
Chapter 1 Groups

1.1 Definition of a Group

Let us ask what are the general properties which a set of symmetries has.

These properties are essentially the definition of a group, except that we need to add one property we 
have missed, which is that transformations which map any space into itself are associative under 
composition, A ◦ (B ◦ C) = (A ◦ B)◦ C, because however you place the parentheses, either side means
apply C, then B, and then A. 

Putting this together, we get the Definition: A group G is a set of distinct elements A, B, ... together with
a multiplication law A ⊙ B or simply AB, such that



Note that the multiplication law is not necessarily ordinary multiplication.

Some examples of groups are

Some examples on non-groups are



Definition: A subgroup H of a group G is a subset of elements H ⊆ G, having the same multiplication 
law as G, which is closed under multiplication and forms a group by itself.

Two groups G and G′ are isomorphic if there exists a bijective map f : G ➝ G′ which respects 
multiplication, f(a) f(b) = f(ab) for all a and b in G. 

By bijective map we mean that f is one-to-one and onto, or in other words no two distinct elements in G 
are mapped into the same element in G′, and every element in G′ is the image of some element in G. 

Without the requirement that f be either one-to-one or onto, but still requiring that f(a) f(b) = f(ab), we 
say f is a homomorphism from G into G′

The symbol representing “is isomorphic to” is ≌, so G1 ≌ G2 means G1 is isomorphic to G2. 

Note isomorphism is an equivalence relation (to be defined shortly), so that we usually think of a group 
as a representative of all groups isomorphic to it.

1.3 Conjugacy

Two elements B and C of a group G are said to be conjugate if there exists an element A ∈ G such that

Conjugacy is easily shown to be an equivalence relation.



A relation on a set S is a boolean valued function on S x S. 

That is to say, for each ordered pair it is either true or not. 

It is usually stated differently: the relation A ~ B holds for certain pairs of elements A and B in G, and not 
for some other pairs of elements. 

A relation ≌ is an equivalence relation if

Any equivalence relation on a set divides the set up into disjoint equivalence classes, all of the elements 
in one equivalence class being equivalent to each other and not to any of those in other classes. 

As conjugacy in a group G is an equivalence relation, it divides G into conjugacy classes.

This division plays an important role in the analysis of representations of a finite group.

Any element B which commutes with all other elements of the group G is clearly in a conjugacy class by 
itself, for then A−1BA = B for any A.



which is the set of elements gh for all h ∈ H. 

It is called the left coset of H in G with respect to g.

We can also define right cosets analogously—they are not necessarily the same.

Note that each coset has the same number of elements as H, and the whole group is the disjoint union of 
the cosets.

1.4 Cosets

If a group G has a subgroup H, there is another kind of equivalence relation

H can’t just be any subset; the requirements for the relation to be an equivalence relation require H to be 
a group. 

The equivalence class of g is just the set

The set of all such elements is called the center of the group. 

In particular, an Abelian group of order n has n conjugacy classes, each with one element, and then the 
center is the whole group. 

Also, for any group, the identity element is always in a class by itself.



Any nonidentity element g of a finite group generates a sequence {𝕀, g, g2 , ...} which must eventually 
repeat an element. 

The first one repeated must be 𝕀, so we can take the smallest n > 0 for which gn = 𝕀, and call it the order 
of the element g in G. 

The set H= {𝕀, g, g2, ...gn−1} is a subgroup of order n. 

Such groups, which are constructed of powers of a single generator, are called cyclic groups, and may be 
written as < g >. 

Every nonidentity element of order n generates a cyclic subgroup, so there is a subgroup of order n, and 
thus the order of each element divides the order of the group G.

1.5 Cyclic Group

The number of elements in a group is called the order of the group, and we have just shown that the
order of G is equal to the order of H multiplied by the number of cosets of H in G. 

In particular, the order of G is divisible by the order of H. 

We define the index of H in G to be the number of cosets of H in G, which we see is given, for finite 
groups, by



1.6 Normal Subgroups

H is called a normal subgroup of G (H     G) if the left and right cosets are the same for every element   
x ∈ G, or

This does not imply that each element h ∈ H commutes with x, but rather that for each h and x there is an 
h′ with xh′ = hx, or h′ = x−1hx, with h′ ∈ H.

As an example, consider G = D4 = C4v . 

The subgroup C4 generated by C is a normal subgroup, as shown below. 

The subgroup H= {𝕀, mx} is not normal (          ), because CH= {C, Cmx}= {C, σ+}, while                       
HC = {C, mxC}= {C, σ−}.

If H is a normal subgroup of G, the cosets of H in G may be considered elements of another group, the 
quotient group G/H, by defining the multiplication law

This looks like it might work for any subgroup H, normal or not, but it doesn’t, because the coset xH 
does not uniquely specify an element x ∈ G, and the definition of ⊙ above only works if xyH is 
independent of this ambiguity. 

For a normal subgroup Hy= yH, so the set of elements xHyH (the set is independent of the ambiguity) is 
xyHH= xyH.



1.7 Direct Products

Let H and K be two groups of orders η and 𝜅 respectively. 

Then the set H x K is the set of pairs of elements, one from H and one from K, which we can write as 
{(h, k), h ∈ H, k ∈ K}. 

There is no particular meaning to calling this multiplication — it is just notation for an ordered pair of
elements, one from each set. Notice that H x K has η𝜅 elements.

Now we can turn H x K into a group by defining the group multiplication law

where the two ⊙’s on the right are the ones for H and for K respectively. 

It is easy to show that H x K, which is called the direct product of H and K, is a group, with identity          
(𝕀, 𝕀), and with the inverse of (h, k) given by (h−1, k−1).

The two groups act independently. 

For example, in elementary particle physics there is invariance under the rotation group SO(3) in space, 
and also under the color group SU(3). 



If G = H x K, it contains normal subgroups {(h, 𝕀)|h ∈ H} and {(𝕀, k)|k ∈ K}, which loosely speaking we 
could just call H and K. 

So we can form the quotient group G/H and it is clearly isomorphic to K,  K ≌ G/H, and also H ≌  G/K. 

But this is not true for a general group G with a normal subgroup H. 

1.8 Kernel

Let G and K be groups and f : G ➝ K be a homomorphism with kernel H, i.e.

Then H is a normal subgroup of G, ker(f)     G.

It is easy to see that H is closed under multiplication and contains the identity of G, and is therefore not 
empty. 

To show that it is normal, we need only show g−1hg ∈ H for all g ∈ G, h ∈ H.

These act completely independently, so one barely mentions that there is a SO(3) x SU (3) symmetry. 

However, in electro-weak theory, there is a symmetry under weak isospin and another U(1) group,              
SU(2) x U (1), which is often mentioned like this because a subgroup, which is not a direct product of 
two groups, is the one which survives the spontaneous symmetry breaking.



The ri’s are just the integers 1, ..., n but in some different order, with n! possibilities. 

These composite movements are called permutations of n objects, and, for a given n, form a group 
called the symmetric group Sn.

Consider n boxes labelled 1, 2, ..., n and n objects a, b, ... which fit one to each box. 

Represent the composite action of moving the object in the ith box to the rith box (all simultaneously) by

The notion of kernels, and equivalencing by ignoring things in the kernel, is a common notion with many 
applications in mathematics. 

One physics application will come much later, when we consider spontaneous symmetry breaking. 

There the full dynamical symmetry group does not leave the vacuum state invariant, but the map from 
the group into the variations of the vacuum state has a kernel, the symmetries which are not broken, 
which is a normal subgroup, and the quotient group is generated by the massless Goldstone bosons.

1.9 Permutations

But f(g−1hg) = f(g−1)f(h)f(g) = f(g−1)f(g) = 𝕀K , because a homomorphism preserves products and inverses 
and the identity. 

Thus g−1hg is in H, and H    G.



theLet us specialize to S3.

The short names we have given are called cycles, and (n1, n2, ..., nr) might have been better written as  
(n1 ➝ n2 ➝ … ➝ nr ➝ n1), 

Thus (123) = (231), etc. 

All permutations in general can be written as products of disjoint cycles, but not necessarily as a single 
cycle as we can for S3, which doesn’t have enough elements to have two nontrivial disjoint cycles. 

It is also possible to write all permutations in terms of a product of transpositions, which are cycles of 
two elements, or simple interchanges, but these are not disjoint.

For example, (123) = (13)(12). 



The sign of a permutation is ±1, depending on whether it can be written as a product of an even or odd 
number of transpositions. 

Although the decomposition of a permutation into transpositions is not unique, the sign is well defined.

Otherwise there could be no fermions! 

The sign of the permutation P is often written (-1)P , which has no other intrinsic meaning.

The even permutations, i.e., those with positive sign, obviously form a subgroup An, called the 
alternating group. 

1.10 Groups of low order

Every group needs to include the identity. 

Thus the smallest group is the only group of order one, {𝕀}. 

Any other element g of a finite group generates a cyclic subgroup of order the same as the order of g. 

If there are no other elements, the group is the cyclic group of order n, Zn, which can be thought
of as the integers {0, 1, ..., n-1} with ⊙ taken to be addition mod n, or as the complex numbers of unit 
magnitude zk = e2πik/n, with ⊙ ordinary complex multiplication. 

Thus for every integer n > 0 there is at least one group of order n. 



Thus there is one group of order two and one of order three. 

For order four, in addition to the cyclic group Z4, we can look for a group with no element of order 4. 

As the orders must divide 4, we must have three elements, A, B, C, each of order two, so each has   
square 1. 

What is AB?

It can’t be 𝕀 because A ≠ B, and it can’t be either of A or B, as the other is not the identity, so it must be 
C. 

The same argument determines that BA is neither 𝕀 nor A nor B, so it must also be C, AB = BA. 

As A and B were arbitrary non-identity elements, the group is Abelian and the multiplication fully 
determined. 

This group is called the Vierergruppe. 

It is the symmetry group of a rectangle, the subgroup of the symmetry group of the square, D4,

For order 6 we already have the cyclic group Z6 and the permutation group S3. T

These are all groups of order 6.

If n is a prime, the order of any non-identity element must be n because it must divide n. 

Then it generates the full group, and there is nothing unresolved in its multiplication table. 

Thus there is only one group of order p for each prime p.



Part 2 Representations

In the last part we learned something about the structure of the groups themselves, but we are really 
interested in how the symmetry groups act on the eigenstates of a physical Hamiltonian. 

The set of states corresponding to a given eigenvalue of degeneracy ℓ forms a vector space of   
dimension ℓ. 

The result of applying the symmetry operation to any of these states gives a state with the same energy 
eigenvalue, and thus a state in the same ℓ-dimensional vector space. 

The symmetry acts linearly on the states,

so the operators are linear operators on a vector space, and may be considered ℓ x ℓ matrices acting on 
this eigenspace.

Let {ei, i = 1, ..., ℓ} be an orthonormal basis of the vector space. 

If A ∈ G is one of the symmetry operators, it will act on ei to give a linear combination of the basis 
vectors,

Notice the order of the indices on T .



If 𝜓 = ∑i 𝜓iei is an arbitrary vector in the eigenspace, and if 𝜓′ = ∑i 𝜓′iei = A 𝜓, then

or

by the linear independence of the ej’s. 

Note the order of the indices now.

Tij can be considered the matrix element Tij(A) = < ei | A | ej >.

We can find the composition law for these matrices by noting that

where the multiplication is just ordinary matrix multiplication.



as T(A) is nonsingular. 

Also

Thus we have a homomorphism from the group G onto a group of ℓ x ℓ nonsingular matrices. 

This is called an ℓ-dimensional representation of the group G.

If no two elements of G are mapped into the same matrix, then the homomorphism                                    
G ➝ T= {T(A)|A ∈ G} is an isomorphism, G ≌ T , and we call the representation faithful. 

An example of an unfaithful representation for any group is the homomorphism g ∈ G ⟼ 𝕀, in which 
every element is mapped into the identity matrix. 

This trivial representation is called the identity representation of the group.

Note that for any representation

If R is an ℓ-dimensional representation of G, and if S is a fixed nonsingular ℓ x ℓ matrix, then

is also clearly an ℓ-dimensional representations of G.



Two representations related by such a fixed similarity transformation are equivalent representations.

Consider an n-dimensional representation T of G on a vector space Ln.

Suppose we take a particular vector v and act on it with all the elements T(A) and then consider the 
vector space Lm spanned by these vectors, i.e. the space of all linear combinations of {T(A)v|A ∈ G}. 

Surely Lm is contained in Ln, but it might be the whole of Ln or it might be a proper subspace of 
dimension m < n.

A subspace of a vector space is a subset closed under addition and scalar multiplication.

A proper subspace is a subspace which is not the whole space and not just the point {0}.

or Tji(A) = 0 for all i ∋ m, j > m, A ∈ G. 

So T has the form

Clearly Lm is closed under the action of the group, as for any A ∈ G, the action of A on an arbitrary 
vector ∑aB T(B)v in Ln is  A : ∑aB T (B)v ⟼ ∑aB T(A)T(B)v = ∑aB T(AB)v, which is included in
the definition of Lm. 

If we choose a new basis for Ln such that the first m basis vectors span the subspace Lm, we see that



(2.1)

with D(1) an m x m matrix, D(2) an (n - m) x (n - m) matrix, and X an m x (n- m) matrix.

If we check how two such matrices multiply we can easily show that D(1)(AB) = D(1)(A)D(1)(B) and 
D(2)(AB) = D(2)(A)D(2)(B), so D(1) and D(2) are m and n→ m dimensional representations 
respectively, and our original representation T is said to be a reducible representation. 

The subspace Lm is called an invariant subspace. 

If there is no proper subspace of Ln which is closed under action by the group, we say that T is an
irreducible representation.

