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Chapter 1

Motivation, Motivation, Motivation ..........

In this book we will develop a theory, which is deeply rooted in experiment
and can only be understood using a new mathematical language. It not only
describes how nature works in all microscopic physical systems, but also in
macroscopic physical systems.

It is most important, however, when the characteristic length scale of the phys-
ical system is smaller than 107 m.

This theory is called quantum mechanics.

The physical world we will discover in our studies is a strange and fascinating
place where nature operates in a way that seems to defy the intuition we have
built up living among macroscopic systems. We will not endeavor to explain
why nature works in this particular way since it is my strong belief, as we will
see in this book, that it is not possible to do so within the context of this theory.
We will, however, be able to correctly predict the outcomes of an amazingly wide
range of experiments in many different fields of physics, chemistry and biology.

Let me emphasize my strong belief that theories in physics should only endeavor
to make predictions about experimental measurements and not attempt to pro-
vide reasons for why nature works in these particular ways, that is, why we must
choose to start with certain postulates.

Feynman put it best......

We know how the electrons and light behave. But what
can I call it? If I say they behave like particles I
give the wrong impression; also if I say they behave
like waves. They behave in their own inimitable way,
which technically could be called a quantum mechanical
way. They behave in a way that is like nothing that you



have seen before. Your experience with things that you
have seen before is incomplete. The behavior of things
on a very small scale is simply different. An atom

does not behave like a miniature representation of the
solar system with little planets going around in orbits.
Nor does it appear like a cloud or fog of some sort
surrounding the nucleus. It behaves like nothing you
have ever seen before.

There is one simplification at least. Electrons behave
in this respect exactly the same way as photons; they
are both screwy, but in exactly the same way.

The difficulty really is psychological and exists in
the perpetual torment that results from your saying to
yourself ’’but how can it really be like that?’’, which
is a reflection of an uncontrolled but vain desire to
see it in terms of something familiar. I will not
describe it in terms of an analogy with something
familiar; I will simply describe it...

I am going to tell you what nature behaves like. If
you will simply admit that maybe she does behave like
this, you will find her a delightful and entrancing
thing. Do not keep saying to yourself, if you can
avoid it, ’’but how can it really be like that?’’
because you will get ’’down the drain’’, into a blind
alley from which nobody has yet escaped.

Nobody knows how it can be like that.
and we can add an addendum ........
and ’’nobody knows why it is like that’’

We will not be able to reduce the quantum universe to everyday ways of think-
ing(usually called common sense). In fact, in order to understand the ideas and
implications of the theory we will have to adjust all of our ways of thinking at
the most fundamental level.

Imagine, for a moment, that you are attempting to understand a new culture.
If you are serious about it, the first thing you would do is to learn the language
appropriate to that culture so that you can put your experiences in the proper
context. Understanding the universe of quantum phenomena is much like a un-
derstanding a new culture where the appropriate language is mathematics and
the experiences we are attempting to put into context are experiments.

As we shall see, we will have to use a mathematical language to describe the
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quantum world since ordinary language, which was developed to explain every-
day occurrences(experiments on macroscopic objects), will turn out to be totally
inadequate.

Since it makes no sense to attempt any understanding of the nature of quantum
phenomena without first learning to speak and use the language of the quantum
world, we will spend the first several chapters of this book learning the appro-
priate mathematics, in particular, the subject of linear vector spaces.

The adjustment of our ways of thinking at the fundamental level that will be
needed is not simply a mathematical matter, however. The development of the
necessary mathematical language will not come into conflict with our everyday
modes of thinking in any major way. Although, the mathematics of linear vector
spaces is very elegant, you will be able to understand it without much difficulty
and without having your basic view of the world changed at any fundamental
level.

You will be troubled, however, when we apply the mathematics to physical sys-
tems that develop according to quantum ideas. We will attach physical mean-
ing to the mathematical formalism in ways that will conflict with your well-
developed views(I will call these classical views) about how the world works.

We will rethink both mathematics and quantum theory using the Dirac lan-
guage, which, as we shall see, incorporates the very nature of the quantum
world in an intrinsic and natural way. Since we are attempting to develop a
physical theory, we will link all the mathematical concepts that we introduce to
physical concepts as we proceed.

Dirac was able to link the physical structure of quantum mechanics with the
mathematical structure in a unique way. His mathematical language incorpo-
rates the physical meaning directly into the formalism and the calculational
methods. The language explicitly exhibits the physics and clearly exposes the
internal logic of quantum mechanics. Once we understand the language, every
equation will directly convey its physical meaning without the need for further
explanation or any need for inadequate models.

It is very important to understand that the Dirac language is not simply a new
notation for quantum mechanics(as many physicists seem to think). It is a way
of thinking about quantum mechanics. It will allow us to use the physical ideas
of quantum mechanics to develop the appropriate mathematical language rather
than the other way around. This will allow the very mathematical quantum the-
ory to be more closely connected to experiment than any other physical theory.

These statements about the importance of understanding the mathematical lan-
guage appropriate to the physics under consideration do not only apply to the
quantum world. It is true for all areas of physics and other sciences. One should



always learn the appropriate language before studying any field that relies on
that language for its understanding.

Mathematical Methods

Asl stated, will have to use various mathematical techniques in order to formu-
late quantum mechanics and in order to solve the resulting equations. Some
of these techniques you have may have learned in a Mathematical Methods in
Physics course, some you may have learned in Mathematics courses such as Lin-
ear Algebra, and Multivariable Calculus and some we will develop in this book.

The techniques we will need are linear operators in Hilbert space (an extension of
linear algebra), partial differential equations, special functions of mathematical
physics (Legendre polynomials, spherical harmonics, Bessel functions), Fourier
transforms, use of Green’s functions, integral equations, contour integration in
the complex plane, group theory and group representations, etc. We will cover
many of these techniques in detail as we proceed.

As we proceed we will cover many applications of quantum theory to physical
systems in the areas of atomic and molecular physics.



Chapter 2

The Mathematics of Quantum Physics:

Dirac Language

Because it is so important, I repeat that this study of the mathematics of quan-
tum mechanics assumes that you have a good background in the following areas:

e (Calculus
Differentiation and integration

e Infinite series
Taylor and power series

e Linear Algebra
Linear vector spaces and matrices

e Multivariable Calculus
Partial derivatives
Gradient, divergence, curl and Laplacian

e Mathematical Methods
Ordinary and partial differential equations
Fourier series and Fourier transforms

This study of the mathematical formalism of quantum theory will center around
the subject of linear vector spaces. We will present this subject using Dirac
language and connect it to the physics as we proceed. At the start of our
discussion, we will mix standard mathematical notation and the Dirac language
so that the transition to using only the Dirac language will be easier.

Quantum systems cannot be described in terms of our everyday experience. To
understand them it is necessary to use the abstract language provided by the
algebra of linear operators on Hilbert space.

When we present the mathematical formalism appropriate to a physical theory
we have two choices. We can approach the subject abstractly and deal directly



with mathematical quantities of fundamental importance or we can choose a
particular a particular representation (abstract coordinate system) and work
with the numbers (functions) that correspond to the fundamental quantities in
that coordinate representation.

We will follow the abstract approach in most cases since it will allow us to delve
more deeply into the fundamental nature of the physical theory and, in addition,
enable us to treat the physical laws in a precise and efficient manner.

First let us define mappings which are used almost everywhere in the discussion,
sometimes explicitly and sometimes implicitly.

2.1 Mappings

Given two sets A and B, let a€ A, be B. A mapping T from A to B:
arb=Ta (2.1)

can be of the following types:

1. T is a mapping of A into B if to each a € A there corresponds a definite
element Ta € B(there may be elements of B that do not correspond to
any element of A and different elements of A may correspond to the same
element of B). The range of the mapping is the subset TA ¢ B (T'A
is a subset set of B but not equal to B) formed by those elements that
correspond to some elements of A.

2. T is a mapping of A onto B if to each element of A there corresponds a
definite element T'a € B and to every element of B there corresponds at
least one element of A (in this case Ta = B).

3. A one-to-one mapping is where distinct elements of A correspond to dis-
tinct elements of B: Ta + Th if a + b.

4. Tt follows that if T is a one-to-one mapping from A onto B, then there
exists an inverse one-to-one mapping 7! from B onto A. Such an inverse
does not exist if T' is a one-to-one mapping A into B.

2.2 Linear Vector Spaces

The mathematical formalism of quantum mechanics is based on the theory of
linear vector spaces. In this chapter we shall present a complete exposition of
the mathematics of linear vector spaces. We shall state theorems without proofs
(excellent proofs are available in a variety of texts). Instead of proofs, we shall
relate the theorems where appropriate to the physics of quantum mechanics
using the Dirac language and provide concrete examples that will help us un-
derstand the physical content in our later discussions.



The number of configurations experimental instruments can exhibit is finite.
This implies that, in principle, only the language of finite-dimensional vector
spaces will be needed to explain experimental results and to understand the
theoretical structure of quantum mechanics. However, if we want to embed
the theory in a spacetime continuum, then it will be necessary to consider ide-
alized instruments capable of an infinite number of configurations. This will
require a description using the language of infinite-dimensional spaces, in par-
ticular the use of a vector space called a non-separable or rigged Hilbert space.
Because these idealized infinite instruments are approximations of the actual
finite ones, physicists usually ignore those properties of the infinite-dimensional
Hilbert space that cannot be derived from the properties of finite-dimensional
spaces by some, not necessarily unique, physically based limiting procedure.

A working knowledge of the mathematical description that results from the
adopted limiting procedure is necessary to understand many of the develop-
ments of quantum mechanics. The following mathematical presentation reflects
these considerations. The results pertaining to finite-dimensional spaces, neces-
sary for the understanding of the structure of quantum mechanics, are presented
with thoroughness. The generalization to infinite-dimensional spaces, which is
a very difficult task, is discussed in less detail.

These mathematical details are usually ignored in most textbooks, which I be-
lieve makes it very difficult to understand the fundamental ideas underlying
quantum mechanics.

In most of our discussions we can assume we are in a finite-dimensional vector
space and the results will generalize without change to the Hilbert space case.
We will deal with the special problems associated with the infinite dimension-
ality of Hilbert space as they arise.

2.3 Linear Spaces and Linear Functionals

A vector space is defined with reference to a field. We consider the case where
the field is the field C of complex numbers because this is the case of interest
in quantum mechanics.

Ket Vectors

The mathematical vectors that will allow us to describe physical states will
be called ket vectors or kets and be represented by the symbol |...) (due to
Dirac). We will label different vectors(states) according to their associated
physical(measurable) properties and these will be inserted inside the ket symbol
la,b,...). The ket vectors will form the basis for the Dirac language of the
associated vector space defined below.

These simple mathematical objects will turn out to have sufficient mathematical

7



structure to allow us to represent all of the important features of quantum theory
in terms of them. Whether these mathematical objects have any objective
physical content themselves must be discussed later as we develop the theory.

At this point, however, let us state a couple of the basic properties of the ket
vectors and their connection to physics to help set the stage for the discussion
that will follow.

As with any other vectors, kets can be multiplied by complex numbers and can
be added together to get another ket vector

c1 |a) + c2 |b) = |q) (2.2)
where ¢; and ¢ are complex numbers.

The crucial assumptions we will make later as we connect the Dirac language,
the mathematical formalism and the physics are:

e Each state of a physical system at a given time can be mathematically
described by a definite ket vector. There is some correspondence!

e If a physical state is a superposition(sum) of other physical states, its
corresponding ket vector is a linear sum(combination) of the ket vectors
corresponding to the other states

The state |g) in (2.2) is a superposition of the states |a) and |[b) with the math-
ematical properties of this superposition defined precisely by the two complex
numbers ¢; and cy. For example, the state of a photon passing through a
double-slit apparatus might be described by the superposition

|[photon in 2 - slit apparatus) = a|slit 1) + b|slit 2) (2.3)
where |slit 1) is the state of a photon that passes through slit 1.

With these tantalizing thoughts rambling about in your minds, let us turn to
the mathematical formalism.

Definition:

A linear vector space V is a set of abstract elements, called vectors,
[1),12),...,|M),...,IN}),... (2.4)
for which there exists two rules:
1. a rule for creating a vector sum or vector addition,
7) +112)
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2. a rule for multiplication of a vector by a complex scalar c,
c|13)

The following properties hold:

1. the result of applying either or both of these rules is another vector in the
same space; this is called closure

C1 |7> + Co |12> eV

2. scalar multiplication is distributive with respect to the vectors
c(|7) +[12)) = ¢|7) + ¢|12)
3. scalar multiplication is associative
c1(c2[7)) = c1e2|7)

4. addition is commutative

[7) +112) = [12) + [7)

5. addition is associative

16) + (I7) +[12)) = (16) + 7)) + [12)

6. there exists a unique zero or null vector |@) such that

7)+l2) =[7) and 0|M) = |2)

7. for every vector |M) there exists a unique additive inverse vector |[-M)
where

|M) +[-M) =|@) and [-M) = - [M)

Example: Consider the set of all 3-tuples, which is a particular example of a
finite-dimensional vector space

¢
i) = [ b; (2.5)
Ci
Addition is defined by
a; a; a; +aj
|Z) + |Z) = bl + bj = bi + bj (26)
C; Cj C; + Cj



Multiplication by a scalar ¢ is defined by

qa;
qli) = | qbs (2.7)
qcq
The null vector is defined by
0
@) =10 (2.8)
0

We must emphasize that use of the word "vector" here is not meant to imply
that we are talking about a mathematical object that in any way needs to pos-
sess properties such as magnitude and direction. These "vectors" are abstract
mathematical objects whose properties are defined above.

