physical quantum states should be annihilated by the operator G[A]

(this is the quantum analogue of G[A] = 0 for classical solutions).

50.b The gauge condition A0 = 0 does not completely remove the gauge freedom, since it
is still possible to perform purely spatial gauge transformations (they preserve A0 = 0). An
infinitesimal gauge transformation of parameter >a(x) leads to the following variation of the
gauge field:

ηAi
a(x) = !

(
Di

adj
)
ab
>b(x).

Therefore, a generic functional F[A] varies as follows:

ηF[A] = !

∫
d3x

((
Di

adj
)
ab
>b(x)

) η

ηAi
a(x)︸ ︷︷ ︸

≡ iQϑ

F[A].

Note that the derivative iη/ηAi
a acting on an object in the “coordinate” representation is

equivalent to the quantum mechanical operator Ei
a, since it is the canonical conjugate of Ai

a.
Therefore, the generator Q> may also be written as

Q> =

∫
d3x

((
Di

adj
)
ab
>b(x)

)
Ei
a(x) = !

∫
d3x >b(x)

(
Di

adj
)
ba
Ei
a︸ ︷︷ ︸

= G[A]b

.

The second equality is valid only for gauge transformations such that >a(x) vanishes when
|x| → ∞ since it requires an integration by parts. Under this gauge transformation, a quantum
state

∣∣ψ
〉

transforms as
∣∣ψ

〉
→ eiQϑ

∣∣ψ
〉
.

Therefore, if
∣∣ψ

〉
is a physical state annihilated by G[A], it is also invariant under spatial gauge

transformations Ω(x) ≡ exp(i>(x)ta) that go to the identity at infinity.

50.c Now consider the ground states. It is tempting to say that they are the field configurations
for which both Ei

a = Bi
a = 0 (since this minimizes the classical energy), i.e., pure gauge fields,

Ai
U
(x) ≡ iU†∂iU,

with U some element of the gauge group. Let us denote by
∣∣U

〉
the state whose wavefunction

in the “coordinate representation” is η[A!AU ]. This state is not gauge invariant (and therefore
is not annihilated by G[A], and is not physical), but we may construct a physical state from it
by summing over all the possible gauge transformations that go to the identity at infinity:

∣∣U
〉

phys ≡
∫ ∏

a

[
D>a(x)

]
eiQϑ

∣∣U
〉
. (3.56)

(This state is by construction invariant under gauge transformations that go to the identity at
infinity, which also ensures that it is annihilated by Gauss’s law.) The set of pure gauge fields



202 3 NON-ABELIAN FIELDS

can be divided into equivalence classes such that within one class all the fields are related by
a gauge transformation that goes to the identity at infinity. Each equivalence class leads to a
different physical state defined by the preceding formula.

50.d Now, consider two such states: the state obtained from U ≡ 1, |1〉phys, and another state
|U〉phys. We are interested in the transition amplitude between these two states,

phys

〈
U
∣∣1
〉

phys.

Let us first assume that U does not go to a constant at infinity (this implies that the state |U〉phys
has non-zero Ai fields at spatial infinity). To connect the two states, the trajectories that enter
into the path integral representation of this transition amplitude must have Ei = ∂0A

i %= 0 in an
infinite volume for at least a finite amount of time. Therefore, there is an infinite energy barrier
between the two states in this case, and the transition amplitude is zero. From this, we conclude
that the only allowed transitions from |1〉phys are to states |U〉phys defined by a U that goes to a
constant at infinity. When a group element U goes to a constant (this constant can be chosen to
be the identity, by applying a global gauge transformation) at |x| → +∞, we may identify all
the points at spatial infinity, which in topological terms means replacing 3 by a 3-sphere S3
(this may be done by a stereographic projection). Consequently, the reachable states |U〉phys
are defined by U’s that map S3 into the gauge group G. These mappings may be divided into
equivalence classes that are the elements of the homotopy group 03(G). In the case of SU(N)
Yang–Mills theory, this homotopy group is , and the topological index is obtained from the
Cartan–Maurer invariant calculated with a representative U(x). The averaging over all gauge
transformations eiQϑ that go to the identity at infinity in (3.56) involves only gauge fields that
belong to the same topological sector (eiQϑ can be continuously deformed into the identity by
taking the limit >a → 0; therefore this transformation does not change the topological index).
Thus, each value of the topological index corresponds to a distinct ground state.

50.e So far, our discussion has been essentially classical, leading to the conclusion that the
Yang–Mills Hamiltonian has a discrete infinity of degenerate minima. A first quantum effect
is that these minima, which correspond to a well-defined field configuration (up to a gauge
transformation), are “spread out” by the uncertainty principle into states that we shall denote by
|0n〉 (the integer n is the topological index), in the same way that the quantum ground state in
the harmonic potential x2 is not the state of wavefunction η(x) but a Gaussian packet centered
at x = 0. Let us now discuss how quantum effects lead to the fact that the true eigenstates of
the Hamiltonian are certain linear superpositions of the |0n〉’s rather than the |0n〉’s themselves.
Let us introduce the “shift operator” T that increments the topological index by one unit:

T
∣∣0n

〉
=

∣∣0n+1

〉
.

Because all the topological sectors are equivalent, T commutes with the Hamiltonian,
[
T,H

]
=

0, and therefore the true eigenstates
∣∣,

〉
of the Hamiltonian must also be eigenstates of T:

T
∣∣,

〉
= λ,

∣∣,
〉
.

If we look for
∣∣,

〉
in the form of a linear superposition of the |0n〉’s, it must therefore be of the
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form
∣∣θ
〉
≡

∑

n∈
einθ

∣∣0n
〉
.

Note that these states – called the θ-vacua – are completely analogous to the Bloch states
encountered in solid-state physics, i.e., the energy eigenstates of an electron in an infinite
periodic crystal lattice. Instead of having discrete electron states confined around each atomic
site, the eigenstates of the Hamiltonian form a continuous spectrum of delocalized states (these
extended states are responsible for electrical conduction in metals: any electron whose energy
lies in this continuous band is able to move over macroscopic distances). In the Yang–Mills
case, the eigenstates of the Hamiltonian also form a continuum indexed by the variable θ.

Let us state a few properties of the θ-vacua. Note first that their definition implies that they
are 20-periodic:

∣∣θ+ 20
〉
=

∣∣θ
〉
. Then, the overlap of two such states reads

〈
θ ′∣∣θ

〉
=

∑

m,n∈
ei(nθ!mθ ′)

〈
0m

∣∣0n
〉

︸ ︷︷ ︸
ηmn

=
∑

n∈
η(θ! θ ′ + 20n).

Likewise, the Euclidean transition amplitude between two θ-vacua is given by

〈
θ ′∣∣e!TH

∣∣θ
〉
=

∑

m,n∈
ei(nθ!mθ ′)

〈
0m

∣∣e!TH
∣∣0n

〉
︸ ︷︷ ︸

f(m!n)

=
∑

m,p∈
ein(θ!θ ′)e!ipθ ′

f(p)

= f̃(θ)
∑

n∈
η(θ! θ ′ + 20n).

(In the semi-classical approximation,
〈
0m

∣∣e!TH
∣∣0n

〉
depends only on the difference m! n

because the transition between the states m and n is due to the instanton of index m! n, as
shown in Problem 49.) Since transitions between distinct (modulo 20) θ-vacua are forbidden,
they should be viewed as defining distinct theories (i.e., θ is not a dynamical quantity but merely
a parameter that defines the ground state of the theory). In the semi-classical approximation,
using the results of Problems 48 and 49, the energy E(θ) of θ-vacua may be estimated as
follows:

〈
θ
∣∣e!TH

∣∣θ
〉

〈
θ
∣∣θ
〉 = e!TE(θ) =

∑

n∈
e!inθ

〈
0n

∣∣e!TH
∣∣00

〉
︸ ︷︷ ︸
≈ cnTn e−|n|S[A1]

≈ c0 + 2c1T cos(θ)e!S[A1] + · · · ,

where S[A1] is the action of the instanton of index n = 1. (The dots denote suppressed terms
involving multi-instanton contributions.) This gives

E(θ) ≈ const !
2 c1
c0

cos(θ) e!S[A1] + · · · .

From their origin, the constants c0,1 are positive, implying that the minimal energy is obtained
for θ = 0. The splitting between the minimal and maximal energy is proportional to the
tunneling amplitude between successive vacua, p and p + 1, which is controlled by the
instanton action.
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Selecting a particular vacuum
∣∣θ
〉

is done by adding a θ-dependent term,

Lθ ≡ g2θ

6402
jµνρσF

µν
a Fρσa

(called the θ-term), to the Yang–Mills Lagrangian. In the path integral, the effect of this term
is to weight gauge field configurations of topological index n by a factor einθ, but it has no
perturbative effects since it is a total derivative. The θ angle has non-perturbative effects
on some physical observables such as the neutron electric dipole moment, whose present
experimental upper limit indicates that |θ| ≤ 10!10. The smallness of this parameter, combined
with the lack of a symmetry principle that would force it to be zero, is known as the strong
CP problem. One of the most popular ideas for avoiding this problem is the so-called axion
mechanism, in which θ is promoted to a dynamical field, whose natural trend is to relax towards
the minimum of E(θ) located at θ = 0. Excitations of θ about θ = 0 imply the existence of a
new particle, called the axion.
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About the Problems of this Chapter

• Problem 51 is devoted to counting the tree graphs that contribute to n-point amplitudes
in various quantum field theories (scalar field theories, Yang–Mills theory). In the latter
case, the method is extended to counting color-ordered graphs. Problem 64 generalizes
this to one-loop graphs.

• In Problem 52, we apply the BCFW recursion in order to obtain an expression with two
terms only for the six-point 1!2!3!4+5+6+ tree amplitude.

• Some frequently used identities for traces in the spinor-helicity formalism are derived in
Problem 53.

• Various properties of polarization vectors in the spinor-helicity formalism are established
in Problems 54 and 55.

• Problem 56 discusses the important photon decoupling identity.

• In Problem 57, we calculate some tree amplitudes with gluons and a pair of colored
scalar and antiscalar particles. These results will be used to derived some one-loop
amplitudes by the generalized unitarity method in Problems 67 and 68.

• The color decomposition of tree amplitudes with gluons and a quark–antiquark pair is
discussed in Problem 58. In Problem 59, we explain how to deal with massless quarks
in the spinor-helicity formalism, and determine the expression for quark–antiquark–
gluon amplitudes. Four- and five-point amplitudes containing a quark–antiquark pair are
calculated in Problem 60.

• In Problem 61, we apply the spinor-helicity formalism and the Parke–Taylor formula in
order to derive the expression for the gg → gg tree-level scattering amplitude. Along
the way, we obtain the Kleiss–Kuijf relation for a simple case.

• Problem 62 studies the limit where a gluon becomes soft in an amplitude (this is the
spinor-helicity analogue of the eikonal approximation), and in Problem 63 the collinear
limit is considered.

• One-loop amplitudes are complicated to calculate, even with modern methods. For this
reason, we restrict ourselves to particularly simple examples. In Problems 65 and 66,
we show that one-loop amplitudes with only gluons of positive helicity are ultraviolet
finite and rational.

• In Problem 67, we use the generalized unitarity method to obtain a very simple expres-
sion for the 1+2+3+4+ amplitude with a scalar loop. This is extended in Problem 68 to
the one-loop 1+2+3+4+5+ amplitude.
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51. Enumeration of Tree Graphs The goal of this problem is to count the Feynman graphs
contributing to tree amplitudes in scalar field theory and in Yang–Mills theory. The basic
observation is that counting tree graphs can be achieved with dummy Feynman rules in which
all the propagators and vertices are equal to 1, so that each graph contributes the number 1.

51.a Consider first a scalar η3 theory. Explain why the number of tree graphs contributing to
the n-point amplitude is the coefficient of jn!1/(n!1)! in the solution of X = j+X2/2.
Solve this equation and calculate the first few coefficients. Show that the number of
n-point tree graphs in this theory is (2n! 5)!! = 1 · 3 · · · (2n! 5).

51.b Now consider Yang–Mills theory, and write the equation whose solution gives the
number of graphs contributing to the tree-level n-gluon amplitude. Perform a Taylor
expansion of the solution of this equation to obtain the numbers of graphs contributing
to tree amplitudes in Yang–Mills theory.

51.c Likewise, explain how the numbers of color-ordered tree graphs in Yang–Mills theory can
be obtained from the Taylor coefficients of the solution of the equation X = j+X2 +X3.

51.a Let us start with η3 theory at tree level. The solution X(j) of X = j + X2/2 can be
represented graphically as the sum of all the tree graphs with trivalent vertices, where X stands
at the root of the graph, and a j is attached to each leaf. The vertices and edges of these graphs
carry no structure (i.e., they are assigned the trivial “Feynman rule” 1). Therefore, the prefactor
of the term of order jn in this diagrammatic expansion is the number of tree graphs with n+ 1
labeled external legs, divided by n! because the n sources are identical:

X(j) =
∞∑

n=1

( number of tree graphs
with 1+ n labeled legs

) jn

n!
. (4.23)

The external legs of scattering amplitudes are labeled, since a different momentum is attached
to each of them. Therefore, the number of graphs contributing to the n-point tree amplitude
in a scalar theory with cubic interactions is the coefficient of jn!1/(n ! 1)! in X(j). In the
present case, the equation X = j+ X2/2 can be solved analytically:

X(j) = 1±
√
1! 2j.

We must take the solution 1!
√
1! 2j since this is the one that has positive Taylor coefficients:

1!
√

1! 2j =
j

1!
+

j2

2!
+

3 j3

3!
+

15 j4

4!
+

105 j5

5!
+

945 j6

6!
+

10, 395 j7

7!
+ · · · .

From this expansion, we read the number of tree graphs with n external points in this theory,
listed in Table 4.1. In fact, we can even obtain an analytic formula for the Taylor coefficients,

X(j) =
∞∑

n=1

(2n! 2)!

2n!1(n! 1)!

jn

n!
,

so that the number of n-point tree graphs in a theory with cubic interactions is (2n !
4)!/(2n!2(n! 2)!) = (2n! 5)!!.
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Number of external legs Tree graphs in η3 theory Tree graphs in Yang–Mills theory
2 1 1

3 1 1

4 3 4

5 15 25

6 105 220

7 945 2485

8 10, 395 34, 300

9 135, 135 559, 405

10 2, 027, 025 10, 525, 900

Table 4.1 Number of graphs contributing to n-point tree amplitudes in η3 scalar field theory
and in Yang–Mills theory.

51.b For Yang–Mills theory, which has both cubic and quartic couplings, the reasoning is
the same, but the equation one needs to solve is now

X = j+
X2

2
+

X3

6
. (4.24)

This is a cubic algebraic equation, which could in principle be solved in closed analytical
form by using Cardano’s formulas. But this approach leads to very complicated expressions.
Alternatively, one may simply solve the equation iteratively, starting from X(1) ≡ j and
injecting the result of order n! 1 into the right-hand side of the equation that gives the order
n:

X(n) = j+
X2
(n!1)

2
+

X3
(n!1)

6

∣∣∣
order ≤ n

.

(The subscript means that we truncate the right-hand side to keep only terms up to order jn;
higher-order terms could be kept, but would not be correct.) Going up to the 9th order, this
gives

X(9) = j+
j2

2!
+

4 j3

3!
+

25 j4

4!
+

220 j5

5!
+

2485 j6

6!

+
34, 300 j7

7!
+

559, 405 j8

8!
+

10, 525, 900 j9

9!
,

from which we can read the number of tree graphs up to n = 10 external points (see the last
column of Table 4.1).
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Additional Note: The above results can be justified in a different way as follows. First, we
define a zero-dimensional “quantum field theory” by its action:

S(X) ≡ X2

2
!

X3

3!
(η3 theory), S(X) ≡ X2

2
!

X3

3!
!

X4

4!
(Yang–Mills theory).

Note that the propagators and vertices associated with this action are all equal to 1. Then, we
define the generating function

Z(j) ≡ eW(j) ≡
∫
dX eS(X)!jX.

Because the Feynman rules are all equal to 1, the Taylor coefficients of W(j) merely count the
number of connected graphs (both tree-level graphs and graphs with loops). In order to isolate
the tree-level graphs, it is useful to introduce the quantum effective action κ(X) by

κ(X) ≡ W(j) + jX(j), with κ ′(X(j)) = j.

At tree level, we have κ(X) = S(X) and therefore

W(j) =
tree

S(X(j))! jX(j), with S ′(X(j)) = j.

Since in our earlier discussion one of the legs of the tree graphs was singled out, the corre-
sponding generating series is in fact the first derivative of W(j). At tree level, we have

jjW(j) =
tree

jj(X(j))
(
S ′(X(j))! j︸ ︷︷ ︸

= 0

)
+ X(j) = X(j).

51.c Let us now consider the case of tree-level color-ordered graphs in Yang–Mills theory.
The only difference from the non-ordered case is that we are not allowed to reshuffle the labels
on the external legs, since we must preserve their ordering, which has the effect of removing
the symmetry factors. Thus, by replacing Eq. (4.24) with

Y = j+ Y2 + Y3,

we should have

Y(j) =
∞∑

n=1

( number of color-ordered
tree graphs with 1+ n legs

)
jn.

Note that, unlike in (4.23), there is no factor 1/n! here since the order of the n factors j matters
(one may view j as a vector, and jn as the product of its first n components: jn → j1j2 · · · jn).
As before, we solve this equation iteratively:

Y(n) = j+ Y2
(n!1) + Y3

(n!1)

∣∣∣
order ≤ n

,

which gives Y(9) = j+ j2 + 3 j3 + 10 j4 + 38 j5 + 154 j6 + 654 j7 + 2871 j8 + 12, 925 j9. The
coefficients of this power series give directly the number of tree-level color-ordered graphs in
Yang–Mills theory.
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Figure 4.1 Contributions to the six-point color-ordered amplitude 1!2!3!4+5+6+, with a
shift applied to the lines 3 and 4 (the lines carrying the shift are shown in boldface).

52. Six-Point ! ! ! + ++ Amplitude Using a BCFW shift on lines 3 and 4, derive an
expression for the color-ordered amplitude 1!2!3!4+5+6+ that has only two terms:

A6(1
!2!3!4+5+6+) = !

4ig4[
2
∣∣P3 + P4

∣∣5
〉
{ 〈

1
∣∣P2 + P3

∣∣4
]3

[
23
][
34
]〈
56
〉〈
61
〉
(p2 + p3 + p4)2

+

〈
3
∣∣P4 + P5

∣∣6
]3

[
61
][
12
]〈
34
〉〈
45
〉
(p3 + p4 + p5)2

}
.

When the shift is applied to lines 3 and 4, there are only two ways to arrange the remaining
lines and to choose the internal helicities, as shown in Figure 4.1. Note that the graph on the
right contains an anti-MHV amplitude with two positive helicities and three negative ones. For
this sub-amplitude, we will accept without proof that the Parke–Taylor formula with square
brackets instead of angle brackets is valid. The shift that has good behavior when |z| → ∞ is
the one with

∣∣4̂
]
=

∣∣4
]

and
∣∣3̂
〉
=

∣∣3
〉

(and the direction of the shift is a complex momentum
kµ such that

∣∣k
〉
=

∣∣3
〉

and
∣∣k
]
=

∣∣4
]
). Therefore, the sum of these two graphs gives the

following expression for the six-point amplitude:

A6(1
!2!3!4+5+6+) = !4ig4

{
1

s23

〈
23
〉3

〈
3K̂I

〉〈
K̂I2

〉
〈
1K̂I

〉3
〈
K̂I 4̂

〉〈
4̂5
〉〈
56
〉〈
61
〉

+
1

s45

[
45
]3

[
5L̂I

][
L̂I4

]
[
L̂I6

]3
[
61
][
12
][
23̂
][
3̂L̂I

]

}
,

where we denote s23 ≡ (p2+p3)2, s45 ≡ (p4+p5)2. We have defined KI ≡ !(p2+p3) in the
first term and LI = !(p4+p5) in the second one. Consider the first term, for which the value of
z at the pole is given by 0 = K̂2

I
= K2

I
+2z∗ KI ·k = s23!z∗

〈
kKI

〉[
KIk

]
= s23+z∗

〈
32
〉[
24
]
,

which leads to

z∗ = !
s23〈

32
〉[
24
] = !

〈
23
〉[
23
]

〈
32
〉[
24
] =

[
23
]

[
24
] ,

∣∣4̂
〉
=

∣∣4
〉
+

[
23
]

[
24
]
∣∣3
〉
.

The angle brackets containing K̂I can be evaluated as follows. For a generic on-shell momentum
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$µ, we have
〈
$K̂I

〉[
K̂I4

]
= !

〈
$2
〉[
24
]
!
〈
$3
〉[
34
]
+ z∗

〈
$3
〉 [

44
]

︸︷︷︸
= 0

= !
〈
$
∣∣P2 + P3

∣∣4
]
.

Moreover,
[
24
]〈
4̂5
〉
=

[
24
]〈
45
〉
+ z∗

[
24
]〈
35
〉
=

[
24
]〈
45
〉
+
[
23
]〈
35
〉
=

[
2
∣∣P3 + P4

∣∣5
〉
,

〈
4̂
∣∣P2 + P3

∣∣4
]
=

〈
4
∣∣P2 + P3

∣∣4
]
+ z∗

〈
3
∣∣P2 + P3

∣∣4
]

=
〈
42
〉[
24
]
+
〈
43
〉[
34
]
! s23 = !2

(
p2 · p4 + p3 · p4 + p2 · p3

)

= !(p2 + p3 + p4)
2.

Therefore, the first term can be rewritten as

A
(1)
6 (1!2!3!4+5+6+) = !

4ig4

(p2 + p3 + p4)2

〈
1
∣∣P2 + P3

∣∣4
]3

[
23
][
34
]〈
56
〉〈
61
〉[
2
∣∣P3 + P4

∣∣5
〉 .

The same method can be used to simplify the second term, leading to the following final result:

A6(1
!2!3!4+5+6+) = !

4ig4[
2
∣∣P3 + P4

∣∣5
〉
{ 〈

1
∣∣P2 + P3

∣∣4
]3

[
23
][
34
]〈
56
〉〈
61
〉
(p2 + p3 + p4)2

+

〈
3
∣∣P4 + P5

∣∣6
]3

[
61
][
12
]〈
34
〉〈
45
〉
(p3 + p4 + p5)2

}
.

This is a remarkably simple expression given the fact that it would be obtained as the sum of
38 color-ordered Feynman graphs in the traditional approach. Non-adjacent configurations of
the three negative helicities and the three positive ones lead to more complicated formulas, but
it is easy to see that BCFW recursion produces at most six terms in the worst case.

53. Two Spinor-Helicity Identities Define the following four 4× 4 matrices:

γµ ≡
(

0 σµ

σµ 0

)
, with σµ ≡ (1,σi), σµ ≡ (1,!σi).

53.a Check that these γµ are a valid representation of the Dirac matrices in four dimensions.

53.b Show that

tr (σµσνσρσσ) = 2
(
gµνgρσ ! gµρgνσ + gµσgνρ + i εµνρσ

)
,

tr (σµσνσρσσ) = 2
(
gµνgρσ ! gµρgνσ + gµσgνρ ! i εµνρσ

)
.

53.c Use this result to prove the following identities (with sij ≡ (pi + pj)2):
[
12
]〈
23
〉[
34
]〈
41
〉
!
〈
12
〉[
23
]〈
34
〉[
41
]
= 4 i p1µp2νp3ρp4σ ε

µνρσ,
〈
12
〉[
23
]

〈
14
〉[
43
] =

s12s34 ! s13s24 + s14s23 ! 4 i p1µp2νp3ρp4σ ε
µνρσ

2 s14s34
.
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53.a Let us start from

γµ ≡
(

0 σµ

σµ 0

)
.

Using σµ = (1,σi),σµ = (1,!σi), an exhaustive check shows that

γµγν + γνγµ = 2 gµν.

Therefore, the proposed γµ is a valid representation of the Dirac matrices in four dimensions.

53.b Then, one may also check that

γµγνγργσ =

(
σµσνσρσσ 0

0 σµσνσρσσ

)
.

Taking the trace of this equation provides a first identity:

tr (σµσνσρσσ) + tr (σµσνσρσσ) = tr (γµγνγργσ)

= 4 (gµνgρσ ! gµρgνσ + gµσgνρ). (4.25)

Consider now γ5 ≡ iγ0γ1γ2γ3. In the above representation of the Dirac matrices, an explicit
calculation shows that

γ5 =

(
!1 0

0 1

)
, γ5γµγνγργσ =

(
!σµσνσρσσ 0

0 σµσνσρσσ

)
.

Taking the trace of this equation yields a second identity:

tr (σµσνσρσσ)! tr (σµσνσρσσ) = tr (γ5γµγνγργσ) = 4 i εµνρσ. (4.26)

(Recall that we use the convention ε0123 = +1.) The sum and difference of (4.25) and (4.26)
lead to

tr (σµσνσρσσ) = 2
(
gµνgρσ ! gµρgνσ + gµσgνρ + i εµνρσ

)
,

tr (σµσνσρσσ) = 2
(
gµνgρσ ! gµρgνσ + gµσgνρ ! i εµνρσ

)
.

53.c Consider now
[
12
]〈
23
〉[
34
]〈
41
〉
= tr

(
P1P2P3P4) = p1µp2νp3ρp4σ tr (σµσνσρσσ)

= 2 p1µp2νp3ρp4σ

(
gµνgρσ ! gµρgνσ + gµσgνρ + i εµνρσ

)

=
s12s34 ! s13s24 + s14s23

2
+ 2 i p1µp2νp3ρp4σ ε

µνρσ.

We have used the fact that all momenta are on-shell and massless to write 2 p1 · p2 =
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(p1 + p2)2 ≡ s12, etc. Likewise, we have
〈
12
〉[
23
]〈
34
〉[
41
]
=

s12s34 ! s13s24 + s14s23
2

! 2 i p1µp2νp3ρp4σ ε
µνρσ. (4.27)

By taking the difference of the last two equations, we get
[
12
]〈
23
〉[
34
]〈
41
〉
!
〈
12
〉[
23
]〈
34
〉[
41
]
= 4 i p1µp2νp3ρp4σ ε

µνρσ.

Dividing (4.27) by s14s34 =
〈
14
〉[
14
]〈
34
〉[
34
]
, we obtain

s12s34 ! s13s24 + s14s23 ! 4 i p1µp2νp3ρp4σ ε
µνρσ

2 s14s34
=

〈
12
〉[
23
]〈
34
〉[
41
]

〈
14
〉[
14
]〈
34
〉[
34
]

=

〈
12
〉[
23
]

〈
14
〉[
43
] ,

which proves the second of the announced identities.

54. Auxiliary Vector Dependence of the Polarization Vectors The goal of this problem
is to check that varying the auxiliary vector q in the definition of the polarization vector
εµ+(p;q) leads to a change of the polarization vector by a term proportional to pµ that does
not affect any physical quantity. More precisely, show that

εµ+(p;q
′)! εµ+(p;q) =

√
2
〈
qq ′〉

〈
qp

〉〈
q ′p

〉 pµ.

Hint: it is useful to rewrite the Schouten identity for square spinors as follows:

1 = !

∣∣q
][
q ′∣∣

[
qq ′

] !

∣∣q ′][q
∣∣

[
q ′q

] .

From the definition of the polarization vectors, we have

εµ+(p;q
′)! εµ+(p;q) =

〈
q ′∣∣σµ

∣∣p
]

√
2
〈
q ′p

〉 !

〈
q
∣∣σµ

∣∣p
]

√
2
〈
qp

〉

=

〈
qp

〉〈
q ′∣∣σµ

∣∣p
]
!
〈
q ′p

〉〈
q
∣∣σµ

∣∣p
]

√
2
〈
q ′p

〉〈
qp

〉

=

〈
q
∣∣σµ

∣∣p
]〈
pq ′〉!

〈
q ′∣∣σµ

∣∣p
]〈
pq

〉
√
2
〈
q ′p

〉〈
qp

〉

= pν

〈
q
∣∣σµσν

∣∣q ′〉!
〈
q ′∣∣σµσν

∣∣q
〉

√
2
〈
q ′p

〉〈
qp

〉 . (4.28)

The Schouten identity for square spinors may be rewritten as
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∣∣r
]
= !

∣∣q
][
q ′r

]
[
qq ′

] !

∣∣q ′][qr
]

[
q ′q

] .

Since this must be true for any
∣∣r
]
, we must in fact have

1 = !

∣∣q
][
q ′∣∣

[
qq ′

] !

∣∣q ′][q
∣∣

[
q ′q

] .

(This identity is valid over the space of square spinors, but it does not make sense to contract it
with angle spinors.) The next step is to insert this representation of the identity between σµ

and σν in (4.28), which gives

〈
q
∣∣σµσν

∣∣q ′〉!
〈
q ′∣∣σµσν

∣∣q
〉
=

〈
q
∣∣σµ

∣∣q ′][q
∣∣σν

∣∣q ′〉
[
qq ′

] +

〈
q ′∣∣σµ

∣∣q
][
q ′∣∣σν

∣∣q
〉

[
qq ′

]

!

〈
q
∣∣σµ

∣∣q
][
q ′∣∣σν

∣∣q ′〉
[
qq ′

] !

〈
q ′∣∣σµ

∣∣q ′][q
∣∣σν

∣∣q
〉

[
qq ′

] .

The third and final terms on the right-hand side are the easiest to calculate, since we have
〈
q
∣∣σµ

∣∣q
]
= tr (σµQ) = qα tr (σµσα)︸ ︷︷ ︸

2 gµα

= 2 qµ,

[
q
∣∣σν

∣∣q
〉
= tr (σνQ) = !qα tr (σνσα) = !2 qν.

Therefore the last two terms become

!

〈
q
∣∣σµ

∣∣q
][
q ′∣∣σν

∣∣q ′〉
[
qq ′

] !

〈
q ′∣∣σµ

∣∣q ′][q
∣∣σν

∣∣q
〉

[
qq ′

] =
4 (qµq ′ν + qνq ′µ)[

qq ′
] .

To evaluate the first two terms, we use
[
q
∣∣σν

∣∣q ′〉 =
[
q
∣∣c(σν)cd

∣∣q ′〉d = e

∣∣q
]
εec(σν)cdε

df
〈
q ′∣∣

f

=
〈
q ′∣∣ (εσνε)t︸ ︷︷ ︸

!σν

∣∣q
]
= !

〈
q ′∣∣σν

∣∣q
]
.

Therefore, we have
〈
q
∣∣σµ

∣∣q ′][q
∣∣σν

∣∣q ′〉+
〈
q ′∣∣σµ

∣∣q
][
q ′∣∣σν

∣∣q
〉

= !
〈
q
∣∣σµ

∣∣q ′]〈q ′∣∣σν
∣∣q

]
!
〈
q ′∣∣σµ

∣∣q
]〈
q
∣∣σν

∣∣q ′]

= !tr (QσµQ ′σν)! tr (Q ′σµQσν).

Then, we use the results of Problem 53, to obtain
〈
q
∣∣σµ

∣∣q ′][q
∣∣σν

∣∣q ′〉
[
qq ′

] +

〈
q ′∣∣σµ

∣∣q
][
q ′∣∣σν

∣∣q
〉

[
qq ′

] = !4
qµq ′ν + qνq ′µ ! gµν(q · q ′)[

qq ′
] ,

and finally

εµ+(p;q
′)! εµ+(p;q) = pν

4 gµν (q · q ′)√
2
〈
qp

〉〈
q ′p

〉[
qq ′

] =
√
2

〈
qq ′〉

〈
qp

〉〈
q ′p

〉 pµ.

In other words, changing the auxiliary vector q in the definition of the polarization vectors
amounts to varying them by a term proportional to the 4-momentum of the gluon, which has
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no effect, thanks to gauge invariance (the verification of this statement for negative-helicity
polarization vectors works in the same way).

55. Polarization Sum in the Spinor-Helicity Formalism The goal of this problem is to
show that the sum over the physical polarizations of the bilinear εµh(p;q)ε

ν∗
h (p;q) is what

one would expect in the strict axial gauge q ·A = 0.

55.a Check that εµ∗+ (p;q) = !εµ!(p;q) = εµ!(!p;q).

55.b Show that

∑

h=±
εµh(p;q)ε

ν∗
h (p;q) = !gµν +

pµqν + pνqµ

p · q .

55.a Let us first recall the expression for the polarization vectors:

εµ+(p;q) ≡
〈
q
∣∣σµ

∣∣p
]

√
2
〈
qp

〉 , εµ!(p;q) ≡
〈
p
∣∣σµ

∣∣q
]

√
2
[
pq

] .

Then, we have

εµ∗+ (p;q) =

〈
q
∣∣σµ

∣∣p
]∗

√
2
〈
qp

〉∗ =

〈
p
∣∣σµ

∣∣q
]

√
2
[
qp

] = !εµ!(p;q).

Changing p → !p requires a bit of care, since the definition of
∣∣p
]

and
〈
p
∣∣ contains a square

root (
√
p0 + p3), which leads to a sign ambiguity. The ambiguity is resolved by making the

choice that ensures that the two spinors are mutually complex conjugate. This prescription
leads to

∣∣! p
]
= i

∣∣p
]
,

〈
! p

∣∣ = !i
〈
p
∣∣.

Therefore, we have

εµ!(!p;q) =

〈
! p

∣∣σµ
∣∣q

]
√
2
[
! pq

] = !

〈
p
∣∣σµ

∣∣q
]

√
2
[
pq

] = !εµ!(p;q) = εµ∗+ (p;q).
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55.b Then, we can write
∑

h=±
εµh(p;q)ε

ν∗
h (p;q) = !εµ+(p;q)ε

ν
!(p;q)! εµ!(p;q)ε

ν
+(p;q)

= !

〈
q
∣∣σµ

∣∣p
]〈
p
∣∣σν

∣∣q
]
+
〈
p
∣∣σµ

∣∣q
]〈
q
∣∣σν

∣∣p
]

2
〈
qp

〉[
pq

]

= !
tr (σµPσνQ) + tr (σµQσνP)

2
〈
qp

〉[
pq

]

= !
4(pµqν + pνqµ ! gµν(p · q))

2
〈
qp

〉[
pq

] = !gµν +
pµqν + pνqµ

p · q .

(We have used the results of Problem 53 for the traces, and 2p ·q =
〈
pq

〉[
pq

]
in the last line).

Interestingly, this bilinear combination of polarization vectors is the same as the numerator of
the gauge propagator in the strict axial gauge defined by q · A = 0. This is another way of
seeing that changing the auxiliary vector q amounts to a change of gauge. Note that another
way of writing the identity we have derived is

∑

h=±
εµ+h(p;q)ε

ν
!h(!p;q) = !gµν +

pµqν + pνqµ

p · q .

This form is more intuitive since it highlights the fact that a positive helicity along +p is
equivalent to a negative helicity along !p.

56. Photon Decoupling Identity The goal of this problem is to prove a relationship between
various n-point color-ordered amplitudes, known as the photon decoupling identity. Recall
from the discussion of the color decomposition of a tree amplitude that the color ordering has
the same form for SU(N) and U(N) gauge theories.

56.a Why are the color-ordered amplitudes the same in SU(N) and U(N)?

56.b By considering an n-point amplitude in which the first leg is the U(1) gauge boson of a
U(N) gauge theory and the remaining n! 1 legs are SU(N) gauge bosons, show that

An

(
1234 · · ·n

)
+An

(
2134 · · ·n

)

+An

(
2314 · · ·n

)
+ · · ·+An

(
234 · · · (n! 1)1n

)
= 0.

56.a Recall the color ordering of an n-point tree amplitude:

Mn(1 · · ·n) ≡ 2
∑

σ∈Sn/ n

tr (t
aσ(1)

f · · · taσ(n)

f ) An(σ(1) · · ·σ(n)). (4.29)

This formula was obtained by rewriting the structure constants fabc (which enter into the color
structure of the three-gluon and four-gluon vertices) in terms of traces of three fundamental
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generators taf . Then, we rewrite all the contractions of the form taf · · · taf by using the Fierz
identity. In the case of su(N), this formula contains a term of order N0 and a term of order
N!1:

(taf )ij(t
a
f )kl =

k l

j i

=
1

2
︸ ︷︷ ︸

u(N)

!
1

2N

︸ ︷︷ ︸
su(N)

.

A noteworthy aspect of (4.29) is that all the terms of order N!p with p > 0 have canceled. In
fact, the formula (4.29) is also the expression one would obtain for the u(N) algebra: the u(N)
and su(N) results are identical because the extra gauge boson in u(N) = su(N)⊕ u(1) is an
Abelian gauge boson that does not couple to the gluons.

Let us now discuss more specifically the U(N) theory. The structure constants that control
the couplings of its gauge bosons differ in a trivial way from those of the SU(N) theory:

fabc
u(N)

=

{
fabc
su(N)

if a, b, c < N2,

0 if a, b or c = N2.

(The adjoint indices a, b, c for u(N) take N2 different values instead of N2 ! 1.) Aside from
this, everything else is the same. In particular, the kinematical dependence in the color-ordered
Feynman rules is the same, implying that the color-ordered amplitudes An(σ(1) · · ·σ(n)) are
the same in U(N) and SU(N). Therefore, in (4.29), the only difference between U(N) and
SU(N) is the trace tr (t

aσ(1)

f · · · taσ(n)

f ) since the fundamental representation of u(N) contains
one more generator, associated with the extra U(1) factor. Since this factor is Abelian, this
additional generator is simply the identity.

56.b Consider now an amplitude Mn(1 · · ·n) in which leg 1 is a U(1) gauge boson, and
legs 2 to n are SU(N) ones. This amplitude must be zero, since the Abelian boson does not
couple to the non-Abelian ones:

Mn( 1︸︷︷︸
U(1)

, 2, . . . , n︸ ︷︷ ︸
SU(N)

) = 0.

Therefore, when the first generator is ta1
f = 1, we have

0 =
t
a1
f =1

∑

σ∈Sn/ n

tr (t
aσ(1)

f · · · taσ(n)

f ) An(σ(1) · · ·σ(n)).

The sum over the permutations up to a cyclic permutation can be performed by imposing that
σ(1) = 1. Therefore, we need only sum over the set S[2,n] of the permutations of [2, n]. Using
the fact that ta1

f = 1, the above identity becomes

0 =
∑

σ∈S[2,n]

tr (t
aσ(2)

f t
aσ(3)

f · · · taσ(n)

f ) An(1σ(2)σ(3) · · ·σ(n)).

We cannot conclude that the color-ordered amplitudes under the sum are individually zero,
however, since the color traces are not all independent because of their cyclic invariance. Thus,



57 SCALAR–ANTISCALAR–GLUON AMPLITUDES 223

the preceding equation should be first rewritten as

0 =
∑

σ∈S[2,n]/ n−1

tr (t
aσ(2)

f t
aσ(3)

f · · · taσ(n)

f )
∑

cycles ρ

An(1σ(ρ(2))σ(ρ(3)) · · ·σ(ρ(n)))

︸ ︷︷ ︸
0

.

Taking σ to be the identity, we get the following relationship:

An

(
1234 · · ·n

)
+An

(
134 · · ·n2

)

+An

(
14 · · ·n23

)
+ · · ·+An

(
1n234 · · · (n! 1)

)
= 0.

Using the invariance of color-ordered amplitudes under cyclic permutations, this identity can
be rewritten in such a way that the leg n is always in the last position:

An

(
1234 · · ·n

)
+An

(
2134 · · ·n

)

+An

(
2314 · · ·n

)
+ · · ·+An

(
234 · · · (n! 1)1n

)
= 0,

where we have highlighted in boldface the index 1, which is sweeping from left to right in the
n! 1 terms of this formula while all the other indices do not move. This identity is known as
the photon decoupling identity.

57. Scalar–Antiscalar–Gluon Amplitudes Consider a Yang–Mills theory coupled to
a complex scalar field of mass m. The goal of this problem is to calculate color-ordered
amplitudes, with a scalar–antiscalar pair of respective incoming momenta k and k ′, and n
gluons of positive helicity of momenta p1,2,...,n. (We will use these results in Problems 67 and
68 in order to calculate some one-loop amplitudes via generalized unitarity.) We denote these
amplitudes by A2+n(k, 1+2+ · · ·n+, k ′∗).

57.a Check that A3(k, 1
+, k ′∗) = ig

√
2 〈q|K|1]

〈q1〉 , where q is the auxiliary vector in the polar-
ization vector of the gluon. Extra: check that this does not depend on q.

57.b Verify that

A3(k, 1
+,!k ′∗)A3(k

′, 2+, k ′′∗) = !2g2m2

[
12
]

〈
12
〉 .

57.c Show that

A4(k, 1
+2+, k ′∗) = !

2ig2m2

(k+ p1)2 !m2

[
12
]

〈
12
〉 .

Hint: use a BCFW shift on the two gluon lines.

57.d Show that

A5(k, 1
+2+3+, k ′∗) =

2i
√
2g3m2

((k+ p1)!m2)((k ′ + p3)2 !m2)

[
3
∣∣(P1 + P2)K

∣∣1
]

〈
12
〉〈
23
〉 .

Hint: use a BCFW shift on the first two gluon lines.
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57.a First, recall the kinematical part of the Feynman rules for a complex scalar coupled to a
gauge field. After the color factors have been stripped out in the process of color decomposition,
they are identical to the Feynman rules of scalar QED:

p

=
i

p2 !m2 + i0+
,

p

q

µ = !ig(p+ q)µ.

