Quantum Electrodynamics

Real Calculations



Interaction of Light with Matter-Quantum Electrodynamics
Part 1

The theory of interaction of light with matter 1s called quantum electrodynamics.

The subject 1s made to appear more difficult than it actually is by the very many equivalent methods by
which 1t may be formulated.

One of the simplest is that of Fermi. We shall take another starting point by just postulating for the
emission or absorption of photons.

In this form it 1s most immediately applicable.
DISCUSSION OF FERMI'S METHOD!

Suppose all the atoms of the universe are in a box.

Classically the box may be treated as having natural modes describable in terms of a distribution of
harmonic oscillators with coupling between the oscillators and matter.

The transition to quantum electrodynamics involves merely the assumption that the oscillators are
quantum mechanical instead of classical.

They then have energies (n + 1/2)hw,n =0, 1 ..., with zero-point energy hw/2.
The box is considered to be full of photons with a distribution of energies nficw.

The interaction of photons with matter causes the number of photons of type n to increase by +1
(emission or absorption).



Waves in a box can be represented as plane standing waves, spherical waves, or plane running waves
exp (1IK-x).

One can say there 1s an instantaneous Coulomb interaction e2/rj; between all charges plus transverse
waves only.

Then the Coulomb forces may be put into the Schrodinger equation directly.
Other formal means of expression are Maxwell's equations in Hamiltonian form, field operators, etc.

Fermi's technique leads to an infinite self-energy term e2/r;;.

It 1s possible to eliminate this term in suitable coordinate systems but then the transverse waves
contribute an infinity (interpretation more obscure).

This anomaly was one of the central problems of modern quantum electrodynamics.

Part 2 LAWS O F QUANTUM ELECTRODYNAMICS
Without justification at this time the "laws of quantum electrodynamics” will be stated as follows:

1. The amplitude that an atomic system will absorb a photon during the process of transition from one
state to another 1s exactly the same as the amplitude that the same transition will be made under the

influence of a potential equal to that of a classical electromagnetic wave representing that photon,
provided:

(a) the classical wave is normalized to represent an energy density equal to ficw times the probability per

cubic centimeter of finding the photon;



(b) the real classical wave is split into two complex waves e-i@t and e*iet, and only the e-i«t part 1s kept;

(¢) the potential acts only once in perturbation; that is, only terms to first order in the electromagnetic
field strength should be retained.

Replacing the word "absorbed" b y "emit" in rule 1 requires only that the wave represented by
exp(+iwt) be kept instead of exp(-iwt).

2. The number of states available per cubic centimeter of a given polarization is
d3K/(2n )
Note this 1s exactly the same as the number of normal modes per cubic centimeter as in classical theory.
3. Photons obey Bose-Einstein statistics.

That 1s, the states of a collection of identical photons must be symmetric (exchange photons, add
amplitudes).

Also the statistical weight of a state of n 1dentical photons 1s 1 instead of the classical n!

Thus, in general, a photon may be represented by a solution of the classical Maxwell equations if
properly normalized.

Although many forms of expression are possible it i1s most convenient to describe the electromagnetic
field in terms of plane waves.

A plane wave can always b e represented by a vector potential only (scalar potential made zero by
suitable gauge transformation).



The vector potential representing a real classical wave is taken as
A = ae cos (wt — K*X)

We want the normalization of A to correspond to unit probability per cubic centimeter of finding the
photon.

Therefore the average energy density should be Aw.

Now
E = (1/c)(0A/dt) = (wa/c)e sin{wt —K*x)

and

|B| = |E]

for a plane wave.

Therefore the average energy density 1s equal to

(1/8m)(|E|? + |B|% = (1/4m)(w?a?/c?) sin*(wt — K*X)

= (1/8m)(w??/c?

Setting this equal to fiw we find that
a = V8T ﬁcé/ w

Thus

A = V8rhe?/w e cos (wt — K *X)

- Janho/2w e {exp[~i(wt — K*x)] + exp[+i(wt — K*x) ]}



Hence we take the amplitude that an atomic system will absorb a photon to be

V47h c]/Zw exp [-i(wt — K*x)]

For emission the vector potential 1s the same except for a positive exponential.

Example: Suppose an atom is in an excited state ; with energy E; and makes a transition to a final state

Yr with energy Er.

The probability of transition per second 1s the same as the probability of transition under the influence of
a vector potential ae exp[+i(wt - K- X)] representing the emitted photon.

According to the laws of quantum mechanics (Fermi's golden rule)

Trans. prob./sec = 2r/% |¢(potential); |* * (density of states)

- E Al g w?dQ
Density ol states = (21()3 d(wh) ‘(21rc)3ﬁ

The matrix element Ujs = lf(potential)il? is to be computed from perturbation theory.
This 1s explained in more detail in the next Part.

First, however, we shall note that more than one choice for the potential may give the same physical
results. (This is to justify the possibility of always choosing ¢ = 0 for our photon.)



Part 3

The representation of the plane-wave photon by the potentials

A(x, t) = ae exp [-i(wt— K- x)]

¢=0
1s essentially a choice of "gauge."

The fact that a freedom of choice exists results from the invariance of the Pauli equation to the
quantum-mechanic gauge transform.

The quantum-mechanical transformation is a simple extension of the classical, where, if

E=-V¢ + d¢p/0t

and
B=VxA
and 1if ) 1s any scalar, then the substitutions
A =A+VY
o' = ¢ +9x/0ot

leave E and B invariant.

In quantum mechanics the additional transformation o f the wave function



¥ =e Xy

1s introduced.

The invariance of the Pauli equation is shown as follows.

The Pauli equation 1s

haw_ 1} (__¢€ ip=2

Then, since
;a}-{-\ll’ = %e"ixxp = e 'X %;—f - i%‘l’ e 1X
ple”1X¥) =e X (p-Vx)¥

and

(p__-e-A) e"iX\I; :e-ix (p - Vx ‘-_e'A)‘I’
C c
The partial derivative with respect to time introduces a term (0 y/at)ye-ix, and this may be included with

deix .

Therefore the substitutions



¥ =e IXy
, €
A A+ch
¢ = ¢ + (9x/0t)

leave the Pauli equation unchanged.

The vector potential A as defined for a photon enters the Pauli Hamiltonian as a perturbation potential
for a transition from state 1 to state f.

Any time-dependent perturbation which can be written

AH = eiwt U(X’Yoz)

results in the matrix element Ui given by
Uﬁ = f‘l’f *AH‘I’id vol
- f¢f*(x) exp [i(E; /h)t] elwt U(x) exp [—i(E;/h)t] ¢, (x)d vol

This expression indicates that the perturbation has the same effect as a time-independent perturbation
U(x,y,z) between initial and final states whose energies are, respectively, Ei-w# and Ex.

As is well known the most important contribution will come from the states such that Er = E; -wh.
Using the previous results, the probability of a transition per second is

_2m ; w? dQ
Pfi dQ = ol IUflI (21”5



To determine Ug write

1 e £ eh
H = 2m(p-— A) _ch(o VX A) +eV

e eh
=omP PreV-—o — (- A+A-p)-7

e2

2mece

2A’A

Because of the rule that the potential acts only once, which is the same as requiring only first-order terms
to enter, the term in A - A does not enter this problem.

Making use of A = ae exp[-1(wt-K-Xx)] and the two operator relations

(1) Ux A=-KxeetlK*x glwt

(2) pe+iK'x =e+ix'X(p_ﬁm

or
p.ee+iK'x - otiK® X (p-e — hK - e)

where K -e = 0 (which follows from the choice of gauge and the Maxwell equations), we may write

Ufi = af(bf*["‘(e/sz)(p'O e+iK'x + e+ll(‘x e-p)

+ (ehi/2me) o - (Kx e)e*K* %] ¢, d vol



This result 1s exact.
It can be simplified by using the so-called “dipole" approximation.

To derive this approximation consider the term (e/2mc)(p-e e*i K *x) which 1s the order of the velocity of
an electron in the atom, or the current.

The exponent can be expanded.
et % - 1 4+ K. x + 1/2(iK- x)%+ -~
K -x is of the order ap/A, where ap = dimension of the atom and A = wavelength.
If ap/A << 1, all terms of higher order than the first in ap/A may be neglected.
To complete the dipole approximation, it is also necessary to neglect the last term.

This is easily done since the last term may be taken as the order of (hK/mc) = (hKc/mc?) = (mv2/2mc?).

Although such a term 1s negligible even this is an overestimate.

More correctly, ,
(ehi/2me)o - (Kx e) e* K" X » y/c x [matrix element of

o (K Xx p)]

The matrix element i1s

f ps*¥o - (KX p)¢; dvol



A good approximation allows the separation

pe* = ¢¢*(x)Ug* (spin)
and

b; = ¢; (X)U;*(spin)
Then to the accuracy of this approximation the integral is
fcpf*(x)qb, (X)Us*¥o - (Kx pHU;dvol =0
since the states are orthogonal.

For the present, the dipole approximation is to be used.

Then . Petd
Ug =—2a
C m
where
Pgir @ = f¢f*(p'e)¢i =e: f¢f*p¢i d vol
So

2n | e . ) w?
Py, = —ﬁ“ [—-—-— a] (pg; - €)°dQ (27[)3

Using operator algebra, ps/m = Aiws X4, so that

Py dQ = a’ et/ (2m)l(e- xﬁ)2 dQ

where X5 = [¢pr* x ¢i d vol.



The total probability is obtained by integrating Ps, over d€2, thus

o2,
Total prob./sec = fa -y (e Xy )2 dQ

2 620)4

f x| sin® 0 do

= az 432&)4 le1l2/67T
The term e-Xg, 1s resolved by noting (Fig. 3-1)

|X¢s - €| = [Xg4] 8in 0
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FIG. 3-1

Substituting for a2 2 .3
Total prob./sec = o | X 41|
pLon- 3 fic ¢ '" 1

Part 4

Absorption of Light. The amplitude to go from state k to state [ in time T (Fig. 4-1) is given from
perturbation theory by



k
FIG. 4-1

where the time dependence of Uy(t) is indicated by writing

Upedt) =uy e™'"

(In accord with the rules of Part 2, the argument of the exponential 1s minus and only terms which are
linear in the potential are included.)

Using this time dependence and performing the integration,

exp|:-lﬁ-(El - hw - Ek)]— 1
E, - hw - B ik

dx =
the transition probability 1s given b y

4 sin? (A T/2Hh)
2 2
lan|® = A2 gy | A




4 sin® (A T/2h)
lan|? = A2 lug|? A = E)~ E, ~hw

This is the probability that a photon o f frequency w traveling in direction (6, ¢) will b e absorbed.
The dependence on the photon direction 1s contained in the matrix element u.

For example, see Eq. (4-1) for the directional dependence in the dipole approximation.
If the incident radiation contains a range of frequencies and directions, that 1s, suppose

probability that a photon is present with fre-
P(w,0,¢)dw dQ ={quency w to w +dw and in solid angle dQ
about the direction (8, ¢)

and the probability of absorption of any photon traveling in the (0,¢) direction is desired, it is necessary

to integrate over all frequencies.

This absorption probability 1s

I 4 sin® (A T/2h)

. A2 lup|? Plw,0,6) dw dQ

when T is large, the factor (4)2 sin'(AT/2h) has an appreciable value only for Aiw near E-Ex, and

P(w, 8, ¢) will be substantially constant over the small range in w which contributes to the integral so

that it may be taken out of the integral.

Similarly for uy, so that



Trans. prob. = 2 ()~ ! Iulkl2 P(wyy,0,9)dQ 4.1)

where

ﬁw]k = (El -Ek)

This can also be written in terms of the incident intensity (energy crossing a unit area in unit time by
noting that

Intensity = i{w,0,¢)dw dQ = hwc P(w,0,¢) dw dQ

Thus
Trans. prob. = 2 ()~ |u1k12 (Fwp.e) ! i(wyy,0,$)dQ (4.2)

Using the dipole approximation, in which

W ~ \/21r/w1k (e/mC)(plk . e)

= \[21!'/0)11( (e/c) hwlk (xlk * e)
the total probability o f absorption (per second) 1s
anle¥(c)~! (xqy - )% i(wyy, 6, ) dfe (4.3)

It 1s evident that there 1s a relation between the probability of spontaneous emission, with accompanying
atomic transition from state [ to state k,

{Probability of spontaneous

o } = 2r(f)~ 1 (2me)~3 |uy | wyy Z dO
emission/sec



and the absorption of a photon with accompanying atomic transition from state k to state [, Eq. (4-1),

although the initial and final states are reversed since luxl = lugl.

This relation may be stated most simply in terms of the concept of the probability n(w, 8, ¢) that a

particular photon state 1s occupied.

Since there are (27z¢)-3w2dw d€2 photon states in frequency range dw and solid angle d€2, the probability
that there 1s some photon within this range 1s
P(w,0,¢) dw dQ = n(w,8,¢)(2wec) *w? dw dQ

Expressing the probability ot absorption 1n terms ot n(w,0,9),
Trans. prob./sec = o (h)~1 |1y ]2 n(w,9,¢)(21rc)"3 wklz df? (4.4)
This equation may be interpreted as follows.

Since n(w, 0, ¢) is the probability that a photon state is occupied, the remainder of the terms of the
right-hand side must be the probability per second that a photon in that state will be absorbed.

Comparing Eq. (4-4) with the rate of spontaneous emission shows that

Prob./sec of absorption prob. /sec of spontaneous
of a photon from a state ¢ = { emission of a photon into

(per photon in that state) that state

In what follows, it will be shown that Eq. (4-4) 1s correct even when there is a possibility of more than
one photon per state provided n(w, 0, @) is taken as the mean number of photons per state.



If the 1nitial state consists of two photons per state, it will not be possible to distinguish them and the
statistical weight of the initial state will b e 1/2!

However, the amplitude for absorption will be twice that for one photon.

Taking the statistical weight times the square of the amplitude for this process, the transition probability
per second is found to be twice that for only one photon per photon state.

When there are three photons per initial photon state and one is absorbed, the following six processes

(shown on Fig. 4-2) can occur.
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FIG. 4-2

Any of the three incident photons may be absorbed and, in addition, there 1s the possibility that the
photons which are not absorbed may be interchanged.

The statistical weight of the initial state 1s 1/3!, the statistical weight of the final state 1s 1/2!, and the
amplitude for the process 1s 1/3!.



Thus the transition probability 1s (1/3!)(1/2!)(6)? = 3 times that if there were one photon per initial state.

In general, the transition probability for n photons per initial photon state is n times that for a single
photon per photon state, so Eq. (4-4) is correct if n(w, 0, ¢) is taken as the mean number of photons per

state.

A transition that results in the emission o f a photon may be induced by incident radiation.

Such a process (involving one incident photon) could be indicated diagrammatically, as in Fig. 4-3.
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FIG. 4-3

One photon 1s incident on the atom and two indistinguishable photons come off.

The statistical weight o f the final state 1s 1/2! and the amplitude for the process is 2, so the probability of
emission for this process is twice that of spontaneous emission.

For n incident photons the statistical weight of the initial state 1s 1/n!, the statistical weight of the final
state 1s 1/(n + 1)!, and the amplitude for the process is (n + 1)! times the amplitude for spontaneous
emission.

The probability (per second) of emission is then n+ 1 times the probability of spontaneous emission.



The n can be said to account for the induced part of the transition rate, while the 1 is the spontaneous part
of the transition rate.

Since the potentials used in computing the transition probability have been normalized to one photon per
cubic centimeter and the transition probability depends on the square of the amplitude of the potential, it
is clear that when there are n photons per photon state the correct transition probability for absorption
would be obtained by normalizing the potentials to n photons per cubic centimeter (amplitude  times
as large).

This 1s the basis for the validity of the so-called semiclassical theory of radiation.

In that theory absorption is calculated as resulting from the perturbation by a potential normalized to the
actual energy in the field, that is, to energy nfiw if there are n photons.

The correct transition probability for emission 1s not obtained this way, however, because it 1s
proportional to n+1.

The error corresponds to omitting the spontaneous part of the transition probability.

In the semiclassical theory of radiation, the spontaneous part of the emission probability 1s arrived at by
general arguments, including the fact that its inclusion leads to the observed Planck distribution formula.

Einstein first deduced these relationships by semiclassical reasoning.

Part 5

Selection Rules in the Dipole Approximation. In the dipole approximation the appropriate matrix
element 1s

Xif = j ‘I‘f* x.‘l‘i d vol



The components of of Xir are Xir, yir, zif and

Trans. prob. = |x1f|2 + |Yif |2 + Iz“-l2
Selection rules are determined by the conditions that cause this matrix element to vanish.

For example, if in hydrogen the initial and final states are S states (spherically symmetrical), Xir = 0 and
transitions between these states are “forbidden”.

For transitions from P to S states, however, Xir # 0 and they are “allowed”.

In general, for single electron transitions, the selection rule is
AL=#1

This may be seen from the fact that the coordinates x, y , and z are essentially the Legendre polynomial
P;.

If the orbital angular momentum of the 1nitial state 1s n, the wave function contains P.

But
PP, =[1/2n+1)][nP,_y + m+1)P, ]

Hence for the matrix element not to vanish, the angular momentum of the final state must be n+1, so that
1ts wave function will contain either Pn+1 or Ph.1.

For a complex atom (more than one electron), the Hamiltonian is

H =E(1/2m)[Pa - (e/c)A(x c,)]2 + Coulomb terms
8 4



The transition probability is proportional to |Pmnl? = | X «(Pa)mnl?, where the sum is over all the electrons

of the atom.

As has been shown (Px)mn 1s the same, up to a constant, as (X«)mn, and the transition probability is

proportional to )

27 (X g)mn

o

2
ixmnl =

In particular, for two electrons the matrix element 1s

f‘l’f *(X1,X5) (X1 + X5) ¥y (X1,Xp) dX¢ dX,

X1 + X2 behaves under rotation o f coordinates similarly to the wave function of some "object" with unit
angular momentum.

If the "object" and the atom in the initial state do not interact, then the product (x; + x2) ¥ (X1,X2) can be

formally regarded as the wave function of a system (atom + object) having possible values of J1 +1, Ji,
and J; - 1 for total angular momentum.

Therefore the matrix element is nonzero only if Jr, the final angular momentum, has one of the three
values J; =1 or J;.

Hence the general selection rule AJ=+£1, 0.

Parity. Parity 1s the property of a wave function referring to its behavior upon reflection of all
coordinates.

That 1s, 1f
‘I’(_Xb —X9, --0) = +‘1’(X1,X2, “0)



parity 1s even; or if
‘I’(—xl, —Xo, ver) = —\I‘(xl,xz, o)

parity is odd.

If in the matrix elements involved in the dipole approximation one makes the change of variable of
integration x = -x', the result 1s

xi = [ ¥e*e0xY @) dx = [ ¥K-x")(-x") ¥ (-x) &K’
If the parity of 3¢ is the same as that of ¥, it follows that

Xit = —Xi1=0

Hence the rule that parity must change in allowed transitions. For a one-electron atom, L determines the
parity; therefore, AL = 0 would be forbidden. In many-electron atoms, L. does not determine the parity

(determined by algebraic, not vector, sum of individual electron angular momenta), so AL = O transitions
can occur.

The 0 — Otransitions are always forbidden, however, since a photon always carries one unit of angular
momentum.

All wave functions have either even or odd parity.

This can be seen from the fact that the Hamiltonian (in the absence of an external magnetic field) is
invariant under the parity operation.

Then, if HY(x) = EX(X), it is also true that HY(-x) = EX(-x).



Therefore, if the state is nondegenerate, it follows that either ¥(-x) = ¥(X) or P(-x) = -1(x).
If the state is degenerate, it is possible that (-x) # P(x).

But then a complete solution would be one of the linear combinations

¥ (x) + ¥ (—X) even parity

¥ (x) — ¥ (—X) odd parity
Forbidden Lines. Forbidden spectral lines may appear in gases it they are sufficiently rarefied.
That 1s, forbiddenness 1s not absolute in all cases.

It may simply mean that the lifetime of the state is much longer than if it were allowed, but not infinite.

Thus, if the collision rate is small enough (collisions of the second kind ordinarily cause de-excitation in
forbidden cases), the forbidden transition may have sufficient time to occur.

In the nearly exact matrix element
f\Ilf*(e-p)e‘“" x g, d®x
the dipole approximation replaces e'K-xby 1 .

If this vanishes, the transition 1s forbidden, as described in the foregoing.

The next higher or quadrupole approximation would then be to replace e-iK-xby 1 - 1/K-x , giving the

matrix element
—i f\lff *(e - p)(K- x)¥y d® x



For light moving in the z direction and polarized in the x direction, this becomes
~iK f ¥y Hpe2) ¥;d°x = —iK]¢(p,2); |

and the transition probability 1s proportional to

(K)z lf(pxz)i |2

whereas in the dipole approximation it was proportional to
2
If (p x)i I

therefore the transition probability in the quadrupole approximation is at least of the order of
(Ka)2 = a%/x , smaller than in the dipole approximation, where a is of the order of the size of the atom,
and X the wavelength emitted.

Problem: Show that
H(xz) — (xz)H = (h/mi)(p,z + Xp,)
and consequently that
[(ﬁ/mi)(pxz + xpz)] mn - (xz)mn(Em - En)

note that pxz can be written as the sum
Px2 = 1/2(pr + Xp,) + 1/2(pr - XP,)

From the preceding problem, the first part of pxz is seen to be equivalent, up to a constant, to xz, which
behaves similarly to a wave function for angular momentum 2, even parity.

The second part is the angular momentum operator Ly, which behaves like a wave function for angular
momentum 1, even parity.

Therefore the selection rules corresponding to the first part are seen to be AJ = +2, +1, 0 with no parity

change.



This type of radiation is called electric quadrupole.

The selection rules for the second part of pxz are AJ = =1, 0, no parity change, and the corresponding

radiation is called magnetic dipole.

Note that unless AJ = +2, the two types of radiation cannot be distinguished by the change in angular

momentum or parity.

If AJ=+1,0, they can only be distinguished by the polarization of the radiation.

Both types may occur simultaneously, producing interference.

In the case of electric quadrupole radiation, it 1s implicit in the rules that 1/2 = 1/2 and O — 1 transitions
are forbidden (even though AJ may be 1), since the required change of 2 for the vector angular

momentum is impossible in these cases.

Continuing to higher approximations, it i1s possible by similar reasoning to deduce the vector change in
angular momentum, or angular momentum of the photon, and the selection rules for parity change and
change of total angular momentum AJ associated with the various multipole orders (Table 5-1).

Actually all the implicit selection rules for AJ, which become numerous for the higher multipole orders,

can be expressed explicitly by writing the selection rule as
[Jg —dy| =1=Jd¢ +J;

where 2! is the multipole order or [ is the vector change in angular momentum.



TABLE 5-1. Classification of Transitions and Their Selection Rules

Electric Magnetic Electric  Magnetic Electric

Multipole dipole dipole quadrupole quadrupole octupole
B 1 -
&‘9 Angular 1 : 1 2 | 2 3 |
& . momentum | I :
& & | Parity Odd | Even Even : Odd Odd ,
o“éo ’ | I :
o 3\ Parity change Yes | No No | Yes Yes |
&% | Change of total +1,0 : +1,0 +2,+1,0 ::t 2,41,0 23,+2,+1,0 ‘

MW lar mo-

L ment | —~0 INo0O—~0 Noo—o0 !
¥ 4 mentum AJ No 0—+0 No0-—=0 No 0 0 0 |
oy | 1111 11
o . 272 : 272 272
ﬁ‘?"& | 0—1 , 0—1 etc. (see |
® : | following) !

It turns out that in so-called parity-favored transitions, wherein the product of the initial and final parities

is (=1)J£=J1and the lowest possible multipole order is J¢- Ji, the transition probabilities for multipole
types contained within the dashed vertical lines in Table 5-1 are roughly equal.

In parity-unfavored transitions, where the parity product is (-1)’¢-’i *! and the lowest multipole order is
\J¢- Jil + 1, this may not be true.

Part 6

Equilibrium of Radiation. If a system is in equilibrium, the relative number of atoms per cubic
centimeter in two states, say [ and k, is given by



according to statistical mechanics, when the energies differ by fic.

Since the system is in equilibrium, the number of atoms going from state k to [ per unit time by

absorption of photons fiw must equal the number going from [ to k by emission.

If n, photons of frequency w are present per cubic centimeter, these probabilities of absorption are

proportional to n., and probability of emission is proportional to ng+1.

Thus Nyn, = Ny (n, + 1)

or

(n,+1)/n, = Ny /N; = el /kT

n, = 1/(e‘hw/kT = 13

This 1s the Planck black-body distribution law.

The Scattering of Light. We discuss here the phenomena of an incident photon being scattered by an
atom into a new direction (and possibly energy)(see Fig. 6-1).

This may be considered as the absorption of the incoming photon and the emission of a new photon by
the atom.



FIG. 6-1

The two photons taking part in the phenomenon are represented by the vector potentials.

Al - (211,/0’1)1/2 91 e+i(wtt -K* x)

Ay = (21/w))'/? ege=i{wat-K )
the number to be determined 1s the probability that an atom 1nitially in state k will be left in state [ by the
action of the perturbation A = A; + A2 in the time T.

This probability can be computed just as any transition probability with the use of Ay, where

Alk = le exp [*I(El/h)T] - (l/ﬁ)
T
X fo exp [—i(E/h) (T - t3)] Uy, (t3) exp[—i(Ey/h)t;3] dtg
T at
e [ S exp (-i(Ey /BT -~ t)]

x Uy, (ty) exp [—1(E, /) (tg — t3)] Uy (t3) exp [-i(E, /h)t5] dts dtg



The dipole approximation is to be employed and

U=AH = (e/2mc)(p* A) + (e?/mc®)(A*A)

where spins are neglected.

In each integral defining Ax, each of the two vector potentials must appear once and only once.
Thus, in the first integral the term p- A of U will not appear in Uy.

The product A-A = (A1 + A2)- (A1 + A2) will contribute only its cross-product term 2A - Aa.
The second integral will have no contribution from A - A, but will be the sum of two terms.
The first term contains a Uy, based on p- A2 and a Uy based on p- A;.

The second has Uy, based on p- Ay, and Up, based on p- Ao.