We expect symmetry transformations on our hilbert space to be unitary transformations, preserving the 
norm of the states. 

Then because we asked that ei be an orthonormal basis, the matrices T(A) will be unitary matrices, and 
the representation is called a unitary representation. 

We will now prove that any finite dimensional representation of a finite group is equivalent to a unitary 
representation. 

This will also be true for infinite groups if we can define finite invariant integration measures, but this we 
will consider later.



then

Consider a representation T of a finite group G. 

Define the matrix

H is clearly hermitian so it can be diagonalized by a unitary U , Hd = U−1HU , (Hd)ij = diδij . 

So

as U−1 = U† because U is unitary, and both T and U are nonsingular. 

Thus we can define (H1/2d)ij= d1/2i δij and V = UH1/2d will provide the similarity transformation from T to 
an equivalent unitary representation 𝛤 - let



where in the first line we used that Hd is hermitian and U is unitary, and in the second that the 
underbraced sum is ∑B T(AB)T†(AB) = ∑B T(B)T†(B) = H, where the first equality is due to the left 
invariance of sums over all the elements in the group.

This is the first example we have seen, but far from the last, of the usefulness of summing over all the 
elements of a group with equal weight.

For a Lie group, one with elements indexed by a continuous parameter, we will need carefully to give 
meaning to a sum with equal weights over all elements. 

We will need to define an invariant integration measure. 

We will then find that for compact Lie groups, for which the total group volume in finite, we can again 
find a similarity transformation, so that we will have proven:

Theorem: Any finite dimensional representation of a finite group or of a compact Lie group is equivalent 
to a unitary representation.

If T was reducible, so is 𝛤, as there is still an invariant proper subspace.

The necessary change of basis to get 𝛤 into the form of eq. 2.1 can be chosen unitary, so the new form is 
also unitary. 

But then



2.1 Schur’s First Lemma

But we know that the lower left block of 𝛤 is zero, so X = 0, and the representation is block diagonal,

A representation which can be successively reduced in this manner to a block diagonal form of two or 
more irreducible representations is said to by fully reducible. 

We say that 𝛤 is the direct sum of the irreducible representations.

Now to go ahead we must first prove

Any matrix which commutes with all the matrices of an irreducible representation
of a finite or compact Lie group must be a multiple of the identity.

We can assume we have made the similarity transformation so that our representatives 𝛤(A) are unitary. 

Whether or not the commuting M is a multiple of the identity will not be affected by this similarity 
transformation.

Then if [M, 𝛤(A)] = 0 for all A ∈ G,



Now either all the di are equal, in which case D is a multiple of the identity, or 𝛤 ′(A)ij  = 0 for all A, 
except for i and j in the same block, that is for i and j having the same d. 

But that would mean  𝛤 ′(A) is reducible, and so is 𝛤(A), which contradicts the hypothesis. 

This argument works for both H+ and H−, and tells us that both must be multiples of the identity, as must 
be M = H+ + iH−.

We multiply the last equation by 𝛤(A) on the left and on the right, using the fact that 𝛤(A) is unitary, we 
get

so M† also commutes with all 𝛤(A), and so do the hermitean matrices H+ = M + M† and H− = i(M† - M ). 

Now either of these hermitean matrices can be diagonalized by a unitary matrix U , H = U DU−1, where 
Dij = diδij . 

But e can also transform our representation 𝛤  by U, defining a new representation 𝛤 ′(A) = U−1 𝛤(A)U , 
which is still irreducible and unitary, and [𝛤′(A), D] = U−1[𝛤(A), H]U = 0. 

Thus



This lemma has a useful contrapositive: if a matrix M which is not a multiple of the identity matrix 
commutes with all the representatives of elements in the group, the representation must be reducible.

2.2 Schur’s Second Lemma

If 𝛤 i and 𝛤 j are irreducible unitary representations of G, of dimensions ℓi and ℓj respectively, and if

then either M = 0 or 𝛤 i ≌ 𝛤 j and M is nonsingular.

2.3 The Great Orthogonality Theorem
Let 𝛤 i and 𝛤 j be irreducible unitary representations of a group G, of finite dimensions ℓi and ℓj 
respectively. 

Let X be a fixed ℓi x ℓj matrix, and

Then for any B,



Thus by Schur’s second lemma, if 𝛤 i  is not equivalent to 𝛤 j, M = 0 for any X. 

In particular, take any b ≤ ℓi and d ≤ ℓj , and let Xef := δebδfd. 

Then

as 𝛤 j is a unitary representation.

On the other hand, if 𝛤 i and 𝛤 j are the same representation, then Schur’s first lemma tells us Mac = cδac. 

Tracing,

where g is the order of G, so c = gδbd/ℓi, and

If we understand the index i to run over all inequivalent irreducible representations, we can write both 
results (2.2) and (2.3) as

(2.2)

(2.3)



form an orthonormal set of vectors in the vector space of all functions on the group.

This is known as the great orthogonality theorem.

For the continuum version, if  ∫ dµ 1 = V ,

In what sense is this orthogonality? 

Think of the space of all complex-valued functions of the group elements. 

Define a norm on this space of functions by (f, h) = ∑A∈G f∗(A) h(A), or for a compact Lie group,                    
(f, h) = ∫ dµ f∗(A(µ)) h(A(µ)). 

Then the great orthogonality theorem tells us that

(2.4)



The order is important, in order to preserve the group multiplication law, (CB)𝜓= C(B𝜓). 

To show this let both functions act on A.
 
  ((CB)𝜓)(A) = 𝜓(ACB), (C(B𝜓))(A) = (B𝜓)(AC) = 𝜓(ACB)               good!.

If the group G= {A1, ...Ag} has a finite number of elements, one orthonormal basis for functions on G is 
the set eα of functions eα(Aβ) = δαβ , for α and β = 1, ..., g. 

This set clearly spans the space of all functions, as for any 𝜓,

and is linearly independent. 

Thus the space of functions LG on G is g-dimensional. 

The orthonormal set we got from the great orthogonality theorem has dimension ∑i ℓ2i , so it must be true 
that ∑i ℓ2i ≤ g. 

We will soon show it is an equality.

In general, if we have a set of functions 𝜓j(A) on the group, we can define the operation of the group on 
these functions by



Included in this space of all functions on G is a set of functions

So we see

Now the function B𝜓 is a function of the group elements. 

Although it is not the function 𝜓, it is certainly in the space of all functions on the group.

Thus the space LG of all functions on the group provides a representation of the group, g dimensional. 

Let us use the basis eα. 

Then the function Beα  can be expanded with coefficients we call 𝛤 regβα(B) of the basis vectors eβ ,
Beα = ∑β 𝛤 regβα(B) eβ . 

Acting on Aγ, we have

This representation is called the regular representation of the group.

If you had tried to define (B𝜓)(A) := 𝜓(BA), (wrong!), you would not find (CB)𝜓 = C(B𝜓).



so B𝜓b = ∑c 𝜓c 𝛤 icb(B), and this set transforms like the ith irreducible representation.

where i is any of the irreducible representations of G and a is a fixed index a ∈ [1, ℓi]. 

This set of ℓi functions transform by

Actually we see that we have ℓi such sets of functions, one set for each a, and they are guaranteed 
linearly independent by the Great Orthogonality Theorem. 

Thus we see that each irreducible representation 𝛤 i appears at least ℓi times in the reduction of the 
regular representation. 

This again tells us that ∑i ℓ2i ≤ g. 

Very soon, we shall see that it appears exactly ℓi times and ∑i ℓ2i = g.

Any function on the group is a linear combination of the eα which provide the basis of the regular 
representation. 

In particular, the function fB : G ➝ C given by fB (A) = δA,B is just the (𝕀, B) element in the regular
representation 𝛤 reg as we have defined it. 



But the regular representation is reducible, so it is equivalent to a direct sum of irreducible 
representations: 𝛤reg = S−1(         𝛤 i) S, where (         𝛤 i ) is essentially a block diagonal matrix with ni 
blocks for each irreducible representation 𝛤i, each block an ℓi x ℓi matrix function on the group. 

This direct sum matrix thus has two compound indices, each one a combination of i giving the 
irreducible representation, n = 1, . . . , ni telling which one of the ni copies, and a or b giving
which basis vector within that representation. 

Thus S = S(i,n,b),β and

and if we define aiab(B) = ∑n (S−1)1,(i,n,a) S(i,n,b),B we have

Multiply this by 𝛤 j∗cd(A) and sum over A ∈ G,

(2.5)

using the Great Orthogonality Theorem. 

When we insert this back into (2.5), we have



which is sort of orthonormality of the g vectors 𝛤(A) (A is an index here) in the ∑ℓ2i dimensional space 
indexed by (i, a, b). 

In particular, g vectors in a ∑iℓ2i dimensional space can be independent, which they are, only if                 
g ≤ ∑i ℓ2i . 

Perhaps it would be clearer to say this: Using (2.6), any function on G

is a linear combination of the ∑ℓ2i functions 𝛤 iab(A), so these are a complete set of functions on G, and 
that space is g-dimensional. 

So again g ≤ ∑i ℓ2i.

But we have already shown g ≥ ∑i ℓ2i , so we have an important statement about the full set of 
irreducible representations and their dimensions:

(2.6)

(2.7)



2.4 Characters

We have seen that two representations are considered equivalent if they are related by a similarity 
transformation 𝛤(1)(A) = U𝛤(2)(A)U−1 for all A ∈ G.

To characterize a representation we are not interested in all the equivalent forms, so we would like 
something invariant under similarity.

This is done by defining the character of a representation 𝛤 to be a function χ : G ➝ C on the group 
given by

Note χ is a complex-valued function on the group, not a matrix-valued function as 𝛤 is. 

Also note it is obviously unaffected by similarity transformations. 

But this has an important consequence on the function χ — namely, if A and B are conjugate group 
elements, i.e., A = C−1BC for some C ∈ G, then

Thus the character is actually only a function on the conjugacy classes of the group.

Now the great orthogonality theorem (2.4)



That is, we know in principle that 𝛤 is reducible to a direct sum of irreducible representations, but we 
haven’t done it.

Thus two different representations have different characters—in fact they form a set of linearly 
independent functions on the conjugacy classes of the group. 

Thus the number of inequivalent irreducible representations of G must be ≤ the dimension of the space 
of complex functions on the classes of G, which is just the number of classes of G.

Suppose we have a representation which might be reducible. 

Then 𝛤  =                , which means

can be traced in ab and in cd, to give



If 𝛤 is in fact irreducible, one  a  will come out one and the others zero. 

For the one j which gives aj = 1, χj = χ, so

(2.8)

In fact, this is an “if and only if” statement, for

so

If this is g, exactly one ai is one and the others must be zero.

Let us return to the regular representation, which is a g x g matrix representation

Now we will see how to extract the ai’s.

The representation 𝛤 has a character χ, so for each possible irreducible representation 𝛤 j which might be 
included in the direct sum, we can form

(2.9)



The diagonal elements are 𝛤 regαα(B) =                                  so

For each irreducible representation 𝛤 i of G, χi(𝕀) = ℓi, so the number of times that representation occurs 
in the regular representation is

as we already realized from establishing that our original inequality g ≥ ∑ℓ2i was in fact saturated,                
g = ∑ℓ2i. 

This equality now reflects just that the dimension of the regular representation is the sum of the 
dimensions of its irreducible components:

The characters also form a basis for functions on the conjugacy classes.

Let {Ck} be the conjugacy classes of G, and



But the 𝛤 iab are a set of linearly independent functions, so

for any B, or in matrix form

But then Schur’s first lemma tells us ci 𝛼 𝕀, or ciba = kiδab, and



The fact that any function on classes can be expressed as a linear combination of characters enables us to 
write

or f = ∑i kiχi is a linear combination of the characters, and consequently the number of irreducible 
representations is the same as the number of conjugacy classes.

The equation (2.8) can be thought of as an orthogonality statement for the characters. 

As the character of each element in a conjugacy class is the same, if we define ηC to be the number of 
elements in the class C, we have

Multiply by       χj∗(Ck) and sum over k,

so                                            and

This tells us



is a complete orthonormal basis on the set of conjugacy classes.

2.7 Direct Products of Representations

Often a group acts separately on factorizable pieces of the wave function.

For example, if we wish to consider the states of two electrons in our lattice, the total wave function 
𝜓(x1, y1, x2, y2) could be written as a sum of products ∑i aiφi(x1, y1)𝜌i(x2, y2). φi and 𝜌i can be separately 
decomposed into irreducible representations of the group, and the group acts on 𝜓 by the direct product, 
because it acts together on both                   . 

The vector space upon which the group is acting here is the tensor product of the space of all
functions of⃗ r1 = (x1, y1) with the space of all functions of⃗ r2.

Perhaps it would be better to consider first a finite-dimensional example.

The electron of a hydrogen atom in an ℓ = 1 state is in a three-dimensional space with basis vectors |m∝ , 
m=→1, 0, 1. 

The rotation group acts on this space in a three-dimensional representation to be further discussed later.



though of course we could still index these basis vectors as e1, ..., e6. 

Now some operators, such as the orbital angular momentum⃗L, may act only on part of the composite 
index, ⟨m→, s→| L |m, s∝= Lm′ mδs′s, while others might only act on the spin, ⟨m→, s→| S |m, s∝= 
Ss′sδm′ m, but in general an operator O,⃗⃗e.g.L·S, is a 6↔6 matrix O(m′ s′),(ms)= ⟨m→, s→| O |m, s∝. 

The six dimensional space on which it acts is the tensor product of the three dimensional space of orbital 
angular momentum states and the two dimensional space of spin.

Under a rotation8 A, the state of the electron will be acted on by a six dimensional representation

which is the direct product,

At the same time, the electron has a spin degree of freedom in a two-dimensional space with basis {|↑∝, |
↓∝}, or |s∝ , s= ± 12 . 