Other examples are:

1. the set of all functions f(z) of a real variable x for which

f | f(2) |2 do < oo

with addition and multiplication by a scalar defined by
(f +9)(x) = f(z) + g(x) and (af)(z) = af(x)
This space is called L2.

2. the set of all infinite sequences of numbers x = (1, T2, x3,...,Z;,...) such
that

33"‘2/2(xl+y17$2+y2,333+y37-~-,33k"'ykw--)

with addition and multiplication by a scalar defined by

(f+9)(@) = f(x)+g(z)  (af)(z)=af(x)
ax = (axy,ars,ars, . ..,aT,...)

3. the set of all 222 matrices

with addition and multiplication by a scalar defined by

A+epo (@ @2}, (b bi2) _fain+bi a2 4D
a a2 ba1 b2 az1 +bar  agy +baa

_ @11 ai2) _(cai1 cai2
cA=c =
a21 a2 caz1 Ca22
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These examples should make it clear that it is important, as we have
emphasized already, not to think about magnitudes and directions as being
the defining properties of "vectors" in any way. We must be very careful
not to attribute any specific properties derived from special examples as
general properties of vectors in any abstract vector space.

Isomorphism -Two vector spaces U and V' (defined over the same field) are said
to be isomorphic if there exists a one-to-one and onto correspondencexu <> v
between every vector u € U and every other vector v € V that preserves the
linear operations, that is, auy + Sus <> avy + vy whenever u; <> v1 and ug <> v
for uy,us € U and v1,v2 € V. Such a correspondence is called an isomorphism.
If one is only interested in linear operations on vectors, then two isomorphic
spaces are indistinguishable from each other.

Definition: A set of vectors is said to be linearly independent if a linear relation

of the form
n

2 clk) =12) (2.9)

k=1

implies that ¢ = 0 for all k; otherwise the set of vectors is linearly dependent.

If a set of vectors is linearly dependent, then we can express a member of the
set as a linear combination of the other members of the set.

Examples:

1. Consider the set of vectors(3-tuples in this case)

1 0 0
1) =10 2)={1 3) =10
0 0 1

This set is linearly independent since

ay 0 0 ay 0
ap |1y +az|2) +a3|3)=| 0 |+]az|+] O |=|ax]|=|2)=]0
0 0 as as 0

implies that the only solution is

a1:a2:a3:0

2. Consider the set of vectors(3-tuples in this case)

1 1 0
1y =]-1 2) =1 13) =10
0 0 1
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This set is linearly independent since

ap ag 0 a] + ag 0
ar|l)+az|2)+az|3)=|a1 |+]|-az|+| 0 |=|a1-a2|=|2)=]0
0 0 as as 0

implies that the only solution is

ar+as=a1—-as=a3=0 or ai=az=a3=0

3. Consider the set of vectors(3-tuples in this case)

1 1 2
1) =11 2)=|-1 13)=10
1 0 1
This set is linearly independent since
ay ag 2@3 a; +as + 2a3 0
a1y +ag|2)+az|3)=|ar |+|-a2|+] O |= ai — as =10
ay 0 as a] +as 0
implies that the solution is
a1 +as+2az3=ay1—-az=ay+az=0 or az =ai,as3 =—-ap

Note: For simplicity and in all cases where no ambiguity will arise, we will
simplify the notation for the "null" vector from now on. We will write

n n

derlky=0 instead of > eklk) =|2) (2.10)
k=1 k=1

We say that an infinite set of vectors is linearly independent if every finite
subset is linearly independent. Alternatively, we can use this method: if the
determinant of the matrix formed by using the vectors as columns is equal to
zero, then the vectors are linearly dependent.

Definition: The maximum number of linearly independent vectors in a space
V is called the dimension of the space dim(V).

Definition: A set of vectors |k),k =1,2,3,...,n spans the space if every vector
|@) in the space can be written as a linear combination of vectors in the set

Q) = kz ax ) (2.11)

This linear combination, which is given by the coefficients g,k = 1,2,...,n is
unique.
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Definition: A set of vectors is a basis for the space if it is a linearly independent
set and spans the space, that is, if dim(V) =m, a set of m linearly independent
vectors is called a basis on V.

The set of vectors

1 0 0
1y =|o 12)=]1 3) =10 (2.12)
0 0 1

is the mazimal set of linearly independent vectors since any other vector |g) in
the space can always be written as a linear combination of them as

al O O al
|g) =a1|1)+a2|2)+a3|3) =10 |+ as | + 01]-= as (213)
0 0 as as

Therefore the dimension of this vector space is 3. This set of vectors is also a
basis. The basis is not unique since the set of linearly independent vectors

1 1 0
1y=1]1 2)=]-1 3y=10 (2.14)
0 0 1
also spans the space, i.e.,
ai C1 + Co
lg) =c1|1) +ca|2)+c3|3) =|az|=|c1+c2 (2.15)
as c3
implies that
201 =a] +as 202 =a;—az C3=as (216)

and, thus, this set is also a basis. Clearly, a basis spans the whole of V.

Definition: The coefficients in the expansion of an arbitrary vector |@Q) in terms
of a basis set |k),k=1,2,3,...,n

Q) = kZ ax k) (2.17)

are called the components of the vector |Q) in that basis.

Example: In the space of 3-tuples, a basis is represented by the three vectors
0

1 0
y=10 12)=|1 3)=10 (2.18)
0 0 1
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so that an arbitrary vector in the space can be written

ay 0 0 ay
lg) =a1|1) +az|2) +a3|3) =] 0 |+]az|+]| 0 |=]a2 (2.19)
0 0 as as

so that a1,a2 and ag are the components.

When we add vectors(must be defined with respect to the same basis) we simply
add their components

n

Q)+ IR = S alk)+ S rlk) = 3 (g + ) k) (2.20)
k=1 k=1

k=1

Subspaces - A subset of a vector space V', which is also a vector space, is a
subspace, that is, it contains all the linear combinations of any number of its
vectors - it said to be closed. The smallest subspace that contains the set S of
vectors is said to be spanned by S. We note that the intersection M NN - in the
sense of set theory - of two subspaces M and N is a subspace, but, in general,
their union M U N is not.

2.4 Inner Products

The vector spaces we have been discussing do not need to contain vectors that
have a well-defined length or direction in the ordinary sense (remember the
example of the 222 matrices). We can, however, define generalizations of length
and direction in an arbitrary space using a mathematical object called the inner
product. The inner product is a generalization of the standard dot product. I
will first discuss the inner product using standard mathematical notation and
then return to the Dirac language.

Definition: An inner product for a linear vector space associates a scalar (f,g)
with every ordered pair of vectors f,g. It satisfies these properties:

1.
(f,9) = complex number
2.
(f,9)=0(9:1)"
3.
(f7 C191 + ngg) = Cl(f, 91) + Cg(f7 92)
4.

(f, f) >0 with equality if and only if f = null vector

14



Now(2) and (3) above imply that

(crg1 +cag2, f) = c1(f,91) + c5(f, 92) (2.21)

Hence, the inner product is said to be linear in its second argument and anti-
linear in its first argument.

Definition: The non-negative number |f| = (f, f)/? is called the norm or
length of the vector f. Clearly, | f|| =0 if and only if f =0.

Definition: If the inner product of two vectors is zero, then the vectors are
orthogonal.

Definition: A set of vectors {f;} is said to be orthonormal if the vectors are
pairwise orthogonal and of unit norm. We can summarize this property by the
equation

(fir £3) = 6 :{ (1) z: (2.22)
where the symbol d;; is called the Kronecker delta.
Schwarz’s Inequality: scalar products satisfy
| (f.9) P< (f.)(9.9) (2.23)
Triangle Inequality: scalar products satisfy
I+l <171+ gl (2.24)

Equality holds in both cases only if one vector is a scalar multiple of the other,
i.e., f = cg where the scalar c is real and positive.

An inner product space is simply one in which an inner product is defined. A
unitary space is a finite-dimensional inner product vector space. In fact, every

finite-dimensional space can be made into a unitary space.

Examples:

1. For the case of n-tuples(an n-dimensional vector space)
f:(xlvx%x&“wxn)v ) g:(y17y2vy37"'ayn)
n
(f:9) = X =iy
k=1
2. For the case of square integrable functions

(£.9)= [ F@g@uw()da

where w(z) is a nonnegative weight function.
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When a vector @ is expanded as a linear combination

Q=) arfr (2.25)
k

of orthonormal basis vectors fj, the coefficients or components are given by the
inner product, i.e.,

(f5,Q) =Y. au(fj, fx) =D, 0kj = g (2.26)
k k
or
Q= (fr,Q)fx (2.27)
k

Of the two basis vector sets for the 3-dimensional vectors we looked at earlier:

1 0 0
1) =10 2) =11 [3)=1]0 (2.28)

0 0 1

is an orthonormal basis and

1 1 0
=1 2) = [ -1 3)=|0 (2.29)
0 0 1

is orthogonal but not orthonormal.
For later use we note the following.
Given two unitary spaces U and V, their direct sum W =U @V is the unitary
space consisting of the pairs {f.g} written f@g, f € U, g € V with the operations
defined by

arfi®g1+asfr®92=(a1f1 +asf2) ® (a1g1 + a2g2) (2.30)

(freg, f2092) = (f1.f2) + (91,92) (2.31)

This is a definition that can clearly be extended to any finite number of spaces.

2.5 Linear Functionals
Linear complex-valued functions of vectors are called linear functionals on V.

A linear functional T assigns a scalar value T'(f) to each vector f in the vector
space V, such that linearity holds

I'(cifi +caf2) =cil'(f1) + c2I'(f2) (2.32)

for any vectors f; and f; and any scalars ¢; and cs.
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The set of linear functionals on V form a linear space V' where we define addition
and scalar multiplication by

(T +T2)(f) =T1(f) +T2(f) (2.33)
() (f) = cl'(f) (2.34)

The vector space V' is called the dual space of the vector space V.

There is a one-to-one correspondence between linear functionals I' in V'’ and the
vectors f in V, such that the linear functional associated with f has the form

Ts(9)=(f.9) (2.35)

where f is a fixed vector and g is an arbitrary vector. This is called the Riesz
theorem.

Using the properties of the inner product we can show that

Ff + Fg = Ff+g and aFf = Fa"f (236)
or
Ty(h) +Ty(h) = Tsig(R) (2.37)
(f;h) +(g,h) = (f +g,h) (2.38)
and
al'y(h) = a(f,h) = (a"f,h) =Tasrs (2.39)

The scalar product is clearly antilinear in I' and linear in f.

The vector f that corresponds to a given linear functional I'; is easily found by
direct construction.

Let {a'} be a set of orthonormal basis vectors in V' (this means that (a;, ;) =
dij, and let

179

b= ey (2.40)
be an arbitrary vector in V. Then we have from its definition
Ff(¢) = Ff (chan) = Z Can(an) (241)

‘We now choose

f= Z[Ff(an)]*an (2'42)

Its inner product with the arbitrary vector ¢ is

(f,9)= (Z[Ff(an)]*ana Zcmam) = Z [Ff(an)]cm(amam) (2.43)

n n,m
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= Z [Ff(an)]cménm = Z[Ff(an)]cn = Ff(¢) (2.44)

n,m n

So the vector f corresponding to I'y is given by

f=2ITs(an)] an (2.45)

2.6 The Dirac language of Kets and Bras
Let us rewrite everything we have done so far in the Dirac language.

Vectors in the linear space V are called kets or ket vectors and denoted by |a).
Linear functionals I', in the dual linear space V' are called bras or bra vectors
and are denoted by (b].

There is a one-to-one correspondence between kets in V' and bras in V' or
between vectors and linear functionals. We will use the same label to denote
these corresponding quantities

la) < (a| (2.46)

The inner product between two vectors |a) and |[b) in V' corresponds to the
linear functional of the left-hand vector assigning a scalar value to the right-
hand vector

L.(b) = (a,b) = (a|b) = complex number (2.47)

The orthonormality property of a basis set {«;} is expressed by the linear func-
tional relation
(Oéi | CYj) = 5ij (248)

The expansion of an arbitrary state in an orthonormal basis is given by
lg) = Zan |an) (2.49)
n

and the expansion coefficients are

(am | q) = Zan (am | an) = Z nmn = Qm (2-50)

n n

Or @y, is the linear functional T, (q) of the state |¢) with respect to the corre-
sponding basis vector |ay,).

If we have two vectors |a) and |b) and we expand them in an orthonormal basis
set {a;} as
la) = Y- anlan) and [b) = 37 by o) (2.51)

> {a|b)=> arb, =(bla)" = (Zb;an) (2.52)
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where we have used the antilinear property of inner products that says that we
have the correspondence
cla) < ¢* (q] (2.53)

The linear functional itself is directly represented by the bra vector, i.e.,

(gl = Ty() = (0,+) (2.54)

In Dirac language, there is nothing to distinguish between the value of the linear
functional (g| for the vector |p) and the inner product of the vectors |¢) and |p).
They are both (¢q|p).

2.7 Gram-Schmidt Orthogonalization Process

An orthonormal basis set for an n-dimensional vector space can always be con-
structed from any set of n linearly independent vectors using the Gram-Schmidt
orthogonalization method.