The time sequences resulting 1n these two terms can be represented schematically in Fig. 6-2.

first second A'A
A

No. 2 wo, 1 No. 2

No. 1 No.

atom

FIG. 6-2



The integral resulting from the first term will now be developed in detail.

(P Appx = (2'”/(91)1/2 P-eq)yk e-iwgt

(@ Ay, = @n/w))'/? (pr ey, €'
Then the resulting integral 1s

521/ (wwa) /2 (D ey (Peeq)ay
| T .t
x J, J " expl-i(Ey/B)(T —t)) +iwat]

X exp[—i(En/ﬁ)(t4 - t3) - iw 1t3] exp [—1 (Ek /ﬁ) t3} dts dt‘

The 1ntegral 1s similar to the integrals considered previously with regard to transition probabilities, and
the sum becomes

>y 2n/(wiwa) /(P -eq)y, (p-ey),, e'?
n
x [sin (T - A/R)/(E, — E,, + fiw,) - A]
where A = (E; +hwz-Ex-fiw)), and the phase angle ¢ is independent of n.

A term with the denominator given by (E, -hwi-Ex)(E1 +f1w2-Ey) has been neglected, since previous

results show that only energies such that E; +hw, =~ Ex+hw; are important.

The final result can be written



Trans. prob./sec =(2r/H)|M|?[w,® dQy/(27%)]

(6-1)
= 0cC
where IMI is determined from Ay by integrating over w> and averaging over e».
Then the complete expression for the cross section ¢ is
¢ : :
e! wy 1. P&y P-ep)ny
o 46 = m?c* Wy déz, m ? E, + hw;—-E,
(6-2)
(P-e), (p'QZ)nk 1 ¢
- Ey —E, -hw, . mc? (61 - €201,

The first term under the summation comes from the "first term" previously referred to and the second
from the "second term."

The last term in the absolute brackets comes from A - A.

If [ # k, the scattering is incoherent, and the result is called the ‘Raman effect."

If [ = k, the scattering is coherent.

the the



Further, note that if all the atoms are in the ground state and [ = k, then the energy of the atom can only

increase and the frequency of the light w can only decrease.

This gives rise to "Stokes lines".
The opposite effect gives "anti-Stokes lines.”

Suppose wi= w2 (coherent scattering) but further hwy 1s very nearly equal to Ex -En, where E, 1s some

possible energy level of the atom.
Then one term in the sum over n becomes extremely large and dominates the remainder.
The result 1s called "resonance scattering."

If o 1s plotted against w, then at such values of w the cross section has a sharp maximum (see Fig. 6-3).

[

L e c— —

E, - Ey E; —Ey
h h

FIG. 6-3

The "index" of refraction of a gas can be obtained by our scattering formula.

It can be obtained, as for other types of scattering, by considering the light scattered in the forward
direction.



Self-Energy. Another phenomenon that must be considered in quantum electrodynamics is the
possibility of an atom emitting a photon and reabsorbing the same photon.

This affects the diagonal element Agk.

Its effect 1s equivalent to a shift of energy of the level.

One finds -
(P-€hn (P-€)ni 'K 2

where e 1s the direction of polarization.

This integral diverges.

A more exact relativistic calculation also gives a divergent integral.

This means that our formulation of electromagnetic effects is not really a completely satistactory theory.
The modifications required to avoid this difficulty of the infinite self-energy will be discussed later.

The net result is a very small shift AE in position of energy levels.

This shift has been observed by Lamb and Rutherford.



Résumé of the Principles and Results of Special Relativity
Part 7

The principle of relativity 1s the principle that all physical phenomena would appear to be exactly the
same 1if all the objects concerned were moving uniformly together at velocity v; that 1s, no experiments
made entirely inside of a closed spaceship moving uniformly at velocity v (relative to the center of
gravity of the matter in the universe, for example) can determine this velocity.

The principle has been verified experimentally.

Newton's laws satisfy this principle; for they are unchanged when subject to a Gallilean transformation,
X' =x=—vt v/ =y z! =2 t =t

because they involve only second derivatives.

The Maxwell equations are changed, however, when subjected to this transformation, and early workers
this field attempted to make an absolute determination of velocity of the earth using this feature
(Michelson-Morley experiment).

Failure to detect any effects of this type ultimately led to Einstein's postulate that the Maxwell equations
are of the same form in any coordinate system; and, in particular, that the velocity of light 1s the same in
all coordinate systems.

The transformation between coordinate systems which leaves the Maxwell equations invariant is the

Lorentz transformation:
X — vt

VIS

’

X = x cosh u — ¢t sinh u




2
’ t—(xv/C)_: ——}—{-sinhu+tc'oshu

S ViT-(eh)

where tanh u = v/c.

Henceforth we shall use time units so that the speed of light ¢ 1s unity.

The latter form 1s written to demonstrate the analogy with rotation of axes,
x' =x cos @ +y sinf
y/ = —xs8in 8 +y cos 6

Successive transformations vi and vz or u; and uz add 1n the sense that a single transformation vs3 or u3
will give the same final system if

vg =Vvy +Vvy or tanh ug =tanh (u;+uy)

Einstein postulated (theory of special relativity) that the Newton laws must be modified 1n such a way
that they, too, are unchanged in form under a Lorentz transformation.

An interesting consequence of the Lorentz transformation is that clocks appear to run slower in moving
systems; that 1s called time dilation.



In transforming from one coordinate system to another it 1s convenient to use tensor analysis.

To this end, a four-vector will be defined as a set of four quantities that transforms in the same way as X,
y ,z and ct.

The subscript u will be used to designate which of the four components is being considered; for

example,
Xy =X X9 =Y X3 = Z Xq =t

The following quantities are four-vectors:

_aix’ - —a%’ - ’éa‘z , * ég{ (V) four-dimensional gradient

x> Jy» Jor P Gy) current (and charge) density
- Ay, A, o (Au)vector (and scalar) potential
Py» Pys Py E (p,) momentum and total energy

The energy E, here, 1s the total energy including the rest energy mc2.

An invariant is a quantity that does not change under a Lorentz transformation.
If a, and b, are two four-vectors, the "product”

a*bh= Zn> aubu = a4b4 = a4 b1 — azbz — a3b3
1S an invariant.

To avoid writing the summation symbol, the following summation convention will be used.



when the same index occurs twice, sum over it, placing minus in front of first, second, and third
components.

The Lorentz invariance of the continuity equation is easily demonstrated by writing it as a "product” of
four-vectors V, and ju :
0p  9j 9y 9]
Vi =V — Vs — ie @i, = —F x y 2
ply = Vala —Vii1 —Vaia— Bjs at T ax T 5y T

Conservation of charge 1n all systems if it is conserved 1n one system 1s a consequence of the invariance
of this "product, " the four-dimensional divergence V -j.

Another invariant 1s

2

E = total energy, m = rest mass, mc? = rest energy, p = momentum.

Thus,

E? = p2c? + mZct

It is also interesting to note that the phase of a free particle wave function exp[(-i/h)Et - p-X)] is

mvariant since

Et — p-X =Et — PxX = PyY — P2 =p,p,

The invariance of p,pu can be used to facilitate converting laboratory energies to center-of-mass energies

(Fig. 6-4) 1n the following way (consider identical particles, for simplicity)



Elab

O~ "Q  O—= 0

moving stationary
~ particle particle

Laboratory system Center-of-mass system

FIG. 6-4
= E;om = Eg® + pg’
PyPy = ®1ab 0 0

but

2
Py’ = E,’ — m S0 Ejpm = 2E)" - m

and

1 1/2

The equations of electrodynamics B =V x A and E = -(1/¢)(0A/dt) - V¢ are easily written in tensor
notation

B, =0A,/8y — 0A,/82 = -V, A, + V, A E, =—0A,/0t — 8 ¢/0x = =V, A, + VA,
B, = 0A,/0z — 8A,/0x = - G, A+ VA, E, =—0A,/0t — 8¢/dy = —Ve Ay + VA
Bz = 3AY/8X‘— an/ay = "'vx‘&/'*_vyAx Ez =—8Az/at - 8¢/82 = "'vtAz +VzAt

where use is made of the fact that ¢ is the fourth component o f the four-vector potential A,.



From the foregoing it can be seen that Bx, By, B, Ex, Ey and E, are the components of a second-rank

tensor:

Fuv = VH Av — VvAp (7-1)

T'his tensor 1s antisymmetric (Fu = - Fyu) and the diagonal terms (1 = v) are zero; thus there are only six

ndependent components (three components of E and three components of B) instead of sixteen.

o -B, B, E,

Hy

-E, -E, —-E, 0

The Maxwell equations VxB = 4mJ + (JE/dt) and V-E = 47p are written
VoFu = 4mj,, (7-2)
where v =1, 2, 3,4, that 1s, j1 =Jx, Jo=Jy, 3 =]z, Ja =P, and u 1s a dummy index of summation.

The v =1, 2, and 3 gives the three components of the curl equation, and v = 4 gives the divergence

equation.

The equation satisfied by the potential A, 1s found, by substituting Eq.(7-1) into Eq. (7-2), to be

V,V,A, -~ V,V,A, =4rj,



The potential A, 1s not unique, however, since the potential
! -
Ap = Au +Vpx (7-3)
the y = any scalar function of position) also satisfies this relation.

Such a change or transformation of potential is called a gauge transformation (for historical reasons).

We shall make the potentials more definite by assuming that all potentials have been transformed so as to
satisfy the so-called Lorentz condition

Vu A y = 0 (7-4)

This 1s convenient, because it simplifies the equation for Ay to
(V-V)A ) =drmj, (7-5)

since V-V = V.V, , which can be recognized as the wave equations

VA - 3%A/0t% = —dnj
(7-5)

Vip— 82p/0t% = —4np
Sometimes Eq. (7-5) is written 0% A, = - 47j, [J% = D'Alembertian operator = V2-(9/dt)2 = -V V),
This choice of gauge (V,Au = 0) 1s the usual one made 1n classical electrodynamics,

V-A-03¢/8t =0 (7-4)



Part 8
SOLUTION O F THE MAXWELL EQUATION I N EMPTY SPACE

In empty space the plane wave solution of the wave equation

2 R P
A,J = 47er—0
1S

—~ik * X

Au =e,e

where e, and k,, are constant vectors, and ky is subject to the condition
k,k, =k-k=0

This may be seen from the fact that vV, operating on e-ik-x has the effect of multiplying b y ik, (V, does

not operate on e, since the coordinates are rectangular).

Thus,

_.DZA“ =V (V, Ap) =V, (-i eukve"k' X
~ik* X
= -ep(kvkv)e :

Note that in these operations V, Ay actually forms a second-rank tensor, Vy (VoAy) a third-rank tensor,

and then contraction on the index v yields a first-rank tensor or vector.

The k, 1s the propagation vector with components



k, =w, Kys Kyy K, = w, K

T
so that in ordinary notation
exp (—ik - xX) = exp[—i (wt — K- X)]
and the condition k-k = 0 means |
wé=K-K=0

It 1s straightforward to show that the Lorentz condition

e VyA, =0
implies that k-e = 0.

When working in three dimensions it is customary to take the polarization vector e such that K-e =0 and
to let the scalar potential ¢ = 0.

But this 1s not a unique condition; that 1s, it 1s not relativistically invariant and will be true only in a
one-coordinate system.

This would seem to be a paradox attaching some uniqueness to the system in which K-e =0 , a situation
incompatible with relativity theory.

The "paradox, " however, 1s resolved by the fact that one can always make a so-called gauge
transformation, which leaves the field F,, unaltered but which does change e .

Therefore, choosing K-e = 0 1n a particular system amounts to selecting the certain gauge.



The gauge transformation, Eq. (7-3), 1s
A’ = A+ Vy

¢' =¢ +(dx/0t)

where y is a scalar.

But V- A =0, the Lorentz condition, Eq. (7-4), will still hold 1f

VA =V-A+Veyx =0

or if

L] 2 X =0
This equation has a solution y = a ek-X, s0

' _ —-fk* Xy _ -ik*
Au“‘Au+Vu(ae )—(eu+ozkp)e IR°X

where o 1s an arbitrary constant.

Therefore,

el

u=¢©

p ok

1s the new polarization vector obtained by gauge transformation.

In ordinary notation



e’ =e +akK

€4 = €4 + QW
Thus, no matter what coordinate system is used,

K-¢/ =K-e+aK-K=K-e +aw*

can be made to vanish by choice of the constant .

Clearly the field is left unchanged by a gauge transformation for
B Vu AL, =V AL = Vu A +V VX — VvAu - VvVu X =F.
the V., Vy xy = Vy V, x because the order of differentiations is immaterial.

RELATIVISTIC PARTICLE MECHANICS

The components of ordinary velocity do not transform in such a manner that they can be components of
a four-vector.

But another quantity
dzp/ds = dt/ds, dx/ds, dy/ds, dz/ds

where

dZ = dt, dX, dy’ dZ

T,

1s an element of path of the particle and ds 1s the proper time defined by



ds? = dt? — dx® - dy® - dz?

1s a four-vector and 1s called the four-velocity uy.

Dividing ds? by dt? gives the relation between proper time and local time to be

(ds/dt)? =1 - v?
The components of ordinary velocity are related as follows:

dx/ds = (dx/dt)(dt/ds) = v,/(1 —y*!/?
dy/ds = v, /(1- vl/2

dz/ds =v,/(1-vH/?

dt/ds =1/(1-v?3/?

It 1s evident that n.m..= 1 far

The four-momentum is defined

p, =mu, = m/(1- vz)i/ 2 mv,/(1 —vz)l/z, mvy/(l-v?')i/z,

1,

Note that p4 = m/(1 - v2)1/2 is the total energy E, so that in ordinary notation the momentum P is given by



P =Ev

where v 1s the ordinary velocity.

Like the velocity, the components of ordinary force defined by d/dt (momentum) cannot form the
components of a four-vector.

But the quantity
f, =dp " /ds

does form a four-vector with the components

f, =d/dt(mv,/V1 - v?) dt/ds = F,/V1-v? u=1,2,3

where F, 1s the ordinary force.

The fourth component is

f = power _ rate of change of energy _ d/Adt(m/V1 = v?)
I=ve V-V oy

This 1s seen from the fact that m/y1 — v2 1s the total energy and also from the ordinary identity

_ . = d mV ]
Power-—FV—[dt T o3 \'4

m v 1 dv?
2 (1-v)¥2 T (1 -vyl/2 g

mv dv d m

T a-v)? at Tdat Vi= P




Thus the relativistic analogue of the Newton equations is
d/ds (p,) = fu =m dzzu/ds2

The ordinary Lorentz force is

F=e(E+vX B)
and the rate of change of energy 1s
F.-v=eE-v

Then from the preceding definition of four-force,

f=-e/(1-v)Y2E +vxB)
and
f,=e/(1-v)Y2E v

We can show that the expressions just given for f and f4 are equivalent to

F

f =eu, F,

v

so that the relativistic analogue of the Newton equation becomes
2 2 _
m d zp/ds = e(dz ,/ds) |
We can also show that this implies

d/ds [(dz , /ds)¥ = 0

(8-1)

(8-2)

(8-3)



In ordinary terms the equation of motion is

d/dt(mv/V1 — v¢) = e(E + v X B)

It can also be shown by direct application of the Lagrange equations
d/dt (o L/avu) - (0 L/axu) =0

that the Lagrangian

= -mV1 - v2—~e¢+eA~v

leads to these equations of motion.

Also the momenta conjugate to x 1s given by dL/v or

P =mv/(1 - vi)l/2 4 eA
The corresponding Hamiltonian 1is

H=e¢ + [(P— eA) + m?]1/?

which satisfies (H-e¢)? - (P-eA)2 =m2 .

It 1s difficult to convert the Hamiltonian idea to a covariant or four-dimensional formulation.

But the principle of least action, which states that the action

s=fLadt

(8-4)

(8-3)

(8-6)

shall be a minimum, will lead to the relativistic form of the equations of motion directly when expressed

as



S=det=mfds+epr(dzu/ds)ds

= JIm(dz/da - dz/da)"/? + eA,, dz,/da]da
Note that by definition
(ds/da)® = (dz , /da)(dz , /da)

It 1s interesting that another "action, " defined
’ ' 2
' =m/2 f(dz,/da)? da +e [A,(z,)dz, /da) da

leads to the same result as for S in the foregoing.

the the



Part 9

Relativistic Wave Equation

UNITS
The following convention will be used hereafter.

W e define the units of mass and time and length such that
c=1 (c =2.99793 x 101 cm/sec)

h=1 (f = 1.0544 x 10~ erg/sec)

Table 9-1 is given as a useful reference for conversion to customary units.

The following numerical values are useful:

M, = mass of proton = 1836.1 m = 938.2 Mev
Mass unit of atomic weights = 931.2 Mev

My = Mass of hydrogen atom = 1.00815 mass units
My = Mass of neutron = 784 kev + My

kKT = 1ev when T =11,606°K

N, = Avogadro’s number = 6.025 x 10%

N,e =96,520 coulombs



TABLE 9-1.

Notations and Units

Present Customary
notation Meaning notation Value
m Mass of electron m
Energy mc? 910.99 kev
Momentum mc 1704 gauss cm
Frequency me?/h
Wave number mc/h
1/m Length (Comp- h/mc 3.8615 x 10" Hem
ton wave-
length)/2m
Time h/mc?
e? Fine-structure e?/tc 1/137.038
constant
(dimensionless)
e?/m Classical radius e®/mc? 2.8176 x 10" em
of the electron
1/me? Bohr radius a, = h*/me? 0.52945 A

KLEIN-GORDON, PAULI, AND DIRAC EQUATIONS

According to relativistic classical mechanics, the Hamiltonian is given by

H-—-\/(p—-eA).f+m5+e¢

(9-1)



If the quantum-mechanical operator - 1V is used for p, the operation determined by the square root 1s
undefined.

Thus the relativistic quantum-mechanical Hamiltonian has not been obtained directly from the
classicalequation, Eq. (9-1).

However, it 1s possible to define the square of the operator and to write
(H -ecp)z — (p - eA)? = m?

Then, if H=1d/0t,
[~(1i/i) 8/8t — e]*¥ - [(K/i)0/0%) — e/cA) ¥ — - =m?¥ (9-2)
where the square of an operator is evaluated by ordinary operator algebra.
This equation was first discovered by Schrodinger as a possible relativistic equation.
It 1s usually referred to as the Klein-Gordon equation.
In relativistic notation it is

iV, — eA )iV, — eA ¥ = m*¥ (9-2")

This equation does not allow for "spin" and therefore fails to describe the fine structure of the hydrogen
spectrum.

It 1s proposed now for application to the 77 meson, a particle with no spin.



To demonstrate its application to the hydrogen atom, let A =0 and ¢ = -Ze/r, then let ¥ = y(r) exp (-1Et).

Then the equation 1s
(E - Ze’/r)%x + V?x = m®x

Let E=m + W , where W << m, and substituting V = Ze?/r,
(W = V)y + sz/Zm = —(W - V)zx/Zm

Neglecting the term on the right in comparison with the first term on the left gives the ordinary
Schrodinger equation.

By using (W - V)2/2m as a perturbation potential, you can obtain the fine-structure splitting for hydrogen
and compare with the correct values.

As an example, for the Klein-Gordon equation, if we let
p =i(¥*0¥ /0t — VOV */0t)— ep¥ ¥* = charge density
j = —i(¥*AVY¥ - ¥FVI*) — eAV ¥ * = current density
we can then show, using the four-vector (p, j), that v, ju = 0.

The Klein-Gordon equation leads to a result that seemed so unreasonable at the time i1t was first brought
to light that it was considered a valid basis for rejecting the equation.

This result 1s the possibility of negative energy states.



To see that the Klein-Gordon equation predicts such energy states, consider the equation for a free
particle, which can be written

‘Y = m? W

where — 2 1s the D'Alembertian operator.

In four-vector notation, this equation has the solution ¥ = A exp(-ipuXy), where pupy = m2.
Then, since P,P, =PsPs = PxPyx = PyPy — P,P, = E-p-p

there results E =2 (m? + p-p)l/2

The apparent impossibility of negative values of E led Dirac to the development of a new relativistic
wave equation.

The Dirac equation proves to be correct in predicting the energy levels of the hydrogen atom and 1s the
accepted description of the electron.

However, contrary to Dirac's original intent, his equation also leads to the existence of negative energy
levels, which by now have been satisfactorily interpreted.

Those of the Klein-Gordon equation can also be interpreted.

If y = exp(-1Et) ¥(X,y,z) is a solution of the Klein-Gordon equation with constants A and ¢, then
y = exp (+iEt) ™ is a solution with - A and -¢ replacing A and ¢.

This indicates one manner in which "negative" energy solutions can be interpreted.

It 1s the solution for a particle of opposite charge to the electron, but the same mass.



Instead of following the original method in the development of the Dirac equation, a different approach
will be used here.

The Klein-Gordon equation is actually the four-vector form of the Schrodinger equation.

With an analogous point of view, the Dirac equation can be developed as the four-vector form of the
Pauli equation.

In following such a procedure, the terms involving "spin" will be included in the relativistic equation.

The 1dea of spin was first introduced by Pauli, but it was not at first clear why the magnetic moment of
the electron had to b e taken a s fie/2mc.

This value did seem to follow naturally from the Dirac equation, and it 1s often stated that only the Dirac
equation produces as a consequence the correct value o f the electron's magnetic moment.

However, this 1s not true, as further work on the Pauli equation showed that the same value follows just
as naturally, 1.e., as the value that produces the greatest simplification.

Because spin 1s present in the Dirac equation, and absent in the Klein-Gordon, and because the
Klein-Gordon equation was thought to be invalid, it is often stated that spin is a relativistic requirement.

This 1s incorrect, since the Klein-Gordon equation is a valid relativistic equation for particles without
spin.

Thus the Schrodinger equation is

HY = EV¥
where
H =1/2m(-iV - eA)? + ed



and the Klein-Gordon equation is

[(H — e¢)? — (—iV — eA)?) ¥ = m? ¥ (9-3)
Now the Pauli equation 1s also HY = E¥, where

H = (1/2m)[o : (-iV — eA)}? + e¢ (9-4)
Thus, [o - (—iV — eA)}? appearing in the Schrodinger equation has been replaced by (-iV — eA)? .

Then a possible relativistic version of the Pauli equation, in analogy to the Klein-Gordon equation, might
be

(H - e¢)’¥ — {0 [(1/i) V- (e/c)A]}?¥ = m?¥
Actually, this is incorrect, but a very similar form (with H replaced by 1(d/dt)] is correct, namely,

[i(8/0t) — ep — @ - (—iV = eA)]
(9-5)
x [i(0/0t) —e¢p + 0 - (-iV~ eA)] ¥ = m’¥

This 1s one form of the Dirac equation.

The wave function ¥ on which the operations are being carried out is actually a matrix:
v

A form closer to that originally proposed by Dirac may be obtained as follows.

For convenience, write



i(g/0t) — e¢p = my
-iV - (e/c)A =x
Now let y the function be defined by (774 +0-7)¥=my.
Then Eq. (9-5) implies (774 - o-7)¥P=mVY.
This pair of equations can be rewritten (only to arrive at a particular conventional form) by writing

X t¥ =¥,

X — ¥ =¥
Then adding and subtracting the pair of equations for ¥, y there results

W, — 0 - x*¥, =my,

(9-6)
—-m¥y,+ 0 - TY, =m¥,
These two equations may be written as one by employing a particular convention.
Define a new matrix wave function as
¥ = ::2 (9-7)



where the matrix character of ¥a and ¥h has been shown explicitly, i.e., actually

v
v, =(\p’1) ‘I’b‘—‘(:bl)
g oe
Then, if the auxiliary definitions are made,

) e

0 0 0 0’
Y =|-—-———mm————— Y=t (9-8)

|

0 0 !-1 o 00
|

0 0! 0 -1 7 oo/

0 0 0 0

0 0 1 0 0 1
x*\ 0 -1 o o | Since orx:<1 o)

-1 0 0 0

Yy and y, are similar.)

The two equations in ¥, and ¥} can be written as one in the form
YTy ¥ — Y - 7¥ =mV¥

which 1s actually four equations in four wave functions.



Then using four-vector notation, the Dirac equation is
YuTy v = mv¥

or
yn(iVu — eAp)\If = mw¥

It can be shown that

0 if u =v
YuYv t MYy ={ 2itp=v=4
-2ifv=u=1,2,3
or
7 =1 Yo =Yyl = =1
YeVx = ~Yx7te YxYy = ~%Yx ete.

A similar form for the Dirac equation might be obtained b y a different

argument, by comparison to the Klein-Gordon equation. Thus with

H = 1(d/dt) = 1V4 and with ep = eA4 Eq. (9-3) becomes

. 2 _ 2
(IVH — eAu) ¥ =m“w¥

1n four-vector notation.

(9-9)

(9-10)



Using a similar notation in the Pauli equation, Eq.(9-4), but also using o = y and setting 04 = Y4
arbitrarily (to complete the definition of a four-vector form o f ), Eq. (9-4) can be written in a form

similar to Eq. (9-1
{v,l5/1)V, ~ (e/c)A, 1} ¥ = m®¥ (9-11)

This should be compared to Eq. (9-9).

Now the Pauli equation, Eq. (9-4), differs from the Schrodinger equation in the replacement of the
three-dimensional scalar product (p - eA)? by the square of a single quantity o - (p - €A).

Analogously one might guess that the four-vector product (px - €A,)? in Eq. (9-10) must be replaced by
the square of a single quantity yu(pu - €Ay), where we must invent four matrices ¥, in four dimensions in

analogy to the three matrices o in three dimensions.

The resulting equation,
[y, (iV, -eAp)]z‘Il =m?V¥ (9-11)

1s essentially equivalent to Eq. (9-9) (operate on both sides of Eq. (9-9) by yu(1V, - €A,) and use Eq.
(9-9) again to simplify the right-hand side).

Thus, Eq. (9-11) is equivalent to

(iVu - eAu)2 - :2}- e'YpV,,pr ¥ =my



Part 10
ALGEBRA OF THE y MATRICES

In the preceding part the Dirac equation,
Yy (iV, — eA ) ¥ = m¥ (10-1)

was obtained, together with a special representation for the y's,

1 O 0 O,
= — ' Va2
Yt (0 _1) 'Yx,y,z (_o.x . . 0 ) (10'2)
where each element in these four-by-four matrices is another two-by-two matrix, that is,
1 0\ . , {0 1
1= (O 1) unit matrix Oy = (1 0) etc.