A full description of the state of the electron lies in a six-dimensional space whose basis is most naturally
written as {|m, s∝} or



More generally we will consider the product of two irreducible representations of any group,

This is clearly a representation, because the matrix sum over the tensor product index is just an 
independent sum over the indices of each subspace.

If r, s, t are indices in the ℓi dimensional space on which ”i acts and a, b, c indices for the ℓj dimensional 
space on which ”j acts,

The character of the product representation is simple:

Now the product of two irreducible representations need not be irreducible, but it must be equivalent to a 
direct sum of irreducible representations. 

For example, for the case of the electron with orbital angular momentum 1 and also spin, the full rotation 
group has representations labelled by j, and our six dimensional space is a sum of a j=12 and a j=32 
representation,



where each representation may appear aijk times in this sum, called the Clebsch-Gordon series. 

The non-negative integers aijk are called Clebsch-Gordon coe#cients by mathematicians but not by 
physicists, who mean something else.

From the formula (2.9) for the number of times a given irreducible representation occurs in an arbitrary 
one, the coeffients are easily calculated:

More generally,

We reserve our discussion of the physics of this decomposition until after we have learned to construct 
irreducible representations of infinite groups.



Part 3 Infinite Groups

Most physical situations that have a symmetry group have an infinite group.

Some examples:



The last example differs from the others in an essential way — there are no group elements which do 
arbitrarily little, although of course there is one, the identity, which does nothing. 

For the SO(3) rotations we can rotate through an arbitrarily small angle, for the translations of the 
vacuum we can translate by a femtometer (we theorists can — experimentalists might have a hard time). 

But the symmetries on the lattice have a minimum nonzero distance for which a translation can be a 
symmetry.

A group that has elements which are infinitesimally different from 𝕀 is called a continuous group. 

The others are called discrete. 

A continuous group requires one or more continuous parameters to specify which element
is being discussed.

 For example, for the translation group of the vacuum,      = (ax, ay , az) is a set of three continuous 
parameters needed to specify the translation. 

For the rotation group we can specify three Euler angles. 

Later we will make a better choice, but it will still require three real parameters.

Notice that we have implicitly assumed some kind of topology on the group, for we have talked of 
elements arbitrarily close to the identity, which implies a sequence of elements converging to the 
identity. 

For this reason these groups are also called topological groups



3.1 Connectedness

With topology comes the concept of connectedness — can any two elements of the group be connected 
by a continuous path of elements in the group.

The part of the group connected to the identity is called the connected component

Clearly the translations of the vacuum form a connected group, because, for any translation by  a, the set 
of translations {                                     for λ ∈ [0, 1]}, is a continuous path of translations starting from 
the identity at λ = 0 and ending at the translation by     at λ = 1.

The proper rotations are also connected by the same approach. 

But if we consider the set of all transformations that preserve lengths, which is to say the set of all 
orthogonal transformations, O(3), this includes the parity transformation P :               . 

It is clear, however, that there is no path of orthogonal transformations which connects this parity 
transformation to the identity. 

Parity in 3-D converts a left hand to a right hand, which can’t be done continuously by orthogonal 
transformations. 

More abstractly, and in arbitrary dimension, if A is an orthogonal matrix, A−1 = AT . 

Then (det A)−1 = det(A−1) = det(AT) = det A, so det A= ±1. 

The identity has determinant +1 while parity (in 3-D) has determinant -1.



But as nointermediate values are allowed for an orthogonal transformation, there is no path between 
them.

Thus this group, O(3), consists of two pieces, the connected component, called SO(3), which is the 
subgroup of orthogonal matrices with determinant +1, and the piece connected to P . 

This second component is in fact the left coset of SO(3) in O(3) with respect to P , and SO(3) is a normal 
subgroup.

The connected component will always form a normal subgroup, and the factor group will always be 
discrete. 

For the most part we will treat only connected groups.

The space of parameters describing the connected component of the group will form a manifold, that is, 
the neighborhood of each point can be described by Euclidean coordinates in n dimensions, though the 
metric may be only Euclidean in an infinitesimal neighborhood. 

We will define a metric (or measure) on the parameter space of the group later, but for now I only
comment on topological issues. 

Besides connectedness, some other aspects of the topology of the group manifold which will come into 
play are whether or not it is simply connected and whether it is compact.

A manifold is simply connected if every closed path can be continuously shrunk to a point. 

The surface of a sphere is simply connected, the surface of a donut, or a torus, is not.



Examples:

The manifold is compact if it forms a closed and bounded set in the topology we are considering. 

Only after defining a metric on the group manifold can we really answer the question of whether or not a 
sequence is a Cauchy sequence, which is necessary to define compactness. 

Usually the metric will be uniformly continuous in the parameters, so a sequence of elements whose 
parameters approach a limit themselves approach a limit. 

When this is true, compactness reduces to having a compact set in parameter space. 

But it is not always true.



The D matrices 𝛤i are just

3.2 Infinitesimal Generators

Let us concentrate on the connected component of the group. 

Suppose that the group elements, at least those sufficiently near the identity, are parameterized by a D 
dimensional parameter νi, with g(νi = 0) = 𝕀. 

Any representation 𝛤 which respects the topology of the group will then have a power series expansion

Of course the 𝛤i  depend on the representation and each is a matrix.



More abstractly, we can consider a function f in the space of all (sufficiently differentiable) functions 
defined on the group. 

Let us define a set of differential operators Li on this space by

But representations are functions on the group, and if we consider an irreducible subspace 𝛤 kab(A),

defines a representation not of the group but of the operators Li.

Thus far we have considered only group elements in an infinitesimal neighborhood of the identity, i.e. 
A(ν) for infinitesimal ν. 

Let us extend this parameterization by writing, for finite ν,



For any representation,

so we can write at least formally,

It can be shown that any element in the connected component of a compact Lie group is of this form, so 
we now have a good parameterization of the whole thing.

Example: SO(2) are the rotations in two dimensions. 

Let us start with a very bad parameterization of these 2 x 2 matrices,

Then the one Li is

Note L2 = -𝕀, so



As θ + 2π describes the same group element as θ, A(2π) = 𝕀 and we must have 𝛤(A(2π)) = e2πim = 1, so 
m must be an integer. 

We have a countable infinity of representations.

So although we started with a deliberately poor parameterization in terms of x, we find a natural 
parameterization in terms of θ. 

And any rotation in SO(2) can be written as A(θ) = eθL. 

L is the only generator of SO(2).

Clearly A(θ1)A(θ2) = A(θ1 + θ2) so the group is Abelian.

All of the irreducible representations of any Abelian group are one dimensional, because all the 
representatives commute with each other and therefore can be simultaneously diagonalized. 

Thus for our SO(2),



So we expect orthogonality of the characters in the continuous version:

The functions em(θ) = eimθ , for m = -∞…∞ form a complete set of functions on the group, which as a set 
is just a circle.

SO(2) is clearly connected. 

It is clearly multiply-, not simply-, connected, because the path λ ➝ A(2πnλ) for λ ∈ [0, 1] is a closed 
path which cannot be continuously deformed to a point because it wraps around the circle n times.

We have claimed that the group elements for the connected component of any compact Lie group can all 
be written as

where the Li are the generators of the group.

The group-invariant volume for this group is just dθ, which is left invariant under left multiplication by 
A(φ) because



How does the multiplication law of the group manifest itself in properties of the generators Li? 

For small ν1, ν2,

so a great deal of the group multiplication is built into our choice of parameters, where it is reflected 
additively. 

To see more we need to go to higher order:

We see that if the group is Abelian, g(ν1)g(ν2) = g(ν2)g(ν2), then [Li, Lj ] = 0, and the generators 
commute. 

If the generators do all commute, then

(Abelian group)

and the group multiplication simply corresponds to addition in the vector space spanned by the Li’s, and 
the statement that the group elements commute is true, not just perturbatively.



If the generators do not commute, then the multiplication

will have an expression for ν3(ν1, ν2) which is a more complicated function of its arguments. 

We may, however, expand ν3 in a power series in ν1 and ν2, and as we saw above it begins with                     
ν3= ν1 + ν2 +... 

Expanding to second order, (summations understood)

where in the last term, which is quadratic in ν3, the first order expression for ν3(ν1, ν2) is sufficient. 

Expanding the two sides we have

Subtracting gives                                                                                      



As the Li are a complete set, this can only have a solution for ν3, as it must, if

for some set of coefficients ckij , which are called the structure constants of the group. 

Clearly a group is Abelian if and only if all the structure constants are zero.

We see that the generators of the group form a Lie Algebra.

Definition: An r dimensional Lie Algebra 𝓛 is an r dimensional vector space together with a bilinear 
composition [· , ·] : 𝓛 x 𝓛 ➝ 𝓛 with the properties

The second equation is called the Jacobi identity. 

These requirements are automatically satisfied if the [· , ·] law is defined as the commutator of an
associative multiplication law, [x, y] = xy - yx. 

But the commutator itself is not associative,



Note that the two laws of [· , ·] imply

The group U(N) is the set of unitary N x N matrices under ordinary matrix multiplication. 

As for O(N), the group of N x N real orthogonal matrices, it is useful to limit ourselves to those with 
determinant equal to 1, called SU(N) and SO(N) respectively. 

So SU(2) is the group of 2 x 2 complex unitary matrices with determinant 1. 

A unitary matrix U can always be written U= eiH with H a hermitian matrix (proof: diagonalize first, 
prove it for the diagonalized version, then observe that the similarity transformation factors out). 

We can also use the useful formula

Example 3: SU (2)

so det U = eiTr H = 1 implies Tr H = 0, so H is hermitian and traceless and is therefore a real linear 
combination of the Pauli matrices σj , H = 1/2 ∑j ωj σj.



We have already parameterized the group in terms of its generators

The factor of 1/2 is conventional, so that the Li’s are normalized so as to have the same structure 
constants as for SO(3)(I  leave it to you to work out SO(3) on your own - see end of section). 

For

so the structure constants are

Thus the Lie algebra of SU(2) and the Lie algebra of SO(3) are the same.

The groups are locally isomorphic. 

But a “rotation” through θ about the j axis gives

which are not the same.



In fact, the group space now consists of all        ≤ 2π rather than     ≤ π, but on the boundary       = 2π

so all the points on the surface of the ball,           = 2π are identified.

The group manifold is the closed ball        ≤ π, but with the opposite ends of each diameter of the ball 
identified with each other.

Thus SU (2) is simply connected. 

It is said to be the covering group of SO(3). 

The subgroup {𝕀, -𝕀} is obviously a normal subgroup Z2 of SU(2), and SU (2)/Z2 ≌ SO(3).

And we now have a simply connected manifold, because if we consider the path  A A′ now, we can 
deform it by moving A′ without moving A, because all the points on the surface A are the same, and so 
we can bring A′ back to A and then shrink the rest of the path to a point.



This is familiar from quantum mechanics. 

Representations of the rotation group with j = (2n+1)/2 are not really representations at all, because they 
change sign under rotation by 2π. 

These representations are used by fermions, and we escape the ill-definedness of the representation by 
insisting that only quadratic expressions in the fermions have physical meaning.

Most of our understanding of Lie groups comes from studying the Lie algebra of the generators. 

The study of these will permit us to find the representations, and to classify all finite dimensional 
compact simply connected Lie groups. 

We will do so following the book shortly.

Every point in SO(3) corresponds to two points in SU(2). 

Every representation 𝛤 of SU (2) thus provides two matrices for each element of SO(3), and the product 
of one of these for A and one for B will give one of the two matrices for AB, but in general there is no 
way to select, for each element g ∈ SO(3), a unique choice 𝛤 j (g) such that the product for two elements 
will always give the correct choice for the product. 

Instead, we have



3.3 Adjoint Representation, Killing Form, etc.

We will assume our algebra is finite dimensional and over the reals. 

From now on we will use Physicist’s generators, so

Every finite dimensional Lie group has an adjoint representation, given by

Note

verifying that it is a representation of the Lie algebra.

The adjoint representation has the same dimension as the algebra.

It is used to construct a bilinear form on the algebra β : 𝓛 x 𝓛 ➝ R given by its action on the generators



Note that although we have traced the product of the 𝛤’s, we still have the indices i and j left over, and in 
these β(Li, Lj) is a symmetric real matrix, which can be diagonalized. 

Doing so corresponds simply to a change in basis Li of the vector space 𝓛. 

So β(Li, Lj) = kiδij in this basis.

Furthermore, by changing the scale of the basis vectors Li, we can change the magnitude of ki 

But we cannot change the sign or whether or not it is zero. 

We could, however, normalize our Li so that each ki is ±1 or 0. 

The form β is called the Killing form. 

The singularity of the matrix β (the existence of ki = 0) is tied up with whether or not there is an abelian
invariant subalgebra.

An ideal or invariant subalgebra ℋ of 𝓛 is a subspace such that [ℋ, 𝓛] ∈ ℋ, that is, ∀ h ∈ ℋ, ∀ℓ ∈ 𝓛, 
we have [h, ℓ] ∈ ℋ. 

An invariant subalgebra generates a normal subgroup.



Example: SO(3) or SU(2):

Theorem: β is a singular matrix if and only if 𝓛 is not semisimple.

Theorem: 𝓛 is semisimple if and only if it is the direct sum of simple ideals.

Note: Ideals in Lie algebras correspond to normal subgroups of groups 
like subalgebras correspond to subgroups. A simple ideal in Lie algebra 
is a non-abelian ideal that does not contain any nonzero proper ideals. In 
the context of Lie algebras, a simple Lie algebra itself is one that contains 
no nonzero proper ideals, making it a fundamental building block in the 
classification of Lie algebras.

which is already diagonalized and all ki normalized to be equal (although not to 1).