(There is in addition a η∗ηAµA
µ four-point vertex, but this vertex is not necessary when

applying BCFW recursion, since one can bootstrap everything from the three-point vertex
only). The amplitude A3(k, 1+, k ′∗) is obtained by simply contracting the three-point vertex
into a positive-helicity polarization vector:

A3(k, 1
+, k ′∗) = !ig (k! k ′)µ︸ ︷︷ ︸

(2k+p1)µ

〈
q
∣∣σµ

∣∣1
]

√
2
〈
q1

〉 = ig

〈
q
∣∣(2K+

∣∣1
〉

= 0︷ ︸︸ ︷[
1
∣∣)∣∣1

]
√
2
〈
q1

〉

= ig
√
2

〈
q
∣∣K

∣∣1
]

〈
q1

〉 .

Varying q changes the polarization vector by an amount proportional to the gluon momentum
pµ
1 (see Problem 54). Therefore, under the change q → q ′, the above three-point amplitude

varies by an amount proportional to

p1 · (k! k ′) = p1 · (2k+ p1) = (p1 + k)2 ! k2 = m2 !m2 = 0.

57.b Next, let us consider

A3(k, 1
+,!k ′∗)A3(k

′, 2+, k ′′∗) = !2g2
〈
q1

∣∣K
∣∣1
]

〈
q11

〉
〈
q2

∣∣K ′∣∣2
]

〈
q22

〉 .

To simplify this expression, it is convenient to rely on its independence with respect to the
choice of q1 and q2, to take q1 = p2 and q2 = p1. This leads to

A3(k, 1
+,!k ′∗)A3(k

′, 2+, k ′′∗) = !2g2
〈
2
∣∣K

∣∣1
]

〈
21
〉

〈
1
∣∣K ′∣∣2

]
〈
12
〉 = !2g2

〈
2
∣∣K

∣∣1
]

〈
21
〉

〈
1
∣∣K

∣∣2
]

〈
12
〉

= !2g2
tr
(
KP1KP2

)
〈
21
〉〈
12
〉 = 4g2

2(k · p1)(k · p2)!(p1 · p2)k2+i kµp1νkρp2σε
µνρσ

〈
12
〉2 .

Then, we use
2 k · p1 = (k+ p1)

2

︸ ︷︷ ︸
m2

! k2︸︷︷︸
m2

! p2
1︸︷︷︸
0

= 0, kµp1νkρp2σε
µνρσ = 0,

in order to obtain

A3(k, 1
+,!k ′∗)A3(k

′, 2+, k ′′∗) = !4g2
m2 (p1 · p2)〈

12
〉2 = !2g2m2

[
12
]

〈
12
〉 . (4.30)

A remarkable feature of this formula is that the right-hand side depends only on the momenta of
the two gluons, despite the fact that their couplings to the scalar line depend on the momentum
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of the scalar particle.

57.c In order to calculate the amplitude A4(k, 1+2+, k ′∗), we can apply a BCFW shift to
the two gluon lines 1+ and 2+:

p̂1 = p1 + zη, p̂2 = p2 ! zη, η ≡
∣∣2
]〈
1
∣∣,

i.e.,
∣∣1̂
〉
=

∣∣1
〉
,

∣∣1̂
]
=

∣∣1
]
+ z

∣∣2
]
,

∣∣2̂
〉
=

∣∣2
〉
! z

∣∣1
〉
,

∣∣2̂
]
=

∣∣2
]
.

With this shift, we have

A4(k, 1
+2+, k ′∗) = A3(k, 1̂

+,!K̂∗
I
)A3(K̂I , 2̂

+, k ′∗)
︸ ︷︷ ︸

=!2g2m2

[
1̂2̂
]

〈
1̂2̂
〉=!2g2m2

[
12
]

〈
12
〉

i

K2
I
!m2

, KI ≡ k+ p1

= !2g2m2

[
12
]

〈
12
〉 i

(k+ p1)2 !m2
.

(We have reused the result (4.30) on the product of two three-point amplitudes.) Interestingly,
this four-point amplitude factorizes into a product of two on-shell and unshifted three-point
amplitudes, times an intermediate scalar propagator.

57.d In the case of three external gluons, we can again use the same shift on the first two
gluons, 1+ and 2+:

p̂1 = p1 + zη, p̂2 = p2 ! zη, η ≡
∣∣2
]〈
1
∣∣,

i.e.,
∣∣1̂
〉
=

∣∣1
〉
,

∣∣1̂
]
=

∣∣1
]
+ z

∣∣2
]
,

∣∣2̂
〉
=

∣∣2
〉
! z

∣∣1
〉
,

∣∣2̂
]
=

∣∣2
]
.

However, the BCFW recursion now produces two terms,

A5(k, 1
+2+3+, k ′∗) = A3(k, 1̂

+,!K̂∗
I
)

i

(k+ p1)2 !m2
A4(K̂I , 2̂

+3+, k ′∗)

+A4(k, 1̂
+ ! L̂+

I
, k ′∗)

i

(k+ k ′ + p1)2
A3(L̂

!
I
2̂+3+),

with respectively an intermediate scalar and an intermediate gluon. Note that only one of the
helicity assignments is possible for the intermediate gluon in the second term, because of the
three-gluon amplitude on the right:

A3(L̂
!
I
2̂+3+) = g

√
2

[
2̂3
]3

[
3L̂I

][
L̂I 2̂

] .

Moreover, the pole condition for this term is

0 = L̂2
I
= (p̂2 + p3)

2 = 2 p̂2 · p3 =
〈
2̂3
〉[
2̂3
]
=

〈
23
〉[
2̂3
]
,

from which we conclude that
[
2̂3
]
= 0 at the pole. Then, we have

∣∣L̂I

〉[
L̂I3

]
=

(∣∣2̂
〉[
2̂
∣∣+

∣∣3
〉[
3
∣∣)∣∣3

]
=

∣∣2
〉[
2̂3
]
= 0.

Therefore,
[
L̂I3

]
= 0 at the pole. Likewise,

[
2̂L̂I

]
= 0. Therefore, the three-gluon amplitude

A3(L̂!I 2̂
+3+) that appears in the second term is zero (it behaves as (z! z∗)3/(z! z∗)2 when



226 4 SCATTERING AMPLITUDES

z approaches the pole), and we have

A5(k, 1
+2+3+, k ′∗) = A3(k, 1̂

+,!K̂∗
I
)

i

(k+ p1)2 !m2
A4(K̂I , 2̂

+3+, k ′∗)

= !2i
√
2g3m2

〈
2
∣∣K

∣∣1
]

〈
21
〉

[
2̂3
]

〈
23
〉 i

(k+ p1)2 !m2

i

(k ′ + p3)2 !m2
,

where we have made the choice of auxiliary vector q1 = p2 in the second line.
Note now that

〈
2
∣∣K

∣∣1
]
= tr (Kη) = !2 k · η,

and

[
2̂3
]
=

[
23
]
! z∗

[
13
]
, z∗ = !

k · p1

k · η =

〈
1
∣∣K

∣∣1
]

2 k · η .

Therefore, we have

〈
2
∣∣K

∣∣1
][
2̂3
]
=

〈
2
∣∣K

∣∣1
]

︸ ︷︷ ︸
!2 k·η

([
23
]
+

k · p1

k · η
[
13
])

=
〈
2
∣∣K

∣∣1
][
23
]
! 2 (k · p1)︸ ︷︷ ︸

!
〈
1
∣∣K
∣∣1
]

[
13
]

=
〈
2
∣∣K

∣∣1
][
23
]
+
〈
1
∣∣K

∣∣1
][
13
]
= !

[
3
∣∣(P1 + P2

)
K
∣∣1
]
.

Therefore, the five-point amplitude reads

A5(k, 1
+2+3+, k ′∗) =

2i
√
2g3m2

((k+ p1)!m2)((k ′ + p3)2 !m2)

[
3
∣∣(P1 + P2)K

∣∣1
]

〈
12
〉〈
23
〉 .

Source: Badger, S. D., Glover, E. W. N., Khoze, V. V. and Svrcek, P. (2005), J High Energy
Phys 07: 025.

58. Color Decomposition with a Quark–Antiquark Pair The goal of this problem is
to work out the color decomposition of tree amplitudes (in an SU(N) gauge theory) with a
quark–antiquark pair and n gluons, which we shall denote by Mn+2(q12 · · ·nq). This is
the next-to-simplest case after the purely gluonic amplitudes (amplitudes with more than one
quark–antiquark pair have a more complicated color decomposition).

58.a Recall the color decomposition for a gluon tree. Then write the color factors for a gluon
tree attached to a quark line.

58.b Use the Fierz identity to simplify the color structure. Explain why the terms in N!1

cancel.
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Figure 4.2 Color-ordered amplitude with a quark–antiquark line, to which a gluon tree is
attached.

58.c Generalize this result to an arbitrary number of gluon trees attached to the quark line, in
order to show that

Mn+2(q12 · · ·nq) =
∑

σ∈Sn

(
t
aσ1
f · · · taσn

f
)
ij
An+2(qσ1σ2 · · ·σnq),

where An+2(qσ1σ2 · · ·σnq) is a cyclic-ordered amplitude with a quark–antiquark pair
and n gluons (in the sum, the permutation σ affects only the gluons).

58.a Consider first a graph such as the one displayed in Figure 4.2, where a single gluon tree
is attached to a quark line: First, the color structure of the gluon tree can be decomposed as
follows:

Mn+1(b12 · · ·n) = 2
∑

σ∈Sn

tr
(
tbf t

aσ1
f · · · taσn

f
)
An+1(bσ1σ2 · · ·σn).

In this expression, we denote by b the color of the (off-shell) gluon leg attached to the quark
line. Since the purely gluonic color decomposition contains a sum over all the permutations
of the color indices that are not equivalent up to a circular permutation (i.e., the elements of
Sn+1/ n+1), we have fixed the matrix tbf to be in the first position inside the trace and we
sum over the permutations of the remaining adjoint indices. The color structure of the graph of
Figure 4.2 is obtained simply by multiplying this by (tbf )ij:

(tbf )ijMn+1(b12 · · ·n) = 2
∑

σ∈Sn

(tbf )ij tr
(
tbf t

aσ1
f · · · taσn

f
)

︸ ︷︷ ︸
(tbf )kl(t

aσ1
f ···taσnf )lk

An+1(bσ1σ2 · · ·σn).

Then, we use the Fierz identity for the generators of the fundamental representation of su(N):

(tbf )ij(t
b
f )kl =

1
2 ,il,jk !

1
2N ,ij,kl,

and the above color structure becomes
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∑

σ∈Sn

((
t
aσ1
f · · · taσn

f
)
ij
! 1

N,ij tr
(
t
aσ1
f · · · taσn

f
))

An+1(bσ1σ2 · · ·σn).

The second term, in N!1, is in fact zero because it describes the exchange of a U(1) gauge
boson between the quark and the gluon tree (the first term of the Fierz identity is the u(N)
contribution, and the second term is the u(1) correction that accounts for the fact that U(N) =
SU(N)×U(1)). Diagrammatically, the resulting color structure reads

2

b

baσ1

aσ2

aσ3

= aσ1

aσ2

aσ3

.

Therefore, after we introduce the quark and antiquark spinors to obtain a full-fledged amplitude,
we have

Mn+2(q12 · · ·nq) =
∑

σ∈Sn

(
t
aσ1
f · · · taσn

f
)
ij
An+2(q[σ1σ2 · · ·σn]q), (4.31)

where An+2(q[σ1σ2 · · ·σn]q) is a cyclic-ordered amplitude with n gluons between an anti-
quark and a quark. Note that here the n gluons are all attached to the quark via a single tree (this
is indicated by enclosing their labels within square brackets). In the sum over the permutations,
only the gluons are reshuffled, while the quark and antiquark stay in fixed positions.

In the general case, the n gluons can be distributed into several (up to n) trees attached
at distinct points along the quark line. Let us denote by I1, . . . , Ip (with p ≤ n) a partition
of [1, n] into p subsets, each set containing the indices of the gluons that belong to the
corresponding tree. In this case, the Fierz identity still leads to a product of taf ’s:

2p
aσp1

aσp2

aσp3

aσ21

aσ22

aσ23

aσ11

aσ12

aσ13

=
aσp1

aσp2

aσp3

aσ21

aσ22

aσ23

aσ11

aσ12

aσ13

.

The p color-ordered trees attached to the quark line combine into a color-ordered amplitude
with the n gluons between the antiquark and the quark. Thus, for this partition of the n gluons
into p trees, the right-hand side of (4.31) becomes

∑

σ1∈SI1
,···

··· ,σp∈SIp

(∏

i∈I1

tσ1i
f

∏

i∈I2

tσ2i
f · · ·

∏

i∈Ip

t
σpi

f

)

ij
An+2

(
q
[∏

i∈I1
σ1i

]
· · ·

[∏
i∈Ip

σpi

]
q
)
,

where we also indicate by square brackets the gluons that are attached via the same tree to the
quark line. The main point is that the ordering of the fundamental generators in the product
is the same as the ordering of the gluons in the partial amplitude. In this formula, we have
independent permutations of the gluon indices inside each tree, but no permutations of the
gluons among trees. When we sum over all the ways of assigning the n gluons into trees, we
obtain the following decomposition:

Mn+2(q12 · · ·nq) =
∑

σ∈Sn

(
t
aσ1
f · · · taσn

f
)
ij
An+2(qσ1σ2 · · ·σnq),

where now the color-ordered amplitude on the right-hand side does not have any restriction on
the number of trees attached to the quark line.
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59. Quark–Antiquark–Gluon Amplitudes The goal of this problem is to extend the
spinor-helicity formalism to amplitudes containing massless quarks and antiquarks.

59.a Show that massless helicity eigenstate spinors can be written as

u+(p) =
∣∣p
〉
, u!(p) =

∣∣p
]
, u+(p) = !

[
p
∣∣, u!(p) =

〈
p
∣∣.

Hint: check that the proposed spinors obey the Dirac equation, are eigenstates of γ5, are
normalized according to u†

h(p)uh ′(p) = 2 Ep ,hh ′ and satisfy uh = u†
hγ

0.

59.b Express the combination !ig uh(p)γµuh ′(p ′) in the spinor-helicity language.

59.c Show that the three-point amplitudes with a quark–antiquark pair and a gluon are given
by

A3(1
!
q̄ 2

+
q 3

+) = ig
√
2

[
23
]2

[
12
] , A3(1

!
q̄ 2

+
q 3

!) = ig
√
2

〈
31
〉2

〈
12
〉 .

59.d Check that the momentum dependence of these three-point functions could have been
guessed from little-group scaling.

59.e Work out the color structure of the qq̄ → QQ̄ tree amplitude. Then, calculate the
color-stripped amplitude A4(1

!
q̄ 2

+
q 3

!
Q̄
4+Q) and show that

A4(1
!
q̄ 2

+
q 3

!
Q̄
4+Q) = ig2

〈
13
〉2

〈
12
〉〈
34
〉 .

59.a The following matrices are a valid representation of the Dirac matrices in four dimen-
sions (see Problem 53):

γµ =

(
0 σµ

σµ 0

)
.

Therefore, we have

/p ≡ pµγ
µ =

(
0 pµσ

µ

pµσ
µ 0

)
=

(
0

∣∣p
]〈
p
∣∣

!
∣∣p
〉[
p
∣∣ 0

)
.

This implies the following identities:

/p

(∣∣p
]

0

)
= /p

(
0∣∣p
〉
)

= 0,
(
0

〈
p
∣∣
)
/p =

([
p
∣∣ 0

)
/p = 0.

Therefore, the column vectors and line vectors in this equation are linear combinations of the
free spinors us(p) and us(p), respectively. Recall also that, in this representation, we have
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γ5 = diag (!1, 1) (see Problem 53). Therefore,

γ5

(∣∣p
]

0

)
= !

(∣∣p
]

0

)
, γ5

(
0∣∣p
〉
)

= +

(
0∣∣p
〉
)
,

(
0

〈
p
∣∣
)
γ5 = +

(
0

〈
p
∣∣
)
,

([
p
∣∣ 0

)
γ5 = !

([
p
∣∣ 0

)
.

Since, for massless particles, the notions of chirality and helicity are equivalent, this means
that we can perform the following identifications:

u+(p) = α

(
0∣∣p
〉
)
, u!(p) = β

(∣∣p
]

0

)
,

u+(p) = γ
([

p
∣∣ 0

)
, u!(p) = ,

(
0

〈
p
∣∣
)
,

with α,β,γ, , some constant prefactors. With a slight abuse of notation, this may also be
written more simply as

u+(p) = α
∣∣p
〉
, u!(p) = β

∣∣p
]
, u+(p) = γ

[
p
∣∣, u!(p) = ,

〈
p
∣∣.

The unknown prefactors should be determined so that the following relationships hold:

uh(p)uh ′(p) = 0,

u†
h(p)uh ′(p) = 2 Ep ,hh ′ ,
∑

h=±
uh(p)uh(p) = /p.

The first of these identities is always satisfied and does not constrain the coefficients. Consider
now the second identity. For instance, we have

u†
+(p)u+(p) = u+(p)γ

0u+(p) = αγ
[
p
∣∣σ0

∣∣p
〉

= αγ tr (σ0P) = !αγpµ tr (σ0σµ)︸ ︷︷ ︸
2 g0µ

= !2αγEp.

Therefore, we must have αγ = !1. Working out the other three cases of this identity, we
obtain also the constraint β, = +1 (two out of four cases are trivially satisfied and provide no
constraint). Consider now the final identity. We have

u+(p)u+(p) + u!(p)u!(p) =





0 β,︸︷︷︸
+1

∣∣p
]〈
p
∣∣

αγ︸︷︷︸
!1

∣∣p
〉[
p
∣∣ 0



 = /p.

Therefore, all the identities are satisfied provided that we have αγ = !1 and β, = +1.
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h h ′ !ig uh(p)γµuh ′(p ′)

+ + ig
[
p
∣∣σµ

∣∣p ′〉 &= 0

+ ! ig
[
p
∣∣γµ

∣∣p ′] = 0

! + !ig
〈
p
∣∣γµ

∣∣p ′〉 = 0

! ! !ig
〈
p
∣∣σµ

∣∣p ′] &= 0

Table 4.2 Spinor-helicity expressions for the coupling of a gluon to an on-shell
quark–antiquark current.

Additional constraints are provided by requiring that

u+(p) = u†
+(p)γ

0, u!(p) = u†
!(p)γ

0.

We have

u†
+(p)γ

0 = α∗

(
0∣∣p
〉
)†

γ0 = α∗
(
0

∣∣p
〉†

︸︷︷︸
!
[
p
∣∣

)(
0 1

1 0

)
= !α∗

([
p
∣∣ 0

)
.

Likewise,

u†
!(p)γ

0 = β∗

(∣∣p
]

0

)†

γ0 = β∗
( ∣∣p

]†
︸︷︷︸〈
p
∣∣

0
)(

0 1

1 0

)
= β∗

(
0

〈
p
∣∣
)
.

Therefore, the coefficients must obey

γ = !α∗, , = β∗, |α| = |β| = 1,

which is sufficient to determine the spinors up to a phase. For instance, we may choose

u+(p) =
∣∣p
〉
, u!(p) =

∣∣p
]
, u+(p) = !

[
p
∣∣, u!(p) =

〈
p
∣∣. (4.32)

59.b Consider now a gluon of Lorentz index µ attached to an on-shell quark current, which
brings a factor !ig uh(p)γµuh ′(p ′). We list in Table 4.2 the four possible combinations
of quark helicities. (When p = p ′, the two non-zero couplings are both equal to !2igpµ.)
Therefore, the absorption or emission of a gluon does not flip the helicity of a massless quark.
Note that, with this notation, one of the fermions is incoming and the other one is outgoing,
in contrast with the “all incoming” convention used in the rest of this chapter. In amplitudes,
we will denote by ihq or ihq̄ an incoming quark or antiquark of helicity h. To switch to this
convention, we just need to flip the notation for the helicity of the quark line in the current:

i+q ←→ u!(pi), i!q ←→ u+(pi).
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59.c Thus, the non-zero quark–antiquark–gluon tree amplitudes are

A3(1
+
q̄ 2

!
q 3

±), A3(1
!
q̄ 2

+
q 3

±),

where the subscripts q and q̄ indicate which lines are the quark and the antiquark. In order to
calculate them, we use the following Fierz identity:

〈
1
∣∣σµ

∣∣2
]〈
3
∣∣σµ

∣∣4
]
= 2

〈
13
〉 [

24
]
.

We first obtain

A3(1
!
q̄ 2

+
q 3

+) = !ig
(
u!(p1)γµu!(p2)

)
εµ+(p3;q) = !ig

〈
1
∣∣σµ

∣∣2
]〈
q
∣∣σµ

∣∣3
]

√
2
〈
q3

〉

= ig
√
2

〈
q1

〉[
23
]

〈
q3

〉 = ig
√
2

[
23
]2

[
12
] (4.33)

(momentum conservation implies
〈
q1

〉[
12
]
+
〈
q3

〉[
32
]
= 0),

A3(1
!
q̄ 2

+
q 3

!) = !ig
(
u!(p1)γµu!(p2)

)
εµ!(p3;q) = !ig

〈
1
∣∣σµ

∣∣2
]〈
3
∣∣σµ

∣∣q
]

√
2
[
3q

]

= !ig
√
2

〈
13
〉[
2q

]
[
3q

] = ig
√
2

〈
31
〉2

〈
12
〉 ,

A3(1
+
q̄ 2

!
q 3

+) = !ig
(
u+(p1)γµu+(p2)

)
εµ+(p3;q) = ig

[
1
∣∣σµ

∣∣2
〉〈
q
∣∣σµ

∣∣3
]

√
2
〈
q3

〉

= !ig

〈
2
∣∣σµ

∣∣1
]〈
q
∣∣σµ

∣∣3
]

√
2
〈
q3

〉 = ig
√
2

〈
q2

〉[
13
]

〈
q3

〉 = ig
√
2

[
31
]2

[
21
] ,

and

A3(1
+
q̄ 2

!
q 3

!) = !ig
(
u+(p1)γµu+(p2)

)
εµ!(p3;q) = ig

[
1
∣∣σµ

∣∣2
〉〈
3
∣∣σµ

∣∣q
]

√
2
[
3q

]

= !ig

〈
2
∣∣σµ

∣∣1
]〈
3
∣∣σµ

∣∣q
]

√
2
[
3q

] = !ig
√
2

〈
23
〉[
1q

]
[
3q

] = ig
√
2

〈
31
〉2

〈
21
〉 .

59.d The momentum dependence of these three-point functions is in fact completely con-
strained by little-group scaling and the expected dimension of the result. Let us illustrate this
in the case of the function A3(1

!
q̄ 2

+
q 3

+), for which the helicities are h1 = ! 1
2 , h2 = + 1

2 and
h3 = +1. For these helicities, little-group scaling implies one of the following two behaviors:

A3(1
!
q̄ 2

+
q 3

+) ∝
〈
12
〉1〈

23
〉!2〈

31
〉0

︸ ︷︷ ︸
mass dimension !1

or
[
12
]!1[

23
]2[

31
]0

︸ ︷︷ ︸
mass dimension +1

.

Since spinors have mass dimension 1/2 and polarization vectors are dimensionless, as is the
gauge coupling g, this three-point function should have mass dimension +1. Therefore, only
the second form, expressed in terms of square brackets, gives the correct dimension. It has
indeed the same momentum dependence as the result in Eq. (4.33).
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59.e Consider the q̄q → Q̄Q process, in which q and Q denote two distinct flavors of
quarks. At tree level, there is a single diagram, with a gluon connecting the two quark lines.
Since the gluon propagator is diagonal in color, the color factors of this graph are given by the
su(N) Fierz identity:

(taf )ij(t
a
f )kl =

1
2,il,jk !

1
2N,ij,kl,

and the full amplitude factorizes as follows:

M4(1
i!
q̄ 2j+q 3k!

Q̄
4l+Q ) =

(
1
2,il,jk !

1
2N,ij,kl

)
A4(1

!
q̄ 2

+
q 3

!
Q̄
4+Q).

The color-stripped amplitude A4(1
!
q̄ 2

+
q 3

!
Q̄
4+Q) is given by

A4(1
!
q̄ 2

+
q 3

!
Q̄
4+Q) = (!ig)2

(
u!(p1)γµu!(p2)

)(
u!(p3)γ

µu!(p4)
) i

(p1 + p2)2

= !
ig2

(p1 + p2)2
〈
1
∣∣σµ

∣∣2
]〈
3
∣∣σµ

∣∣4
]

= !ig2
〈
13
〉[
24
]

〈
12
〉[
12
] = ig2

〈
13
〉2

〈
12
〉〈
34
〉 ,

where we have used momentum conservation in the form of
〈
31
〉[
12
]
+
〈
34
〉[
42
]
= 0 in the

last equality.

60. Quark–Antiquark–Gluon Amplitudes (Continued) This is a continuation of Problem
59, in which we explore applications of the BCFW recursion to amplitudes with a quark–
antiquark pair.

60.a Use the BCFW recursion in order to obtain the following four-point tree amplitude:

A4(1
!
q̄ 2

+
q 3

!4+) = 2g2
〈
13
〉3〈

23
〉

〈
12
〉〈
23
〉〈
34
〉〈
41
〉 .

60.b Show that the same amplitude with flipped gluon helicities reads

A4(1
!
q̄ 2

+
q 3

+4!) = 2g2
〈
14
〉3〈

24
〉

〈
12
〉〈
23
〉〈
34
〉〈
41
〉 .

60.c Calculate the five-point amplitude A5(1
!
q̄ 2

+
q 3

!4+5!) at tree level, and show that

A5(1
!
q̄ 2

+
q 3

!4+5!) = !2
√
2ig3

[
24
]3[

14
]

[
12
][
23
][
34
][
45
][
51
] .
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60.a Four-Point Amplitude A4(1
−
q̄2

+
q3

−4+) The basic ideas of the BCFW method also
apply to amplitudes that contain fermions. In the case of the color-ordered amplitude
A4(1

!
q̄ 2

+
q 3

!4+), we can apply a shift to the gluon lines, 3 and 4:

p̂3 ≡ p3 + zk, p̂4 ≡ p4 ! zk,
∣∣k
〉
=

∣∣3
〉
,

∣∣k
]
=

∣∣4
]
.

This shift ensures that the two polarization vectors ε!(3̂;q3) and ε+(4̂;q4) both decrease like
z!1 at large z. Since the coupling of a gluon to a quark line is independent of z, this choice of
shift guarantees that the shifted amplitude vanishes when |z| → ∞. In the present case, there
is a unique (fermionic) intermediate propagator that may vanish, and the amplitude therefore
factorizes as follows:

A4(1
!
q̄ 2

+
q 3

!4+) =
∑

h=±
A3(1

!
q̄!K̂h

q4̂
+)

i

(p2 + p3)2
A3(K̂

!h
q̄ 2+q 3̂

!), (4.34)

where K̂ ≡ p1 + p̂4 = !p2 ! p̂3 is the shifted momentum of the intermediate propagator. Let
us clarify a subtlety here: the propagator of the shifted intermediate quark has a numerator /̂K,
which may be written as

/̂K =
∣∣K̂

]〈
K̂
∣∣!

∣∣K̂
〉[
K̂
∣∣.

The worrisome minus sign on the right-hand side of this formula is in fact absorbed into the
minus sign of u+(p) = !

[
p
∣∣ (see Eq. (4.32) in Problem 59), so that the factor /̂K is simply the

sum over the two possible helicity assignments for the intermediate fermion.

Note that only the choice h = + is allowed in (4.34). Moreover, with the shift chosen
above, we have

∣∣3̂
〉
=

∣∣3
〉
,

∣∣3̂
]
=

∣∣3
]
+ z

∣∣4
]
,

∣∣4̂
〉
=

∣∣4
〉
! z

∣∣3
〉
,

∣∣4̂
]
=

∣∣4
]
. (4.35)

Using the results of Problem 59 for three-point amplitudes involving fermions, we first obtain

A4(1
!
q̄ 2

+
q 3

!4+) = !2ig2
[
!K̂4

]2
[
1!K̂

]
〈
K̂3

〉2
〈
K̂2

〉
1〈

23
〉[
23
] .

Note that

!
[
4
∣∣K̂

∣∣3
〉
= !

[
4K̂

]〈
K̂3

〉
=

[
42
]〈
23
〉
+
[
43
] 〈

33
〉

︸︷︷︸
0

+z
[
44
] 〈

33
〉

︸︷︷︸
0

,

from which we get

[
!K̂4

]2〈
K̂3

〉2
= !

[
42
]2〈

23
〉2
.

(We have used
∣∣!K̂

]
= i

∣∣K̂
]
.) Likewise, we have
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!
[
1
∣∣K̂

∣∣2
〉
= !

[
1K̂

]〈
K̂2

〉
=

[
12
] 〈

22
〉

︸︷︷︸
0

+
[
13
]〈
32
〉
+ z

[
14
]〈
32
〉
.

To simplify this expression, we need the value of z at the pole. It can be determined by

0 = K̂2 = (p1 + p̂4) =
〈
14̂
〉[
14
]

⇔ 0 =
〈
14̂
〉
=

〈
14
〉
! z

〈
13
〉

⇔ z =

〈
14
〉

〈
13
〉 .

Therefore, we have

!
[
1K̂

]〈
K̂2

〉
=

[
13
]〈
32
〉
+

〈
14
〉

〈
13
〉
[
14
]〈
32
〉
=

〈
32
〉
(s13 + s14)〈
13
〉 = !

〈
32
〉
s12〈

13
〉 .

(We have used s12 + s13 + s14 = 0.) Finally, this gives

[
1!K̂

]〈
K̂2

〉
= i

〈
32
〉
s12〈

13
〉 .

Replacing all these intermediate results in the formula for the four-point amplitude, we obtain

A4(1
!
q̄ 2

+
q 3

!4+) = !2g2
[
24
]2〈

13
〉

[
12
][
23
]〈
12
〉 . (4.36)

This expression can be simplified a bit more by noting that momentum conservation implies

[
24
]

[
12
] = !

〈
13
〉

〈
34
〉 ,

[
24
]

[
23
] = !

〈
13
〉

〈
14
〉 .

This leads to

A4(1
!
q̄ 2

+
q 3

!4+) = 2g2
〈
13
〉3〈

23
〉

〈
12
〉〈
23
〉〈
34
〉〈
41
〉 .

An alternative route for simplifying (4.36) is to use

〈
13
〉

〈
12
〉 = !

[
24
]

[
34
] ,

which leads to the following expression:

A4(1
!
q̄ 2

+
q 3

!4+) = 2g2
[
24
]3

[
12
][
23
][
34
] .
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60.b Four-Point Amplitude A4(1
−
q̄2

+
q3

+4−) The method is the same as in the preceding
case, and we shall skip some details. The main difference is that the above shift is not legitimate
since it does not ensure that the shifted amplitude goes to zero when |z| → ∞ (if we insist on
using this shift anyway, the BCFW factorization appears to give zero – in fact, the entire result
would come from the integral on the circle at infinity). Instead, we use the following shift:

∣∣k
〉
=

∣∣4
〉
,

∣∣k
]
=

∣∣3
]
,

∣∣3̂
〉
=

∣∣3
〉
+ z

∣∣4
〉
,

∣∣3̂
]
=

∣∣3
]
,

∣∣4̂
〉
=

∣∣4
〉
,

∣∣4̂
]
=

∣∣4
]
! z

∣∣3
]
.

The pole condition may be determined by

0 = K̂2 = (p1 + p̂4)
2 =

〈
14
〉[
14̂
]

⇔ z =

[
14
]

[
13
] .

We also have
〈
1!K̂

〉[
K̂2

]
= i s12

[
32
]

[
13
] .

The BCFW recursion produces a single term:

A4(1
!
q̄ 2

+
q 3

+4!) = !2ig2
〈
41
〉2

〈
1!K̂

〉
[
23
]2

[
K̂2

]
1〈

23
〉[
23
] = 2g2

〈
14
〉2

〈
12
〉〈
13
〉
[
13
]

[
12
]

= 2g2
〈
14
〉3〈

24
〉

〈
12
〉〈
23
〉〈
34
〉〈
41
〉 .

(The last equality uses
[
13
]
/
[
12
]
= !

〈
24
〉
/
〈
34
〉
, which is obtained from momentum conser-

vation.)

60.c Five-Point Amplitude A5(1
−
q̄2

+
q3

−4+5−) Let us now consider the tree-level five-point
amplitude A5(1

!
q̄ 2

+
q 3

!4+5!). We can apply the shift defined by Eqs. (4.35) to lines 3 and 4,
which produces two terms in the BCFW recursion:

A5(1
!
q̄ 2

+
q 3

!4+5!) =A3(4̂
+5!!K̂!)

i

(p4 + p5)2
A4(K̂

+1!q̄ 2
+
q 3̂

!)

+A4(4̂
+5!1!q̄!K̂+

q )
i

(p2 + p3)2
A3(K̂

!
q̄ 2

+
q 3̂

!).

(In the first term, the intermediate propagator is a gluon, while it is a fermion in the second
term.) In this equation, we have included only the helicity assignments of the intermediate
states that produce non-zero results. Note that all the sub-amplitudes that appear on the
right-hand side are known.

Let us start with the first term. In this term, we have K̂ = p̂4 + p5, and the pole condition
can be written as

0 = K̂2 =
〈
4̂5
〉 [

4̂5
]

︸︷︷︸[
45
]

⇔ 0 =
〈
4̂5
〉
.

Also using momentum conservation, we obtain
〈
K̂4̂

〉
=

〈
K̂5

〉
= 0, which implies that the
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three-gluon amplitude on the left of the first term is zero:

A3(4̂
+5!!K̂!) ∝

〈
5!K̂

〉3
〈
!K̂4̂

〉〈
4̂5
〉 ∝ (z! z∗)3

(z! z∗)2
→

z→z∗
0.

Therefore, we need only consider the second term, and we have

A5(1
!
q̄ 2

+
q 3

!4+5!) = !2
√
2ig3

〈
15
〉3〈

K̂5
〉

〈
1K̂

〉〈
K̂4̂

〉〈
4̂5
〉〈
51
〉

1〈
23
〉[
23
]
〈
K̂3

〉2
〈
K̂2

〉 .

(Note that
∣∣! K̂

〉
= !i

∣∣K̂
〉

if
∣∣! K̂

]
= i

∣∣K̂
]
; the sign difference in the prefactor is necessary

in order to have
∣∣K̂

]†
=

〈
K̂
∣∣ and

∣∣! K̂
]†

=
〈
! K̂

∣∣.) In this term, the intermediate momentum
is K̂ = !p2 ! p̂3, and the pole condition reads

0 = K̂2 =
〈
23̂
〉

︸︷︷︸〈
23
〉

[
23̂
]

⇔
[
23̂
]
= 0 ⇔ z = !

[
23
]

[
24
] .

Using momentum conservation in the form of K̂ + p2 + p̂3 or p1 + p̂4 + p5 = K̂, we also
obtain

〈
K̂3

〉
〈
K̂2

〉 = !

[
24
]

[
3̂4
] ,

〈
K̂3

〉
〈
23
〉 = !

[
24
]

[
K̂4

] ,
〈
K̂5

〉
〈
K̂4̂

〉 = !

[
41
]

[
51
] ,

〈
1K̂

〉[
K̂4

]
= !

〈
12
〉[
24
]
!
〈
13
〉 [

3̂4
]

︸︷︷︸[
34
]
=

〈
15
〉[
54
]
.

(The final equality in the second line uses momentum conservation in the form of p1 + p2 +
p3 + p4 + p5 = 0.) At this point, we have

A5(1
!
q̄ 2

+
q 3

!4+5!) = 2
√
2ig3

〈
15
〉[
24
]2[

41
]

[
23
][
34
][
45
][
51
]〈
4̂5
〉 .

We also have

〈
4̂5
〉
=

〈
45
〉
! z

〈
35
〉
=

[
24
]〈
45
〉
+
[
23
]〈
35
〉

[
24
] =

[
12
]〈
15
〉

[
24
] ,

which leads to

A5(1
!
q̄ 2

+
q 3

!4+5!) = !2
√
2ig3

[
24
]3[

14
]

[
12
][
23
][
34
][
45
][
51
] .

Note the similarity of this result with the anti-MHV amplitudes (gluonic amplitudes with two
positive helicities, and any number of negative ones). In the present case, the amplitude is also
expressible as a single term that depends solely on square brackets.
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Additional Note: There is an interesting general correspondence between the tree-level
amplitudes with a quark–antiquark pair and their counterpart with gluons only. Let us recall
here some results for three-, four- and five-point gluon amplitudes:

A3(1
!2+3!) = g

√
2

〈
31
〉3

〈
12
〉〈
23
〉 , A3(1

!
q̄ 2

+
q 3

!) = ig
√
2

〈
31
〉2

〈
12
〉 ,

A4(1
!2+3!4+) = 2ig2

[
24
]4

[
12
][
23
][
34
][
41
] , A4(1

!
q̄ 2

+
q 3

!4+) = 2g2
[
24
]3

[
12
][
23
][
34
] ,

A5(1
!2+3!4+5!) = !2

√
2g3

[
24
]4

[
12
][
23
][
34
][
45
][
51
] ,

A5(1
!
q̄ 2

+
q 3

!4+5!) = !2
√
2ig3

[
24
]3[

14
]

[
12
][
23
][
34
][
45
][
51
] .

It turns out that we have, in all these cases,

An(1
!
q̄ 2

+
q 3

![4+5! · · ·n!]) = An(1
!2+3![4+5! · · ·n!])× i

[
14
]

[
24
] ,

where the dots denote any number of negative-helicity gluons. (In the case of the three-point
functions, we used the fact that

〈
23
〉
/
〈
31
〉
=

[
1q

]
/
[
2q

]
for any q, in particular for q = p4.)

Although we have proven this correspondence only for n = 3, 4, 5, it is in fact true for any
n. As an alternative to a proof by explicit calculation of the relevant amplitudes, as we have
done here, this identity also follows from considerations in supersymmetric extensions of
Yang–Mills theory.

61. Gluon–Gluon Scattering in the Spinor-Helicity Framework The goal of this problem
is to use the spinor-helicity framework and the Parke–Taylor formula in order to calculate the
color/helicity summed squared amplitude for gluon–gluon elastic scattering at tree level,

∑

a, b, c, d
helicities

∣∣∣M4(1a2b3c4d)
∣∣∣
2
= 16g4N2(N2 ! 1)

(
3!

tu

s2
!

us

t2
!

st

u2

)
.

Although this is of course a very well-known result, the traditional approach for obtaining it
leads to quite intricate intermediate expressions.

61.a Establish the Kleiss–Kuijf relation,

A4(1
!2!3+4+) +A4(1

!3+2!4+) +A4(1
!2!4+3+) = 0.

61.b Using also the cyclic invariance (e.g., A4(1!2!3+4+) = A4(2!3+4+1!)) and mirror
symmetry (e.g., A4(1!2!3+4+) = A4(4+3+2!1!)) of the color-ordered amplitudes,
prove that the full-color four-point amplitude can be written in terms of only two
color-ordered ones,

M4(1
h1
a 2h2

b 3h3
c 4h4

d ) = fcaefbdeA4(1
h13h32h24h4)!fabefcdeA4(1

h12h23h34h4).
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61.c Use these results and the Parke–Taylor formula to obtain the announced expression for
gluon–gluon scattering.

61.a The basic color decomposition of a four-point tree amplitude has (4! 1)! = 6 terms,
and its square would therefore have 36 terms. But, as we shall see, this can be drastically
reduced thanks to various symmetries of color-ordered amplitudes. Consider first the following
sum of partial amplitudes:

A4(1
!2!3+4+) +A4(1

!3+2!4+) ∝
〈
12
〉4

〈
12
〉〈
23
〉〈
34
〉〈
41
〉 +

〈
12
〉4

〈
13
〉〈
32
〉〈
24
〉〈
41
〉

∝
〈
12
〉4

〈
23
〉〈
41
〉
〈
31
〉〈
24
〉
+
〈
12
〉〈
34
〉

〈
12
〉〈
34
〉〈
31
〉〈
24
〉

∝ !

〈
12
〉4

〈
23
〉〈
41
〉

〈
23
〉〈
14
〉

〈
12
〉〈
34
〉〈
31
〉〈
24
〉

∝ !

〈
12
〉4

〈
12
〉〈
24
〉〈
43
〉〈
31
〉

= !A4(1
!2!4+3+).

(The unwritten prefactor is always i(g
√
2)2.) This linear relationship among color-ordered

amplitudes is an example of the Kleiss–Kuijf relations. Note how the factor
〈
12
〉4 in the

numerator plays no role in these manipulations. Therefore, the same identity holds for any
choice of the pair of legs carrying the negative helicities.

61.b From the Parke–Taylor formula, we see that color-ordered amplitudes are cyclically
invariant, as long as the two legs carrying the negative helicities stay the same. For instance,
one has

A4(1
!2!3+4+) = A4(2

!3+4+1!).

Consider then the color-ordered amplitude with the mirror-symmetric ordering of the external
legs, 4+3+2!1!. According to the Parke–Taylor formula, it reads

A4(4
+3+2!1!) ∝

〈
21
〉4

〈
43
〉〈
32
〉〈
21
〉〈
14
〉 .

Since
〈
ij
〉
= !

〈
ji
〉

and there is an even number of angle products in the numerator and
denominator, we have

A4(1
!2!3+4+) = A4(4

+3+2!1!).

Now, start from the original color decomposition of a four-point amplitude, and eliminate
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all the terms that are not independent according to above identities:

1
2 M4(1

!
a 2

!
b 3

+
c 4

+
d ) = tr (taf t

b
f t

c
f t

d
f )A4(1

!2!3+4+) + tr (taf t
b
f t

d
f t

c
f )A4(1

!2!4+3+)

+ tr (taf t
c
f t

b
f t

d
f )A4(1

!3+2!4+) + tr (taf t
c
f t

d
f t

b
f )A4(1

!3+4+2!)

+ tr (taf t
d
f t

b
f t

c
f )A4(1

!4+2!3+) + tr (taf t
d
f t

c
f t

b
f )A4(1

!4+3+2!)