Suppose that we have a set of n linearly independent vectors |a;),i=1,2,...,n
that are not a mutually orthonormal set. We can construct a mutually orthonor-
mal set |B;),i=1,2,...,n using the following steps:

1. let
|ﬂ1> = |041>

2. let

|B2) = |ag) + a1 |B1) where we choose a; such that (B |82) =

3. this gives
(B1]B2) =0=(B1]|az) + a1 (B1]B1)

_ (51 |Ol2>
a]=———-+
(B1] 1)
Now proceed by induction.
Suppose we have constructed k& mutually orthogonal vectors |3;),i=1,2,...,k.
If we let
k
‘ﬂk#—l |Oék+1 Z |/8j (2-55>
i (8 o)
| Qk+1
a;=———— (2.56)
T (B189)

then we have (3; | Br+1) =0 for j =1,2,..., k. These steps are repeated until we
have n mutually orthogonal vectors. We then normalize them to 1 and create
an orthonormal set.
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For example, suppose we have the set

1 0 1
lag) = (1) laz) = (1) laz) = (0)
0 1 1

These vectors are not orthonormal.

1. let
1
1B1) = |an) = (1) (Br]B1)=2
0
2. let
|B2) = |az2) + a1 |B1)
with
a _ (Brlag) 1
(BB 2
and thus
FRSINREE VNS o IRV PP Ae
2 2 9 2
3. let
|B3) = |as) + a1 |B1) + a2 |B2)
with
a1:—(61|a3>:—1 a2:—<62‘a3>:—1
(B1151) 2 (B2]B2) 3
and thus

2
1

We normalize the vectors by dividing by their respective norms,

N 1B |8i)
M6 = 11831 ™ TG By T2

The orthonormal set is then

1 (! 1 (7
|’Yl):\/§((1)) 72)2\/6(;) Iv3) =

20

Sl -

[

1
|ﬁg>:3(—1) (Balp) =5 (Bildh=0  (5a]6) -

(2.57)



2.8 Linear Operators

In general, an operator defined on a vector space maps vectors into vectors
Q:V =V, ie., if Q = operator and |k) = a vector, then Q |k) = |¢) = a vector(we
will use the ~ symbol on top to signify operators). We say that |¢) is the image
of |k) under the mapping Q. An operator is fully defined if we specify its action
on all vectors in its domain, which is the set of all vectors for which Q |k) for all
|k) is defined. Its range is the set of all vectors of the form Q|k) for all |k).

In the special case of a linear operator, the operator also satisfies the linearity
relation

Qa1 |k1) + as [k2)) = Q(ay k1)) + Q(az [k2)) (2.58)

In general, the operator A is linear if, for all 1f)slg) eV, A(f)+9)) = A|f)+A|g)
(aA)|f) = (@A|f) and A = 0 if and only if A|f) = 0 for all |f). The norm |A|
of the linear operator A is defined as the maximum of [A[f)] for all |f) such
that |||f) | < 1. The identity operator I is defined by I|f) = |f) for all |f).

Since any vector in the space can be written as a linear combination of a basis
set of vectors, we need only define a linear operator on the basis set and then

its operation on all vectors is known.

Quantum mechanics works exclusively with linear operators so we will just call
them operators from now on.

When are two operators equal?

In general, we say that two operators are equal, i.e., Q1 = Qg, when Q1 lp) =
Q2 |p) for all vectors |p) in the intersection of the domams of Qy and Q.

Using this equality idea we can define the sum and product of operators by

(Q1+Q2)|k> =Q1|k)+Q2 k) (2.59)
(Q1Q2) k) = Ql(Qz k) (2.60)
for all vectors |k). It is clear that these relations imply that
(Q1Q2Q3) k) = (Q1Q2)Qs k) = Q1(Q2Q3) |k) (2.61)
or o o
(Q1Q2)Q3 = Q1(Q2Q3) (2.62)
which corresponds to associativity. Now
(Q1Q2) k) = Q1(Q2) k) = Q1 |k2) = [k12) (2.63)
(Q2Q1) k) = Q2(Q1) k) = Q2 |k1) = k2 ) (2.64)
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does not imply that |kj2) = |ko1). Therefore, in general we have 0105 # 0201,
which corresponds to the noncommutivity of the two operators.

We define the commutator of two operators by
[Q1,Q2] = Q1Q2 - Q201 (2.65)

Two operators are said to commute if their corresponding commutator is zero
(the null vector).

The commutator will be a fundamental quantity in our discussions of quantum
mechanics.

2.9 An Aside : The Connection to Matrices

Now suppose that we have an N-dimensional vector space and we choose an
orthonormal basis set
{le;),i=1,2,...,N} (2.66)

In an N-dimensional space, we can always represent any vector as an N-element
column of numbers or as a column vector.

If we expand some arbitrary state |} in terms of this basis set and operate on
it with an operator @, then we have

18) = Qla) = QY eilai) = Z;CiQ|Qi> (2.67)

i=1

where |3) is another vector in the same space since @ is a linear operator.

Now expanding the vector |3) in the same basis set as
N
= > dilai) (2.68)
i=1

and constructing the linear functional(inner product) of |3) = Q |«r) with respect
to |g;) we get

N . N
(g Qo) = kuQZczlqz Yeilarl Qlas) = (ar|B) =D dj {qe|q;)  (2.69)
i=1 j=1

Using the orthonormality property of the basis set

(ar|q;) = Ox; (2.70)
we get

N
(a1] Qlai) = Z d;0y; = dy, (2.71)
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If we define the numbers Qg; = (qx| Q |¢:) we get the relation
N A
>, Qrici = dy, (2.72)
j=1

Clearly, this has the form of a matrix equation where Qp; = (gl Q lg;) is defined
as the (ki)-matrix element of the operator ). In this case, we would have the
representation

(Qij) = N x N matrix (2.73)
(¢;) = N x 1 column matrix (2.74)
(d;) = N x 1 column matrix (2.75)

and the matrix equation (using matrix multiplication) represented above is Qc =
d.

All finite dimensional vector space operator equations can be turned into matrix
equations in this manner.

2.10 More about Vectors, Linear Functionals, Op-
erators

We have discussed what happens when an operator acts to the right on a ket
vector. What about acting to the left on a bra vector, i.e., what is the meaning
of the quantity A

(6l (2.76)

Since the bra vector is really a linear functional we must be careful and look
very closely at the mathematical content of the above quantity. Remember that
the definition of the linear functional was

(qlp) =Tq(p) = (¢,p) (2.77)

The standard definition (in terms of inner products) of the adjoint operator QT,
of the operator @), in a linear vector space is

(Q'q,p) = (¢,Qp) (2.78)

The adjoint obeys the following properties:
AT = Al  (ADT=A4  (A+B)f = AT+ B (2.79)
(QA)T - ot At (AB)T = BT AT (A—l)f _ (/Aﬂ)*l (2.80)

If we define a new vector ¢ by the operation QTq = ¢, then using the definition
of the adjoint operator we have

Ty(p) = (6,p) = (QTa.p) = (¢,Qp) = To(Qp) (2.81)
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We want the action of an operator on the bra space of linear functionals or bra
vectors to create a new linear functional or bra vector in the same way that
it does for ket vectors. We can guarantee this by defining the operation of an
operator on the bra space of linear functionals by

qu(p) = Pq(Qp) (2.82)

Using this new definition and the definition of a linear functional, we then have

QT y(c1p1 + cop2) = Ty (Q(cip1 + cap2)) (2.83)
= 10g(Qp1) + c2lg(Qp2) (2.84)
= C1qu(p1) + CzQFq(Pz) (2.85)

which says that QT (...) itself is also a linear functional.

Thus, our definition of how an operator acts on the bra space of linear functionals
simply says that it creates a new functional as we desired.

With this definition, we then have
QTy(p) =T(p) = (¢,p) = (Q'q,p) = (¢, Qp) = T4(Qp) (2.86)

or, since (QTq, p) = Fqu(p)a the relationship among linear functionals is

QUq(--) =T a1, (p) (2.87)

In terms of bra and ket vectors, this says that if (¢| and |q) are corresponding
bra and ket vectors(remember, the Riesz theorem says there is a unique bra
vector for each ket vector), then

Qla)=18) and (g Q"= (s (2.88)

should also be emphcorresponding bra and ket vectors.
Since (3|p)" = (p|B) we then have that

(d Q" Ip)" = (p| Qla) (2.89)

for all p and ¢. This relation is equivalent to the original inner product relation

(Q'q.p) = (¢.Qp) (2.90)

The end result of this discussion is that (| Qt = (8| is the bra vector(linear func-

tional) corresponding to the ket vector @ |g) = |3). Since the adjoint operator
satisfies the relations

(@)'=cQ' QR =RQT  (@+R=QI+R (o)
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we can define another product among the bra and ket vectors, which is an
operator rather than a scalar as in the case of the inner product. It is called the
outer product and, in the Dirac language, has the form

lg) (pl (2.92)

It is clear that the outer product is an operator since its action on any other
vector always results in a vector

(Ig) (pD) [s) = lg) (p|s) (2.93)

We also have that

(al () D) [p))* = (pl (la) (p]) la) = (pla) (pla) = (a|p) (a|p))* (2.94)

(al (l2) (e Ip)) = (pla) (p|q) (2.95)
which implies that
() (D' =1a) (pl (2.96)

This type of operator will be very important in our later discussions. The special
case

p) {p| (2.97)

is called a projection operator because it picks out the component of an arbi-
trary state vector in the "direction” of the vector |p).

Projections operators (and linear combinations) will be the mathematical ob-
ject with a direct connection to physical states and measurements in our later
discussions.

Example in a Finite Dimensional Vector Space

Let us consider the 2-dimensional vector space spanned by the orthonormal

basis set
m-(s) @-(}) (299)

We can define two projection operators as
Pi=)(1]  P=[2)(2 (2.99)

The matrix representation of these two projection operator is easily found using
(1]1)=(2]2) =1 and (1]2) =(2]1) =0 and Q; = (k| Q|i). We have

5y ((UP[1) (1 Pr]2)
(Pl)‘(<2| 1) <2|P1|2>) (2.100)
:(<1|1><1|1> <1|1><1|2>)_(1 0)
(211)(1]1) (2]1)(1]2) 0 0



3 (1 Py [1) <1|132|2>)
b)) = . R 2.101
E=(Glah Gla (2100
:(<1|2><2|1> <1|2><2|2>):(o o)
(212)(2]1) (2]2)(2]2)) \0 1
Now consider an arbitrary vector in this space
|@:(m):aﬂﬂ+aﬂ% (2.102)
az
We then have (using both Dirac and matrix languages)
Pila) =ay [1)(1]1) + a2 [1) (1]2) = a1 |1) (2.103)

~ ay\ _ 1 0 ar) _[(a1) _ 1
) D) Gel)
and the projection operator performs as advertised.

We note that (at least in this special case)

o= o)+ (0 1) (5 Y) (2.105)

=]= identity operator

or
(P) +(Py)la) = ({1]1) + (2]2) |a) (2.106)
=;mUMFMFﬂ@

where we have made use of the expansion formula for an arbitrary state in an
orthonormal basis.

Return to Gram-Schmidt
As before, suppose we have a set of linearly independent, but non-orthogonal

vectors |i) in an n-dimensional linear vector space, we can construct a set of
orthogonal vectors |a;) as follows:

loa) = (1) az) = [2) - |aa) (a1 |2) (2.107)
where R
|a1) (o] = Pa, = projection operator (2.108)
Then .
a2} = 2) - Pu, 2) (2.109)
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As earlier, the fact that this type of operator is a projection operator is shown
clearly by considering its effect on an arbitrary vector

Q) =aq1[1) +q212) + g3 [3) + ... = X i i) (2.110)
Then using

Py, = la) (o] (2.111)

we get
Po Q) = i Pa, [i) = Y ai an) (o 1) = Y i on) i = g o) (2.112)

or
>l ) {an| = I = identity operator (2.113)

n

which makes perfect sense since if you project out all components of a vector
you just get the vector back! This generalizes the earlier result we found in the
2-dimensional space. This Dirac language is very interesting!

We can then write a general Gram-Schmidt procedure as

aa)=[1)  Jag)=(1-Pa)2)  Jag) = (1= Pay = Pay)13)

which is rather neat. This shows the power of these projection operators and of
the Dirac language.

Important Point - Looking at the equations

Qlg)=18) and (gl Q"= (8| (2.114)
we might be tempted(as is the case in many textbooks) at this point to write
(la)" = (al (2.115)

This might seem to make sense in a finite dimensional vector space where we
can always treat kets as column vectors and bras as row vectors. However, the
adjoint symbol is really only defined for operators and not for vectors, so one
should exercise great care before generalizing this result, especially in infinite
dimensional spaces!

Finally, we define a property of an operator called the trace as

TrQ = > {q;] Qlg;) = sum of diagonal elements = Z(Q)” (2.116)
J J
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2.11 Self-Adjoint Operators

If we have an operator () where the adjoint satisfies the relation

(ad Q' Ip) = ((p| Qlg))* (2.117)

then Q is a Hermitian or self-adjoint operator.

In a finite-dimensional space, we can look at the matrix elements corresponding
to a Hermitian operator. Let

N
p) = ;ai lgi) (2.118)
We have X )

(0] QIp)" = (P Qlax) (2.119)

N N .
<Qk|QZai lgi)” = Zaf (@il Qlaw) (2.120)

N X N )
2 ai (ol Qlai) = 3 ai (il Qlax) (2.121)

N

> a;i[(ar Qlai)" ~ {ail Qlax)] = 0 (2.122)

I
[

(2

where we have used the antilinear property.

This says that the matrix elements of a Hermitian operator satisfy

Qri=Qu or  Q'=Q (2.123)

as we saw above.

If I:{, f( are Hermitian, then so are H+K, z[ﬁ, f(], and aH for all real «, and
A:fH A for any operator A, but HK is Hermitian if and only if the commutator
[H,K]=0.