If an algebra has no nontrivial invariant subalgebra it is called simple.

Here trivial means either the whole algebra L or the algebra {0} consisting only of the zero element.

If an algebra has no nontrivial abelian invariant subalgebra it is semisimple.

ℋ is abelian if ∀ h1, h2 ∈ ℋ, [h1, h] = 0.



Let us return to compact semisimple algebras generating symmetry groups which do have unitary 
representations.

The states of a physical system having a symmetry group G transform under symmetry transformations 
according to some representation. 

That is, we can find a basis of states | i > and the operators of the group are unitary operators on the 
states,

3.4 Quantum Operators

This is a nonsingular matrix, so the algebra is semisimple. 

In fact, as any rotational direction can be rotated into any other, it is simple.

Bras are the hermitian conjugates. 

Assuming unitarity,

as 𝛤 is unitary.



Note:

so the scalar products are invariant under the action of the group, for unitary representations.

Consider an operator 𝒪 which corresponds to a physical variable p. 

If I measure p in a state 𝜓, I get various values averaging to p = ⟨ 𝜓 | 𝒪 | 𝜓 >.

If I ask how a physical variable is changed under the action of a symmetry transformation, I measure the 
new value p′ by inserting 𝒪 between the transformed states

Thus I can equivalently think of the transformation as acting on the operator and leaving the states alone:

Under an infinitesimal transformation ν,



There is some advantage to thinking of the symmetry operations as passive(as opposed to active), a kind 
of compensating transformation,. 

This is especially useful for rotations, as the symmetry transformation can be thought of as not affecting 
the state at all, but only its description in terms of a rotated coordinate systems. 

Suppose 𝜓 and 𝒪 are a wave function and an operator described with respect to an original coordinate 
system, and 𝜓′ and 𝒪′ the same state and operator described in a rotated one. 

Then the eigenvalue ⟨ 𝜓 | 𝒪 | 𝜓 > must change only as appropriate for an object of 𝒪’s spin.

This leads to very powerful constraints on the matrix elements, known as the Wigner-Eckart theorem.

First we will work out the needed mathematics for SU(2), and then consider an arbitrary semisimple 
compact Lie group. 

The things we must discuss are



(to help you work it out…..)





Then ckij =  ϵijk are the structure constants, and

We will now work out in detail the properties of SU(2) and its representations.

We have already seen that the generators may be chosen to be

Part 4  - SU(2)

4.1 Representations of SU(2)

Thus our generators are not quite canonically normalized, but are all normalized equally, and β is 
positive definite. 

This is related to the fact, which we have already seen, that the group is compact.

In writing down our generators, we have chosen, arbitrarily, one direction to make diagonal. them as 
diagonal.



We want to look for finite dimensional irreducible representations, and we have chosen to make 𝛤(L3) 
diagonal. 

Consider a basis vector em with L3em = mem, or 𝛤m′m(L3) = mδm′m, where so far we are not restricting m 
other than to say it is real. 

However, we know that              = 𝕀, so e4πim = 1, and m = n/2 for some integer n, for us to have a true 
representation of the SU(2) group. 

But even without assuming this, we will find it anyway, from requiring the representation to be finite 
dimensional.

From L1 and L2 we can form the two operators

Any rotation can be, by similarity transformation with at rotation, rotated into the z direction, so as we 
have a choice as to which of the infinite number of equivalent representations to choose, we may choose
L3 to be diagonal.

If we had several generators which commuted with each other, we could have chosen all of them to be 
diagonal. 

In general, we will take a maximal set of commuting generators, called the Cartan subalgebra, and 
represent as diagonal.

For SU(2), no rotations about any other axis commute with L3, so the Cartan subalgebra is one 
dimensional.



Thus if L3em = mem,

These are not actually part of the Lie algebra, because that is defined over the reals, but any 
representation of the algebra is automatically a representation of the complexification, i.e.                       
{∑vaLa}, va ∈ C.

L± are called raising and lowering operators respectively because

so L±em is a new basis vector of the representation, unless it vanishes.

Applying L+ an arbitrary number of times generates an arbitrary number of vectors unless at some point 
it gives 0. 

All of these vectors are linearly independent, so we would generate an infinite-dimensional space unless 
there exists some state ej 𝛼 Lp+em with L3ej = jej  on which L+ej = 0. 

ej is called the highest weight state.



where Nj,m is a real normalization constant.

The state | j, m > is an eigenstate of L3 with eigenvalue m,

Now we generate a sequence of orthonormal states

because each application of L− lowers the eigenvalue of L3 by one.

The normalization factors can be found by observing that

tor L− |j, m + 1> = Nm+1 |j, m >.

On the other hand,
the the the

Let us form a normalized vector proportional to ej calle  | j , j >, and write the inner product in quantum 
mechanical form



Now L+ = L†−, so

But [L+, L−] = 1/2 [L1 + iL2, L1 - iL2] = i [L2, L1] = L3 and L3 Lr− |j, j > = (j - r) Lr− |j, j >  as L− is the 
lowering operator. 

So as L+ |j, j > = 0,

or



Now the set of states |j, m >  m = j, j-1, j-2, . . . must terminate somewhere if the representation is to be 
finite dimensional, so for some m < j, Nm = 0, so j + m = 0, or m = -j. 

But j - m is an integer, so 2j is an integer, and hence 2m is an integer as well.

We have formed a representation with orthonormal basis {|j, m > , m = j, j-1, j-2,· · ·, -j}, which is          
2j + 1 dimensional, with 2j an integer. 

We found the representation of L3 and L±, from which L1 and L2 follow.

There is exactly one irreducible representation of SU(2) for each dimension and for each                                    
j = 0,1/2,1,3/2 , . . .. 

Each representation has just one eigenstate of L3 with each eigenvalue m ∈ [-j,-j + 1, . . . , j]. 

The representation is given by



The j = 1/2 representation is just the group elements themselves. 

Therefore it is called the defining representation.

the representation of the group elements is, of course, given by the exponential of the representation of 
the generators. 

The 2j + 1 dimensional representation is usually denoted

4.2 Reduction of Direct Products

If 𝛤 1 and 𝛤 2  are two representations of a Lie group, and 𝛤 is their direct product, then

Recalling that

Now for SU(2), consider the direct product states with bases



Fortunately our states are already eigenstates of L3. 

The largest eigenvalue is j1 + j2, which can occur in only one way. 

So the representation j = j1 + j2 occurs exactly once in the direct product. 

This representation accounts for one of the basis vectors for each m (= eigenvalue of L3) with                     
| m | ≤ j1 + j2 .

Now consider m = m1 + m2 = j1 + j2 - 1. 

There are two ways to build it up, with m1 = j1  - 1, m2 = j2, or with m1 = j1, m2 = j2 → 1, as long as
each j is at least 1/2 . 

The next higher m, m = j1 + j2  - 2, can be built three different ways. 

The growth stops with m = j1 + j2 - k, which can be written in k + 1 ways, with m1 = j1 - r, m2 = j2  - k + r, 
r = 0, . . . , k. 

This representation can in principle be decomposed into a set of irreducible representations |j, m >. 

To see which, we count the dimensionality of the eigenspaces of L3,



or | m | = jmax - jmin = |j1→ j2|. 

Thus

Each decrease of m gives a new state, which is the highest state of a new representation, up to the point 
where

What stops it is that we must require m1 ≥  -j1, and m2 ≥ -j2, so k ≤ 2 min(j1, j2).

After that, the m corresponding to the smaller j (say jmin = k/2)) takes on all 2 jmin + 1 values, until we get 
to m < -|jmax - jmin|, where the possible values of m for the smaller j are limited.



This statement is an equivalence, so there must be a unitary matrix U which connects the direct product 
to the direct sum. 

This matrix has a right index which is a pair (m1, m2) and a left index which must specify which 
irreducible representation in the sum is referenced, and which m for that representation.

Because each j in the sum appears only once, we can use j to index the representation. 

Thus the left index is (j, m). 

Of course the whole matrix depends on j1 and j2. 

It is generally written

with hermitian conjugate (j1, j2, m1, m2 | j1, j2, j, m) and with

Both basis states are normalized, so (j1, j2, m1, m2 | j1, j2, j, m) is a unitary matrix. 

That does not completely define it, of course, because each of the invariant subspaces could be 
multiplied by an arbitrary phase | j, m > ➝             | j, m >.



For each j, we choose reality and the sign convention by making this overlap for m = j and m1 = j1 be 
real and positive:

A detailed example:

Consider the direct product of j1 = 1 and j2 =1/2 , as occurs if we ask about the total angular momentum 
of an electron (spin 1/2 ) in a p orbital (orbital angular momentum 1, in units of ℏ).

so, abbreviating (j1, j2, m1, m2 | j1, j2, j, m) as (j1, j2, m1, m2 |  j, m), we have (1,1/2,1,1/2 | 3/2,3/2) = 1. 

Applying the lowering operator

so (1,1/2, 0,1/2 | 3/2,1/2) =              , (1,1/2, 1,-1/2 | 3/2,1/2) =            .                  



Orthogonality tells us                                             and normalization that α2 + β2 = 1. 

The sign convention SC says β > 0, so

Applying L− further to the states | 3/2 , m > and |1/2 , m > specifies the remaining coefficients without 
additional sign conventions.

As an exercise you should be able now to work out < 1, 1/2 , j, m | 1,1/2 , m1, m2 > for all nonzero 
elements.

These orthogonal matrices are called the Vector coupling coefficients.

They are more usually called, by physicists and incorrectly, Clebsch-Gordon coefficients.

The state |1/2 ,1/2 > is orthogonal to |3/2 ,1/2 > but also must be made of the   2  m1 + m2 = 1/2 states, so



The decomposition of the direct product of irreducible representations of a compact group can, of course, 
always be done, in a fashion analogous to this, as we shall see later. 

There are, however, special features of SU(2) related to



4.3 Representations of Finite Rotations

Consider the action of a finite rotation on an irreducible representation

where α is some index describing all the other features of the states, not having to do with rotations, e.g. 
the principle quantum number.

Then

Now a direct product state | j1, m1, α1 > ⊗ | j2, m2, α2 > can be decomposed into irreducible 
representations,

so

We have not yet shown that there exists an invariant integration measure on the group, and hence that we 
can prove a great orthogonality theorem.

(4.1)



To get the normalization correct, normalize ∫ dg 1 = 1. 

Now 𝒟 is a unitary matrix, so

We shall do so later, but for now let us assume it

(4.2)

so integrating the left hand side gives

so Nj =1/(2j + 1).          [Compare this to g/li for the finite group representations.]

Applying this to (4.1)

(4.3)



In atomic or nuclear physics, one very often wants to calculate the amplitude for emission of a photon 
from some excited state. 

The photon emission operator is proportional to             where       is the momentum of the emitted 
photon and       is the position operator acting on the constituents. 

In fact, for nonrelativistic particles it is exactly

which determines the transition amplitude. 

Generally the transition energy corresponds to a photon momentum which is much less than the inverse 
size of the system, so              ≪ 1 whereever         has a significant matrix element.

So we can expand in a multipole expansion

As the j𝓁(kr)  (kr)𝓁 for small kr, we can expect this expansion, plugged into our matrix element, to give a 
series of rapidly converging terms. 

The spherical harmonics Ymℓ , for a given ℓ, are a set of functions which transform under the spin ℓ 
representation of SU(2).



for all ν. 

Integrating over the invariant measure of the group,

All taken together makes for no change, so

Consider a rotation of the particles      and their spins, but not the photon.

The states 𝜓i and 𝜓f are eigenstates of a spherically symmetric Hamiltonian so they have definite total 
angular momentum ji and jf , and z components mi and mf  along with other quantum numbers αi and αf  . 

So with | 𝜓i > = | ji , mi , αi  >, if we consider a rotation eiνL, we have



where

This statement is called the Wigner-Eckhart theorem. 

It is a nice division of the matrix elements into a piece which is pure group theory, the Clebsch-Gordon 
coefficient, and a piece which is more nearly pure physics, < j f α f ||Y || ji αi >. 

It is generally written for a set of operators 𝒪𝓁m which transform like Y𝓁m, for which it is written

The last factor is called the reduced matrix element.

4.3.1 Isospin

In elementary particle physics the number of particles is not conserved due to the possibility of pair 
creation. 

For that reason one cannot work with N particle wave functions, but rather with a Hilbert space which 
contains subspaces having differing numbers of particles. 

The various subspaces can be built up from the “vacuum” state | 0 > by applying operators which create
particles in a certain state. 



Let P†α be the operators which creates a proton with properties specified by α (which includes 
momentum and spin value).

Then P†α| 0 > is a single proton state, while P†αP†β |0 > is a state which has two protons, one with 
properties α and one with β. 

This corresponds to the same physical state as P†β P†α| 0 > though there could be an arbitary phase        
difference.

Because they are fermions, states are “antisymmetric under interchange”, which we insure by taking            
P†αP†β =  -P†β P†α. 

This automatically gives (P†α)2 = 0, or the Pauli exclusion principle.

The hermitean conjugate operator Pα annihilates a proton in the state α, if it exists, or else it annihilates 
the state. 

The algebra of the P ’s is

A similar set of operators exist to create neutrons, N†α, or electrons E†α.

A state consisting on one proton and one neutron can be described byP†αN†β | 0 > or by N†β P†α | 0 >. 

These can differ by a phase, which is really a matter of convenience. 



It looks around for a neutron to annihilate and, when it finds one, replaces it with a proton of the same 
momentum and spin. 

This is not a “physical” operator in the sense that there is no way one can do just this, but it is a
mathematical object with an interesting consequence.