= tr (taf t
b
f t

c
f t

d
f + taf t

d
f t

c
f t

b
f )A4(1

!2!3+4+)

+ tr (taf t
b
f t

d
f t

c
f + taf t

c
f t

d
f t

b
f )A4(1

!2!4+3+)

+ tr (taf t
c
f t

b
f t

d
f + taf t

d
f t

b
f t

c
f )A4(1

!3+2!4+).

Using the Kleiss–Kuijf relation, the second term in this equation can be rewritten as a linear
combination of the first and third terms:

1
2 M4(1

!
a 2

!
b 3

+
c 4

+
d ) = tr (taf t

b
f t

c
f t

d
f + taf t

d
f t

c
f t

b
f ! taf t

b
f t

d
f t

c
f ! taf t

c
f t

d
f t

b
f )A4(1

!2!3+4+)

+ tr (taf t
c
f t

b
f t

d
f + taf t

d
f t

b
f t

c
f ! taf t

b
f t

d
f t

c
f ! taf t

c
f t

d
f t

b
f )A4(1

!3+2!4+).

The color traces can be easily evaluated in terms of the structure constants. For instance, the
first one can be rewritten as

tr (taf t
b
f t

c
f t

d
f + taf t

d
f t

c
f t

b
f ! taf t

b
f t

d
f t

c
f ! taf t

c
f t

d
f t

b
f )

= tr (taf t
b
f [t

c
f , t

d
f ]! taf [t

c
f , t

d
f ]t

b
f ) = i fcde tr (taf t

b
f t

e
f ! taf t

e
f t

b
f )

= i fcde tr ([taf , t
b
f ]t

e
f ) =

i2

2 fabefcde.

The second color trace is calculated in the same way, leading to the following expression with
only two terms:

M4(1
!
a 2

!
b 3

+
c 4

+
d ) = fcaefbdeA4(1

!3+2!4+)! fabefcdeA4(1
!2!3+4+). (4.37)

61.c At this point, let us note that this decomposition is valid for all the possible helicity
assignments (cyclic and mirror symmetries are readily checked to be independent of the helicity
assignment, and we have pointed out earlier that this is also true of the Kleiss–Kuijf relation).
When we square this expression and sum it over all the gluon color indices a, b, c, d, we
encounter various types of color contractions:

fcaefbdefcaffbdf = N2,ef,ef = N2(N2 ! 1),

fabefcdefabffcdf = N2,ef,ef = N2(N2 ! 1),

! fcaefbdefabffcdf = facefbedffdc︸ ︷︷ ︸
N
2 fabf

fabf =
1

2
N2(N2 ! 1).

Therefore, the color-summed squared modulus of (4.37) reads
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∑

a,b,c,d

∣∣∣M4(1a2b3c4d)
∣∣∣
2
=N2(N2 ! 1)

(∣∣A4(1234)
∣∣2 +

∣∣A4(1324)
∣∣2

+ 1
2A4(1234)A

∗
4(1324) +

1
2A

∗
4(1234)A4(1324)

)
.

Now, we use the Parke–Taylor formula for the partial amplitudes:

Ai−j−

4 (1234) = 2g2
〈
ij
〉4

〈
12
〉〈
23
〉〈
34
〉〈
41
〉 = 2g2

[
ij
]4

[
12
][
23
][
34
][
41
] ,

Ai−j−

4 (1324) = 2g2
〈
ij
〉4

〈
13
〉〈
32
〉〈
24
〉〈
41
〉 = 2g2

[
ij
]4

[
13
][
32
][
24
][
41
] ,

where the notation on the left-hand side indicates which are the two lines carrying the two
negative helicities (recall that for four-point amplitudes, the only possibility is to have two
helicities of each sign). On the right-hand side, we have used the form of the formulas that
have a common denominator. From these amplitudes, it is easy to obtain the squares,

∣∣Ai−j−

4 (1234)
∣∣2 = 4g4

s4ij
s12s23s34s41

= 4g4
s4ij
s2u2

,

∣∣Ai−j−

4 (1234)
∣∣2 = 4g4

s4ij
s13s32s24s41

= 4g4
s4ij
t2u2

,

where we have introduced sij ≡
〈
ij
〉[
ij
]
= (pi + pj)2 and the Mandelstam variables, s ≡

s12 = s34, t ≡ s13 = s24 and u ≡ s14 = s23. The mixed products are slightly more
complicated:

Ai−j−

4 (1234)Ai−j−∗
4 (1324) = !4g4

s4ij
u2

〈
12
〉[
24
]〈
43
〉[
31
]

︸ ︷︷ ︸
tr (P1P2P3P4)=

s2+t2!u2

2

= 4g4
s4ij
u2st

,

where we have used s+ t+ u = 0. The other mixed product has the same value. Therefore,
we have

∑

a,b,c,d

∣∣∣M4(1a2b3c4d)
∣∣∣
2

i−j−
= 4g4N2(N2 ! 1)

s4ij
u2

( 1

s2
+

1

t2
+

1

st

)
.

By appropriately setting the values of (i, j), this expression gives the squared amplitudes for
all the polarized gluon–gluon scattering processes at tree level. Summing over the helicities
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amounts to summing over the pairs (i, j) of indices that carry the two negative helicities:

∑

a, b, c, d
helicities

∣∣∣M4(1a2b3c4d)
∣∣∣
2

= 4g4N2(N2 ! 1)
s412 + s413 + s414 + s423 + s424 + s434

u2

( 1

s2
+

1

t2
+

1

st

)

= 8g4N2(N2 ! 1)
s4 + t4 + u4

u2

( 1

s2
+

1

t2
+

1

st

)

= 16g4N2(N2 ! 1)
(
3!

tu

s2
!

us

t2
!

st

u2

)
.

(Since s+ t+ u = 0, there are many equivalent ways of writing this result. The expression
in the final line is one of the most frequently encountered forms.) Even though this tree-level
scattering process receives contributions from only four Feynman diagrams in the traditional
approach, it is a rather hairy calculation due to the proliferation of Lorentz and color indices.
The present approach brings an appreciable order into this calculation, by considerably sim-
plifying the bookkeeping, and by hiding from the view the complicated expressions for the
three-gluon and four-gluon vertices.

62. Soft Limit of Gluon Amplitudes The goal of this problem is to translate the eikonal
formula (see for instance Eq. (3.51) in Problem 43) for the emission of a soft gluon from a
hard process in the language of the spinor-helicity formalism (at tree level).

62.a Show that the insertion of a soft gluon of momentum k between adjacent lines i and j of
a tree-level color-ordered amplitude brings an extra factor:

S(i, k+, j) ≡ ig
√
2

〈
ij
〉

〈
ik
〉〈
kj
〉 if the gluon has a positive helicity,

S(i, k!, j) ≡ ig
√
2

[
ij
]

[
ik
][
kj
] if the gluon has a negative helicity.

In the next questions, we check on various examples studied in this chapter that, in the
limit where a gluon becomes soft, amplitudes indeed factorize into such a soft factor
and an amplitude with this gluon removed.

62.b Check this for the gluonic MHV amplitudes.

62.c Check the limit p5 → 0 of A5(1
!
q̄ 2

+
q 3

!4+5!) derived in Problem 60.

62.d Check the limit p5 → 0 of A6(1!2!3!4+5+6+) obtained in Problem 52.
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62.a Here, we need to reproduce the calculation done in Problem 43 with the color-ordered
Feynman rules. Let us start from an amplitude ενh ′(p)κν(p, . . . ), stripped of all the color
factors (we focus on a single gluon line, and ignore the other external lines). As usual, the
convention is that the momentum p is incoming. When we attach another gluon of momentum
k to this external leg, we must consider the combination

ενh ′(p;q ′)εµh(k;q)Vµνρ(k, p,!(p+ k))
!i gρρ

′

(p+ k)2
κρ ′(p+ k, . . . ),

where Vµνρ is the color-stripped three-gluon vertex. We use the Feynman gauge for the
intermediate propagator. Then, we insert the explicit expression for the three-gluon vertex, and
assume that the additional gluon is soft, i.e., k ( p, p + k ≈ p. In this approximation, the
above expression becomes

g ενh ′(p;q ′)εµh(k;q)
(
gµρ(!pρ) + gνρ(2pµ)! gρµpν

)!i gρρ
′

2 p · k κρ ′(p, . . . )

= !ig
p · εh(k;q)

p · k ενh ′(p)κν(p, . . . ).

On the left-hand side, the first underlined term vanishes thanks to the Ward–Takahashi identity
obeyed by κρ(p, . . . ), and the second underlined term vanishes because the polarization vector
ενh ′(p;q ′) is physical (i.e., transverse). Thus, attaching a soft gluon to an incoming line of
momentum p simply corrects the original amplitude by a factor

!ig
p · εh(k;q)

p · k .

Consider now a color-ordered amplitude An(· · · ij · · · ) (we do not need to specify the
helicities of its external lines), and insert a soft gluon of momentum k and helicity h between
the adjacent lines i and j. The ordering means that the gluon can only be attached to the line i
or to the line j, and this insertion therefore corrects the amplitude by a factor

S(i, kh, j) ≡ !ig
{pi · εh(k;q)

pi · k
+

pj · ε(k;q)
pj · k

}
.

Let us first treat the case of a positive helicity, h = +. We have

S(i, k+, j) = ig
√
2

{ 〈
q
∣∣Pi

∣∣k
]

〈
qk

〉〈
ik
〉[
ik
] +

〈
q
∣∣Pj

∣∣k
]

〈
qk

〉〈
jk
〉[
jk
]
}
.

(Recall that pµσ
µ = !P.) Then, this factor may be calculated as follows:
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S(i, k+, j) = !i
g
√
2〈

qk
〉
〈
q
∣∣Pi

∣∣k
]〈
kj
〉[
jk
]
+
〈
q
∣∣Pj

∣∣k
]〈
ki
〉[
ik
]

〈
ik
〉[
ik
]〈
jk
〉[
jk
]

= !i
g
√
2〈

qk
〉 tr

(
PiKPjη+ PjKPiη

)
〈
ik
〉[
ik
]〈
jk
〉[
jk
] ,

where η ≡
∣∣k
]〈
q
∣∣. The trace can be calculated using the result of Problem 53:

tr
(
PiKPjη+ PjKPiη

)
= 4

(
(pi · k)(pj · η) + (pj · k)(pi · η)! (pi · pj) (k · η)︸ ︷︷ ︸

0

)

=
[
ik
][
jk
](〈

ik
〉〈
jq

〉
+
〈
jk
〉〈
iq

〉)
.

(We have used 2 pj · η = !tr (Pjη) =
〈
jq

〉[
jk
]
.) At this stage, we have

S(i, k+, j) = !i
g
√
2〈

qk
〉
〈
ik
〉〈
jq

〉
+
〈
jk
〉〈
iq

〉
〈
ik
〉〈
jk
〉 = ig

√
2

〈
ij
〉

〈
ik
〉〈
kj
〉 ,

where we have made the choice q = pi of auxiliary vector in order to obtain the last equality
without effort (but the result does not depend on this choice, since it just amounts to a gauge
redefinition of the polarization vector). Now, let us repeat this calculation for the case of a
negative helicity:

S(i, k!, j) = ig
√
2

{ 〈
k
∣∣Pi

∣∣q
]

[
kq

]〈
ik
〉[
ik
] +

〈
k
∣∣Pj

∣∣q
]

[
kq

]〈
jk
〉[
jk
]
}

= !i
g
√
2[

kq
] tr

(
PiKPjη

′ + PjKPiη
′)

〈
ik
〉[
ik
]〈
jk
〉[
jk
] (η ′ ≡

∣∣q
]〈
k
∣∣)

= !i
g
√
2[

kq
]
[
jk
][
iq

]
+
[
ik
][
jq

]
[
ik
][
jk
] = ig

√
2

[
ij
]

[
ik
][
kj
] .

Note that the soft factors S(i, k±, j) are invariant under rescalings of the spinors
∣∣i
〉

and
∣∣j
〉
.

In other words, they depend on the orientations of the momenta pi and pj, but not on their
magnitudes.

62.b A particularly simple occurrence of these soft factors is in MHV amplitudes. Con-
sider, for instance, an n-point MHV color-ordered amplitude, expressed via the Parke–Taylor
formula:

An(· · · i! · · · j! · · · ) = !i(ig
√
2)n!2

〈
ij
〉4

〈
12
〉〈
23
〉
· · ·

〈
n1

〉 . (4.38)

(We have explicitly indicated only the two legs that carry negative helicities; all the other legs
carry positive ones.) Consider now the limit where a certain leg k has a momentum that goes to
zero (by this, we mean that all the components of kµ go to zero — we may think of rescaling
k → .k with . → 0). In this limit, the angle spinor

∣∣k
〉

goes to zero like the square root of the
scaling factor ., while all the other angle spinors stay constant. The spinor

∣∣k
〉

appears twice
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in the denominator of (4.38). This spinor is absent from the numerator if k &∈ {i, j} and appears
to the power 4 if k ∈ {i, j}. Therefore, the limit is as follows:

An(· · · i!· · · j!· · · ) →
k'∈{i,j}

ig
√
2

〈
k!1k+1

〉
〈
k!1k

〉〈
kk+1

〉
︸ ︷︷ ︸

S(k!1,k+,k+1)

×
[
!i(ig

√
2)n!1

] 〈
ij
〉4

〈
12
〉
···
〈
k!1k+1

〉
···
〈
n1
〉

︸ ︷︷ ︸
MHV amplitude with k+ removed

,

An(· · · i!· · · j!· · · ) →
k∈{i,j}

0.

In the first case, the factorization is in fact valid even without taking the limit k → 0. In the
second case, the trivial null limit could also have been written as

An(· · · i! · · · j! · · · ) →
k=i

ig
√
2

[
k!1k+1

]
[
k!1k

][
kk+1

]
︸ ︷︷ ︸

S(k!1,k−,k+1)

×An!1(· · · j! · · · )︸ ︷︷ ︸
= 0

.

(The second factor is zero because it is an amplitude with only one negative helicity.) Therefore,
in all cases, when an external leg becomes soft, the amplitude factorizes as follows:

An(· · · ) →
k→0

S(k! 1, kh, k+ 1)×An(· · · (k! 1)(k+ 1) · · · ),

i.e., as the product of a soft factor that depends on the helicity of the soft gluon and the
amplitude obtained by removing the leg k from the original amplitude.

62.c Another example where it is easy to observe the same factorization is the five-point
amplitude with a quark–antiquark pair, derived in Problem 60:

A5(1
!
q̄ 2

+
q 3

!4+5!) = !2
√
2ig3

[
24
]3[

14
]

[
12
][
23
][
34
][
45
][
51
] ,

which can be written as

A5(1
!
q̄ 2

+
q 3

!4+5!) = ig
√
2

[
41
]

[
45
][

51
]

︸ ︷︷ ︸
S(4,5−,1)

×
[
2g2

] [
24
]3

[
12
][

23
][

34
]

︸ ︷︷ ︸
A4(1

−
q̄ 2+q 3−4+)

.

Here also, the amplitude (not only in the soft limit, but for all values of p5, as it turns out)
factorizes into a soft factor for the emission of the gluon of momentum p5, and an amplitude
with this gluon removed. Remarkably, this factorization works regardless of the precise nature
(gluon or fermion) of the neighboring lines. Moreover, the soft factor does not depend on this
nature, which is reminiscent of how the eikonal factors for soft emissions do not depend on the
spin of the emitter in the traditional approach.
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62.d As a last – rather non-trivial – example, let us consider the six-point amplitude derived
in Problem 52:

A6(1
!2!3!4+5+6+) = !

4ig4[
2
∣∣P3 + P4

∣∣5
〉
{ 〈

1
∣∣P2 + P3

∣∣4
]3

[
23
][
34
]〈
56
〉〈
61
〉
(p2 + p3 + p4)2

+

〈
3
∣∣P4 + P5

∣∣6
]3

[
61
][
12
]〈
34
〉〈
45
〉
(p3 + p4 + p5)2

}
.

(4.39)

Consider, for instance, the limit where p5 → 0. We have

A6(1
!2!3!4+5+6+)

=
p5→0

!
4ig4[

2
∣∣P3 + P4

∣∣5
〉 1[

34
][
61
]
{〈

1
∣∣P2 + P3

∣∣4
]3

[
23
]〈
56
〉〈
61
〉2 +

〈
3
∣∣P4

∣∣6
]3

[
12
]〈
45
〉〈
34
〉2

}

= !
4ig4[

2
∣∣P3 + P4

∣∣5
〉 1[

34
][
61
]
{

!

〈
1
∣∣P6

∣∣4
]3

[
23
]〈
56
〉〈
61
〉2 +

〈
3
∣∣P4

∣∣6
]3

[
12
]〈
45
〉〈
34
〉2

}

= !
4ig4[

2
∣∣P3 + P4

∣∣5
〉

[
46
]3

[
34
][
61
]
{

!

〈
61
〉

[
23
]〈
56
〉 +

〈
34
〉

[
12
]〈
45
〉
}

= !4ig4
[
46
]3

[
12
][
23
][
34
][
61
]

〈
46
〉

〈
45
〉〈
56
〉
[
23
]〈
34
〉〈
56
〉
!
[
21
]〈
16
〉〈
45
〉

〈
46
〉[
2
∣∣P3 + P4

∣∣5
〉

︸ ︷︷ ︸
≡ A

.

Let us now evaluate the last factor:

A =

[
21
]〈
16
〉[
64
]〈
45
〉
!
[
23
]〈
34
〉[
46
]〈
65
〉

〈
46
〉[
46
][
2
∣∣P3 + P5

∣∣5
〉

=
tr (P1P6P4η)! tr (P3P4P6η)

2(p4 · p6) tr ((P3 + P4)η)
with η ≡

∣∣5
〉[
2
∣∣.

The denominator of A expands to

deno (A) = !4(p4 · p6) ((p3 + p4) · η).

The numerator is a bit more complicated:

num (A) = 2
{
(p1 · p6)(p4 · η) + (p1 · η)(p4 · p6)! (p1 · p4)(p6 · η) + (p3 · p6)

! (p3 · η)(p4 · p6)! (p3 · p4)(p6 · η)! iε(164η) + iε(346η)
}
,

where we use the notation ε(ijkη) ≡ piµpjνpkρησε
µνρσ. Using momentum conservation and

p5 ≈ 0, this may be rearranged into
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num (A) = !4(p4 · p6)((p3 + p4) · η)

+ 2
{
(p2 · p4)(p6 · η)+(p2 · η)︸ ︷︷ ︸

0

(p4 · p6)!(p2 · p6)(p4 · η)!iε(246η)
}

︸ ︷︷ ︸
= tr (P2P4P6η)=0 since ηP2 =

∣∣5
〉[
22
]〈
2
∣∣ = 0

.

Therefore, we have shown that A = 1, and that

A6(1
!2!3!4+5+6+) =

p5→0
ig
√
2

〈
46
〉

〈
45
〉〈
56
〉

︸ ︷︷ ︸
S(4,5+,6)

×
[
! 2

√
2g3

]
[
46
]3

[
12
][
23
][
34
][
61
]

︸ ︷︷ ︸
A5(1−2−3−4+6+)

.

Of course, this factorization in the soft limit p5 → 0 is something we expected to happen on
general grounds from the discussion at the beginning of this problem. Thus, one may view this
verification as a consistency check of the expression (4.39) for the six-point amplitude. For the
test to be more stringent, one should also check the soft limits for the other external momenta
(however, keep in mind that these tests are useful for spotting mistakes but cannot be a proof
that the formula is correct).

63. Collinear Limit of Gluon Amplitudes In this problem, we study the limit of tree-level
color-ordered amplitudes when two external momenta become collinear. As we shall see, this
limit is controlled by a set of universal splitting amplitudes. They can be used to recover,
without much effort, the momentum fraction dependence of the Altarelli–Parisi splitting
functions.

63.a Explain why color-ordered amplitudes become singular when the momenta of two
adjacent lines become collinear, but not for non-adjacent lines.

63.b Show the following limit:

A5(1
!2!3+4+5+) ≈

2‖3
Sp+(2

!3+)×A4(1
!P!4+5+),

where Sp+(2
!3+) ≡ ig

√
2〈

23
〉 z22√

z2z3
, with Pµ ≡ pµ

2 +pµ
3 , p

µ
2,3 ≡ z2,3P

µ in the collinear

limit.

63.c By considering other examples, determine all the splitting amplitudes Sp±(1±2±). Why
are the splitting amplitudes Sp+(1+2+) and Sp!(1!2!) vanishing?

63.d Use these results to recover the z dependence of the gluonic Altarelli–Parisi splitting
function,

Pgg(z) ∝
z

1! z
+

1! z

z
+ z(1! z).

63.e Check the collinear limit 3 ‖ 4 of the six-point amplitude obtained in Problem 52.
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63.f By studying the collinear limits of amplitudes with a quark–antiquark pair (see Problem
60), determine the splitting amplitudes involving quarks, and the z dependence of the
corresponding Altarelli–Parisi splitting functions.

63.a A color-ordered amplitude can have a pole when a sum of adjacent momenta goes
on-shell, since this configuration leads to the vanishing of the denominator of an internal
propagator. In the case of two adjacent momenta p1,2, this denominator reads

s12 = (p1 + p2)
2 = E1E2(1! cos/12),

where /12 is the angle between p1 and p2 (recall that p1,2 are both on-shell and massless).
Therefore, this denominator can vanish when /12 = 0, i.e., when the two momenta are collinear.
(This argument suggests that the amplitude has a singularity of the form

〈
12
〉!1[

12
]!1. How-

ever, as we shall see, the actual singularity is weaker because of a partial cancellation from the
numerator.) In cyclic-ordered amplitudes, nothing special happens when a pair of non-adjacent
lines, for instance 1 and 3, become collinear. Indeed, the only denominators that appear in the
amplitude are squares of sums of consecutive momenta, of the form (

∑b
i=a pi)2.

63.b Consider now the five-point amplitude A5(1!2!3+4+5+). This is a MHV amplitude
given by

A5(1
!2!3+4+5+) = !i(ig

√
2)3

〈
12
〉3

〈
23
〉〈
34
〉〈
45
〉〈
51
〉 .

Now, we let p2 and p3 become collinear. We see immediately that the amplitude is singular,
because of the factor

〈
23
〉

in the denominator, but not as singular as expected from the behavior
of s23. The strategy is to factor out this singular denominator and to evaluate the non-singular
factors precisely at the collinear configuration. When p2 and p3 are collinear, we may write

P ≡ p2 + p3, p2,3 ≡ z2,3P, z2 + z3 = 1.

Similar relationships exist among the angle spinors,
∣∣2
〉
=

√
z2
∣∣P
〉
,

∣∣3
〉
=

√
z3
∣∣P
〉
,

and it is immediate to obtain

A5(1
!2!3+4+5+) ≈

2‖3
ig

√
2〈

23
〉 z22√

z2z3︸ ︷︷ ︸
≡ Sp+(2−3+)

×
[
! i(ig

√
2)2

]
〈
1P

〉3
〈
P4

〉〈
45
〉〈
51
〉

︸ ︷︷ ︸
A4(1−P−4+5+)

.

The prefactor Sp+(2!3+), called a splitting amplitude, describes how an on-shell gluon of
momentum P and positive helicity splits into the two collinear gluons 2! and 3+, with the
respective momentum fractions z2,3 (note that the splitting amplitude is also defined with the
convention that all momenta are incoming).
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63.c Starting from the same amplitude, we may also consider the collinear limit 3 ‖ 4. We
obtain

A5(1
!2!3+4+5+) ≈

3‖4
ig

√
2〈

34
〉 1
√
z3z4︸ ︷︷ ︸

≡ Sp−(3+4+)

×
[
! i(ig

√
2)2

]
〈
12
〉3

〈
2P

〉〈
P5

〉〈
51
〉

︸ ︷︷ ︸
A4(1−2−P+5+)

.

In order to obtain the other splitting amplitudes, we can also start from an anti-MHV amplitude,
such as

A5(1
+2+3!4!5!) = !i(ig

√
2)3

[
12
]3

[
23
][
34
][
45
][
51
] .

The collinear limit 2 ‖ 3 gives

A5(1
+2+3!4!5!) ≈

2‖3
ig

√
2[

23
] z22√

z2z3︸ ︷︷ ︸
Sp−(2+3−)

×
[
! i(ig

√
2)2

]
[
1P

]3
[
P4

][
45
][
51
]

︸ ︷︷ ︸
A4(1+P+4−5−)

,

while the collinear limit 3 ‖ 4 leads to

A5(1
+2+3!4!5!) ≈

3‖4
ig

√
2[

34
] 1
√
z2z3︸ ︷︷ ︸

Sp+(3−4−)

×
[
! i(ig

√
2)2

]
[
12
]3

[
2P

][
P5

][
51
]

︸ ︷︷ ︸
A4(1+2+P−5−)

.

Note that the splitting amplitudes Sp+(i+j+) and Sp!(i!j!) did not appear in these examples.
It turns out that they are in fact vanishing. Indeed, since the intermediate denominator sij
vanishes in the collinear limit i ‖ j, the amplitude factorizes into two on-shell sub-amplitudes,
one of them being the three-point splitting amplitude. Therefore, the selection rules of the
on-shell three-point amplitudes also apply here, and the +++ and !!! cases are forbidden.

Therefore, we can summarize here the set of gluonic splitting amplitudes:

Sp+(i
!j+) = ig

√
2〈

ij
〉 z2i√

zizj
, Sp+(i

!j!) = ig

√
2[

ij
] 1
√
zizj

, Sp+(i
+j+) = 0,

Sp!(i
+j!) = ig

√
2[

ij
] z2i√

zizj
, Sp!(i

+j+) = ig

√
2〈

ij
〉 1
√
zizj

, Sp!(i
!j!) = 0.
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63.d The Altarelli–Parisi splitting functions are probabilities of gluon splitting, summed over
the helicities of the final state gluons i, j and averaged over the helicities of the initial gluon P:

Pgg(zi, zj) ∝
∑

h,hi,hj

∣∣∣Sph(i
hijhj)

∣∣∣
2
∝

z4i + z4j + 1

zizj
.

(Note that
∣∣〈ij

〉∣∣2 =
∣∣[ij

]∣∣2 for real momenta.) Since zi + zj = 1, a more standard notation is
to denote zi = z, zj = 1! z, so that

Pgg(z) ∝
z4 + (1! z)4 + 1

z(1! z)
∝ z

1! z
+

1! z

z
+ z(1! z).

Those familiar with the Altarelli–Parisi splitting kernels will recognize this z dependence
(except for the virtual term proportional to ,(1 ! z), which cannot be obtained from this
argument but can be guessed from unitarity).

63.e Consider now the six-point amplitude A6(1!2!3!4+5+6+) derived in Problem 52:

A6(1
!2!3!4+5+6+) = !

4ig4[
2
∣∣P3 + P4

∣∣5
〉
{ 〈

1
∣∣P2 + P3

∣∣4
]3

[
23
][
34
]〈
56
〉〈
61
〉
(p2 + p3 + p4)2

+

〈
3
∣∣P4 + P5

∣∣6
]3

[
61
][
12
]〈
34
〉〈
45
〉
(p3 + p4 + p5)2

}
.

When p3,4 ≡ z3,4P (with z3 + z4 = 1), we have

P3

∣∣4
]
=

〈
3
∣∣P4 = 0, (p2+p3+p4)

2 =
〈
2P

〉[
2P

]
, (p3+p4+p5)

2 =
〈
P5

〉[
P5

]
,

and this amplitude simplifies to

A6(1
!2!3!4+5+6+) = ig

√
2[

34
] z24√

z3z4︸ ︷︷ ︸
Sp−(3−4+)

× [!i(ig
√
2)3]

〈
12
〉3

〈
2P

〉〈
P5

〉〈
56
〉〈
61
〉

︸ ︷︷ ︸
A5(1−2−P+5+6+)

+ ig

√
2〈

34
〉 z23√

z3z4︸ ︷︷ ︸
Sp+(3−4+)

× [!i(ig
√
2)3]

[
56
]3

[
61
][
12
][
2P

][
P5

]
︸ ︷︷ ︸

A5(1−2−P−5+6+)

.

This example shows that in general the collinear limit involves a sum over the two helicity
assignments of the intermediate particle. As with the soft limits, the collinear limits can be
used as an a posteriori check of the consistency of the expression for a given amplitude.
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63.f In order to determine the splitting amplitudes that involve quarks, let us start from the
following amplitudes:

A4(1
!
q̄ 2

+
q 3

!4+) = 2g2
[
24
]3

[
12
][
23
][
34
] ,

A4(1
!
q̄ 2

+
q 3

+4!) = 2g2
〈
14
〉3〈

24
〉

〈
12
〉〈
23
〉〈
34
〉〈
41
〉 , (4.40)

obtained in Problem 60. (Note that because of peculiarities of four-point kinematics – for
instance

〈
12
〉[
12
]
=

〈
34
〉[
34
]

– there are alternative ways of writing these expressions, which
may obscure their singularities. Thus, we use the expressions that make the singularity in the
channel under consideration more directly accessible.) Consider first the collinear limit 1 ‖ 2:

A4(1
!
q̄ 2

+
q 3

!4+) ≈
1‖2

!g

√
2[

12
]z2

︸ ︷︷ ︸
Sp−(1−q̄ 2+q )

× [g
√
2]

[
4P

]3
[
P3

][
34
]

︸ ︷︷ ︸
A3(P

+3−4+)

,

A4(1
!
q̄ 2

+
q 3

+4!) ≈
1‖2

g

√
2〈

12
〉z1

︸ ︷︷ ︸
Sp+(1−q̄ 2+q )

× [g
√
2]

〈
4P

〉3
〈
P3

〉〈
34
〉

︸ ︷︷ ︸
A3(P

−3+4−)

,

which provides the splitting amplitudes for a gluon splitting into a collinear quark–antiquark
pair. Note that because of helicity conservation, a gluon (of helicity ±1) cannot split into a
quark–antiquark pair of opposing helicities (which, with the all-incoming convention, would
correspond for instance to the splitting function Sp+(1

!
q̄ 2

!
q ).) By summing the squares of the

above two splitting amplitudes, we can determine the Altarelli–Parisi splitting function for a
gluon becoming a quark:

Pqg(zi, zj) ∝
∑

h,hi,hj

∣∣∣Sph(1
hi
q̄ 2

hj
q )

∣∣∣
2
∝ z2i + z2j

∝ z2 + (1! z)2 (with zi ≡ z and zj = 1! z).

Consider now the collinear limit 2 ‖ 3 in the four-point amplitudes of Eqs. (4.40):

A4(1
!
q̄ 2

+
q 3

!4+) ≈
2‖3

!ig

√
2[

23
] z2√

z3︸ ︷︷ ︸
Spq̄− (2+q 3−)

× [ig
√
2]

[
P4

]2
[
1P

]
︸ ︷︷ ︸
A3(1

−
q̄P+

q 4+)

,
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A4(1
!
q̄ 2

+
q 3

+4!) ≈
2‖3

ig

√
2〈

23
〉 1
√
z3︸ ︷︷ ︸

Spq̄− (2+q 3+)

× [ig
√
2]

〈
14
〉2

〈
1P

〉
︸ ︷︷ ︸
A3(1

−
q̄P+

q 4−)

.

Likewise, the collinear limit 1 ‖ 4 in A4(1
!
q̄ 2

+
q 3

!4+) gives

A4(1
!
q̄ 2

+
q 3

!4+) ≈
1‖4

ig

√
2〈

41
〉 z1√

z4︸ ︷︷ ︸
Spq+ (4+1−q̄ )

× [ig
√
2]

〈
P3

〉2
〈
P2

〉
︸ ︷︷ ︸
A3(P

−
q̄ 2+q 3−)

.

(The amplitude A4(1
!
q̄ 2

+
q 3

+4!) has no collinear singularity when 1 ‖ 4.) The missing splitting
amplitude may be obtained from the five-point amplitude derived in Problem 60, and reads

Spq+(4!1!q̄ ) = !ig

√
2[

41
] 1
√
z4
.

By summing the squares of these splitting amplitudes, we can recover the z dependence of the
corresponding Altarelli–Parisi splitting functions. First, we have

∑

h,hi,hj

∣∣∣Spq̄h(ihi
q jhj)

∣∣∣
2
∝

1+ z2i
zj

.

This result contains both the quark-to-gluon and the quark-to-quark splitting functions, obtained
respectively by setting zj = z, zi = 1! z or zi = z, zj = 1! z:

Pgq(z) ∝
1+ (1! z)2

z
, Pqq(z) ∝

1+ z2

1! z
.

64. Enumeration of One-Loop Graphs The goal of this problem is to count the one-loop
graphs in various quantum field theories, by extending the method used in Problem 51.

64.a In order to count graphs with loops, it is sufficient to view a loop with n lines attached
as a special n-point vertex with Feynman rule 1. Explain why the number of one-loop
graphs can be obtained from the Taylor coefficients at order $1 of the solution of the
equation

X = j+ V ′(X) + $V ′
loop(X),

with






V(X) =
η3

X3

3!
, V(X) =

Yang–Mills

X3

3!
+

X4

4!
,

Vloop(X) =
V ′′(X)

2
+

(V ′′(X))2

4
!

1

2
ln
(
1! V ′′(X)

)
.
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64.b Let X0(j) be the solution of this equation at zeroth order in $. Express the solution at
order one in terms of X0. Expand it in powers of j in order to extract the number of
one-loop graphs in η3 scalar theory, and in Yang–Mills theory (with only a gluon loop).

64.c Adapt the same approach to counting the graphs with n external gluons and a ghost or
quark loop. Determine the numbers of one-loop n-gluon graphs in QCD with one quark
flavor.

64.d Extend the method of Problem 40 to count the one-loop color-ordered graphs in Yang–
Mills theory. Hint: write a stripped-down Berends–Giele equation for the generating
function of the numbers of one-loop color-ordered graphs.

64.a In order to generalize the approach of Problem 51 to one loop (for non-ordered graphs),
let us first recall the general structure of the recursive equation we had to solve at tree level,

X = j+ V ′(X),

where V(X) is the potential that encodes the vertices of the theory, with their respective
symmetry factors,

V(X) =
η3

X3

3!
, V(X) =

Yang–Mills

X3

3!
+

X4

4!
.

(Here, by Yang–Mills theory, we mean the pure gluonic sector. Graphs with a ghost loop may
be counted separately.) To include the loops in this counting, we simply need to view the loops
as providing a new set of vertices, encoded in a function Vloop(X). The recursive equation
becomes

X = j+ V ′(X) + $V ′
loop(X),

where we have also introduced a parameter $ in order to keep track of the number of times
these new vertices are inserted in the solution. The term of order X1 in Vloop(X) encodes
the tadpoles, the term of order 2 encodes the self-energy insertions, the term of order 3 the
loops with three legs attached, etc. Since there can be arbitrarily many legs attached around
a loop, this function is an infinite series of powers of X. In a theory where the bare vertices
are represented by the potential V(X), the basic block which is attached around a loop is the
second derivative V ′′(X). Therefore, Vloop(X) is in fact a series of powers of V ′′(X):

Vloop(X) =
∑

n≥1

sn
(
V ′′(X)

)n
.

The symmetry factors are

s1 = 1, s2 =
1

2
, sn≥3 =

1

2n

(for n ≥ 3, these terms have an order-n cyclic symmetry and a mirror symmetry; for n = 2,
these two symmetries are the same; for n = 1, the symmetry group is limited to the identity),



254 4 SCATTERING AMPLITUDES

which leads to the following expression:

Vloop(X) = V ′′(X) +
(V ′′(X))2

2
+
∑

n≥3

1

2n

(
V ′′(X)

)n

=
V ′′(X)

2
+

(V ′′(X))2

4
!

1

2
ln
(
1! V ′′(X)

)
.

The recursive equation thus reads

X = j+ V ′(X) + $
V ′′′(X)

2

[
1+ V ′′(X) +

1

1! V ′′(X)

]
. (4.41)

64.b In order to obtain the number of one-loop graphs, we must solve this equation to the
desired order in j (this depends on the number of external legs one wishes to reach), and to
order one in $. By writing X ≡ X0 + $X1 + · · · , Eq. (4.41) leads to separate equations for the
first two coefficients X0 and X1:

X0 = j+ V ′(X0),

X1 = X1V
′′(X0) +

V ′′′(X0)

2

[
1+ V ′′(X0) +

1

1! V ′′(X0)

]
. (4.42)

(The second equation above is obtained by differentiating (4.41) with respect to $ and then
setting $ = 0.) The first equation above is simply the recursive equation derived in Problem 51,
whose solution X0 counts the tree graphs, and the second equation can be solved exactly in
terms of X0:

X1 =
V ′′′(X0)

2(1! V ′′(X0))

[
1+ V ′′(X0) +

1

1! V ′′(X0)

]
.

We obtain the following results:

X1(j) =
η3

1+ 2 j+
7 j2

2
+

13 j3

2
+

99 j4

8
+

191 j5

8
+

743 j6

16

+
1453 j7

16
+

22, 819 j8

128
+

44, 923 j9

128
+ O(j10),

X1(j) =
Yang–Mills

1+ 3 j+ 7 j2 +
33 j3

2
+

947 j4

24
+

191 j5

2
+

8383 j6

36

+
2283 j7

4
+

1, 617, 619 j8

1152
+

498, 871 j9

144
+ O(j10).

From these series, we can read the number of one-loop Feynman graphs in these two theories.
These numbers are listed in Table 4.3.

64.c In full-fledged QCD there are, in addition, graphs with a quark loop or a ghost loop.
Their numbers (they are equal) can be obtained by adding an extra term to Vloop(X). The
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Number of external legs η3 theory Yang–Mills (gluon loop)
2 2 3

3 7 14

4 39 99

5 297 947

6 2865 11, 460

7 33, 435 167, 660

8 457, 695 2, 876, 580

9 7, 187, 985 56, 616, 665

10 127, 356, 705 1, 257, 154, 920

Table 4.3 Number of n-point one-loop graphs in η3 scalar field theory and in Yang–Mills
theory (for the latter, only the graphs with a gluon loop are counted here).

easiest way to derive this term is to start from a “potential” W(X, Y), where X tracks the gluons
and Y tracks the field running in the loop (a ghost or a quark), defined as

W(X, Y) ≡ 1
2 XY

2.

(This expression follows from the fact that the gluon–ghost vertex has one gluon and a pair of
ghosts, and likewise for the coupling to quarks.) To determine the new term in Vloop(X), we
should recall that the second derivative in the V ′′(X) that appears in our previous expression
for Vloop is in fact a derivative with respect to the variable that tracks the particle running in the
loop. Therefore, the extra term due to a ghost or quark loop is obtained by replacing V ′′(X) by
j2

Y
W(X, Y) = X, i.e.,

Vloop(X) =
ghost loop
quark loop

X

2
+

X2

4
!

1

2
ln
(
1! X

)
.

With gluons, ghosts and nf flavors of quarks running in the loop, the total Vloop reads

Vloop(X) =
V ′′(X)

2
+
(V ′′(X))2

4
!
1

2
ln
(
1!V ′′(X)

)

︸ ︷︷ ︸
gluon loop

+
1+nf

2

[
X+

X2

2
!ln(1! X)

]

︸ ︷︷ ︸
quark and ghost loops

,

which gives the following solution at order $1:

X1 =
V ′′′(X0)

2(1! V ′′(X0))

[
1+ V ′′(X0) +

1

1! V ′′(X0)

]
+

1+ nf

2

[1+ X0 +
1

1!X0

1! V ′′(X0)

]
.

For nf = 1, this leads to

X1(j) =
QCD, nf = 1

3+ 7 j+ 15 j2 +
205 j3

6
+

637 j4

8
+

2263 j5

12
+

1805 j6

4

+
78, 313 j7

72
+

1, 012, 205 j8

384
+

33, 254, 659 j9

5184
+ O(j10),

hence the numbers of one-loop graphs in QCD listed in Table 4.4.



256 4 SCATTERING AMPLITUDES

Number of external gluons Yang–Mills (ghost or quark loop) QCD (nf = 1)

2 2 7

3 8 30

4 53 205

5 482 1, 911

6 5585 22, 630

7 78, 620 324, 900

8 1, 302, 665 5, 481, 910

9 24, 832, 430 106, 281, 525

10 535, 335, 605 2, 327, 826, 130

Table 4.4 Number of n-gluon graphs with a ghost or quark loop, and in QCD with one quark
flavor (i.e., total number of graphs with a gluon loop, a ghost loop or a quark loop).

Additional Remarks:

• The above counting of one-loop graphs includes tadpole contributions that are usually
discarded in the perturbative expansion. Another class of graphs which is included but
not strictly necessary is the set of all the graphs with a self-energy correction on an
external leg. Both types of contribution may be excluded from the counting by a small
modification of the above results. For QCD, one should use

X1 =
V ′′′(X0)

2(1! V ′′(X0))

[
1+ V ′′(X0) +

1

1! V ′′(X0)

]
+

1+ nf

2

[1+ X0 +
1

1!X0

1! V ′′(X0)

]

!
2+ nf + X0

1! V ′′(X0)︸ ︷︷ ︸
tadpoles

! (2+ nf)
( j

1! V ′′(X0)
+ X0

)

︸ ︷︷ ︸
self-energies on external legs

,

which leads to

X1(j) =
QCD, nf = 1

6 j2

2!
+

63 j3

3!
+

711 j4

4!
+

9360 j5

5!
+

144, 300 j6

6!

+
2, 565, 360 j7

7!
+

51, 802, 485 j8

8!
+

1, 172, 660, 580 j9

9!
+ O(j10).

(For instance, with these exclusions, the number of one-loop 10-gluon graphs in QCD
with one quark flavor is reduced from 2,327,826,130 to 1,172,660,580.)