The Hermitian operator H is positive if (f, Hf) = (f1 H|f) >0 for all |f); note
that if the equality holds for all |f), then H = 0. If H is positive, then it obeys
the inequality

(. Ho)l” 2 (f,H[)(9,Hg) (2.124)

called the Schwarz inequality for positive operators.

If KT =-K , then the operator K is called antihermitian; clearly, iK is Hermi-
tian. An arbitrary operator A can always be written as the sum A= H + K4
of its Hermitian part

(A+ AT (2.125)



and its antihermitian part
1 - ~
= 5(A—AT) (2.126)

Hermitian operators will be very important in our discussions because they will
represent measurable quantities or observables.

2.12 Eigenvalues and Eigenvectors

Suppose that an operator Q acting on a particular vector |3) returns a scalar
multiple of that vector

Q|B) =b18) (2.127)

The vector |3) is then called an eigenvector and the scalar b an eigenvalue
of the operator Q. Using the definition of the adjoint Q' operator and the
antilinear correspondence between bras and kets, we then also must have (using
any arbitrary vector |a))

(| Q[B)" =b" (| B)" (2.128)
(B1Q" |or) = b* (B ) (2.129)
(B1Q"=b" (8] (2.130)

Now we assume that Q is a Hermitian operator and that Q|3) = b|3) again.
The Hermitian property says that

(B1Q18) = (B1QI8) = (B1QIB) (2.131)
(B1018) = (B]b]8)" (2.132)
(b-0")(B[B)=0 (2.133)

b=0b" (2.134)

where we have assumed that (3]3) # 0. This means that all of the eigenvalues
of a Hermitian operator are real. Following this up, if Q) is a Hermitian operator
which satisfies

QI8 =b|8) with Q=QF (2.135)
then A
(BlQ=0b(p (2.136)

or the ket vector and its corresponding bra vector are eigenvectors with the
same eigenvalue.

Suppose that we have two eigenvectors |a) and |3) of a Hermitian operator Q
with eigenvalues a and b, respectively. We then have

Qla)=ala) and Q[B)=b|B) (2.137)
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0=(a]Q[8) - (81 Q"e)" = (] Q18) = (A1 Q)" (2.138)

0=b{alg)—a* (Bla)’ = (b-a) (a] B) (2.139)

This implies that eigenvectors corresponding to distinct(different) eigenvalues
(a # b) are orthogonal, i.e., {(a|SB) = 0.

If a = b, that is, the two eigenvectors correspond to the same eigenvalue, then
they are called degenerate eigenvectors. In this case, we have that

Qla)=ala) and Q|B)=alB) (2.140)

Now, any linear combination of the degenerate eigenvectors is also an eigenvector
with the same eigenvalue as can be seen below

Qler|a) +c218)) = c1Qa) + 2Q|B) (2.141)
=crala) + caalB) = a(er |a) + ¢2|B))

It is, therefore, always possible to replace a nonorthogonal but linearly indepen-
dent set of degenerate eigenvectors by linear combinations of themselves that
are orthogonal (using the Gram-Schmidt process). For the case of two states
above, the orthogonal set is easy to find, namely

1) =le) +18)  12) =la)-1B) (2.142)

The number of distinct vectors corresponding to a given eigenvalue is called the
multiplicity of that eigenvalue. Non-degenerate eigenvalues are called simple.

We will always assume that we have already carried out this orthogonalization
process and that the set of eigenvectors(for both non-degenerate and degenerate
eigenvalues) of any Hermitian operator is an orthogonal set.

If the norms are all finite, then we can always construct an orthonormal set
where
(ai | O[j) = 5ij (2143)

The set of eigenvalues of an operator A is called the spectrum of A.

In an m-dimensional space H choose a matrix representation in which A =
(Aij), g = (7). Written in this representation, the eigenvalue equation Ag=\g
becomes a system of m homogeneous linear equations in the -;. The eigenvalues
A are the roots of the algebraic equation of degree m

det(AZ-j - )\(5”) =0 (2144)

known as the secular equation, which expresses the condition for the homoge-
neous system of equations to have non-trivial solutions. In an m-dimensional
space every operator has at least one and at most m distinct eigenvalues. If
all the eigenvalues of an arbitrary operator A are simple, then there are m lin-
early independent eigenvectors of A but there may be fewer if A has multiple
eigenvalues.
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2.13 Completeness

A set of orthonormal vectors {Jax),k = 1,2,3,...,N} is complete if we can
expand an arbitrary vector |n) in terms of that set, i.e.,
) =2 a;la;) (2.145)
J

The orthonormality condition then allows us to calculate the expansion coeffi-
cients a; as

{on|n) = D0 a {anlag) = 3 a;ok; = a (2.146)

This implies that(remember the 2-dimensional example earlier)

Z|O‘J (ajln) = (Z|aj O‘J|)|77> (2.147)

or
> le) (aj] = I = identity operator (2.148)
J

This result is quite general.

For any complete set of vectors {|gx),k =1,2,3,..., N} the sum over all of the
projection operators |qx) {qx| is the identity operator. This is one of the most
important results we will derive. It will enable us to perform very clever tricks
during algebraic manipulations. It is fundamentally linked to the probability
interpretation of quantum mechanics as we shall see later.

If a set of vectors {|gx),k=1,2,3,..., N} are eigenvectors of a Hermitian oper-
ator @, then we will always assume that they are a complete set. Thus, if
Q lgk) = ax lax) (2.149)

then we can always write

Qj = Z (IJ| = ZCIJ |(IJ QJ| (2.150)
J

which completely expresses an operator in terms of its eigenvectors and eigen-
values.

Since we can use the same argument to show that

Q"=Q"T=Q" X laj) (a1 = 245 las) (g (2.151)
J J

we then have for any function f(x) that has a power series expansion of the
form

f(@) =3 cpat (2.152)
k

31



that

f(Q) f(Q Z|% QJ|—ZZk:Cka|Qj)(Qj|

£(Q)
Z;quj laj) (a;] = Zf(qj)lqj)(qu (2.153)

For a finite dimensional space, it can be shown that the eigenvectors of a Her-
mitian operator always form a complete set and all of the above relations hold.
For infinite dimensional spaces the proof is not easily carried out in general (it
is usually true however).

Before proceeding to a general discussion of the eigenvalue spectrum, the spec-
tral theorem and the problem of continuous eigenvalues let us expand our knowl-
edge of some of the objects we have already defined and add a few definitions
that will be useful.

2.14 Expand Our Knowledge - Selected Topics

2.14.1 Hilbert Space

In an infinite dimensional space, we must determine whether the sums involved
in many of our definitions converge. If they do not converge in some expressions,
then the corresponding definitions are not valid. In addition, we must clearly
state what is meant by a linear combination of an infinite number of vectors?

We assume that an infinite linear combination

[}

Z ak |qx) (2.154)

is defined if the sequence of partial sums

|an) = Zn: ar |qx) (2.155)
k=1

converges as n — oo or, equivalently, that |o,) - |a) as n - oo, where this
convergence is defined by the norm relation

le) =lan) | = 0asn — oo (2.156)

The vector |a) is called the limit vector of the sequence. A sequence of vectors
|aey,) is called a Cauchy sequence if

[Hewm) =lem) [ = 0asm,n — oo (2.157)

A space is complete if every Cauchy sequence of vectors converges to a limit
vector in the space.
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If a linear space with an inner product defined is complete, then it is called a
Hilbert space.

A Hilbert space is separable if it has an orthonormal basis consisting of a count-
able (finite or infinite) number of vectors. Note that every finite-dimensional
space is complete(as we assumed earlier).

If a set of n vectors {|gx) is such that every sequence of vectors in the set

lom) = kilak lgx) (2.158)

has a limit vector also in the set, then the set is closed.
Some examples are:

Space ¢2: this is the space of infinite sequences

such that

oo
3 |zl? is finite
k=1

This space is a separable Hilbert space. It has an orthonormal basis consisting
of

lg1) = (1,0,0,0,...) lg2) = (0,1,0,0,...) lgz) = (0,0,1,0,...)
since

(e}
(.131,.132,.133, ...... )= Zl‘k|qk)
k=1

Space L?(a,b): this is the space of square integrable functions on the interval
(a,b). It is a separable Hilbert space. If we choose the interval (0,1), then
we have the space L?(0,1) of square integrable functions f(z) on the interval
0<z <1,

Another example comes from the theory of Fourier series, which says that the
set of orthonormal vectors (or functions in this case)

1,\/§COSQ7T]€$ and sin27kzx fork=1,2,3,...
form an orthonormal basis.
If a set of vectors within a larger set is closed and both the larger set and the

smaller set both form linear vector spaces, the smaller set is called a subspace
of the larger set.
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A subspace of a separable Hilbert space is also a separable Hilbert space.

If R is a subspace of a separable Hilbert space, then the set of all vectors which
are orthogonal to every vector in R is called the orthogonal complement R, of
R. R.is also a subspace.

A Hilbert space preserves the one-to-one correspondence between the kets in
the space and the bras or linear functionals in its dual space.

2.14.2 Bounded Operators
A linear operator Q is continuous if
Qlan) — Qla) (2.159)
for any sequence of vectors |a,,) which converge to the limit vector |a).
A linear operator is bounded if there exists a positive number a such that
|Qle) [ <alla) | (2.160)
for every vector |a) in the space. The smallest a is called the norm | Q| of Q.

A linear operator is continuous if and only if it is bounded. Every operator

on a finite-dimensional space is bounded. A bounded linear operator on an

infinite-dimensional space can be represented by an infinite matrix.

2.14.3 Inverses

A linear operator Q has an inverse if there exists a linear operator M such that
MQ=1=QM (2.161)

We denote the inverse of Q by M = Q.

In an n-dimensional vector space with a basis set {|qx),k = 1,2,3,...,n} , a

necessary and sufficient condition for a linear operator ) to have an inverse is
any one of the following (all are equivalent):

1. there is no vector |x) (except null vector) such that Q|x) = 0.
2. the set of vectors {Q lgx), k=1,2,3,...,n} is linearly independent.
3. there exists a linear operator M such that MQ =]= QM

4. the matrix corresponding to @ has a nonzero determinant.

34



We defined the matrix elements with respect to a basis set by Qij = {qi] Q lg;)-
The determinant of a matrix is defined by

det(Q) = . Z €irigin@in1Qiz2 - Qinn (2.162)
11%2...9n

where €;,,.. 4, is the permutation symbol of order n (n indices) which is defined

by

n

+1 if 4145 ...14, is an even permutation of 123...n
€irig..i, =1—1 if i195...7, is an odd permutation of 123...n (2.163)

0  if any index is repeated

Example: in the 3 x 3 case:

A A Agg 3
det| A1 Asy Ass|= > €jpAindjedis
Ag1 Asp Agz) okl

= €123 A11 oo Azz + €130 A11 Az Aoz + €213 A21 A12A33

+ €231 Ao1 Aza A1z + €312 A31 412 A23 + €321 A31 A22 Ars
= A11AgoAzz — A1 A3p Aoz — Ao1 A12 Az

+ Aoy Az Ay + Az1 A1o Ags — Az1 Ao A

where we have only included the nonzero terms(no repeated indices).

We note that Rules (1), (2), (3) are not sufficient conditions in the infinite-
dimensional case.

Finally, if two linear operators have inverses, then the inverse of their product
is

(MN)?=N"'M! (2.164)

2.14.4 Unitary Operators

A linear operator G is unitary (orthogonal if we have a real linear space) if it
has an inverse and if |G|a) | = || |e) || for every vector |a), i.e., unitary operators
preserve norms or lengths of vectors.

IfGisa unitary operator, then a more general result is

lo1) =G A1) and  |az)=G|B:) implies  (o1|as)=(B1|B2) (2.165)

or unitary operators preserve inner products and not just norms. Using the fact
that (1| = (81| G, we then have, for a unitary operator G

(g |ao) = (B1|GTGIB2)  or GIG=1 or GI=G? (2.166)
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i.e., the inverse is the Hermitian conjugate or adjoint.

In addition, the action of a unitary operator on a basis set preserves the fact
that it is a basis set.

The evolution of quantum systems in time will be given by a unitary operator.
The inner product preserving property will be connected to the probability
interpretation of quantum mechanics.

2.14.5 More on Matrix Representations

Let {|b;)} be an orthonormal basis on an m-dimensional space. An arbitrary
vector |g) can be written in terms of its components 7; = (b;|g),i=1,2,...,m
as

l9) =22 7i [bi) (2.167)
Given an operator A, the vector |h) = A|g) has the components

n; = (bil (Alg)) = (bil Alg) = 325 (bil Alby) (2.168)

One can identify the vectors |g) and |h) with column matrices formed by their
components

M m
9y =1 7 hy=| "™ (2.169)
Tm Im

In fact, the vector space of column matrices with the usual definitions of addi-
tion of matrices and multiplication by a number is isomorphic with . With
these definitions, the operator A can be identified with the square matrix whose
clements are the m? numbers A,; = (b;| A |b;)

A A o A
A A1 Az ... Aszp (2.170)
Apr Ame ... Anm
With these identifications, the components 7; can be rewritten as
i =, Aijb; (2.171)
J
This is an expression which is identical to the matrix equation
m Apn A .o Ay 71
| _| Az A ... Asm || 2 (2.172)
Tim Ami Am2 ... Amm Tm
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or more succinctly (7;) = (4;;)(b;).

When the above identifications are made we speak of the matriz representation
of H with respect to the basis {b;}, or simply the {b;}-representation of H.