Before we consider this further, note that ∑α P†αPα looks around for protons it can annihilate, does so but 
then recreates it and adds a notch to its belt, so in the end it does nothing but count the number of protons 
in the state.

In nuclear physics, the bulk of the Hamiltonian is the “strong” or nuclear interactions, which seem to 
treat the protons and neutrons as equivalent. 

Of course protons and neutrons have different charges, so the electromagnetic (and electroweak) 
interactions do distinguish between them. 

Let us write the hamiltonian as HS + HEW and write the fact that HS does not distinguish between protons 
and neutrons by

We choose anticommuting operators {P†α, N†β} = 0 for all different fermion fields. 

Representing different particles, the P and N operators must have trivial commutation relations, and as 
the creation operators have been chosen to anticommute, we also need {P†α, N†β} = 0.

Now consider the operator



Let

This is because it doesn’t matter if you first replace a neutron by a proton and then let HS act, or let HS 
act first and then do the replacement, as HS acts the same way on both particles. 

The hermetian conjugate gives [HS , ∑α N†αPα ] = 0.

Let’s forget HEW for now, and consider



by the Jacobi identity, and as both terms vanish because [H, T±] = 0, we have [H, T3] = 0. 

One can also show, as for angular momentum, that [T3, T±] = ± T±, so the T ’s ( or more precisely T3,        
T1 = (T+ + T−) /       i , and T2 = (T+ - T−) /    ) are the generators of an SU(2) symmetry group
under which the strong interaction hamiltonian is invariant. 

Note that T+ increases the charge by 1|e|, so a multiplet consists of a sequence of charges differing by e.

To the extent that HEW can be ignored, states should form multiplets (irreducible representations) of this 
isotopic spin symmetry. 

For example:

We see that 2T3 counts the number of protons minus the number of neutrons.

As

The latter triple includes two unstable 
isotopes, C14 and O14, and an excited
state of N14, all with spin 0. The ground state 
of N14 is a T = 0, J = 1 state.

Although isospin was introduced in nuclear physics, it is applicable in elementary particle physics as 
well.



In high energy interactions many particles, mostly unstable, are observed. 

One set of three pseudoscalar particles, the pions, π+, π0 , π−, form a T = 1 triplet, the lightest hadrons.    

π± are unstable particles living for about 26 nanoseconds, but this is long enough to make a beam. π0 
lives only 10−16 s, so no beam is possible, and π0’s can be detected only from their decay into two 
photons. 

This very different behavior is due to the electromagnetic interactions, which violate isospin symmetry.

Now if we consider scattering of π mesons o! nucleons (i.e. protons or neutrons), the conservation of 
isospin will relate different amplitudes. 

The simplest application is the resonant state produced in π + p scattering, called the ∆++, at a mass of 
1232 MeV. 

It must be a T = 3/2 state because it is π+ ⨂ p or |1, 1 > ⨂ | 1/2 ,1/2 = | 3/2, 3/2 >. 

This must be part of an irreducible representation of the (unphysical) rotations in isospace, with partners



The decay probability is proportional to the amplitude 
squared, so

So observing the ∆++ resonance implies the existence of these three other particles, all of which are 
observed, though shortlived, particles.

When the ∆++ decays, it must always produce a p and a π+, as there is no other choice. 

On the other hand, the decay of the ∆+ can give pπ0 or nπ+. 

The decay amplitudes are given by the Wigner-Eckhart theorem:

The ∆ resonance is the most prominent feature of low 
energy πN scattering, and this prediction is the 
simplest. 

But the whole scattering amplitude can be analyzed 
as well.



where the aj = < π N j 1/2 | S | πN j 12 > are independent of m. 

Is this progress?

where the S or scattering matrix is isospin invariant. 

This amplitude will be related to others, say π+p ➝ π+p, π−p ➝ π−p, etc. 

If we write p = N, 1/2 and n = N, -1/2 we can think of the above as

Inserting a complete set of isospin states, which can only have T = 1/2 or T = 3/2, we have

For example, the amplitude for π+n ➝ π0p, at a certain angle and with given polarization, is given by



So these five measurable cross sections should all be described by two scattering amplitudes. 

Also determined are the undoable reactions

so it definitely is progress, has been tested, and agrees well with experiment.

We have replaced our scattering amplitude by a combination of two undetermined parameters, but we 
also have the other measureable amplitudes



If we examine the conserved quantum numbers of the particles we have discussed so far, we see                 
Q = 1/2 B + T3, where B is the baryon number, one for nucleons and zero for pions.

All of the particles we’ve considered so far are now considered to be made of two kinds of quarks, u and 
d, and their antiparticles                . 

u and d form an isospin 1/2 multiplet and thus have T3 = ± 1/2.

A ∆++ is made of three u quarks, so they have Q = 2/3 and B = 1/3. 

A proton is uud and a neutron udd. 

As the u and d quarks satisfy the Q = B/2 + T3 relation, so will anything made up of them, as Q, T3 and B 
are all arithmetically additive quantum numbers.



But not everything is made of u and d. 

Physics learned about strangeness in 1953 and proposed the strange quark at the same time as u and d. 

The strange quark has no isospin, Q = -1/3 and B = 1/3. 

The isospin symmetry which rotated protons into neutrons, rotating u’s into d’s, can be extended to a 
bigger approximate symmetry group SU(3) by considering rotations into the strange (s) quark direction 
as well as the u and d directions

But before we launch into a big discussion of SU(3), we should note that the charmed quark was 
discovered in 1974 and the bottom quark in 1977.

Finally the sixth quark, the top, was discovered at Fermilab in 1994. 

So it is time to consider groups more generally, so we can do all possibilities at once.

Part 5 Semisimple Compact Lie Groups

We return now to considering a general finite dimensional semisimple compact Lie group and its Lie 
algebra.

In the algebra there are many abelian subalgebras, though not invariant.

For example, any one dimensional subspace is an abelian subalgebra. 



Consider a representation 𝒟 of 𝓛. 

The matrices corresponding to the Hi may all be simultaneously diagonalized, as they commute, so we 
label the basis vectors µ, we have

The eigenvalues µi are called the weights and the vector        = (µ1, µ2, . . . , µm) is called the weight 
vector corresponding to the basis vector µ. 

Notice this is a vector in a m-dimensional space, where m is the rank, not the dimension of the full Lie 
algebra 𝓛 or of the representation.

There is a vector      for each dimension µ of the representation.

If there are several generators which commute with each other, then one can form a larger abelian 
subspace. 

Let us take a maximal abelian subalgebra H ⊂ 𝓛, of dimension m, which means there is no abelian 
subalgebra of larger dimension. 

H is called a Cartan subalgebra, with basis Hi. 

m is the rank of 𝓛.



We will consider states in the complexification of 𝓛, so as to include things like J±, so we can write in 
general

for X1 and X2 any elements of the complexification of 𝓛, X =  ∑a νaLa with νa ∈ C.

From above, Hi | Hj > = 0. 

The rest of the vector space 𝓛 has a basis which, having diagonalized H, satisfies

But unlike for SU(2), there may be several basis vectors in the representation with the same µ, so we 
ought to include a subsidiary label x,  Hi |µ, x, D > = µi |µ, x, D >

We consider in particular the adjoint representation. 

Then the basis vectors are also the Lie algebra generators La. 

From compact semisimplicity we know we can choose Tr LaLb = λδab for the real basis vectors. 

The generators act on the states by



For each       , the αi, i = 1, . . . m, are not all zero because we assumed        is not in the Cartan 
subalgebra. 

So          is another eigenvector            . 

Normalize the       ’s so that                                 as well as ⟨Hi, Hj > = δij.

The {αi} for all the       are the non-zero weights of the adjoint representation, and are called the roots of 
the algebra. 

Again, each root is in the m-dimensional vector space.

The Hi are hermitean and diagonal, but the eigenvectors        are not necessarily real combinations of the 
hermitean Li, so         is not necessarily equal to          

Nonetheless αi is real, as all the eigenvalues of a hermitean matrix are, so, as

The         generators act as raising operators in some direction for any representation. 

If we have a state of weight      in representation D, (so Hi | µD > = µi | µD >) then       | µD > is a state of 
weight                for



unless, of course, it vanishes with          

In the adjoint representation consider the state                           

It has weight 0, so commutes with each Hi and must be contained in the Cartan subalgebra, for otherwise 
it could have been added to it. 

Thus                                                                                                                   .                                                                      

As                      is hermitian, βi is real. 

Note

so

Now consider an arbitrary finite dimensional representation D and a state of definite weight      . 



Just as we did with L+ in SU(2), we will generate states with             until they vanish. 

Consider a specific      , and apply       until you get to a state              which vanishes upon further 
application of       , so                        , with                         for some integer p ≥ 0. 

Normalize the state               and generate therefrom a sequence of normalized states

as long as           can be applied without killing the state. 

The Nn is a real positive normalization factor so that all the states are normalized.

Thus



So

For a finite dimensional representation, Nn+1 = 0 for some n ≥ 0, so

For the original vector     

If we had applied the lowering operator                          directly, we would have gotten zero after some 
integer number q + 1 of applications of             with n + 1 = q + 1 + p, so we may write

the the the the



In the adjoint representation      is a root, say       so                      for every pair of roots                  , for 
some integer n. 

Multiplying by the same relation with                 

with m an integer which must be 0, 1, 2, 3, or 4. 

θ is the angle between the two roots. 

Thus the possible angles between roots are 0, 30◦, 45◦, 60◦, 90◦,120◦, 135◦, 150◦, 180◦.

Of course every root has an angle of 0◦ with itself and 180◦ with its conjugate. 

We now show that the angle between two different generators Eα and Eβ cannot be 0. 

For suppose                                  . 

Then as



so the number of times          can lower           is zero, q = 0, and                                               which is 
impossible as p ≥ 0. 

Therefore no root has two independent eigenvectors.

Now consider                              can’t be a root, as it would be       , so         cannot raise         , the 
relevant p = 0, but n = 4, so                          and it has weight        , so must be proportional to                                 

Then                                                                                                           so again we have a contradiction, 
which rules θ ≠ 0 for different roots, and θ ≠ 180◦ for non-conjugate roots.

the only possibilities are                         . 

First consider the possibility that           , that two different vectors                         have the same root. 

They can be chosen orthogonal. 

Now                    = ∑i βiHi as it has weight zero. 

Then



ℋ is the Cartan subalgebra of the Lie algebra L we are considering, with generators Hi for ℋ and       for 
the rest of 𝓛.

Before we go on, we need another example, and a very important one in elementary particle physics, 
SU(3).

But first a recap:

We are in the process of classifying all finite dimensional compact semisimple Lie algebras and their 
finite-dimensional irreducible representations.

Considering        as a raising operator acting on a state             ,  p = number of times        can act                 
on            before vanishing, q = number of times         can act on             before vanishing.

Then                    

Notice that           and ∑αiHi form an SU(2) subalgebra, and the string of n values generated about a        
given     is a j = n/2 representation of this SU(2), and the above investigation into the possible values is a 
rehash of what we did for SU(2).

If                     are roots, the angle θ between them has 4cos2θ an integer, and θ ≠ 0 for different roots.



Part 6 SU(3)
SU(3) first hit the Physics world in 1961 through papers by Gell-Mann and Ne’eman which applied it to 
what we now call the flavor of hadrons, at a time when particles involving charm, top, or bottom were 
unknown. 

In modern language, these hadrons are made up of quarks of three different “flavors”, called up, down, 
and strange. 

The SU(3) acts on these quarks exactly as isospin acts on p’s and n’s, which is in fact the same as 
isospin’s action on the u and d quarks. 

That is, the symmetry 

where U is a unitary 3 x 3 matrix of determinant one, is an approximate symmetry of the Lagrangian or 
Hamiltonian for strong interactions. 

The subset of unitary U matrices which leave the third component unchanged is just the isospin group. 

This flavor SU(3) symmetry is, however, clearly not an exact symmetry, even for the strong interactions, 
as the particles involving strange quarks are considerably heavier than the others.



The interest in SU(3) as a flavor symmetry has largely faded away, after the discovery of 3 more quark 
flavors which act so differently from the first three that symmetry seems an inappropriate approximation. 

But in the meantime the theory of QCD, which requires the quarks to have three colors as well as flavors, 
has become the standard way of understanding the strong interactions, and it is based on an exact color 
SU(3) symmetry, in fact a gauge symmetry. 

So we still have a good reason to investigate SU(3) in detail, both for its own sake and as an example of 
more elaborate groups.

The generators of the group are clearly 3 x 3 hermitean traceless matrices. 

This is an eight dimensional space, as the 9 real values have the one constraint of tracelessness. 

The standard basis is Gell-Mann’s original one,

We take the generators to be Ta = λa/2. 

Note T1, T2, and T3 generate an SU(2) subalgebra which just rotates the isotopic spin doublet          , 
leaving the isotopic singlet s invariant, so this is just the isospin group.



because the λ’s and 𝕀 are a complete set of hermitean matrices.

The matrices are themselves a representation (the defining representation, not the adjoint representation). 

There can only be 2 independent simultaneously diagonalized traceless hermitean 3 x 3 matrices, and we 
already have them in λ3 and λ8, so the Cartan subalgebra is ℋ = < T3, T8 >. 

Let H1 = T3, H2 = T8.

The structure constants for the Gell-Mann basis of SU(3) are always called fjk𝓁, with [λj , λk] = 2ifjk𝓁λ𝓁. 

As the first three Ti form an SU(2) subgroup, fjk𝓁 = ϵjk𝓁 when all indices are ≤ 3, and fjk𝓁 = 0 for j, k ≤ 3 
when ℓ > 3.