• In order to obtain the numbers of higher-order graphs (two loops and beyond), it is not
sufficient to solve Eq. (4.41) to higher orders in $. Doing so would only give the number
of graphs that have independent loops, but the graphs with nested loops would not be
counted.
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64.d Most calculations of amplitudes start with the color decomposition of the amplitude,
reducing the problem to the calculation of color-ordered amplitudes. Therefore, it is also
useful to know the number of graphs when they are cyclically ordered. Let us recall that the
generating function X0 for color-ordered gluonic trees obeys

X0 = j+ X2
0 + X3

0. (4.43)

(This equation, derived in Problem 51, is similar to the first of Eqs. (4.42) with all the symmetry
factors equal to unity.) Ordered graphs with one gluon loop may be constructed in two steps.
First, we build a gluon propagator G dressed by all the possible insertions of trees, which will
become the loop when we connect its endpoints. This object satisfies a kind of Dyson equation:

G = X0 + X2
0︸ ︷︷ ︸

first insertion

+G
(
X0 + X2

0

)
.

Diagrammatically, this expands to

G =

X
0

+ + + + + ... .

(Here, of course, we are not constructing the full propagator, but simply a generating function
whose Taylor coefficients count how many graphs contribute at each order in j.) Then, the
generating function L(j) for graphs with one gluon loop may be obtained by an equation similar
to the Berends–Giele recursion:

L = G+ 2GX0 + 2LX0 + 3LX2
0.

The diagrammatic content of this equation is the following:

L G= G+ G+

L

+

L

+

L

+ L+

L

+ .

The first three terms are those where the final gluon propagator is directly attached to the
loop, while the other terms are those where the loop is separated from the endpoint by at least
one intermediate vertex. The numerical prefactors in the terms 2GX0, 2LX0 and 3LX2

0 are
necessary, because the cyclic ordering implies that inserting the loop before or after X0 (when
viewing the insertions clockwise around the exposed vertex) leads to distinct color-ordered
graphs. Note also that, since G contains at least one insertion of X0, the first three terms do not
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Number of external gluons Tree graphs Gluon loop Ghost loop One-loop total
2 1 1 1 2

3 1 7 4 11

4 3 37 19 56

5 10 191 91 282

6 38 980 447 1427

7 154 5034 2227 7261

8 654 25, 929 11, 219 37, 148

9 2, 871 133, 969 56, 992 190, 961

10 12, 925 694, 265 291, 433 985, 698

Table 4.5 Numbers of tree and one-loop n-gluon color-ordered graphs in Yang–Mills theory.

produce tadpoles. These equations can be solved trivially in terms of X0, to give

L(j) =
(X0 + X2

0)(1+ 2X0)

(1! X0 ! X2
0)(1! 2X0 ! 3X2

0)
.

For a ghost loop, the insertion of gluonic trees on the loop can only be linear. Therefore, the
loop propagator obeys

G0 = X0 +G0 X0, i.e., G0 =

X
0

+ + + ... .

From this, the color-ordered graphs with a ghost loop are generated by a function L0(j) that
satisfies

L0 = G0 + 2L0X0 + 3L0X
2
0,

whose diagrammatic representation is

Lχ Gχ=

Lχ

+

Lχ

+

Lχ

+ Lχ+

Lχ

+ .

Therefore, we have

L0(j) =
X0

(1! X0)(1! 2X0 ! 3X2
0)
.

Solving Eq. (4.43) for X0(j) and injecting the solution into L(j) and L0(j), we obtain the
numbers listed in Table 4.5 for the one-loop color-ordered graphs in Yang–Mills theory.
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65. Ultraviolet Finiteness of One-Loop All-Plus Amplitudes In Yang–Mills theory (or in
QCD), explain why the all-plus amplitude An(1+2+ · · ·n+) cannot be ultraviolet divergent at
one loop in four dimensions.

The Yang–Mills theory (and also quantum chromodynamics) is renormalizable in four
dimensions. This implies that, at one loop, the ultraviolet divergent amplitudes can only be
those that correspond to operators already present in the bare action. (Beyond one loop, some
amplitudes may be ultraviolet divergent because of a divergent sub-diagram.)

An ultraviolet divergence in the amplitude An(1+2+ · · ·n+) at one loop would require a
counterterm for some n-gluon operator that gives a non-zero result when all the legs are on-shell
and contracted with positive helicity polarization tensors. Since the theory is renormalizable,
this operator must also exist in the bare theory. Consequently, this operator would lead to a
non-zero value of An(1+2+ · · ·n+) at tree level, which would contradict the known fact that
all-plus amplitudes are zero in Yang–Mills theory at tree level. Therefore, An(1+2+ · · ·n+)
must be ultraviolet finite at one loop in four dimensions. Of course, the same reasoning applies
to the all-minus one-loop amplitudes.

66. Rationality of One-Loop All-Plus Amplitudes The goal of this problem is to use the
method of generalized cuts in order to show that the all-plus amplitudes are purely rational at
one loop in four dimensions.

66.a Explain why four-dimensional cuts cannot capture the rational part of an amplitude.

66.b Show that, in Yang–Mills theory, the one-loop amplitude A4(1+2+3+4+) is purely
rational in four dimensions.

66.c Extend this result to any n-point all-plus amplitude An(1+2+ · · ·n+) at one loop.

66.a As with the usual Cutkosky cuts, where only two propagators of the loop are cut,
generalized cuts exist when the loop integral has branch cut singularities in some of the
variables it depends upon. However, the rational term of an amplitude has only poles, and no
branch cut singularities. Therefore, (generalized) cuts are totally blind to the rational term.
Note, however, that a term which is rational in d = 4 dimensions usually develops branch cuts
away from d = 4, because of factors such as (!p2)d!4 = 1+ (d! 4) ln(!p2) + · · · .
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Figure 4.3 Two-, three- and four-propagator cuts of the one-loop four-point ++++
amplitude. The blobs denote sums of tree graphs.

66.b Consider now the possible cuts in the one-loop amplitude A4(1+2+3+4+), listed in
Figure 4.3. We have represented only one of each type of cut when there are several. On the
cut propagators, we have chosen (when possible) helicities that allow us to have non-zero
three-point functions (either + + ! or + ! !). Our assignment of helicities is not the only
choice, but one can easily check that all other choices also lead to vanishing factors. Let us
discuss all these cuts one by one, from left to right:

• The first graph is a two-particle cut, which splits the amplitude into a three-point and
a five-point sub-amplitude. In total, three negative helicities are needed for the two
sub-amplitudes to be non-vanishing, but the cut propagators provide only two. Hence
this cut vanishes.

• The second graph is another type of two-particle cut, with two four-point sub-amplitudes.
To be non-zero, each four-point amplitude needs two negative helicities. Hence, we need
four negative helicities in total, but the two cut propagators can provide only two. Thus,
this cut is zero.

• Next, there is a three-particle cut, which divides the amplitude into a two three-point
sub-amplitudes and one four-point sub-amplitude. In total, we need 1 + 1 + 2 = 4
negative helicities for all the sub-amplitudes to be non-zero, but the three cut propagators
provide only three. This cut is also zero.

• The last one is a four-particle cut, which splits the amplitude into four three-point
sub-amplitudes. This time, counting of the necessary negative helicities is not sufficient
to conclude that this cut is zero (the assignment of helicities shown in Figure 4.3 appears
to work). But another constraint comes into play here. Recall that in four dimensions
(this is necessary in order to use the spinor-helicity formalism), the ++! three-point
amplitudes depend only on the square brackets, while all the angle brackets are zero.
For instance, for the top right corner sub-amplitude, A3(1+a+d!), we have

〈
1a

〉
=

〈
ad

〉
=

〈
d1

〉
= 0.

For two-component spinors, this implies that the corresponding angle spinors are all
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proportional to each other:
∣∣1
〉
∝

∣∣a
〉
∝

∣∣d
〉
.

Likewise, by considering the other three sub-amplitudes, we also have
∣∣2
〉
∝

∣∣b
〉
∝

∣∣a
〉
,

∣∣3
〉
∝

∣∣c
〉
∝

∣∣b
〉
,

∣∣4
〉
∝

∣∣d
〉
∝

∣∣c
〉
.

Since proportionality is a transitive relationship, this implies that
∣∣1
〉
∝

∣∣2
〉
∝

∣∣3
〉
∝

∣∣4
〉
.

This is a constraint on the external momenta, which implies that the three Mandelstam
invariants are zero, s = t = u = 0, which is not satisfied in general. Therefore, this cut
is also zero.

Thus, we have shown that all the possible cuts of the one-loop amplitude A4(1+2+3+4+) are
zero in four dimensions, which implies that this amplitude is purely rational.

66.c Consider now the all-plus n-point amplitude at one loop, An(1+2+ · · ·n+), with n ≥ 5.
With a four-dimensional loop momentum, the maximal number of cut lines is four. The proof
that all these cuts are zero follows the same reasoning as in the preceding case, and is even
simpler in the case of the four-particle cuts.

• Two-particle cuts split the amplitude into a p-point (3 ≤ p ≤ n) and an (n!p+4)-point
sub-amplitude. In total, these two sub-amplitudes require at least three negative helicities,
while the two cut propagators provide only two. These cuts are all zero.

• Three-particle cuts give a p-point, a q-point and an (n!p!q+6)-point sub-amplitude.
At least four negative helicities are necessary, while the cut propagators carry only three.
All these cuts are also zero.

• Four-particle cuts split the amplitude into a p-point, a q-point, an r-point and an
(n!p!q!r+8)-point sub-amplitude. At least five negative helicities are necessary
when n ≥ 5, since at least one of the sub-amplitudes has four points or more. The cuts
provide only four negative helicities, implying that these cuts are zero.

Therefore, An(1+2+ · · ·n+) is purely rational at one loop.

67. One-Loop Four-Point + + ++ Amplitude from Generalized Unitarity The goal of
this problem is to calculate analytically the all-plus four-gluon color-ordered amplitude at one
loop, with a massless complex scalar running in the loop. Assume the loop momentum $µ to
be in d ≡ 4! 2ε dimensions, while the external gluons are kept strictly four-dimensional.

67.a Explain why the reduction of the corresponding loop integral is equivalent to that of the
same loop with a massive scalar in four dimensions. What set of scalar integrals can
appear in the result of this reduction?
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67.b Consider now the four-point all-plus amplitude with a scalar loop, Ascalar
4 (1+2+3+4+).

Write its reduction to master integrals. Why are tadpoles and bubbles absent?

67.c Apply a four-particle cut to this amplitude to obtain the box coefficient,

D0123 = 8g4$4⊥

[
12
][
34
]

〈
12
〉〈
34
〉 .

67.d By applying the three-particle cut (012), check that the triangle coefficient C012 is zero.

67.e Perform explicitly the loop momentum integration in the master integrals, to obtain

Ascalar
4 (1+2+3+4+) = !

ig4

1212

[
12
][
34
]

〈
12
〉〈
34
〉 .

67.a Recall the propagator for a massless complex scalar and its trilinear coupling to a gauge
field:

p

=
i

p2 + i0+
,

p

q

µ = !ig(p+ q)µ.

(Since we are interested in color-ordered amplitudes, the vertex has been stripped of its color
factor. There is in addition a η∗ηAµA

µ vertex that we shall not need in the discussion.) The
loop momentum $µ can be decomposed into a component $µ‖ that lives in the four physical
dimensions, and a component $µ⊥ in the d! 4 extra dimensions:

$µ ≡ $µ‖︸︷︷︸
4 dim

+ $µ⊥︸︷︷︸
d ! 4 dim

.

By construction, $⊥ is orthogonal to $‖, and also to all the external momenta and polariza-
tion vectors that are assumed to remain four-dimensional. Given this decomposition, the
denominators of the propagators in the loop are all of the form

($+ q)2 = ($‖ + q)2 + $2⊥.

Interestingly, $⊥ appears in the same way in all the denominators, via its square. Moreover,
if we view the extra dimensions as space-like, this contribution is identical to a mass term
µ2 ≡ !$2⊥.

Consider now the numerator of the loop integral. Its momentum dependence comes from
the η∗ηAµ vertices, contracted with external trees made of gluons or with polarization vectors.
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Since these are four-dimensional, these contractions depend on $‖ but not on $⊥. Therefore, a
loop integral with m denominators has the following generic structure:

∫
dd$

(21)d
N($)

∏m!1
i=0 ($+ qi)2︸ ︷︷ ︸

d-dimensional massless

=

∫
dd!4$⊥
(21)d!4

∫
d4$‖
(21)4

N($‖)∏m!1
i=0

(
($‖ + qi)2 + $2⊥

)
︸ ︷︷ ︸

four-dimensional massive

.

Except for the additional integration over the extra dimensions of the loop momentum, the
right-hand side contains the same loop integral, for a four-dimensional but massive scalar. The
standard reduction techniques, applied to the latter integral, lead to a general decomposition in
boxes, triangles, bubbles and tadpoles.

67.b This observation is handy for calculating some amplitudes that are purely rational, such
as a one-loop amplitude with all external gluons having positive helicities. Since the result is
rational, it can be picked by unitarity methods only if the loop momentum is allowed to be
d-dimensional rather than four-dimensional. But this makes it difficult to use the spinor-helicity
formalism to express the tree sub-amplitudes obtained after the cuts have been applied. With
the above observation, we need to cut a four-dimensional massive loop instead. When the
particle running in the loop is a scalar, simple expressions exist for the tree sub-amplitudes,
some of which have been derived in Problem 57, even when the scalar is massive.

Let us now apply this to the calculation of the one-loop amplitude Ascalar
4 (1+2+3+4+).

From Problems 65 and 66, we know that this amplitude is ultraviolet finite and is a rational
function of the external momenta. Splitting the loop momentum into its four-dimensional part
$‖ and the extra components $⊥, we first have

Ascalar
4 (1+2+3+4+) = lim

d→4

∫
dd!4$⊥
(21)d!4

Ascalar
4 (1+2+3+4+;!$2⊥)︸ ︷︷ ︸

massive 4d scalar loop

,

where the integrand on the right-hand side is the same amplitude evaluated with a four-
dimensional loop momentum and a squared mass !$2⊥. Since we expect an ultraviolet finite
result (see Problem 65), the reduction of the four-dimensional loop integral over $µ‖ cannot
contain bubbles or tadpoles, but only boxes and triangles. Therefore, the reduction applied to
this integrand leads to

Ascalar
4 (1+2+3+4+;!$2⊥) = D0123L

(4)
0123

+ C012L
(4)
012 + C023L

(4)
023 + C013L

(4)
013 + C123L

(4)
123, (4.44)

where we have defined

L
(4)
i1···ip ≡

∫
d4$‖
(21)4

ip

(($‖ + qi1)
2 + $2⊥) · · · (($‖ + qip)

2 + $2⊥)
,

q0 ≡ 0, q1 ≡ p1, q2 ≡ p1 + p2, q3 ≡ p1 + p2 + p3 = !p4

(p1,2,3,4 are the momenta of the four external gluons). It is interesting to note the dimensions
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of the various objects in the decomposition of the amplitude (in the limit ε → 0):

dim (Ascalar
4 ) = 0,

dim (L(4)0123) = !4, dim (D0123) = 4,

dim (L(4)ijk) = !2, dim (Cijk) = 2.

Given the dimension of the coefficient D0123, it may contain a factor $4⊥, which would produce
an ultraviolet divergence in the integration over $⊥, and therefore a pole in ε!1. However, as
we shall see, because the factor $4⊥ is restricted to the d ! 4 extra dimensions, it also brings
an explicit factor ε into the numerator that compensates for the pole and thus leads to a finite
result in the end.

67.c In order to determine the coefficients D0123 and Cijk, we apply cuts simultaneously to
the amplitude Ascalar

4 (1+2+3+4+;!$2⊥) and to the various integrals L(4)i1···ip . Let us denote by
2i the operator that cuts the propagator of denominator ($‖ + qi)2 + $2⊥:

i

($‖ + qi)2 + $2⊥
−→
2i

,
(
($‖ + qi) + $2⊥

)
︸ ︷︷ ︸

≡ ,i

.

Consider first the four-line cut obtained by applying 20212223 to Eq. (4.44). All the triangles
L
(4)
ijk give zero since they have only three denominators. Therefore, we must have

20212223

[
Ascalar

4 (1+2+3+4+;!$2⊥)
]
= D0123 20212223

[
L
(4)
0123

]
.

On the right-hand side, the application of the four cuts is immediate and gives

20212223

[
L
(4)
0123

]
=

∫
d4$‖
(21)4

,0,1,2,3. (4.45)

Applying the four cuts to the full amplitude is equally straightforward, since the four-point
amplitude has at most four denominators. We obtain

20212223

[
Ascalar

4 (1+2+3+4+;!$2⊥)
]
=

1
+ 2

+

3
+

4
+

= 2

∫
d4$‖
(21)4

,0,1,2,3 A3($‖, 1
+,!($‖ + q1)

∗) A3($‖ + q1, 2
+,!($‖ + q2)

∗)

×A3($‖ + q2, 3
+,!($‖ + q3)

∗) A3($‖ + q3, 4
+,!$∗‖),

(4.46)

where A3($‖, i
+,!$ ′∗‖ ) denotes the on-shell three-point amplitude (with a mass !$2⊥ for the

scalar particles), with a scalar, an antiscalar and a gluon. The prefactor 2 accounts for the fact
that the roles of the scalar and antiscalar may be interchanged. These three-point amplitudes
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have been calculated in Problem 57. In fact, we also evaluated there the product of two such
amplitudes, leading to the following compact results:

A3($‖, 1
+,!($‖ + q1)

∗)A3($‖ + q1, 2
+,!($‖ + q2)

∗) = 2g2$2⊥

[
12
]

〈
12
〉 ,

A3($‖ + q2, 3
+,!($‖ + q3)

∗)A3($‖ + q3, 4
+,!$∗‖) = 2g2$2⊥

[
34
]

〈
34
〉 .

Comparing (4.45) and (4.46) therefore gives the following value for the box coefficient:

D0123 = 8g4$4⊥

[
12
][
34
]

〈
12
〉〈
34
〉 .

(Such a direct identification is permitted by the fact that the four delta functions freeze the
integral over the four components of $‖.)

67.d Let us now turn to the triple cuts. We can limit the discussion to the cut 202122, and
by symmetry we will be able to infer the other triple cuts without further calculation. When
applied to the right-hand side of (4.44), this triple cut receives contributions from the box
integral L(4)0123 and from the triangle L

(4)
012:

202122

[
Ascalar

4 (1+2+3+4+;!$2⊥)
]
= D0123 202122

[
L
(4)
0123

]
+ C012 202122

[
L
(4)
012

]
.

The cuts on the right-hand side of this equation read

202122

[
L
(4)
0123

]
=

∫
d4$‖
(21)4

i

($‖ + q3)2 + $2⊥
,0,1,2,

202122

[
L
(4)
012

]
=

∫
d4$‖
(21)4

,0,1,2.

Applying this triple cut to the full amplitude gives

202122

[
Ascalar

4 (1+2+3+4+;!$2⊥)
]
=

1
+

2
+

3
+

4
+

= 2

∫
d4$‖
(21)4

,0,1,2A3($‖, 1
+,!($‖ + q1)

∗) A3($‖ + q1, 2
+,!($‖ + q2)

∗)

×A4($‖ + q2, 3
+4+,!$∗‖).

The four-point amplitude that appears in the last line has also been calculated in Problem 57:
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A4($‖ + q2, 3
+4+,!$∗‖) = 2g2$2⊥

[
34
]

〈
34
〉 i

($‖ + q3)2 + $2⊥
.

Therefore, we have

202122

[
Ascalar

4 (1+2+3+4+;!$2⊥)
]

= 8g4$4⊥

[
12
][
34
]

〈
12
〉〈
34
〉

︸ ︷︷ ︸
D0123

∫
d4$‖
(21)4

i

($‖ + q3)2 + $2⊥
,0,1,2

︸ ︷︷ ︸
202122

[
L
(4)
0123

]

.

This triple cut is in fact saturated by the triple cut of the box integral. Therefore, the coefficient
of the triangle L

(4)
012 vanishes, C012 = 0.

67.e Likewise, all the other triangle coefficients are zero, and the amplitude is fully given by

Ascalar
4 (1+2+3+4+)

= 8g4
[
12
][
34
]

〈
12
〉〈
34
〉 lim

d→4

∫
dd!4$⊥
(21)d!4

∫
d4$‖
(21)4

$4⊥
(($‖ + q0)2 + $2⊥) · · · (($‖ + q3)2 + $2⊥)

= 8g4
[
12
][
34
]

〈
12
〉〈
34
〉 lim

d→4
gd!4
µν gd!4

ρσ

∫
dd$

(21)d
$µ$ν$ρ$σ

($+ q0)2 · · · ($+ q3)2
.

In the final line, it is convenient to combine the integrations over $⊥ and $‖ into a unique
d-dimensional integral, by introducing the restriction gd!4

µν of the metric tensor to the extra
dimensions. Its trace is equal to d!4, and it gives zero when contracted to a Lorentz index that
lives in the four physical dimensions. Therefore, after the Lorentz contractions are performed,
the factor gd!4

µν gd!4
ρσ will bring at least one power of ε. However, the integral is logarithmically

divergent in four dimensions, and therefore has a pole ε!1. Since the divergence is logarithmic,
the coefficient of the pole is simply given by

∫
dd$

(21)d
$µ$ν$ρ$σ

$8
= 1

d(d+2) (g
µνgρσ + gµρgνσ + gµσgνρ)

∫
dd$

(21)d
1

$4

= i
24(g

µνgρσ + gµρgνσ + gµσgνρ)
κ(2! d

2 )

(41)2 κ(2)

= i
12(41)2(4!d)

(gµνgρσ + gµρgνσ + gµσgνρ).

(At every stage, we keep only the term that produces a pole in d = 4, and disregard the finite
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(1 graph) (4 graphs) (4 graphs)

(2 graphs) (2 graphs) (4 graphs)

(4 graphs) (4 graphs) (4 graphs)

(4 graphs) (4 graphs)

Figure 4.4 The 37 color-ordered graphs contributing to the amplitude Ascalar
4 (1+2+3+4+) in

the traditional approach (solid lines ≡ gluons, dashed lines ≡ scalars).

terms.) Contracting this with gd!4
µν gd!4

ρσ gives

gd!4
µν gd!4

ρσ

∫
dd$

(21)d
$µ$ν$ρ$σ

$8
=

i

12(41)2(4!d)
gd!4
µν gd!4

ρσ (gµνgρσ+gµρgνσ+gµσgνρ)

=
i

12(41)2
(2! d),

so that we finally obtain the following remarkably simple result:

Ascalar
4 (1+2+3+4+) = !

ig4

1212

[
12
][
34
]

〈
12
〉〈
34
〉 .

In the traditional approach based on Feynman diagrams, one would have to sum the contribu-
tions of 37 color-ordered graphs (see Figure 4.4) in order to obtain this one-loop amplitude.
For reasons beyond the scope of this problem, this result also turns out to be the value of the
1+2+3+4+ amplitude in Yang–Mills theory (i.e., with a gluon and a ghost loop instead of a
scalar loop).
Source: Brandhuber, A., McNamara, S., Spence, B. and Travaglini, G. (2005), J High Energy
Phys 10: 011.

68. One-Loop Five-Point +++++ Amplitude from Generalized Unitarity This problem
continues along the lines of Problem 67. The goal is now to calculate the five-point all-plus
one-loop amplitude Ascalar

5 (1+2+3+4+5+).

68.a Interpreting the contribution of the d! 4 extra dimensions to the scalar propagator as a
mass, write the reduction of this amplitude on a basis of master integrals (denote by $i
the momenta carried by the loop propagators, with $i = $i!1 + pi, and by Di ≡ $2i + $2⊥
the corresponding denominators).
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68.b Consider the four-line cut (0123) and show that

D0123 = !
2
√
2 g5$4⊥〈

12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉

∑

cut solutions

(
s12s23

+ 4i
(p3 ·p4)ε(123$3)! (p1 ·p2)ε($3234)

p4 · $3

)
,

where ε(abcd) ≡ aµbνcρdσε
µνρσ.

68.c Find the two values of the loop momentum that solve these cut conditions. Hint: it is
convenient to express $µ3 on the basis made of pµ

1 , p
µ
2 , p

µ
3 and Pµ ≡ εµνρσp1νp2ρp3σ.

68.d Show that the coefficient D0123 of the box integral L(4)0123 is

D0123 = !
4
√
2 g5$4⊥〈

12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉

×
(
s12s23 + 4i$2⊥ε(1234)

[ 1

($+3 + p4)2 + $2⊥
+

1

($!3 + p4)2 + $2⊥

])
.

The other box coefficients are given by a relabeling of the external lines.

68.e Ignoring the triangles, perform explicitly the loop integration in order to obtain

Ascalar
5 (1+ · · · 5+) = ig5

√
2

2412

(
s12s23 + s23s34 + s34s45

+ s45s51 + s51s12 + 4iε(1234)

)

〈
12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉 .

68.f Extra: show that the triple cuts are satisfied without having to add triangle integrals (i.e.,
the triangle coefficients are zero, Cijk = 0).

68.a The strategy is the same as in Problem 67. We first split the loop momentum into its
four-dimensional part $‖ and the extra components $⊥, in order to write

Ascalar
5 (1+2+3+4+5+) = lim

d→4

∫
dd!4$⊥
(21)d!4

Ascalar
5 (1+2+3+4+5+;!$2⊥)︸ ︷︷ ︸

massive 4d scalar loop

.

Then, we decompose the amplitude in the integrand as a sum of boxes and triangles (we
exclude pentagons since the loop momentum is strictly four-dimensional in this amplitude, and
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we exclude bubbles and tadpoles because we know the result should be ultraviolet finite):

Ascalar
5 (1+2+3+4+5+;!$2⊥)

= D0123L
(4)
0123 +D0124L

(4)
0124 +D0134L

(4)
0134 +D0234L

(4)
0234 +D1234L

(4)
1234

+ C012L
(4)
012 + C013L

(4)
013 + C014L

(4)
014 + C023L

(4)
023 + C024L

(4)
024

+ C034L
(4)
034 + C123L

(4)
123 + C124L

(4)
124 + C134L

(4)
134 + C234L

(4)
234,

with the following notation:

L
(4)
i1···ip ≡

∫
d4$‖
(21)4

i

Di1

· · · i

Dip

,

Di ≡ ($‖ + qi)
2 + $2⊥, q0 ≡ 0, q1 ≡ p1,

q2 ≡ p1 + p2, q3 ≡ p1 + p2 + p3, q4 ≡ p1 + p2 + p3 + p4.

Although this decomposition contains many terms, all the box terms are related by cyclic
permutations and it is sufficient to determine one of them. Moreover, we shall see later that the
coefficients of the triangles are all zero.

68.b Let us focus on the box L
(4)
0123. It can be isolated by applying the four-line cut 20212223,

since

20212223

[
D0123L

(4)
0123 +D0124L

(4)
0124 + · · ·

]
= D012320212223

[
L
(4)
0123

]

= D0123

∫
d4$‖
(21)4

,0,1,2,3, (4.47)

where we denote ,i ≡ ,(Di). Let us now apply this cut directly to Ascalar
5 (1+2+3+4+5+;!$2⊥).

This quadruple cut splits the amplitude into three three-point sub-amplitudes and a four-point
one:

20212223

[
Ascalar

5 (1+2+3+4+5+;!$2⊥)
]
=

1
+ 2

+

3
+

4
+

5
+

= 2

∫
d4$‖
(21)4

,0,1,2,3 A3($‖, 1
+,!($‖ + q1)

∗)A3($‖ + q1, 2
+,!($‖ + q2)

∗)

×A3($‖ + q2, 3
+,!($‖ + q3)

∗)A4($‖ + q3, 4
+5+,!$∗‖).

(4.48)

(The prefactor 2 accounts for the possibility of exchanging the roles of the scalar and antiscalar.)
The product of three-point amplitudes in the first line was evaluated in Problem 57:

A3($‖, 1
+,!($‖ + q1)

∗)A3($‖ + q1, 2
+,!($‖ + q2)

∗) = 2g2$2⊥

[
12
]

〈
12
〉 .

In this problem, one can also find the expressions for the two amplitudes that appear in the
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second line:

A3($‖ + q2, 3
+,!($‖ + q3)

∗) = ig
√
2

〈
q
∣∣"2

∣∣3
]

〈
q3

〉 ,

A4($‖ + q3, 4
+5+,!$∗‖) = 2g2$2⊥

[
45
]

〈
45
〉 i

D4
,

where we denote $i ≡ $‖ + qi and "i ≡ !$iµσ
µ. Choosing q = p2 and noting that "3 =

"2 +
∣∣3
〉[
3
∣∣, we have

A3($‖ + q2, 3
+,!($‖ + q3)

∗) = ig
√
2

〈
2
∣∣"3

∣∣3
]

〈
23
〉 .

Therefore, the product of tree amplitudes that appears in (4.48) can be rewritten as

A3(·)A3(·)A3(·)A4(·) = !4
√
2 g5$4⊥

[
12
]〈
2
∣∣"3

∣∣3
]〈
34
〉[
45
]〈
51
〉

D4

〈
12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉

= !4
√
2 g5$4⊥

tr
(
"3P3P4P5P1P2

)

D4

〈
12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉

= 4
√
2 g5$4⊥

tr
(
P1P2P3"3P4P5

)

D4

〈
12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉 ,

where we have used σµσν + σνσµ = 2gµν in order to obtain "3P3 = !P3"3 + 2($3 · p3) =
!P3"3 (note that 0 = $22 + $2⊥ = ($3 ! p3)2 + $2⊥ = !2$3 · p3 thanks to the delta functions ,2
and ,3). Then, we eliminate P5 by using momentum conservation:

P4P5P1 = !P4

(
P1 + P2 + P3 + P4

)
P1 = !P4

(
P2 + P3

)
P1,

so that

A3(·)A3(·)A3(·)A4(·) = !2
√
2 g5$4⊥

tr
(
P1P2P3"3P4(P2 + P3)

)

(p4 · $3)
〈
12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉 .

(We have used D4 = ($3 + p4)2 + $2⊥ = 2p4 · $3.) The calculation of traces of products of six
Dirac matrices can be avoided by using

P2P1P2 = s12 P2, P3"3P4P3 = !s34 "3P3

(valid since p2
2 = p2

3 = p3 · $3 = 0), which gives

tr
(
P1P2P3"3P4(P2 + P3)

)
= s12s23(p4 · $3) + 2i(s34ε(123$3)! s12ε($3234))

+ s34(s12 + s13)(p2 · $3)! s23s34(p1 · $3),

where we have introduced the notation ε(ij$3k) ≡ piµpjν$3ρpkσε
µνρσ. The cut conditions
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lead to

p2 · $3 = 1
2 s23, p1 · $3 = 1

2 (s12 + s13),

implying that the two terms on the second line cancel, so that

D0123 =
∑

cut solutions

A3(·)A3(·)A3(·)A4(·)

= !
2
√
2 g5$4⊥〈

12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉

∑

cut
solutions

(
s12s23+2i

s34ε(123$3)!s12ε($3234)

p4 · $3

)
.

(4.49)

(Note that the existence of two solutions to the four-cut equations implies that the right-hand
side of (4.47) gives 2D0123.) Contrary to what happened in Problem 67, the result of applying
the four cuts still contains an explicit dependence on the loop momentum (here, via the
momentum $3).

68.c Therefore, we must solve the cut conditions in order to determine the allowed values
of $µ3 on the cut, which we will then insert in the above expression. To that end, we shall
express $3 on a basis made of p1,2,3 and of a fourth vector orthogonal to them, for instance
Pµ ≡ εµνρσp1νp2ρp3σ. This vector satisfies

P · p1 = P · p2 = P · p3 = 0, P2 =
stu

4
,

with s ≡ (p1 + p2)2, t ≡ (p2 + p3)2 and u ≡ (p1 + p3)2. Writing

$3 ≡ αp1 + βp2 + γp3 + ,P,

the four cut conditions

$23 = ($3 ! p3)
2 = ($3 ! p3 ! p2)

2 = ($3 ! p3 ! p2 ! p1)
2 = !$2⊥

are equivalent to





αβ s+ αγu+ βγ t+ ,2 stu4 = !$2⊥,

αβ s+ α(γ! 1)u+ β(γ! 1) t+ ,2 stu4 = !$2⊥,

α(β! 1) s+ α(γ! 1)u+ (β! 1)(γ! 1) t+ ,2 stu4 = !$2⊥,

(α! 1)(β! 1) s+ (α! 1)(γ! 1)u+ (β! 1)(γ! 1) t+ ,2 stu4 = !$2⊥.

This system is considerably simplified by taking differences of successive equations. This
leads to a linear system for α,β,γ whose solution reads

α = !
t

2u
, β =

1

2
, γ = 1+

s

2u
.

Then, injecting these values in the first equation provides ,:

, = ±

√
st! 4$2⊥u

stu2
.

Therefore, there are two values of $µ3 that satisfy the cut conditions, $±3 ≡ 33 ± 43, with
33 ≡ αp1 + βp2 + γp3 and 43 ≡ |,|P.
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68.d In order to replace these two cut solutions in (4.49), we need

ε(12333) = 0, ε(33234) = αε(1234),

ε(12343) = !
|,|

4
stu, ε(43234) =

|,|

4

(
st(p3 ·p4) + tu(p2 ·p4)! t2(p1 ·p4)

)
,

p4 · 33 = α(p1 ·p4) + β(p2 ·p4) + γ(p3 ·p4),

p4 · 43 = !|,| ε(1234).

After some straightforward but lengthy algebra, one gets

D0123 = !
4
√
2 g5$4⊥〈

12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉
(
s12s23 + 2i$2⊥ε(1234)

2(p4 · 33)
(p4 · 33)2 ! (p4 · 43)2

)

= !
4
√
2 g5$4⊥〈

12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉

×
(
s12s23 + 4i$2⊥ε(1234)

[ 1

($+3 + p4)2 + $2⊥
+

1

($!3 + p4)2 + $2⊥

])
.

68.e In order to evaluate the corresponding contribution to Ascalar
5 (1+2+3+4+5+), the main

difficulty is the fact that $‖ and $⊥ do not appear on the same footing. Instead of performing this
integral directly, an easier route is to use the above result in order to guess the d-dimensional
integrand that would lead to the same four-line cut in the channel [0123],

Ascalar
5 (1+2+3+4+5+)

[0123]-cut⇐⇒ !
4
√
2 g5〈

12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉

× lim
d→4

{
s12s23

∫
dd$

(21)d

(∑
ε($ · nε)2

)2

D0D1D2D3︸ ︷︷ ︸
box

+8iε(1234)

∫
dd$

(21)d

(∑
ε($ · nε)2

)3

D0D1D2D3D4︸ ︷︷ ︸
pentagon

}
.

The notation
[0123]-cut⇐⇒ means that the cut [0123] gives the same result when applied to the left-

and right-hand sides (but it does not imply that they are equal, since they may not agree in
other cut channels). Interestingly, the second term on the right-hand side is a pentagon integral.
That a pentagon master integral would arise at some point was to be expected, since we are
in fact doing a calculation in d = 4 ! 2ε dimensions. Therefore, we need to evaluate the
following two integrals:

lim
d→4

gd!4
µν gd!4

ρσ

∫
dd$

(21)d
$µ$ν$ρ$σ

$8
= !

i

6(41)2
,

lim
d→4

gd!4
µν gd!4

ρσ gd!4
54

∫
dd$

(21)d
$µ$ν$ρ$σ$5$4

$10
= !

i

12(41)2
.

(A simple power counting indicates that we can replace all the denominators Di by $2 in
order to extract the value of the integrals at ε = 0, since both integrals have a logarithmic
divergence in d = 4, but the contractions with the tensor gd!4

µν that spans the extra dimensions
brings a prefactor ε.) The first integral was calculated in Problem 67, and the second one is
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obtained by the same method. Therefore, the four-line cut [0123] tells us that the amplitude
Ascalar

5 (1+2+3+4+5+) must contain

Ascalar
5 (1+2+3+4+5+)

[0123]-cut⇐⇒ ig5
√
2

2412
〈
12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉
(
s12s23 + 4iε(1234)

)
.

Consider now the cut [0124]. Its calculation is not necessary, since the result is obtained
from the cut [0123] by a simple relabeling of the external lines:

Ascalar
5 (1+2+3+4+5+)

[0124]-cut⇐⇒ !
4
√
2 g5〈

12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉

× lim
d→4

{
s51s12

∫
dd$

(21)d

(∑
ε($ · nε)2

)2

D0D1D2D4
+ 8i ε(5123)︸ ︷︷ ︸

ε(1234)

∫
dd$

(21)d

(∑
ε($ · nε)2

)3

D0D1D2D3D4

}
.

Note that the pentagon integral necessary to correctly reproduce the [0124] cut is the same as
the one we encountered earlier in the cut [0123], while the box integral is a new contribution.
The same pattern continues with all the four-line cuts: they are reproduced with a box and a
pentagon, the pentagon being always the same while the boxes are all distinct. Obviously, we
should not include the pentagon five times, since this would be overcounting its contribution.
Therefore, summing over all the contributions encountered so far, we infer the following result
for the amplitude:

Ascalar
5 (1+2+3+4+5+)

four-line cuts⇐⇒ ig5
√
2

2412
〈
12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉

×
(
s12s23 + s23s34 + s34s45 + s45s51 + s51s12 + 4iε(1234)

)
.

The derivation we have followed here is arguably intricate, but nevertheless orders of magnitude
simpler than the calculation of the 191 color-ordered Feynman diagrams that contribute to this
amplitude in the traditional approach.

68.f In order to confirm that the above result is complete, it is necessary to show that the
contributions we have determined from the four-line cuts saturate the three-line cuts, so that
we do not need to add triangle integrals. Let us consider the triple cut in the channel [012].
First, we need to evaluate this triple cut on the terms guessed from the quadruple cuts. The
only terms that also contribute to this triple cut are those that contribute to the [0123] or [0124]
quadruple cuts. Therefore, we have

202122

[
guessed

amplitude

]
= !

4i
√
2 g5〈

12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉
∫

dd$

(21)d
,0,1,2
D3D4

$4⊥

×
{
s12s23D4 + s51s12D3 + 8iε(1234)$2⊥

}
. (4.50)

Then, we must apply the same cut to the full amplitude. It splits it into a pair of three-point
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tree amplitudes and a five-point tree amplitude:

202122

[
Ascalar

5 (1+2+3+4+5+)
]
=

1
+

2
+

3
+

5
+ 4

+

= 2

∫
dd$

(21)d
,0,1,2 A3($‖, 1

+,!($‖ + q1)
∗)

×A3($‖ + q1, 2
+,!($‖ + q2)

∗)A5($‖ + q2, 3
+4+5+,!$∗‖).

The results of Problem 57 lead to

A3($‖, 1
+,!($‖ + q1)

∗)A3($‖ + q1, 2
+,!($‖ + q2)

∗) = 2g2$2⊥

[
12
]

〈
12
〉 ,

A5($‖ + q2, 3
+4+5+,!$∗‖) = !

2i
√
2g3$2⊥

D3D4

[
5
∣∣(P3 + P4)("‖ +Q2)

∣∣3
]

〈
34
〉〈
45
〉 .

Note that ("‖ +Q2)
∣∣3
]
= ("3 !

∣∣3
〉[
3
∣∣)
∣∣3
]
= "3

∣∣3
]
. Therefore,

202122

[
Ascalar

5 (1+2+3+4+5+)
]
= !

4i
√
2g5〈

12
〉〈
23
〉〈
34
〉〈
45
〉〈
51
〉
∫

dd$

(21)d
,0,1,2
D3D4

$4⊥

×
{
2
〈
51
〉[
12
]〈
23
〉[
5
∣∣(P3 + P4)"3

∣∣3
]}

.

Using

2p3 · $3 = D3, 2p2 · $3 = s23, 2p1 · $3 = s12 + s13, 2p4 · $3 = D4 !D3,

s23 + s34 + s24 = (p2 + p3 + p4)
2 = (p1 + p5)

2 = s51,

the quantity in the second line of the preceding equation can be reduced to

2
〈
51
〉[
12
]〈
23
〉[
5
∣∣(P3 + P4)"3

∣∣3
]
= s12s23D4 + s51s12D3

+ 4i (s34ε(123$3)! s12ε($3234)).

The first two terms are identical to the first two terms in the second line of (4.50) and need no
further consideration. For the triple cut of the full amplitude and of the guessed one to agree,
we thus need to show that

∫
d4$3
(21)4

,0,1,2
D3D4

(
s34ε(123$3)! s12ε($3234)

)
= 2$2⊥ε(1234)

∫
d4$3
(21)4

,0,1,2
D3D4

.

The three delta functions reduce the integral to a one-dimensional one. Because of this, it is
unclear at this point whether the equality can be made manifest at the level of the integrands or
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is only valid for the integrated results. As we did earlier, we parameterize $µ3 as

$µ3 ≡ αpµ
1 + βpµ

2 + γpµ
3 + ,Pµ,

and the three cut equations read

D2 = 0 : αβ s+ α(γ! 1)u+ β(γ! 1) t+ ,2 stu4 = !$2⊥,

D1 = 0 : α(β! 1) s+ α(γ! 1)u+ (β! 1)(γ! 1) t+ ,2 stu4 = !$2⊥,

D0 = 0 : (α! 1)(β! 1) s+(α! 1)(γ! 1)u+(β! 1)(γ! 1) t+,2 stu4 = !$2⊥.

Obviously, three equations do not uniquely determine four unknowns. Here, we choose to
express β,γ and , in terms of α:

β(α) = 1+ u
tα, γ(α) = 1! s

tα, ,(α) = ±2

√
suα2 ! t"2⊥

st2u
.