If in a given representation A = (A4;;) and At = (Azj), then AJr = Aj; thus,
if A is hermitian, Aij = Aj;. The representation of the identity operator with

respect to any orthonormal basis is the identity matrix (J;;). The inverse At
exists if and only if the determinant det(A;;) # 0; then A7 = cof (Ay;)/det(Aiz)

(cofactors). The matrix elements of a unitary operator U satisfy the relation .

Change of Representation - Let {|b;)},{|b;)} be two bases on H. What is

the relationship between the representations of a vector |g) and an operator A
with respect to the bases {|b;)} and {|bi>}?

Consider first the vector |g) and let v; = (b; | g) and 7; = (Bi | g> be its components
along |b;) and |b;) respectively. Since

[0:) = 37 {0; [0i) 165) (2.173)

J

we have

i={bifg)

J
Defining the matrix S = (5;;) = (bJ | Z> we can write ; = (.S;;)(75)-

> (b;|b:) (b | 9) (2.174)

The matrix S is unitary in the sense that
Zsm k= (2.175)

Instead of thinking of S as a matrix performing a change of bases we can think
of it as a unitary operator that generates a unitary transformation of mathcal H
onto itself given by the correspondence

I7)=5|f) A=SAS (2.176)

For any vectors |f),|g) and any operator A we then have

(Fla)=(fla)  (F]Alg) = (f1Alg) (2.177)

2.14.6 Projection Operators

Suppose we have a vector |o) in a separable Hilbert space. The associated
projection operator P, is a linear operator in Hilbert space whose action on
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any other arbitrary vector in the space is to project out the component of that
arbitrary vector along the vector |a), i.e.,

P,|8) = ala) (2.178)

where a is a scalar and |3) is any arbitrary vector. This is a projection operator
of the entire Hilbert space onto a one-dimensional subspace, namely, the single
vector |a).

Since, by definition, P, |a) = |a), all projection operators satisfy the following
property: o . .
P,P,|B) = aP,|a) =ala) = P, |B) (2.179)

(P2-P)|B)=0 or P2=P, (2.180)

If |r) is an eigenvector of P,, such that P, |rr) = r|r), then we have

}5&2 |r) = r]sa |r) = r? ) (2.181)
(P2-P)|r)=(%=r)|r)=0 (2.182)
2-r=0 -r=0,1 (2.183)

The eigenvalues of any projection operator are 0, 1.

In general, any operator that satisfies the relation A2 = A is called idempotent
and has eigenvalues 0,1.

Two projection operators Pal and Paz are orthogonal if, for any arbitrary vector

18)
n) = Py, |B) and |o)=P,,|8) implies that (n|c)=0 (2.184)

The scalar constant in the equation P, |3) = a|a), since it is the component of
the arbitrary vector along |«), is related to the inner product of the arbitrary
vector with |a) by a = (| 8), which implies that

Py |B) = (a| B) o) = (|v) (a]) 16) (2.185)

B, =) (al (2.186)

For an orthonormal basis set {|¢;)}, where (g;|q;) = d;j, we can define a set of
projection operators { P;}, where each projection operator is given by

Dy = lar) (ax| (2.187)

We then have
WPy = 0Py orlai) {ai) lay ail = 8ij laz) (] (2.188)
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so the projection operators are mutually orthogonal in this case.

As we stated earlier, the set of projection operators satisfies a completeness
property, i.e., for any vector we can write

)= {a ¥) lar) = Z|Qk (ar|¥) = P (ZP/«)W) (2.189)
k k k
This implies

S Pe=1=73lar) (axl (2.190)
k k

This relation is very powerful and allows us to easily do algebra using the Dirac
language by judicious insertion of I operators.

Some examples are:

" (1) = (01718) = 2 {0l o) () 19) = 3 ) 5
2.
(a]Q1B) = (ol QI |B)
- (ol Slan) sl @ (z|qj qj)m
%%ﬁ (ol ar) (ax] Qlg;) (a5 1 8)
3.
Q1) = 1Q19) - (L) (] Q191 = X0 Q13) )
4.

(2| ORI) = (ol IQTRT|3)
- (ol (Slan o) Sha) qz)R(Zlqﬁ(%l)lﬁ)
:;ZZ (ol ar) (ar Qlai) (il Rlgj) (a;18)

2.14.7 Unbounded Operators

Many of the operators we shall deal with in quantum mechanics are not bounded.
An example is easily constructed in the space L?(-o0,00) of square-integrable
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functions f(x) for —co < x < co. Let X be a linear operator defined by the
equation A
X f(z) =zf(x) (2.191)
where z is real. This is a Hermitian operator since
0. X0 = [ g @Xf@)de= [ g @ef@)de= [ ag'@)f(@))ds
- [Tleg@V f@)de = [T [Xg@)] f@)de= (Xg.0)  (2192)

provided that all the integrals converge. It is not bounded since

X712 = [ lef@)P)d (2.193)

is not necessarily finite even if

1712 = [ @) do < oo (2:194)

2.15 Eigenvalues and Eigenvectors of Unitary Op-
erators

We need to cover a few more details in this area. If [7 is a linear operator which
has an inverse U ~1. then the operators UQU ! and () have the same eigenvalues,
that is, if Q|a) = a]e), then

UQU X (Ula)) =UQ|e) = ol |a) (2.195)

which says that U QU' ~1 has the same eigenvalues as Q and its eigenvectors are
Ula).

The eigenvectors and eigenvalues of unitary operators have these properties:
1. the eigenvalues are complex numbers of absolute value one
2. two eigenvectors are orthogonal if they correspond to different eigenvalues

3. in a complex finite-dimensional space, the eigenvectors span the space

2.16 Eigenvalue Decomposition

Let us now look deeper into the representation of operators in terms of their
eigenvalues and eigenvectors.

As we stated earlier, for a finite-dimensional vector space, the eigenvectors of a
Hermitian operator always form an orthonormal basis set or they always span
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the space.

Suppose we have a Hermitian operator B with eigenvectors {|by),k=1,2,3,...,n}
and eigenvalues by, where R
B{|bx) = bx{|bx) (2.196)

Labeling the states by the eigenvalues as above will become a standard practice
as we get into quantum mechanics.

We showed earlier that we could represent an operator by the expression
B =3 bi[b;) (bl (2.197)
J

in terms of its eigenvalues and the projection operators constructed from the
basis set (its eigenvectors).

2.17 Extension to Infinite-Dimensional Spaces

We now extend the properties we have been discussing to infinite-dimensional
spaces.

First, we extend the properties of projection operators. The projection opera-
tors we have been considering are a special case of a more general definition. In
particular, the projection operator we have been discussing P, = |a) (o projects
the vector space onto the 1-dimensional subspace spanned by the vector |a).

We extend the definition by defining a projection operator onto larger subspaces.

Let Ey be a projection operator onto the subspace M (not necessarily 1-
dimensional). This means that for any vector |n) in the space, there are unique
vectors |n),, in M* which is called the orthogonal complement of M, such that
we can always write

) = 1m) s + M) ar, (2.198)

and R
En[n) =)y (2.199)

for every |n) in the space. The operator P, = |a)(al is clearly a special case
where the subspace M contains only one vector, namely, |a).

The more general projection operators Eu satisty all the same properties listed
earlier for the single-state projection operators P,.

If Ey is the projection on the n-dimensional subspace N, one can select an

orthonormal basis {|b;)} on H, n of whose vectors |b1),...,[b,) form a basis on
N. In the corresponding representation En has the n diagonal matrix elements
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(EN)kk, k=1,...,n equal to one and all the others equal to zero.

Example: Given the 2-dimensional space C' spanned by the basis

o) we(l

The projection operator onto the 1-dimensional space A (|b1)) is

B = )

The projection operator onto the 1-dimensional space B (|b2)) is

Ba= o) sl (g )

Note that Ae B=C, B=A,, A=B,.

Before proceeding further let us look at the properties of projections and expand
on our earlier discussions.

Let M c H be a subspace and M* its orthogonal complement. Every vector
|h) can be written in a unique manner as |h) = |f) + |g), with |f) € M,|g) € M*.
|f) is called the orthogonal projection of |h) on M. The linear operator E;
defined by |f) = Epr|h) is called the projection operator on M. Its domain is
the whole space and its range is the subspace M. We say that Eu projects
on M. In general, an operator which projects on some subspace is called a
prOJectlon operator. An operator E is a projection operator if and only if
F?2=F and BT = E. Let EM and EN be the projections on the subspaces M
and N respectively. The product EMEN is a projection if and only if both
operators commute, in which case EvEy projects on the intersection of M and
N. The sum EM + EN is a projection if and only if EMEN 0 , which means
that M and N are orthogonal. In that case, Eyv+En projects on M @ N. The
difference E v - Exis a projection operator if and only if EME N = EN, which
is equivalent to M € N, i.e., N is a subset of M or N is contained in M. In this
case |[En |f) ] < |Eas|f) ]| for all |f) € H and we write Ex < Eny.

The dimension of a projection operator E\ is the dimension of the range M.
Any two vectors |f),|g) determine the operator |f) (g| defined by (|f) (g]) |h) =
(gh)|f). We have (|f)(g])T = |g) (f|. In particular, |f)(f| is Hermitian and, if
|f} is normalized, it is the one-dimensional projection whose range is |f).

A subspace M is invariant under an operator A if for all vectors |f) e M we

have A|f) e M. If, furthermore, Alg) € M* for all |g) € M*, that is, if both
M and M*' are invariant under A, then the subspace M is said to reduce the
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n

operator A. The statements "M reduces A" and "A commutes with E;" are

equivalent.

Let M be invariant under A. With |f) and |g) given as above, we have

(ATg) 1) = (gl A) 1)) = (gl (A1) = (gl A|f) =0 (2.200)
Therefore, A lg) € M* or, equivalently, M* is invariant under At

From this result, one sees immediately that if M is invariant under the hermitian
operator B , then M reduces B. The same is true if U is unitary because then,
from R . o

TN Tlg)) = (FIUTTg) = (flg) =0 (2.201)
we conclude that U|g) , being orthogonal to U|f) , must be in M*. If no
subspaces other than # (the entire space itself) and {0} = @ reduce every
member of a set of operators, then the set is called irreducible. It follows that
a set of operators is irreducible if and only if the only operators that commute
with every member of the set are multiples of the identity. If there is a subspace
that reduces every operator of the set, then the set is said to be reducible. Now
let W be a hermitian operator with r distinct eigenvalues A\;,¢ = 1,...,r. In
addition, let M; and E; be the eigensubspace and eigenprojection belonging to
the eigenvalue A;. M; is invariant under H and reduces W or, equivalently,
E;W = WE;. The subspace M = @;M; spanned by all the eigenvectors of 1474
also reduces W and the corresponding projection operator

E=YE; (2.202)
commutes with W.

This result has the following important consequence: the eigenvectors of a Her-
matian operator span the whole space, that is, E = I or M = entire vector space,
which generalizes the ideas we found earlier.

Regarded as an operator on M; , the operator 144 multiplies every vector by
the number ;. Therefore, it is equal to A\;/ and the multiplicity A; equals its
degeneracy. One can write W as the direct sum &;\;I; or equivalently, as the
sum

S NE; (2.203)
i
in terms of the eigenprojections on the vector space.

Collecting together all these results, we have the simplest form of the spectral
theorem in a unitary space.

To every Hermitian operator W on an m-dimensional unitary space there cor-
responds a unique family of non-zero projection operators, the eigenprojections

of the space, E;, i=1,...,r, 7 <m with the following properties:
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1. The projections E; are pairwise orthogonal
EiE; = B;dy; (2.204)
2. The family of projections is complete

> Ei=1 (2.205)

3. There exists a unique set of r distinct real numbers A;, the eigenvalues of
W, such that

W= Y AL (2:200)
i=1

This expression is the spectral resolution of W.

The range of E; is the eigensubspace M; belonging to \;. Its dimension is the
degeneracy or multiplicity s; of A;. On it one can construct an orthonormal
basis {|b]), r = 1,...,s;. It follows from the completeness of the family E;
that the union of all those bases {|b), r =1,...,s;, i = 1,...,m constitutes an
orthonormal basis on the vector space One often expresses this fact by saying
that W possesses a complete set of eigenvectors.

It is an immediate consequence of (1) and (2) above that for every vector |f)
we have (f| E;|f) >0 and

Y AfIEf) =1 (2.207)
that is, for each vector and each family of projections, the set of numbers P; =
(f| E; |f) constitutes a so-called discrete probability distribution. This will be of
fundamental importance in quantum theory as we shall see later.

Two hermitian operators
z OziEi and Z ,Bzﬁ‘l (2.208)
i i

commute if and only if every pair E;, F; of their eigenprojections commute.

From the orthogonality of the projections in the spectral resolution of W we
have for every normalized vector |f)

W2 = (FIW2 1) = 2N (FLEaLf) < A7, (2.209)

where )\, is the largest eigenvalue and the equality holds for |f) in the range of
E,,. Tt follows that the norm of W is |A,,]-

Functions of a Hermitian Operator - Using the spectral resolution of a
Hermitian operator

O= \E; (2.210)
=1

44



one can verify that for a non-negative integer n one has
A r A
Q" = Z A E; (2.211)
i=1

(also valid for negative n if all \; are non-zero). This property suggests the
following definition of a function of a Hermitian operator.

If F'(z) is a complex-valued function of the real variable z, then
the function F(Q) of the Hermitian operator () is the operator

F(Q) = X F(\)E; (2.212)

Now, as we saw above, for every vector |f) the family of projections E; belonging
to a Hermitian operator determines a probability distribution on a discrete finite
sample space with the probabilities given by P; = (f| E;|f).