The best way to define the y's, however, is to give their commutation relationships, since this 1s all that 1s

important in their use.

The commutation relationships do not determine a unique representation for the y's, and the foregoing is

only one of many possible representations.

The commutation relationships are 9

10-3
’Yt‘yx,y’ [ + yX,Y,z yt =0 ( )

YxYy * Vy¥x =0 YxY2 + Y2¥x =0 Yy Yz + Y2Yy =0



or, in a unified notation,
’Y“’YU + Yuyp = 26“1}

0,, =0 TR
ot (10 4)
:+1 u:v:4
= -1 p=v=123

Note that with this definition of d,, and the rule for forming a scalar product,

5uv a, =a,

Other new matrices may arise by forming products of the matrices already defined.

For example, the matrices of Eq. (10-5) are products of y’s taken two at a time.

The matrices
Yx’Yy nyz 'Ysz ’)Ix‘)/t ’YV‘Yt 72 Yt

are all independent of yx, ¥y, ¥z, ¥t. (They cannot be formed by a linear combination o f the latter.)
Similarly, for products of three matrices,

Yx Yy Yz (= V57¢)

Yy Yz Yt (== YxV5)

Yz Ye Yx (== YyVs5)

Ye YxVy (== ¥275)



These are the only new products of three.

For, if two of the matrices were equal, the product could be reduced, thus yyyy: = -yyyy = -7y.

The only new product of four that can be formed 1s given a special name, ys.
Y5 = YxYyY2 7t

Products of more than four must contain two equal so they can be reduced.

There are, therefore, sixteen linearly independent quantities.

Linear combinations of them may involve sixteen arbitrary constants.

This agrees with the fact that such a combination can be expressed by a four-by-four matrix. (It 1s
mathematically interesting then that all four-by-four matrices can be expressed in the algebra of the y's;

this 1s called a Clifford algebra or hypercomplex algebra. A simpler example is that of two-by-two
matrices, the so-called algebra of quaternions, which is the algebra of the Pauli spin matrices.)

It 1s straightforward to verify that

, g, 0 . 0 O oy, 0
WYy = (Oz Uz) YyYe = (Ox ox) 1Y, Yx = (Oy UY) 10>
and that
YeYx.y,z = (gx . gX.Yﬂ) = @ (definition of &)

It 1s convenient to define another ¥y matrix, since it occurs frequently:

{0 1
Y5 = YxYYYz Yt < 1(1 0) (10-6)



It 1s straightforward to verify that

. 0 =1 [(Ogy,z O
YsYe =11 _ YsYx,y,z =1 o
1 0 27 0 ~Ox v 2
e (10-7)

‘yszz-l 757u+7p75:0

For later use, it will be convenient to define

A=a,y,=ay —a,Yc— 2,V — 2,7, (10-8)
from which it can be shown that
AP = —P4L + 2a-+b (a-b=aubp)
2 _ _
a=a,a, (10-9)
Ays = —vs A

For example, the first may be verified by writing

AB =(a, Y, —a,Yx— Ay Yy —2;7; Y B¢y, — Dby Yx~ by'Yy ~b;7;)
and, moving the second factor to the front, by using the commutation relationships.

Doing this with the first term (by:) of the second factor produces

bt‘Yt (atyt ¥ AxYx + a'y'yy + a, 'Yz)



since ¥ commutes with itself and anticommutes with yx, ¥y, and y..
By performing this operation on all terms, one obtains
AP =Dy, [(—ayy, +a,y, + ayyy, +a,v,) + 2ay,]
+ by Yy l(arye = 2,7y = 2,7y = 2,7,) + 28,7,]
+ byyy [(agy: — axyx — ayvy = 2,7,) + 2a,7,]
+b,7, [(acy: = a,¥x = 2,7y = 2,7,) + 22,7,]
= ~PA + 2(b,acy,  + bea,y,. + b},ay'yy2 +b,a,v,%)
= —-pPg +2bea
It 1s straightforward to show that
Yx&Yx = A + 23,7,
YuYy =4
YuRYy = <24
Yy APy, =4a°b

Y ABEY = —2¢PH

Expanding in power series one can show that



exp [(u/2)y,Y,] = cosh (u/2) + y,y, sinh (u/2)

(10-10)
exp [(6/2)y,Y,] = cos (6/2) + v,Yy 8in (6/2)
and then show that
exp[-(u/2)y,v,] v, exp [+(u/2)ytyz] =Y, coshu + vy, sinhu
exp [~(u/2)y.v,}v, exp[+(u/2)y,y,] =y, coshu +y, sinh u
exp [—(u/2)y,v,]vy expl+(u/2)y,v,] =, (10-11)
exp [—(u/2)y, v, v exp{+(u/2)y,v,] = v,

EQUIVALENCE TRANSFORMATION

Suppose another representation for the y's is obtained which satisfies the same commutation
relationships, Eq. (10-3); will the form of the Dirac equation, Eq. (10-1), remain the same?

To answer this question, make the following transformation of the wave function ¥ = S¥’, where S is a

constant matrix which 1s assumed to have an inverse S-1 (S5-1 =1).
The Dirac equation becomes
‘yunpS\I/’ = mSy¥’ (10-12)

The 7, and S commute, since 7 1s a differential operator plus a function of position, so this equation may

be written
Yy Swu ¥/ = mS¥’



Multiplying by the inverse matrix,
-1 ’ -1
S ypSﬂu\If =mS™ " Sy’
or

’ ' — ’
where 7', = S17,S. Y Tp ¥ = md

The transformation y’, = S-1y,S is called a n equivalence transformation, and it is easily verified that the
new ¥'s satisfy the commutation relationships, Eq. (10-3).

Products of ¥'s, : :
VY = 8y, )6y, S) =851y, v,)8

transform in exactly the same manner as the y's, so that equations involving the y's (the commutation

relations specifically) are the same in the transformed representation.

This demonstrates another representation for the y's, and the Dirac equation is in exactly the same form
as the original, Eq. (10-1), and is equivalent in all its results.

RELATIVISTIC INVARIANCE

The relativistic invariance of the Dirac equation may be demonstrated by assuming, for the moment, that
y transforms similarly to a four-vector.

That 1s,
Vi = 0y = /A= VAYE oyl =y = v/ = VY

Yy =Yy Yz =7Va



Also 7t transforms similarly to a four-vector because it is a combination of two four-vectors V, and A,,.

The left-hand side y, 7, of the Dirac equation is the product of two four-vectors and hence invariant

under Lorentz transformations.
The right-hand side m 1s also invariant.

Transforming y, as a four-vector means a new representation for the y's, but Egs. (10-11) can be used to
show that the new ¥'s differ from the old y's by an equivalence transformation; thus it is really not

necessary to transform the y’s at all.

That 1s, the same special representation can be used 1n all Lorentz coordinate systems.
This leads to two possibilities in making Lorentz transformations:

1. Transform the y’s similarly to a four-vector and the wave function
remains the same (except for Lorentz transformation of coordinates).

2. Use the standard representation in the Lorentz-transformed coordinate
system, in which case the wave function will differ from that in (1) by an
equivalence transformation.

HAMILTONIAN FORM O F THE DIRAC EQUATION

To show that the Dirac equation reduces to the Schrodinger equation for low velocities, it 1s convenient
to write 1t in Hamiltonian form.

The original term, Eq. (10-1), may be written

Ye[= (/i) (8/8t) — epl¥ — v * [(H/I)V — eA]¥ = mV¥



Multiplying by cy: and rearranging terms gives
~(h/i)(0¥/0t) = {v,y * [(H/1)V — eA] +e¢p +y,m} ¥
= H¥

By Eq. (10-5), H 1s written
H=a-*[(h/i)V - eA] +e¢p + mp

where 8 = ¥t, Axyz = Yt Vxyz-

Eq. (10-5), and the a’s satisfy following commutation relations: ax2 = ay2 = a2 = 32 = 1 and all pairs

anticommute.

It will b e noted that a, 5 are Hermitian matrices in our special representation, so that in this

representation H 1s Hermitian.

One can then show that a probability density p = P*¥ and a probability current j= YP*a¥ satisfy the

continuity equation (3p/8t) + Ve =0
Note: ¥ 1s a four-component wave function and
¥y
L 4
p =W = (WU o0 | = W ¥+ ¢ u Y
¥y

jx =%: W:(ax)ij \I’j

=Wy + W3, + Wyl + U,



Part 11

It should be noted that 8 and a are Hermitian only in certain representations.

In particular, they are Hermitian in the representation employed thus far; this will be called the standard
representation and expressions in it will be labeled S.R. when appropriate.

The Hermitian property of a and /8 is necessary in order to get

11-1
j=v¥*a ¥ S.R. ( )

as the expressions for charge and current density.
Hence they are not true in all representations.

The Dirac equation is (with 7, ¢ restored)

~(hi/i)(8¥/8t) =H¥ H =Bmc’+e¢p +ca-[{/i)V — (e/c)A] (11-2)
The expected value of x is

<x>= f‘l’*x\I’ d vol

= f(\lli*)(\lll + ‘II;X\Pz + \I’;X\I’3 T \I"*X‘I’4) d VOl S.R.

remembering that ¥ now 1s a four-component wave function.



Similarly it may be verified that
<a>= f\P*a\Ir d vol
<a,> = f(\lr:'\h + ¥y Wy + ¥y ¥y +¥] ¥, d vol S.R.
Also matrix elements are formally the same as before.

For example,
(- f\lr,’;‘,a\lln d vol

If A 1s any operator then its time derivative is
A =1i(HA —AH) + dA/dt
For x the result is clearly
X =i (Hx — xH) = ¢

since X commutes with all terms in H except p-a.

But a2 = 1, so the eigenvalues of a are +1.

Hence the eigenvelocities of x are + speed of light.

This result 1s sometimes made plausible by the argument that a precise determination of velocity implies
precise determinations of position at two times.

Then, by the uncertainty principle, the momentum is completely uncertain and all values are equally
likely.



With the relativistic relation between velocity and momentum, this is seen to imply that velocities near
the speed of light are more probable, so that in the limit the expected value of the velocity is the speed of
light.

Similarly,

(p - eA), =i(Hp, - p,H) — ie(HA, - AH) — edA, /ot
= -e(d¢/0x)+ea +(0A/3x)~e(a*V)A, —e(0A,/ot)

The terms in A and Ax, except the last, expand as follows:

9A, A, A BA 84, 9A
& z X _ _ X
e (ax T & TR TR 3% %y By T % 33 )

This seen to be the X component of

eaxX(VX A =eax B
The first and last terms form the x component of E.

Therefore,

(p—~eA)=e(E+axB)=F
where F 1s the analogue of the Lorentz force.

This equation is sometimes regarded as the analogue of Newton's equations.

But, since there is no direct connection between this equation and X , it does not lead directly to Newton's
equations in the limit of small velocities and hence is not completely acceptable as a suitable analogue.



The following relations may be verified as true but their meaning is not yet completely understood, if at

all: @/dt) [x + (i/2m)8a] = (8/m)(p — eA)
(d/dt) [t + (i/2m)B] = (B/m)(H — eq)
i(d/dt)(axayaz ) = -2mpa,a,a,

—(d/dt)(Bo) = 2(Ba,a a,)(p — eA)
0 o

0, =—la, a,, etc.

where in the last relation o means the matrix

SO that

From analogy to classical physics, one might expect that the angular momentum operator is now

L=RX (p - el
Note that in classical physics
P—eA=mv (1~ v?l/2

From previous results for R and ( p — eA),, the time derivative of L may be written

L =RX(p - eA) +R><(p-.eA)

=@ X(p—eA)+RXF



The last term may be interpreted as torque.
For a central force F, this term vanishes.

But then it is seen that I, # O because of the first term; that is, the angular momentum L is not
conserved, even with central forces.

But consider the time derivative of the operator o defined as
( - )
0 o

The z component is seen to commute with the 8, e¢, and a, terms of H but not with the ax and oy terms,

Where O, = ‘axay, etC

SO that o) =+ 1 (Haxay - axayH) =+ (axnxaxay - axayaxﬂx + ayﬂyaxay - C(Xayayﬂy) ,Wh@l’e

7 =(—-iV — eA)

But _ _
O T Oy Oy = O 00Ty = 0Ty
~Qy Uy @y Ty = Oy 0Ty = )Ty
QT QU Oy = —Oy Ay O Ty, = =0Ty
—Qy Oy Ty, = =Q, T,
so that
o, = 2a,m, —2a,7)



This 1s seen to be the z component of -2a X 7.

Finally then, .
1/2(c) ==a X ®*=~-a X (p — €A)

and this is the first term of L with negative sign.

Therefore it follows that
(dAt)[L + (h/2)e]=R X F

which vanishes with central forces.

The operator L + (i/1/2)c may be regarded as the total angular momentum operator, where L represents

orbital angular momentum and (A2)¢ intrinsic angular momentum for spin 1/2.
Thus total angular momentum 1s conserved with central forces.

In a stationary field ¢ =0, 0A/dt =0, one can show that
o (p— eA)

1s a constant of the motion.
Note that this 1s a consequence of the anomalous gyromagnetic ratio of the electron.

It also means that the cyclotron frequency of the electron equals its rate of precession in a magnetic field.



In a stationary magnetic field ¢ = 0, dA/dt = 0, and for a stationary state, one can show that ¥1, ¥ in

are the same as ¥, ¥, in the Pauli equation.

Also, if Epauii 18 the kinetic energy in the Pauli equation and Epirac = W + m 1s the rest plus kinetic energy
in the Dirac equation, and, thus, we can show that

- 2
EDirac - ‘/szPauli + m

which 1s an extremely simple relationship.
NONRELATIVISTIC APPROXIMATION TO THE DIRAC EQUATION

It will be assumed that all potentials are stationary and stationary states will be considered.
This makes the work simpler but is not necessary.

In this case



¥ = e iEty(X)
H¥ = E¥ (Dirac Hamiltonian)

and put
E=m+W
That 1s,

H\Ii=(m+W)\If=a'(p—eA)\Ir+Bm~If+e¢\If

It will be recalled with ¥ written as Eq. (9-5) and with «a, 5 as given in Part 10, the previous equation

may be written as two equations (9-4").

(m +W)¥_ =0 7, + m¥, + V¥, (11-4)

(m + W)‘I’b =0 Wa e m‘l’b ¥ V‘I’b (11_5)
where, as before, x= (p - eA) and V = e ¢. Simplifying and solving Eq. (11-5) for ¥, gives

¥y = [1/@m + W = V)] (0 . M)V, (11-6)

It 1s noted that if W and V are << 2m, then ¥, ~ (v/c) Y..



For this reason ¥,, and ¥, are sometimes referred to as the large and small components of ¥,

respectively.
Substitution of ¥, from Eq. (11-6) into Eq. (11-4) gives

WY, = (o-m){1/Cm+W-=V)] (. 0¥, + V¥, (11.7)
and, if W and V are neglected in comparison to 2m, the result is

W¥, = (1/2m) (o m)°¥, + V¥,

This 1s the Pauli equation, Eq. (9-4).

Now the approximation will be carried out to second order, that is, to order v2/c2, to determine just what
error may be expected from use of the Pauli equation.

Part 12

Using the results of Part 11, given by Egs. (11-6) and (11-7), the low-energy approximation
(w - V) << 2m will be made, keeping terms to order v4.

Thus
Cm +W - V) 1/2m - (w - V)/(2m)? (12.1)

Then Eq. (11-7) becomes



(W = V)¥, = (1/2m)(o*m*¥, - (1/4m¥) (o m)(W - V)(o* 1Y, (12.2)

while the normalizing requirement f (\1182 + \Isz) d vol = 1, becomes

¥, *1 + (0°m¥/(4m3)]¥, d vol = 1 (12.3)

By use of the substitution
x =[1+(c°m/(8m?H] ¥, (12.4)

the normalizing integral can be simplified to read (to order v2/c2)
[x*x dvol =1
This substitution also allows easier interpretation of Eq. (12-2).
Rewriting Eg. (12-2),
[1 + (0 M¥/(8m*] (W= V) [1 + (¢ m?/(8m*)] ¥,
= (1/2m)(o- M) ¥, + (1/8m3)[(o MEAW - V) - 2(c * T)(W = V)
X (g7 + (W= V)o MY,

Then applying Eq. (12-4) and dividing by 1 + (o - %) 2 /(8m 2) , there results



(W=V)x =(1/2m)(c 1% — (1/8m®)(c-m)?y
+ (1/8m3[(o - M*(W =~ V) = 2(c - m(W ~ V) (o)
+ (W=V)(o -y (12.5)

The techniques of operator algebra may be used to convert Eq. (12-5) to a form more easily interpreted.
In particular one should recall that

A’B - 2ABA + BA? = A(AB - BA) — (AB — BA)A
Then, since * = (p — eA), and since

(- MW=V) = (W=V)(o'7) =~i(c-VV)
= +i(o * E)

there results [with g-o = A and (W - V) = B in the foregoing],

i(om(oc-E)-i(0c-E)(oc'm) =V-E +20 - (7 X E)

(since Vx E ~ 8B/t =0 here), so Eq. (12-5) can be expanded as



Wx =Vyx + (1/2m)(p — eA):(p ~ eA)x — (¢/2m) (0 * B)y
(1) (2) (3)

~(1/8m® (p - p)*x

" (12.6)

4 (e2/8m2)[V- E+20:(p—eA)XE]yx
(5) (6)

In this form the wave equation may be interpreted by considering each term of Eq. (12-6) separately.

Term (1) gives the ordinary scalar potential energy as it has appeared before.

Term (2) can be interpreted as the kinetic energy.
Term (3), the Pauli spin effect, is just as it appears in the Pauli equation.

Term (4) 1s a relativistic correction to the kinetic energy. The correction derives from
E=(m?+p)2 =m@ + p?/m?31/?

=m +p2/2m —_ p4/8m3 4 e

The last term in this expansion is equivalent to term (4).



Terms (5) and (6) express the spin-orbit coupling.
To understand this interpretation consider the part of term (6) given by ¢ - (p X E).

In an inverse-square field this is proportional to ¢ + (p X r)/ rs,

The factor p x r can be interpreted as the angular momentum L to get (o - L)/r?, the spin-orbit coupling.

This term has no effect when the electron 1s in a s-state (L = 0).

On the other hand, (5) reducest WV -E = 47Z§(r),which affects only the s-states (when the wave
function i1s nonzero atr = 0).

So (5) and (6) together result in a continuous function for spin-orbit coupling.

The magnetic moment of the electron e¢/2m, appears as the coefficient of term (3), and again of terms (5)
and (6),1.e., (e/2m)(1/4m?2).

A classical argument can be made to interpret term (6).

A charge moving through an electric field with velocity v feels an effective magnetic field
B=vxE=(/m)p-eA)x E, and term (6) is just the energy (e¢/2m) x (c-B) 1n this field.

We get a factor 2 too much this way, however.



Even before the development of the Dirac equation, Thomas showed that this simple classical argument
1s incomplete and gave the correct term (6).

The situation is different for the anomalous moments introduced by Pauli to describe neutrons and
protons (see below).

In Pauli's modified equation, the anomalous moment does appear with the factor 2 when multiplying
terms (5) and (6).

Part 13 Solution of the Dirac Equation for a Free Particle

It will be convenient to use the form of the Dirac equation with the y’s when solving for the free-particle

wave functions
'yu (iVu - eAu)\Il =mw

Using the definition of Part 10, £ =y pp
K =‘YpAu =YtAt - YxAx -YyAy _YZAZ
¥ =Yy Vy =%V =%V =% Vy = 7.V,

and the Dirac equation may be written

(iV - eX)¥ =mV¥ (13.1)

(Recall that the quantity A =% g &y 1s invariant under a Lorentz transformation.)



It 1s necessary to put the probability density and current into a four-dimensional form.
In the special representation, the probability density and current are given by
p=w*Vy j=¥*av

It the relativistic adjoint of ¥ 1s defined
¥ = ¥*g (13.2)

in the standard representation, then the probability density and current may be written
p = ¥EW¥ jp = \Ifyp )

Note ¥ is a four-component column vector,

The adjoint ¥ is the four-component row vector ¥1*, ¥o* —¥g* —¥* in the standard representation.
v

Multiplication by b changes the sign of the third and fourth components, in addition to changing ¥ from
a column vector to a row vectors.



In general, the adjoint of an operator N is denoted by N ,and N is the same as N except that the order
of all y 's appearing in it 1s reversed, and each explicit 1 (not those contained in the y ’s) is replaced by - 1.

The following property takes the place of the hermitian property so useful in nonrelativistic quantum
mechanics:

(TNE ) * = (T Nwy) (13.3)
One can show that the adjoint of ¥ satisfies

¥ (—i¥ ~ e4) = m¥ (13 4)
For a free particle, there are no potentials, so £ = 0 and the Dirac equation becomes

iP¥ = my (13.5)
A solution 1s

¥ =ue~1PXx = ye~irX, (13.6)

¥ 1s a four-component wave function and what 1s meant by this trial solution 1s that each of the four
components 1s of this form, that 1s,

¥y uy
¥, - | 12 e-ip:x
¥ usg



Thus uy, uz, uz, and u4 are the components of a column vector, and u 1s called a Dirac spinor.

The problem 1s now to determine what restrictions must be placed on the u's and p's in order that the trial
solution satisfy the Dirac equation.

The vV, operation on each component of ¥ multiplies each component by -1p,, so that the result of this

operation on ¥ produces

V¥ =V, ue Py = —ip ue-tPyXy = —ip ¥
so that Eq. (13-5) becomes
iy, (=ip ¥ =v,p, ¥ = p¥ = m¥ (13.7)
Thus the assumed solution will be satisfactory if pu = mu.

To simplify writing, it will now be assumed that the particle moves in the xy plane, so that

plsz p2=py p3=O p‘zE

Under these conditions, g =y, E - YyPy — YxPyx-

In standard representation

Yt

-
O OO
{

O OO
- o O
2
=
<
|
Q
o



SO p —m becomes

E-m 0 0 ~Py *1ip,
0 E-m —(p,+py) 0
0 Py —ip, —(E + m) 0

Py +ipy 0 0 —(E + m)

By components, Eq. (13-7) becomes

The ratio ui/u4, can be determined from Eq. (13-9a) and also from Eq (13-9d).

These two values must agree in order that Eq. (13-6) be a solution.

Thus

or

(E w— m)u1

(E — m)uy

(px = ipy)u2
(px 3 ipy)ui

- (px - ipy)u‘ =0
- (px + ipy)u3 =0
- (E + m)u3 =

— (E+m)u‘ =

uy/uy = (P —ipy)/(E — m) = (E + m)/(p, + ipy)

(13.8)

(13-9a)
(13-9b)
(13-9c¢)
(13-9d)

(13.10)



This 1s not a surprising condition.

It states that the p, must be chosen so as to satisfy the relativistic equation for total energy.
Similarly, Egs. (13-9b) and (13-9¢) can be solved for uz/u3 giving

uz/ug = (py + ipy)/(E — m) = (E + m)/(py — ipy)
which also leads to condition (13-10).

A more elegant way of obtaining exactly the same condition is to start directly with Eq. (13-7).

Then, by multiplying this equation by B gives
B(pu) = p(mu) = m(pu) = m%

Using Eq. (10-9),
pp =p-p=E*-p.2~p,?
so that the condition becomes

E* - p?-p,? = m? or u=0

The former 1s the same condition as obtained before, and the latter 1s a trivial solution (no wave
function). Dirac equation.

Evidently there are two linearly independent solutions of the free-particle Dirac equation.



This 1s so because substitution of the assumed solution, Eq. (13-6), into the Dirac equation gives only a
condition on pairs of the u;, us and uz, us.

It 1s convenient to choose the independent solutions so that each has two components which are zero.

Thus the u's for the two solutions can be taken as

F 0
0 F
o and iy (13.11)
P, 0

where the following notation has been used:

F = E+m
P,=DPy * ipy

. (13.12)
P_o = Px— 1Dy

These solutions are not normalized.

DEFINITION OF THE SPIN OF A MOVING ELECTRON

What do the two linearly independent solutions mean?

There must be some physical quantity that can still be specified, which will uniquely determine the wave
function.

It 1s known, for example, that in the coordinate system in which the particle 1s stationary there are two
possible spin orientations.



Mathematically speaking, the existence of two solutions to the eigenvalue equation Pu = mu implies the
existence of an operator that commutes with p .

This operator will have to be discovered.

Observe that ys anticommutes with P ; that is, ys B = —BYs -

Also observe that any operator W will anticommute with g if W-p =0, because

Wp = —pW + 2W - p (10.9)

The combination ys W of these two anticommuting operators is an operator which commutes with p;
that 1s,

(vs N)B = —vs PV = P(y5 W)

The eigenvalues of the operator (i ¥s W ) must now be found (the i has been added to make eigenvalues
come out real in what follows).

Denoting these eigenvalues by s,

(iys W)u = su (13.13)

To find the possible values of s, multiply Eq. (13-13) by iy W,

(ivs W) (ivs Wia = —ys Wys Wu = =W -Wu = iy W su = s’



or

..\N'.\st2

If WeW is taken to be -1, the eigenvalues of the operatori ys W are +1.

The significance of the choice WeW = -1 is as follows: In the system in which the particle is at rest, px =
py=p-=0and P4 =E.

Then
0 =p-W=pW, or W,=0

Thus, WeW = -WeW = -1 or WeW = 1.

This states that in the coordinate system in which the particle is at rest, W 1s an ordinary vector (it has
zero fourth component) with unit length.

When the particle moves in the xy plane, choose W to be y., so the operator equation for i ¥s W

becomes
1YsY,Uu = Su

Using relationships derived in Lecture 10, this becomes, for a stationary particle(for a stationary particle

yiu =),
UZ
175, U = 1YYy Yed =1yyyyu = |- -~
0

-—c--
|
|
pu
I
4]
s



This choice makes W the o, operator, and the relationship with spin is clearly demonstrated.

If we define u to satisfy both pu = mu and iyg®Wu = su, this completely specifies u.