(There are two one-dimensional branches of solutions). The various factors appearing in the
integrands, expressed in terms of (α,β,γ, ,), read

D3 = s13α+ s23β = 2s13α+ s23,

D4 = (s13 + s14)α+ (s23 + s24)β+ s34γ︸ ︷︷ ︸
≡A

!2ε(1234),,

s34ε(123$3)! s12ε($3234) =
(
s34ε(123P)! s12ε(P234)

)
︸ ︷︷ ︸

≡B

,! s12α︸︷︷︸
≡C

ε(1234).

By summing over the two possible signs for ,, we obtain

∑

,=±|,|

s34ε(123$3)! s12ε($3234)

D3D4
=

1

D3

∑

ε=±

εB|,|! Cε(1234)

A! 2ε|,|ε(1234)

=
ε(1234)

D3

2
(
2B|,|2 !AC

)

A2 ! 4|,|2ε2(1234)

=
ε(1234)

D3

2B|,|2 !AC

A

{
1

A! 2|,|ε(1234)
+

1

A+ 2|,|ε(1234)

}

= ε(1234)

(
2B|,|2 !AC

A

) ∑

,=±|,|

1

D3D4
.

One may then check that the quantity between the curly brackets is of the form

2B|,|2 !AC

A
= 2$2⊥ +D3 f(D3).

The first term gives the expected result, while the second one has a vanishing integral when
integrated over the two branches of three-cut solutions.
Source: Brandhuber, A., McNamara, S., Spence, B. and Travaglini, G. (2005), J High Energy
Phys 10: 011.
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About the Problems of this Chapter

• Problem 69 derives the Banks–Casher relation, which relates the expectation value of
the chiral condensate to the spectral density at null energy of the Dirac operator.

• In Problem 70, we discuss the Nielsen–Ninomiya theorem, which states that massless
fermions on a lattice must have equal numbers of right-handed and left-handed degrees
of freedom. This obstruction prevents the formulation of lattice chiral gauge theories.

• In Problem 71, we determine the expression of the Wigner transform of the convolution
product of two two-point functions. This result plays a role in the derivation of kinetic
equations from the Kadanoff–Baym equations, and is also essential in the phase-space
formulation of quantum mechanics.

• The interplay between center symmetry and the deconfinement transition in Yang–Mills
theory is studied in Problem 72.

• The hard thermal loop contribution to the photon polarization tensor is derived in
Problem 73 using classical charged particles and a kinetic equation that describes the
evolution of their distribution under the effect of an external electromagnetic field. This
approach is extended in Problem 74 to the gluon hard thermal loop.

• We study photon radiation by a hot plasma of charged particles in Problem 75. For soft
photons, the spectrum is modified by the Landau–Pomeranchuk–Migdal effect.

• In Problem 76, we discuss how a microcanonical equilibrium distribution may emerge
semi-classically from the non-linearity of the field equation of motion. The relationship
between the equation of state and a microcanonical distribution is also studied.

• The combinatorial aspects of multi-particle production are studied in Problem 77. These
are very generic properties, true no matter what the underlying quantum field theory is.
We also derive a diagrammatic interpretation in terms of cutting rules for some of the
quantities that appear in this discussion.

• In Problem 78, these questions are made more quantitative, by studying a functional
that generates the complete distribution of produced particles. From this, we determine
the first moment of the distribution in terms of classical fields.

• The next two problems are devoted to the study of the Schwinger mechanism in scalar
QED. In Problem 79, we follow the approach of Problem 78 to calculate the functional
that generates the full distribution of produced particles. These results are rederived in
Problem 80 using Bogoliubov transformations.

• In Problem 81, we use Bogoliubov transformations to relate the vacuum states of two
observers whose relative motion is uniformly accelerated. This leads to the Unruh effect.
By analogy, the same line of reasoning leads to Hawking radiation, which is a thermal
spectrum seen by an observer at rest in the gravitational field of a black hole.

• Problem 82 proposes a field theory approach to Anderson localization, namely the fact
that electrons do not propagate in a disordered medium. In Problem 83, we present
simple scaling arguments suggesting that strong localization always happens in large one-
and two-dimensional systems, and depends on the disorder strength in three dimensions.
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69. Banks–Casher Relation Quantum chromodynamics, if restricted to the up and down
quarks, has a nearly exact chiral symmetry thanks to the very small masses of these quarks.
The three pions (η0,η±) are also much lighter than the other hadrons, a property which is
understood as a consequence of them being the Nambu–Goldstone bosons that result from the
spontaneous breaking of chiral symmetry (from SU(2)× SU(2) to SU(2), hence three pions
corresponding to the three broken symmetries – note that their masses are not exactly zero,
because the symmetry was not exact to begin with). The goal of this problem is to establish a
relationship, known as the Banks–Casher relation, between the value of the chiral condensate〈
κκ

〉
(which should be zero if chiral symmetry holds, and which may be viewed as the order

parameter for its spontaneous breaking) and the spectral density at zero energy of the Dirac
operator. Consider Euclidean QCD in the continuum.

69.a Show that the expectation value
〈
κ(x)κ(x)

〉
can be written as

〈
κ(x)κ(x)

〉
= lim

V→∞

1

ZV

∫
[DAµ] e!S

YM
[A] det (i /D!m) trV

[ 1

i /D!m

]
,

where V is a four-dimensional Euclidean volume to which the trace is restricted, and Z
is the same integral without the trace and the prefactor 1/V .

69.b Recalling the properties of the Euclidean Dirac operator, write the trace as follows:

trV
[ 1

i /D!m

]
=

∑

n

1

ijn !m
= !

∑

n

m

j2n +m2
,

where the jn are real numbers.

69.c Show that

〈
κ(x)κ(x)

〉
= ! lim

V→∞

∫
dj

m ρV(j)

j2 +m2
,

with ρV(j) ≡
1

ZV

∫
[DAµ] e!SYM[A] det (i /D!m)

∑

n

δ(j! jn).

69.d Show that, in the limits of infinite volume and zero quark mass, we have〈
κ(x)κ(x)

〉
= !η limV→∞ ρV(0).
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69.a Note first that the equal-point correlation function
〈
κ(x)κ(x)

〉
is independent of the

point x thanks to translation invariance. Therefore, we may write

〈
κ(x)κ(x)

〉
= lim

V→∞

1

V

∫

V
d4x

〈
κ(x)κ(x)

〉
,

where V is a finite volume in Euclidean 4. Then, it admits the following path integral
representation:

〈
κ(x)κ(x)

〉
=

1

ZV

∫
[DAµDκDκ] e!S

YM
!S

D

∫

V
d4x κ(x)κ(x)

= lim
V→∞

1

ZV

∫
[DAµ] e!S

YM det (i /D!m)

∫

V
d4x

〈
x
∣∣ 1

i /D!m

∣∣x
〉

= lim
V→∞

1

ZV

∫
[DAµ] e!S

YM det (i /D!m) trV
[ 1

i /D!m

]
, (5.18)

where Z ≡
∫
[DAµDκDκ] e!S

YM
!S

D .

In this formula, it is implicitly understood that the integrand is calculated for a finite volume
theory, in which the spectrum of the Dirac operator is discrete. The limit V → ∞ ensures that
we recover the original theory in the end.

69.b The Euclidean Dirac matrices are anti-Hermitian, γµ† = !γµ, as is the derivative ∂µ.
Therefore, the Euclidean Dirac operator is Hermitian, and it can therefore be diagonalized in
an orthonormal basis with real eigenvalues:

/Dκn(x) = jnκn(x), jn ∈ ,

∫

V
d4xκ∗

m(x)κn(x) = δmn.

(Note that the eigenvalues depend implicitly on the background gauge field Aµ.) The trace of
the inverse of the Dirac operator can be expressed in terms of these eigenvalues as follows:

trV
[ 1

i /D!m

]
=

∑

n

1

ijn !m
.

On the other hand, since γ5γµγ5 = γµ† = !γµ, we can write

trV
[ 1

i /D!m

]
= trV

[
γ5γ5 1

i /D!m

]
= trV

[
γ5 1

i /D!m
γ5

]

= trV
[ 1

!i /D!m

]
=

∑

n

1

!ijn !m
.

By taking the half-sum of the two representations of the trace, we arrive at

trV
[ 1

i /D!m

]
= !

∑

n

m

j2n +m2
= !

∫
dj

[∑

n

δ(j! jn)
] m

j2 +m2
.
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69.c Inserting this expression in (5.18), we immediately get

〈
κ(x)κ(x)

〉
= ! lim

V→∞

∫
dj

m ρV(j)

j2 +m2
,

with ρV(j) ≡
1

ZV

∫
[DAµ] e!SYM[A] det (i /D!m)

∑

n

δ(j! jn).

The integrand in the definition of ρV(j) is a distribution that has a delta peak at each eigenvalue
of the finite volume Dirac operator, and its integral over some range [j1, j2] counts the number
of eigenvalues in that range, per unit of volume V . The average over all configurations of
the gauge field Aµ washes out the delta peaks and turns ρV(j) into a smooth distribution that
provides the average density of eigenvalues of the Dirac operator:

∫j2

j1

dj ρV(j) =

〈
# of eigenvalues in [j1, j2]

V

〉

A

.

Note that this distribution has a gap at the lower end of the spectrum because of the finite
volume.

69.d As the volume increases, the gap at the lower end decreases, and ρV(j) has support in
the entire range [0,+∞) in the infinite-volume limit. Moreover, when the quark mass goes to
zero, we have

lim
m→0+

m

j2 +m2
= η δ(j).

Therefore, we have

lim
m→0+

〈
κ(x)κ(x)

〉
= !η lim

V→∞
ρV(0).

This relation is known as the Banks–Casher relation. The left hand side is a quantity known
as the chiral condensate. In the massless limit, the Dirac Lagrangian is invariant under chiral
transformations, since it does not contain an operator κκ (which breaks chiral symmetry).
A non-zero expectation value of this operator therefore signals that the ground state of the
theory breaks chiral symmetry. The Banks–Casher formula relates the chiral condensate, which
quantifies the spontaneous breaking of chiral symmetry, to the spectral density at the lower
end of the spectrum of the Dirac operator (the latter is controlled by how quickly eigenvalues
accumulate near j = 0 when the volume becomes infinite).
Source: Banks, T. and Casher, A. (1980), Nucl Phys B 169: 103.

70. Nielsen–Ninomiya Theorem The goal of this problem is to prove the Nielsen–Ninomiya
theorem, an obstruction to the construction of chiral gauge theories on the lattice. Consider
an infinite square lattice of spacing a. The conjugate momenta pµ are continuous variables
with components in the range

[
! η

a ,+
η
a

]
and any function of pµ is periodic with period 2η/a.

In other words, we may view momentum space as a four-dimensional torus T4. The inverse
propagator of a massless left-handed fermion can be written as S!1(p) =

∑
µ γ

µPLFµ(p),
where Fµ(p) is a real continuous vector field on T4 and PL ≡ (1! γ5)/2.
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70.a Explain why such a fermion exists if the vector field Fµ(p) has a zero pµ
∗ in the vicinity

of which it behaves as Fµ(p) = (p! p∗)µ + O((p! p∗)2). Note that the field lines of
Fµ are all pointing away from p∗.

70.b Consider now a zero of Fµ(p) at which the field lines are incoming in one direction and
outgoing in the other three directions, such as Fµ(p) = (!1)δµ1(p!p∗)µ+O((p!p∗)2).
Show that this zero in fact describes a right-handed particle. Hint: apply a similarity
transformation γ1γ5. Use this result to explain why, in one dimension, there must be
equal numbers of left-handed and right-handed fermions in the spectrum of the lattice
Dirac operator.

70.c More generally, explain the relationship between the handedness of a fermion and the
number of “ingoing directions” of the vector field Fµ at a zero p∗.

70.d The index of a zero of a vector field is defined as (!1)n, where n is the number of
dimensions along which the field lines are flowing away from the zero. The Poincaré–
Hopf theorem states that the sum of the indices of the zeroes of a vector field is equal to
the Euler characteristic of the manifold on which it is defined, which is zero for a torus.
Use this result to conclude that this lattice setup in fact has equal numbers of left-handed
and right-handed fermions.

70.a The form S!1(p) =
∑

µ γ
µPLFµ(p) for the inverse propagator assumes (discrete)

translation invariance on the lattice, and that the lattice is infinite, so that the conjugate
momentum space is continuous rather than discrete. Because of the finite lattice spacing, the
momentum pµ is defined on a four-dimensional torus T4 (each component of the momentum is
bounded, and the bounds in the positive and negative directions are identified) rather than 4.
The function Fµ(p) is real if the Lagrangian is Hermitian, and is continuous provided the theory
is quasi-local (i.e., when the action is written as S ≡

∑
x,yκ(x)h(x,y)κ(y), the function

h(x,y) should decrease fast enough). Since Fµ(p) has as many components (µ = 1, 2, 3, 4) as
its argument p, it is a vector field. Moreover, Fµ(p) may be viewed locally as the gradient of a
scalar function F(p), Fµ(p) = ∂pµF(p).

A massless fermion corresponds to a momentum p∗ where the inverse Dirac propagator
vanishes linearly (think of the propagator i//p in the continuous theory). This means that all
the components of Fµ(p) vanish simultaneously at p∗,

Fµ(p) ∼ fµν(p! p∗)
ν.

By an appropriate change of coordinates, the matrix of coefficients fµν can be made diagonal,
with only positive coefficients. Up to a rescaling (by positive factors) of the components of pµ,
this implies the announced behavior near p∗. These zeroes of the vector field Fµ(p) correspond
to minima of F(p). About such a zero, the field lines of Fµ are all oriented outwards from p∗.
Note that, because we have included an explicit projector PL in the definition of the inverse
propagator, these zeroes describe left-handed fermions.



70 NIELSEN–NINOMIYA THEOREM 287

70.b Let us now flip the orientation of the field lines along one direction, i.e., consider a zero
for which the field lines are flowing away along three directions and into the zero along the
remaining direction (for instance the direction µ = 1):

Fµ(p) = (!1)δµ1(p! p∗)µ + O((p! p∗)
2).

As suggested in the statement of the problem, we should study the following combination:

(γ1γ5)!1(!1)δµ1γµPL(γ
1γ5) = γ5γ1(!1)δµ1γµPLγ

1γ5

=

{
µ = 1 : ! γ5γ1γ1PLγ

1γ5 = γ1PR

µ $= 1 : + γ5γ1γµPLγ
1γ5 = γµPR

}
= γµPR .

(Note that we also have (γ1γ5)!1(!1)δµ1γµPR(γ
1γ5) = γµPL .) Therefore, this type of zero

describes (in disguise, i.e., up to a similarity) a massless fermion of right-handed chirality. This
observation is sufficient to prove the Nielsen–Ninomiya theorem in one dimension: indeed, a
smooth vector field on a circle must have an equal number of zeroes where the field lines go
towards the zero (corresponding to left-handed fermions) and zeroes where the field lines go
away from the zero (corresponding to right-handed fermions).

70.c Consider now a zero such that the vector field is flowing into the zero along two
directions and away from it along two directions. If the two dimensions along which the field
is flowing inwards are µ = 1, 2, we need now to consider Fµ(p) = (!1)δµ1(!1)δµ2 (p! p∗)µ.
We have

(γ2γ5)!1(!1)δµ2

[
(γ1γ5)!1(!1)δµ1γµPL(γ

1γ5)
]
(γ2γ5)

= (γ2γ5)!1(!1)δµ2γµPR(γ
2γ5) = γµPL .

Thus, this zero corresponds to a left-handed fermion. The pattern should be clear by now:
the chirality of the fermion flips every time we add a direction along which the vector field is
flowing into the corresponding zero. In more mathematical terms, if a1, . . . , ap are distinct
integers in [1, 4], we have

(γapγ5)!1 · · · (γa1γ5)!1
[
(!1)µa1 · · · (!1)µapγµPL

]
(γa1γ5) · · · (γapγ5)

=

{
γµPL if p is even,
γµPR if p is odd.

In words, the zero describes a left-handed fermion if the field lines are flowing into the
zero along an even number of directions, and a right-handed fermion for an odd number of
directions.

70.d The index of a zero of a vector field is defined as (!1)n, where n is the number
of dimensions along which the field lines are flowing away from the zero (see Figure 5.1).
Therefore, in d dimensions, we have the following correspondence between the index of a zero
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Figure 5.1 Two-dimensional vector fields with zeroes of index +1 (Left: Fµ(p) = pµ) and !1
(Right: Fµ(p) = (!1)δµ1pµ).

of Fµ and the chirality of the fermion it describes:

index= (!1)d ←→ left-handed,
index= (!1)d+1 ←→ right-handed.

The usefulness of this concept in the present discussion stems from the Poincaré–Hopf theorem,
which relates the sum of the indices of the zeroes of a smooth vector field defined on a manifold
M without boundary to a topological invariant of this manifold, namely its Euler characteristic,
denoted by χ(M):

∑

zeroes z∗

index (z∗) = χ(M).

For two-dimensional manifolds, the Euler characteristic can be easily visualized and calculated
from any triangulation of the surface, since it is given by

χ(M) = (number of vertices)! (number of edges) + (number of faces).

(See Problem 42 for a discussion of the main properties of this quantity, in particular the fact
that it does not depend on the chosen triangulation.) From this definition, one may see that the
Euler characteristic of a 2-sphere is χ = 2 and that it is χ = 0 for a two-dimensional torus with
one handle. This implies that any smooth vector field on such a torus must have equal numbers
of zeroes of index +1 and !1, as illustrated in Figure 5.2. In the discussion of chiral fermions
on the lattice, this result implies that any such propagator would in fact describe equal numbers
of left-handed and right-handed fermions in two dimensions, despite the fact that we have put
an explicit projector PL in it. This obstruction to the possibility of defining chiral fermions on
the lattice is known as the Nielsen–Ninomiya theorem.

The Euler characteristic is in fact zero for one-holed tori in any dimension (but this is harder
to visualize in dimensions higher than two), in particular for the torus T4 on which the vector
Fµ(p) that enters in the inverse fermion propagator is defined. Thus, the Nielsen–Ninomiya
theorem is also valid in four dimensions.
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Figure 5.2 Illustration of the Poincaré–Hopf theorem: smooth vector field on a torus in two
dimensions with a zero of index +1 (open circle) and a zero of index !1 (filled circle).

Sketch of a Proof of the Poincaré–Hopf Theorem: The first step in proving the Poincaré–
Hopf theorem is to show that the sum of the indices of the zeroes is the same for all the
smooth vector fields. In fact, one can show (see, for instance, Milnor, J. W. (1997), Topology
from the Differentiable Viewpoint (Princeton University Press)) that the sum of the indices
of any smooth vector field on a d-dimensional manifold M is equal to twice the degree of
the Gauss mapping from M to the sphere Sd (loosely speaking, this degree counts how many
times the Gauss mapping wraps around Sd), and is therefore a property of M itself. Then one
could invoke the Gauss–Bonnet theorem (see Problem 22) to relate this quantity to the Euler
characteristic.

A more elementary approach is to construct a special vector field on M for which it is
easy to relate the sum of the indices to the Euler characteristic χ(M). For this, we start from a
triangulation of the manifold M. For a two-dimensional manifold, this is a decomposition of
M into planar triangles, while in three dimensions it is a decomposition into tetrahedrons, and
more generally a decomposition in d-simplices in d dimensions. Note that, in a triangulation,
d-dimensional simplices meet at a (d! 1)-dimensional simplex, etc. On such a triangulation,
consider the vector field of Figure 5.3 (illustrated here in two dimensions). In this figure, the
triangle in boldface shows the configuration of the field lines in one cell of the triangulation,
and all the other triangles simply replicate the same pattern. This field has zeroes at all the
vertices of the triangulation, at the midpoints of all the edges, and at the centers of all the
triangles. Moreover, if we count the number of dimensions along which the field lines are
oriented away from these zeroes, we have

index (vertex) = +1,

index (edge midpoint) = !1,

index (face center) = +1,

and the sum of the indices at all these zeroes reads
∑

zeroes z∗

index (z∗) = (number of vertices)! (number of edges) + (number of faces),

which is nothing but the definition of the Euler characteristic for a two-dimensional manifold.
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Figure 5.3 Special vector field used in the proof of the Poincaré–Hopf theorem (here, in two
dimensions). Left: layout of the main field lines on top of a triangulation of the surface. Right:
detail of the field lines in one elementary triangle.

In higher dimensions, one may construct a similar vector field, with zeroes at the centers of
all the k-simplices (k ≤ d) that make up the triangulation, and the above pattern generalizes to

index (center of k-dim simplex) = (!1)k.

Therefore, for such a field configuration in d dimensions, we have

∑

zeroes z∗

index (z∗) =
d∑

k=0

(!1)k × (number of k-dim simplices),

which is again the definition of the Euler characteristic of a d-dimensional manifold. Al-
though explicit, the right-hand side of this equation is less practical for calculating the Euler
characteristic in dimensions greater than two because it is hard to visualize triangulations of
higher-dimensional manifolds.
Source: Karsten, L. H. (1981), Phys Lett B 104: 315.

71. Wigner Transform of a Convolution Product The Wigner transform of a two-point
function F(x, y) is a function F(X, p) obtained by Fourier transforming F(x, y) with respect to
the difference x! y while keeping the dependence on the midpoint coordinate X ≡ (x+ y)/2:

F(X, p) ≡
∫
dds eip·s F(X+ s

2 , X! s
2).

Consider a pair of two-point functions F(x, y) and G(x, y) and their convolution H(x, y) ≡∫
ddz F(x, z)G(z, y). Show that their respective Wigner transforms are related by

H(X, p) = F(X, p) exp
{ i

2

[ ←
∂X

→
∂p !

→
∂X

←
∂p

]}
G(X, p). (5.19)

This result plays a role in the derivation of the Boltzmann equation from the Kadanoff–Baym
equations. It is also an important ingredient in the formulation of quantum mechanics in
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phase-space, proposed by Moyal and Groenewold (Groenewold, H. J. (1946), Physica 12: 405;
Moyal, J. E. and Bartlett, M. S. (1949), Math Proc Cambridge Philos Soc 45: 99). Hint: one
may instead prove an equivalent relationship between the operators F,G,H obtained from
F,G,H via Weyl mapping (see Problem 18).

The formula announced in the statement of the problem is intimately related to Weyl
quantization prescription and to the fact that the Wigner transform is the inverse of Weyl
mapping (this result is shown in Problem 18). Note first that a two-point function like F(x, y)
may always be viewed as the coordinate representation of an operator F (in this problem, we
use boldface letters for quantum operators). In particular, we have

F(x, z) =
〈
x
∣∣F
∣∣z
〉
, G(z, y) =

〈
z
∣∣G

∣∣y
〉
,

H(x, y) =

∫
ddz

〈
x
∣∣F
∣∣z
〉〈
z
∣∣G

∣∣y
〉
=

〈
x
∣∣FG

∣∣y
〉
.

The last equality uses the completeness of the position eigenstates, and shows that the function
H(x, y), defined as the convolution product of F and G, is the coordinate space representation
of the product of operators FG.

In order to streamline the notation, let us collectively denote the phase-space coordinates
by u ≡ (X, p), and do the same with the corresponding quantum operators, denoting them by
u ≡ (X,p). The commutators among these operators have the following generic form:

[um,un] = i θmn,

where the θmn are commuting numbers. Let us also denote ∂m ≡ ∂/∂um. Equipped with this
notation, the “product” on the right-hand side of (5.19) can be rewritten compactly as

F(X, p) exp
{ i

2

[ ←
∂X

→
∂p !

→
∂X

←
∂p

]}
G(X, p) = F(u)e

i
2θmn

←
∂m
→
∂nG(u)︸ ︷︷ ︸

≡ (F⋆G)(u)

.

The ⋆ operation is known as the Moyal product. The identity we wish to prove is that the
Wigner transform of a product of operators is equal to the Moyal product of their respective
Wigner transforms:

(5.19) ⇐⇒ Wigner
(
FG

)
= Wigner

(
F
)
⋆ Wigner

(
G
)
.

Since the Wigner transform is the inverse of Weyl mapping (see Problem 18), this identity is
equivalent to

Weyl (F ⋆G) = Weyl (F)︸ ︷︷ ︸
F

Weyl (G)︸ ︷︷ ︸
G

,

where Weyl (·) denotes the Weyl mapping of a function defined on the classical phase-space.
In terms of the compact notation we have introduced, the Weyl mapping of a function A can
be written in two steps,

Ã(τ) ≡
∫

d2du

(2η)2d
e!iu·τ A(u), Weyl (A)(u) ≡

∫
d2dτ eiu·τ Ã(τ).

The first step is a Fourier transform whose result is an ordinary function of the variables τ
(Fourier conjugates of the classical phase-space variables). The second one looks like the
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inverse Fourier transform, but this time one uses the quantum operators u instead of u, and the
result is an operator.

Then, we can rearrange the expression for the Moyal product as follows:

(F ⋆G)(u) = F(u) e
i
2θmn

←
∂m
→
∂n G(u)

=

∫
d2dτd2d, F̃(τ) G̃(,) eiu·τ e

i
2θmn

←
∂m
→
∂n eiu·,

=

∫
d2dτd2d, F̃(τ) G̃(,) eiu·τ e

i
2θmn(iτm)(i,n) eiu·,

=

∫
d2dτd2d, F̃(τ) G̃(,) eiu·(τ+,) e!

i
2θmnτm,n .

Let us now calculate the Weyl mapping of this function. In fact, since it is already written as a
Fourier integral, this just amounts to replacing the phase-space coordinates u by the quantum
operators u in the integrand:

Weyl(F ⋆G)(u) =

∫
d2dτd2d, F̃(τ) G̃(,) eiu·(τ+,) e!

i
2θmnτm,n . (5.20)

To simplify this expression, we use the Baker–Campbell–Hausdorff formula to write

eiu·(τ+,) = eiu·τ eiu·, e
1
2 [um,un]τm,n = eiu·τ eiu·, e

i
2θmnτm,n .

We see that the last factor of this formula cancels the last factor of (5.20), so that the result in
fact factorizes:

Weyl(F ⋆G)(u) =
( ∫

d2dτ eiu·τ F̃(τ)
︸ ︷︷ ︸

Weyl (F)(u)

)
×

( ∫
d2d, eiu·, G̃(,)

︸ ︷︷ ︸
Weyl (G)(u)

)
,

which proves the announced result.

Quantum Mechanics in Phase-Space: The Moyal product in fact allows a complete refor-
mulation of quantum mechanics in terms of functions that depend on the classical phase-space
variables:

Phase-space function: Operator:

F(X, p)
Weyl mapping−−−−−−−−−−−−−→ F←−−−−−−−−−−−−−

Wigner transform

F(X, p) ⋆G(X, p) ←−−−−−−−−−−−→ FG

In this framework, known as the Moyal–Groenewold quantization, quantum operators are
replaced by classical phase-space functions obtained via the Wigner transform, the product of
operators is replaced by the Moyal product of phase-space functions, and their commutator
is replaced by a Moyal commutator, [F,G]⋆ ≡ F ⋆ G ! G ⋆ F. Although this formalism is
technically challenging to work with, it offers a more intuitive picture of what “quantization”
means, since the Moyal commutator is a deformation of the classical Poisson bracket {F,G}
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controlled by the continuously varying parameter h̄. Indeed, from the expression for the Moyal
product, the Moyal commutator reads

F ⋆G!G ⋆ F =
2i

h̄
F sin

{ ih̄

2

[ ←
∂X

→
∂p !

→
∂X

←
∂p

]}
G

= {F,G}+
h̄2

24
F
[ ←
∂X

→
∂p !

→
∂X

←
∂p

]3
G+ · · · .

(We have reinstated Planck’s constant in this formula, using the fact that it has the dimensions
of an action.) From this expression, we also see that

F ⋆G!G ⋆ F = {F,G}

if at least one of the functions F,G is a polynomial of degree two in X, p. Thus, the Moyal–
Groenewold quantization of a theory with a quadratic Hamiltonian (e.g., a harmonic oscillator)
is particularly simple: its phase-space density obeys the classical Liouville evolution equation
even when h̄ $= 0.

72. Center Symmetry and Deconfinement The goal of this problem is to study an
extension of gauge symmetry called center symmetry, in a SU(N) Yang–Mills theory at finite
temperature in the imaginary time formalism. In particular, we show that the deconfinement
transition may be viewed as a breaking of center symmetry.

72.a The center of a gauge group is the subgroup made of the elements that commute with the
entire group. In the case of SU(N), show that the center is N ≡ {e2iηk/N}0≤k<N, i.e.,
the set of the N-th roots of unity (multiplied by the identity matrix). Hint: first, show
that the center of U(N) is the complex unit circle.

72.b At finite temperature, legitimate gauge transformations should be singled-valued in
imaginary time, i.e., be β-periodic, .(β, x) = .(0, x). Consider now a more general
transformation, called a center transformation, defined as a gauge transformation with a
non-periodic .. Instead, .(τ, x) is assumed to obey .(β, x) = /.(0, x) with / ∈ N.
Show that center transformations also preserve the periodicity of the gauge field.

72.c A Polyakov loop is the trace of a Wilson loop that wraps around the imaginary time
direction, at fixed position x:

L(x) ≡ N!1 tr
〈

P exp
∫β

0
dτA0(τ, x)

〉
.

Show that L(x) is invariant under the usual (periodic) gauge transformations, but not
invariant under center transformations. What does this imply for the center transforma-
tions?

72.d Explain why L(x) is related to the free energy Fq of an infinitely massive quark added
to the system at the point x by

∣∣L(x)
∣∣ = e!βFq (i.e., the energy necessary for bringing

the quark from infinity, arbitrarily slowly). From this interpretation, conclude that L(x)
should be zero in the confining phase of Yang–Mills theory, and that one may view
deconfinement as a breaking of the center symmetry.
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72.e Why is the center symmetry explicitly broken if dynamical quarks in the fundamental
representation are added to the theory? What about adding matter fields in the adjoint
representation?

72.a Consider first the case of the group U(N) of N×N unitary matrices. A matrix A is
in the center of U(N) if A = PAP!1 for all unitary matrices P. Since A is unitary, it can be
diagonalized by a unitary transformation, which implies that we can reduce the discussion to
diagonal matrices. Therefore, let us now assume that A is diagonal, but not proportional to the
identity. This means that there exists a pair of indices i $= j such that Aii $= Ajj. Now, denote
by Q the matrix obtained by swapping the columns i, j of the identity, and define B ≡ QAQ!1.
Note that Q = Q† = Qt and QQ = 1, hence Q is unitary. A simple calculation shows that
Bii = Ajj and Bjj = Aii, which implies that B $= A, i.e.,

QAQ!1 $= A,

in contradiction to the fact that A was assumed to be in the center of the group. Thus, our
hypothesis that A is not proportional to the identity was inconsistent, and we conclude that

center
(
U(N)

)
=

{
c · 1N×N , |c| = 1

}
.

(The constraint on the modulus of c is necessary to have unitary matrices.)

Consider now the case of SU(N). It is useful to recall that any matrix of U(N) can be
written as the product of a phase by a matrix of SU(N):

U = eiθV, U ∈ U(N), V ∈ SU(N), θ ∈ .

If A is in the center of SU(N) and U is in U(N), we have

UAU!1 = VAV!1
︸ ︷︷ ︸

= A

= A.

Therefore A is also in the center of U(N) and must be of the form c · 1N×N . Since the
determinant of such a matrix is cN, c must be one of the N-th roots of unity in order to have a
matrix of SU(N). This group is denoted N.

72.b Consider a transformation .(τ, x) that has the following boundary condition:

.(β, x) = /.(0, x), with / ∈ N.

Calculate the transformed gauge field at τ = β (assuming that the gauge field was β-periodic
before applying the transformation):
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.†(β, x)Aµ(β, x).(β, x) +
i

g
.†(β, x)∂µ.(β, x)

= .†(0, x)/∗Aµ(0, x)/.(0, x) +
i

g
.†(0, x)/∗∂µ/.(0, x)

= .†(0, x)Aµ(0, x).(0, x) +
i

g
.†(0, x)∂µ.(0, x).

In the final step, the / and /∗ cancel because we are allowed to move them through Aµ since
they belong to the center of SU(N). Despite the fact that this transformation is not β-periodic,
it nevertheless preserves the periodicity of the gauge fields. Therefore, these more general
transformations may be viewed as an extended symmetry of Yang–Mills theory (called center
symmetry) at finite temperature.

72.c Recall that a Wilson line Wγ(y, x) along any path γ between the points x and y
transforms into .(y)Wγ(y, x).†(x) under a gauge transformation. Therefore, the trace of
a Wilson loop is gauge invariant (and the Polyakov loop is just a special kind of Wilson
loop). But the cancellation of .(β, x) with .†(0, x) inside the trace works only when . is
β-periodic, and therefore it fails with the generalized transformations considered above. In this
case, the Polyakov loop is not invariant, but is multiplied by an element / ∈ N of the center:

L(x) → /L(x).

Since the Polyakov loop is gauge invariant, it should be considered as an observable of the
theory. Thus, the center transformations can alter the physical content of the system (i.e., they
are not just a reparameterization of redundant degrees of freedom). The only exception to this
statement occurs when L(x) = 0, since this value of the Polyakov loop is left invariant by
center transformations.

72.d The energy gain Fq of the system due to bringing (infinitely slowly, to avoid disturbing
the system) a heavy quark of mass M at the point x from infinity may be written as follows:

e!β(Fq+M) =

∑
α

〈
α+ q(x)

∣∣e!βH
∣∣α+ q(x)

〉
∑

α

〈
α
∣∣e!βH

∣∣α
〉

(the factor e!βM, that contains the rest energy of the quark, has been explicitly added so that
Fq measures only the energy due to the interactions of the quark with its environment), where∣∣α+ q(x)

〉
denotes the pure gluon state

∣∣α
〉

to which a quark (of spin s and color i) is added
at the location x:

∣∣α+ q(x)
〉
≡

∫
d3p

(2η)32Ep
e!ip·x f(p) vs(p)b

†
sip

︸ ︷︷ ︸
≡ κsi(x)

∣∣α
〉
.

The function f(p) is a wave-packet normalized according to
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∫
d3p

(2η)3
∣∣f(p)

∣∣2 = 1,

which ensures that
〈
0+q(x)

∣∣0+q(x)
〉
=

〈
0
∣∣0
〉
. Interpreting the canonical density operator

as an imaginary time evolution, we can write

κ†
si(τ, x) e

!βH = e!βHκ†
si(τ+ β, x),

and the quark free energy becomes

e!β(Fq+M) =
tr (e!βHκ†

si(β, x)κsi(0, x))

tr (e!βH)
.

(Note that there is no sum on the spin s and the color i in this expression.) Loosely speaking,
the right-hand side is the thermal expectation value of the propagator of the heavy quark
between the times τ = 0 and τ = β (the problem is translation invariant, and we may thus
choose the first time to be 0). To promote κsi(x) to a time-dependent object, we use Dirac’s
equation. In the limit of large mass, M → ∞, where p0 ≈ M, |p| ( M, the Dirac equation
simplifies to

((∂τ ! gA0)γ0 !M)κ = 0.

Moreover, in this kinematical limit, we also have γ0vs(p) = !vs(p). Therefore, for a spinor
proportional to vs(p), the Dirac equation becomes

(∂τ ! gA0 +M)κ = 0,

whose solution reads

κ(τ, x) = e!Mτ T exp
(
g

∫τ

0
dτ ′A0(τ ′, x)

)

︸ ︷︷ ︸
≡ U(τ,x)

κ(0, x).

(The time ordering is necessary because A0 is a matrix in su(N).) Therefore, we can write

κsi(τ, x) ≡ e!Mτ
∑

j

Uij(τ, x)

∫
d3p

(2η)32Ep
e!ip·x f(p) vs(p)b

†
sjp,

which leads to

e!βFq = eβM
∑

j

tr (e!βHκ†
sj(0, x)Uji(β, x)e!βMκsi(0, x))

tr (e!βH)

=
1

N

∑

i,j

tr (e!βHκ†
sj(0, x)Uji(β, x)κsi(0, x))

tr (e!βH)
.

In the last equality, we have used the fact that the free energy is independent of the quark color
i in order to introduce an average over i. In the evaluation of this expectation value, the product
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of the two free spinors simply yields

κ†
sj(0, x)κsi(0, x) =

∫
d3pd3q

(2η)64EpEq
ei(p!q)·x bsjpb

†
siq︸ ︷︷ ︸

!b†siqbsjp+(2η)32Epδijδ(p!q)

f∗(p)f(q) v†s(p)vs(q).

The term in !b†
siqbsjp gives zero when inserted in the trace, because it has a fermion

annihilation operator acting to the right on a pure gluonic state. Thus, only the term in
(2η)32Epδijδ(p! q) contributes:

κ†
sj(0, x)κsi(0, x) → δij

∫
d3p

(2η)32Ep

∣∣f(p)
∣∣2 v†s(p)vs(p)︸ ︷︷ ︸

= 2Ep︸ ︷︷ ︸
= 1

= δij.

The factor δij then leads precisely to the trace of the Polyakov loop over its color indices.

In the confining phase, isolated quarks cannot exist; in other words, it would cost an infinite
amount of energy to bring one from infinity (i.e., Fq = +∞). Therefore, the expectation value
of the Polyakov loop should be zero in this phase, and center symmetry is preserved (since
zero times any element of N is still zero). On the other hand, isolated quarks cost only a finite
energy in the deconfined phase, and the center symmetry is broken since the expectation value
of Polyakov loops is not zero. Therefore, one may view the expectation value of the Polyakov
loop as an order parameter for the deconfinement transition in pure Yang–Mills theory.

72.e Under the transformation .(τ, x), a fermion in the fundamental representation trans-
forms as

κ(τ, x) → .†(τ, x)κ(τ, x).

Therefore, the center transformations do not preserve the β-anti-periodicity of the spinors,
implying that the center symmetry is explicitly broken by the presence of dynamical quarks in
the fundamental representation. Therefore, in QCD with quarks, the expectation value of the
Polyakov loop is no longer a good order parameter for the deconfinement transition.

If 1a is a field in the adjoint representation, it transforms as

1a → .ab1b, i.e., 1at
a
r → .†

r1at
a
r .r.

In the second form, it is clear that the / ∈ N of the center transformation cancels out, leaving
a transformed field which is still β-periodic (or anti-periodic if it is a fermion). Therefore,
a theory with matter fields in the adjoint representation would be invariant under the center
symmetry.
Source: McLerran, L. D. and Svetitsky, B. (1981), Phys Rev D 24: 450.
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73. Photon Hard Thermal Loop from Classical Particles In this problem, we use
the concept of a classical particle developed in Problem 31 in order to derive the effective
Lagrangian that generates hard thermal loops in QED. This derivation illustrates the classical
nature of hard thermal loops, and is also a good workout in preparation for the QCD case (see
Problem 74).

73.a Find a suitable generalization of the equations of motion discussed in Problem 37 to
describe the evolution of the position and momentum of a massless charged particle in
an external electromagnetic field.

73.b Consider a collection of classical electrons and positrons, with a phase-space density
f(x, p). Why do we have df/dτ = 0? Using the equations of motion of the classical
particles, turn this equation into a kinetic equation.

73.c Consider now an expansion of f, f = f0+f1+ · · · , where f0 is a distribution independent
of the external field. Formally solve the kinetic equation in order to obtain the first
correction in the external field, f1.

73.d Determine the electromagnetic current Jµ induced by f1 (assume that f0 produces no
current). Then, determine an effective Lagrangian Leff such that Jµ = ∂Leff/∂Aµ.

73.e Show that its second derivative, !δLeff/δAµδAν, is the photon polarization tensor 2µν
HTL

in the hard thermal loop approximation.

73.a In the classical particle approximation of Problem 37, the charged particles feel the
effect of the background electromagnetic field, but their own radiation is not considered.
Therefore, the particles do not feed the electromagnetic field, and there are no interactions
between the charged particles. Since we are going to consider the ultra-relativistic limit, we
need to adapt the equations of motion to the case of massless particles. Formally, we can start
from the equations obtained in Problem 37, and define τ ≡ t/m before completely eliminating
m. This leads to

pµ =
dxµ

dτ
,

dpµ

dτ
= e Fµνpν.

Note that since the particles are massless, τ is not really a time but simply some parameter that
maps the trajectory of a particle (in fact, this parameter has the dimensions of a squared time).

73.b Let us denote by f(x, p) the phase-space density of these charged particles. By the
Liouville theorem, f is constant along the trajectories in phase-space (equivalently, the volume
in phase-space is preserved by a Hamiltonian flow). Then, we can rewrite the time derivative
of f more explicitly:

0 =
df

dτ
=

dxµ

dτ

∂f

∂xµ
+

dpµ

dτ

∂f

∂pµ
= pµ ∂f

∂xµ
+ e Fµνpν

∂f

∂pµ

= pµ
( ∂

∂xµ
! e Fµ

ν ∂

∂pν

)
f.

This type of kinetic equation is known as a Vlasov equation. The first term, p · ∂xf, describes
the free streaming of particles, i.e., the motion at constant momentum of free particles. The
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second term describes the deflection of their trajectories due to the force the particles feel from
the external field in which they propagate.

73.c The Vlasov equation can be solved iteratively by writing

f = f0 + f1 + · · · ,
where f0 is some distribution of free particles (it must obey p · ∂xf0 = 0), f1 is the first
correction due to the external field, etc. In the first iteration, we have

p · ∂xf1 = e pµF
µν ∂f0

∂pν
.

Indeed, if f1 is the correction of first order in the external field, we do not need to keep it on the
right-hand side, so that the left- and right-hand sides have the same order in e. This equation
can be solved formally to give

f1 = e pµ
1

p · ∂x
Fµν

∂f0
∂pν

.

73.d The next step is to define the electromagnetic current associated with the distribution f:

Jµ(x) ≡ e

∫
d3p

(2η)3
pµ

p
f(x, p).