In probability theory, the passage to a discrete but infinite sample space offers
no difficulty; the sums that yield averages are simply replaced by convergent
series. The difficulties appear in the case where the sample space is continuous.
One cannot then construct the probabilities for every possible set of outcomes
from the probabilities of the points of the space (it is in general zero). Instead,
one must consider the probabilities of appropriate elementary sets which, in the
one-dimensional sample space in which we are interested here, can be taken to
be intervals of the real line. To discuss such a case it is convenient to introduce
the probability distribution function D(«) defined as the probability that the
outcome of a trial is (less than) a.

In the discrete case, let P; be the probability that the outcome of a trial yields
the value & and let us order the indices in such a way &; < ; for ¢ < j. Written
in terms of the P; the distribution function is

D(a) = i P (2.213)

where i, is the largest index such that &; < a (we are assuming that the sample
space is infinite, but the finite case is included if we put the appropriate P; =
0). The function D(a) is clearly a non-decreasing ladder function with the
properties D(-o0) = 0, D(o0) = 1. We have chosen the upper limit in the
summation so as to satisfy the convention that D(«) is continuous on the right.

One can imagine a pure continuous sample space as the limit of a discrete
one when the differences &;,1 — §; tend to zero. The distribution function then
becomes the limit of a ladder function with the properties just mentioned. It
is, therefore, a continuous non-decreasing function D(«) such that D(-o0) =
0, D(o0) = 1. In the case where D(«) is everywhere differentiable, as is the case
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in most physical problems, the probability density 7(a) is defined by D'(«) =
dD(«)/da and the average of the random variable f(«) is given by

(f(@) = [ fe)m(a)da (2.214)

In the general case, the sample space is continuous but includes non-zero proba-
bility P; concentrated at a countable number of points «;. In this case D(a) will
have a countable number of discontinuities of size P;. If D(«) is differentiable
everywhere else and 7(«) is the corresponding probability density, then we have

(@) = [ He)n(a)da+ Y f(ai)P, (2.215)

Alternatively, using the Dirac d-function we can write

(fe)= [ F(@)ma(a) da (2216)
where 7g() is the derivative of D(a), that is,
ma(a) = 7(a) +ZP,-§(oz—ozi) (2.217)

The average can also be conveniently written by using the Stieltjes integral
defined for a function g(«) with a countable number of discontinuities by

[ f@)data) = tim 3 fonlate) ~gtein)]  @2218)

where the a;,(a =ap < a3 <as < ... <ay =b) form a subdivision of the interval
(a,b) and the limit is taken over a sequence of ever finer subdivisions. In terms
of the Stieltjes integral we then have

(f(@) = [ f(@ydp(a) (2:219)

Now let us consider a Hermitian operator B in an infinite-dimensional space. We
label its discrete eigenvalues in order of increasing eigenvalue where we assume
by <by<b3<...<bp1<bm and BIb;)=0b;|b;) (2.220)

For each real number x we define the operator

Ey= 3 Pr= > |b;) (bl (2.221)

bj<x bj<x

With this definition, F, is the projection operator onto the subspace spanned
by all eigenvectors with eigenvalues by < z. If z < by (the smallest eigenvalue),
then E, is zero (no terms in the sum) and if z > by, (the largest eigenvalue),
then E, = I because of the completeness property

SN Po=1 (2.222)
k=1
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E, increases from zero to one as z increases through the spectrum of eigenvalues.
In fact, E, increases(jumps) by an amount Py, when x reaches the eigenvalue
by

For each x let us define dEAlc = ET - E‘g;_e where ¢ is positive and small enough
so that there is no eigenvalue b; such that (z—¢€) <b; <. This means that dE,
is not zero only when x is an eigenvalue by, and dE, = Py for x = bg.

Let us say this very important stuff in still another way.

In a unitary space, the family of projections E; belonging to a hermitian operator
A= Z&Ei (2.223)

can be thought of as constituting a probability distribution on a finite sample
space of operators. We shall take the eigenvalues to be ordered in ascending
order. For every vector |f) the operator valued probability E; generates the
ordinary probability distribution P; = (f| E;|f), which in quantum mechanics
will give the probability of the outcome &; upon measurement of Aona system
in the state |f) as we shall see.

In analogy with ordinary probability ideas one can construct a corresponding
operator valued probability distribution function

E(a)=Y F; (2.224)

A formula that one would expect to also be applicable in the case of the infinite-
dimensional Hilbert space if the operator A corresponds to an observable which
yields upon measurement a countable set of possible values. From the prop-
erties of the family E; it follows that E(oz) is a projection operator, that
E(a) and E( " commute that we have E(a’) > E(a) for o/ > a and that
E(-00)=0,E(c0) = E(a) is an operator valued ladder function whose jumps
at the discontinuities are given by E(&) E(fl )= E;.

Quantum mechanics will require that we consider operators on the Hilbert space
that will correspond to observables that yield upon measurement a continuous
range of possible values. Such operators are associated with operator valued
probability distribution functions analogous to the continuous distribution func-
tions of ordinary probability, that is, with a family of projections E (o) depend-
ing continuously on the parameter « such that E(a’) > E(a) for o/ > o and that
E(-00) = 0,E(o0) = I. In the most general case corresponding to the contin-
uous sample space with points &; of concentrated probability we would expect
the family E(a) to have discontinuities at & of the form E(&;) - E(&-) = E;
where E; is the operator valued probability concentrated at the point &;.

A spectral family is a one parameter family of commuting projection operators
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E (o) depending on the real parameter « that satisfies the following properties:
1. E(a) is increasing: E(/) > E(a) for o/ > a
2. E(a) is continuous on the right: E(a’) - E(a) for o/ - a and o/ > o
3. E(a) is complete: E(-o00)=0,E(c0) =1

It follows that E(a)E(a’) = E(a’)E(a) = E(a) for o’ > a.

The tentative conclusions of this intuitive discussion can, in fact, be proven to
be correct. We now formulate them precisely.

In place of

SN=1 (2.225)
k=1
we can now formally write
[ dE, = (2.226)
and in place of
B =3 b 1b;) b (2.227)
j=1
we can now formally write
B- [ vdE, (2.228)

Additionally, we have

@lf)= [ dlalB1g)  (alBIS)= [ wd(alBls)  (2:229)

We can easily show the validity of these expressions in the case of a finite-
dimensional space with discrete eigenvalues. In this case, we can satisfy all of
the properties of F, by writing

B, =Y Puf(x - by) (2.230)
k

where
+1 if z>b

) (2.231)
0 if z<by

O(x —by) = {
This is called the Heaviside step function.
Then
dE, = %Pk do(z - by) = %Pk %9(35 ~by)dx = gkj Ppo(x - by)de  (2.232)

where
0(x —c¢) = Dirac § — function=0 if xz+c (2.233)
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and satisfies -
f §(z—c)dr=1 (2.234)

In addition, we have used

[: 9(2)8(x - ¢) dz = g(c) (2.235)

In the finite-dimensional case, we then have

foo dE’x:fm N Po(x-by)de=> Py=1 (2.236)
—oo Tk

k

f vdE, = f 23 Bud(z - by)de = S by By = B (2.237)

[ aeiBs = [T 5 (ol Pe[8)8(e ~ be) o (2.238)
_ (ol BB = a|(ZPk)|ﬂ (al8)

k

[oo:cd o| E, |8) :f a|]5k|6)5(x—bk.)d:c (2.239)

= S b (o] o5 = a|(zbkpk)|ﬁ (ol B13)

k

where we have used the fact that (af E.|B) is a complex function of x which
jumps in value by the amount («| Py |8) at « = by.

So, we see that result R .
E, = ZPkG(x—bk) (2.240)
k

works in the finite-dimensional case!!!

Unitary operators can be handled in the same manner. We label the eigenvalues
(absolute value = 1) of the unitary operator U by uy = €% with the f-values
labeled in order

0<91 <92 <...<t9m_1 <9m>277 (2241)

As before we define . R

0j<x 0j<x

This operator now projects onto the subspace spanned by all eigenvectors for

eigenvalues uy, = e’e’” with 0 < z. If £ <0, then FE,=0.Ifz> 27, then E,=1.

E, increments by B, (the same as for a Hermitian operator) at the eigenvalues
i0

ug = ek,
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We can then write

A m . moo . 2w .
U=y uePi= Y %P~ [ e dE, (2.243)
k=1 k=1 0
and )
(U18)= [~ e d(al £, 8) (2.244)

Summarizing, for every Hermitian operator H there corresponds a unique spec-
tral family Fy(a) that commutes with H such that for every |f) and every |g)
in the domain of H

(il = [~ ad(f1En(a)lo) (2.245)

where the integral is a Riemann-Stieltjes integral. This expression can be written
in short as

H = [: adEgy (o) (2.246)

and is called the spectral resolution of H. We have

Bu(a) - [ : dEy (o)) (2.247)

and therefore -
f:f dEy (o) (2.248)

Now to every interval A = (a1, ag) of the real line, there corresponds a projection

operator
[e3%

EH[A] = /a1

This is a definition that can be exteqded to a set of intervals. It follows from
the properties of the spectral family Eg(«) that

 dBy(a) = Ex(as) - Ex(ar) (2.249)

Ey[AlEg[A"] = Eg[AnA] (2.250)

and
Ey[A]+ Ex[A'] = Eg[AUA] (2.251)

The quantity dEg (o) can be thought of as the projection Eg (da) corresponding
to an infinitesimal interval of length da centered at a.

By definition of the Stieltjes integral one has

H=1lim Y a;Eg[A)] (2.252)

n—oo
Aj GSW

where {S,,} is a sequence of subdivisions of the real line, such that S,, becomes
infinitely fine as n — oo. The sum runs over all the intervals A;n) = a§n) - 04;73
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of the subdivision S,,. If the spectral family E‘K(a) belonging to a Hermitian
operator K is constant except for a countable number of isolated discontinuities
at the points a; of size EK(ai) —EK(ai—) = F;, then K has a spectral resolution
entirely similar to the one in unitary space

K= Z%‘Ei (2.253)
although in this case the number of terms in the sum may be infinite.

A general operator H can be regarded as the limit of a sequence

H,= Y o;Ex[)] (2.254)
AjeSy

of operators of type K.

Let A and B be two operators with spectral families EA(a),EB(a). Suppose

that A and ABAcommute in the sense that [A, B]|g) = 0 for every |g) in the
domain of [A, B], then one can show that

[Ea(a), Ep(a)]lg) =0 (2.255)

However, unless the domain of [A, B] coincides with the whole space, this rela-
tion does not imply that the spectral families commute. For this reason, when
we deal with two operators A and B that possess a spectral family we shall use
a stronger definition of commutativity:

A and B commute if their spectral families commute.

2.18 Spectral Decomposition - More Details

It turns out that for infinite-dimensional vector spaces there exist Hermitian
and unitary operators that have no eigenvectors and eigenvalues.

Consider the eigenvalue equation

L () = Dy(e) = B(x) (2.256)
This is a differential equation whose solution is
Y(z) = ceP” ¢ = constant (2.257)
Suppose the operator
D= —z% (2.258)

is defined on the interval a < x < b. Then its adjoint operator Dt is defined by
the relation

(¢| DT [yp) = (¥| D|g)" (2.259)
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or for function spaces
b . b R ¥
/a ¢* (2) Do (z) da = { f w*(:c)Dng(x)dx} (2.260)

b
* - . * b

- [0 @Dv(@) de +ilv(@)e @] I
where the last step follows from an integration by parts. If boundary conditions
are imposed so that the last term(called the surface term) vanishes, then D will
be a Hermitian operator; otherwise it is not Hermitian.
Now let us try to find the eigenvectors (eigenfunctions in this case) within a
particular vector space. It turns out that we can define several different vector
spaces depending on the boundary conditions that we impose.
Case 1: No boundary conditions
In this case, all complex 3 are eigenvalues and D is not Hermitian. In quantum
mechanics we will be interested in Hermitian operators, so we are not really
interested in this case.

Case 2: a=—00, b=+0o with [¢)(x)| bounded as || - oo

All real values of 8 are eigenvalues. The eigenfunctions ¢ (x) are not normaliz-
able since

[ @) Pda = [ da=oo (2261)

They do, however, form a complete set in the sense that an arbitrary function
can be represented as a the Fourier integral

a@)= [P as (2.262)

which may be regarded as a continuous linear combination of the eigenfunctions.
In this case, F'(3) is the Fourier transform of q(x).

Case 3: a = —%, b= +§ with periodic boundary conditions @[J(—%) = 1/}(%)

The eigenvalues form a discrete set, 3,, satisfying

e iBn% _ iBn% _ giBnl _q (2.263)
which implies
2
BnL =2nm - B, = % (2.264)

where n = integers such that —co <n < co. These eigenfunctions form a complete
orthonormal set (normalize by choosing the constant ¢ appropriately) and D is
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Hermitian. The completeness of the eigenfunction set follows from the theory
of Fourier series.

Case 4: a=—o00, b= +oo with ¥(x) > 0 as |z| > o

In this case, the operator D is Hermitian (the surface term vanishes), but it has
no eigenfunctions within the space.

So, a Hermitian operator on an infinite-dimensional space may or may not
possess a complete set of eigenfunctions, depending on the precise nature of
the operator and the vector space.

It turns out, however, that the decomposition into projection operators can be
reformulated in a way that does not rely on the existence of eigenfunctions.
This alternative formulation uses the integral form of the projection operators
derived earlier.