Also T4, T5 and 1/2 (     T8 + T3)form a canonical SU(2) basis, and so do T6, T7 and 1/2 (      T8 - T3), so 
f458 =1/2      ,  f453 =1/2 , f678 =1/2      , f673 = -1/2

Finally [λ1, λ4] = iλ7, so f147 =1/2 , and similarly f246 = f257 =1/2 , f156 = -1/2.

The others are given by total antisymmetry, or vanish.

The commutators are a general feature of a Lie algebra, but for SU(n) only there is also an 
anticommutator relation,



The weights in this representation are just the combinations (H1ii, H2ii) (no sum) or 1/2 (λ3ii, λ8ii)   (no 
sum) or

The three root vectors Eα and their conjugates E−α span the six 
dimensions orthogonal to ℋ. 

These make transitions between the weights. 

The root which takes d ➝ u, which we used to call T+, is now               
E(1,0) = 1/√2 (T1 + iT2).

We also have E(1/2,√3/2) = 1/√2 (T4 + iT5), sometimes called V+, which 
takes s ➝ u, and E(−1/2,√3/2) = 1/√2 (T6 + iT7), also called U+, which 
takes s ➝ d.

So the root space of the generators looks like the figure, with the roots 
forming a regular hexagon, with angles between them of 60◦ x n. 

From the diagram we see T− generates doublets on V+ and U− as 

required by                                              

Similarly U− generates doublets (“U spin doublets”) starting with V+ or 
T−.



Part 7 Simple Roots

Now let us return to the general theory, using SU(3) and SU(2) as examples.

Consider a compact semisimple finite dimensional Lie algebra 𝓛 (as usual) with a definite Cartan 
subalgebra and a fixed basis for it, H1, H2, . . . , Hm.

Any representation can be written with a basis in which the Hi are diagonal, so the m eigenvalues 
belonging to a given basis vector in the representation is an m component vector µ1, . . . µm which we 
have already defined as the weight.

We give an ordering to the weights by an alphabetic method, that is, µ > µ′ if the first nonzeroth element 
of the vector               is greater than zero;                  only if the vectors are identical.

This definition is clearly arbitrary, because it depends on our choice of basis for H, even on the order in 
which we list the basis elements.

It is nonetheless useful. 

A weight is positive if it is > 0. 

The adjoint representation is also subject to this definition, so we have imposed an ordering on the roots. 

Now all the roots are either positive or negative. 

The positive roots can be considered raising operators, and the negative ones their conjugate lowering 
operators.



So if we already know the action of two roots                       , we don’t need to worry about                                     
                                 even if it is a root. 

We therefore define: 

A simple root is a positive root which cannot be written as a sum of two positive roots.

Lemma: If               are unequal simple roots,               is not a root, and                        

Note because we have chosen(we are making a standard choice) H1 = T3 and H2 = T8, instead of the other 
way around, the raising operators are T+, V+, and U−, not U+. 

If we had interchanged H1 and H2, T+, V+, and U+ would have been the raising
operators as some authors choose. 

Which order one chooses is not important as long as you stick to it.

When we want to know how the algebra acts on a representation vector space, we don’t need to 
investigate how [A, B] operates if we already know how A and B work separately. 



because all the included                are  ≤ 0 and this contradicts y2 > 0 as y ≠ 0. QED.

The set of nonnegative integers p for each ordered pair              determine not only the angles                            
cos2 θαβ= pαβ pβα/4 but also the relative magnitudes β2/α2= pαβ /pβα for all the simple root vectors. 

And each p can only be 0, 1, 2, or 3. Also either both pαβ and pβα are zero or at least one of the two is 1.

Now if there aren’t too many simple roots we should be able to determine everything. 

We now show that the number of simple roots is equal to the rank m of the group.

First, we show that they are linearly independent. 

Suppose not, so there exists a relation ∑i xiαi = 0 with some real xi ≠ 0. 

Divide the expression into two parts with the coefficients positive or negative.

or, calling the first piece                                  and minus the second z :=                             , we have y = z. 

Now y and z are both positive linear combinations of positive roots, so each is nonzero, but



Thus the number of positive roots cannot be greater than the dimensionality of the space they live in, 
which is the rank of the algebra.

Second, we show any positive root φ is a sum of one or more simple roots        with nonnegative integer 
coefficients          . 

Suppose not. 

Then there is a smallest positive root which cannot be so written, and it is not simple, so it can be written 
as a sum of two positive roots, each smaller than it, and hence expressible as such.

Third, we show that the simple roots span the whole m dimensional space, and hence there are exactly m 
of them. 

For if not, let v be a vector in the m dimensional space perpendicular to all the simple roots. 

Every root is a linear combination of these (as either it is positive or it is minus a positive root), so                      
                                       

Then                                           and             commutes with every generator of the algebra and generates 
a one-dimensional abelian invariant subalgebra.

But this is impossible because the whole algebra is semisimple.



We know that                                                  where p and p′ are nonnegative integers. 

If                  both p = p′ = 0, otherwise cos2θ = p p′/4, so p p′ = 1, 2, or 3. 

As we took |α| ≤ |β|, p ≥ p′, so the four possibilities are

Thus a compact semisimple finite dimensional Lie algebra has its structure determined by the 
dimensionality m of its Cartan subalgebra and the integers pαβ   for each pair of the m simple roots,                        
 

These determine the            and thus the root vectors which exist. 

The procedure for determining which positive linear combinations of simple roots is described in many 
texts. 

Instead of repeating it, I will work out an example.

Let us classify all the simisimple Lie algebras of rank 2. 

There are only two simple roots, say                , , and we may as well choose them such that |α| ≤ |β|.



The first three possibilities should be done by you. 

I will do case (d) now.

This means that we can change the scale and rotate the whole root diagram.

The only proviso is that what had been positive may cease to remain so.

We have

To choose our root vectors, we note that the requirements

Choose                                                              

All roots must be of the form                             with m ≥ 0 and n ≥ 0, or the negative of such a root. 

As p = 3, we are assured that        can be applied three times to        before vanishing, giving
                                            

but guaranteeing that              does not exist. 

As p′ = 1,   can be applied only once to         , so              does not exist.



We still need to ask if       can be applied to                                and give a new state. 

In both cases           could not, because this would give a root parallel to           , so we know q = 0. 

Then as for any                                   in this case the appropriate p , is                                                so          

               does not exist, but just one application of          is allowed, giving              , but not              .

the the the the

Can            act on our new                 ? 
        
           cannot, as                   is not a root, so q = 0,
and                                , so p = 0 and it cannot. 

So we have found all the positive roots, and adding their 
negatives we have this pretty diagram with two Cartan 
basis vectors and 12 roots, giving the 14 dimensional 
algebra called G2.



Part 8 Dynkin Diagrams

We now describe how to use the constraints

where p is the number of times E⃗α can hit | β > without annihilating, and q is the number of times         
can. 

This is encoded in the Cartan matrix for the simple roots,

We will draw a Dynkin diagram for each semisimple compact finite-dimensional Lie group in which 
each simple root will be represented by a dot or small circle, and they will be connected by bonds 
according to the p values. 

As we saw, these p values are quite limited, but we will also find constraints on the way even these 
limited number of bonds can be put together. 

We shall see that many conceivable diagrams are forbidden, and therefore that the set of all such groups 
is quite limited.

For each simple root draw a small open circle.



8.1 Classification of Simple Lie Algebras

If α and β are two simple roots, and                   = 2 or 3, draw 2 or 3 lines, respectively, between their 

corresponding circles, with an arrow from α to β.

That is, from the shorter root to the longer. 

If                                            draw a single line without an arrow between the two roots. 

                        connect the two circles corresponding to α and β.

We have seen that given any algebra, there exist m simple roots, where m is the rank of the algebra, with 
relations that can be represented by a Dynkin diagram.



Let us first show any algebra with a disconnected diagrams cannot be simple. 

Suppose that the simple roots can be divided into two sets, A and B, with the vertices of A disconnected 
from B. 

Then, for α ∈ A and β ∈ B, E−α| Eβ > = 0, which is always true for simple roots, so q = 0. 

As there is no connection of α and β,             = 0, and p = 0, so Eα| Eβ > = 0. 

Each simple root in A commutes with each in B and with its conjugate. 

The other roots in A are commutators of simple ones, and similarly for B, so all roots in A commute with 
all roots in B. 

The group is therefore the direct product of that generated by A and that generated by B. 

Each of these is a nontrivial invariant subalgebra, so the whole group is not simple. 

Of course the direct product of simple groups is semisimple, but not simple.

Next, we rule out diagrams with three simple roots connected as shown, whether or not there are 
additional connections to other roots.



The angles between these roots are as givenin the table, 
with the angles even bigger if any additional lines are 
added. 

Each is a vector with its tail at the origin. 

As the sum of three angles between three such vectors must 
be ≤ 360◦, and equal to 360◦ only if the three vectors lie in a 
plane, we see the three roots must lie in a plane, and
therefore cannot be linearly independent, which is 
impossible.

Thus the only diagram with a “triple bond” is the diagram for G2.

A set of vectors which corresponds to the Dynkin diagram rules, having 
the magnitudes and angles as indicated by the diagram, is called a Π 
system, without worrying about whether each Π system corresponds to 
an algebra.

Now consider a Π system containing two simple roots α and β 
connected to each other with a single line, with unspecified connections 
to the rest of the system. 

Then the Π system which results from contracting the line, collapsing α 
and β to a single root                           is also a Π system.



Corrollaries:

No Π system contains a root linked to four others with single links. 

For then

 For σ2 = α2 = β2 because they were connected by a single line, so are of equal magnitude with an
angle of 120◦ between them. 

For each γ in the unknown, γ cannot be connected to both α and β, because diagram (1) above is 
excluded, and is not part of any Π system. 

If γ was disconnected from                         so,

so γ is connected to σ with the same connection that it had been to α.

and the five roots are not all independent.



No Π system contains a root connected to three others, including one double bond, regardless of 
direction. 

For

The angle between       and       is 135◦. 

Let       be in the direction of       but with the length of      
(changing it by        or its inverse).

Then

and

so again the roots are not linearly independent, which is impossible.

Corrolaries:



So thus far we see that all Π systems are either

Now we will limit choices (b) and (c). 

First consider (b).

No diagram contains

the other dot products vanish, and

and again the five roots are not linearly independent.

If we reverse the arrow



so once again the five roots are not linearly independent, and this is forbidden.

Thus the only double bond appears at the end of the chain or else we have only the group F4:

Now consider branches. 

Here all the simple roots have the same magnitudes, say 1, and if connected have a dot product of -1/2.

If we add the roots αi with weights wi and square,                                      

where ∑nn means sum over nearest neighbors (each 
pair once). 

First consider seven roots connected as shown, with 
weights wi as indicated.



So again this cannot be part of the Dynkin diagram of a group, and the shortest branch can have only
one attached root. 

Now consider whether both of the other branches can have three or more.

so the next shortest branch has at most 2 attached roots.

Next, if the two shortest are as long as possible, is there a limit to the third branch?

                     (1+4+9+16+25+36+9+16+4) - (2+6+12+20+30+18+24+8) = 120 - 120 = 0.

So the longest branch has at most 4 roots attached, if the second longest has two. 

Thus we have the complete list of simple finite dimensional compact Lie groups



All of these Π systems are allowed and do correspond to a simple Lie algebra.



Part 9  Finding the Other Roots

We have seen that that master formula is very restrictive on the possible relations between the simple 
roots, and gives us the restrictions on how many times a raising or lowering operator can act on a given 
eigenvector of the Cartan subalgebra, though only the difference of these two numbers. 

Recall that on a vector of weight      if a simple root       can raise the weight p times and lower it q times,

In particular, for the adjoint representation, where the weights are roots we will now call         and where 
every positive root is a sum                         these are determined by the Cartan matrix for the simple roots

Because we know that no simple root can lower another, so the relevant q = 0, when one acts on another, 
we can determine recursively the effective raising that can be done on each root. 

As no two roots can have the same root vector, and as the root vectors can be found by raising with the 
simple roots, we can generate the whole algebra.

In the following explanation each box represents one positive root of the algebra, contains the q - p
value for each simple root acting on the positive root.



In the diagram, each positive root will consist of a string of touching bottles, one for each simple root. 

The diagram starts with a different symbol which represents the entire Cartan subalgebra, but with only               
                                                       one set of m jugs, with just p and k, where all the ki = 0 and all the pi 

                                                                                  are 1 because each simple root can act only once (         is not a root). 

There will be m of these truncated bottles for a rank m algebra.

I will use a complex figure, a composite of bottles for each simple root, 

Each bottle contains, in its widest part qi - pi Georgi puts in his box and the ki at the bottom and the pi 
above the qi in the neck. 

Of course this is redundant information, but it helps in tracing the diagram. 

Each bottle contains four numbers:

The simple roots correspond to a k= ki = 1, one level up from the figure representing the Cartan             
subalgebra.



and Aij =

For each of these roots,          we have 
qj = -2δij and pi = 0, because E−α, 
α·H, and Eα are the only states parallel 
to α, and no other simple root can lower 
a simple root, because [Eα, E−β] = 0 
for α ≠ β. 

The q - p value for the i’th bottle in the 
j’th simple root is Aji because only kj ≠ 0. 

The p values are then determined.

Consider the example of C3 =
Sp(6), with Dynkin diagram

with



The q - p values for the j’th root are just the entries in the j’th row of the Cartan matrix above. 

Thus we have the k = 1 level in the diagram shown. 

When           acts on a state µ with qi and pi values for       (with pi ≠ 0), the state                   has  

So for each bottle with p > 0, there is a path up to one for       acting on it with the the ki and qi  - pi values 
incremented, and with its qj one more than the qj it came from.

A root may have more than one path leading up to it, with qi’s determined as just mentioned, and with        
qi = 0 if there is no        leading up to it. 