It represents a particle moving with momentum p, and having its spin (in the coordinate system moving

with the particle) along the W axis either positive (s = +1) or negative (s = -1).

Another way of obtaining the wave function for a freely moving electron is to perform an equivalence
transformation of the wave function as in Eq. (10-12).

If the electron 1s 1nitially at rest with its spin up or down in the z direction, then the spinor for an electron
moving with a velocity v in the spatial direction K 1s

1 0
uk) =Su u = (2m)1/2u0 uy = g or (1)
0 0
From Eq. (10-11), S 1s given by
S = exp [(u/2)y, 7] coshu =1/(1 - vz)i/2

Now

exp [~ (u/2) v, vyl = cosh (u/2) + v,¥, sinh (u/2)



and

(2m)1/2 cosh (u/2) = [m(1 _VZ)-1/2+ m]'2 = (E + m)1/2
2m)'/? ginh (u/2) = (E — m)!/?
Therefore,

Uq) = [(E+ m) /2 + Y7y (E -m)'/Y U

Writing f = (E+m), @ =7y, and noting (Ez._mz)l/"-’ = Py, We get
ug = (1/VF)(E+m+a - plu,

For the case that p 1s in the xy plane, this just gives the result, Eq. (13-11), with a normalization factor

1/YF.

Noticing that for an electron at rest Y. Ug = Uy , Uk) may be written
(1/YFXEy, —v-P + m)u,

or
ugo = (LAVF) (6 + mu,

It 1s clear that this is a solution to the free-particle Dirac equation



(B — muy =0 (13.7)
for

+m@-m=p’-m’=0  p'=m

NORMALIZATION OF THE WAVE FUNCTIONS

In nonrelativistic quantum mechanics, a plane wave 1s normalized to give unity probability of finding the
particle in a cubic centimeter, that 1s, ¥*¥= 1.

An analogous normalization for the relativistic plane wave might be some-thing like
¥*¥ =u*u ={y,u=1

However, ¥*¥ transforms similarly to the fourth component of a four-vector (it 1s the fourth component

of four-vector current), so this normalization would not be an invariant.

It 1s possible to make a relativistically invariant normalization by setting u*u equal to the fourth
component of a suitable four-vector.

paFor example, E is the fourth component of the momentum four-vector p,, so the wave function could

be normalized by



The constant of proportionality (2) 1s chosen for convenience in later formulas.

Working out (E‘yt u) for the s= + 1 state,

o [Y 0 0 0\ [F
. 0 1 0 0 0
(u‘Ytu)= F 0 0 -p_ 0 0 -1 0 0 X Clz
~— \o o o0 -1/ \p,
F |
< T 0 2 2 2 2
= F 0 0-p_ o | X Cr=F"+p,p)Cy = 2E(E + m)Cy
N—

The C; 1s the normalizing factor multiplying the wave functions of Eq.(13-11).
In order that (Tl';’t u) be equal to 2E, the normalizing factor must be chosen (E + m) -1/2 = (F) -12.

In terms of (E u), this normalizing condition becomes

F
(uu) = w_ 0 X _F— = (F “p-p-r)?
P+

2m’ + 2mE
E+m

H



The same result 1s obtained for the s = - 1 state.

Thus the normalizing condition can be taken as
(uu) = 2m (13.14)

In a similar manner, the following can be shown to be true:
(uyyu) = 2p,
(uyy u) = 2p,
(uy;u)=0

It will be convenient to have the matrix elements of all the y's between various initial and final states, so
Table 13-1 (next slide) has been worked out.

Limiting cases: To obtain the case where 1 is a positron at rest, the table gives ¥, (d,Nu,) if one puts
Fi1 =0, P1,=1 = P.. in the table.

For both at rest as positrons, the table gives '(azNui)'with F1 =F2=0; Psy = P2, =1.



TABLE 13-1. Matrix Elements for Particle Moving in the xy Plane

_ VFF; (uNuy)  VFFp(UNuy)  VFF,(4,Nuy)  VEF, (4,Nuy)
(uNu) s;=+1 5 =+1 s1=-1 81 =-1
Matrix N s=+1 S;=+1 8= -1 8y=—1 8;=+1
1 2m FoFy — D14P2- 0
Yx 2py Fapyy + pa_ Fy 0
Yy 2py —iF;py4 + ipy Fy 0 _
<
=
Y2 0 0 ~P1+Fa + p2. Fy g
& =
o
Yt 2E FoFy + P14 P2 0 g e
k= O
8 g
YyYz 0 0 =iF,F + ip14 pas ® 'T
% f
Y2 7x 0 0 FoFy + p1s P2y — &
+ -
YxYy —2iE  —iF,Fy~ips,ps_ 0 . A
@ [
~ @
. + Gl
Yt¥x 2ipy Fap1+ = P2 Fy 0 I )
@ 3
YtVy —2ipy  ~iF;p14 —ip;. Fy 0 ke %
8 g
YeY2 0 0 ~p1+Fy —pa Fy & o
=] »
= 2
S g
Y5Yx =YtYyYz O 0 -1F,Fy —ipy, pas % S
E s
YsYy = VeVa¥yx O 0 FoFy ~ p14DPas g ®
&) 2
-
Y5V = Yt‘Yny —2im _iFZFI + ip1,p2- 0 QJ
z
Y5Yt = VxVyY2 O 0 iFypy, + iF Dy,
Ys=Y<%%7Y:e O 0 iFyp1s = iF P2y

Note: pj.

Fyo= Ey+ m;

= P2x +ipyy = Py exp(i03); p2_ = P2y — iPyy = P exp (—i6));
F;=E;+ m; p’=(E — m)F.



Part 14: METHODS OF OBTAINING MATRIX ELEMENTS
The matrix element of an operator M between initial state u; and final state u» will be denoted by

(\‘IzMul)

The matrix element is independent of the representations used if they are related by unitary equivalence
transformations.

That 1s,

u’y =Sy

u’y = Suy

M = SMS“

Ty = 1,8
SO

o M0’y = U, SS MS™ 1Sy, = &i,Mu,
where the property § = S-! has been assumed for S.

The straightforward method to compute the matrix elements is simply to write them out in matrix form
and carry out the operations.

In this way the data in Table 13-1 were obtained.



Other methods may be used, however, sometimes simpler and sometimes leading to corollary
information, as illustrated by the following example.

By the normalization convention,

du = 2m

Hence
(Qpu) = 2m?

since Pu = mu.
Similarly,

@y, pu) = m(@y,u)
But also note that

(Tgy,u) = m(dy,u)
because dp = pad = md.

Adding the two expressions, one obtains

(((y, B+ By, )u) = 2m(dy ,u)
It 1s easy to prove that

Ap = —pA +2a + b



so that
by, +v,p=2p, Yy =

But p, 1s just a number, so it follows that
pr (Qu) = 2m(1’1yuu)

and since du = 2m, by normalization

(dy,u) = 2p,
Furthermore, the general relation
(@y,u)/(Qu) = py/m = E/m
is obtained.

From this it 1s seen why the possible normalization

(Ty,u) = E/m

was equivalent to (Qu) = 1.

Using methods analogous to this one, we can show that

(Tysu) =0



INTERPRETATIONS OF NEGATIVE ENERGY STATES
It was found that a necessary condition for solution of the Dirac equation to exist 1s
E2=p?+ m?
E = 2 (p? + m?)!/?
The meaning of the positive energy is clear but that of the negative is not.
It was at one time suggested by Schrodinger that it should be arbitrarily excluded as having no meaning.
But it was found that there are two fundamental objections to the exclusion of negative energy states.

The first is physical, theoretically physical, that 1s.

For the Dirac equation yields the result that starting with a system in a positive energy state there is a
probability of induced transitions into negative energy states.

Hence if they were excluded this would be a contradiction.

The second objection 1s mathematical.

That 1s, excluding the negative energy states leads to an incomplete set of wave functions.

It 1s not possible to represent an arbitrary function as an expansion in functions of an incomplete set.



This situation led Schrodinger into insurmountable difficulties.

The positive energy levels form a continuum extending from E = m to +%, and the negative energies if
accepted as such form another continuum from E = -m to -%. Between +m and -m there are no available
energy levels (see Fig. 14-1).

positive energy
levels

+m

negative energy
levels normally
filled

.

- 00

FIG. 14-1

Dirac proposed the idea that all the negative energy levels are normally filled.

Explanations for the apparent obscurity of such a sea of electrons in negative energy states, if it exists,
usually contain a psychological aspect and are not very satisfactory.

But, nevertheless, if such a situation is assumed to exist, some of the important consequences are these:



1. Electrons in positive energy states will not normally be observed to

}nake transitions into negative energy states because these states are not
available; they are already full.

2. With the sea of electrons in negative energy levels unobservable, a
‘‘hole’’ in it produced by a transition of one of its electrons into a positive
energy state should manifest itself. The manifestation of the hole is re-
garded as a positron and behaves like an electron with a positive charge.

3. The Pauli exclusion principle is implied in order that the negative sea
may be full. That is, if any number rather than just one electron could oc-
cupy a given state, it would be impossible to fill all the negative energy

states. It is in this way that the Dirac theory is sometimes considered as
‘‘proof’’ of the exclusion principle. |

Another interpretation of negative energy states has been proposed by Feynman.

The fundamental 1dea is that the "negative energy” states represent the states of electrons moving
backward in time.

In the classical equation of motion

m(d’z, /ds?) = e(dz,/ds)F,,

reversing the direction of proper time s amounts to the same as reversing the sign of the charge so that
the electron moving backward in time would look like a positron moving forward in time.

In elementary quantum mechanics, the total amplitude for an electron to go from xi,t; to x2,t2 18

computed by summing the amplitudes over a possible trajectories between xi,t; and x»,t2, assuming that
the trajectories always moved forward in time.



These trajectories might appear in one dimension as shown in Fig. 14-2.

But with the new point of view, a possible trajectory might be as shown in Fig. 14-3.

FIG. 14-2
FIG. 14-3

ty =~ t, only the initial electron present

t, — the initial electron still present but somewhere else an
electron-positron pair is formed

tr—t, the initial electron and newly arrived electron and positron
are present

t,™ the positron meets with the initial electron, both of them

annihilating, leaving only the previously created electron
ta—= ¢ only one electron present



To handle this 1dea quantum mechanically two rules must be followed:

1. In calculating matrix elements for positrons, the positions of the ini-
tial and final wave functions must be reversed. That is, for an electron mov-
ing forward in time from a past state ¥,,,, to a future state ¥, , the ma-
trix element is

J¥ My __ dvol

past

But moving backward in time, the electron proceeds from L 7 to ¥ oast SO
the matrix element for a positron is

f \Irp“mt MYy, . d vol
2. If the energy E is positive, then e~!1P'X jg the wave function of an elec-

tron with energy p, = E. If E is negative, e~1P'* ig the wave function of a
positron with energy —E or |E|, and of four-momentum -p.

Potential Problems in Quantum Electrodynamics

Part 15 PAIR CREATION AND ANNIHILATION

Two possible paths of an electron being scattered between the states ¥ and ¥, were discussed in the last

lecture.

These are:



The four cases can be diagrammed as shown in Fig. 15-1.

Case I Case II Case III Case IV
FIG. 15-1

Case I. Both ¥,, ¥, states of positive energy, interpreted as ¥, electron
in ‘“‘past,’’ ¥, electron in “‘future.’’ This is electron scattering.

Case II. Both ¥4, ¥, states of negative energy interpreted as ¥, posi-
tron in ‘‘future,’’ ¥, positron in ‘‘past.’’ This is positron scattering.

The existence of negative energy states makes two more types of paths
possible. These are:

Case III. The ¥, positive energy, ¥, negative energy, interpreted as ¥,
in ‘‘past,’’ ¥, positron in ‘‘past.’’ Both states are in the past, and nothing in
the future. This represents pair annihilation.

Case IV. The ¥; negative energy, ¥, positive energy, interpreted as ¥,
positron in ‘‘future,’’ ¥, electron in ‘‘future.’’ This is pair creation.

the the the the the



Note that in each diagram the arrows point from ¥ to ¥, although time is increasing upward in all
cases.

The arrows give the direction of motion of the electron in the present interpretation of negative energy
states.

In common language, the arrows point toward positive or negative time according to whether B is
positive or negative, that is, whether the state represented is that of an electron or a positron.

CONSERVATION OF ENERGY

Energy relations for the scattering in case I have been established in previous lectures.

It can be seen that 1dentical results hold for case II.

To show this, recall that in case I, if the electron goes from the energy E; to E> and if the perturbation
potential 1s taken proportional to e-it, then this perturbation brings in a positive energy w.

To see this, note that the amplitude for scattering is proportional to

fexp(-—iE?_ t)* exp(—~iwt) exp(—iE, t) dt

(15-1)
= [expl(iEst — iwt — iE,t) dt]

As has been shown, there is a resonance between E; and E; + w, so that the only contributing energies
are those for which E; = E| + w.



In case I the same integral holds but E; and E; are negative.

A positron goes from an energy (past) of Epast = - E2 to an energy (future) of Efye = - E1.

With the same perturbation energy, the amplitude is large again only if E> = E1 + w or -Epast = - Efue + w,
so that Efuie = @ + Epast , that 1s, the perturbation carries in a positive energy w, just as it does for the
electron case.

THE PROPAGATION KERNEL

In the nonrelativistic case (Schrodinger equation), the wave equation, including a perturbation potential,

1S written
iov/ot = Hy¥ + V¥ (15-2)

where V 1s the perturbation potential and H, 1s the unperturbed Hamiltonian.

For the free particle, the kernel giving the amplitude to go from point 1 to point 2 in space and time can
be shown to be

Ko(2,1) = N exp [(1/2)im(xy — %1)%/(ty - t;)] t2 >ty
(15-3)
=0 tz < tl

where N is a normalizing factor depending on the time interval t; - t; and the mass of the particle:

N = [m/21ri(t2 — tl)ll/z



Note that the kernel 1s defined to be O for t; < ;.
It can be shown that Ko satisfies the equation
[18/0ty, — Hy(2)] Ko(2,1) =16(2,1) (15-4)

The propagation kernel Ky(2,1) giving a similar amplitude, but in the presence of the perturbation
potential V, must satisfy the equation

[i8/8ty — Hy(2) — V(2)] Ky (2,1) =1i6(2,1) (15-5)
It can be shown that Ky can be computed from the series

Kv(2,1) = Ko(2,1) — i fKo(2,3)V(3)Ko(3.1)d3X3 dtg (15-6)

— [Ky(2,4) V@)K, (4,3)V3)K,(3,1)d%, dt, dx; dtg + -

In case the complete Hamiltonian H = Ho + V is independent of time, and all the stationary states n of the
system are known, then Ky(2,1) may be obtained from the sum

Kv(2,1) =7 exp [~iE (t; — t;)] ¢, (X2)d,* (X4) (15-7)

The extension of these 1deas to the relativistic case (Dirac equation) is straightforward.

By choosing a particular form for the Hamiltonian, the Dirac equation can be written

i9V/ot =H¥ =a- (p — eA)¥ + ep ¥ + mB¥



Defining the propagation kernel as K4, then the kernel is the solution to the equation
[19/0ty — edy — @+ (-iV - eAy) — mB] KA(2,1) =iB6(2,1) (15-8)

The matrix § is inserted in the last term in order that the kernel derived from the Hamiltonian be

relativistically invariant. [Note the similarity to the nonrelativistic case, Eq. (15-6).]

Multiplying this equation by (3, a simpler form results:
(i¥y — ey — m)KA(2,1) = i6(2,1) (15-9)

The equation for a free particle is obtained simply by letting X o =0, then calling the free-particle kernel
K.,

(if, — m) K (2,1) = i6(2,1) (15-10)

The notation K. replaces the Ko of the nonrelativistic case, and Eq. (15-10) replaces Eq. (15-4) as the
defining equation.

Just as Ky can be expanded in the series of Eq. (15-6), so K44 can be expanded as
KA@2,1) =K, (2,1) - i [K,(2,3)e4(3)K, (3,1)dry
- K, (2,3)e4@3)K, (3,906 4(HK, (4,1)dTy dr, + -

Note that the kernel 1s now a four-by-four matrix, so that all components of ¥ we can be determined.



Since this is true, the order of the terms in Eq. (15-11) is important.

The element of integration is actually an element of volume in four-space,

dr = dX1 dX2 dX3 dx4

The potential, —ie £(1) can be interpreted as the amplitude per cubic centimeter per second for the
particle to be scattered once at the point (1).

Thus the interpretation of Eq. (15-11) is completely analogous to that of Eq. (15-6).

Part 16 USE OF THE KERNEL K.,(2,1)

In the nonrelativistic theory it was possible to calculate the wave function at a point x; at time t; from a
knowledge of the wave function at an earlier time t, (see Fig. 16-1) by means of the nonrelativistic kernel
Ko(x2, t2; X1, t1),

V(xpts) = [ Kooty Xg,t)¥(xpty) dx,
At ‘t

® Xa: 1y

» X - » X
FIG. 16-1 FIG. 16-2




It might be expected that a relativistic generalization of this would be
U (X, ts) = f K, (X2t Xq,t0) ¥, ¥ (xq,ty) A%y
This turns out to be incorrect, however.

It 1s not sufficient, in the relativistic case, to know just the wave function at an earlier time only because
K+(2,1) 1s not zero for ta < t;.

When the kernel 1s defined in this manner (Part 15), the wave function at x2,t2, (see Fig. 16-2) 1s given by

¥ (Xgty) = fK+(X2.t2; X1,t1) Ve ¥(X4,t4) d3x1
(16-1)
- [ (xpty X1,ty") ¥y (X, t1) A%y ty< ta< ty

The first term 1s the contribution from positive energy states at earlier times and the second term 1s the
contribution from negative energy states at later times.

This expression can be generalized to state that it 1s necessary to know ¥(xi, t;) on a four-dimensional

surface, surrounding the point x2, t> (see Fig. 16-3):

FIG. 16-3



T(Xpts) = K (2, HRQT(1) d, (16-2)

where W, ,is the four-vector normal to the surface that encloses xo,ts.

T
TRANSITION PROBABILITY

The amplitude to go from a state f to a state g under the action of a potential & is given by an
expression similar to that in nonrelativistic theory,

ay = J [ 828K, A@ 1)8H(1)d%, d*, (16-3)

Using the expansion of K;A(2,1) in terms of K(2,1), Eq. (15-12), and assuming that the amplitude for
transition from state f to state g as a free particle is zero (f and g orthogonal states), the first-order
amplitude for transition (Born approximation) is

ag = —i [8(2) B JK,(2,3)e4(3)K (3,1)B(1) dr5 d%, d*k,

It 1s convenient to let
£3) = [ K,(3,1)88(1) d®x,

g3) = [ g(2)8K,(2,3) d*x,

These state that the particle has the free-particle wave function f just prior to scattering and the
free-particle wave function g just after scattering, and that it eliminates any computation of the motion as
a free particle.



The amplitude for transition, to first order, may be written
. [~ 16-4
-i [ §3)e K(3)1(3) dr (o
(dts signifies integration over time as well as space).

The second-order term would be written

-(1/2) [ [g(4)e A4)K ,(4,3)e K(3)(3) ATy d7,

If {(3) 1s a negative energy state, then it represents a positron of the future instead of an electron of the
past and the process described by this amplitude is that of pair production.

SCATTERING OF AN ELECTRON FROM A COULOMB POTENTIAL

We shall make use of the theory just presented to calculate the scattering of an electron from an infinitely
heavy nucleus of charge Ze.

Suppose the incident electron has momentum in the x direction and the scattered electron has momentum
in the xy plane (see Fig. 16-4):
B1 = Ve E1 — YxPix

pz =Y¢ Ez = YxP2x — Yyp2y 0

FIG. 16-4



The potential is that of a stationary charge Ze,
¢ =2Ze/r, A=0 K =v.(Ze/r)

The initial and final wave functions are plane waves:

f(1) = ue~ir1-x g(2) = uye~P2'x (four-component wave
function)

Thus, by Eq. (16-4), the first-order amplitude for transition from state f to state g (momentum p; to
momentum p2) 1S

= —j fﬁze’pz"‘ (Ze%/r)y,uje~tP1-x d% dt
Separating space and time dependence in the wave functions, this becomes
N T
M = —i( 0y, Uy) [f e-1Pyx (Zel/r)eiPy X d’x] [ _{ eFat g-1Eqt dt]

The first integral is just V(Q), a three-dimensional Fourier transform of the potential, which was
evaluated 1n nonrelativistic scattering theory:

exp [i(E,— E))t] — 1}

M= ~i(ugy, uy) [V(Q)] { i(E, - E,)

(16-5)
V(Q) = 4rZe¥/Q? Q=p; - P2

The probability of transition per second 1s given by



Trans. prob./sec = 2r(IIN)~}|M|? x (density of final states) (16-6)

This 1s a result from time-dependent perturbation theory, the only new factor is a normalizing factor
(IIN)-! which takes account for the fact that the wave functions are not normalized to unity per unit

volume.

The IIN 1s a product of factors N one for each wave function, or particle in the initial state, and one for

each final wave function,
N = (uy,u) (16-7)
for each particle in question.
In our normalization, then N = 2E.
The reason for this factor is that wave functions are normalized to
(du) = 2m or (Txyt u) = 2E

where, as in the computation of transition probability, they should be normalized in the conventional
nonrelativistic manner ¥*¥ =1 or ('fi'yt u) =1 (soN =1 for that case).

The matrix element M, as calculated in this manner, is relativistically invariant and in the future the chief
interest will be in M.

The transition probability, knowing M, can be computed from Eq. (16-6).



Density of States, Cross Section.

For the electron scattering problem under consideration,
M = —i(Uyy, uy) (41 Ze?/Q?

so the transition probability 1s

- 2
Trans. 2m g s |4m Ze? Ezgﬂﬂ
prob./sec” (2E;)(2E,) |(ugye ug)| Q? 2m)3 (16-8)

where the density of final states has been obtained in the following manner:

3 2
Density of states = 'dapl _ P2 dp, d€2
(2m)° dE, — (2m)°dE,

h =1

but Eo* = pp* + m%, so dp,/dE, = E,/p, and

Density of states = E,p,dQ/(2m)?

When the incoming plane wave 1s normalized to one particle per cubic centimeter, the cross section is
given in terms of the transition probability per second as - v

Tpr= (1_V12>1/2 — by’ =1 —v — pi? = m*+p vy = Efv?

TranS. prOb. /SeC = GVI =0 (pl/Ei) Therefore, v, = p;/E;.
or

o = (Ey/p4) X (trans. prob. /sec)



The essential difference between the relativistic treatment of scattering and the nonrelativistic treatment
1s contained in the matrix element

From Table 13-1, for a particle moving in the Xy plane and s; = +1, s2 = +1,
|(Wgyeup)l? = 1/F(F,|FyFy + py,py_|?
where
Fi=Fy=E +m
[E1 = E», conservation of energy, follows from the nature of the time integral in Eq. (16-5), and
Pi1+ =P
p2- = pe*?

(magnitude of final momentum equal to magnitude of initial momentum follows from E; = E»).

Thus

(U ugl? = (E + m)~? [(E+m)? + p?e~10?
= (E + m)~2 {4E*E +m)?[1 — (p?/E?) sin? 6/2)1}

= (2E)? [1 — v? sin? (6/2))



When s; =+1,sp=-1 or sy =-1, s2 = +1, the matrix element of ys 1s zero.
When s; = -1, sp = -1, the absolute value of the matrix element 1s the same as for s; = +1, s> = +1.

Thus spin does not change in scattering (in Born approximation) and the cross section is independent of
spin,

o = (4Z%*E*/QYd0 [1 — v? sin® (6/2)] Q = 2p sin (6/2)
The criterion for validity of the Born approximation, used in obtaining this result, is Ze2/hv << 1.

In the extreme relativistic limit v = ¢, this becomes Z < 137.

Just as for the nonrelativistic case, the scattering can actually be calculated exactly (correct to all orders
in the potential) for the Coulomb potential.

This exact solution of the Dirac equation involves hypergeometric functions.
It was first worked out by Mott and 1s called Mott scattering.
For moderate energies (200 kev) there is some probability for change in spin.

Polarized electrons could be produced in this manner.



Part 17 CALCULATION OF THE PROPAGATION KERNEL FOR A FREE PARTICLE

As shown 1n a previous lecture, the propagation kernel, when there 1s no perturbing potential and the
Hamiltonian of the system is constant in time, 1s

K(2,1) =3 ¢n(Xe) Gn(X1) exp[—iEq(ty — t))] ty > ty
+n
= =2 ¢n(X2) bufXq) €Xp [~1E 1 (ty = t1)] tp<ty

For a free particle, the eigenfunctions ¢, are
u, exp (ip *X)

and the sum over n becomes an integral over p.

The up 1s the spinor corresponding to momentum p, positive or negative energy and spin up or down, as
appropriate.

Then the propagation kernel for a free particle is, for t2 > ty,

dp 1~
Ko(1) = 25 oy 35 Uslip expLip- (% =)

spins
x exp [iE, (t; — ty)]
for Ep, = + (p2 + m?)172,

The factor 1/(27r)3 1s the density of states per unit volume of momentum space per cubic centimeter.



The factor 1/2E, arises from the normalization uu = 2m or uy,u = 2E, used here.

The up are those for positive energy.

For negative energy E, = - (p2 + m?)1/2, the up are changed accordingly and K4(2, 1) becomes, for t2 < ty,

dp 1~
K. (2,1) =~ Z}f(z—f)g 2E, Uplp OXP [1p * (X2 = X4)]

spins
x exp [iEy(ty — ;)]
The calculation will be made first for the case of t, > t;.

We first calculate u Tip‘ for positive energy, and p in the xy plane and spin up.

p
Under these conditions E+m
0 1
A (E +m)!”2
Px +1ipy
~ = R 1
u, = E+m 0 0 —px +ipy (E+m)1/2
\ /

Note that upTl
scalar.

p 18 the opposite order to that usually encountered so that the product is a matrix, not a

That 1s,



(E + m)?
0
0

(E +m)(py +ipy)

=2
|

p=

C O O O

X 1/(E + m)

by the usual rules for matrix multiplication.