One may check that this current is conserved if f obeys the Vlasov equation:

∂µJ
µ = e

∫
d3p

(2η)3p
(p · ∂)f = e2

∫
d3p

(2η)3p
pµF

µν ∂f

∂pν
= !e2

∫
d3p

(2η)3p

∂pµ

∂pν
︸︷︷︸
gµν

Fµν

︸ ︷︷ ︸
= 0

f = 0.

With the iterative solution obtained above, the current reads

Jµ = e

∫
d3p

(2η)3p
pµ

(
f0 + e pρ

1

p · ∂x
Fρν

∂f0
∂pν

+ · · ·
)
.

If we assume that the free distribution f0 does not produce any current, the first term is zero
(physically, this is realized when the free distribution f0 has equal distributions of electrons
and positrons). Therefore, at order one in the external field, the current reads

Jµ = e2
∫

d3p

(2η)3p

pµpρ

p · ∂x
Fρν

∂f0
∂pν

= !e2
∫

d3p

(2η)3p

∂

∂pν

( pµpρ

p · ∂x

)
Fρν f0

= !e2
∫

d3p

(2η)3p

(δνµpρ

p · ∂x
+

pµgνρ
p · ∂x︸ ︷︷ ︸
→0

!
pµpρ∂ν
(p · ∂x)2

)
Fρν f0.

Note that the middle term gives zero after contraction with the antisymmetric tensor Fρν. Now,
we would like to determine an effective Lagrangian Leff such that

Jµ =
∂Leff

∂Aµ
.

Since Jµ is linear in the external field, this effective Lagrangian must have one more power of
A. Moreover, in order to be gauge invariant, this additional A dependence should arise via a
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power of the field strength. In order to find this Lagrangian, recall first that

∂F0β
∂Aµ

=
∂(∂0Aβ ! ∂βA0)

∂Aµ
= δβ

µ ∂0 ! δ0
µ ∂β.

Then, consider

∂

∂Aµ

(
Fνβ

pβpρ

(p · ∂)2 F
ρν
)
= (δβ

µ∂ν!δν
µ∂β)

pβpρ

(p · ∂)2 F
ρν+Fνβ

pβpρ

(p · ∂)2 (g
µν∂ρ!gρµ∂ν)

=
pµpρ

(p · ∂)2
(
∂νF

ρν + Fρν∂ν
)
! 2

pρ

p · ∂F
ρµ

= !
pµpρ

(p · ∂)2
(
∂νF

ρν

︸ ︷︷ ︸
0

)
! 2

(δνµpρ

p · ∂ !
pµpρ∂ν
(p · ∂)2

)
Fρν.

(Note that the derivatives act on everything located to their right, including the zeroth-order
phase-space distribution f0, not yet included in this formula. To obtain the final line, we
used Fρν∂ν · · · = ∂νF

ρν · · · ! (∂νFρν) · · · . Finally, we have ∂νF
ρν = 0 because the charged

particles are not feeding the external field in this approximation (and we assume that the
sources producing this field are far away). Up to a factor 2, we recognize the structure of the
integrand in the current Jµ. Therefore, the effective Lagrangian whose derivative gives Jµ reads

Leff =
e2

2

∫
d3p

(2η)3p
Fνβ

pβpρ

(p · ∂)2 F
ρν f0.

73.e Let us now consider

2µν = !
∂Jµ

∂Aν
= e2

∫
d3p

(2η)3p

(
gµν !

pµ∂ν + pν∂µ

p · ∂ +
pµpν∂2

(p · ∂)2
)
f0.

To recover the HTL result, we replace f0 by the equilibrium fermion distribution,

f0(x, p) = 2× 2× 1

eβ|p0| + 1

(the two prefactors 2 account for electrons and anti-electrons, and for the fact they have two
spin states), and we Fourier transform the external coordinates (which simply amounts to the
replacement ∂ → ik), so that

2µν(k) = 4e2
∫

d3p

(2η)3p

(
gµν !

pµkν + pνkµ

p · k +
pµpνk2

(p · k)2
) 1

eβp + 1

(p0 = p in this equation). Note that the factor between the parentheses is homogeneous
of degree zero in p, and therefore depends only on the orientation p̂ of p. By writing
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d3p = p2dpd2p̂, we can easily factorize the radial and angular integrals:

2µν(k) = 2e2
∫+∞

0

dp p

η2

1

eβp + 1
×

∫
d2p̂

4η

(
gµν !

P̂µkν + P̂νkµ

P̂ · k
+

P̂µP̂νk2

(P̂ · k)2
)
,

where P̂ ≡ (1, p̂). The radial integral reads

2e2
∫+∞

0

dp p

η2

1

eβp + 1
=

2e2T2

η2

∫+∞

0
dx x

(
e!x ! e!2x + e!3x ! e!4x + · · ·

)

=
2e2T2

η2

( 1

12
!

1

22
+

1

32
! · · ·

)
=

2e2T2

η2

3(2)

2
=

e2T2

6
.

In order to compare with the known results for the photon hard thermal loop, it is enough to
check the component 200 and the trace 2µ

µ. The angular integration reduces to three basic
integrals,

∫
d2p̂

4η
= 1,

∫
d2p̂

4η

1

P̂ · k
=

1

2k
ln
∣∣∣
k0 + k

k0 ! k

∣∣∣,
∫
d2p̂

4η

1

(P̂ · k)2︸ ︷︷ ︸
! ∂

∂k0
1

P̂·k

=
1

(k0)2 ! k2
,

and we obtain

2µ
µ(k) =

e2T2

6

∫
d2p̂

4η

(
4! 2

P̂ · k
P̂ · k

+

0︷︸︸︷
P̂2 k2

(P̂ · k)2
)
=

e2T2

3
,

200(k) =
e2T2

6

∫
d2p̂

4η

(
1! 2

k0

P̂ · k
+

k2

(P̂ · k)2
)
=

e2T2

3

(
1!

k0

2k
ln
∣∣∣
k0 + k

k0 ! k

∣∣∣
)
.

These results provide the two independent terms that enter into the photon hard thermal loop.
Although the gain provided by this approach to calculating the HTL contribution to the photon
polarization tensor is marginal, it becomes appreciable when applied to the case of QCD, and
does not require much more effort (as opposed to an approach in terms of Feynman diagrams).
Moreover, the present discussion highlights the fact that, in the HTL approximation, the particle
running in the loop is in fact classical.

74. Gluon Hard Thermal Loop from Colored Classical Particles This problem is a
continuation of Problem 73. Extend the method of that problem (with the help of the results
of Problem 37) in order to compute the gluon polarization tensor in the hard thermal loop
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approximation. Hint: note that the current must now be defined by

Jµ ≡
∫

d3p

(2η)3

∫
dQ Q

pµ

p
f(x, p,Q),

where Q is the “non-Abelian classical charge” introduced in Problem 37, and show that the
phase-space distribution obeys the following Vlasov equation:

pµ
( ∂

∂xµ
!QaFaµν

∂

∂pν
+ ig

(
Aadj

µ

)
ab
Qb ∂

∂Qa

)
f = 0.

Since the method is the same as in Problem 73, our derivation will just go through the
main steps and will skip some details. The starting point is the equation of motion for classical
colored particles:

pµ =
dxµ

dτ
,

dpµ

dτ
= Qa Fµνa pν.

The classical charges Qa obey the Wong equations:

dQa

dτ
= ig pµ

(
Aadj

µ

)
ab
Qb.

An important difference compared to QED is that, since the charge Q is not constant, the
phase-space distribution may depend on Q as if it were a standard coordinate, f(x, p,Q).
Again, the Liouville theorem implies that the distribution is constant along phase-space
trajectories, which can be rewritten as

0 =
df

dτ
=

(dxµ

dτ

∂

∂xµ
+

dpµ

dτ

∂

∂pµ
+

dQa

dτ

∂

∂Qa

)
f

= pµ
( ∂

∂xµ
!QaFaµν

∂

∂pν
+ ig

(
Aadj

µ

)
ab
Qb ∂

∂Qa

)
f.

Compared to the QED case, the Vlasov equation contains an additional term because the
classical color charge is not constant in an external field.

Then, we expand f ≡ f0 + f1 + · · · , assuming that f0 obeys the free Vlasov equation,
(p · ∂) f0 = 0. The solution at order one in the external field is then given by

f1 =
pµ

p · ∂

(
QaFaµν

∂

∂pν
! ig

(
Aadj

µ

)
ab
Qb ∂

∂Qa

)
f0.

Anticipating the fact that at a later stage f0 will be replaced by an equilibrium distribution, we
can assume that f0 does not depend on Qa and therefore drop the last term, to obtain

f1 =
pµ

p · ∂ Qa
[
Faµν

]
abel.

∂

∂pν
f0.

Note that, to be consistent with the expansion in powers of the external field, we must keep
only the Abelian part of the field strength, since the commutator is of higher order in the gauge
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field. From f1, we get the following current:

Jµb =

∫
d3pdQ

(2η)3p
Qb pµpρ

p · ∂ Qa
[
Faρν

]
abel.

∂

∂pν
f0

= !

∫
d3pdQ

(2η)3p
Qb ∂

∂pν

(pµpρ

p · ∂

)
Qa

[
Faρν

]
abel. f0

=

∫
d3pdQ

(2η)3p
Qb

(pµpρ∂ν

(p · ∂)2 !
gνµpρ

p · ∂

)
Qa

[
Faρν

]
abel. f0.

At this point, we need only one property of the integration over the color charge Q, namely
that the integration of QaQb is diagonal in color, and proportional to the trace of a pair of
generators in the representation of the particles under consideration,

∫
dQ QaQb = g2Nr δab (Nf =

1
2 ,Nadj = N),

which gives

Jµa = g2
∫

d3p

(2η)3p

(pµpρ∂ν

(p · ∂)2 !
gνµpρ

p · ∂

) [
Faρν

]
abel.

∑

r

Nrf0r, (5.21)

where we have included a sum over the representations, in order to include both gluons and
quarks (we denote by f0r the corresponding equilibrium distributions).

Then, the gluon polarization tensor reads

2µa,νb = !
∂Jµa

∂Ab
ν
= g2

∫
d3p

(2η)3p

(gµ,pρ

p · ∂ !
pµpρ∂,

(p · ∂)2
) ∂

[
Faρ,

]
abel.

∂Ab
ν

∑

r

Nrf0r.

Therefore, we have

2µa,νb(k) = g2δab

∫
d3p

(2η)3p

(gµ,pρ

p · k !
pµpρk,

(p · k)2
)
(δ,

νkρ ! δρ
νk,)

∑

r

Nrf0r

= g2δab

∫
d3p

(2η)3p

(
gµν !

pµkν + pνkµ

p · k +
pµpνk2

(p · k)2
) ∑

r

Nrf0r.

The structure of this integral is very similar to the Abelian case, the only modification being
the phase-space distribution. With Nf flavors of quarks in the fundamental representation and
with gluons, we have

∑

r

Nrf0r =
2N

eβ|p0| ! 1
+

2Nf

eβ|p0| + 1
.

(For gluons, there are two polarization states and Nadj = N. For quarks, there is a factor 2Nf
due to Nf flavors of quarks and antiquarks, a factor 2 for their two spin states, and Nf =

1
2 .)
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After factorizing the radial and angular integrals, we obtain

2µa,νb(k) = 2g2δab

∫+∞

0

dp p

η2

( Nf/2

eβp + 1
+

N/2

eβp ! 1

)

×
∫
d2p̂

4η

(
gµν !

P̂µkν + P̂νkµ

P̂ · k
+

P̂µP̂νk2

(P̂ · k)2
)
.

The angular integral is the same as in the Abelian case. In the radial integral, the term with the
Fermi–Dirac distribution is also the same, except for the change e2 → g2δab

Nf
2 ,

g2δabNf

∫+∞

0

dp p

η2

1

eβp + 1
=

g2T2Nf

12
δab,

and we just need to calculate the second term in the radial integral:

g2δabN

∫+∞

0

dp p

η2

1

eβp ! 1
=

g2T2N

η2
δab

∫+∞

0
dx x

1

ex ! 1

=
g2T2N

η2
δab

∫+∞

0
dx x

(
e!x + e!2x + e!3x + · · ·

)

︸ ︷︷ ︸
1
12

+ 1
22

+ 1
33

+···=3(2)=π2

6

=
g2T2N

6
δab.

Therefore, the HTL gluon polarization tensor is identical to that of the photon, with only the
following change of prefactor:

e2T2

6
→ g2T2

6

(
N+

Nf

2

)
δab.

In the non-Abelian case, the present approach based on classical transport has a very clear
advantage over the calculation of Feynman graphs (there are four of them). Moreover, from
the current in Eq. (5.21), we can guess an effective Lagrangian whose derivative with respect
to the field gives the current:

Leff =
g2

2

∫
d3p

(2η)3p

[
Faνβ

]
abel.

pβpρ

(p · ∂)2
[
Fρνa

]
abel.

∑

r

Nrf0r.

This effective Lagrangian is sufficient to recover the polarization tensor by taking two deriva-
tives. But we can get a lot more out of it by noticing that it is not gauge invariant, but can be
promoted into a gauge invariant one by very simple substitutions:

[
Faνβ

]
abel. → Faνβ, p · ∂ → p ·D,

which leads to

Leff =
g2

2

∫
d3p

(2η)3p
Faνβ

[
pβpρ

(p ·D)2

]

ab

Fρνb
∑

r

Nrf0r.

Note that this effective Lagrangian now contains terms of arbitrarily high order in the gauge
field. In fact, by differentiating it n times with respect to the field, it provides the n-gluon HTL
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vertex. The main reason why it is possible to capture the HTL results in such a simple setting
is that when the momentum circulating in the loop is much larger than the external momenta,
then all the couplings of the external lines to the loop become eikonal, and therefore universal
(in particular, independent of the spin). In this approximation, the only thing that distinguishes
the various fields that can circulate in the loop is their phase-space distribution, their color
representation and the corresponding number of degrees of freedom, while all the kinematical
dependence is universal.
Sources: Kelly, P. F., Liu, Q., Lucchesi, C. and Manuel, C. (1994), Phys Rev Lett 72: 3461;
Pisarski, R. D. (1998), Kinetic theory of hot gauge theories: Overview, details & extensions, in
Sánchez, N. and Zichichi, A. (eds.), Current Topics in Astrofundamental Physics: Primordial
Cosmology, NATO ASI Series, vol. 511 (Springer), p. 195.

75. Landau–Pomeranchuk–Migdal Effect The goal of this problem is to study the
emission of soft photons by a hot plasma of electrons and anti-electrons, and in particular
to discuss the Landau–Pomeranchuk–Migdal effect, an interference effect that reduces the
emission of soft photons in a hot medium.

75.a Recall the relationship between the photon emission rate and the imaginary part of the
retarded photon self-energy.

75.b Explain why this self-energy can be obtained as

!i2ij
R
(x, y) = !

δJiind(x)

δAj(y)
,

where Jiind is the electromagnetic current induced by the application of an external
potential Aj. Write this current in terms of the deviations from equilibrium δfe, δfē of
the electron and anti-electron distributions.

75.c Show that δfe obeys the following Boltzmann–Vlasov equation:

(v · ∂x)δfe ! e
T (v · E)nF(p)(1! nF(p)) = δCe,p[δf],

where δCe,p is a collision term and nF is the Fermi–Dirac distribution.

75.d By explicitly writing the collision term with two-body collisions, show that

δCe,p = !e3nF(p)(1!nF(p))

∫
d2"⊥
(2η)2

m2
D

42⊥(42⊥+m2
D
)

[
F(x,p)! F(x,p! "⊥)

]
,

where mD is the photon Debye mass and δfe ≡ e
T nF(1! nF)F.

75.e Apply a Fourier transform to the x dependence, and discuss qualitatively the effect of
the integral on 4⊥ in the collision term.

75.f Extra: in the regime where m ) mD , transform the Boltzmann–Vlasov equation into a
diffusion equation that one may solve analytically.
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75.a We consider a hot plasma of electrically charged electrons and anti-electrons of mass m
(this could be their in-vacuum mass or, at very high temperature, the mass they acquire in the
plasma due to their interactions with their environment), interacting via photon exchanges (this
point is not crucial and one could easily generalize this discussion to interactions via gluon
exchanges). The photon emission rate from a sample of this plasma can be obtained from the
in-medium photon self-energy, as follows:

2k0(2η)
3 dNγ

d4xd3k
=

∑

pol. j

5
(j)
µ (k)5(j)ν (k)

2 Im
(
! i2µν

R
(K)

)

eβk0 ! 1
.

There are various variants of this formula, differing in which form of the self-energy is used.
Here, we choose the formula that involves the retarded self-energy, because we will want later
to obtain it from linear response theory. To be definite, let us choose the photon momentum k
to be aligned with the x3 direction. For on-shell photons, the sum over the polarizations simply
produces a projector on the plane x1, x2 transverse to the photon momentum:

∑

pol. j

5
(j)
µ (k)5(j)ν (k)2µν(K) =

∑

i=1,2

2ii(K).

75.b The retarded photon self-energy can be viewed as a retarded correlation function
between a pair of electromagnetic currents (this is correct in linear gauges, where there is no
spurious triple or quartic photon coupling). Then, by the same reasoning as for the derivation
of Kubo’s formula (see, for instance, Mahan, G. D. (2000), Many-Particle Physics (Kluwer
Academic)), the retarded current–current correlator can be obtained by looking at the induced
current (the response) that appears in the system when we apply an external field Aj (the
source):

!i2ij
R
(x, y) = !

δJiind(x)

δAj(y)
, with Jiind ≡ e

〈
κγiκ

〉
.

Since we want the photon self-energy in equilibrium, we need only consider arbitrarily small
external fields (in other words, we calculate the induced current only at linear order in the
applied external field).

In thermal equilibrium, there are no net currents in the system (since the fermions and
anti-fermions have opposite charges and the same momentum distribution). The induced
current can be obtained as

Jiind(x) = 2e

∫
d3p

(2η)3
vi

(
δfe(x,p)! δfē(x,p)

)
,

where vi ≡ pi/Ep and δfe (resp. δfē) is the deviation from Fermi–Dirac of the electron (resp.
anti-electron) distribution induced by the external field (think of an electric field, which pulls
electrons and anti-electrons in opposite directions). The prefactor 2 is due to the two spin
states of an electron.

75.c The external field acts on the fermions of the system via the Lorentz force. The other
effect that affects the fermion distribution is their collisions, which are responsible for the
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relaxation to equilibrium. Therefore, the equation that controls f and f̄ is a Boltzmann–Vlasov
equation:

(v · ∂x)fe︸ ︷︷ ︸
free streaming

+ e
(
E+ v× B

)
·∇pfe︸ ︷︷ ︸

Vlasov term

= Ce,p[fe, fē]︸ ︷︷ ︸
collisions

,

where vµ ≡ (1, vi). The Vlasov term, proportional to the Lorentz force, is responsible for the
change of the momenta of the particles as they move in the external field. The anti-electron
distribution obeys the same equation with the change e → !e to account for the fact that they
feel the opposite Lorentz force. In this problem, we need only consider small deviations of the
distribution about the equilibrium Fermi–Dirac distribution, fe ≡ nF + δfe, fē ≡ nF + δfē,
and we can linearize the above Boltzmann–Vlasov equation in δfe, δfē. Recalling that the
deviations δfe, δfē are of the same order as the external electromagnetic field E,B, and that
the collision term vanishes when evaluated with the equilibrium Fermi–Dirac distribution, we
obtain

(v · ∂x)δfe + e
(
E+ v× B

)
· ∇pnF︸ ︷︷ ︸

!
1
T n

F
(1!n

F
) v

= δCe,p[δf],

where we denote by δC the linearized collision term. Since the Fermi–Dirac distribution is
isotropic, its derivative with respect to momentum is proportional to the velocity v, imply-
ing that only the electric field E contributes. In the following, it will prove convenient to
parameterize the deviations δf2, δfē as follows:

δfe(x,p) ≡ e
T nF(p)(1! nF(p)) F(x,p),

δfē(x,p) ≡ ! e
T nF(p)(1! nF(p)) F(x,p),

where the function F(x,p) is the same in both cases.

75.d Before linearization, the collision term with two-body collisions pq → p ′q ′ reads

Ce,p[f, f̄] =
∑

0=e,ē

∫

p ′,q,q ′
(2η)4δ(p+ q! p ′ ! q ′)

1

16EpEp ′EqEq ′

∣∣∣Mpq→p ′q ′

∣∣∣
2

×
{
(1!fe(x,p))fe(x,p

′)(1!f0(x,q))f0(x,q
′)

! fe(x,p)(1!fe(x,p
′))f0(x,q)(1!f0(x,q

′))
}
,

where we have used the shorthand
∫
q ≡

∫ d3q
(2η)3

. Note that we sum over the two kinds of
scattering partners, electrons and anti-electrons. Next, we expand the distribution functions
about nF , keeping only terms linear in the deviations. Since δfe and δfē are opposite, the
deviations of the distribution f0 of the scattering partner cancel when we sum over electrons
and anti-electrons. Therefore, we get

δCe,p = !
2e

T

∫

p ′,q,q ′
(2η)4δ(p+ q! p ′ ! q ′)

1

16EpEp ′EqEq ′

∣∣∣Mpq→p ′q ′

∣∣∣
2

× nF(p)(1!nF(p
′))nF(q)(1!nF(q

′))
[
F(x,p)!F(x,p ′)

]
.

Note that the momentum transfer 4 ≡ p! p ′ = q ′ ! q is soft (of the order of the Debye mass,
i.e., ∼ eT ) compared to the typical momentum of the electrons and anti-electrons (of the order
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of the temperature T ). This implies that the scattering amplitude is dominated by the t-channel
diagram. Consequently, there is no difference between scattering off an electron and off an
anti-electron, hence the prefactor 2. Then, in order to rewrite the integrals in the collision terms
in terms of 4, we can use

∫
d3p ′

(2η)22Ep ′

d3q

(2η)22Eq

d3q ′

(2η)22Eq ′
(2η)4δ(p+ q! p ′ ! q ′)

≈
∫

d44

(2η)4
d3q

(2η)32Eq

1

4EpEq
(2η)2δ(40 ! " · v)δ(40 ! " · vq),

where we have neglected terms quadratic in the soft momentum 4 and where we denote
vq ≡ q/Eq. We can also use the approximation

nF(p)(1!nF(p
′)) ≈ nF(p)(1!nF(p)),

nF(q)(1!nF(q
′) ≈ nF(q)(1!nF(q),

and note that the integrated squared matrix element (at fixed transfer 4) can be expressed in
terms of the hard thermal loop spectral function (i.e., the imaginary part of the HTL photon
propagator):

2

∫
d3q

(2η)3
2ηδ(40 ! " · vq)nF(q)(1!nF(q)

∣∣Mpq→p ′q ′
∣∣2

16E2
pE

2
q

≈ e2
T

40
vµvν ρ

µν
HTL

(4),

with

ρµν
HTL

(4) ≡
∑

0=T,L

Pµν
0 (4)

2 Im20(4)

(42 ! Re20(4))2 + (Im20(4))2

(vµ ≡ (1, vi), and the projectors Pµν
T,L

were defined following Eq. (5.14)). Therefore, the
linearized collision term becomes

δCe,p = !
e3

T
nF(p)(1!nF(p))

×
∫

d44

(2η)4
2ηδ(40 ! " · v) T

40
vµvν ρ

µν
HTL

(4)
[
F(x,p)! F(x,p! ")

]
.

Here, it is important to recognize that F(x,p) is strongly peaked when p is aligned with the
photon momentum, i.e., with the z axis. As a consequence, the variations of F are much faster
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when p varies in the transverse direction than in the longitudinal direction, implying that

F(x,p)! F(x,p! ") ≈ F(x,p)! F(x,p! "⊥).

For the same reason, we can approximate δ(40 ! " · v) ≈ δ(40 ! 4z). Using the explicit form
of the projectors Pµν

T,L
(4), we have

vµvνP
µν
L
(4) = !vµvνP

µν
T
(4) =

40=4z

42⊥
420 + 42⊥

.

It is convenient to introduce the variable x ≡ 40/|"|, since the HTL photon self-energies depend
only on x. The Jacobian of this change of variable is given by

d40d
2"⊥

40

42⊥
420 + 42⊥

=
dxd2"⊥

x
.

Therefore, the collision term reads

δCe,p = ! e3nF(p)(1!nF(p))

∫
d2"⊥
(2η)2

[
F(x,p)! F(x,p! "⊥)

]

× 2

η

∫ 1

0

dx

x

{
Im2

L
(x)

(42⊥+Re2
L
(x))2+(Im2

L
(x))2

!
Im2

T
(x)

(42⊥+Re2
T
(x))2+(Im2

T
(x))2

}

︸ ︷︷ ︸
=

m2
D

42⊥(42⊥+m2
D
)

.

The identity used in the second line, where mD is the Debye screening mass, is an exact sum
rule satisfied by the photon HTL self-energies.

75.e Combining the above results, the Boltzmann–Vlasov equation can be written as follows
in terms of F:

(v · ∂x)F(x,p) + e2T

∫
d2"⊥
(2η)2

m2
D

42⊥(4
2
⊥ +m2

D
)

[
F(x,p)! F(x,p! "⊥)

]
= v · E.

Using E ≡ !∂tA and applying a Fourier transform to turn x into the photon momentum K,
this equation leads to

δF(K,p)

δAj(K)
=

k0vj

K · v + i
e2T

K · v

∫
d2"⊥
(2η)2

m2
D

42⊥(4
2
⊥+m2

D
)

[δF(K,p)
δAj(K)

!
δF(K,p!"⊥)

δAj(K)

]
(5.22)

(recall that v ≡ p/Ep), whose solution must be inserted into

Im
(
! i2ij

R
(K)

)
= !

4e2

T

∫
d3p

(2η)3
nF(p)(1! nF(p)) v

i Im
(δF(K,p)
δAj(K)

)
.

The integral term in (5.22) takes into account the collisions of the emitter with the other
particles in the plasma, while the first term on the right-hand side of this equation would give
the contribution of the process e → eγ. Note that this collisionless contribution gives a purely
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real δF/δAj and therefore does not contribute to the photon yield, as expected from trivial
kinematics.

The equation (5.22) could in principle be solved iteratively in powers of e2, by inserting
inside the integral the solution obtained at the previous order. Assuming that δF/δAj is of order
one as in the collisionless limit, then the integral in (5.22) is also of order one (the typical 4⊥ is
of the order of the Debye mass mD). We therefore see that multiple collisions all contribute to
the same order if v · K ! e2T . On the other hand, simple kinematics leads to

v · K ≈ k0
m2 + p2

⊥
2 p2

z
. (5.23)

Note that v · K can be interpreted as the inverse of the photon formation time, i.e., the
time necessary for the photon wave-packet to become separated from that of its emitter. In
more physical terms, multiple scatterings are important when the photon formation time is
comparable to or larger than the mean free path, i.e., the distance traveled by the emitter
between two successive collisions (in this process, the relevant collisions are small-angle
collisions, separated by (e2T)!1). This effect is known as the Landau–Pomeranchuk–Migdal
effect. In this regime, there is no point in solving (5.22) perturbatively as a series in e2 because
all orders are in fact comparable. From (5.23), we see that v ·K may be small when the electron
momentum is much larger than its mass, pz ) m, and its transverse momentum p⊥ is small
(quasi-collinear emission of the photon). This is precisely what happens in a plasma at very
high temperature, where the relevant mass is a thermal mass of order m ∼ eT , the typical pz is
of order T , and photon emission happens predominantly at small angles θ ∼ e (i.e., p⊥ ∼ eT ).

The effect of these multiple scatterings on the photon spectrum can be estimated roughly
as follows. On the one hand, the photon formation length is 4 ∼ 1/v ·K. On the other hand, the
transverse momentum accumulated by the emitter over this distance is p2

⊥ ∼ m2
D
4/j, where j

is the electron mean free path. This leads to
4

j
∼

pz

mD

√
k0j

)
k0→0

1.

This implies that it takes a large number (growing like 1/
√
k0) of collisions to produce a

single soft photon. In other words, the soft photon spectrum is reduced by a factor
√
k0

compared to what one would obtain by multiplying the one-collision spectrum by the number
of collisions (this is known as the Bethe–Heitler limit). This suppression is a quantum effect,
due to the destructive interference between photon emissions occurring at various points along
the trajectory of the emitting electron (the photon formation length controls how far apart two
emissions that still interfere can be); see Figure 5.4 for an illustration.

75.f This discussion can be made more quantitative analytically when m ) mD (for this to
be true, the bare mass of the electron must dominate over its thermal mass). In this case, we
may write

∫
d2"⊥
(2η)2

m2
D

42⊥(4
2
⊥+m2

D
)

[δF(K,p)
δAj(K)

!
δF(K,p!"⊥)

δAj(K)

]

≈
∫
d2"⊥
(2η)2

m2
D

42⊥(4
2
⊥+m2

D
)
1
2

(
"⊥ ·∇p

)2 δF(K,p)
δAj(K)

≈
m2

D

8η
ln
( m

mD

)
∇2

p
δF(K,p)

δAj(K)
.

Here, we have used the separation of scale between the typical p⊥ ∼ m and the Debye mass
mD in order to make a leading logarithmic approximation of the integral over "⊥ (the logarithm
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Figure 5.4 Left: illustration of the Landau–Pomeranchuk–Migdal effect. Right: the Feynman
graphs contributing to the photon self-energy in the LPM regime (the black dots on the
internal photons indicate the hard thermal loop re-summation).

must be large for this approximation to be justified). In this approximation, the equation (5.22)
that sums the multiple collisions of the emitter becomes a diffusion equation in the transverse
velocity space (v⊥ ≡ p⊥/p):

ik0
(
1
2

(
v2⊥ + m2

p2

) δF

δAj
! vj

)
+D∇2

v⊥

δF

δAj
= 0,

where the diffusion constant is defined as D ≡ e2T m2
D

8ηp2
ln(m/mD). In order to solve this

diffusion equation, let us define δF/δAj ≡ vj(6(s) + 1)/s with s ≡ 1
2v

2
⊥ (note that we must

have 6(0) = !1 for this to be defined at v⊥ = 0). In terms of 6 and s, we have

s6 ′′ + i(0+ βs)6+ i0 = 0, with 0 ≡ k0m
2

4Dp2
, β ≡ k0

2D.

This is a differential equation with polynomial coefficients, which may be solved by taking a
Laplace transform,

v(j) ≡
∫∞

0
ds e!js6(s).

First, we obtain a differential equation for v(j):

v ′ +
2j! i0

j2 + iβ
v+

1! i0j
j2 + iβ

= 0.

Since this is a first-order equation, it can be solved analytically:

v(j) = !
1

j21 ! j2

(j1 + j

j1 ! j

)µ
∫j1

j
d/

(
1! i0/

)(j1 ! /

j1 + /

)µ
,

with j1 ≡
√
βe!iη/4 and µ ≡ (0/2

√
β)e!iη/4. In terms of this function, we have
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∑

i=1,2

Im
(
! i2ii

R
(K)

)
= !2

3e
2T2 Im v(j = 0)

= 2
3
e2T2

β Re lim
j→0

∫j1

j
d/

(
1! i0/

)(j1 ! /

j1 + /

)µ

= 2
3
e2T2

β Re lim
j→0

{
j1

∫ 1

0
dx

(1!x

1+x

)µ
!i0

∫ 1

0

dx

x

[(1!x

1+x

)µ
! 1

]
!i0 ln

(j1
j

)}

︸ ︷︷ ︸
∼
√
β when k0 → 0

∝
k0→0

√
k0.

In the penultimate line, we have directly set j = 0 in the terms that are regular in this limit, and
isolated a term that has a logarithmic singularity. But note that the singularity only contributes
to the imaginary part, so that the real part has a finite limit (j should approach zero along the
positive real axis in order to obtain the correct result). When we combine this result with the
soft limit of the Bose–Einstein factor that multiplies Im (!i2ii

R
(K)) in the photon emission

spectrum, we obtain a spectrum in 1/
√
k0, instead of 1/k0 for bremsstrahlung induced by

a single scattering. Thus, the effect of multiple scatterings is to reduce the emission of soft
photons by a factor

√
k0, as we had anticipated from our earlier qualitative discussion.

Let us finish with a general remark about the approach employed here to derive this effect.
Naively, it may seem paradoxical to be able to derive a quantum interference effect by means
of kinetic theory, which assumes that electrons behave completely classically. But in the LPM
effect, the only object whose coherence matters is the photon wavefunction, while the electron
can be totally classical.
Sources: Baym, G., Blaizot, J.-P., Gelis, F. and Matsui, T. (2007), Phys Lett B 644: 48; Migdal,
A. B. (1956), Phys Rev 103: 1811.

76. Microcanonical Equilibration in 74 Scalar Theory Consider a massless scalar field
theory with 74 interaction in four spacetime dimensions. The goal of this problem is to study
some aspects of classical dynamics in this field theory, in relation to thermal equilibration.

76.a What is the canonical energy–momentum tensor in this theory? What is its trace?

76.b What is the equation of state relating pressure to energy density for a scale invariant
system in statistical equilibrium?

76.c Consider a spatially homogeneous classical field in this theory. Show that this field is a
periodic function of time, and find the relationship between the period and the amplitude
of the field oscillations. Show that the trace of the energy–momentum tensor is non-zero
for this field, but vanishes when averaged over one period.

76.d Consider now a statistical ensemble of such homogeneous classical fields, obtained by
choosing an ensemble of initial conditions and letting the fields evolve according to
the classical equation of motion. How does the expectation value of the trace of the
energy–momentum tensor evolve with time?
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76.a The Lagrangian for this theory reads

L =
1

2

(
∂µ7

)(
∂µ7

)
!

g2

4!
74.

Note that, in four spacetime dimensions, the coupling constant g is dimensionless. Therefore,
in the absence of a mass term, this theory is scale invariant. Its classical equation of motion is
a non-linear Klein–Gordon equation:

"7+
g2

6
73 = 0,

and its canonical energy–momentum tensor is given by

Tµν =
(
∂µ7

)(
∂ν7

)
! gµνL.

The trace of Tµν reads

Tµ
µ =

(
∂µ7

)(
∂µ7

)
! 4L = !

(
∂µ7

)(
∂µ7

)
+

g2

6
74

= 7
(
"7+

g2

6
73

︸ ︷︷ ︸
= 0

)
! ∂µ

(
7∂µ7

)
. (5.24)

In the final form, we have chosen to exhibit a term that vanishes thanks to the field equation of
motion, plus a remainder which is not zero in general.

76.b In a scale invariant system (this is the case of massless scalar theory with a quartic
coupling in four dimensions, at the classical level), the equation of state that relates the energy
density 5 and the pressure p should be 5 = 3p (in four spacetime dimensions). This is
equivalent to a vanishing trace of the energy–momentum tensor, after averaging over the
ensemble of fields. In other words, a single field configuration in general has a non-zero Tµ

µ,
but for an ensemble of fields in thermal equilibrium, the expectation value of the trace of the
energy–momentum tensor must vanish,

〈
Tµ

µ
〉
= 0.

76.c Consider now a spatially homogeneous field 7, that obeys the classical equation of
motion,

7̈+
g2

6
73 = 0. (5.25)

(We denote the time derivatives by a dot.) This is a non-linear ordinary differential equation,
that may be solved in terms of elliptic cosines. However, a qualitative analysis of the behavior
of the solutions may be performed without writing the explicit solution. Indeed, this equation
is analogous to the equation of motion of a point particle in a one-dimensional convex potential
∼ 74, and it is well known that the solutions are periodic functions of time. The period of
the oscillations may be determined by noting that this equation of motion leads to a constant
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energy. Multiplying (5.25) by 7̇, we obtain

5 ≡ 1

2
7̇2 +

g2

4!
74 = const =

g2

4!
74

max,

where 7max is the amplitude of the oscillations of the field. Therefore, we have

7̇ = ±
√

g2

12

(
74

max ! 74
)
.

A quarter period corresponds to 7 varying from 0 to 7max. Therefore, the period of the
oscillations is given by

T =
8
√
3

g

∫7max

0

d7√
74

max ! 74
=

8
√
3

g7max

∫ 1

0

dx√
1! x4

. (5.26)

(The remaining integral is an elliptic integral whose precise value is not important here.)
The most notable property of this result is that the period is not constant, but is inversely
proportional to the amplitude of the oscillations. This could have been guessed without any
calculation. Indeed, Eq. (5.25) describes an anharmonic oscillator. Since the coupling constant
is dimensionless and the field has mass dimension one, the period must be proportional to
7!1

max on purely dimensional grounds (this would not be true with a 76 potential, for which the
coupling constant would have a mass dimension !2). For such a classical field configuration,
the trace of the energy–momentum tensor is

Tµ
µ = !

d(77̇)

dt
$= 0.

Although it is not vanishing, it has the remarkable property of being a total time derivative.
Therefore, if we average it over one oscillation period, we have

Tµµ ≡ !
1

T

∫ T

0
dt

d(77̇)

dt
= !

[
77̇

]T
0
= 0,

thanks to the periodicity of 7 and 7̇. This time averaging usually does not correspond to
a typical (instantaneous) measurement. However, a collection of such fields, all having the
same energy but with random phase shifts uniformly distributed around the orbit, would have
a vanishing ensemble average of Tµµ. Indeed, the ensemble average for this system would
just be an average over the phase shifts of the individual fields, which would be equivalent to
the average over one period if the phases were uniformly distributed. Note that an ensemble
having a single energy and a uniform distribution of phases is in microcanonical equilibrium
(its phase-space density uniformly covers the manifold allowed by energy conservation).

76.d Consider now an ensemble of such classical fields, specified by choosing some initial
configuration for every field in the ensemble (but a priori not in a microcanonical equilibrium
state initially). A crucial question is whether this ensemble evolves towards a state where the
trace of the energy–momentum tensor is zero, so that we recover the expected equation of state.
There are two cases:
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Figure 5.5 Leftmost panel: illustration of the fact that the phase velocity depends on the field
amplitude. Four panels on the right: successive stages of the evolution in phase-space of an
ensemble of classical fields in 74 scalar field theory.

• If this ensemble is mono-energetic (i.e., all fields in the ensemble have exactly the same
energy), then this microcanonical equilibration will never happen. Indeed, in this case,
all the fields are periodic functions with exactly the same period, and therefore their
relative phase shifts remain constant with time. If the distribution of fields does not
uniformly cover the constant energy manifold initially, this will never happen at later
times.

• If the ensemble has some (no matter how small) energy spread 8E, then microcanonical
equilibration happens. Indeed, a spread in E is equivalent to a spread in 7max, or a
spread in the periods T . This implies that fields that have nearby (but not exactly equal)
energies rotate at different frequencies on their respective orbits. Therefore, a cloud of
points in phase-space will spread along the orbits and eventually distribute uniformly
in the domain allowed by energy conservation. When this has happened, ensemble
averages become equivalent to time averages, and we have

〈
Tµ

ν
〉
= 0, i.e., the equation

of state 5 = 3p (for the ensemble, not for individual fields). An illustration of this
decoherence phenomenon is shown in Figure 5.5. In the leftmost panel, we show how
trajectories with different energies have different rotation speeds in the (7, 7̇) plane.
The next four panels in Figure 5.5 show that an initial ensemble of configurations with
a small dispersion in energy progressively spreads around the average orbit to form a
microcanonical ensemble.

In this toy example, reaching the microcanonical equilibrium appears to be essentially a
decoherence phenomenon. However, one should keep in mind that we have considered only
spatially homogeneous configurations (the study is much more complicated with fields that
depend also on space). In more general situations, the relationship between microcanonical
equilibration and decoherence has been argued to follow from the eigenstate thermalization
hypothesis, which conjectures that measurements in an energy eigenstate are equal to those
made in the microcanonical ensemble at the same energy. In particular, this is expected to
happen in systems that are classically chaotic: for such systems, Berry’s conjecture states that
the eigenfunctions of high-lying energy eigenstates are random superpositions of plane waves,
which leads to predictions in agreement with microcanonical equilibration.

77. Combinatorics of Multi-particle Production The goal of this problem is to study the
combinatorial aspects of multi-particle production, which become relevant in the strong-field
regime since many particles may be produced. Except for the final question, this discussion is
very general and independent of the details of a particular quantum field theory. Let us assume



316 5 LATTICE, FINITE T , STRONG FIELDS

that particles are produced in clusters, i.e., sets of correlated particles (in terms of Feynman
diagrams, a cluster is a set of particles coming from the same connected sub-diagram).

77.a Denote by P(n1, n2, . . . ) the probability of having n1 one-particle clusters, n2 two-
particle clusters, etc. Explain why P(n1, n2, . . . ) factorizes into independent proba-
bilities for n1, n2, etc. Explain why these independent probabilities are Poissonian,
i.e.,

P(n1, n2, . . . ) =
∞∏

r=1

nr
nre!nr

nr!
.

77.b Let N ≡ n1 + n2 + · · · be the total number of clusters. What is the probability of N?

77.c Now, let Pn be the probability of producing n particles. Determine Pn from the nr.

77.d Define F(z) ≡
∑

n≥0 Pn z
n, the generating function of this distribution of probabilities.

Calculate F(z) in terms of the nr. If F(z) is given, how can Pn and nr be determined?

77.e In a theory of scalar fields coupled to an external source, what is the diagrammatic
interpretation of the nr?

77.a By the definition of a cluster, there cannot be any correlation between clusters since they
are disconnected Feynman graphs. It is this absence of correlation that implies the factorization
of P(n1, n2, . . . ) into separate functions of n1, n2, etc. For the same reason, if several clusters
of the same size are produced, they are also uncorrelated, which implies that the distribution of
the clusters of a given size is Poissonian. Therefore, the distribution P(n1, n2, . . . ) depends
only on the mean values n1, n2, . . . and is a product of Poisson distributions:

P(n1, n2, . . . ) =
∞∏

r=1

nr
nre!nr

nr!
.