With all the qi  - pi and qi so determined, the pi are also determined, and so we can continue generating or 
connecting new roots until all the highest k nodes have all pi = 0.

This procedure will terminate after we have generated all the positive roots. 

Of course the negative roots are just the negative of these, so we have generated the entire algebra.



Part 10  Representations of Lie Groups

10.1 Fundamental Weights

Let us label the simple roots         , i = 1, . . . , m. 

They and their conjugates generate (not linearly) any element of the Lie algebra. 

Thus any representation can be determined by how it behaves under these roots.

The weights have an ordering, so any finite dimensional representation has a greatest weight                . 

The weight       of a basis element is             if and only if              is not a weight for each          . 

Define                                   , which can be arbitrary nonnegative integers. 

As the        are linearly independent and complete, the {qi} and               determine each other.

Define m vectors        such that

These are called the fundamental weights of the Lie algebra corresponding (as maximal weights) to a 
set of representations Dj called the fundamental representations.



Warning:       is a vector, the i’th fundamental weight, while µi is the i’th component of any old weight     

There is no connection, although each index takes on the same values 1, 2, . . . , m.

A tensor product of representations of a group has weights which are just the sum of the weights. 

In particular, the maximum weight of the product is the sum of the maximum weights of the factors. 

Thus we can find a representation of arbitrary maximal weight                           by reducing the tensor 
product

10.1.1 SU(3) Multiplets

For SU(3), the positive roots are T+, V+, and U−, of which the last two are simple.

The corresponding fundamental weights with                              is solved by



Let us generate the representation D2. 

The q’s are q1 = 0, q2 = 1, the highest weight state is  (a). 

Acting on this state V− =             vanishes (b), 

and                   can act once, giving a non-zero state, 
proportional to                             (c). 

Now acting on this state again with            gives zero (d), 
as 2 > q2 = 1, but as                            , the q for       
on      is 1, and so                                                         (e) 

is not zero, but a second application vanishes rather than 
giving a state at                   (f).

We must still check          on        but                                              
and we already know p = 0, so, q = 0 and there is no state at 
                (g). 

So we are done, having found three basis vectors, as there is no other way to
get another state.



In flavor SU(3), these are the antiquarks. 

On the horizontal axis, H1 = T3 is the isospin component. 

The highest weight state (rightmost) is the anti-d quark           , part of an isospin doublet with the anti-u 
quark                                                        

The antistrange quark                            is an isosinglet, T = T3 = 0. 

The vertical axis is generally described in terms of strangeness or hypercharge.

Strangeness S is defined as zero for the u and d quarks and their antiparticles, and 1 for the anti-strange 
quark. 

Baryon number B is invariant under SU(3), and is defined as 1/3 the number of quarks minus the number 
of antiquarks, so is -1/3 for all the antiquark states. 

The (strong2) hypercharge Y= S + B (in the absence of charm, topness and bottomness) is then 2/3 for     
and -1/3 for     and      

This representation is the conjugate of the representation D1                                                                   
corresponding to the fundamental weight µ1, which is also 
called the defining representation for SU(3). 

In flavor SU(3) this is the representation of the first three quarks, 
with the up quark u at the upper right, the down quark d to its left, 
and the strange quark s at the bottom.



The lowest weight of the defining representation for SU(3) is the d, 
and the                 is the highest weight of the antiquark representation. 

The adjoint representation of SU(3) is self-conjugate, that is, it is the 
same (equivalent, isomorphic) representation as its conjugate.

The quarks have B = 1/3. 

The electric charge is Q = T3 + Y/2
times the positron charge e. 

Then the quarks have the quantum 
numbers as shown. 

The antiquarks have all the quantum 
numbers (except T) reversed.

In general, if we have a representation Ta of the generators of a Lie algebra, so that [Ta,Tb] = icdab Td, 
with real structure constants cdab , then T′a := -T*a satisfies [T′a, T′b] = [Ta, Tb]* = -icdab T*d = icdabT′d, so 
T′ is also a representation, called the conjugate representation to T . 

The weights are the eigenvalues of T (Hi), which are real, so                       . 

Thus the conjugate representation has a weight diagram which is just a parity reversed                     
image of the original representation. 

The highest weight of the conjugate representation is minus the lowest weight of the original.



But, 

so            on ♦ generates  three states, shown with ♥.

For another example, q1 = 2, q2 = 1,      
 

Then to µmax we can apply            twice to get 
2 roots shown as ♣, and            once
to get ♦.

Now consider            on ♥ ⊗ ♦ =               . p must 
be zero or we would get a root vector                      
which is higher weight than µmax.

Next consider the higher ♣ =                    , acted on by           — the p is zero because

where the first = is because different simple raising and lowering operators commute and the = 0 is 
because you can’t raise the highest weight. 

So                                                                                 , 



while

Now the question arises whether the ♥ and      at                    are the same state or not. 

This amounts to asking whether

Rather than continuing down and to the left, we will find that the symmetries of the root diagram will 
determine the rest.

Given any root, there is a reflection which one can perform analogous to             which reflects the 
weight vector of any representation. 

To see this, consider, for any root       not necessarily simple,

We now consider two cases. 

If

Thus               on                          generates the two      states.



Suppose we consider the state

where        is an arbitrary basis state with weight vector µi in an arbitrary representation Di. 

The Cartan generators

for 

To calculate

we use the general expression

where Ωn means the n’th multiple commutator:





The transformation                     

is a unitary transformation, so it makes a 1-1 correspondence between weights of weight      and those of
weight                             

This corresponds to reflection in a plane (or hyperplane) perpendicular to     . 

Thus the weight diagram of any representation must be symmetric under such reflections.

From the part of the (2, 1) representation we have found so far, as shown in (a), we can reflect in the 
plane (line) perpendicular to α1, to get the states in (b). 

Then we reflect perpendicular to T3 to get (c), then perpendicular to α2 to get the full representation, or 
multiplet (d).



This is the       representation of SU(3).

The reflection about the hyperplane perpendicular to         is known as a Weyl reflection, and the group 
generated by all such reflections for a given algebra is called the Weyl group. 

Any representation must be invariant under the Weyl group.

the

10.2 Tensor Methods

the the the the the



Consider the basis vectors e1, e2, e3 of the defining representation of SU(3). 

The algebra generators act by Taei = ej (Ta)ji with (Ta)ji = 1/2 (λa)ji (and we are using the summation 
convention that an index appearing once upstairs and once downstairs in a term is understood to be
summed over).

From this point on we must be careful with upper and lower indices                                                          
in another sense than in our previous discussion. 

Here we are using them in the sense of co- and contra-variant quantities,                                                       
as is done in relativity.

We consider the basis vectors of the conjugate representation                                            . 

The generators act here with the conjugate representation T′ = -T*, so

as λ is hermitean.

Now if we consider a tensor product, eijk = ei ⊗ ej ⊗ ek, the Lie algebra generators act as a sum of pieces 
(like a derivative does), so



A vector      can be specified in terms of its components, which we give indices to so as to contract with 
the basis vectors. 

Thus a vector in the defining representation is

with δvi = Taij vj.

A vector in the tensor product space has coefficients with several indices

The set of all states                        for arbitrary v, clearly form a representation, but it is also clearly not 
irreducible, because the operation of the group does nothing that alters the symmetry of the v’s under             
i ↔ j). 

That is, suppose we start off with a particular state vkij , and divide it into parts vkij = skij  + akij symmetric 
and antisymmetric under i ↔ j). 

Then skij is mapped into other symmetric coefficients under the group operations, while a is mapped into 
other antisymmetric ones, and they don’t mix, so we have reduced the representation into two.



As an example, consider 3 ⊗ 3, where 3 is
the usual name for the defining representation
with qi = (1, 0). 

The tensor product is a 9 dimensional representation 
with nine basis vectors ei ⊗ej having weights 
µ(ei)+µ(ej ), with a general vector |v∝= vij ei ⊗ ej . 

The three basis vectors ei ⊗ ej with i= j have weights 
which can only be composed in one way, but the ones 
with i ̸= j have the same weight for i, j and for j, i. 

So the weight diagram is as shown.

Dividing the space of 3 x 3 matrices v into symmetric ones sij and anti-symmetric ones aij, we see that sij 

forms a six dimensional space and aij a three dimensional one. 

This divides

each of which is irreducible. 

Note that we can write the antiquark      one of the fundamental representations, in terms of the quark, or 
defining, representation.



There is something else left invariant by the generators of SU(3). 

If we trace (i.e. set equal and sum) a lower with an upper index, the corresponding terms in δv cancel.

The simplest example is vij  of               

The trace v = ∑i vii is invariant under the generators,

Writing vji = 1/3 wδji +wji with w = vji , which ensures 
that wji is traceless, reduces the nine-dimensional 
representation           into the irreducible representations 
1 and 8, where 1 is the identity representation (all group 
elements are represented by 1, and the generators by 
zero), and 8, called the octet, is the adjoint 
representation.

Notice that | v > := δji ei ⊗ ej is actually an invariant under the group, even though it looks like a tensor, 
i.e., both of its indices do transform under the group.

If we have a representation defined by some tensor coefficients vkij which transform in the correct 
manner under the group, then the trace in any upper index paired with any lower index extracts a tensor, 
with fewer indices, which transforms appropriately: vj = ∑i viji transforms properly as a       .



If we have two representations transforming properly, say uij and vkij , the tensor product                         
wij𝓁mk = uij vk𝓁m is a tensor which transforms properly. 

It can be contracted to form reduced representations, e.g. wk = wijijk = uij vkij is a 3. 

So this is one way of extracting a smaller representation from the tensor product. 

But we can also impose symmetries to reduce it.

We will now construct the arbitrary SU(3) irreducible representation (n, m) from reducing a tensor 
product of n defining representations and m of its conjugate.

First construct w = D(n,0)                           so |           > = e1 ⊗ e1 ⊗· · · e1 (n of them). 

This state corresponds to the tensor                                 which is clearly symmetric under interchange of 
any two indices.

How many components of  w of the full representation are there? 

One needs only to know how many 1’s, 2’s and 3’s are picked to make a total of n. 

If you choose r 1’s, there are n - r + 1 choices of how many 2’s to pick, so in total there are



choices, so w has (n + 1)(n + 2)/2 independent components, and the D(n,0) representation is                       
(n + 1)(n + 2)/2 dimensional.

The same argument applies to the representation D(0,m) of weight                                            

So the                  corresponding to this representation is totally symmetric in all its indices, and is a       
(m + 1)(m + 2)/2 dimensional representation.

The tensor product of                                           can be reduced

where       means leave out the jr index. 

The division is arranged so that v is traceless,

The                     degrees of freedom in wu have had                                degrees of freedom in X 
constrained out, leaving



for the dimension of the (n, m) representation.

if n ≥ m, or ending with D(0,m−n) if m > n.

We have extracted the leading irreducible representation from the product, but we have not fully reduced 
the product. 

Although v is irreducible, we could reduce X iteratively in the same way, extracting the traces and being
left with traceless parts. 

Thus we find

We have constructed an arbitrary representation of SU(3) by products of                           but we have 
also seen that 3 is the antisymmetric part in the product of two 3’s. 

So any representation can be built of the defining representation alone. 

This is a general feature of SU(n). 

The states, however, will not correspond to some simple symmetry under permutations.



Consider 3⊗3⊗3, the states of three quarks. 

The highest weight is 3 u’s, so (3, 0) = 10 is the symmetric part. 

There is also a totally antisymmetric part wijk, but as there is only one choice for {i, j, k} which doesn’t 
vanish by antisymmetry, there is only one degree of freedom here, wijk = wϵijk, so this is the one
dimensional identity representation 1. 

The remaining 16 degrees of freedom are in fact two octets (two 8’s). 

We will have to show this.

For rank greater than 2, using ⨂i(Di)qi requires 3 or more sets of indices, and our notational skills are not 
up to that. 

But, as we saw for SU(3), a fundamental representation may be extracted from a tensor product of
copies of the defining one. 

Many texts  show that for SU(N ), all fundamental representations can be extracted from tensor products 
of the defining representation, with mixed symmetries.

If we start with the tensor product of k defining representations of SU(n), we have an nk dimensional 
space which is not only a representation of SU(n) but also of Sk, the permutation group on the indices. 

In fact, these operations commute, so we may reduce the space into simultaneous representations.

So we must first learn something about representations of the permutation group.



Part 11 Sk and Tensor Representations

If we have an arbitrary tensor with k indices                   we can act on it with a permutation

so

Consider the algebra      formed by taking arbitrary linear combinations of the
different permutations, considered as operators acting on the space of k’th rank tensors. 

This algebra can be constructed for any group, particularly finite groups, and is called the group 
algebra. (this is not the Lie algebra!).

Note that this sum of permutations makes sense only as operators on a vector space. 

It is not the composition of permutations. 

Also note that as      is an algebra (see definitions below), one can both add and multiply (by 
composition) elements in      .



and wij = sij+ aij is a decomposition into a symmetric tensor and an anti-symmetric tensor.

The group algebra is useful because it can extract the tensors of specified symmetry. 

First consider tensors of rank 2. 

Writing 𝕀 = 1/2 (𝕀 + (1 2)) +1/2 (𝕀 - (1 2)) we can extract



The action of the permutations commutes with the SU(n) rotations on the tensors, so a constraint on a 
tensor of the form Aw = 0 for some A ∈     , if it holds for one state of an irreducible representation of 
SU(n), will hold on all states in that representation. 

Thus s and a are separate representations.

Now consider a rank 3 tensor wijk, and define

These are the totally symmetric and totally antisymmetric parts of w, but it is not all of w. 

For example, suppose w112 = w121 = 1, w211 = -2, all other components zero. 