We need, however, to remind ourselves of some ideas we stated above(since it
never hurts to repeat important stuff).

Let By and E» be projection operators onto subspaces M; and Ms, respectively.
We say that Ey and E» are orthogonal if M and Ms are orthogonal (every vector
in M; is orthogonal to every vector in My). We can express this orthogonality,
in general, using the relation

E;E), =01 Ex (2.265)
If M1 is coqtaz’nedA in Mg, we WI‘iEe E‘l < EQ.A This means that either EAlEAlg :AEA'l
or By By = By If By < By, then |Ey |a) | < [ E2 |a) | for any vector o). If By Ey =
FEsEq, then Fq FEs is a projection operator that projects onto the subspace which

is the intersection of My and M, , that is, the set of all vectors that are in both
M1 and MQ.

If El and EQ are orthogonal, then E‘l +E'2 is the projection operator onto M7 @& M,
(the direct sum).

If By < Eg, Ey - By is the projection operator onto the subspace which is the
orthogonal complement of M7 in My, that is, the set of vectors in My which are
orthogonal to every vector in Mj.

Definition: A family of projection operators E, depending on a real parameter

x is a spectral family if it has the following properties:

1. if x <y then E‘m < E’y or ExEy = E’I = EyEm — this means that Ew projects
onto the subspace corresponding to eigenvalues < x.

2. if € is positive, then F,,.|n) - E,|n) as € - 0 for any vector |n) and any
x.
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3. E,|n) - |0) (the null vector) as 2 - —co and E, |n) — |n) as z — oo for
any vector |n).

For each self-adjoint operator B there is a unique spectral family of projection
operators F, such that

oo

GBI = [ wd( ) (2:260)

for all vectors |n) and |y). We then write

B- [: vdB, (2.267)
This is called the spectral decomposition or spectral resolution of B.
The same results hold for unitary operators. For each unitary operator U there

is a unique spectral family of projection operators E, such that £, =0 for 2 <0
and E, =1 for x > 27 and

. 2m .
GO = [ e dr) Eoln) (2.268)
for all vectors |n) and |y). We then write
A 2m . N
0= f ¢ dE, (2.269)
0
This is called the spectral decomposition or spectral resolution of U.

Both of these results generalize for functions of an operator, i.e.,

9(B) = [: g(z) dE, (2.270)

We considered the case of a discrete spectrum of eigenvalues earlier and found
that when the operator B has the eigenvalue equation

B br) = by |b) (2.271)
we then have R R
EIZZPkQ(I—bk) :Z|bk>(bk|9(x_bk) (2272)
k &
so that R
k

which implies that the only contributions to the integral occur at the eigenval-
ues by.

We can state all of this stuff even more formally once again
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The Eigenvalue Problem and the Spectrum

Based on our previous discussion, we can now say that the eigenvalue problem
H|f) = \|f) has solutions if and only if the spectral family Ey(a) is discon-
tinuous. The eigenvalues \; are the points of discontinuity of EH(a). The
eigenprojection E; belonging to A; is the discontinuity of EH(a) at \;:

Ei=Eg(\) - Eg(Ni-) (2.274)

It follows that the eigenprojections are orthogonal and that (for hermitian H)
the eigenvalues are real.

The spectrum of H consists of the set ¥ of points of the real axis where the
spectral family E () is increasing. If the spectral family is constant except
for a (necessarily countable) number of discontinuities H is said to have a pure
discrete spectrum. If the spectral family is everywhere continuous H is said to
have a pure continuous spectrum. Otherwise the spectrum is said to be mized.
If and only if H is bounded (positive) is its spectrum bounded (positive). Since
the points of constancy of £ 1 (a) do not contribute to the integral in

ﬁ:/ adEy(a) (2.275)
the region of integration can be restricted to the spectrum and we can write
H - fzadE’H(a) (2.276)

Suppose that an operator H has a mixed spectrum X. The subspace M spanned
by its eigenvectors reduces H so that we can write H = Hy @ H, where H, and
H, are operators on M and M*, respectively. The spectrum %4 of Hy is pure
discrete and is called the discrete spectrum of H while the spectrum Y. of
H, is pure continuous and is called the continuous spectrum of H. Note that
¥ =X¥4uUX., but that ¥; and ¥, may have points in common, that is, there
may be eigenvalues embedded in the continuous spectrum. Separating out the
discrete spectrum, the spectral resolution of H can be written

FI:Z%Eﬁf adBy(a) , ey (2.277)
i e

Clearly, the terms on the RHS are, respectively H, and ﬁc, and when regarded
as operators on the vector space.

Now let us consider the case of a continuous spectrum of eigenvalues. In partic-
ular, consider the multiplicative operator () defined on L?(-o0, c0) by

Qg(z) = zg(z) (2.278)
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for all functions g(z) in L%(~oo0,00). This is a Hermitian operator since

[l @i ae={ [Mv@aows] -{ [Mvr @t ac)

b b R
- f & (2)a(x) da = / ¢ (2)0p(z)dz  (2.279)

Now suppose that Q has an eigenvalue equation with eigenfunctions ¢(z) in
L?(~00,00) of the form R

Qq(z) = Bq(z) (2.280)
Since all functions in L?(—o0,00), including ¢(z), must also satisfy Qg(z) =
xg(z), we then have

Qq(z) = wq(x) = Bg(z) or (z-B)g(x)=0  forallx (2.281)
The formal solution to this equation is the Dirac d-function
a(2) = (z - B) (2:282)

The spectral theorem still applies to this operator. The projection operators for
Q, in this case, are given by

Egg(z) = 0(8 -2)g(x) (2.283)
This is equal to g(z) if 2 < 8 and is 0 for z > 3. We then have
Q= [: BdEg (2.284)
which can be easily verified by
Qo) = [ BaBaga) = [~ Bal0(5-2)g(x)] (2.285)

- [ 0 - e ds = [ 5503 0)g()) B = ag(a)

So the decomposition into projection operators can still be defined in the case
of a continuous spectrum.

Saying it still another way. Let EQ(I) be its spectral family and let us put
(Eg(a)f)(x) = g(a, z). The spectral resolution of Q requires that

2f(2)= (QN@) = [ _adbo(@)N@) = [ _adgla)  (2.256)

A solution of this equation is obtained if we set dg(«a, z) = §(a— ) f(x) da. We
then get

Eo(a)f)(@) = gla,a) = [ dg(a’,2) (22587)
- [ st =) (@) da = x(a- ) ()
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where x(« - ) is the Heaviside function

+1 if 0<z
= - 2.288
x(@) {O if 0>z ( )

According to this calculation Eg(a) is the multiplicative operator x(a - ) as
above. We now need to verify that the solution we have constructed gives the
unique spectral family belonging to Q.

First we show that the solution is a spectral family, that is, that it has the
properties(on page 50) required by the definition given earlier. Since the EQ(a)
are multiplicative operators, it is clear that they commute. Property (1) is
equivalent to

E(a)E(a")=E(a) , a<d (2.289)

a property that is clearly satisfied by the multiplicative operator x(«a—x). Prop-
erty (2) holds because x(z) was defined to be continuous on the right, while
properties (3) are clear.

Next we have to verify that the spectral family found does in fact belong to Q.
According to the spectral theorem we must have

(11@Qle) = [~ ad(fiBq(a)lg) (2.20)

: [ r@agyde= [ ar [ da g (@)s(a-a)g() (2.201)

which is clearly true by definition of the d-function.

The spectral family Eq (o) is continuous everywhere and increasing in (~co, 00).
The spectrum of Q consists therefore of the whole of the real axis and is pure
continuous. The projection EQ[A] is the characteristic function x(A) of the
interval A, that is, a function of x equal to one if x € A and zero otherwise.

Some final thoughts about these ideas........
Projection Operators and Continuous Spectra - An Example

In the macroscopic world, if we want to locate the position of an object, we use a
calibrated ruler. Formally, the physical position x is a continuous variable. The
ruler, however, only has a finite resolution. An outcome anywhere within the
4" interval is said to correspond to the value xj. Thus, effectively, the result of
the position measurement is not the original continuous variable x, but rather
a staircase function,

' =f(x)=z; , V xj<x<ain (2.292)
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f(x)
[4)]
|

Figure 2.1: Staircase Function

as illustrated in the figure below.
These considerations are easily translated in quantum language.

In the z-representation, an operator z’ is defined as multiplication by the stair-
case function f(z). This operator has a finite number of discrete eigenvalues
x;. Bach one of the eigenvalues is infinitely degenerate, that is, any state vector
with domain between x; and x4 falls entirely within the 4t interval of the
ruler (see Figure 4.1), and therefore corresponds to the degenerate eigenvalue
X g

Orthogonal resolution of the Identity
An experimental setup for a quantum test described by the above formalism
could have, at its final stage, an array of closely packed detectors, labeled by

the real numbers ;. Such a quantum test thus asks, simultaneously, a set of
questions

Is zj<x<zjq 7 (2.293)

(one question for each j). The answers, yes and no, can be give numerical
values 0 and 1, respectively. Each of these questions therefore corresponds to
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the operator Pj , which is itself a function of x:

. 1 if z;<x<x;
Pi(ay=1 = HETEmA (2.294)
0 otherwise
Clearly, these operators satisfy
Pjpk = 5jkpk and ZPJ = j (2295)

J

This implies that they are projection operators (or projectors) and the questions
will correspond to the measurement of the projection operators.

The staircase function 2’ = f(x) defined above can then be written as
a' =3 s;P (2.296)
J

This operator =’ approximates the operator x as well as is allowed by the finite
resolution of the ruler.

How do we proceed to the continuum limit? Let us define a spectral family of
operators

. Vit
E(zj) = Z Py (2.297)
k=0
They obey the recursion relations
E(xj1) = BE(z;) + P; (2.298)
and the boundary conditions
E(zmin) =0 5 E(zmar) = f (2299)
The physical meaning of the operator E(z]) is the question
"Is x<ax; 7 (2.300)

with answers yes = 1 and no = 0.

We then have

. . j-1  m-1 j-lm-1
E(zj)E(@m) =), Px ), Pa= P (2.301)
k=0 n=0 k=0 n=0
. .
_ J 15knpn _ EA'(.IJ) lf T < T
k=0 1=0 E(xy) if zp, <z

so that the E(x;) are projectors.
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We can now pass to the continuum limit. We define E (&) as the projector which
represents the question
"Is x<& 7 (2.302)

and which returns, as the answer, a numerical value(yes = 1, no = 0). We
then consider two neighboring values, £ and £ + d¢ , and define an infinitesimal
projector, . . R

dE(§) = E(§ +dE) - E(S) (2.303)

which represents the question "Is & <z < £ +d¢ ?7. This dE(€) thus behaves as
an infinitesimal increment P; in the equation

E(xj1) = BE(z;) + P; (2.304)

We then have, instead of the staircase approximation, the exact result

o= folng(g) (2.305)

Note that the integration limits are actually operators, namely, E(mmm) =0
and E(Zmqqe) = 1.

This equation is the spectral decomposition or spectral resolution of the operator
x and the operators E(&) are the spectral family (or resolution of the identity)
generated by z. We can now define any function of the operator z

f@) = [ F© B (2.306)

Note that the right hand sides of the last two equations are Stieltjes integrals.

If we consider a small increment d¢ — 0, then the limit dE(¢)/d¢ exists and the
integration step can be taken as the c-number d¢ rather than dE(€), which is
an operator. We then have an operator valued Riemann integral

[r@de- [ o5

> 2.307
- i (2.307)

This type of spectral decomposition applies not only to operators with contin-
uous spectra, but also to those having discrete spectra, or even mixed spectra.

For a discrete spectrum, dE (&) = 0if £ lies between consecutive eigenvalues, and
dE(€) = Py, that is, the projector on the k*" eigenstate, if the k*" eigenvalue
lies between £ and & + d€.

The projector E‘(f ) is a bounded operator, which depends on the parameter &.
It may be a discontinuous function of &, but it never is infinite, and we never
actually need dE(€)/d¢. This is the advantage of the Stieltjes integral over the
more familiar Riemann integral: the left-hand side of the last equation is always
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meaningful, even if the the right-hand side is not.
Some Useful Properties

If f(&) is a real function, then f(z) is given by

1@ = [ 5@ aie) (2.308)

is a self-adjoint operator.

We also have

[ 1©dk© [ gmdie = [ 1Qe(QdEQ)  (2309)

oif (@) _ / O i (e) (2.310)

The spectral decomposition of a self-adjoint operator will allow us to give a rigor-
ous definition of the measurement of a continuous variable. It will be equivalent
to an infinite set of yes-no questions where each question is represented by a
bounded(but infinitely degenerate) projection operator.

Looking ahead to quantum mechanics .......

An operator such as @ that has a continuous spectrum is said to have a formal
eigenvalue equation in Dirac language

Qla) = qla) (2.311)

In the development of the theory, we will make assumptions that will lead to
the orthonormality condition for the continuous case taking the form

(d'14")=0(d"-q") (2.312)
Since this implies that (g|g) = oo, these formal eigenvectors have infinite norm.
Thus, the Dirac formulation that we will construct for operators with a contin-
uous spectrum will not fit into the mathematical theory of Hilbert space, which
admits only vectors of finite norm.
Operators will take the form

Q= [ qlqg) {al dg (2.313)

which is the continuous analog of our earlier expressions.

The projection operator will be formally given by

Eg = [i lg) {ql dq (2.314)
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It is well-defined in Hilbert space, but its derivative

e l2) {4l (2.315)

does not exist within the Hilbert space framework.