77.b If N ≡ n1 +n2 + · · · and P(N) is the probability of having N clusters in total, we can
write

P(N) =
∑

n1,n2,···≥0

δN,n1+n2+··· P(n1, n2, . . . ).

Although the distribution P(n1, n2, . . . ) is factorized, the Kronecker symbol entangles the
various nr. They can be disentangled by the following representation of the delta:

δN,n1+n2+··· =

∮

|z|=1

dz

2iηz
zn1+n2+···!N,

which leads to
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P(N) =
∑

n1,n2,...≥0

∮

|z|=1

dz

2iηz
zn1+n2+···!N P(n1, n2, . . . )

=

∮

|z|=1

dz

2iηz
z!N

∞∏

r=1

( ∑

nr≥0

znr
nr

nre!nr

nr!

)

= e!N

∮

|z|=1

dz

2iηz
z!NezN (with N ≡

∑

r≥1

nr)

=
N

N
e!N

N!
.

In other words, N is Poisson distributed, with a mean value N equal to the sum of the mean
values of the nr. (This is a standard result: the sum of Poisson distributed random variables is
another Poissonian random variable, with a mean equal to the sum of the means.)

77.c Consider now the probability Pn of producing n particles. In terms of the distribution
of clusters, this can be obtained as

Pn =
∑

n1,n2,···≥0
n1+2n2+···=n

P(n1, n2, . . . ) =

∮

|z|=1

dz

2iηz
z!n

∞∏

r=1

∑

nr≥0

zr nr
nr

nre!nr

nr!

= e!N

∮

|z|=1

dz

2iηz
z!n exp

(∑

r≥1

nrz
r
)
= e!N

n∑

p=0

1

p!

∑

r1+···+rp=n

nr1 · · ·nrp . (5.27)

In this formula, p is the number of clusters (there can be at most n clusters; p = 0 is only
allowed for n = 0). The second sum is over all the ways of dividing n particles into p clusters
of sizes r1, . . . , rp. Note that the ri do not have to be distinct.

Let us make a comment on P0, the probability of not producing any particle. In quantum
field theory, this would be the probability of vacuum-to-vacuum transition,

∣∣〈0out
∣∣0in

〉∣∣2. From
(5.27), we see that P0 = exp(!N), where N is the mean number of clusters. In the special
case of a Poisson distribution, where particles are all produced uncorrelated, the mean number
of clusters is also the mean number of particles. But in the general case, the vacuum survival
probability is less suppressed than what one would naively infer from the mean particle
multiplicity.

77.d The generating function of this distribution is

F(z) ≡
∞∑

n=0

Pn z
n =

∞∑

n=0

zn e!N
n∑

p=0

1

p!

∑

r1+···+rp=n

nr1 · · ·nrp

= e!N
∑

p≥0

1

p!

(∑

r

nrz
r
)p

= e!N exp
(∑

r

nrz
r
)
.

An alternative derivation of this generating function (which may be viewed as a justification
for the last step in obtaining (5.27)) consists in starting from the penultimate expression for Pn
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in (5.27):

F(z) =
∑

n≥0

zne!N

∮

|y|=1

dy

2iηy
y!n exp

(∑

r≥1

nry
r
)

= e!N

∮

|y|=1

dy

2iη

1

y! z
exp

(∑

r≥1

nry
r
)
= e!N exp

(∑

r≥1

nrz
r
)
.

An interesting question is the inverse problem: given a function F(z) (obtained via some
approximate calculation, or modeling), how can we obtain the probability distribution Pn? A
naive approach is to note that the Pn are the Taylor coefficients of the generating function, i.e.,

Pn =
1

n!

dnF

dzn

∣∣∣∣∣
z=0

.

Although this formula is certainly correct, it is not very practical beyond very small values of
n unless F(z) is a function whose derivatives are easily evaluated analytically (numerically
evaluating successive derivatives by nested finite differences is very unstable). If F(z) is given
analytically but its derivatives must be evaluated numerically, a much better alternative, stable
even for very large values of n, is to extract Pn as follows:

Pn =

∮

|z|=1

dz

2iηz
z!n F(z) =

∫ 2η

0

d6

2η
e!in6 F(ei6),

i.e., via the Fourier coefficients of F(z) evaluated on the unit circle (these can be evaluated
very efficiently via discrete Fourier transforms). The average number of clusters of size r can
be obtained as

nr =

∮

|z|=1

dz

2iηz
z!r lnF(z) =

∫ 2η

0

d6

2η
e!ir6 lnF(ei6).

(We see here that taking the logarithm of the generating function gives access to information
about the connected structures in the multi-particle distribution – very much like the logarithm
of Z[j] in QFT generates the connected graphs.) This may be used to uncover some aspects of
the underlying dynamics from observation of the multiplicity probability distribution Pn:

Pn (measured) → F(z) → lnF(z) → nr.

77.e So far, the discussion in this problem has been completely independent of the details
of any particular model. The relations we have derived express in a very general way the
combinatorics of multi-particle production, and remain valid even where perturbation theory
would not apply. In order to make contact with quantum field theory, let us consider the
example of a scalar field theory (in the diagrams below, we assume cubic couplings, but
this is not important) coupled to an external source j. First, note that the probability of not
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producing any particles is P0 = e!N. In quantum field theory, this probability is the square of
the vacuum-to-vacuum transition amplitude,

P0 =
∣∣〈0out

∣∣0in
〉
j

∣∣2.

(The subscript j is a reminder of the fact this amplitude should be evaluated in the presence of
the external source j.) This transition amplitude is the sum of the vacuum graphs of the theory.
This sum can be conveniently written as the exponential of the sum of connected vacuum
graphs:

〈
0out

∣∣0in
〉
j
= eiV[j],

with

i V[j] = + + + + . . .1
6

1
8

1
8 .

(The black dots denote the external sources j. We have represented only a few tree-level graphs,
but of course this is an infinite series involving also loop corrections to all orders.) The squared
modulus of this transition amplitude is then given by

∣∣〈0out
∣∣0in

〉
j

∣∣2 = e!2 ImV [j].

Using Cutkosky’s cutting rules, we can write the imaginary part inside the exponential as a
sum over the cut connected vacuum graphs:

2 ImV [j] =
- +

1

2
+

+ -

1

2

- +
+ -

+1

6
+

-
+

1

6
+

+ -

1

6
+ +

-1

6
+

+
-

1

6

-
+

+ -
+

1

6
+

-+

1

6
+

+
-

1

6
+ +

-

1

6
+

+-

1

6

+ · · · .
The labels + and ! on each side of the cut are the standard Schwinger–Keldysh notation for
indicating whether we use the normal Feynman rules or the complex conjugated ones. Since
P0 = e!N, this quantity is also N.

We learned earlier that N =
∑

r≥1 nr, where nr is the mean number of clusters of r
particles. Recalling that, in Cutkosky’s cutting rules, the propagators traversed by the cut
correspond to on-shell particles in the final state, we conclude that nr must be the sum of cut
connected vacuum graphs where exactly r propagators are cut. For instance:

n1 =
- +

1

2
+

+ -

1

2

+
- +

1

6
+ -

+1

6
+

-
+

1

6
+

+ -

1

6
+ +

-1

6
+

+
-

1

6

+ · · · ,

n2 =
-

+

+ -
+

1

6
+

-+

1

6
+

+
-

1

6
+ +

-

1

6
+

+-

1

6
+ · · · ,

n3 =
1
8

- +
+

1
8

-
+ +

1
8

+ -

- +
+ · · · .

(Note that Cutkosky’s rules can cut a graph into more than two parts when the field is coupled
to an external source.) Except for a plain perturbative expansion (justified when the external
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source is weak, but not in the strong source regime), these quantities cannot be accessed easily
in the underlying quantum field theory, since even the tree-level approximation requires that we
sum an infinite set of diagrams. Physically, the main source of difficulty is that these quantities
are exclusive, i.e., they are defined by selecting a subset of final states that fulfill a certain
condition (here, having a definite number r of particles) and vetoing all the others. It is much
easier to evaluate inclusive quantities, defined as weighted sums over all the final states. The
simplest of them is the first moment

∑
r≥1 r nr, which is also the mean number of produced

particles:
∑

r≥1

r nr =
∑

n≥0

nPn.

(See Problem 78 for a derivation of this quantity at leading order in terms of solutions of the
classical field equations of motion.)

78. Generating Functional for Particle Production In this problem, a continuation of
Problem 77, we consider the theory of a scalar field coupled to an external source j. Denote
by

〈
0out

∣∣0in
〉
j
≡ exp(iV [j]) the vacuum-to-vacuum transition amplitude in the presence of the

source j.

78.a Explain why
〈
0out

∣∣T7(x1) · · ·7(xn)
∣∣0in

〉
=

δ

iδ9(x1)
· · · δ

iδ9(xn)
eiV [j+9]

∣∣∣
9=0

.

78.b Define the following generating functional:

F[z(p)] ≡
∑

n≥0

1

n!

∫
d3p1 z(p1)

(2η)32Ep1

· · · d
3pn z(pn)

(2η)32Epn

∣∣∣
〈
p1 · · ·pnout

∣∣0in
〉
j

∣∣∣
2
.

Show that

F[z(p)] = exp
( ∫

x,y
G

0
+!(x, y)"x"y

δ2

δ9+(x)δ9!(y)

)
eiV[j+9+]e!iV∗[j+9−]

∣∣∣
9±=0

,

with G
0
+!(x, y) ≡

∫
d3p

(2η)32Ep
z(p) eip·(x!y).

78.c Using Eq. (5.16), explain how to obtain F[z] in terms of Feynman diagrams. At leading
order (in the regime of strong source, j ∼ g!1), express the derivative δF/δz(p) in terms
of classical solutions of the field equation of motion. What are the boundary conditions?

78.d Discuss the simplifications that occur at z ≡ 1, and their physical interpretation.
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78.a Recall that, in a theory with an interaction Lagrangian LI, the vacuum-to-vacuum
transition amplitude can be expressed as

〈
0ou

∣∣0in
〉
=

〈
0in

∣∣U(+∞,!∞)
∣∣0in

〉
=

〈
0in

∣∣T exp i
∫+∞

!∞
d4x LI(7in(x))

∣∣0in
〉
. (5.28)

On the other hand, the generating functional of time-ordered correlation functions of the field
is given by

Z[9] =
〈
0in

∣∣T exp i
∫+∞

!∞
d4x

((
LI(7in(x)) + 9(x)7in(x)

)∣∣0in
〉
. (5.29)

In the special case where the interaction Lagrangian is the sum of a self-interaction potential
U(7) and a coupling to an external source j7,

LI(7) = !U(7) + j7,

we see that (5.29) is in fact a vacuum-to-vacuum transition amplitude (5.28) in the presence of
a source j+ 9, i.e.,

Z[9] =
〈
0ou

∣∣0in
〉
j+9

≡ eiV [j+9].

Therefore, we indeed have

〈
0out

∣∣T7(x1) · · ·7(xn)
∣∣0in

〉
=

δ

iδ9(x1)
· · · δ

iδ9(xn)
eiV [j+9]

∣∣∣
9=0

.

78.b Then, the LSZ reduction formula gives

〈
p1 · · ·pnout

∣∣0in
〉
= in

∫ n∏

i=1

(
d4xi e

pi·xi"xi

) 〈
0out

∣∣T7(x1) · · ·7(xn)
∣∣0in

〉
.

(For notational simplicity, we assume a massless field, but there is no conceptual difficulty in
adding a mass.) Next, we square this expression (be careful to use distinct dummy integration
variables in the complex conjugate), and we use the above formula for the time-ordered
correlator. This leads to

∣∣∣
〈
p1 · · ·pnout

∣∣0in
〉∣∣∣

2
= Cp1

· · ·Cpn
eiV [j+9+]e!iV∗[j+9−]

∣∣∣
9±=0

,

where we have defined

Cp ≡
∫
d4xd4y eip·(x!y)"x"y

δ2

δ9+(x)δ9!(y)
.

The only notable aspect of this formula is the necessity of having distinct sources 9+ and 9!
in the amplitude and its complex conjugate, so that their actions do not get mixed up. From
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this expression, we easily obtain the generating functional F[z(p)]:

F[z(p)] = exp
( ∫

d3p z(p)

(2η)32Ep
Cp

)
eiV[j+9+]e!iV∗[j+9−]

∣∣∣
9±=0

,

which is equivalent to the proposed formula,

F[z(p)] = exp
(∫

d4xd4yG
0
+!(x, y)"x"y

δ2

δ9+(x)δ9!(y)

)
eiV[j+9+]e!iV∗[j+9−]

∣∣∣
9±=0

,

with

G
0
+!(x, y) ≡

∫
d3p

(2η)32Ep
z(p) eip·(x!y).

78.c By comparing this expression for F[z] with Eq. (5.16), we see that – before the sources
9± are set to zero – the right-hand side is the generating functional for path-ordered correlation
functions in the Schwinger–Keldysh formalism, with a modified off-diagonal propagator
G0

+! → G
0
+!. This modification amounts to multiplying all the off-diagonal (+! and !+)

propagators by z(p) in momentum space. Setting 9± = 0 leaves only the vacuum diagrams
constructed with these modified Schwinger–Keldysh rules (and the logarithm of F[z] is the sum
of all these vacuum graphs that are connected). This modification of the Schwinger–Keldysh
rules for obtaining the generating functional F[z] is quite natural: indeed, the off-diagonal
propagators G0

!+(p) and G0
+!(p) describe the on-shell particles in the final state. Weighting

these propagators by z(p) is precisely what we need in order to keep track of the produced
particles and their momenta.

Let us mention a subtlety here: the sum of the vacuum graphs is equal to unity in the
Schwinger–Keldysh formalism, as a consequence of unitarity. However, this property applies
only to the unmodified rules, for which the free propagators obey

G0
++ +G0

!! = G0
+! +G0

!+.

This identity is no longer true after the modification G0
+! → G

0
+!, implying that F[z] is

non-trivial. Note however that this property implies that F[z = 1] = 1, which is consistent
with unitarity since F[1] is the sum of all the probabilities Pn of producing n particles:

F[1] =
∑

n≥0

Pn = 1.

For the subsequent discussion, it is convenient to denote

eWj[9+,9−] ≡ exp
( ∫

d4xd4yG
0
+!(x, y)"x"y

δ2

δ9+(x)δ9!(y)

)
eiV [j+9+]e!iV∗[j+9−].

As we have discussed above, this is the generating functional for the modified Schwinger–
Keldysh formalism (in the presence of an external source j), and Wj[9+,9!] is the generating
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functional for the connected graphs. Since z(p) appears only in the propagator G0
+!, it is

straightforward to differentiate this expression with respect to z(p):

δ

δz(p)
eWj[9+,9−] =

1

(2η)32Ep

∫
d4xd4y eip·(x!y)"x"y

δ2

δ9+(x)δ9!(y)
eWj[9+,9−]

=
eWj[9+,9−]

(2η)32Ep

∫
d4xd4y eip·(x!y)"x"y

[
1+(x)1!(y) + G+!(x, y)

]
,

where we have defined

1+(x) ≡
δWj[9+,9!]

δ9+(x)
, 1!(y) ≡

δWj[9+,9!]

δ9!(y)
,

G+!(x, y) ≡
δ2Wj[9+,9!]

δ9+(x)δ9!(y)
.

In other words, 1± are one-point connected functions and G+! is a two-point connected
function in the modified Schwinger–Keldysh formalism. Note that this expression is valid to
all orders.

To restrict this result to the lowest order in the regime of strong sources (i.e., gj ∼ 1), note
that

1± ∼ O(g!1), G+! ∼ O(g0).

Therefore, the leading order is obtained solely from the term in 1+(x)1!(y), with both factors
evaluated at tree level. At tree level, the fields 1± obey the classical field equation of motion,

"1± +U ′(1±) = j,

with intricate z-dependent boundary conditions at x0 = ±∞ for the coefficients of the Fourier
decomposition of 1±:

15(x) ≡
∫

d3p

(2η)32Ep

[
f
(+)
5 (x0,p) e!ip·x + f

(!)
5 (x0,p) e+ip·x

]
,

f
(+)
+ (!∞,p) = f

(!)
! (!∞,p) = 0,

f
(!)
+ (+∞,p) = z(p) f(!)

! (+∞,p),

f
(+)
! (+∞,p) = z(p) f(+)

+ (+∞,p).

Because they impose constraints at both ends of the time evolution and the field evolution in
between is non-linear, these boundary conditions lead to a very hard problem in general.

78.d The above results simplify considerably in the very special case of z ≡ 1. In this case,
the two classical fields become degenerate,

1+(x) = 1!(x),

and the boundary conditions become very simple retarded boundary conditions,

lim
x0→!∞

1±(x) = 0.

Note that z = 1 is a very special argument for the generating functional, since F[1] = 1 and
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δF[z]

δz(p)

∣∣∣
z=1

=
1

(2η)32Ep

∑

n≥0

1

n!

∫
d3p1

(2η)32Ep1

· · · d3pn

(2η)32Epn

∣∣∣
〈
pp1 · · ·pnout

∣∣0in
〉∣∣∣

2

︸ ︷︷ ︸
≡ dN1

d3p

.

This quantity, defined as a sum over all the final states, weighted by the number of particles
of the state, and where all but one of the momenta are integrated out, is called the inclusive
single particle spectrum (experimentally, it would be obtained by making a histogram of the
distribution of produced particles according to their momenta). The integral over momentum
of this quantity is nothing but the mean number of produced particles,

∫
d3p

dN1

d3p
=

∑

n≥1

nPn.

Setting z = 0 instead of z = 1 in the derivative of F[z] would instead produce the probability
of producing exactly one particle of momentum p. Although they are both expressible in
terms of classical fields at leading order, the inclusive spectrum is much easier to calculate,
thanks to the retarded boundary conditions. The connection between the inclusive nature of the
observable and the fact that the boundary conditions are retarded is in fact quite intuitive. Since
inclusive observables do not put any restriction on the final state, there is also no constraint
on the underlying fields at x0 = +∞. In contrast, in the calculation of exclusive observables
(such as the probability of producing exactly one particle, which vetoes all other final states),
the underlying fields must be constrained somehow at x0 = +∞.

79. Correlations in the Schwinger Mechanism The Schwinger mechanism is a vacuum
instability in the presence of a homogeneous electric field, by which the field decays into pairs
of charged particles. The goal of this problem is to study the distribution of produced particles
and their correlations, in the simpler setting of scalar QED. Consider the Lagrangian

L ≡ (Dµ7)(D
µ7)∗ !m277∗,

without self-interactions for the scalar field (this simplifying assumption avoids interactions
among the produced particles). In this problem, we treat the photon field as a fixed background
Aµ(x), i.e., we disregard radiation by the charged scalars.

79.a Consider the functional

F[z, z] ≡
∞∑

m,n=0

1

m!n!

∏

1≤i≤m
1≤j≤n

∫

pi,qj

z(pi)z(qj)
∣∣∣
〈
p1 · · ·pm︸ ︷︷ ︸

scalars

q1 · · ·qn︸ ︷︷ ︸
antiscalars

out
∣∣0in

〉∣∣∣
2
.

(We use the shorthand
∫
p ≡

∫ d3p
(2η)32Ep

for the invariant on-shell measure.) Check that
its derivatives at z = z = 1 give the (multi-)particle spectra. What are the Feynman
graphs contributing to F[z, z]?
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79.b Show that

lnF[z, z] = const ! tr ln
(
1! T+ (zG0

+!)T! (zG0
!+)

)
,

where T+ is the (amputated) Feynman propagator in the external field, and T! its
complex conjugate.

79.c Show that

lnF[z, z] = const!tr ln
(
1!T∗

R
zG0

+! TRG
0
!+

(
1+TRG

0
!+

)!1
z
(
1+T∗

R
G0

!+

)!1
)
,

where TR is the (amputated) retarded propagator in the external field.

79.d Show that
(
1+ TRG

0
!+

)!1(
1+ T∗

R
G0

!+

)!1
=

(
1+ T∗

R
G0

+!TRG
0
!+

)!1
,

and use this identity to obtain

lnF[z, 1] = const ! tr ln
(
1+ (1! z)G0

+!TRG
0
!+T

∗
R

)
.

79.e Let us specialize now to the case of a spatially homogeneous background field. Simplify
the generating functional to obtain

lnF[z, z] = const ! V

∫
d3p

(2η)3
ln
(
1+ (1! z(p)z(!p)) fp

)
,

and use it to study some properties of the distribution of produced particles.

79.f Discuss the relationship between the vacuum survival probability and the mean number
of produced scalar particles.

79.a In this setup, even if the initial state is the empty state, scalars and antiscalars may
be produced by the external electromagnetic field that acts as a source. In the limit of a
static external field, this is the scalar QED analogue of the Schwinger mechanism (by which
a homogeneous electric field spontaneously decays into electron–positron pairs). In order
to keep track of the produced particles, we define a generating functional that consists of a
weighted sum over all the possible final states, with the vacuum as initial state:

F[z, z] ≡
∞∑

m,n=0

1

m!n!

∏

1≤i≤m
1≤j≤n

∫

pi,qj

z(pi)z(qj)
∣∣∣
〈
p1 · · ·pm︸ ︷︷ ︸

scalars

q1 · · ·qn︸ ︷︷ ︸
antiscalars

out
∣∣0in

〉∣∣∣
2
,

where z(p) and z(q) are two independent functions that separately count the scalars and the
antiscalars. (We have used the shorthand notation

∫
p ≡

∫ d3p
(2η)32Ep

for the invariant on-shell
phase-space integral.) Note that in this definition we do not include final states with photons,
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since we are not interested in photon production in this problem (processes with an extra
photon integrated out would be of higher order). Unitarity trivially implies F[1, 1] = 1.

By differentiating with respect to z or z, we obtain the single particle and anti-particle
spectra,

dN+
1

d3p
=

δF[z, z]

δz(p)

∣∣∣∣
z=z=1

,
dN!

1

d3q
=

δF[z, z]

δz(q)

∣∣∣∣
z=z=1

,

and second derivatives give the two particles and two anti-particles spectra,

dN++
2

d3p1d
3p2

=
δ2F[z, z]

δz(p1)δz(p2))

∣∣∣∣
z=z=1

,
dN!!

2

d3q1d
3q2

=
δ2F[z, z]

δz(q1)δz(q2))

∣∣∣∣
z=z=1

,

as well as a mixed spectrum

dN+!
2

d3pd3q
=

δ2F[z, z]

δz(p)δz(q))

∣∣∣∣
z=z=1

.

Note that when taking successive derivatives with respect to the same variable (z or z), one
obtains multi-particle spectra in which all the particles are necessarily distinct. This implies
that, when integrating these spectra, one obtains the so-called factorial moments. For instance,

∫
d3p1d

3p2

dN++
2

d3p1d
3p2

= N+(N+ ! 1),

and more generally
∫
d3p1 · · ·d3pn

dN+···+
n

d3p1 · · ·d3pn
= N+(N+ ! 1) · · · (N+ ! n+ 1).

79.b As we have discussed in Problem 78, the generating functional F[z, z] is the sum of
the vacuum graphs in a modified Schwinger–Keldysh formalism (in which the off-diagonal
propagators are multiplied by z or z in momentum space). The logarithm of F[z, z] is therefore
the sum of the connected vacuum diagrams. The lowest order for these graphs is to only have
one scalar loop embedded in the background electromagnetic field. At this order, we need only
perform the infinite sum over the photon field attachments around a scalar loop, with all the
possible assignments for the + and ! Schwinger–Keldysh vertices. This sum can be organized
by having alternating blocks with only + or ! vertices:

lnF[z, z] = const + + - + +

-

+
-

+ +

- +

-

+-

+ ... , (5.30)

where the unspecified constant is independent of z and z (its value will be adjusted to satisfy
unitarity, i.e., lnF[1, 1] = 0). In this equation, the objects attached to the loop already re-sum
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infinite sequences of + or ! vertices:

T+ ≡
+

=
+

+
+ +

+
+ + +

+ ... ,

T! ≡
-

=
-

+
- -

+
- - -

+ ... .

(5.31)

Therefore, these objects do not contain any G0
+! or G0

!+ propagators, and are independent of
z or z. The z and z dependence is carried by the propagators that appear explicitly in the loops
in Eq. (5.30). In the diagrammatic representation used in Eqs. (5.31), the dotted lines are a
shorthand for the sum of the two possible interactions that exist in scalar QED:

V ≡ = + .

(The wavy lines terminated by a circle denote the external electromagnetic potential.) The sum
in Eq. (5.30) can be written in the following compact form:

lnF[z, z] = const +
∞∑

n=1

1

n
tr
(
T+ (zG0

+!)T! (zG0
!+)

)n

= const ! tr ln
(
1! T+ (zG0

+!)T! (zG0
!+)

)
,

where we have made explicit that the factors z and z come along with the off-diagonal
propagators G0

+! and G0
!+ (the functions z and z carry the same momentum as the propagator

they are attached to). The trace denotes an integration over all the spacetime coordinates of the
vertices around the loop. The factor 1/n is a symmetry factor, absorbed in the second line in
the Taylor expansion of the logarithm.

At this point, we have an expression for lnF[z, z] that involves infinite series of time-
ordered (G0

++) or anti-time-ordered (G0
!!) propagators hidden in the objects T±. To be a bit

more explicit, T+ satisfies a Lipmann–Schwinger equation of the form

T+ = V+VG0
++T+ = V+T+G

0
++V ⇒ T+ =

(
1!VG0

++

)!1
V = V

(
1!G0

++V
)!1

,

and T! is its complex conjugate,

T! =
(
1! V∗G0

!!

)!1
V∗ = V∗(1!G0

!!V
∗)!1

.

In other words, T+ is the Feynman propagator dressed by the external field, and amputated
of its external legs. The evaluation of this propagator may be recast into solving the classical
equation of motion for 7 in the presence of an external field, but with non-trivial boundary
conditions at x0 = ±∞, which makes the problem practically intractable.

79.c In contrast, the same equation of motion would be straightforward to solve (at least
numerically) with retarded boundary conditions. It turns out that, at this order of approximation,
there is a way to express T± in terms of an analogous retarded object. Let us define TR by the
following Lipmann–Schwinger equation:

TR = V + TRG
0
R
V = V + VG0

R
TR , T∗

R
= V∗ + T∗

R
G0∗

R
V∗ = V∗ + V∗G0∗

R
T∗

R
,

where G0
R

is the free retarded scalar propagator. These definitions imply
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TR = V
(
1!G0

R
V
)!1

=
(
1! VG0

R

)!1
V,

T∗
R
= V∗(1!G0∗

R
V∗)!1

=
(
1! V∗G0∗

R

)!1
V∗,

and can also be conveniently rewritten as

V =
(
1! VG0

R

)
TR = TR

(
1!G0

R
V), V∗ =

(
1! V∗G0∗

R

)
T∗

R
= T∗

R

(
1!G0∗

R
V∗).

Moreover, the retarded propagator and its complex conjugate are related to the Schwinger–
Keldysh propagators by

G0
R
= G0

++ !G0
+! = G0

!+ !G0
!!, G0∗

R
= G0

!! !G0
+! = G0

!+ !G0
++.

(We are considering the propagators in momentum space here.) Another important property,
valid in any unitary theory, is V∗ = !V (the background field insertions contain a factor !i
and the external field is real). Combining these identities, we have

T+ = !
(
1+ V∗G0

++

)!1
V∗ = !

(
1+ V∗G0

++

)!1(
1! V∗G0∗

R

)
T∗

R

= !
(
1+ (1! V∗G∗

R
)!1V∗G0

!+

)!1
T∗

R

= !
(
1+ T∗

R
G0

!+

)!1
T∗

R
.

Likewise, for T!, we have

T! = !TR

(
1+G0

!+TR

)!1
.

Therefore, the generating functional reads

lnF[z, z] = const ! tr ln
(
1! T∗

R
zG0

+! TRG
0
!+

(
1+ TRG

0
!+

)!1
z
(
1+ T∗

R
G0

!+

)!1
)
,

(5.32)

where we have used the cyclic invariance of the trace to rearrange the expression.

79.d This expression can be simplified further when we set z = 1, i.e., when we are only
interested in the scalars and not in the antiscalars (of course, there exists another equally simple
expression for the reverse situation). Using the Lipmann–Schwinger equations for TR and T∗

R

and the fact that V∗ = !V , we have

TR + T∗
R
= VG0

R
TR ! T∗

R
G0∗

R
V

= (!T∗
R
! T∗

R
G0∗

R
V)G0

R
TR ! T∗

R
G0∗

R
(TR ! VG0

R
TR)

= !T∗
R
(G0

R
+G0∗

R
)TR = !T∗

R
(G0

!+ !G0
+!)TR .

Thanks to this identity, we can write
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(
1+ TRG

0
!+

)!1(
1+ T∗

R
G0

!+

)!1
=

((
1+ T∗

R
G0

!+

)(
1+ TRG

0
!+

))!1

=
(
1+ (TR + T∗

R
)G0

!+ + T∗
R
G0

!+TRG
0
!+

)!1

=
(
1+ T∗

R
G0

+!TRG
0
!+

)!1
,

and

G0
!+

(
1+ TRG

0
!+

)!1(
1+ T∗

R
G0

!+

)!1
=

(
1+G0

!+T
∗
R
G0

+!TR

)!1
G0

!+,

so that

lnF[z, 1] = const ! tr ln
(
1!G0

!+T
∗
R
zG0

+! TR

(
1+G0

!+T
∗
R
G0

+!TR

)!1
)

= const ′ ! tr ln
(
1+ (1! z)G0

+!TRG
0
!+T

∗
R︸ ︷︷ ︸

≡ M

)
.

Therefore, all the successive derivatives of this generating functional can be expressed in
terms of the object M. The trace is over the momentum circulating in the loop. With all the
momentum dependence explicitly written, we have

[
(1! z)M

]

pp ′
= 2ηθ(p0)δ(p2 !m2)(1! z(p))

∫
d3k

(2η)32Ek
TR(p,!k)T∗

R
(!k, p ′).

(The propagators G0
!+ and G0

+! form a cut through the loop. The choice of labeling !k the
intermediate momentum is such that both p and k are flowing in the same direction through
this cut.) Moreover, the retarded scattering matrix TR can be computed by solving the equation
of motion in the background field, with retarded boundary conditions. More precisely, it can
be expressed in terms of mode functions as follows:

TR(p,!k) = lim
x0→+∞

∫
d3x eip·x (∂x0 ! iEp) ak(x)

(D2 +m2)ak(x) = 0, lim
x0→!∞

ak(x) = eik·x.

In other words, in order to obtain TR(p,!k), one should start in the remote past with a negative
energy plane wave of momentum k, evolve it over the background field until late times, and
project it on a positive energy plane wave of momentum p.

79.e Let us now consider the special case of a spatially homogeneous external field. In this
case, there is no 3-momentum flowing from the external field, and therefore the 3-momentum
is constant around the scalar loop. This means that the factors z and z in Eq. (5.32) carry the
same momentum, and more importantly that we can modify to our liking their position in the
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cyclic ordering of the expression. For instance, it is convenient to write

lnF[z, z] = const ! tr ln
(
1! zzT∗

R
G0

+! TR G
0
!+

(
1+TRG

0
!+

)!1(
1+T∗

R
G0

!+

)!1

︸ ︷︷ ︸
(1+G0

−+T∗
R
G0

+−T
R
)−1G0

−+

)

= const ′ ! tr ln
(
1+ (1! zz)M

)
,

with M already defined. Another simplification is that the scattering matrix becomes diagonal
in momentum:

TR(p,!k) ≡ 2iEp (2η)3δ(p+ k) βp,

and all the information about the background field is contained in the coefficients βp. This
leads to

[
(1! zz)M

]

pp ′
= 2ηθ(p0)δ(p2 !m2)(2η)32Epδ(p! p ′)(1! z(p)z(!p))

∣∣βp

∣∣2.

Since a unique 3-momentum runs through the loop in the spatially homogeneous case, this
formula implies that particles are correlated only if they have identical momenta, and are
correlated with anti-particles of the opposite momentum (because of the respective arguments
of the functions z and z). Therefore, we obtain

lnF[z, z] = const ! V

∫
d3p

(2η)3
ln
[
1+ (1! z(p)z(!p)) fp

]
,

where we denote fp ≡ |βp|
2. The prefactor V is the overall volume of the system, which

results from a (2η)3δ(0) in momentum space.
By differentiating this formula with respect to z and/or z, we obtain the following results

for the one- and two-particle spectra:

dN+
1

d3p
=

V

(2η)3
fp

︸ ︷︷ ︸
≡ np

,

dN++
2

d3p1d
3p2

!
dN+

1

d3p1

dN+
1

d3p2
= δ(p1 ! p2) np1

fp1
,

dN+!
2

d3pd3q
!

dN+
1

d3p

dN!
1

d3q
= δ(p+ q) np (1+ fp) .

In the limit where fp ( 1, the right-hand side of the two-particle correlation would simplify
to a form consistent with a Poisson distribution. In contrast, when the occupation number fp is
not small, deviations from a Poisson distribution arise because of Bose–Einstein correlations.

Since there is no correlation except among particles with the same momentum or anti-
particles with the opposite momentum, one can also derive the probability distribution
Pp(m,n) of producing m particles of momentum p and n anti-particles of momentum !p,

Pp(m,n) = δm,n
1

1+ fp

(
fp

1+ fp

)n

,

a distribution known as the discrete Bose–Einstein distribution. The main difference between
such a distribution and a Poisson distribution is the existence of large multiplicity tails, which
are due to stimulated emission.
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79.f From the results of Problem 77, we know that P0 = exp(!Nclusters). It is only when
particles are produced without any correlations that the mean number of clusters is equal to
the mean number of produced particles N+ (since each particle is its own cluster in that case).
Therefore, we expect in general that P0 $= exp(!N+) due to correlations. This discrepancy
can be made more explicit by using the formulas obtained above. By evaluating the generating
functional at z = z = 0, one obtains the following expression for the vacuum-to-vacuum
transition probability (i.e., the vacuum survival probability):

P0 = exp
(
!Nclusters

)
with Nclusters = V

∫
d3p

(2η)3
ln(1+ fp),

while the total particle multiplicity is

N+ = V

∫
d3p

(2η)3
fp.

Only when the occupation number is small in all modes can we expand the logarithm in P0
and obtain P0 ≈ exp(!N+), but this relationship is not exact in very strong fields. This is
a limitation of the methods that give only P0 (for instance by providing a way to calculate
the imaginary part of the effective action in a background field): in general, knowledge of P0
is not sufficient to obtain the momentum dependence of the spectrum of produced particles
(proportional to fp).
Source: Fukushima, K., Gelis, F. and Lappi, T. (2009), Nucl Phys A 831: 184.

80. Schwinger Mechanism from Bogoliubov Transformations The goal of this problem
is to rederive some of the results of Problem 79 in the canonical formalism, and to introduce the
concept of Bogoliubov transformation (quite generally, this is a mapping between the creation
and annihilation operators on the Fock space of an observer and those of another observer).

80.a Write the Hamiltonian of the theory of a complex scalar field coupled to an external
electromagnetic potential. Specialize it to the gauge A0 = 0. Derive the Hamilton–
Jacobi equations of motion.

80.b Decompose the field operator 7 in the in and out bases. Show that there is a linear
relationship between the in and out creation and annihilation operators,

ak,out = 0k ak,in + βk b
†
!k,in, b†

k,out = 0∗
!k b

†
k,in + β∗

!k a!k,in,

with |0k|
2 ! |βk|

2 = 1.

80.c Show that the in vacuum state can be expressed in terms of out objects as follows:

∣∣0in
〉
= e

!V
2

∫ d3p
(2η)3

ln(1+|βp|2)
e

∫ d3p
(2η)3

βp

0∗
p
a†
p,outb

†
−p,out ∣∣0out

〉
,

where V is the volume of the system.

80.d Use this formula to calculate the inclusive one-particle and two-particle spectra, and
check that they agree with the results of Problem 79.
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80.a Let us start from the Lagrangian density,

L =
(
Dµ7

)∗(
Dµ7)!m27∗7.

The conjugate momentum of the fields 7,7∗ are respectively

2 ≡ ∂L

∂∂07
= (D07)

∗, 2∗ ≡ ∂L

∂∂07∗ = D07, (5.33)

from which we obtain the Hamiltonian

H =

∫
d3x

(
2∗∂07

∗ + 2∂07! L
)

=

∫
d3x

(
2∗2+ ieA027! ieA02

∗7∗ +m27∗7+ (D7)∗(D7)
)
.

Here, 7 and 2 are operators in the Heisenberg picture satisfying the equal-time commutation
relation,

[
7(x),2(y)

]
=

x0=y0
i δ(x! y).

It is convenient for the following discussion to choose a gauge where A0 = 0, because
in this gauge there is a non-ambiguous correspondence between the time dependence of a
wavefunction and the physical energy of the corresponding particle (in particular, the concepts
of positive and negative energies are invariant under the residual gauge freedom). In the
temporal gauge, we have the following Hamiltonian:

H =

∫
d3x

(
2∗2+m27∗7+ (D7)∗(D7)

)
.

The dynamics of the scalar fields are determined by the Hamilton–Jacobi equations of motion,

∂07 = i [H,7] = 2∗,

∂02 = i [H,2] = (D2 !m2)7∗.

Note that, since we are not considering self-interactions of the scalar fields, these equations
of motion are linear. Moreover, since the background electromagnetic field is treated as a
classical field given once and for all, there are no back-reaction effects (e.g., no photon loop
corrections on the propagator of the scalar). Thanks to the absence of loop corrections, solving
these equations of motion as if they were classical equations of motion is sufficient in order to
obtain the relationship between the field operators at x0 = !∞ and x0 = +∞. In other words,
solving exactly the simplified QFT problem considered here can be reduced to solving a set of
linear partial differential equations.

80.b Let us now decompose the field operator on the basis of creation or annihilation
operators. For this, we may choose either the in or the out basis. Let us mention here an
important subtlety. Even if we assume that the external electromagnetic field vanishes when
x0 = ±∞, there may be a non-zero gauge potential Ai at asymptotic times, Ain,out

i . (These
gauge potentials are constants, since there is no physical electromagnetic field at asymptotic
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times.) These asymptotic potentials modify the dispersion relation that relates the on-shell
energy and the wavenumber k, since the equation of motion of the field contains a covariant
derivative D rather than the ordinary derivative ∂. For this reason, we must replace the usual Ek

by Ein,out,+
k =

√
m2 + (k+ eAin,out)2 for particles and by Ein,out,!

k =
√
m2 + (k! eAin,out)2

for anti-particles. Since we have Ein,out,!
k = Ein,out,+

!k , we can simplify the subsequent notation
by systematically using only the energy of the anti-particles, which we denote more simply by
Ein,out
k ≡ Ein,out,+

k (with k changed into !k when necessary). (In a detector, one measures the
kinetic momentum of a particle, p ≡ k± eA. If particles are measured in the final state, it
is convenient to choose a residual gauge in which Aout = 0, so that the wavenumber and the
kinetic momentum are identical at x0 = +∞.)

With this in mind, the field operator may be decomposed in two different ways:

7(x) =

∫
d3k

(2η)3

[
ak,in√
2Ein

k

7+
k,in(x) +

b†
k,in√
2Ein

!k

7!
!k,in(x)

]

=

∫
d3k

(2η)3

[
ak,out√
2Eout

k

7+
k,out(x) +

b†
k,out√
2Eout

!k

7!
!k,out(x)

]
, (5.34)

where the functions 7±
k,in and 7±

k,out should be determined from the equations of motion (they
cannot be simple plane waves because of the external field). Note that we have adopted here a
slightly different normalization of the creation and annihilation operators than in the rest of
this book. Indeed, because we now have Ein

k $= Eout
k , this choice of normalization turns out to

be a bit simpler.
As usual, we want the Heisenberg representation field operator 7(x) to go to the in

interaction picture field operator when x0 → !∞ and to the out interaction picture field
operator at x0 → +∞. These boundary conditions are realized if the functions 7±

k,in and 7±
k,out

have the following asymptotic behavior:

7+
k,in(x) = e!iEin

kx
0+ik·x for x0 → !∞,

7!
k,in(x) = eiE

in
kx

0+ik·x for x0 → !∞,

7+
k,out(x) = e!iEout

k x0+ik·x for x0 → +∞,

7!
k,out(x) = eiE

out
k x0+ik·x for x0 → +∞.

The corresponding annihilation operators ain,out, bin,out remove an in-state or out-state particle
and anti-particle, respectively. Note that, for further convenience, we have chosen the spatial
dependence in both 7+

k (x) and 7!
k (x) to be e+ik·x, and thus the usual negative energy plane

wave e!ik·x corresponds to 7!
!k(x). The canonical commutation relation for 7 and 2 is

satisfied provided that we have
[
ak,in, a

†
p,in

]
=

[
bk,in, b

†
p,in

]
=

[
ak,out, a

†
p,out

]
=

[
bk,out, b

†
p,out

]
= (2η)3δ(k! p).

(Note the absence of factors 2Ek here, because of our choice of normalization in (5.34).)
Because the equation of motion satisfied by the field is linear, there is a linear transformation

that relates the coefficient functions in the in and out decompositions. Moreover, if the
background field depends only on time, then this linear transformation does not mix values of
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k. Let us introduce coefficient 0k and βk (known as Bogoliubov coefficients) such that

lim
x0→+∞

7+
k,in(x) ≡

√
Ein
k

Eout
k

(
0k e

!iEout
k x0+ik·x + β∗

k e
iEout

k x0+ik·x
)
.