Then sijk and aijk are both zero. 

The rest is related to the two-dimensional representation of S3. 

In general, there will be operators in      associated with the different irreducible representations of Sk, 
which extract the corresponding irreducible representations of SU(n).

So we now turn to the problem of finding the irreducible representations of Sk.



We know in general that the number of irreducible representations is the number of conjugacy classes. 

So let us begin with that.

Any element of Sk can be written as a product of disjoint cycles. 

For example, 

This factorization is unique (remember (1 2 3) = (2 3 1)) up to the order of the factors, which commute
because they are disjoint cycles.

Under conjugation by

11.1 Irreducible Representations of Sk

a cycle simply has its elements permuted. 

Thus P(i j k)P−1 = (Pi Pj Pk). 

This is true for products of cycles as well. 

Thus two permutations whose descriptions in terms of disjoint cycles contain the same number of cycles 
of each length are conjugate, and only those are.



answer: 7.

Thus we also know that there are that many irreducible representations, although there is not a 
straightforward correspondance between the representations and the conjugacy classes.

There is one conjugacy class for each partition of k. 

A partition of an integer k is an unordered set of positive integers, possibly with repeats, which add to k.

Example: How many classes are there in S5?

We describe the conjugacy class of elements describable in terms of disjoint cycles, Ik of length ℓk, as          

Including one-cycles for any element left unmoved, we have ∑m imℓm = k.

Example: S3



Define a Young graph for Sk as a set of k boxes arranged, left-justified, in rows each of which is no 
longer than the preceeding. 

The lengths of the rows provide a partition of k. 

So

There is one irreducible representation of Sk corresponding to each Young graph.

A Young tableau is a Young graph with the numbers 1, 2,· · · , k inserted in the boxes in some order, for 
example

For each tableau we define an element of the group algebra, Pτ = ∑P , where the sum is over those 
permutations which permute the numbers within each row but do not move them from one row to 
another. 

Here

which includes 12 of the 120 permutations in S5.



We also associate Qτ = ∑(sign P )P where the sum includes only permutations which permute numbers in 
the same column but don’t move numbers from one column to another. 

Thus

We see that the way to get a totally symmetric rank 5 tensor is to apply                 to an arbitrary one 
while you get a totally antisymmetric tensor by applying         with the numbers in any order in the 
boxes.

Finally we define the Young operator Yτ = Qτ Pτ.

where η is the Young graph corresponding to an irreducible representation of Sk, and ℓη is the dimension 
of that representation. 

The sum is over all the permutations.

The Yτ corresponding to any Young tableau τ is almost, but not quite, the element of the group algebra 
we want to extract irreducible representations.

We find a related set of basis vectors in the group algebra by using the representations of Sk. 

Define



where we again used the rearrangement theorem. 

Thus Q acts just the way you would expect for a basis vector ei of representation η to transform, for each
fixed j.

The e’s have some marvelous properties. 

They form vector spaces transforming as irreducible representations under Sk separately from the right 
and from the left: For Q ∈ Sk,

From the other side,



We say that the set eηij is a two sided ideal (or invariant subalgebra) of the group algebra over Sk.

This gives the e’s an interesting algebra:

We may also show that the diagonal elements eηii form a decomposition of the identity. 

From the great orthogonality theorem “transposed” ,

we can write the identity element of Sk as

the the the the the



so

Thus the whole algebra is spanned by these two sided ideals. 

In particular, the Yτ are contained in the corresponding eηij (an ℓ2η dimensional algebra).

In fact, the space spanned by eηij is also spanned by Qi sij Pj , where Qi and Pi are the antisymmetrizers 
and symmetrizers of a set of standard tableaux for η, which means tableaux in which the numbers 
increase left to right in each row, and also top to bottom in each column. 

Thus                            are standard tableaux, but                                       are not. 

Here sij is the permutation such that τi = sij τj .

Each of these spaces has dimension ℓ2η , with ℓη equal to the number of standard tableaux, so

        The dimension of 𝛤η is the number of standard tableaux of η.

         Counting all possibilities is tedious, so we have a magic formula in terms of hooks.



Example: In the Young graph I have placed the corresponding hooks (this is not a Young tableau)

For each box b in a Young graph with k boxes, define the hook of b, gb = 1 plus the number of boxes 
directly to the right plus the number of boxes directly beneath. 

Then

It would be hard to count this explicitly. 

For our more reasonable case                            gives ℓ = 3!/3 = 2.

11.2 Representations of SU(n)

We now turn to the extraction of arbitrary representations of SU(n). 

An arbitrary representation can be found from a tensor product of an adequate number of defining 
representations. 



for one particular representation η and one basis vector i.

The problem is to extract from the tensor product of k defining representations ⊗Nk the irreducible 
pieces. 

We have seen that this can be done by demanding that elements of the permutation group algebra
vanish. 

If we impose eηiiw = 0 for all η and i save one, that is equivalent to projecting out our representation

The different i generate equivalent representations. 

The different η’s, however, each correspond to a different (inequivalent) representation of SU(n).

Before doing more formal arguments, we will do an example.

Consider three spin 1/2 objects, or the tensor product of three defining representations of SU(2). 

We will extract from this 8 dimensional state space the piece 

Some, not so easy calculations give



Let this act on the basis vectors which we expand as ↑ = e1, ↓= e2.



together with all permutations P e, for P ∈ Sk.

Notice this only results in one state of Jz =1/2 and one of Jz = -1/2 . 

So            projects out a 2-dimensional s = 1/2 state. 

        would project out an orthogonal spin 1/2 . 

Thus the tensor product of three spin 1/2’s is a spin 3/2 (the totally symmetric part,                and two 
spin 1/2 representations, 2 x 2 x 2 = 4 + 2 + 2.

Having completed this trivial but tedious example of the simple case of SU(2) and           we are ready 
for some abstract reasoning.

Now we consider the general case of Nk. 

The basis vectors which are mixed by the permutations are only those with the same number of indices
equal to 1, and the same number equal to 2, etc.. 

Consider the subspace with ri of the indices equal to i, with ∑ri = k, each ri = 1, . . . , N.

This subspace        is spanned by the basis vector



If all the indices are different, all ri = 0 or 1, all of the permutations are inequivalent, and we get a k!
dimensional space. 

But if the ri’s are not all ≤ 1, there is a subgroup 𝒫 ⊂ Sk with B e = e for B ∈ 𝒫. 

In fact, 𝒫 =                          .

Let P𝒫 = ∑B∈𝒫 B which is a element of the group algebra     . 

Then while the subspace       is spanned by {P e|P ∈ Sk} it is also spanned by {P P𝒫 e|P ∈ Sk}.

We now want to extract from         the piece projected out by eηii. 

The products {eηiiP} for all P are just sums of multiples of eηij , for all j so we want to know the 
dimension of the space {eηij P𝒫 |j = 1, ℓη }. 

As eη is a two-sided ideal, this space is ⟨ ∑k eηikbk >, so the dimensionality depends on the constraints on 
bk. 

If they were all independent, they would form an ℓη dimensional space. 

But there are constraints. 

For B ∈ 𝒫, P𝒫 B= P𝒫  - let’s be more explicit:



where 𝛤 ϵ are irreducible representations of 𝒫. 

Now if c = bU ,

The eηim are linearly independent, so bnj = ∑m bmj 𝛤 ηmn(B), for B ∈ 𝒫. 

To find out how many degrees of freedom survive this constraint for each j, observe that 𝛤 ηmn(B) forms a 
reducible representation of the subgroup 𝒫. 

So we can write

The vector c breaks up into pieces for each representation ϵ, with cϵ𝛤ϵ(B) = cϵ for all B ∈ 𝒫. 

This is possible for nonzero c only if ϵ is the identity representation, as the representations are 
irreducible.

the the the the the



So, we now know how to extract the irreducible representations or just to count their dimensionality. 

Now it is time for magic.

The number γη of states extracted by eηii from       , the space spanned by                 by all P ∈ Sk, is given 
by the number of ways one can place r1 1’s, r2  2’s,· · · in the Young graph so that in each row the 
numbers do not decrease, and in each column they increase. 

This is called a permissible placement.

To see how this works, let’s check it out on                  for SU(N ).

For r1 = 4 there is no way to avoid two 1’s in the same column, so γ = 0.

For r1 = 3 and r2 = 1, the 2 has to be in the second row, so there is only one way, γ = 1.



Note in our previous method, it was clear that these numbers only depended on the set {ri} and not on the 
order. 

This is now not obvious.

Now to count the dimensionality of an irreducible representation of SU(N ) belonging to the Young 
graph η, we must sum, over all choices ri, the corresponding γη . 

But for each choice of ri the γη is the number of ways of placing the indices in the graph in a permissible 
fashion. 

So the dimension of the full irreducible representation of SU(N ) is the number of ways of placing k
integers, chosen from 1, 2, , . . . N (repeats allowed) in a permissible fashion in η.

There is an easier method of finding the dimensionality.



Note: If the first column of a graph has N boxes, the hook of each box in column 1 is equal to the           
(N + column number - row number) of the last box in that row. 

Thus eliminating the first row does not change the dimension.

In fact, it does not change the representation either. 

This is because a totally antisymmetric tensor with N indices is invariant.

Thus in SU(2),                                 . 

It also means that for SU(N ), we needn’t consider representations with N or more rows (except perhaps 
to indicate the identity representation by one column of N boxes).

For each box, associate the value (N + column number - row number). 

Then divide by the hook of that box. 

The dimension of the representation is the product of these quotients over all the boxes.



Part 12 Tensor Products of Irreducible Representations

Consider two representations with Young Graphs η1 and η2, corresponding to tensors of rank k1 and k2. 

The tensor product is a tensor of rank k1 + k2, and must be decomposed into irreducible representations 
corresponding to Young Graphs of                 . 

Which ones? 

I will give only the magic rule, and simultaneously we will do as an example



Recall that at most N boxes can be in a column, and a column of N boxes can be dropped, so for SU(3),

A very important example in SU(3) is octet ⊗ octet:

or



Notice that the octet appears twice in the product of two octets, as each different labelling counts. 

This complicates the Clebsch-Gordonry. 

For example, the when one considers πN scattering, we find that the S matrix was SU(2) invariant, so we 
can insert a set of intermediate projections onto states of total isospin T , with amplitudes a1/2 and a3/2. 

But now let us generalize to the scattering of any baryon B in the same SU(3) multiple (the octet)
as the proton (which means p or n or 𝛬 or ∑± or ∑0 or 𝛯0 or 𝛯− ) scattering off any meson M in the 
meson octet: K,    , π, η. 

To the extent that we can ignore the breaking of SU(3) symmetry, we can combine initial two-particle
states into states | η, T3, Y > for η =                         and 8, but for the 8, there are two ways to combine 
B’s and M ’s into each state of the intermediate octet. 

These are called 8s and 8a. 

The final state can be similarly combined.

Because the scattering matrix S is approximated by being SU(3) invariant, the initial and final states 
must be in the same SU(3) multiplet. 

Thus there is an analog of the Wigner-Eckhart theorem which says the scattering amplitude is determined 
in terms of reduced amplitudes for the 27, for the 10, the 10, and the 1, together with four amplitudes 8ss, 
8sa, 8as, and 8aa which describe the four possibilities to combine initial states into a given state in
the octet and then let it decompose into the final states.



We have described the representations of SU(N ) in terms of tensors made of quarks. 

What are the representations made from antiquarks? 

More generally, given a representation η, what is its conjugate representation η*? 

The answer is found from the requirement that                   contains the identity representation. 

As we can lose boxes only by discarding columns of length N , we take our original graph η                      
(say              ), and extend it to a rectangle of height N , (               for SU(3)) , discard the original  and 

rotate the rest by 180◦, to get η∗ (                 for SU(3) ) . 

Note that the η∗ corresponding to each representation depends on N . 

For SU(2), each representation is equivalent to its own conjugate, but this is not true for SU(N ) for       
N > 2. 

From this method, we see that         for SU(3) is the conjugate of the quark        so is the antiquark
representation.

There exists a classic paper Clebsch-Gordon coefficients for SU(3) is J. J. DeSwart, Rev. Mod. Phys. 35 
(1963) 916. 

We will not go into this subject any further.



Consider a state of three quarks. 

Under color, the quarks are an SU(3) triplet. 

Let us consider only the “light flavors” u, d, and s, so they are also an SU(3) triplet under flavor. 

Finally they are spin 1/2 fermions, so they are an SU(2) doublet in spin.

In the lowest bound state, the quarks all have the same spatial dependence, in the s state, ℓ = 0. 

The total wave function is therefore only dependent on color, flavor, and spin. 

Fermi statistics requires that overall, the wave function must be antisymmetric. 

Under flavor, we could have a decuplet           , an octet           or a singlet         

The same would be true for color, except that by “color confinement” only singlets under color can 
escape as particles. 

Thus           is the only acceptable color representation, and is totally antisymmetric. 

Finally, for SU(2),          doesn’t exist, so there are only the              J = 3/2 and the             J =1/2 
possibilities.

We also see that an initial column of N boxes doesn’t affect η∗, so it also doesn’t affect η.



After some manipulation, 

Of course the totally symmetric spin combination and the totally symmetric SU(3) combination have a 
totally symmetric composite. 

Thus the quarks can form a decuplet of spin 3/2 particles or an octet of spin 1/2, but nothing else. 

That this agrees with the lowest mass baryons was the basis of the quark model and the origin of the
idea of color SU(3). 

Without color, we would need flavor ⊗ spin to be antisymmetric. 

This would give an 8 of J = 1/2 but a singlet of J = 3/2, which is phenomenologically disasterous.

This must be combined with the flavor representation to give total symmetry (as the color already 
provides the antisymmetry).