But :
(Px +ipy)(—py

and the matrix becomes

0
0
0
0

+ ipy) = -—pz =-E2 +m

(E+ m)(—'px'*'ipy)
0
0

(Pxtipy ) (—px +ipy)

2

E +m 0 0 - Px + ipy
~ 0 0 0 0
UyUy, = 0 0 0 0 (spin up)
P+ ipy 0 0 -E+m
By the same process, the result in the spin down case is
0
g = E+m 1
P Py — ipy (E + m)‘/2
0
~ - 1
up - u-m ks -/ (E + m)1/2
0 0 0 0
- 0 E +m =Py — 1Py 0
PP 0 py—ipy -E+m 0
0 0 0 0

(spin down)



It may be verified easily that the sum of these matrices for spin up and spin down is represented by

EYt = Px¥Yx — pyyy +m
In the general case when p 1s 1n any direction, it 1s clear that the only change 1s an additional term -p.y..
So, in general,

(up?l)spin up + (up?lp)spin down = E'Yt -p-Yy+tm= p +m

The sign of the energy was not used in obtaining this result so it is the same for either sign.

Now put t2 - t; =t and X2 - X1 = X.
For t > 0, the propagation kernel becomes
K.(2,1) = J(E v, — p-y + m)[d®p/(2m)*)(1/2E )

x exp[~i(E t — p*x)]

The appearance of p in the form E;, = (p? + m2)!/2 in the time part of the exponential makes this a difficult
integral.

Note that it may also be written in the form

the the



., O 0 ) . 0
K,(2,1) = (1'yt-a-z + 1Yy ac 9% + iy, 5 + iy, 57 * m)

dJ ,
£l T Mt

= i(if + m) I, (t,x)

where

I,(tx )-——1f(2ﬂ32E exp[-i(E jt — p*x)]

In this form only one integral instead of four need be done.

It may be verified as an exercise that for t < 0 the result is the same except that the sign of t is changed,
so that putting | t | in place of t in the formula for L.(t , X) makes it good for all t.

This integral has been carried out with the following result:

I,(t,x) = —(4m)~15(s?) + (m/8rs)H,? (ms)
where s = +(t2 - x2)12 for t > X, and - 1(x2- t2)1/2 for t < X.
0(s?) is a delta function and H;®(ms) is a Hankel function.

Another expression for the foregoing is

I,(t,x) = —(1/81% fow da exp {—(i/z)[(mz/a) + a(t? -—-xz)]}



Both of these forms are too complicated to be of much practical use.

It will be shown shortly that a tremendous simplification results from transformation to momentum
representation.

Note that I.(t,x) actually depends only on Ixl, not on its direction.

In the time-space diagram (Fig. 17-1) the space axis represents Ix| and the diagonal lines represent the
surface of a light cone including the t axis, that 1s, the accessible region Of the t - x| space in the ordinary

SCNSC.
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e

/
. AN |
regxonf o.f \ ” /\surface of light
asymp .otlcf ‘l , yd cone (here I, is
approximation \ | | / singular)
N !
ﬁﬁﬁﬁﬁﬁﬁﬁ N -
____:::s*-z::::: » | x|
————————— 7 T T
V4 I\

FIG. 17-1

It can be shown that the asymptotic form of I.(t,x) for large s is proportional to e-ims,



When one's region of accessibility is limited to the inside of the light cone, large s implies t2 >> IxI2, so
that the region of the asymptotic approximation lies roughly within the dotted cone around the t axis and
1S

I(t,x) — e~i™$ ~ exp{~im[t — (x?/2t)]} ~ e=imt

The first form 1s seen to be essentially the same as the propagation kernel for a free particle used in
nonrelativistic theory.

If, as in the new theory, possible "trajectories" are not limited to regions within the light cone, another
region included in this asymptotic approximation is that within the dotted cone along the Ix| axis where
large s implies IxI2 >> t2.

Hence
I(t,x) — =M% = exp [~im(x?—t)1/?] = ¢ ~™X]

It is seen that the distance along Ix| in which this becomes small is roughly the Compton wavelength
(recall that m — mc/At when it represents a length-! as here), so that in reality not much of the t - Ix| space

outside the light cone 1s accessible.
The transformation to momentum representation will now be made.

This 1s facilitated by use of the integral formula

0 exp (—ip,t) i ,
lim 0 f_wdm 2 = — — exp (—iE|[t])

2 o
€ »0 P4 —-Ep + 1€ Ep




The i€ term in the denominator 1s introduced solely to ensure passage around the proper side of the

singularities at p4? = Ep? along the path of integration.
Passage on the wrong side will reverse the sign in the exponential on the right.
Evaluation of the integral requires complex contour integration for those interested.

Part 18 MOMENTUM REPRESENTATION

Since the propagation kernel for a free particle 1s so simply expressed in momentum representation,
k(p) = i/(8 — m)

it will be convenient to convert all our equations to this representation.

It 1s especially useful for problems involving free, fast, moving particles.

This requires four-dimensional Fourier transforms.

To convert the potential, define

4(q) = [ Kxexp (ig-x) d' (18-1)
Then the inverse transform is

A(x) = (1/2m* [ 4(q) exp(-iq- x) d'q (18-2)



The function a(q) is interpreted as the amplitude that the potential contains the momentum (q).
As an example, consider the Coulomb potential, given by A =0, ¢ = Ze/r.
Substituting into Eq. (18-1) gives

A(q) = 4wZe/(Q- Q)5 (q()Y,

Here the vector Q is the space part of the momentum.

The delta function 6(q4) arises from the time dependence of X(x).

Matrix Elements. An advantage of momentum representation is the simplicity of computing matrix

elements.

Recall that in space representation the first-order perturbation matrix element is given by the integral

M = —i [ B(2)e4(2)f(1) dr,

For the free particle, this becomes

M = —i [ U, exp(ips-x)eH(2)u; exp(~ip; - x;) dr, (18-3)

In momentum representation, this is simply

M = i(Tped(quy) (18-3)



where g is defined analogously to the three-vector q,
4 = b2 — Py
The second-order matrix element in space representation 1s given by
~ [ [ (@)X @)K (2, 1)eK(1)E(1) dry dT,

Substituting for a free particle and also expressing the potential functions as their Fourier transforms by
means of Eq. (18-2), this becomes

-ffff u, exp (ipy- X2)ed(qz) exp(—iqy - xa)K (2, 1)ed(qy)
X exp(—iq-Xxq)uy exp(—ipy ‘- x4)d7{ d7y" d‘q1/(21r)‘ (18-4)
x d4qy/(2m)*
If Eq. (18-2) is used for K4+(2,1), this kernel can be written

K,(2,1) = [ i/(8~m) expl~ip- (x—xp)] d'p/(2m)*
Writing the factors that depend on T, this part of the integral is

fexp (ip - x4) exp(—iqq - X4) exp (—ipy - X4¢) d7y
(18-5)

= (2m*s'(p - q; - py)



where the function 64(x) is to be interpreted as 0(t1)0(x2)0(y3)d(X4).
Then the integral over T, is zero for all p except p = 16; + gj;
So the integral over p reduces Eq. (18-4) to
—ffff u, exp (ip; - Xp)ed(qy) exp (—ip; - Xg) exp [—i(p; + qy) * X,
X i(By + Ay —m) “ed(qs)uy dr, diqy/(2m)* d'qy/(2m)!

[ntegrating over T2 results in another ¢ function [similar to Eq. (18-5)], which differs from zero only

P2 — f2 = Py + 4 5

Then integrating over d*q» gives finally

when

"B = B1dy o
- ed(qy)
(=i%)i f u, ed(qQ)(By + 4y —m)~ed(quy diq,/(2m) <
4 /JJ‘/,/V‘/) 2 )
These results can be written down Bi- ds
immediately by inspection of a diagram of |
the interaction (see Fig. 18-1). ]
ed(q1)

The electron enters the region at 1 with wave
function u; and moves from 1 to 3 as a free
particle of momentum py.

B

FIG. 18-1



At point 3, it is scattered by a photon of momentum #; [under the action of the potential —ieg(q)].

Having absorbed the momentum of the photon it then moves from 3 to 4 as a free particle of
momentum Py + fy , by conservation of momentum.

At point 4, it 1s scattered by a second photon of momentum ﬁz [under the action of the potential —ied(q,)
absorbing the additional momentum #s ].

Finally, it moves from 4 to 2 as a free particle with wave function uz and momentum Py = Py + fy + ds.

It is also clear from the diagram that the integral needs to be taken over ¢ only, because when By and B,
are given, #, is determined by go = Py — By = 4.

The law of conservation of energy requires pi? = m? p,? = m?% but, since the intermediate state is a

virtual state, it is not necessary that (B; + #;)* = m.

Since the operator 1/(py + ¢y —m) may be resolved as (g, + d; + m)/[(B; + dy)*—m?],, the
importance of a virtual state is inversely proportional to the degree to which the conservation law 1s
violated.

The results given in Egs. (18-3") and (18-6) may be summarized by the following list of handy rules for
computing the matrix element M = (u,Nu,):

the the



1. An electron in a virtual state of momentum p contributes the ampli-

tude i/(p — m) to N.
2. A potential containing the momentum q contributes the amplitude

—ied(q) to N.
3. All indeterminate momenta q; are summed over d‘qi/ (2m)4.

Remember, in computing the integral, the value of the integral 1s desired, with the path of integration
passing the singularities in a definite manner.

Thus, replace m by m - i€ in the integrand, then in the solution take the limit as € = 0.
For relativistic work, only a few terms 1n the perturbation series are necessary for computation.

To assume that fast electrons (and positrons) interact with a potential only once (Born approximation) is
often sufficiently accurate.

After the matrix element 1s determined, the probability of transition per second is given by
P = 2r/(II N)|M|?* x (density of final states)

where IIN 1s the normalization factor defined in Part 16.



Part 19 Relativistic Treatment of the Interaction of Particles with Light
In Part 2 the rules governing nonrelativistic interaction of particles with light were given.

The rules stated what potentials were to be used ir the calculation of transition probabilities by
perturbation theory.

Those potentials are also applicable to the relativistic theory if the matrix elements are computed as
described in Part 18.

For absorption of a photon, the potential used in nonrelativistic theory was

,

K
A, = (4re)?(2w)~* e explikex) <Ko

= R KL
H ol

W
0 (19-1)
c=1

.

For emission of a photon, the complex conjugate of this expression is used.

These potentials are normalized to one photon per cubic centimeter and hence the normalization is not
invariant under Lorentz transformations.

In a manner similar to that for the normalization of electron wave functions, photon potentials will, in the
future, be normalized to 2w photons per cubic centimeter by dropping the (2w)-1/2 factor in Eq. (19-1),
giving

Au = (41re2)1/2 e, exp (ik * x) (19-1")



This makes any matrix element computed with these potentials invariant, but to obtain the correct
transition probability in a given coordinate system, it 1s necessary to reinsert a factor (2w)-! for each

photon 1n the 1nitial and final states.

This becomes part of the normalization factor IIN, which contains a similar factor for each electron in

the 1nitial and final states.

In the momentum representation, the amplitude to absorb (emit) a photon of polarization e 1s

—i(4me?) 1/2_¢.

The polarization vector e, 1s a unit vector perpendicular to the propagation vector.
Hence: e-e = —1 and e-q=0.

RADIATION FROM ATOMS

The transition probability per second 1s

Trans. prob./sec = 27 {le x (density of final states)
where H is the matrix element of the relativistic Hamiltonian,
H=a-(-iV-eA) S.R.

between initial and final states.



That 1s,
< f|H|i> = (4meH!/? f\lrf*[a -eexp (ik - x)] ¥; d vol (19-2)

In the nonrelativistic limit, Eq. (19-2) reduces to

1/2m f\lff*[e ‘pexp(ik-x) +exp(ik-x)p-e + e - (o xk)
x exp(ik-x)] ¥, d vol
This 1s the same result as was obtained from the Pauli equation.
SCATTERING OF GAMMA RAYS BY ATOMIC ELECTRONS

A relativistic treatment of scattering of photons from electrons will now be given.

As an approximation, consider the electrons to be free (energies at which a relativistic treatment 1s
necessary are, generally, much greater than atomic binding energies).

This will lead to the Klein-Nishina formula for the Compton-effect cross section.

For the incoming photon take as a potential A1, = €1, exp(-1q1 - X) and for the outgoing photon take
Aoy = ey exp(-1q2 - X).

The light 1s polarized perpendicular to the direction of propagation (see Fig. 19-1).



photon 1 (incoming)

photon 2 (outgoing)

» X

¢
- recoil electron
FIG. 19-1
Thus,
ej-q; =0 €y 'qy =0
also
Q1'QI=Q12=0 and Q2'Q2=Qz2=0

As initial and final state electron wave functions, choose

¥y = uy exp(—ips-X)
¥y =up exp(—ipy- x)

where up, uy, p1, and p2 satisty
piuy = muy Pou; = mu,

Py Py = m? Pz - Pz = m®

(19-3)

(19-4)



Conservation of energy and momentum (four equations) 1s written
Py +d; =Pz +4> (19-5)

If the coordinate system is chosen so that electron number 1 is at rest,

Py = my, ~ (19-6a)
P2 = Ezy, — Py cOs ¢y, + P, sin ¢y, (19-6b)
di = WiV = ¥y) (19-6¢)
dy = wolyy — vy cOS 6 — v, sin 6) (19-6d)

The latter two equations follow from the fact that, for a photon, the energy and momentum are both
equal to the frequency (in units in which ¢ = 1).

The momentum has been resolved into components.

The incoming photon beam can be resolved into two types of polarization, which will be designated type

A and type B:
(A) ¢4 =7, (B) ¢1 =,

Type A has the electric vector in the z direction and type B has the electric vector in the y direction.

Similarly the outgoing photon beam can be resolved into two types of polarization:



(A') 3=, (B’) g3 =7, cos § — vy, sin 8

Conservation of energy of momentum dictates that either the angle of the recoil electron ¢ or the angle at

which the scattered photon comes off © completely determines the remaining quantities.

If the electron direction is unimportant, its momentum can be eliminated by solving Eq. (19-5) for P,
and squaring the resulting equation:

P2 =Py + Ay — s
Y =m? = (B + dy — ) By + Ay — o)
=pi® +a® + Q' +2p;-qp — 2py-qp ~ 245 ° Qy
=m? +0+0+2mwy - 2mMw,— 2w ws (1 — cos )
where the last line was obtained from the preceding line by using Eqgs. (19-3), (19-4), and (19-64a, c, d).

This can be written
m({wy — wy) = wwy(l —cos 6)

or
(m/wjy) — (Mm/wy) =1 — cos 6 (19-7)

This 1s the well-known formula for the Compton shift in wavelength (or frequency).



DIGRESSION ON THE DENSITY OF FINAL STATES

By the method discussed in the earlier part of the notes, the following final state densities (per unit
energy interval) can be obtained.

When a system of total energy E and total linear momentum p disintegrates into a two-particle final
state,

py’ ARy
p12 - E(p°py) (D-1)

Density of states = (2m)~3EE, =

where E; = energy of particle 1; E2 = energy of particle 2; p1 = momentum of particle 1; d€2; = solid
angle, into which particle 1 comes out; m; = mass of particle 1; mz = mass of particle 2; and E; + E» = E,

pP1+ p2=p.
Another useful formula is in terms of the final energy of particle 1 and its azimuth ¢; (instead of 01, ¢1).

It 1s .
Density of states = (2m)~2 (E,E,/ |p|) dE; d¢ (D-2)

Special cases: (a) When my = o (Ep = o, E = o)

Density of states = (2m)~ E,|p;| d Q, (D-3)

(b) In center-of-mass system p = 0:

Density of states = (2m) 3 [EE, dQ, /(E{ +Ej)] (D-4)



When a system disintegrates into a three-particle final state,

P2’ Py’ dp; R4 AR,

Density of states = (21)"% E,E (D-5)
y L 2 py*(E-Ey) — Egp; - (P-Dy)
Special case: When mj3 = oo:
Density of states = (2m)"*E, |p;| dQ;p,? dpy d® (D-6)

The Compton effect has a two-particle final state: taking particle 1 to be photon 2 and particle 2 to be
electron 2, from Eq. (D-1),

: w23 df,,
Density of states = (27)™° w;E, (m + wiwy*

- waywywy cos 6)
COMPTON RADIATION
Calculation of IMI2,
Using the Compton relation Eq. (19-7) to eliminate ©, this becomes
Density of states = (21)° (E;w,*dQ , /mw))

The probability of transition per second is given by

Trans. prob./sec = oc = (21/2E2E 2w 2wj) | M|?
x (213 (Eqw,® dQ ,/mw,)

or

o = [wy?dQ,/(2m16m2w,?) [M|?



In working out the matrix element M, there are two ways in which the scattering can happen: (R) the
incoming photon 1s absorbed by the electron and then the electron emits the outgoing photon; (S) the
electron emits a photon and subsequently absorbs the incident photon.

These two processes are shown diagrammatically in Fig. 19-2.

¢2 2

¢s

B1 + di
¢4

7

d1

R 2‘1

FIG. 19-2

In the momentum representation, the matrix element M for the first process R 1s

if—i(4m e)V2 )" {Upgy [1/(By + iy — m)] ¢y uy}

Reading from right to left the factors in the matrix element are interpreted as follows: (a) The 1nitial
electron enters with amplitude u;; (b) the electron is first scattered by a potential (i.e., absorbs a photon);
(¢) having received momentum ¢4 from the potential the electron travels as a free electron with

momentum Py + ¢44; (d) the electron emits a photon of polarization €j; ; and (e) we now ask for the
amplitude, that the electron is in a state uo.



You should now be able to write down the matrix element for the second process S.
—idme?{ Upgy(1/(By -2~ m)}¢ous} = —idme® (U, Suy)

The total matrix element is the sum of these two.

We can then rationalize these matrix elements and, using the table of matrix elements (Table 13-1) work
out IMI2.

The complete matrix element 1s the sum of these, so that the cross section becomes
4 2, 2 e 2
o =(e*/4m)(wy"/w1") dQy | us(R + S)uy|
The problem now is actually to compute the matrix elements for R and S.
First R will be considered.

Using the identity
1/(—m) = (p+m)/(p* — m?

the matrices may be removed from the denominator of R giving

_ foBy +dy +migy gy(Py 4y +mIgy

- (Pq +d4) — m 2mw 4

The denominator 1s seen to be 2mc; from the following relations:



2

By + 4> — m? = p;® +2p;-qy +q4° - m

2 2

Py = I
91’ =0
2p1+qq = 2mw;y

The matrix elements for the various spin and polarization combinations can be calculated
straightforwardly from this point.

But certain preliminary manipulations will reduce the labor involved.

Using the identity
AP =2a-b -~ pd

1t 1S seen that

gr01€1= ¢22p1-eq) — €261 P4

But p; has only a time component and €1 only a space component so p; - €1 =0.

Recalling that Pquy = muy, it is seen that

Uy By £1Uy = —UpgagiBruy = —(Upfrfyuy)m

and this 1s the matrix element of the first term of R.
the



It 1s also the negative of the matrix element of the last term of R, so R may be replaced by the equivalent

R =¢24#1/2mw,

By an exactly similar manipulation, the S matrix is equivalent to
S = ¢1d2¢2/2mw

Substituting ¢y = wi(yy —¥4) and gz = waly, — ¥4 co8 6 — v, s8in 6) and transposing the 2m factor, the
complete matrix may be written

2m(R +8) = €3 (Y, = ¥x) €1 +#1{Yy — Y CcO8 8 =7, 8in 6) ¢,

A still more useful form is obtained by noting that @ anticommutes with qi{(eq*qq = 0)

and ¢, with q2 and that g,¢, = 2esveq — ¢ €7.

Thus,
zm(R i S) = -¢2 ¢1(‘Yt - Yx) - ¢1 ¢2(Yt - Yx + yx - ’YX cos 6 - 'Yy sin 0)

= =2(ezveq) (v, ~ V) —#1£2[Vx(1=cos ) -, sin 6]

Using this form of the matrix, the matrix elements may be computed easily.

For example, consider the case for polarization: ¢ { =Yz, F2=%Yy COS 8 — Yy sin 6.

This corresponds to cases (A) and (B') of Part 19 and will be denoted by (AB").



The matrix is

2m(R +8S) = -, (yy cos 8 -y, 8in 6)[y,(1 —cos 8) - Yy 8in 0]

since €2 - €1 =0.
Expanded this becomes
2m(R +8) = ~v,[7y,7x co8 6(1 cos 0) + cos @ sin@ + s8in 8(1 - cos 6)
+ VxYy sin® 6]
= =Y (Yx7y = YxYyCOS 6 + 8in 0) = ~Y,YyY2(1~cos 0)
- Y, 8in 6
where the anticommutation of the y's has been used.

In the case of spin-up for the incoming particle and spin down for the outgoing particle (s1 =-1, s =-1)
the matrix elements

~2m (F1F)' 2 (W% % % up) = =iFypy, = iFypy,

—2m (FyF9)2 (U v,u9) = +py . Fy — py, Fy

may be found by reference to Table 13-1.



But note that in this problem pi+ = px1 + 1py1 = 0 since particle 1 1s at rest.

Hence the final matrix element for this case, polarization (AB'), spin s1 =+1,s2=-1,1s

2m (F F3)? (Up(R +S)uy) = =(1 — cos 0)iFyp,, —sinb p,, F,

The results for the other combinations of polarization and spin are obtained in the same manner and will
only be presented in tabular form (Table 20-1 on next slide).

For any one of the polarization cases listed, IMI2 1s the sum of the square amplitudes of the matrix
elements for outgoing spin states averaged over incoming spin states.

But this 1s seen to be simply the square magnitude of the nonzero matrix element listed under the
appropriate polarization case.

For example, in case (AA"),
IM|? = | up(R +S)uy|? = (1/4m?F,F,) |2F,Fy — (1 +cos 8) Fyp,_

— 1isinf F1p2+
By employing the relation

P2- =P1-+ Q- —Q2_=Qy_ — Qa_ =wq — wy cos f + iwjy sinb

and

(m/wjy) = (m/wy) =1 - cos b



TABLE 20-1

Polarization AA’ AB’ BA’ BB’
#1 Y2 Y2 Yy Yy
£ Yy €08 8 — y, sin 8 Y, Yy €08 6 — vy, sin 6
Matrix 2y, = Y4 (1 + cos 6) —yxyyyz(l - cos 8) "'Yny'Yz(l - cos 0) 2 cos Oy, — v,(1 + cos h)
2m(R + S)
~7Yy 8in # -vY, sin 6 + Y, 8in - 7Yy 8in 6
a % 8 =+1 +2F3F; —=(1 + cos 8)Fyp,_ | 0 . 0 2 cos FyFy - (1 + cos ) Fyp,_
2 +
S8 gy=+1 —isin 8 Fyp,_ 0 0 ~i sin 8 F,p,_
L=
vl
.E\g" 84 = +1 0 "'1(1 - COS 6) F1p2+ "'1(1 - COS O)FI Pa, 0
-~
«
S g 8 =-1 0 ~ 8in 6 Fyp,, + 8in 8 Fyp,, 0
N

Note: The matrix elements for (S‘ ~ -1) are the complex conjugates of those above for (sl ~ +1) , and for'(si :.—: -1)
Sz=—1 82=+1 82—+1

Sl=+1

they are the complex conjugates of those for (s S
)= —

) above.

the square magnitudes of the matrix elements for the various cases reduce, after considerable amount of
algebra, to the expressions given in Table 20-2.



TABLE 20-2

Polarization | M|
AA’ (Wi —w¥/wiwy] + 4
AB’ (w1 =w9) /ww,)
BA’ [(wg = wy)¥/wiws)
BB’ (wy ~wa)¥/wws] + 4 cos? 8

It 1s clear that all four of these formulas may be written simultaneously in the form
M2 = a2 RPRRY:
IM|® = [(wg = wa)/wiwz] + 4(eg * €2)

Note that these formulas are not adequate for circular polarization.

That 1s ¢ { were, for example, 1/V2 (iv, + v,),it is seen that because of the phasing represented by the
imaginary part of €4 , all the calculations must be carried out before squaring the matrix elements in
order to get the proper interference.

Finally the cross section for scattering with prescribed plane polarization of the incoming and outgoing
photons 1s

o = (e!/4m?) (W)Y /w?) dQw, [(we/wy) + (wi/wsp) ~2 + 4(91'ez)é]

This 1s the Klein-Nishina formula for polarized light.



For unpolarized light this cross section must be averaged over all polarizations.

It 1s noted that diagram cases such as Fig. 20-1 have been included in the previous derivation as a result
of the generality in the transformation of K+(2,1) to the momentum representation.

)
do
) )
di
% ,41
By & %,

FIG. 20-1 FIG. 20-2
In fact, all diagram cases have been included except higher-order effects to be discussed later.

They correspond to emission and reabsorption of a third photon by the electron, such as in Fig. 20-2.

Part 21 Discussion of the Klein-Nishina Formula.

In the "Thompson limit,” w; << m, the electron picks up very little energy in recoil, and w; = w,. T

This can be seen from the relation

mwy — Mwy = wy wy (1 — cos 8) (21-1)



In this limit, the Klein-Nishina formula gives

o= (e'/m?)(es- e,)% dQ (21-2)
which is the Rayleigh-Thompson scattering cross section.

Note that w 1s still very large compared to the eigenvalues of an atom, in accordance with our original
assumptions for Compton scattering.

The same result is obtained by a classical picture.

Under the action of the electric field of the photon E = Epejexp (iwt), the electron is given the
acceleration
a = (e/m)Eje; exp (iwt)

Classically, an accelerated charge radiates to give the scattered radiation

E.=-2 (retarded acceleration projected on plane 1 to
. R line of sight)

The scattered radiation polarized in the direction e; 1s determined by the component of the acceleration
in this direction.

The intensity of the scattered radiation of polarization e; is then (times R? per unit solid angle and per
unit incident intensity

I=(e‘/m?(e;"ey)? (21-27)



The customary h's and ¢'s may be replaced in Eq. (21-1) as follows (o is an area or length squared):
et = (e%)? = (e?/fic)?
m? = (me/h)? = length squared

et/m? = (e?/mc?? = ry? ~ 8 x 107%% cm?

Averaging over Polarizations. It is often desired to have the scattering cross section for a beam
regardless of the incoming or outgoing polarization.

This can be obtained by summing the probabilities over the polarizations of the outgoing beam and
averaging over the incoming beam.