In other words, 0k and βk are defined by decomposing the time dependence of 7+
k,in on

the basis of the e±iEout
k x0 at large x0. In the absence of an external field, one would simply

have 0k = 1 and βk = 0. Since (7+
k,in(x

0,!x))∗ satisfies both the same initial condition as
7!
k,in(x) and the same equation of motion, they are therefore equal everywhere, and we have

also

lim
x0→+∞

7!
k,in(x) =

√
Ein
k

Eout
k

(
0∗
k e

iEout
k x0+ik·x + βk e

!iEout
k x0+ik·x

)
.

Note now that the plane waves that appear in the integrands of the preceding two equations
are nothing but the asymptotic behavior of the waves 7±

k,out. Since the waves 7±
k,in and the

7±
k,out obey the same linear equation of motion (the Klein–Gordon equation), these linear

relationships are valid at all times (and not just at x0 = +∞):

7+
k,in(x) =

√
Ein
k

Eout
k

(
0k7

+
k,out(x) + β∗

k7
!
k,out(x)

)
,

7!
k,in(x) =

√
Ein
k

Eout
k

(
0∗
k7

!
k,out(x) + βk7

+
k,out(x)

)
.

By inserting these formulas in (5.34), we obtain similar relationships between the creation and
annihilation operators in the two bases:

ak,out = 0k ak,in + βk b
†
!k,in, b†

k,out = 0∗
!k b

†
k,in + β∗

!k a!k,in.

This linear relationship is known as a Bogoliubov transformation. Consistency with the
commutation relations requires that

|0k|
2 ! |βk|

2 = 1.

(One can also check that this condition implies that the charge operator is the same in the two
bases: Qin = Qout.) The above relations can be inverted as follows:

ak,in = 0∗
k ak,out ! βk b

†
!k,out, bk,in = 0∗

!k bk,out ! β!k a
†
!k,out.

80.c The vacuum is defined as the state annihilated by all the annihilation operators:

ak

∣∣0
〉
= bk

∣∣0
〉
= 0.

(We ignore the in and out labels for this generic discussion.) A properly normalized state with
one particle of momentum k can be constructed as

∣∣k
〉
=

a†
k√
V

∣∣0
〉
,

where V is the spatial volume. (Note that here we are departing momentarily from the
convention used in the rest of the book, namely to have one-particle states normalized to 2Ek
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particles per unit volume. The state defined here contains exactly one particle in the volume
V .) Particles of momentum k can then be counted with the following particle number operator:

dN̂

d3k
=

a†
kak

(2η)3
.

To check the consistency of these definitions, note that

〈
p
∣∣ dN̂
d3k

∣∣p
〉
=

〈
0
∣∣ ap√

V

a†
kak

(2η)3
a†
p√
V

∣∣0
〉
= δ(p! k).

(We use the commutation relations in order to obtain the last equality.) The integral over d3k
indeed gives 1, i.e., the correct total number of particles in the state.

After having set these conventions, let us return to the problem of particle production. We
consider the situation where there are no particles at x0 → !∞, i.e., the system is prepared in
the in vacuum state defined by

ap,in
∣∣0in

〉
= bp,in

∣∣0in
〉
= 0.

In the Heisenberg picture, the states do not evolve (the operators do), and therefore the system
stays in this state forever. What changes with time is the number operator used to count
particles. For instance, at x0 = +∞, the operator ak,out in general no longer annihilates

∣∣0in
〉

and an observer would see particles. In order to count the number of outgoing particles, we
must thus count the number of out particles contained in the state

∣∣0in
〉
. For this, it is useful to

derive an expression for
∣∣0in

〉
in terms of the out quantities ap,out, bp,out and

∣∣0out
〉
. That is,

we should solve

ap,in
∣∣0in

〉
=

(
0∗
p ap,out ! βpb

†
!p,out

)∣∣0in
〉
= 0,

bp,in
∣∣0in

〉
=

(
0∗
!p bp,out ! β!pa

†
!p,out

)∣∣0in
〉
= 0.

Let us consider the following ansatz:

∣∣0in
〉
≡ C exp

(∫ d3k

(2η)3
χk a

†
k,out b

†
!k,out

) ∣∣0out
〉
,

where C is a normalization constant. (This state is a coherent state in which each particle is
paired with an anti-particle of opposite momentum – a necessary condition for any representa-
tion of the vacuum state because of charge and momentum conservation.) Requesting that this
state be annihilated by ak,in and b!k,in puts some constraints on the function χk. In order to



336 5 LATTICE, FINITE T , STRONG FIELDS

see this, let us denote

A† ≡
∫

d3k

(2η3)
χk a

†
k,out b

†
!k,out,

Bp ≡ 0∗
pap,out ! βpb

†
!p,out,

Cp ≡
[
Bp, A

†] = χp0
∗
pb

†
!p,out.

Note that Cp commutes with A†. Therefore, we have

BpA
† = A†Bp + C,

Bp(A
†)2 = (A†)2Bp + 2CpA

†,

· · ·
Bp(A

†)n = (A†)nBp + nCp(A
†)n!1,

Bpe
A†

= eA
†
(Bp + Cp).

Then, we have
(
0∗
pap,out!βpb

†
!p,out

)∣∣0in
〉
= eA

†
(Bp+Cp)

∣∣0out
〉
= eA

†
(!βp+χp0

∗
p)b

†
!p,out

∣∣0out
〉
.

For this to be zero, we must have χp = βp/0
∗
p. (One may check that the second condition

leads to the same constraint.)
The next step is to determine the normalization constant so that

〈
0in

∣∣0in
〉
= 1, i.e.,

∣∣C
∣∣2 =

〈
0out

∣∣eAeA†∣∣0out
〉!1

.

An easier way to handle this calculation is to discretize the integrals over the momentum in A
and A†. The consistent way of doing this is to write

A† =
1

V

∑

k

χkA
†
k, A =

1

V

∑

k

χ∗kAk,

[
Ap, A

†
q

]
= Vδpq

(
a†
p,outap,out + b!p,outb

†
!p,out︸ ︷︷ ︸

≡ Np

)
,

[
Np, A

†
q

]
= 2VδpqA

†
p,

[
Np, Aq

]
= !2VδpqAp,

where δpq is now a discrete Kronecker symbol. We have

〈
0out

∣∣eAeA†∣∣0out
〉
=

〈
0out

∣∣
∏

p

eχ
∗
p
Ap

V
∏

q

eχq
A†

q

V
∣∣0out

〉

=
〈
0out

∣∣
∏

p

eχ
∗
p
Ap

V eχp
A†

p

V
∣∣0out

〉
.

Noting that
〈
0out

∣∣(Ap

V

)m(A†
p

V

)n∣∣0out
〉
= δmn(n!)

2

(the factorial factors come from the fact that
(A†

p

V

)n∣∣0out
〉

is a state with n pairs of particles
and anti-particles with identical momenta, but this state is not normalized to account for the
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fact that the n pairs are identical), we obtain

〈
0out

∣∣eAeA†∣∣0out
〉
=

∏

p

(1! |χp|
2)!1 =

∏

p

(1+ |βp|
2)

= e
∑

k ln(1+|βp|2) = exp
(
V

∫
d3p

(2η)3
ln
(
1+ |βp|

2
))

.

(We have restored the continuous notation in the last expression.) Therefore, the normalized in
vacuum state expressed in terms of out objects reads

∣∣0in
〉
= e

!V
2

∫ d3p
(2η)3

ln(1+|βp|2)
e

∫ d3p
(2η)3

βp

0∗
p
a†
p,outb

†
−p,out ∣∣0out

〉
. (5.35)

The physical meaning of this formula is that, for an observer measuring particles in the final
state, the initially empty state has evolved into a coherent state filled with scalar–antiscalar
pairs of opposite momenta.

80.d Using (5.35), it is now straightforward to calculate the single and double inclusive
spectra by taking expectation values of the number operator. The spectrum of particles is

dN+
1

d3p
=
〈
0in

∣∣a
†
p,outap,out

(2η)3
∣∣0in

〉
.

The easiest way to evaluate this expression is to note that the expression (5.35) for the initial
vacuum state behaves as a coherent state. In particular, it is a kind of “generalized eigenstate”
of the out annihilation operators:

ap,out
∣∣0in

〉
= χpb

†
!p,out

∣∣0in
〉
,

〈
0in

∣∣a†
p,out = χ∗p

〈
0in

∣∣b!p,out.

(The proof is the same as in the case of the usual coherent states, since b†
!p,out and b!p,out are

transparent to the action of ap,out and a†
p,out.) Using these identities, we can relate the particle

spectrum at p to the anti-particle spectrum at !p:

dN+
1

d3p
= |χp|

2 dN!
1

d3(!p)
+

V

(2η)3
|χp|

2.

However, since the external field is spatially homogeneous and the initial state is the empty
state, these two spectra must be equal. Therefore, we get

dN+
1

d3p
=

V

(2η)3
|χp|

2

1! |χp|2
=

V

(2η)3
∣∣βp

∣∣2.

This expression exactly coincides with the one obtained in Problem 79. The two-particle
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spectrum (equal sign) is given by

dN++
2

d3pd3q
=

〈
0in

∣∣
(
a†
p,outap,out

(2η)3
a†
q,outap,out

(2η)3
! δ(p! q)

a†
p,outap,out

(2η)3

)
∣∣0in

〉

=
1

(2η)6
〈
0in

∣∣a†
p,outa

†
q,outap,outaq,out

∣∣0in
〉

=
dN+

1

d3p

dN+
1

d3q
+ δ(p! p)

V

(2η)3
|βp|

4 .

Note that in the first line, we are explicitly subtracting the delta function contribution in order
to agree with the definition used in Problem 79, where the bi-spectrum was defined so that its
integral is the mean value of N+(N+ ! 1).

Additional Note: In order to uncover the whole probability distribution, we can first factorize
the Fock space into a direct product of the Fock spaces for different momenta k. An arbitrary
state

∣∣Ψ
〉

can be written as a tensor product,
∣∣Ψ

〉
≡

⊗

k

∣∣Ψ
〉
k
.

Since particles and anti-particles are produced in pairs of opposite momenta, it is natural to
group together particles of momentum k and anti-particles of momentum !k under the same
label k. Thus we define the vacuum states

∣∣0, 0
〉
k

of the subspaces k as

ak,out
∣∣0, 0

〉
k
= b!k,out

∣∣0, 0
〉
k
= 0,

and
∣∣0out

〉
is a tensor product of the vacuum states of the different modes,

∣∣0out
〉
=

⊗

k

∣∣0, 0
〉
k
.

An outgoing state with m particles of momentum k and n anti-particles of momentum !k at
x0 → ∞ is then denoted by

∣∣m,n
〉
k
=

( a†
k,out√
m!V

)m(b†
!k,out√
n!V

)n∣∣0, 0
〉
k
.

(Arbitrary states can be constructed from tensor products of these states.)
Applying this decomposition, the in vacuum state leads to
∣∣0in

〉
=

⊗

k

{
(1+ |βk|

2)!1/2 exp
[ βk

V0∗
k

a†
k,outb

†
out!k

] ∣∣0, 0
〉
k

}
.

By expanding the exponential we get

∣∣0in
〉
=

⊗

k

{
(1+ |βk|

2)!1/2
∞∑

mk=0

(βk

0∗
k

)mk ∣∣mk,mk

〉
k

︸ ︷︷ ︸
≡ |0in〉k

}
.

In order to obtain the inclusive probability Pk(m) of having m pairs of momentum (k,!k),
we need to sum over all the possible numbers of pairs in the other momentum modes. This
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corresponds to the following definition:

Pk(m) =
∣∣
k

〈
0in

∣∣m,m
〉
k

∣∣2

︸ ︷︷ ︸
∣∣∣βk
αk

∣∣∣
2m

1
1+|βk|2

×
∏

p)=k

∞∑

mp=0

∣∣
p

〈
0in

∣∣mp,mp

〉
p

∣∣2

︸ ︷︷ ︸
|αp|2

1+|βp|2
=1

=
1

1+ |βk|2

(
|βk|

2

1+ |βk|2

)m

.

This is the so called discrete Bose–Einstein (or geometrical) distribution, obtained in Problem
79. Since momenta are uncorrelated, the full distribution is just the product of the distributions
in each momentum mode.
Source: Fukushima, K., Gelis, F. and Lappi, T. (2009), Nucl Phys A 831: 184.

81. Unruh Effect, Hawking Radiation The goal of this problem is to study the relationship
between the notions of vacuum and particles for an observer at rest and for an accelerated
observer, the final result being a derivation of the Unruh effect. A similar approach, sketched at
the end of the solution, can be used to derive the Hawking radiation of black holes (the analogy
is that a fixed observer outside of a black hole feels an acceleration due to the gravitational
field).

81.a Show that the coordinates (t, x) in a frame at rest and (τ, u) in a frame with a constant
acceleration a in the direction x are related by

t =
1+ au

a
sinh(aτ), x =

1+ au

a
cosh(aτ).

81.b Consider the alternative coordinate v ≡ a!1 ln(1+au). Express (t, x) in terms of (τ, v).
Write the expression for the interval ds2 in terms of (τ, v). Introduce the light-cone
coordinates x± ≡ t± x, v± ≡ τ± v. How are x± and v± related?

81.c Consider a massless non-interacting scalar field 7 in (1+1) dimensions. Write its Fourier
decomposition in terms of x± and in terms of v±. Note that these two decompositions
require two distinct sets of creation and annihilation operators. Find the Bogoliubov
coefficients that relate these two sets.

81.d Assume that the system is in the vacuum state of the frame at rest. Show that the
accelerated observer sees the following thermal spectrum of particles:

〈
0rest

∣∣(b†
kbk

)
accelerated

∣∣0rest
〉
=

V

e2ηk/a ! 1
.
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81.a Let us denote by (t, x) the coordinates in the frame of an observer at rest. Consider
now another observer, undergoing an accelerated motion, and denote by τ the proper time of
the accelerated observer. With respect to this proper time, we can define

uµ ≡ dxµ

dτ
, with uµuµ = 1,

as well as the acceleration

aµ ≡ duµ

dτ
.

Note that, since uµuµ = 1, we have aµuµ = 0. This implies that in the co-moving frame (i.e.,
the inertial frame whose velocity is the same as that of the accelerated frame at a given time),
where uµ = (1, 0), we have aµ = (0,a) and therefore aµaµ = !a2. Moreover, this norm is
the same in all inertial frames.

Now, we consider a motion with a constant acceleration a in the direction x1 (and we
assume that the velocity has null components in the x2,3 directions). Therefore, we have

(u0)2 ! (u1)2 = 1,
(du0

dτ

)2
!
(du1

dτ

)2
= !a2.

We can eliminate u0 by using u0 =
√
1+ (u1)2, and obtain a differential equation that gives

u1(τ):

du1

dτ
= a

√
1+ (u1)2.

(Here, we have chosen the positive square root, i.e., we assume that the acceleration is in the
positive x1 direction.) Solving this equation gives the trajectory of the accelerated object in the
frame at rest, parameterized by its proper time:

x1(τ) = a!1 cosh(aτ) + const, x0(τ) = a!1 sinh(aτ) + const’.

(For simplicity, we will take the two integration constants to be zero in the following, which is
just a choice of the origin of the system of coordinates.) This trajectory is a hyperbola located
in the right quadrant, as shown in Figure 5.6. Before going on, let us mention a few properties
of these accelerated motions:

• These trajectories start at τ = !∞ with a velocity equal to the speed of light in the
negative x1 direction, and end at τ = +∞ with a velocity equal to the speed of light in
the positive x1 direction.

• Because of causality, the accelerated observer cannot receive any signal from events
such as A, nor send any signal that would arrive at B. In a sense, the accelerated observer
is behind a “horizon” that restricts its communications to events located in the right
quadrant (shown in light gray) in the figure. This region of spacetime is known as
Rindler space.

The next step is to determine the mapping between the coordinates (t, x) in the frame at
rest and coordinates (τ, u) in the accelerated frame. The time in the accelerated frame is of
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x

t

A

B

Rindler space

Figure 5.6 Illustration of Rindler space. The hyperbolic line on the right is the trajectory of a
uniformly accelerated observer.

course the proper time τ. The spatial coordinate u is naturally defined in such a way that u
remains constant (e.g., u = 0) for the accelerated observer. In order to find the correspondence
between variations of u and variations of x, let us imagine a rigid rod parallel to the x1 direction,
moving along with the accelerated observer. For the accelerated observer, the endpoints of
the rigid rod are static, and follow the worldlines rµ0 ≡ (τ, 0) and rµ1 ≡ (τ, u). These are also
the coordinates of the endpoints of the rod in the instantaneous co-moving frame (since at the
particular instant, the rod is at rest in the co-moving frame). If we define 8µ ≡ rµ1 ! rµ0 , this
vector is 8µ = (0, u) in the co-moving frame. Since the co-moving frame is inertial, a simple
Lorentz transformation gives 8µ in the frame at rest:

(
80

81

)

frame
at rest

=
1√

1! v2

(
1 v

v 1

)(
0

u

)
=

(
u0 u1

u1 u0

)(
0

u

)
=

(
u1u

u0u

)
.

In the frame at rest, the endpoints are located at (x0(τ), x1(τ)) (this is the position of the
accelerated observer, holding one end of the rod) and at (t, x). Therefore, we have

t! x0(τ) = u1u =
dx1

dτ
u = u sinh(aτ),

x! x1(τ) = u0u =
du0

dτ
u = u cosh(aτ).

This gives the mapping between (t, x) and (τ, u):
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t =
1+ au

a
sinh(aτ), x =

1+ au

a
cosh(aτ), (5.36)

or conversely

τ =
1

2a
ln
(x+ t

x! t

)
, u = !a!1 +

√
x2 ! t2.

The squared spacetime interval takes the following forms in the two systems of coordinates:

ds2 = dt2 ! dx2 = (1+ au)2dτ2 ! du2.

81.b It is useful to define another coordinate v such that

du = (1+ au)dv, i.e., v = a!1 ln(1+ au).

In terms of (τ, v) the interval ds2 and the mapping between (t, x) and (τ, v) read

ds2 = (1+ au)2 (dτ2 ! dv2) = e2av(dτ2 ! dv2),

t = a!1 eav sinh(aτ), x = a!1 eav cosh(aτ).

(Thus, the mapping between (t, x) and (τ, v) is a conformal transformation.) Let us mention
also the light-cone coordinates, which will prove useful later:

x+ ≡ t+ x, x! ≡ t! x, v+ ≡ τ+ v, v! ≡ τ! v.

Their main advantage in the present context is that the mapping between x± and v± does not
mix the + and ! coordinates:

x+ = a!1 eav
+
, x! = !a!1 e!av− .

81.c Consider now a massless non-interacting scalar field, whose action in a general system
of coordinates is given by

S =
1

2

∫
d2x

√
!ggµν (∂µ7)(∂ν7),

where !g is the determinant of gµν. Since the mapping between (t, x) and (τ, v) is conformal,
the product gµν

√
!g is the same in both systems of coordinates, in (1+1) dimensions. Indeed,

the metric tensors in the two systems of coordinates are proportional,

gµν = .(x)g ′
µν,

which implies gµν = .!1g ′µν and
√
!g = .d/2

√
!g ′ (the latter is .

√
!g ′ in two dimen-

sions). (In d $= 2, gµν
√
!g is not invariant and the calculation would be more involved, but
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the final result still holds.) Therefore, the action in the system at rest and in the accelerated
system reads

S =
1

2

∫
dtdx

(
(∂t7)

2 ! (∂x7)
2
)
=

1

2

∫
dτdv

(
(∂τ7)

2 ! (∂v7)
2
)
.

The corresponding classical equations of motion are Klein–Gordon equations,

(∂2t ! ∂2x)7 = (∂2τ ! ∂2v)7 = 0,

implying that the free solutions are plane waves in both cases. Therefore, the field operators
can be decomposed as follows:

7(t, x) =

∫
dp

2η

1√
2|p|

(
ei(|p|t!px) a†

p + e!i(|p|t!px) ap

)
,

7(τ, v) =

∫
dk

2η

1√
2|k|

(
ei(|k|τ!kv) b†

k + e!i(|k|τ!kv) bk

)
. (5.37)

(Note that we have adopted the same normalization as in the Problem 80, which is a bit more
convenient when discussing Bogoliubov transformations.) The important point here is that we
need two distinct sets of creation and annihilation operators. Indeed, as we shall see shortly,
the notions of vacuum and of particles are different for the two observers. The vacuum is
defined in both cases as the state which is annihilated by all the annihilation operators,

ap

∣∣0rest
〉
= 0, bk

∣∣0accelerated
〉
= 0,

but these vacuum states may not coincide.

Now, our task is to find the relationship between the ap, a
†
p and the bk, b

†
k, in order to

show that the vacuum state in the frame at rest does not appear to be empty for the accelerated
observer. However, a complication in this identification is that the transformation (5.36) mixes
positive and negative frequencies. This is where the light-cone coordinates become useful.
First, we can rewrite (5.37) by separating the positive and negative momenta:

7(t, x) =

( ∫+∞

0
+

∫ 0

!∞

)
dp

2η

1√
2|p|

(
ei(|p|t!px) a†

p + e!i(|p|t!px) ap

)
,

and we change p → !p in the second term, which leads to

7(t, x) =

∫+∞

0

dp

2η

1√
2|p|

(
eipx

−
a†
p + e!ipx− ap + eipx

+
a†
!p + e!ipx+ a!p

)
.

Likewise, we have also

7(τ, v) =

∫+∞

0

dk

2η

1√
2|k|

(
eikv

−
b†
k + e!ikv− bk + eikv

+
b†
!k + e!ikv+ b!k

)
.

Since the mapping x± → v± does not mix the + and ! coordinates, the relationship between
the two sets of creation and annihilation operators will not mix operators carrying momenta of
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opposite signs. Requesting that the sector of positive momenta agrees gives
∫+∞

0

dp

2η

1√
2|p|

(
eipx

−
a†
p + e!ipx− ap

)
=

∫+∞

0

dk

2η

1√
2|k|

(
eikv

−
b†
k + e!ikv− bk

)

︸ ︷︷ ︸
≡ 7(v−)

.

Expressing the b’s in terms of the a’s can be done by applying a Fourier transform on v!, since

∫+∞

!∞
dv! e!ikv− 7(v!) =

1√
2|k|

{
b†
k if k > 0

b!k if k < 0
.

Applying the same transform to the left-hand side gives
∫+∞

!∞
dv! e!ikv−

∫+∞

0

dp

2η

1√
2|p|

(
eipx

−
a†
p + e!ipx− ap

)

=

∫+∞

0

dp√
2|p|

(
γ(k, p)a†

p + γ(k,!p)ap

)
,

with

γ(k, p) ≡
∫+∞

!∞

dv!

2η
e!ikv−eipx

−
(with x! = !a!1e!av−).

(These integrals are expressible in terms of Bessel functions.) Therefore, we have

b†
k =

∫+∞

0
dp

√
k
p

(
γ(k, p)a†

p + γ(k,!p)ap

)
=

∫+∞

0
dp

(
0kp a

†
p + βkp ap

)
,

bk =

∫+∞

0
dp

√
k
p

(
γ(!k, p)a†

p + γ(!k,!p)ap

)
=

∫+∞

0
dp

(
β∗
kp a

†
p + 0∗

kp ap

)
,

with the following Bogoliubov coefficients:

0kp ≡
√

k
p γ(k, p), βkp ≡

√
k
p γ(k,!p).

(To see that the decomposition of bk is consistent with that of b†
k, note that γ(!k,!p) =

γ∗(k, p).) Let us also calculate the commutator

[
bk, b

†
k ′
]
=

∫

p,p ′≥0

[
β∗
kp a

†
p + 0∗

kp ap,0k ′p ′ a†
p ′ + βk ′p ′ ap ′

]

=

∫

p,p ′≥0

(
β∗
kpβk ′p ′

[
a†
p, ap ′

]
︸ ︷︷ ︸
!2ηδ(p!p ′)

+0∗
kp0k ′p ′

[
ap, a

†
p ′
]

︸ ︷︷ ︸
2ηδ(p!p ′)

)

= 2η

∫

p≥0

(
0∗
kp0k ′p ! β∗

kpβk ′p

)
.

Therefore, for the b’s to have a properly normalized commutation relation, we must have
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∫

p≥0

(
0∗
kp0k ′p ! β∗

kpβk ′p

)
= δ(k! k ′). (5.38)

(This is a generalization of the relation |0p|
2 ! |βp|

2 = 1 obtained in the simpler setting of
Problem 80.)

81.d We now have all the tools to calculate the spectrum of particles the accelerated observer
would see in the rest frame vacuum state:

〈
0rest

∣∣b†
kbk

∣∣0rest
〉
=

∫

p,p ′≥0

〈
0rest

∣∣(0kp a
†
p + βkp ap

)(
β∗
kp ′ a

†
p ′ + 0∗

kp ′ ap ′
)∣∣0rest

〉

=

∫

p,p ′≥0

βkpβ
∗
kp ′

〈
0rest

∣∣apa
†
p ′

∣∣0rest
〉

︸ ︷︷ ︸
2ηδ(p!p ′)

= 2η

∫+∞

0
dp

∣∣βkp

∣∣2. (5.39)

This result is non-zero whenever bk contains an admixture of a†
p. In order to calculate this

integral, note that

γ(k, p) =

∫+∞

!∞

dv!

2η
e!ikv−e!ipa−1e−av−

,

γ(k,!p) =

∫+∞

!∞

dv!

2η
e!ikv−eipa

−1e−av−

=

∫+∞

!∞

dv!

2η
e!ikv−e!ipa−1e

−a(v! + iηa!1
︸ ︷︷ ︸

w−

)

=

∫+∞

!∞

dw!

2η
e!ik(w−!iηa−1)e!ipa−1e−aw−

= e!ηka−1
γ(k, p).

(There is a caveat here: instead of writing !p = e!iηp we could have chosen to write !p =
e!iη(2n+1), which would change the prefactor e!ηka−1 into e!(2n+1)ηka−1 . This ambiguity
indicates that the function γ(k, p) is multi-valued and has a branch cut on the semi-axis p < 0.
While staying on the same Riemann sheet, there are two ways to approach p < 0. As can be
seen below, we have made the choice that guarantees that the integral of |βkp|

2 is positive.) Let
us now use this extra information in (5.38), evaluated at the special point k = k ′ (note that
2ηδ(0) = V):

V

2η
=

∫

p≥0

k

p

(
γ∗(k, p)γ(k, p)! γ∗(k,!p)γ(k,!p)

)

=
(
e2ηk/a ! 1

) ∫

p≥0

k

p
γ∗(k,!p)γ(k,!p)

︸ ︷︷ ︸
∫+∞
0 dp

∣∣βkp

∣∣2

.

Comparing with (5.39), we see that
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〈
0rest

∣∣b†
kbk

∣∣0rest
〉
=

V

e2ηk/a ! 1
.

Therefore, from the point of view of the accelerated observer, the vacuum state defined in the
frame at rest appears to be filled with a thermal distribution of particles (here, a Bose–Einstein
distribution, since we considered scalar fields), with a temperature T ≡ a

2η . This is known
as the Unruh effect. Note that an observer with a non-constant acceleration would also see a
non-empty distribution of particles, but not in thermal equilibrium.

Hawking Radiation: By analogy with the Unruh effect, one can also obtain the radiation
observed by a static observer outside a black hole, known as Hawking radiation (in a simplified
(1+ 1)-dimensional setup, where we take into account only the time and the radial coordinate).
In the context of black holes, the static observer is the accelerated one (this observer feels
the gravitational force, which is equivalent to an acceleration in general relativity), while the
unaccelerated observer would be a freely falling one.

Let us first describe several possible choices of coordinates for the static observer. The
simplest system of coordinates is to take the usual time t and radius r. The Schwarzchild metric
around a black hole of mass M gives the following line interval in terms of these coordinates:

ds2 =
(
1!

2M

r

)
dt2 !

(
1!

2M

r

)!1
dr2.

These coordinates are not very convenient when writing the action of a scalar field. As in the
discussion of the Unruh effect, it is preferable to use a system of coordinates where the metric
is conformally flat. For this we replace the radius r by a radial coordinate ρ defined by

dρ ≡
(
1!

2M

r

)!1
dr, i.e., ρ = r! 2M+ 2M ln

∣∣∣
r

2M
! 1

∣∣∣,

which leads to the line interval

ds2 =
(
1!

2M

r

) (
dt2 ! dρ2

)
.

Note that the horizon located at r = 2M is at ρ = !∞ in these coordinates (thus, this system
of coordinates maps only the region of space outside of the horizon). In terms of (t, ρ), the
action of a scalar field in (1+ 1) dimensions reads simply

S =
1

2

∫
dtdρ

((
∂t7

)2
!
(
∂ρ7

)2)
.

Here also, it is convenient to introduce light-cone coordinates v± ≡ t± ρ (we use the notation
v± to stress the analogy with the Unruh effect – recall that the observer at rest with respect to
the black hole is the one that feels an acceleration).

Let us now give without proof the expression for the light-cone coordinates of a freely
falling observer (i.e., the unaccelerated one):

x+ ≡ 4Mev
+/(4M), x! ≡ !4Me!v−/(4M). (5.40)

(These are known as Kruskal coordinates.) The region outside the horizon corresponds to
the quadrant x+ ≥ 0, x! ≤ 0. Note also that x+x! = 16M2 eρ/(2M), which vanishes when
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ρ → !∞. Therefore, the horizon of the black hole is located on the two semi-axes x+ = 0
and x! = 0. It turns out that, in the Kruskal coordinates, there is no singularity at the horizon,
and they can also be used below the horizon.

Note now that (5.40) are formally identical to the relationship between the light-cone
coordinates of the static and accelerated observers, as discussed for the Unruh effect, provided
we interpret (4M)!1 as the acceleration. Therefore, we can exactly reproduce the same steps
without any modification: (1) decompose the fields in Fourier modes in the two systems of
coordinates, (2) find the Bogoliubov transformation that relates the two sets of creation and
annihilation operators, (3) calculate the expectation value of the number operator b†

kbk of one
system in the vacuum state of the other system. This leads to

〈
0kruskal

∣∣(b†
kbk) static

obs.

∣∣0kruskal
〉
=

V

e8ηMk ! 1
,

i.e., a thermal equilibrium distribution with a temperature T = (8ηM)!1 (this is known as
the Hawking temperature). Let us end with a remark about why we use the Kruskal vacuum
in the last equation. Loosely speaking, in the presence of a black hole, other vacuum states,
defined by non-freely falling observers, would have a very large energy density near the black
hole (because excitations that are not freely falling must have an energy that compensates
for the gravitational potential). This energy density would act as a source term in Einstein’s
equations and therefore have a strong back-reaction on the metric. Therefore, the physical
setup of quantum fields on top of an unperturbed Schwarzchild metric can only be achieved
with the Kruskal vacuum.

82. Anderson Localization In a periodic atomic lattice, the electronic eigenfunctions take
the form of Bloch states, whose energies span continuous bands. An electron whose energy
lies in such a band can propagate freely over macroscopic distances (whether the material is a
conductor or an insulator depends on whether the Fermi energy lies inside a band or between
two bands). The goal of this problem is to show that, in a disordered medium, electrons are
localized and cannot propagate.

82.a Check that γ0 =
(

1 0
0 !1

)
, γi =

(
0 ,i

!,i 0

)
provide a valid representation of the Dirac ma-

trices. Using this representation, show that the two upper components are the dominant
ones in the non-relativistic limit, and show that the Dirac equation becomes

i∂t7 =
(
m! eA0 !

(∇! ieA)2

2m
+ e

B · σ
2m

)
7.

82.b Show that the two-point function G(x, y) ≡
〈
7(x)7†(y)

〉
obeys a Dyson equation of

the form G = G0 + ieG0A
0G in the case of a purely electric external field.

82.c Consider a medium in which the potential A0 has local Gaussian fluctuations with
a variance

〈
A0(x)A0(y)

〉
= , δ(x ! y). Write the Dyson equation satisfied by G

at order e2. By calculating the self-energy that appears in this equation, show that
the denominator of the dressed propagator has an imaginary part, which leads to an
exponential damping of electronic waves.
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82.a To check that the announced matrices are a valid representation of the Dirac matrices,
we must verify that {γµ,γν} = 2 gµν. This is completely straightforward using the fact that
,i,j + ,j,i = 2 δij. With this representation in mind, we write the four-component Dirac
spinors as a combination of two two-component objects:

us(p) ≡
(
7(p)

χ(p)

)
.

Consequently, the Dirac equation (/p!m)us(p) = 0 can be split into two separate equations
for 7 and χ,

(Ep !m)7! (p · σ)χ = 0, (Ep +m)χ! (p · σ)7 = 0,

from which we get

χ =
1

Ep +m
(p · σ)7 ≈

p*m

p · σ
2m

7.

Therefore, if we denote 7(x) ≡ 7(p) e!ip·x, we obtain

i∂t7(x) =
(
m+

(p · σ)2

2m

)
7(p) e!ip·x =

(
m!

∇2

2m

)
7(x),

which is the non-relativistic Schrödinger equation (the term in m could be removed if we factor
out an explicit factor e!imt from the wavefunction). Thus, we see that, in this representation,
the two upper components of a Dirac spinor obey the Schrödinger equation, while the two lower
components are suppressed by a power of p/m (and in addition they are not independent).

This equation, valid for a free fermion, can be promoted to an equation for the evolution of
a non-relativistic fermion in an external electromagnetic field by simply replacing the ordinary
derivatives by covariant ones: ∂µ → Dµ ≡ ∂µ ! ieAµ. But in doing so, one should keep
in mind that ∇ and A do not commute, which imposes that we do this replacement before
eliminating the Pauli matrices:

i∂t7 =
(
m! eA0 !

(
∇! ieA) · σ

)2

2m

)
7

=
(
m! eA0 !

(∇! ieA)2 + e(Ai∇j +∇iAj)5ijk,k

2m

)
7

=
(
m! eA0 !

(∇! ieA)2

2m
+ e

B · σ
2m︸ ︷︷ ︸

≡ H

)
7,

where B is the external magnetic field. From this Schrödinger equation, we read the Hamilto-
nian H that drives the evolution of this fermion in the non-relativistic limit.
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82.b When the external field is a pure electric field, we may choose a gauge in which A = 0,
so that the above Hamiltonian simplifies to

H = m!
∇2

2m
! eA0.

Consider the time-ordered two-point correlation function of the non-relativistic field 7,

G(x, y) ≡
〈
T7(x)7†(y)

〉
= θ(x0 ! y0)

〈
7(x)7†(y)

〉
! θ(y0 ! x0)

〈
7†(y)7(x)

〉
.

Applying a time derivative to this definition, and recalling the equal-time anti-commutator{
7(x),7†(y)

}
= δ(x!y) (this is the restriction to the two upper components of the canonical

anti-commutation relation of Dirac spinors), we obtain
(
i
∂

∂x0
!H

)
G(x, y) = i δ(x! y).

We can also define the free correlation function G0, defined as a Green’s function of the
free Hamiltonian, H0 ≡ m! ∇2

2m . Since H = H0 ! eA0, the equation for G can be rewritten
as follows:

(
i∂x0 !H0

)
G = iδ(x! y)! eA0G.

This can be solved formally in the form of a Dyson equation,

G = G0 + ieG0A
0G.

82.c Diagrammatically, the expansion of the solution of the Dyson equation for the propaga-
tor reads

= + + + + . . . 
G G0

ieA
0

.

If the external potential is fixed, the next step is to perform the geometrical sum contained in
this solution (which may be a rather difficult task if the potential A0 has a non-trivial spatial
dependence).

Another interesting situation is when this potential fluctuates, with a probability distribution
W[A0]. In this case, the above solution must be averaged over all the configurations of A0,
weighted by the distribution W[A0]. Diagrammatically, this amounts to connecting all the
crosses in the above representation by links and vertices as allowed by W[A0]. For instance, a
random time-independent external potential with only local Gaussian fluctuations would have
the following distribution:

W[A0] = exp
(
!

1

2

∫
d3x

A0(x)A0(x)

2,

)
,

for which the only possible connection is a link
〈
A0(x)A0(y)

〉
= , δ(x! y).

(This is independent of time, and the delta function is a spatial one.) With such Gaussian
fluctuations of the external field, the expectation value of the propagator takes the following
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form:

= + + + + . . . 

1PI non 1PI
.

This has the form of a propagator dressed by self-energy corrections. This plain perturba-
tive expansion can be improved by calculating the self-energy at a certain order in e2 and
by re-summing its repeated insertions on the free propagator (this is a geometrical series).
When doing this, it is important to include only one-particle-irreducible contributions in
the self-energy in order to avoid double counting. If we restrict ourselves to the order-e2
self-energy, the equation for the dressed propagator is a Dyson equation that reads

= + .

This is simple algebraic equation in momentum space:

G(p) = G0(p) +G0(p)
(
! iΣ(p)

)
G(p), i.e., G(p) =

i

p0 !m! p2

2m ! Σ(p)
,

and the self-energy is given by

Σ(p) = !ie2,

∫
d4k

(2η)4
2η δ(k0)

i

p0 + k0 !m! (p+k)2

2m

= 2e2,m

∫
k2dkd cos θ

(2η)2
1

2m(p0 !m)︸ ︷︷ ︸
≈ p2 on-shell

!p2 ! k2 ! 2pk cos θ

= !e2
,m

p

∫
kdk

(2η)2
ln
(
k+ 2p

k! 2p

)

︸ ︷︷ ︸
iη θ(2p!k)+real terms

= !i
e2,mp

2η
+ real terms.

Note that the real part of the self-energy, which we have not calculated here, is ultraviolet
divergent. This could be remedied on physical grounds by noting that the inverse inter-atomic
distance should certainly act as a cutoff in this integral since the external field is not an
uncorrelated noise on atomic scales.

However, the main result here is the fact that the self-energy has an imaginary part
proportional to the strength of the fluctuations of the external field. The physical implication
is that fermions cannot propagate in such a disordered medium, since their propagator in
coordinate space is exponentially damped. The damping length is given by the inverse of the
imaginary part of Σ and is thus inversely proportional to the strength , of the fluctuations of
the external field. Moreover, this imaginary part exists at all values of the momentum p, which
means that there is no energy range where electrons can propagate freely in this material. This
phenomenon, known as Anderson localization, is a very important result of solid-state physics
that implies that disordered media are insulators (unlike periodic media, which may have a
conduction band, i.e., an energy range in which the electronic states – known as Bloch states –
are completely delocalized over macroscopic sizes).
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83. Scaling Theory of Anderson Localization Problem 82 corresponds to the limit of
strong disorder, in which the motion of electrons is damped regardless of the dimension of
space. The situation regarding Anderson localization is in fact richer than what is suggested
by that simple study, and depends crucially on the dimension. As we shall see, it is possible
to gain a semi-quantitative understanding of this question without considering any specific
model, by using scaling arguments and ideas inspired from the renormalization group. For this,
we consider a cubic sample of size L in d dimensions. We denote by g its conductance (the
inverse of its resistance), and we define β ≡ d(lng)/d(lnL).

83.a Explain why we have the following two limits:

lim
g→0

β = ln(g), lim
g→+∞

β = d! 2.

83.b Use these limits to discuss the behavior of the conductance as L → ∞. Show that there
is a qualitative difference between d = 1, 2 and d = 3.

83.a Let us consider a cubic sample of material of length L. In d spatial dimensions, its
volume is therefore Ld and its transverse section is Ld!1. We denote by g its electrical
conductance, i.e., the inverse of its resistance R. This parameter depends on the size L (this
is quite obvious from the fact that a thick wire conducts better than a thin one), and it is
convenient to introduce a β function that controls its variation with L:

β(g) ≡ L
d ln(g)
dL

.

(The implicit assumption here is that the β function depends on the conductance, but not
explicitly on the system size. In other words, it may depend on the system size only through
the value of the conductance.)

Consider first the limit of strong disorder, studied in Problem 82. In this limit, the
conductance goes to zero exponentially with the system size (in any dimension d):

g ∝ e!L//,

where the length / is given by the inverse of the imaginary part of the self-energy calculated
in that problem. This formula follows from the fact that electrons cannot propagate beyond a
distance /, so the conductance is non-zero only for systems whose length is smaller than /.
Therefore, in this limit, we have

β(g) ≈
g→0

!
L

/
= ln(g) + const.

The opposite limit, g → +∞, is the limit of good conductors. In this situation, the
resistance of a sample of length L and transverse section A is given by

R ∝ L

A
= g!1L2!d,

where the unwritten prefactor is the resistivity (i.e., the inverse of the conductivity). Since
R = g!1, we obtain the following behavior for the β function in this limit:

β(g) ≈
g→+∞

d! 2.
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Figure 5.7 Behavior of the β function for the conductance in d = 1, 2, 3 dimensions. The
arrows indicate the flow towards larger sizes.

83.b Assuming a monotonous behavior of the β function between the two limits we have
considered, we obtain the curves sketched in Figure 5.7. In this figure, we show the β functions
in d = 1, 2, 3 spatial dimensions. We have also indicated by arrows on the curves the direction
of the flow when the size L increases (this follows directly from the sign of the β function).
Interestingly, there are qualitative differences between d = 1, 2 and d = 3:

• d = 1, 2: the β function is always negative, implying that the conductance goes to zero
as L → ∞. Therefore, one- and two-dimensional materials become insulators when
their size becomes infinite, no matter how weak the disorder is.

• d = 3: the β function vanishes at some critical value g∗, is negative for g < g∗
and positive for g > g∗. Moreover, this critical point is repulsive. Therefore, a
three-dimensional material with a sufficiently small disorder (such that g > g∗ at a
certain scale) may be a conductor when L → ∞, while for a stronger disorder (such that
g < g∗ at a certain scale) it becomes an insulator when L → ∞.

Source: Abrahams, E., Anderson, P. W., Licciardello, D. C. and Ramakrishnan, T. V. (1979),
Phys Rev Lett 42: 673.
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