Thus, suppose the incoming beam has polarization of type A.

The probabilities (or cross sections) for the two possible types of outgoing polarization, A' and B' can be
symbolized as AA' and AB'.

The total probability for scattering a photon of either polarization is AA' + AB'.

Then suppose the incoming beam is equally likely to be polarized as type A or type B.

The resulting probability can be obtained as the sum 1/2 (probability 1f type A) +1/2 (probability it type
B).

This 1s the situation for unpolarized incoming beam, and gives



o (averaged over = (1/2XAA’ + AB’) + (1/2XBA’ + BB’)

polarizations)
4 4 (21-3)
_ ez(‘z&) d0 (_wz+ . S— 9)

If, on the other hand, the polarization of the outgoing beam is measured (still with an unpolarized
incoming beam), its dependence on frequency and scattering angle is given by the ratio

Probability of polarization type A’ _ (1/2)[AA’ + BA’)
Probability of polarization type B’ (1/2){AB’ + BB’]

_ _ (wy/wy) + (wy/wy)
(we/wq) + (wi/we) — 2 sin? 0

The forward radiation (6 = 0) remains unpolarized, but a certain degree of polarization will be found in

light scattered through any nonzero angle.

In the low-frequency limit (w1 = w»), the polarization is complete at O = 7/2.

Thus an unpolarized beam becomes plane-polarized when scattered through 90e°.

Total Scattering Cross Section. If the cross section (averaged over polarizations) given in Eq. (21-3) is
integrated over the solid angle

dQ = 27 d(cos ) = (2Tm/w,%) dw,

the total cross section for scattering through any angle is obtained.



So, from Eq. (21-1),
cos 6 =1—-m/wy+ m/uwy (21-1")

and the variable w; goes between the limits mwi/ (2w; + m) and w; as cos 6 goes from - 1 to + 1.

Equation (21-3) can be written

dot = (et/ 21’1&2)(2Tr /wi¥)m dwy(wg/wy+ wi/wg —2m/wy + 2m/wy
+ m?/w? + m¥/wy? ~ 2m%/ wiw,)
where the last five terms replace -sin26 = cos20 - 1 using Eq. (21-1")
Simple integrations yield
o7 = me!/m?*[(m/w; - 2m?/w* - 2m%/w’) log 2wy/m+ 1)
+ m/2w; + 4m2/w12 —m3/2w1(2w1 + m)?]
In the high-frequency limit (w; — ®)

or ~ (1/w) log wy = 0

Thus Compton scattering is a negligible effect at high frequencies, where pair production becomes the
important effect.



TWO-PHOTON PAIR ANNIHILATION

From the quantum-electrodynamical point of view, another phenomenon completely analogous to
Compton scattering 1s two-photon pair annihilation.

T'wo photons are necessary (in the outgoing radiation) to maintain conservation of momentum and
energy when pair annihilation takes place in the absence of an external potential.

The interaction can be diagrammed as shown in Fig. 21-1.

d da

151 - ’41 ¢2

#1

2 22

FIG. 21-1

This figure should be compared to that for Compton scattering (Part 20).

The only differences are that the direction of photor #; is reversed, and, since particle 2 is a
positron, Py = - (momentum of positron).

So write P1 = (E_Ye = P-"7)

Bo=—(E vy — Ps*Y)



where the energies E - and E ; of the electron and positron are both positive numbers.
The conservation law gives

B2=01 —di — d; (21-4)

just as for Compton scatterin . but the direction of I'GV@I'SGd), so the matrix element for this
p g 1
Interaction 1S

M = —i4me? (uyf, ®1 — dy — m)~ g uy)

The second possibility, indistinguishable from the first by any measurement, is obtained from the first by
interchanging the two photons (see Fig. 21-2); again note similarity to Compton scattering.

B — ds

By B2

FIG. 21-2

Immediately, the matrix element is

M, = ~i4me? (U, ¢1(6; — d; — m)~* gy uy)



The sum of the two matrix elements and the density of final states gives the cross section
o + (velocity of positron) = 2r/(2E_-2E 2w 2wy) 1M1+M212
X (density of states)

in a system where the electron is at rest and the positron 1s moving.

The density of final states is

wiwy/ 2T w d2 1/ (wywy — Qg Qy)

Since particle 2 is a positron, g, = —p,, so the conservation law, Eq. (21-4), gives
Bi+ By =dy + dy
Then

m? + 2(py*py) + m’ =0+ 2q; Gz + O

This reduces to

2m? + 2mE, = 2w;w, — 2Q1° Q;

From a comparison of the diagrams, it 1s clear that the matrix elements for pair annihilation are the same
as the matrix elements for the Compton effect if the sign of di is changed.

In the cross section, this amounts changing the sign of w;.



Then the cross section 1s
o =elw? d@/[4m*(E, +m)|p.|)[(wy/ w) + (wi/wy) + 2
— 4(0 . 32)2]

in analogy with the Klein-Nishina formula.

Part 22 POSITRON ANNIHILATION FROM REST

The formula for positron-electron annihilation derived in Part 21 diverges as the positron velocity
approaches zero (o ~ 1/v; this 1s true for other cross sections when a process involves absorption of the

incoming particle, and is the well-known 1/v law).
To calculate the positron lifetime in an electron density p (recall that the preceding cross section was for
an electron density of one per cubic centimeter) as v+ — 0, we use

Trans. prob./sec = ov,p

plus the fact that, as v, = 0, E+ @ m and wi = w> = m (when the electron and positron are both

approximately at rest, momentum and energy can be conserved only with two photons of momenta equal
in magnitude but opposite in direction).

Thus

Trans. prob./sec =ov,p= (e*/2m?) p dQ (sin®6) (22-1)



where © = angle between directions of polarization of two photons (cos 8 = ej® €2).
The sin20 dependence indicates that the two photons have their polarizations at right angles.

To get the probability of transition per second for any photon direction and any polarization, it is
necessary to sum over solid angle (/d€2 = 47r) and average over polarizations (sin20 = 1/2), giving

Total trans. prob./sec = 1/1 = (re*/m%p

: (22-2)
= m(e?/mc?)?cp = mrycp
factors of ¢ and 7 reinserted where required), where ro = classical electron radius, and T = mean lifetime.

BREMSSTRAHLUNG

When an electron passes through the Coulomb field of a nucleus it is deflected.

Associated with this deflection is an acceleration which, according to the classical theory, results in
radiation.

According to quantum electrodynamics, there is a certain probability that the incident electron will make
a transition to a different electron state with a photon emitted, while 1n the field of the nucleus.

Interaction with the field of the nucleus 1s necessary to satisfy conservation of energy and momentum.

That is, the electron cannot emit a photon and make a transition to a different electron state while
traveling along in a vacuum.



Figure 22-1 shows the process and defines angles that arise later.

A

electron 2

electron 1
——

Coulomb field
of the nucleus
photon

FIG. 22-1
The Coulomb potential of the nucleus will be considered to act only once (Born approximation).
The validity of this approximation was discussed in Part 16.
There are two (indistinguishable) orders in which the bremsstrahlung process can occur: (a) the electron
interacts with the Coulomb field and subsequently emits a photon, or (b) the electron first emits a photon

and then interacts with the Coulomb field.

The diagrams for these processes are shown in Fig. 22-2.



N

Y Q) —>\
Bi

(a) (b)
FIG. 22-2

Y Q)

The interaction with the nucleus gives momentum @ to the electron.

Conservation of energy and momentum requires
Pr+R=P+d or R=0 ~ b1+ 4

In Part 18 it was shown that the Fourier transform of the Coulomb potential was proportional to 6(Q4),

since the potential is independent of time.

This means that only transitions for which Q4= 0 occur, or energy must be conserved among the incident
electron, final electron, and photon.

Thus E1 = E»> + w.



The transition probability 1s given by
Trans. prob./sec = gvy = (21/2E; 2E, 2w) |m|? XD

Since the nucleus is to be considered infinitely heavy,

D= (2m)~® E,p, dS2 zwz dw dQ2

Notice that there 1s a spectrum of photons; that 1s, the photon energy is not determined (as it was in the
Compton effect, for example.

Letting N = (uy Muy),

rw 21/2 1 1 _
M= (-i)lareh [§ ot ¥ Q)+ H @ e ] (22-3)

where the first term comes from Fig. 22-2a and the second term from Fig. 22-2b.

The explanation of the factors in the first term, for example, 1s, reading from right to left, that an electron
initially in state uy is scattered by the Coulomb potential acquiring an additional momentum ¢ , the
electron moves as a free particle with momentum by g, + @ until it emits a photon of polarization &.

We then ask: Is the electron in state uy?

For the Coulomb potential



Y(Q) = (472e%/Q%) 6(Q4) V¢ = VQ) 6(Q4) V¢

(see Momentum Representation, Part 18) in a coordinate system in which the nucleus does not move.

[For potential other than Coulomb, use appropriate v(Q), the Fourier transform of the space dependence

of the potential.]

: .. . . (B +R - m)fy +@+m)=p?+2p-Q+Q - m?=2p;'Q+Q
Rationalizing the denominator of the matrix, 2o @+ Q2
= —4py”

=2p;"Q ~ @ Q=0

Py + R + -Q+
M = (-i)(4me)) 2 v(Q) l:é _21p Q _.22 Ve + Ve Zsz Q- 22 4 (22-4)

The outgoing photon can be polarized in either of two directions, and the incoming and outgoing
electron each have two possible spin states.

The various matrix elements can be worked out using Table 13-1 exactly as was done in deriving the
Klein-Nishina cross section in Part 20 - nothing new 1s involved, so we omit the details.

After (1) summing over photon polarizations, (2) summing over outgoing electron spin states, and (3)
averaging over incoming electron spin states, the following differential cross section is obtained:



do 1 (zeZ)Z ezg.é'! E.z._

= in 6, df, sin 6, d6
o1 \ Q2 5 sin 6, d0, sin 6, d8; d¢

g {pzz sin® 6, 4E - Q%) | py’ sin’ 8; UE;? -Q)
(E9 — pjy cos 8,)* (E{ — py cos 01)2

_ 2p4p, sinf; sinb, cos ¢ (4E(E; — Q%+ 2w?) — 2w (p,? sin’ 6,+p,’ sinze,)} (22-5)

(Ez = Pg COS 92)(E1 = P1 COS 91)

An approximate expression with a simple interpretation in terms of the Coulomb elastic scattering cross

section can be obtained when the photon energy 1s small (small compared to rest mass of electron but
large compared to electron binding energies).

Writing the matrix (22-3) in terms of d instead of Q,

—

M= () med A | § o Y@ + @) g #

1

-

— 21/2- ¢Z-d+m ﬁi—q*.m |
(-ureh ¢ B Sy @ @ P

using the relationships €py = —pof + 2e- py, P1f = —¢P; + 2e - py, and neglecting d in the numerator,
since 1t 1s small, this becomes



M = (~i)(4me?)' /2 v(@Q) |: ~B£Y: + 2e " pyyy + ey,

2p2°q
~Ye€By + 2Dy ey, + mévt]
¥ -2p;°q 0Q4
= (=i) (472 /2 [e-pi_ e'pz]
(-hume?¥/2 v@)| oot = [ ves @0

Wher'g use 18 Irgade of the fact that the matrix element of M between states uz and u; is to be calculated
and UzPz = Upm, Pyuy = muy.

The cross section for photon emission can then be written

o

Q.
Q
i

< |-

2E, 2E, @r)? Tw

h— —t e

21\ EP2 902 | fe dw°dﬂw(pz-e _ p1~e)2"

The first bracket is the probability of transition for elastic scattering (see Part 16), so the last bracket may
be interpreted as the probability of photon emission in frequency interval dw and solid angle d€2,, if there

1s elastic scattering from momentum p; to p2.



PAIR PRODUCTION

It 1s easily shown that a single photon of energy greater than 2m cannot create an electron positron pair
without the presence of some other means of conserving momentum and energy.

Two photons could get together and create a pair, but the photon density 1s so low that this process is
extremely unlikely.

A photon can, however, create a pair with the aid of a field, such as that of a nucleus, to which it can

impart some momentum.

As with bremsstrahlung, there are two indistinguishable ways in which this can happen: (a) The
incoming photon creates a pair and subsequently the electron interacts with the field of the nucleus; or

(b) the photon creates a pair and the positron interacts with the field of the nucleus.

The diagrams for these alternatives are shown in Fig. 22-3.
B | b
P

é Y Q)

e

The arrows in the diagram indicate that Py is the positron momentum and g, is the electron momentum.

(a) (o)
FIG. 22-3



Notice that, with respect to the directions that the arrows point and without regard to direction of
increasing time), these diagrams look exactly like those for the bremsstrahlung process: Starting with Py,
in case (a), the particle is first scattered by the Coulomb potential and then by the photon; in case (b) the
order of the events is reversed.

The difference between pair production and bremsstrahlung, when the direction of time 1s taken into
account, 1s (1) Biis a positron state (an electron traveling backward in time), and (2) the photon d is
absorbed rather than emitted.

As a result, the bremsstrahlung matrix elements can be used for this process if By is replaced by —p .,

and d by —.

The !5+ is then the positron momentum and ¢ is the momentum of the absorbed photon.

The density of final states is different, of course, since the particles in the final state are now a positron
and electron.

Thus
do = (1/2m)(Ze?/Q%)? e? (p.p_ sinf_d6, sinb_do_d¢/w?)

x1}

(22-6)

where the braces are the same as for bremsstrahlung, Eq. (22-5), except for the following substitutions:



p_ for p, ~6_ for 6, E_for E,
—p, for py ~6, for 6_ -E, for E,
~w for w

Figure 22-4 defines the angles ( ¢ = angle between electron-photon plane and the positron-photon plane).

positron
electron

photon 6

FIG. 22-4

Part 23 A METHOD OF SUMMING MATRIX ELEMENTS OVER SPIN STATES

By using current methods of computing cross sections, one first arrives at a cross section for "polarized”
electrons, that 1s, electrons with definite incoming and outgoing spin states.

In practice 1t is common that the incoming beam will be "unpolarized" and the spins of the outgoing
particles will be unobserved.

In this case, one needs the cross section obtained from that for "polarized" electrons by summing
probabilities over final spin states and averaging this sum over initial spin states.



This 1s the correct process since the final spin states do not interfere and there 1s equal probability of
initial spin in either direction.

Formally, if N
o ~|(usMuy)|?

one needs

-1' > 2y |(upMuy)|? (23-1)

spins 1 spins 2

where _E means the sum over final spin states for only one sign of the energy, that 1s over only two of

spins

the four p0331ble eigenstates.

Similarly, 22 is the sum over initial spins for one sign of the energy.

spins 1

The purpose now 1s to develop a simple method for obtaining these sums.

In accordance with the usual rule for matrix multiplication, the following is true:

¥ (upAu,)(uBuy) = 2m(u,ABuy) (23-2)
all u, :

where A and B are any operators or matrices, the 2m factor on the right arises from the
normalization uu = 2m, and the sum is over all eigenstates represented by uy.

But the states u, which we want in Eq. (23-1) are not all states, just those satisfying g{uy; = mu,.



That is, they belong to the eigenvalue +m of the operator P .

Since 1612 = m? Py{ also has the eigenvalue -m, that is, there are two more solutions of which,
together with the two we wish in Eq. (23-1) bring the total to four.

Let us call the latter “negative eigenvalue” states.

Now, if in Eg. (23-2) the matrix elements of B were zero in negative eigenvalue states, this would be the
same as _2u that is, just over positive eigenvalue states.

spins 1

So consider

Y, (UyAu,)(u,@@;+m)Buy) = (uy A(g; + m)Buy)2m

all u,

But

T1'1(p$1+ m) = 0 for negative eigenvalue states

= 31(2m) for positive eigenvalue states

so the preceding sum also equals

Z} ('62 Au1)2m(31 Buz)

spins 1

Cancelling the 2m factors, this gives

37 (upAug)(uy Buy) = (upA(gy + m)Buy)

spins 1



(B1 + m) is called a projection operator for obvious reasons.

Similarly it follows that

> (WXup) = T3 (1/2m)(uy(; + m)Xuy)

spins 2 all u,

where X 1s again any matrix.

Remembering the normalization u,u, = 2m, it is seen that the last sum is just the trace or spur of the
matrix (B, +m)X.

Note that the order of X and P, + m is immaterial.

Finally, when one wants

> 2 (uyMuy)?

spins 1 spins 2

collection and specialization of the previous results is seen to give

1/2 3, Y, |uyMwyl®’=1/2 ) 33 (uyMuy)(u,Muy)

spins 1 spins 2 spins 1 spins 2 (23-3)

= 1/2 Spl (g, + m)M @@, +m) M}

where the last notation means the spur of the matrix in the brackets.



It is true whether Py, B2 represent electrons or positrons.

The following list of the spurs of several frequently encountered matrices may be verified easily

Spl1] = 4 Sply,] =0 Splxyl = Splyx]
Splx+y] = Splx] + Sply]
Sply,y,l = 0 if pwp

=+4 ifpu=p=4

=-4 ifp=v=123
Spl#p] = 1/2 Spldp + B4l = Spla-bl =4 a-b
Splakgl = 0

It 1s also true that the spur of the product of any odd number of daggered operators is zero.

Spl(®¥y + my) (B, — mj)] = Splp,¥,] + SplmyP, ~ pym; — mym,)]

= 4(p; - p; — mym;) (23-4)
Spl(@1 + my) @2 — my) (B3 + m3) (B4 — my)]
= 4(py* p; — mymy)(pg * py — mgmy) — 4(p;* p3 — Mymg)
X (p2° pg — mymy) + 4(py - pg — mymy)(p, * p3 — Mymy) (23-5)



As an example, the case of Coulomb scattering will be "treated" using this technique.
The cross section for polarized electrons was previously found to be
o = (2%'/Q% | (uyyeuy)|?
Therefore, since :;t = 7, , the cross section for unpolarized electrons is, by Eq. (23-3),
Cunpor = 1/2 (Z%°/Q") Spl (B, + m)y, By + m)v,)

The spur can be evaluated immediately from Eq. (23-5) with my =my4 =0 and gy = g4 = v, .

Another way is: Since Ys Py = 2Eq ~ Py, , it is seen that
(B2 + M) Ve By + M)V = B + M)(2E v, — §y + m)

Using a few of the formulas listed previously, the spur of this matrix is seen to be
~4p, * py + 8E4E, + 4m?

But py Py = E,E; -~ Py Py, Py-P2=p’cos 6, and Ey = E,, 50 this is

4E* + 4m® + 4p? cos 6

Also m? = E2 - p2, so that finally the cross section becomes



Tunpor = 1/2 (Z%*/Q*) [8E? + 4p? (cos 6 - 1)]
= (42%'/QY E*[1 - v* sin’ (8/2)]
where v2 = p2/E2.
This 1s the same cross section obtained previously by other methods.
EFFECTS OF SCREENING OF THE COULOMB FIELD IN ATOMS

The cross sections for the pair production and bremsstrahlung processes contained the factor [V(Q)]?,
where V(Q) 1s the momentum representation of the potential; that 1s,

V@) = JV(R) exp (-1Q - R) ¢°R

which for a Coulomb potential is

VQ) = 41Ze?/Q?

where Q is the momentum transferred to the nucleus or pi- p2 - q.
Clearly V(Q)) gets large as Q gets small.

The minimum value of Q occurs when all three momenta are lined up (Fig. 23-1):



P1 P2
> —Je-

NN
q

FIG. 23-1

Q. l=pP1-pP2—4q
= |p1l = [p2] = (Ey = Ey)
For very high energies E >> m,
E — p ~ m%/2E
so that in this case
Qin = (M?*/2)[(1/Ey) = (1/E))] ~ m%q/2E E,

From this it 1s seen that Quin — 0 as E; — .
This shows clearly why the cross sections for pair production and bremsstrahlung go up with energy.

From the integral expression for V(Q) it 1s seen that the main contribution to the integral comes when
R ~ 1/Q.

So as Q becomes small the important range of R gets large.



It 1s in this way that screening of the Coulomb field becomes effective.

The value of 1/Qmin for a contemplated process can be estimated from the foregoing formula.

The atomic radius 1s given roughly by apZ-12, where ag 1s the Bohr radius.

Thus 1f B
Regt = 1/Q,, > ay 2~/

or, what 1s the same

EE,/q > 1/2 (137) mZ~1/3

then screening effect will be important, and vice versa for the opposite inequalities.

If from this estimate screening would appear to be important, one should use the screened Coulomb
potential.

It gives the result

VQ) = 4r1e?/Q)[Z - F(Q)]

where F(Q) is the atomic structure factor given by

FQ = / n(R) exp (-iQ*R) &°R

and n(R) 1s the electron density as a function of R.



Part 24 Interaction of Several Electrons

Even though the Dirac equation describes the motion of one particle only, we can obtain the amplitude
for the interaction of two or more particles from the principles of quantum electrodynamics (so long as
nuclear forces are not involved).

For example, if we consider an energetic Compton scattering in which a third, weak photon 1s emitted as
shown in the three diagrams of Fig. 24-1.

(weak)

(weak) (weak)

A

then the cross section for this effect is given by Eq. (24-1), with the Klein-Nishina formula replacing oy.

FIG. 24-1

(Remember that g 1s assumed to be small.)
o = gye’ 41 dQ (dw/mw)lpy - e/p; - (q/w) — Py - e/py (q/w)]? (24-1)

Now to work out the details, let us first consider two electrons moving through a region where a
potential 1s present and assume that they do not interact with one another (see Fig. 24-2).



potential
region

FIG. 24-2

The amplitude for electron a moving from 1 — 3, while electron b moves from 2 - 4 1s given the symbol
K(34;1,2).

If 1t is assumed that no interaction between electrons takes place, then K can be written as the product of
kernels K:@®(3,1) K;®)(4,2), where the superscript means that K, (@ operates only on those variables
describing particle a, and similarly for K,® .

A second type of interaction gives a result indistinguishable from the first by any measurement in
accordance with the Pauli principle. g .
This differs from the first case by the interchange of

particles between positions 3 and 4 (see Fig. 24-3).

Now the Pauli principle says that the wave function of a -
. a

system composed of several electrons is such that the /

interchange of space variables for two particles results in a 1 2

change of sign for the wave function. e



Thus the amplitude (including both possibilities) 1s K = K, (a) (3,1) K,"b) (4,2) -1, (*)(4,1) K, (b)(3,2).
A similar situation arises in the following occurrence.

Initially, one electron moves into a region where a potential 1s present.

The potential creates a pair.

Finally one positron and two electrons emerge from the region.

There are two possibilities for this occurrence, as shown in Fig. 24-4.

v\ /—— —
potential

region

:

2 2
FIG. 24-4

Again, the total amplitﬁde for the occurrence 1s the difference between the amplitudes for the two
possibilities.

the the the the the the



The probability of this occurrence, or the previous, or any other similar occurrence 1s given by the
absolute square of the amplitude times the number Py.

The Pv 1s actually the probability that a vacuum remains a vacuum; because of the possibility of pair
production, it 1s not unity.

The Pv can be computed by making a table of the probabilities of starting with nothing and ending with
various numbers of pairs, as 1s shown in Table 24-1.

TABLE 24-1
Final number
of pairs Probability
0 Py 1°
1 Py |K,(2,1)|?
2 Py |K,(3,1) K,(4,2) —K,(4,1) K (3,2) |’ the
3 etc.

etc.

The sum of all these probabilities must equal unity, and Py 1s determined from this equation.

The magnitude of Pv depends on the potential present.

So the "probabilities" taken as merely the squares of amplitudes (that is, omitting the Py factor) are
actually relative probabilities for various occurrences in a given potential.



Use of 0.(s2). For the present, the existence of more than one possibility for an occurrence (the Pauli
principle) will be neglected.

The total amplitude can always be derived from one by interchanging the proper space variables, making
the corresponding changes in sign, and summing all the amplitudes so obtained.

The nonrelativistic Born approximation to the amplitude for an interaction is
K(3,4; 1,2) = K@ + K
where, from earlier notes,

K0 - Ko(a) (3,1) Ko(b) (4,2)
and

KD = —i [K©(3,4;5,6) V(5,6) K (5,6; 1,2) d®X; d3X dt;
Note that ts = te since a nonrelativistic interaction affects both particles simultaneously.

The potential for the interaction is the Coulomb potential

V(5,6) = e®/rs ¢

Separate variables may be used for t5 and te, if the function d(ts - te) is included as a factor.



Then
KD = i [ [Ky(3,5) Ko (4,6)(e2/r5 6)6(ts — to) Ko (5,1) Ko (6,2)

X d7g d7g
where the differential dt includes both space and time variables.

It is conceivable that the relativistic kernel could be obtained by substituting K, for Ko, and introducing
the idea of a retarded potential by replacing o(ts - te) by O(ts - ts -I56).

However this 0 function is not quite right.

Its Fourier transform contains both positive and negative frequencies, whereas a photon has only positive
energy.

Thus

o0

6(X) = f_ o EXP (—iwX) dw /27
To correct this, define the function
0
6, (X) = fo exp (—iwX) dw/=
which contains only positive energy.

The value of the function is determined by the integral.

Thus,



0 4 (X)

lirxg (1/7i) (X — i€)
= 6(X) + (1/mi)(principal vélue 1/X)

Abbreviating ts - te =t and 156 = 1, and taking account of the fact that both t5s = t¢ and ts < t¢ are possible,
the retarded potential 1s

V(5,6) = (e?/2r)[6,(t—1) + 6, (~t — 1)]
It 1s straightforward to show that
(1/20)[6,(t = 1) +5,(=t — 1)) =5, (t® - rd)

Defining t2 - 12 as s5¢2, a relativistic invariant, the potential is €20(Ss62).

Another term which must be included 1s the magnetic interaction, proportional to -V, - Vp.

In the notation used for the Dirac equation, this product is -&ta- Q.

It will be found convenient to express this in the equivalent form -(8a)a- (fa)v, and in this notation the

retarded Coulomb potential is proportional to B.5b.

These £’s come from the use of the relativistic kernel.

Thus the complete potential for the interaction becomes



e, (s5,6° [ Ba By —(BA) 4" (Ba)y] =e®5(s56h) v, Py, ®

and then the first-order kernel is

K® (3,4;1,2) = —ie? [ [K,®(3,5) K,®(4,6)7,(*)y,®
x 6,(s5¢% K,@(5,1) K,™(6,2) drs drg 04.2)
= —ie? [ [IK,(3,5)7,K, (5,11, 6,(s;5 ¢)
X [K+(4,6)‘yuK+(6,2)]b_ drs d7g

Here the superscript y, indicates on which set of variables the matrix operates, just as for the superscripts

on K+.

The occurrence represented by this kernel can be diagrammed as in Fig. 24-5.

FIG. 24-5



This represents the exchange of a virtual photon between the electrons.
The virtual photon can be polarized in any one of the four directions, t, X, y, z.
Summation over these four possibilities is indicated by the repeated index of yuyu.

The integral expression for the kernel, Eq. (24-2), implies that the amplitude for a photon to go from
5 — 6 (or from 6 — 5 depending on timing) is O(Ss562).

Equation (24-2) can be taken as another statement of the fundamental laws of quantum electrodynamics.

One can also show that

0, (sz) =—41rf [exp (-ik X)} d* k/(k2 + ie)(2*rr)4

Thus, in momentum space,

6, (s?) — ~4m/Kk?

Part 25 DERIVATION OF THE "RULES" OF QUANTUM ELECTRODYNAMICS

From the results of the last part, it is evident that the laws of electrodynamics could be stated as follows:
(1) The amplitude to emit (or absorb) a photon 1s ey, and (2) the amplitude for a photon to go from 1 to

218 0+(8122), where



—ik* (x, —xq) dik
k? + i€ @m)* (25-1)

6+(51,22) —4m fe

= —4r/(k* + i€)
in momentum representation.

[t is interesting to note that d.(s122) is the same as [.(s122), the quantity appearing in the derivation of the

propagation kernel of a free particle, with m, the particle mass, set equal to zero.

A more direct connection with the Maxwell equations can be seen by writing the wave equation,
02A, = 4], in momentum representation,

—Kk? a, =4mj, or ay = —(4w/k2)jp (25-2)
We now consider the connection with the "rules" of quantum electrodynamics given in the second part.

The amplitude for a to emit a photon which b absorbs will now be calculated according to those rules
(see Fig 25-1).



FIG. 25-1

The amplitude that electron a goes from 1 to 5, emits a photon of polarization ¢ and direction K, then
goes from 5 to 3 1s given by

[K,(3,5) ¢ V4me?/2K) exp (—iK * rs) exp (iKt5) K,(5,1)],

whereas the amplitude that b goes from 2 to 6, absorbs a photon of polarization ¢ and direction K at 6,
then goes from 6 to 4 1s given by

[K, 4,6) ¢ V(4me?/2K) exp (iK - rg) exp (—iKtg) K, (6,2)];

The amplitude that both these processes occur, which is equivalent to b absorbing a's photon if te > t5 1s
just the product of the individual amplitudes.

If a absorbs b's photon, the signs of all the exponentials in the preceding amplitudes are changed and
te must be less than ts.



To obtain the amplitude that any photon is exchanged between a and b, it is necessary to integrate over
photon direction, sum over possible photon polarizations, and integrate over ts and te, subject to the
aforementioned restrictions.

In summing over polarizations, ¢ will be replaced by y, and a summation over u will be taken.

This amounts to summing over four directions of polarization, something that will be explained later.

Thus 2
Amp. for

{ photon
La—b

4re? ) [ exp[-iK- (r5—rg)] expliK(ts - tg)]
T

x [K,(3,5)7,K.(5,1)], [K.(4,6)7,K(6,2)]
x (1/2K)[d*K/(2m)%] dts dt, tg > ts
= 41e? ) [exp[iK- (rs — r)] exp [—iK(t; — tg)]
i

X [K+(3: 5)7;1 K+ (5: 1)] a [K+(4’6)7p K+(6:2)]b
(25-3)

x (1/2K)[d°*K/(27)%] dts dtg tg < ts

Comparing this with the result of the last part, it must be that



54 (55,62) = 41 J exp [—iK - (rs — re)] exp [iK(ts — te) (1/2K)
x [B®K/(@m)%] | tg > ts
= ar | exp[iK* (r5—14)] exp [~iK(ts —tg)] (1/2K)

x [} K/A2m3] te < ts

This can be written in a form which makes the space-time symmetry evident by using the Fourier
transform

exp (=iK|t|) = /| [2iK/(w? - K2+i€)] exp (~iwt) dw/2n

so that the foregoing equation becomes

5, - -4 exp[—lk (x5 — Xg)] 94__ )
(8562) = —4n [ AT O TR (25-4)

and comparing this with the result of Part 24 establishes that the rules given in Part 2 are consistent with
relativistic electrodynamics developed in the last part.

ELECTRON-ELECTRON SCATTERING
The theory will now be used to obtain the electron-electron scattering cross section.

The diagrams for the two indistinguishable processes are shown in Fig. 25-2.



B By
d=PB1 — B3 =Py — B»
R S
FIG. 25-2

The amplitude expressed in momentum representation is obtained as follows: write Eq. (25-3) [with the
aid of Eq. (25-4)] as

diq

2 Sk, 057, K, 6,01, 77 K, 4,6)7,K, 6,2 5%

X d7'5 dTg

Since electron state 1 is a plane wave of momentum g; and electron state 3 is a plane wave of
momentum Ps, it is clear that in momentum representation the spinor part of the first bracket will
become (ug Y, u1) and the spinor part of the second bracket will become (uy7,, up).

Integration over T5 and T produces the conservation laws given at the bottom of the diagrams.



Dropping the integration over q puts the photon propagation in momentum representation directly.

Thus the matrix element can be written

(714')/“.“2)(33 Yut1) (ug, uy)( U3y, uz)]

= ] 2
M= idne [ By — B3)* By — B2)*

The first term comes from diagram R, the second from diagram S, and the summation over u is implied.

In the center-of-mass system, the probability of transition per second 1s

, E‘p® d@
(27)3 2Ep°

_ 2w
~ (2E)*

Trans. prob./sec = gv, |M |

(see Density of Final States, Part 19).

The method of Part 23 can be used to average over initial spin states and sum over final spin states.

For example, the sums over spin states that result from R by R matrices and R by S matrices plus
R by 'S matrices are

~ Sp [(B4 + m) Y, (@2 + m)7,]18p [(3 + m)V, (@ + m)Y, ]
RR — 5.9
[(B1 — ¥3)°]

Sp [(B4 + m)7, @1 + m)Y, @ + m)V, B + m)V,]
By — Bs)® By — B1)*

RS + RS — —



By judicious use of the spur relations given in Part 23 the following differential cross section 1s obtained
(alternatively, Table 13-1 could be used to calculate M directly):

do= 2e'p dQ [4x2+ 8x cos @+ 2(1 — cos? 9) + 4 cos 8

E? (1 — cos 6)

, 4x* - 8xcosg+2(1~cos?9) —4cosf _ _ 4(1+x)(x = 3)
(1 + cos 6)2 (1 —cos8)(1+cos @)

where x = E?/p2.

This 1s called Moller scattering (see Fig. 25-3).

E,p

E,p

FIG. 25-3

Part 26 Discussion and Interpretation of Various “Correction" Terms

In many processes the behavior of electrons in the quantum-electrodynamic theory turns out to be the
same as predicted by simpler theories save for small "correction” terms.

It 1s the purpose of the present part to point out and discuss a few such cases.



ELECTRON-ELECTRON INTERACTION

The simplest diagrams for the interaction are shown in Fig. 26-1.

F‘a 154 153 p 4

b,
B By P1

FIG. 26-1
The amplitude for the process has been found to be proportional, in momentum representation, to
(uzy,, u1)(7147p uy)/q*

where q = (Q, g4) and Q is the momentum exchanged by the two electrons.

Also, since 4 = py - p it follows that
(ugduy) = (ug (B — By)uy) = 0

From this 1dentity it was deduced in the last part that the amplitude for the process as just given is
equivalent to



[—(Ug7e 1) (U Ve 1) /QH = 3 (Us¥er ) UgYer u2)/q?
1,6

By taking the Fourier transform of the first term, it can be seen that it 1s the momentum representation of
a pure, instantaneous Coulomb potential.

The second term then constitutes a correction to the simple Coulomb inter-action.

In it ¥ denotes the y 's for two directions transverse to the direction of Q.

For slow electrons, the correction to the Coulomb potential may be simplified and interpreted in a simple
manner.

Note that 1n this case

D
[

P1—P3

and
Q4 = E; — E; ® [m+ (p;2/2m)] — [m + (ps2/2m)]l = (p;* - ps?)/2m

= [(p1+p3)/2m](p; — p3) ~ v(ps — P3)

so that g42 ~ v2Q? and g2 in the denominator can be replaced by -Q2? with small error.

In the C.G. system, q4 = 0 exactly.

The correction term becomes



+ Z; (Ea Ytr ui)(Tln’n- ug)/ Q2
1,2
but

(ug¥eruy) = ug* Qe uy
: u . : L
It 1s recalled that u = ( a).Where U, 1s the large part and up the small part and that in the nonrelativistic

u
approximation >
u, ~ (1/2m)(0 - Mu,

_ (0 o
a_(o 0)

it follows that (taken between positive energy states)
S
0 o
Ug* @4y = Ug ¥ Ugp )
’ s U(“ 0/tr

Also, since

Ui, _ % *
(u1b) - (u3a O'llib"' Usy O'll1a)tr

= 1/2m [ugy 0 (01 + (0" )0 ug,)
In free space II = p, so the x component, for example, of the foregoing matrix is

Ox (0x P1x + Oy Pty + 07 Pyz) + (0x P3x + Oy Pgy + 07 P3z )0y

= (P1 + P3)x *+ ilo; (P1 —P3)y — oy Py —Ps).]

where the commutation relations for the g's have been used.



From this it is easily seen that the amplitude for the correction to the Coulomb potential may be written
altogether in the form

5 ol exgen] )

1,2 Q2 2m 2m dir
Ps t+ P2 o X (p2 ~ Py)
g {u‘a["ir_n"—" TP Tem | tea

The first terms 1n each of the brackets represent currents due to motion of the electron transverse to Q
and the second terms represent the transverse components of the magnetic dipole of each.

So altogether it appears that the correction arises from current-current, current-dipole, and dipole-dipole
interactions between the electrons.

These interactions are expected even on the basis of classical theory and were described by Breit before
quantum electrodynamics, hence are referred to as the Breit interaction.

Consider the dipole-dipole term arising in the correction factor.
Since Q =Py =~ P3 =Pz — Py itis

Z; (01X Q)¢r (03 XQ)er /Q?
1,

But since o x Q is zero when ¢ and Q have the same direction, the sum could as well be over all three
directions and then it is equivalent to a dot product.



That 1s, this term of the correction is

01X Q) - (0,% Q)/Q?

By taking the Fourier transform this will be seen to be the momentum representation of the interaction
between two dipoles as was stated.

Note that the approximation g4 ~ (v/¢)Q used above applies only between positive energy states.

For, if one of the states represents a positron, then

q=E; - E;=0
= 2m
However, 2m 1s very large, so the correction is still small.

It 1s necessary to redo the analysis nevertheless.

ELECTRON-POSITRON INTERACTION

It would appear that, since the electron and positron are
distinguishable, the Pauli principle would not require the
interchange diagram, leaving as the only one Fig. 26-2.

FIG. 26-2



But it 1s still possible by the same phenomenological reasoning to conceive of the diagram in Fig. 26-3,
which would represent virtual annihilation of the electron and positron with the photon later creating a

new pair.
B %4

B3 P2
FIG. 26-3

It turns out that it 1s necessary to regard an electron-positron pair as existing part of the time in the form
of a virtual photon in order to obtain agreement with experiment.

From the point of view that positrons are electrons moving backward in time, Fig. 26-3 differs from Fig.
26-2 only in the interchange of the “final" states B3, By .

The Pauli principle extended to this case continues to operate; the amplitudes of the two diagrams must
be subtracted, since they differ only in which outgoing (in the sense of the arrows) particle is which.



POSITRONIUM

An electron and positron can exist for a short time in a hydrogenlike bound state known as the atom

positronium.

The ground state of positronium is an S state and may be singlet or triplet, depending on the spin
arrangement.

The 1S state can annihilate only in two photons, whereas the 3S state decays only by three-photon

annihilation.

The mean life for two-photon annihilation 1s 1/8 x 10° sec and for three photons it 1s 1/7 x 109 sec.

Figure 26-2 contributes the Coulomb potential holding the positronium together.

The correction term (Breit's interaction) arising from this same diagram contributes a dipole-dipole or
spin-spin interaction that 1s different in the 3S and 1S states (the current-current and spin-current

interactions are the same for both states).

Thus this amounts to a fine-structure separation of the 3S and S states which can be shown to be 4.8 x

104 ev.

In view of the fact that a photon has spin 1, and the 's state of positronium spin 0, conservation of angular
momentum prohibits the process in Fig. 26-3 from occurring in the 1S state.



It does occur in the 3S state, however.

The term arising from this diagram i1s small and, therefore, constitutes another fine-structure splitting of
the 3S and IS levels.

It can be shown to amount to 3.7 x 10-4 ev in the same direction as the spin-spin splitting.
It 1s referred to as splitting due to the "new annihilation force."
In order to calculate the term arising from Fig. 26-3, one needs to compute
— (ug ¥, uy) (ugy, up)/q?

In this case @2 = 4m? (Q =0 in the C.G. system), and all matrix elements are 1 or O (regarding particles as
essentially at rest in the positronium), so the result 1s just a number.

This means that taking the Fourier transform one gets a 0 function of the relative coordinate of the

electron and positron for the interaction in real space.
For this reason it is sometimes referred to as the "short-range" interaction of the electron and positron.

The combined fine-structure splitting due to the effects already outlined turns out to be represented by

(1/2) a® Rydberg (7/3)



where o 1s the fine-structure constant.

This amounts to 2.044 x 105> Mc, using frequency as a measure of energy.

There i1s still another correction, however, not yet mentioned, arising from diagrams, such as Fig. 26-4,
where the electron or positron may emit and reabsorb its own photon.

FIG. 26-4
Taking this into account, the fine-structure splitting in positronium 1s given by
(1/2) a? Rydberg {(7/3) — [(32/9)+ 2 1n 2] (a/7 )}

having a value of 2.0337 x 10> Mc.

The experimental value for the positronium fine structure i1s 2.035 + 0.003 Mc, so it 1s seen that this last
correction, though of order a smaller than the main terms, is necessary to obtain agreement with
experiment.



It 1s referred to both in positronium and in hydrogen as the Lamb-shift correction because of its
experimental observation by Lamb as the source of the small splitting between the 2S;2 and 2Py,2 levels
in hydrogen.

In general, it comes under the heading of self-action of the electron, to be treated in more detail later.

TWO-PHOTON EXCHANGE BETWEEN ELECTRONS AND/OR POSITRONS

It 1s easy to imagine that processes, indicated by the diagrams in Fig. 26-5, may occur where two
photons instead of one are exchanged.

FIG. 26-5

Although it has not been necessary to consider such high-order processes to secure agreement with
experiment, it may become necessary as experimental results improve.

The amplitudes for the processes may be written down easily but their calculation is difficult.



The amplitude for case II in space-time representation is, for example,

—e* [JJf 1K.8.7)%, K\(1,5)7, K, (6,11 K. 4,8)7,K,(8,6)7,

X K4(6,2)] 6.,(s% 6)6.(s% 3) d7s dTg dTy dy

Or In momentum representation it is

~ 1 ~ 1
...(41r)2e4 f(u3yv ¢1-Kl_m'y“u1)(u4'yu g T Vs uz)

X i
ky? ky? (21 )4

where

B2 — Kz + Ky = P4 or Ko = B2 + K1 — By

(see Fig. 26-6). B3

FIG. 26-6



Thus 1t 1s possible to determine K; and K, 1n terms of each other but not independently; that is, the
momentum may be shared in any ratio between the two photons.

It is for this reason that the integral over K; arises in the expression for the amplitude.

Part 27 SELF-ENERGY OF THE ELECTRON

In Part 26 the following idea was introduced: An electron may emit and then absorb the same photon, as
in Fig. 27-1. 2

K ,4,3)

3

Yu
K.@,1)
1

FIG. 27-1

Then the propagation kernel for a free electron moving from point 1 to point 2 should include terms

representing this possibility. Including only a first-order term (only one photon is emitted and absorbed),
the resulting kernel is

K@, 1) = K,(2,1) — ie? [J K,(2,4)7,K,(4,3)7,K.6,1) 6,(54,5)
X dry d1y (27-1)



The correction term in this equation is written down by an inspection of the diagram, following the usual
procedure for scattering processes.

In the present case, the initial and final momenta are i1dentical.
Therefore the nondiagonal elements in the perturbation matrix will all be zero.

A diagonal element is one in which the resulting wave functions of a particle remain in the same
eigenstate.

For time-independent perturbations, it was shown in the development of perturbation theory that the only
effect on such wave functions is a change in phase, proportional to the time interval T over which the
perturbation is applied.

The resulting wave function is

exp (—iE,T) exp[~i(AE)T] (27-2)

Since the perturbation effect (AE)T 1s small, the second exponential can be expanded as 1 - 1(AE)T + ...

and higher-order terms neglected.

It 1s the second term of this expansion which is represented by the integral on the right side of Eq. (27-1).

The representation is not yet an equality, since certain normalizing factors are different in the two
expressions.



To obtain the correct equation proceed as follows: First, it is clear that the probability of the occurrence
depends only on the interval in space and time between points 3 and 4, and not at all on the absolute
values of the space and time variables.

So suppose a change of variable 1s made so that dts, represents the element of interval (in space and
time) between 3 and 4.

Then write the integral in Eq. (27-1)
S T @y, K,@,3)7,6, (s, ) £@3) dr, d*xy dt, (27-3)

where it is clear that the operators K. and 0. depend only on the interval 3-4.

Second, expression (27-2) contains the time-dependent part of the wavefunction, exp (-1Eat), because it
was assumed that the wave functions used did not contain time factors.

In Eq. (27-3), 1(3), f(4) do already include the time-dependent part, so it should be omitted in Eq. (27-2).
Third, the normalization of wave functions 1s different for the two approaches.

For the development that led to Eq. (27-2), the normalization

f\I'*\Ildv=1

was used.



For the present development the normalization 1s

J u*u dv = (2E/cm®) - V (27-4)

Thus, to establish an equality, expression (27-3) must be divided by the normalizing integral of Eq.
(27-4).

The resulting expression is

—ie? [ T(4)y, K ,(4,3)7,6 (s, 1)(3) dr; d, dt
2F -V

-i AET =

The integral over d3x3 gives a V which cancels with the denominator, and the integral over dts gives a'T
which cancels with the left-hand side, so finally

2E AE = + e? f’ﬁ"y’; K+(4,3)‘Yy5+(s4,32)u d7 (27-5)

Note that the integral is relativistically invariant. Further, since p is the same before and after the
perturbation and E2 = m? + p2, the change in E can be taken as a change in the mass of the electron, from

2E AE=2m Am

Using this expression, and transforming to momentum space,

2

_4me ~ 1 ) d‘k 1 i
Am = i fu('yp g—FK-m /" @emnt K (27-6)




The integrand may be rewritten from

1 Yu(ﬁ K+m)7u 2m + 2K

Tg—k-m™ " Fo2p-ktki-m? K -2p-k

using pu = mu and the relations of Part 10.

Then Eq. (27-6) becomes

_ 4mé’ f 2m + 2¥  d'%k 1 (27-6")
i k’—2p-k (2m)* K2

This integral is divergent, and this fact presented a major obstacle to quantum electrodynamics for 20
years.

Its solution requires a change in the fundamental laws.

Thus suppose that the propagation kernel for a photon 1s thel/k?)c(k?) instead of just (1/k?), where c(k?)
1s so chosen that ¢c(0) = 1 and c(k?) = 0 as k2 — oo,

In space representation the modification takes the form
6,(812° ) f,(sq,5Y) = f (1/k%*)c(k?) exp (—ik *x) d*k/(2r)* (27-7)

The new function f, differs significantly from J., only for small intervals. T

This 1s clear from the fact that if the high-frequency components are removed from the Fourier
expansion of a function, only the short-range details are modified.



In the present case the size of the interval over which the function is modified can be described roughly
as follows: Consider a large number, A2, and suppose that so long as k2 << 42, c(k2) = 1.

Then (from the exponential term) differences will occur when the interval s2~ 1/42.

Call this value a2, and the general behavior of f, 1s shown by Fig. 27-2.

~
s2,= t? - p2
FIG. 27-2
Thus a2 is sort of a "mean width" of f.
If a2 << 1, as assumed, then when
t2 — p2 = 52 t - r~a?/2r (27-3)

which is the size of the interval.



The significance of the form of f1(s?) can be understood from the following.
The original function, 0.(s2) differs from zero only when s2 =12 -2 =0.

That 1s to say, an electromagnetic signal can reach a point at distance r only at a time t such that
t2-r2=0ort=r(i.e., the speed of lightis 1).

This 1s no longer true for f(s2).

The departure is obtained by a measure of t - r.

But, by Eq. (27-8), for all values of r >> a this measure 1s negligible.

Thus, depending on 42, the laws will be found unaffected over any practical distance.

Choosing A2>> m?2 , a practical (and general) representation of c(k2) is
c(i?) = [ G) A (-AY(K? — A2)~!
and the simple form 1s suggested,
c(k’) = =A*/(k? - A?)

From this, obtain the propagation kernel as



1/K2(-A%) (k¥ - A?%)~1 = 1/k? - 1/(k® —A?)

The second term is that for the propagation of a photon of mass A; however, the minus sign in front of

the term has not been explained so far from this point of view.

A convenient representation for this kernel is the integral

XZ
- fo dL/(K? — L)?

Introducing this kernel into Eq. (27-6) in place of 1/k? gives

f 2m + 2K d‘k( ~A2 )
k¥ —2p+k k® \k%®-A?

(27-9)

(27-10)

which can be written as the sum of two integrals, which differ only by having m or k in the numerator,

that is, m or ks (since K = kg 7¥)-

METHOD OF INTEGRATION OF INTEGRALS APPEARING IN QUANTUM

ELECTRODYNAMICS

We shall need to do many integrals of a form similar to the preceding one.

A method has been worked out to do these fairly efficiently.



We now stop to describe this method of integration.

Everything will be based on the following two integrals due to Feynman:

foo (1; kg) dék

EnE + 1e - D - @2l T (1;0) (27-11)

1
- ~2 =
fo [ax + b(1-x)]"“ dx = 1/ab (27-12)

In Eq. (27-11), to write a little more compactly, we use the notation (1; ko) to mean that either 1 or ks in

the numerator, in which case, on the right and side the (1; 0) is 1 or O, respectively.

To prove the first of these, note that, if ks 1s in the numerator, the integrand is an odd function.
Thus the integral is zero.

With 1 in the numerator, contour integration is employed.

Write the integral

fff_:flw2+i€—(L+ kz)]_sdwd?'k

Then for € << L + k2, there are poles at w = [L + k?)1/2 - 1 €], and contour integration of w gives



./;:[wz + ie — (L+k2)] ~3 dw = (67/16i)(L + k2)-5/2

Then the remaining integral is
JLZJw+ity=" @ = an f0°?L+ k2)=5/2 k2 gk

= 47 [K3/3L(L+ k2321 :° = 47/3L

which proves Eq. (27-11).
If k-p 1s substituted for the variable of integration in Eq. (27-11), the result is

% (1;kg)dik
—o 2m)4k® - 2p -k —A)®

[327%i(p? + A)] 7! (1;p,) (27-13)

By differentiating both sides of Eq. (27-13) with respect to A or with respect to p;j, there follows directly

L

1 (1K g3k k) k _ [Lpgspepy = (1/2)8,45 (PP + A)]
—o (2m)* (k% - 2p + k — A)? 9672 i(p® + A)?

Further differentiations give directly successive integrals including more k factors in the numerator and
higher powers of (k2 - 2p - k - 4) in the denominator.



Part 28 SELF-ENERGY INTEGRAL WITH AN EXTERNAL POTENTIAL

In the last part it was found that the self-energy of the electron 1s equivalent to a change in mass

2 A Viom 4 2 4
Am =-2me” [ u(2m 2K)u( A )1 d'k

" 2mi Y k%*-2p -k \k®-A%/Kk? (2n)*

and that this could also be expressed in terms of integrals,

\2 (1:k,.) dik
- : =
I = fo dL f k% - 2p - k)(k® — L)® (2m)

t was also found that

(1;k)
J @2 oAy = G2 (o + )

Using the definite integral

1 fi 2(1 — x) dx
ab? Y0 [ax + b(1 - x))®

the denominator of the integrand of Eq. (28-2) may be expressed as

1 _ f1 2(1 - x) dx
(k® -~ 2p *k)(k® ~ L)> ~ Y0 [k*!-2xp- k- L(1 - x))°

so that Eq. (28-2) becomes

sz ffl d*k (1;k,) 2(1 - x) dx
“Th A W e k- L - 01 2n)!

(28-1)

(28-2)

(28-3)

(28-4)

(28-5)



The 1ntegral over k can be done by using Eq. (28-3) with the substitutions xp for p and L(1 - x) for 4,
giving

X 1 (1;pg)2(1 — x)dx s s
1=—f0 dL-g [327m%i] [x2p? + L(1 — x)] -

The integral over L is elementary and gives
1
I=-2(327m%1) =i fo dx (1;xp,) In [(1 —x))\2 +m?x%/m?x%]

When A2 >> m?2, it is legitimate to neglect m2x2 in the numerator [ it is true that when x = 1, (1 - x)2 A2 is
not much larger than m2x2, but the interval over which this is true is so small, for A2 >> m?Z, that the error

1s small], so that, when the x integration is performed, using

1 1 ;
S Inx?(1-x) dx=1 fo x In[x2(1 - x)] dx = —1/4

we get

I~ —(32r% 1)~ {2[ln(A%/m? + 2); p,[In(A2/m?) - 1/2]}

A >>m?
The change in mass 1s [from Eq. (28-1)]

Am= (4r%/2mi)(-327%i)~! (0 {2m[2 1n (A%/m?) + 2]

+ 2§ [In (A2/m?) - (1/2)]1}u)



Since gSu = mu and (T{u) = 2m, this can be simplified to

Am/m = (e?/2m) [3 In (A/m) + (3/4)] (28-6)

Now (e2/27) is about 10-3, so that even if A is many times m, the fractional change in mass will not be
large.

The interpretation of this result is as follows.

There is a shift in mass which depends on A and hence cannot be determined theoretically.

One can imagine an experimental mass and a theoretical mass which are related by
m,.,=m, +Am (28-7)

All our measurements are of mexp, that 1s, self-action is included, and me, the mass without self-action,
cannot be determined.

More accurately stated,

a theory using mey, , plus?
A theory using my, and } e’/Mc self-action minus

: i ival
{ez/‘ﬁc self-action s equivalent to < Am as computed for a "

. free particle >




When the electron is free, the e2/fic self-action term exactly cancels the Am term and a theory using mexp

1s exactly correct.

When the electron is not free, e2/hic self-action is not quite equal to the Am term and there is a small

correction to a theory using mexp.

This effect leads to the Lamb shift in the hydrogen atom, and, in order to calculate such effects, we shall
now consider the effect of self-action on the scattering of an electron by an external potential.

SCATTERING IN AN EXTERNAL POTENTIAL

The diagram for scattering in an external potential is shown in Fig. 28-1, and the relationships for this
process, excluding the possibility of self-action, are as follows:

B2

Potential: #(q) = v, (41Ze/Q?* 6(q) for Coulomb potential
d Matrix element: M = —ie(U,du,)

Conservation relation: g, = g, + ¢

By
FIG. 28-1



First-order self-action will produce the diagrams shown in Fig. 28-2.

) )
" y
) By — K i
b-Kh (K P 4
‘ By —K K
Yy
¢1 #1
| II
FIG. 28-2

The amplitude for process is obtained in the usual manner.

For example, diagram I gives

dme? ([~ 1 1 _
G =2 (e, o A ) K e

Rationalizing the denominators and insertine the convergence factor. this becomes

I, = 47fe2f (;2711 {éz_-’f-i- m] d[p{z...K.,. m] Vi ul) "-A.z
1 i (k2 - zpz i k)(kz _ 2p1 i k) k2 — )\2 (28_8)
4
X (2.”)-4 g'_k

k2



This expression also happens to diverge for small photon momenta (k) (a result which has been called
the "infrared catastrophe, " but which has a clear physical interpretation, discussed later).

Temporarily the k? under dk will be replaced by (k2 - A2min), Where A2nin << m2, to make the integral

convergent.

This is equivalent to cutting off the integral somewhere near k = Amin, and the physical interpretation is

left to Parts 29 and 30.

To facilitate the integration over k, the following identity 1s used:

| f &2 — L)2 dL = 1 1
- (2 - - ———— —
Nmin k2—-A% .  k? —AZ
2 2
Azmin_ A ~A

(k2 — A2 )(k — AD) ¥ K — 2l

1
k2 = }xzmin

X
since A2 >> m?2 >> A2qn.

This substitution produces integrals of the form

k2
- Ja

(Likgskoky)@m)~4 dik
av (k* — 2p; - k)(k® — 2p, * k)(k? —L)?

in



To evaluate these integrals, we make use of the 1dentity

(ab)™! = f dy/[ay + b(1 — y)]2

so that

1 3 f‘ dy
(k* ~ 2p; - K)(k® — 2p; * k) 0 (k® — 2§, * k)
where By =yp; + (1 - y)B,.

Performing integrations in the order, k, L, y, and using the appropriate integrals in Eq. (28-6) gives as the
matrix to be taken between states uz and u;

2
e m 20 4
M,= — - - + 0 ta +
1™ 2n [2 (ln A min 1)(] tan 29) vHan g tan 26

6
Xf(; o tan o da]d

e

e L ) 2

where r = In(A/m) + 9/4 - 2 In(m/Amin) and 4m2sin20 = q2.

It is shown in Part 30 that diagrams II and III (Fig. 28-2) produce a contribution M, + M3 = —(e*/2m)rd,
which just cancels a similar term in M.



When q is small, 8 = (q2)1/2/2m, and the sum M; + M2 + M3 can be approximated by

2

1 ¢ m 3

41

The (A# — Ad) can be written out
i — #d) = v, v, (Qua, —2ayq,)

But q, 1s the gradient operator so this can be written, in coordinate representation,
YuYy By =V Ay) =+ W% Fyy

[see Eq. (7-1)].

Reference earlier work shows that the effect of a particle’s having an anomalous magnetic moment 1s to
subtract a potential uyuyFuy from the ordinary potential A = YuAy, appearing in the Dirac equation.

Since this 1s precisely what the first term of Eq. (28-10) does, one can say that this part of the self-action
correction looks like a correction to the electron’s magnetic moment, so that

= (e/2m)[1 + (e?/2m)]

Helec

Note that this result [and (28-9) and (28-10)] does not depend on the cutoff A, and hence A can now be
taken to be infinity



Part 29

It has been shown that when a particle is scattered by a potential, the primary effect 1s that of o

that for diagram I (Fig. 28-2) a correction term arises which

B;
Yy
ﬁz —K ez m
e _ 28 4
£ —k K Zw[z(lnxmi,, 1)(1 tan29)+9tan9+tan29
[ .
Yu X atana:ld+ 8mm e - M)smzo 5‘;1‘#
| Py !
FIG. 28-2

It remains to show that the combined effect of diagrams II and III (Fig. 28-2),
2

R

B 4
B — K K

B, II
FIG. 28-2

when considered along with the effect of the mass correction, 1s another correction term,

~(e?/2m)rd

b}

and



just canceling the last term in the preceding expression.

It 1s recalled that the necessity for considering the effect of the mass correction together with the
self-action represented in diagrams I, II, and III 1s that the theory being developed must contain the

experimental mass rather than the “theoretical” mass.

Suppose that in the Dirac equation

m, the theoretical mass, 1s replaced by m - Am, where m 1s the experimental mass; then

1V — m)¥ = e(4 + Am)¥

The mass correction Am is just a number, so that in momentum representation it is a 0 function of

momentum.

Hence from the form of the foregoing equation, it is seen to behave like a potential with zero momentum

and involves no matrices.

Diagrammatically its effect may be represented as in Fig. 29-1.



A
—_—
-Am
o’ II1’
FIG. 29-1

The minus sign is used because the effect of the mass correction Am is to be subtracted from the results

obtained from diagrams I, II, an III (Fig. 28-2) alone. For diagram II the amplitude would appear to b

For diagram II the amplitude would appear to be

A, 1 (41re2 fy 1 1 d'k  -A )
28 4 —m\ i Bog —K-m A @m)¢ K — A

min

and for diagram II' (Fig. 29-1),

—up & [1/(B; — m)] (Am)u,

But the part of the amplitude for diagram II (Fig 28-2) contained in the parentheses 1s just Am u; so that
IT and II' seem to cancel.

A similar result applied for diagrams III and III'.



This is an error, however, arising from the fact that both of these amplitudes are infinite, owing to the
factor p-m in the denominator.

Hence their difference is indeterminate.

But by subtracting them properly it will be found that their difference does not vanish.

The method proposed to accomplish this subtraction will, in fact, give the combined effect of the
self-action and mass correction of both diagrams II and IIT and II' and III'.

It 1s based on the fact that an electron i1s never actually free.

An electron's history will have always involved a series of scatterings, as will its future.

These scatterings will be considered as occurring at long but finite time intervals.

It will be sufficient to calculate the effect of self-action and the mass correction between any two of these
scatterings, since the result will evidently be the same between each pair of them.

Then, the effect will be accounted for simply by regarding a correction, equal to that calculated for one
of the intervals between scatterings, as being associated with the potential at each scattering (number of

intervals equals number of scatterings).



Then, considering a single scattering event as here, this correction to the potential represents all the
effects of diagrams II, I1I, IT', and I11’.

For an electron which is not quite free, p? # m?2 exactly, but instead

p? = m¥(1 + )

where
me = h/T

by the uncertainty principle, and T is the interval between scatterings.
Since T 1s large, € 1s a small quantity.
Let p=(1 +€)Py , where By is the momentum of a free electron.

If 4 and B are the momentum representatives of the scattering potentials at a and b (any two
scatterings), then the matrix of the amplitude to go from the initial state at a to the final state at b without
any perturbations is

B 1 K‘L—d W"'m)é

yf—m 2m?e

up to terms of order €.

With the perturbations of self-action and mass correction, this matrix 1s



, 1 1 1 dik A2
i4me? e — ——e
fﬁﬁ-my“ F—K-m * p—-m "~ kE-A2. k%*-AZ

1 1
_ﬁﬁ—mAmpﬁ—md

It 1s the value of this matrix compared to that of the unperturbed matrix which gives the desired
correction term (see Fig. 29-2).

B B
K
| -Am
A 4

(a) Without perturbation (b) With perturbation of self-action
and mass correction

FIG. 29-2

Now, for two noncommuting (or commuting) operators A and B, the following expansion 1s true:

1 1
-—-+oo-
BA

B

> |-

1 1_1 1
=A  ABATaABL

Then one can write




and the foregoing matrix becomes

4 2
kiwe beme Yo gy —k— myﬂzmedkh)@mm k% — A2

1 d‘k
_ 2
téme f b 26 L Yo K m L Bo—K—m Y k? - Azmm

cBim (L) ydrm b

2m€ 2m‘e

The first and last terms are identical, up to terms of order €, hence may be canceled.

The integral in the second term has already been done essentially in computing diagram I (Fig. 28-2),
except here By replaces 4, p,, and B, that d = gy — Py = 0 1in this case and gives the result

P ﬁLﬁoLﬁ(

2m?e 2m?
To this order in € the B’s in the numerator may be replaced by By’S.
It is also noted that since Pyu = mu,

(Bo +m) By (6 + m) = 2m*(g + m)

so that the foregoing result may be written

m_d

1r 2m? g



This 1s just - (€2/277)r times the matrix for no perturbation.

Hence the correction term due to diagrams II, III, IT', and III' 1s obtained simply by replacing the
scattering potential @ by —(e?/2m)rd,as was stated earlier.

It should be noted that the difficulty in obtaining the proper subtraction of the self-action and mass
corrections just clarified does not represent a "divergence" problem of quantum electrodynamics.

It 1s a typical problem which could as well arise in nonrelativistic quantum mechanics if, for example,
one chose some nonzero value as a reference of potential, that 1s, regarded a free electron as moving in a
uniform nonzero potential.

It may be easily verified that this would give rise to an "energy correction” for the free electron
analogous to the mass correction involved here.

Then in computing the amplitude for a scattering process where one used a "theoretical energy" and
subtracted the effect of the "energy correction, " the difference of infinite terms would appear if one used
free-electron wave functions. In this simple case the infinite term would, indeed, cancel upon proper
subtraction but in principle the problem is the same as the present one.

Finally, the complete correction term arising from self-action and mass correction is
2
e m 20 4
— - - + +
o [2(1“ A min 1) ( tan 20 ) etand + on 20

6 2
X_g attanazdoz]a(+ “— (dd — dd) znezo

8mm si



RESOLUTION OF THE FICTITIOUS "INFRARED CATASTROPHE"

From the correction term just determined, it is seen that, to order €2 the cross section for scattering of an
electron with the emission of no photons 1s

A min

, (~ -
o2 [ m 55 terms not
= - - - >
oc=0p<1 Z(In 1) (1 tan 26) +{ dependent
B on Anin a3
~

where 0y is the cross section for the potential g only.

This cross section diverges logarithmically as Amin — 0, and it is this divergence which was formerly

referred to as the “infrared catastrophe.”

This result, however, arises from the physical fact that it 1s impossible to scatter an electron with the
emission of no photons.

When the electron is scattered, the electromagnetic field must change from that of a charge moving with
momentum p; to that for momentum po.

This change of the field is necessarily accompanied by radiation.

In the theory of bremsstrahlung, it was shown that the cross section for emission of one low-energy
photon 1s

e a2y (wm e __w_pzf)” dw

o =0y —
"7 4m \ps-q P2°4 w



One can show that the integral over all directions and the sum over polarizations of the foregoing cross
section 18

o = 0, (2e%/7)[1 — (26/tan 20)] dw/w

where gin® @ = —(gy — 161)2/41112.

Thus the probability of emirting any photon between k = 0 and k = Ky, 1s

2
002e (1_ )medw=00ge_(l_ 20 )InKm
4 tan 26 m tan 26 A min

which diverges logarithmically.

Therefore, the dilemma of the diverging scattering cross section actually arises from asking an improper
question: What 1s the chance of scattering with the emission of no photons?

Instead, one should ask: What 1s the chance of scattering with the emission of no photon of energy
greater than Kp,?

For there will always be some very soft photons emitted.

the



Then, effectively, what is sought in answer to the last question is the chance of scattering and emitting no
photon, the chance of emitting one photon of energy below Ky, and the chance of two and more photons
below K, (but these terms are of order e* and higher and hence are neglected).

Each of these terms is infinite, actually, but is kept finite temporarily by the artifice of the Amin.

Their sum, however, does not diverge, as may be seen by gathering the previous results and by writing

Chance of scattering and emitting no photon of energy > K,

2
e m 20
—— apge S 2 — — i -
o)) {1 - [ (In _— 1) (1 : 26) + (terms inde

202
pendent of Amin):l}'* o)) —f-— (1 . ) In B + (terms

of order e?)

terms independent

2
e m 20
- 1 - ——— — 4 .

This does not depend on Amin and hence resolves the "infrared catastrophe.”
It has been shown by Bloch and Nordsieck that the same 1dea applies to all others.

It 1s interesting that the largest term in the quantum-electrodynamic corrections to the scattering cross
section, namely,



—(2e%/m) [1 - (20/tan 20)] In (m/K,,)
may be obtained from classical electrodynamics, since such long wavelengths are involved.
The other terms have small effects.

To date, the scattering experiments have been accurate enough to verify the existence of the large term
but not accurate enough to verify the exact contributions of the smaller terms.

Hence they do not provide a nontrivial test of quantum electrodynamics.

These same considerations apply in any process involving the deflection of free electrons.

The best way to handle the problem is to calculate everything in terms of the Amin and then to ask only

questions which can have sensible answer as verified by the eventual elimination of the Amin.
Part 30 ANOTHER APPROACH TO THE INFRARED DIFFICULTY

Instead of introducing an artificial mass, assume no weak photons contribute.

Thus we must subtract from the previous results the contributions of all photons with momentum
magnitude less than some number ko >> a.

The previous result is



4 {1+ (e2/2m)[2 In (m/A i, — 1)(1 —26/tan 26)] + 6 tan 6

+ (4/tan 26) foe y tan y dyl} (30-1)
The term to be subtracted is
(e®/2m) foko Yy (P2 — K+ m)(k? - 2p;  ky) 7 A(@; — K+ m)
x (k2 — 2py ke ™" 7, d*k/ (6P = AThin) (30-2)
We assume ko << p1 or p2, and neglect both K and the first two k? in this integral.
Then using pSi‘yp =2p, — Yy P1, the integral is approximately
f Py _ Plp ]2 d*k
21r 2 [ T pckd K2 =AY (30-3)
Then
x = e2/2m{[1 - (20/tan 2 6)1{2 In (2Ko/Amin— 1) + [46/tan 26]
X [(1/26) j:e (y/tan y) dy — 1]} (30-4)

This 1s the term to be subtracted from expression (30-1)



Using sin20 = q2/4m2, for small q, Eq. (30-4) become

x = (e2/27) (2q%/3m%)[In (2kg/Amin) — (5/6)]

Subtracting this from Eq. (30-1), also with q small, gives

4 {1+ (e%/4m)(4q*/3m%[In M/Apin) — (3/8) — In (2ke/A min)
+ (5/6)1} (30-5)

The last term is [In (M/2ko) + (11/24)].

EFFECT ON AN ATOMIC ELECTRON

Consider the hydrogen atom with a potential V = e€2/r and a wave function ¢o(R) exp(-iEot) = ¢o(Xy).
Take the wave function to be normalized in the conventional manner.

The effect of the self-energy of the electron 1s to shift the energy level by an amount

AE = e’ fgo(xz»tz)?’p K, V(2,1) 7,64 (51,2%) dolxp,ty) d°xy d’x, dt
" (30-6)
-—Amf b (x,t) ¢ (x,t) Ak

The first integral is written down from Fig. 30-1.



/

FIG. 30-1

The second is the free-particle effect as noted in previous parts.
The kernel K.V 1s not well enough determined to make exact calculation of this integral possible.

An approximate calculation can be made with the form

K,V (@2,1) = 7] exp[~iEg (t,~t)] $n(x)Pnlxy) 1>t

+n

— similar sum over negative energies for t, <t,
The photon propagation kernel can be expanded as

5, (51.07) = 4 Jexp [—ik(ty —t,) + ik(x, — x,)] d*k/2k(2m)~?
t, > t,

= an [ exp[+ik(ty —t;) + ik(x; —x,)) d°k/2k(2m)~?
ty < t,



Using these expressions, Eq. (30-6) becomes
AE =), f[ap exp (—iK - R)]on (Eq+ K- Eg)™ [a, exp (K R)l,o
+n
x d¥k/4rk — 33 Jla, exp (—iK R)lgy (| Eq|+ w+ Eg)~* (30-7)

x [a, exp (iK-R)lyo d*k/4rk — (Am term)
This form implies the use of ¢* instead of '5 and s =1, a123 =q.
Another approach to the motion of an electron in a hydrogen atom is the following.
Consider the electron as a free particle intermittently scattered by the Coulomb potential.
The scatterings cause a phase shift in the wave function of the order of (Rydberg/h).

Thus the period between scatterings is of the order T = fi/Rydberg.

Take the lower limit ko of the momentum of the "self-action" photons as very large compared to the
Rydberg.

Then it 1s very probable that an emitted photon will be reabsorbed before two interactions between the
electron and the potential have taken place; it is very improbable for two or more scatterings to take

place between emission and absorption (see Fig. 30-2).



ko > Rydberg
probable improbable

FIG. 30-2

Then the correction to the potential is that computed in Eg. (30-5) for small q (plus anomalous moment
correction).

This 1s
(e?/47)(4q%/3m?)(ln m/2k, + 11/24) ¥

In momentum space.
To transform to ordinary space, use

Q¥ =@ - Q¥ — (/o) - vHV
Thus the correction is

—(e?/3mm? (log M/2k, + 11/24) V2V (30-7")



This correction 1s of greatest importance for the s state, since with a Coulomb potential
V2V =47r/e?0(R), and only in the s states is ¢(R) different from 0 at R = 0.

The choice of ko is determined by the inequalities m >> ko >> Rydberg.

A satisfactory value 1s ko = 137 Ryd.
With such a ko, the effect of photons of k < ko must be included.
This will be done by separating the effect into the sum of three contributing effects.

It will be seen that two of these effects are independent of the potential V and thus are canceled by
similar terms in the Am correction for a free particle.

Thus for only one situation must the effect be computed.

In all cases, since k is small, the nonrelativistic approximation to expression (30-7) may be used.



_ _(1) The contribution of negative energy states: Neglecting k with respect
to m gives

(IEnI +k + Ep) = 2m

The matrix element for @4 is very small, and only the elements for a need
be considered. Then the sum over negative states is

Z; f[(QOn) ' (ano)/Zm] kz dk/k

If this sum is continued for +n, a negligible term of order v?/c? is added.
Thus the sum is approximately

- 2 f [(agy) * (@g0)/2m] k? dk/k = (@ * @)gy k® dk/2mk
all states

= 3ky%/4m
This is independent of V, and thus is canceled by a similar quantity in the
Am term.
(2) Longitudinal positive energy states (« p e k/k): As an exercise
the reader may show -

a- kexp(ik-R) = H exp (ik'R) — exp (ik- R)H
Then

[(a § k/k) €exp (1k : R) ]nO = (En g EO)/k [exP (1k : R)]no

and the contribution of these terms summed over positive energy states gives



J 11 - (B, —Eg)?/k?] exp (ik-R)y, exp (—ik-R)yq (E, + k — Eg)~! d®k/4nk

= [(E, ~E, + k) exp (ik - R)q, exp (-ik* R)q d® k/4mk3

= [IH exp(ik*R) - exp (ik* R)H] o, [exp — (ik* R)] g d° k/4mk’
Writing H = p2/2m (V commutes with the exponent), this becomes

f [ + kK)%/2m - p%/2m + k] d®k/k®
This term is independent of V, and thus is also canceled by the Am correc-
tior:'3) Transverse positive energy states: Since ky is large compared to the
size of the atom, the dipole approximation can be used.t The general term
in the sum of Eq. (30-7) becomes

S (@er Yom (Cee Ym0 (B + k — Eg)~ d®k/k (30-8)
Writing

(Eq+ k—Eq)™ = 1/k — (E, — Eq)/(Ey + k — Eg)k

the term in 1/k can be split off from the rest of the integral as a quantity
independent of V and thus canceled by the Am correction. Further, by
averaging over directions,

(atr )On (atr )nO = 2/3(a)0n ’ (a)no = (2/3m2)(p)0n ’ (p)no
in the nonrelativistic approximation. Thus the integral of Eq. (30-8) is

(2/3m2)( p)On ’ (D)no (En - EO) log (k0+ En - EO)/(En - EO)



Using the relation
pnO(En— EO) - (pH - Hp)no = (Vv)no

and the fact that k; > E,, — E;, one part of the sum over transverse positive
energy states is

In kg2 Pon* (VV)ue = 1/2 In ko(VZV)g
n
This cancels with the In k; of Eq.(30-7"), leaving the final correction as

(2e?/31m?) 37 Pno* Pon(En — Eg){ log [M/2(E, — Eg)] + (11/24)}
+n

+ anomalous moment correction

This sum has been carried out numerically to be compared with the observed
Lamb shift.

Part 31 CLOSED-LOOP PROCESSES, VACUUM POLARIZATION

Another process which is still of first order in e2 has not been considered in the scattering by a potential.

Instead of the potential scattering the particle directly, it can do so by first creating a pair which
subsequently annihilates, creating a photon which does the scattering.

Diagram I (Fig 31-1) applies to this process; diagram II applies to a similar process, with the order in
time changed slightly.



Bo=P1+d

closed
loop

A4(q)

4(q) closed B2 =P~ d

II

FIG. 31-1

The amplitude for these processes 1s

, ~ 1 ~ 1 1 =
i4me? DD (uz'yuu1)—2f(u pf—mY“ d+d —m afu)(27r) tdip
spin states q
of u

(31-1)

where u 1s the spinor part of the closed-loop wave function.



The first parenthesis 1s the amplitude for the electron to be scattered by the photon; 1/g2 1s the photon
propagation factor; and the second parenthesis is the amplitude for the closed-loop process which

produces the photon.

The expression is integrated over p because the amplitude for a positron of any momenta is desired.

In the sum over four spin states of u, two states take care of the processes of diagram I and two states
take care of the processes of diagram II.

No projection operators are required, so the method of spurs may be used directly to give

i4me? (Ez‘yuui) '55 fSpI:ﬁ—_Ln'; Yy l?fﬂ;-m d} @2m)~* dip (31-2)

a form which contains both I and II (so as usual it is not necessary to make separate diagrams for
processes whose only difference 1s the order in time).

This integral also diverges, but a photon convergence factor, as used in the previous parts, 1s of no value
because now the integral 1s over p, the momentum of the positron in the intermediate step.

The method which has been used to circumvent the divergence difficulty is to subtract from this integral,
a similar integral with m replaced by M.

M is taken to be much larger than m, and this results in a type of cutoff in the integral over p.

When this 1s done, the amplitude 1s found to be



(upy, upa, (€%/m) [~ (1/3)In (M/m)? - (1 ~ 6/tan 6)

(31-3)
X (4m? + 2q%)/3q® + 1/9]
where g2 = 4mZ2sin26, which, for small q, becomes
(Up v, upa, (€2/m)[-(1/3)1n (M/m)? + 24%/15) (31-4)

Notice that (32 Yy Uy) = (up duy), so that, considering only the divergent part of the correction, the
effective potential 1Is

d{1+ (€*/m)[- (1/3)In (M/m)?1} (31-5)

The 1 comes from the theory without radiative corrections, while the e? term 1s the correction due to
processes of the type just described.

Thus the correction can be interpreted as a small reduction in the effect of all potentials, and one can
introduce an experimental charge ecxp and a theoretical charge e related by

Coxp= €tht A€ (31-6)

where A(e?) = -(e2/3) In (M/m)Z2, in a manner analogous to the mass correction described in Part 28.

This 1s referred to as "charge renormalzation."



The other term

(2/15)(e*/myq*d

1s more interesting, since it represents a perturbation 2e2/157(VzV).

This correction is responsible for 27 Mc in the Lamb shift and the {In [m/2(E., - Eo)]+ (11/24)} term in
(30-7") 1s replaced by {In [m/2(E, - Eo)] + (11/24) - (1/5)} .

The 1/5 term 1s due to the "polarization of the vacuum."

SCATTERING OF LIGHT BY A POTENTIAL

One possible process for the scattering of light, and an indistinguishable alternative, is indicated by the
diagrams in Fig. 31-2.

Ky Ko

K1 kl
@) 4()

FIG. 31-2

The second diagram differs from the first only in the direction of the arrows of the electron lines.

Reversing such a direction 1s equivalent to changing an electron to a positron.



Thus the coupling with each potential would change sign.

Since there are three such couplings, the amplitude for the second process is the negative of that for the
first. Since the amplitudes add, the net amplitude is zero.

In general, any closed-loop process of this type involving an odd number couplings to a potential
(including photon), has zero net amplitude

Note, if you set up the integrals for each of the two diagrams in Fig. 31-2, you can show that they are
equal and opposite in sign.

However, the higher-order processes shown in Fig. 31-3 can take place.

The amplitude for the process is

—(@dme?)? [ Sp ¢y~ m)~ dy(hy —do — m) ™" F3@ —d2—ds —m)™

X gy +dy—m)~ ] @2m~t d'k

plus five similar terms resulting from permuting the order of photons as in the figure.

This integral appears to diverge logarithmically. But when all six alternatives are taken into account, the
sum leaves no divergent term.

More complicated closed-loop processes are convergent.
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FIG. 31-3

That should have satisfied anyone’s desire to see detailed calculations.