There are two alternative methods for making quantum mechanics fit within a
mathematically rigorous Hilbert space framework. The first would be to restrict
or revise the formalism to make it fit(still not admit states of infinite norm).
The second would be to extend the Hilbert space so that vectors of infinite norm
are allowed. We will discuss these ideas later and make appropriate choices.

We saw earlier in the finite-dimensional case, where we have a discrete spectrum
of eigenvalues, that the value of the projection operator E, for the operator B
jumped by Py, = |by,) (bx| as = passed through the k" eigenvalue by.

For the infinite dimensional case, where we can have both a discrete and a
continuous spectrum of eigenvalues, the projection operator behaves in the same
way as we move about the discrete part of the spectrum. In the continuous part
of the spectrum, however, it is possible for the projection operator to exhibit a
continuous increase in value.

In a more formal manner we state: if B is a self-adjoint operator and E, is the
projection operator of its spectral decomposition, then

1. the set of points x on which E, increases is called the spectrum of B;
alternatively, a point is in the spectrum if it is not in an interval on which
FE,. is constant.

2. the set of points z on which E, jumps is called the point spectrum of B;
the point spectrum is the set of all eigenvalues.

3. the set of points x on which E, increases continuously is called the con-
tinuous spectrum of B.

4. the point spectrum and the continuous spectrum comprise the total spec-
trum.

In quantum mechanics, as we shall see, a real physical, measurable quantity will
be represented by a self-adjoint operator. The spectrum of the operator will be
the set of real numbers that correspond to the possible measured values of the
physical quantity. The projection operators in the spectral decomposition will
be used to describe the probability distributions of these values and the state
operators. We will get discrete probability distributions over the point spectrum
and continuous probability distributions over the continuous spectrum.

All of these new mathematical quantities will have direct and important physical
meaning!
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2.19 Functions of Operators (general case); Stone’s
Theorem

We mentioned earlier that functions of operators also have a decomposition into
projection operators. In fact, we wrote

9(B) = [: g9(x)dE, (2.316)

The ability to deal with functions of operators will be very important in quan-
tum mechanics, so let us spend more time looking at the mathematical details
involved.

For any self-adjoint operator we have the spectral decomposition
B- f vdE, (2.317)

If f(x) is a complex function of a real variable x, then we can define the same
function of an operator by

(ol f(B)18) = [ f(a)dal . 15) (2:318)

for all vectors |a) and |3). Now a self-adjoint operator is bounded if and only if
its spectrum is bounded. If f(B) is a bounded operator on the spectrum of B,
then it turns out that the above equation for all [a) and |8) defines f(B) |n) for
all vectors |n).

Is the above definition reasonable? We can see that it is by looking at some
properties and some simple examples.

Let f(z) = . This implies that f(B) = B since we must have

(alB18) = [ wd(al.18) (2.319)
(al118) = [ d{al B2 18) = (al ) (2:320)
If we let

(f +9)(2) = f(x) + g(x) (2.321)
(ef)(@) = cf(x) (2.329)

we then have ) X A
(f+9)(B) = f(B) +g(B) (2.323)
(c¢f)(B) =cf(B) (2.324)

so that sums and multiples of functions of operators are defined in a standard
way.
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If we let
(f9)(z) = f(z)g(z) (2.325)

we then have

(] F(BYg(B)IB) = [ f@)d(al Eug(B) 19) (2:326)
- [Cr@d [T ow)dy el BBy 15)
- [Tr@a [ gwyatal By15)
- [ f@g@) d(al B 19)
= [ " Uo)@)d(al B 18) = (al (f9)(B) I5)

so that . . A

(f9)(B) = f(B)g(B) (2.327)
as it should. We can also show that f(B)g(B) = g(B) f(B) so that all functions
of the operator B commute.

With these properties, we can then define a polynomial function of an operator
by
f(x)=co+ecrx+car®+.. +cpa” (2.328)

f(B)=co+c1B+cB*+... +¢,B" (2.329)

for any vectors |a) and |3).
Thus, products of functions of operators are also defined in the standard way.

If we let (f*)(x) = f*(z), then for any vectors |a) and |3) we have
(ol [F(B)] 18) = (Bl f(B) |a)* (2.330)
- [ r@adalBs - [ (@ delE18)

[F(B)] = (F)(B) (2.331)

If f(z) is a real function, this implies that f(B) is also a self-adjoint operator.

If f*f=1, then f(B) is a unitary operator since

(B 1(B)=1=1(B) [1(B)] (2:332)
Now for any vector |a) we have
(al f(B)la) = [~ f)d(al Bela) (2333)

- [ @ delBaBila) = [ f(@)dIE. o) |
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If we define a self-adjoint operator to be positive if and only if it spectrum is
non-negative, then f(B) is positive if f(z) is non-negative over the spectrum
of B and f(B) is bounded if |f(x)| is bounded over the spectrum of B.
In the special case where B has only a point spectrum, we have
B=Yb.P, (2.334)
k

and then for any vectors |a) and |3)

(o] F(B)|8) = a|f(zbkpk)|ﬁ - el P 1) (2.335)
zk:f(bk) (a| Py |B) = O‘|Zf(bk)Pk|ﬁ>

=3 F(be) Py (2.336)
k

as we expected.
We define the same properties for unitary operator. Let
A 271— . A
U= f ¢ dE, (2.337)
0

and also let o
(alB18)= [~ wd(alE,19) (2:333)

for all vectors in the space.

This defines a bounded self-adjoint operator B with spectral decomposition
. o
B- f vdE, (2.339)

0
We then have
. 2r . 27 R N
@01) = [ e dlal Bolgh = [ @) dlal Bl5) = (al S(B)IB)  (2340)

which implies that U , in this case, must be a particular function of B, namely
U = ¢'B. In addition, any function of U is clearly a function of B.

There exists another relation between Hermitian and unitary operators that is a
fundamental property in quantum mechanics. Let H be a self-adjoint operator
with the spectral decomposition

f{=fooxdEx (2.341)
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For every real number ¢ let

(el 0lg) = [ e d{al B 1) (2,342

This then defines an operator Uy = e*2 which is unitary since (e®)*e'® = 1.

We also have ﬁo =1.

Now since o, o
eztwezt T _ el(t+t )x (2343)

we must have o A
UtUtl = Ut+t’ (2344)

for all real numbers ¢ and t'.
The converse of this property is called Stone’s theorem:

For each real number ¢ let U; be a unitary operator. Assume that (a|Uy|8) is a
continuous function of ¢ for all vectors |a) and |8). If Uy = I and U, Uy = Upsrr
for all real numbers ¢ and #’, then there is a unique self-adjoint operator H such

that U, = e for all £. A vector |8) is in the domain of H if and only if the
vectors

(- 1)]p) (2:315)

converge to a limit as ¢ — 0. The limit vector is H |3). If a bounded operator
commutes with Uy, then it commutes with H.

This theorem leads to the following very important result.
If U |B) is in the domain of H, then
1 A~ Al A A~ A
— War - 1)U, [B) —~ HU|B) (2.346)
1At
o 1 1 d
——(UaU - U00)|8) = ——=(Upsne - U ~i—U, 2.347
iAt( alUy = U)|B) iAt( ot —Ui)|B) — i t15) ( )
as At - 0. We can then write
d -
~i%0418) = FUL19) (2:348)
This equation will eventually tell us how the physical states(ket vectors) and
state operators that will represent physical systems evolve in time (it will lead
to the Schrodinger equation, which is the time evolution equation in one repre-

sentation of quantum mechanics).

Examples - Functions of Operators
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Suppose that we have the eigenvector/eigenvalue equations for a self-adjoint
operator
Alky=aglk) , k=1,2,...,N (2.349)

We then assume that
FA) k) = f(a) k) k=1,2,...,N (2350)
for the eigenvectors.

We can show that this works for polynomials and power series as follows:

= kZ_:l [k} (k[ 4) (2.351)

Alo)= A3 ) E14) - 32 AR 1)

N /N
= 3 ak |k) (k| ) = (z ax k) k|) ) (2.352)
k=1 k=1
N
- A= ay|k) (k| > spectral resolution of the operator (2.353)
k=1

Now define the projection operator
Py, = |k) (k| > PyP; = Py (2.354)
We then have

or any operator is represented by a sum over its eigenvalues and corresponding
projection operators.

We then have

MZ

J=1

N N
A? = ( kPk) (Z ajpj) = > apa; PP (2.356)
k=1 j=1 k

N N
N 9~ “n n
akaij(Skj = Z akPk - A" = Z %Pk
1 k=1 k=1

5=

k

Therefore, for

N
f(z) = Zl gna" (2.357)
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we have

FA) =Y ¢, A" =Y ¢, Y al By (2.358)

This says that, in general, we have
A N
FA) ) = F(A) Zlk (klv)= Zf Y (k) (2.359)

- 3% Ja) ) (k1) - (zf<ak)|k () )

N
f(A) = Z (ar)™ |k) (k] = spectral resolution of the operator  (2.360)

Numerical example: consider the operator

(s )

which has eigenvalues 7 and 1 with eigenvectors

This gives

o=t w34 )

and therefore

i« on s TfU 1) 1{1 -1\ (4 3
A=7P7+P1_2(1 1)+2(_1 1)—(3 4)
o ap 5 A9(1 1) 1(1 -1\ (25 24\ (4 3)(4 3
2 _ 2 - 7 _ = =
A ‘7P7+P1‘2(1 1)+2(—1 1) (24 25) (3 4)(3 4)

log (A) = log (7)P; +log (1) P, = 10g2(7) (1 1)

1 1
L B ey B VA O

Clearly we then have

ox (i =D (1 1)(1) =252 (1) e oim
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s ()= £ D (1 1)(7) - 222 () 0=t om

as expected.

The big question that remains is then
Is f(A)=f(A)? (2.361)

no proof exists!

2.20 Commuting Operators

As we stated earlier, the commutator of two operators is given by
[A,B]= AB- BA (2.362)

If A and B are self-adjoint operators, each possessing a complete set of eigen-
vectors, and if they commute, then there exists a complete set of vectors which
are eigenvectors of both A and B, that is, they possess a common set of eigen-
vectors.

This theorem extends to any number of commuting operators. If we have a
set of N mutually commuting operators, then they all have a common set of
eigenvectors.

The reverse is also true. If two operators possess a common set of eigenvectors,
then they commute.

Let {A, B,C,.. .} be a set of mutually commuting operators that possess a com-
plete set of common eigenvectors. Corresponding to a particular eigenvalue for
each operator, there may be more than one eigenvector. If, however, there is no
more than one eigenvector for each set of eigenvalues (ag, b, ck,...), then the

operators {/1, B, C’, ...} are said to be a complete commuting set of operators.

Any operator that commutes with all members of a complete commuting set
must be a function of the operators in that set.

Let us now think about these ideas in terms of projection operators.

Let Q be a Hermitian operator with a pure point spectrum so that we can write

Q=Y ah (2.363)
k

where each gi is a different eigenvalue of Q and Py is the projection operator
onto the subspace corresponding to eigenvalue g.
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Let R be a bounded Hermitian operator that commutes with Q For each k and
for any arbitrary vector |n) we then have

QRPy|n) = RQPyIn) = (Z ;P )Pk In) (2.364)
= RZ% 8;6Pe ) = qu RPx )
J
where we have used the relation
PPy = ;1P (2.365)

for any vector [n). Thus, RPy|n) is an eigenvector of Q with eigenvalue gy.
Therefore, P,RP; |n) = RP; |n) for all |n) and we have

RP, = PR, (2.366)

Taking the adjoint of both sides we get

(2B = (P.RDy) (2.367)
RP, = P,RP, (2.368)

Thus, . o
RP, = PR (2.369)

or each P, commutes with every bounded Hermitian operator which commutes
with Q.

We can extend this result to operators possessing both a point and continuous
spectrum. If @ is a self-adjoint operator with the spectral decomposition

Q= [ " v d, (2.370)

and if R is a bounded self-adjoint operator that commutes with Q, then

E.R=RE, (2.371)
for every x.

Let us now express the ideas of complete commuting sets in terms of projection
operators.

Let {By, Bs, ..., Bn} be a set of mutually commuting Hermitian operators with
pure point spectra. For each we then have

B, = ;b,@p,g” . r=12...,N (2.372)
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where each b,(:) is a different eigenvalue of B, and P,ér) is the projection operator

onto the subspace spanned by the eigenvectors of B, corresponding to b,(:).

By definition then, the projection operators P,ir) commute with each other for
all different r and k

H(r) pls) _ pls) plr)
PP = PP, (2.373)
This implies that
A1) B2 H(N
PUIPD B (2.374)
is the projection operator for any ¢, j, ..., N, that is, it projects onto the subspace
of all vectors |a) such that
Bilay=b"a) , Bala) =0 [a) , ..., Byla)=b" ) (2.375)

These projection operators are mutually orthogonal
POED PN MDD B g5 5, POPD B (2.376)
and they have the completeness property that

ST EWES Y (2.377)
i g 1
Note that some of these projection operators might be zero.

Suppose that none of them projects onto a subspace of dimension larger than
one. In this case, we say that the set of operators { By, Ba, ..., Bx} is a complete
set of commuting operators.

Now let us return to the study of a continuous spectrum.
First, we repeat some earlier material to set the stage.

Let us start with a very simple example so we can figure out how to proceed and
then generalize to a more complicated case. We consider the space L?(~00,00)
and a single Hermitian operator @ defined by

(Qg)(2) = zg(x) (2.378)

It turns out that every bounded operator which commutes with Q is a function

of Q.

Now, there exists a theorem: Suppose we have a set of mutually commuting op-
erators {A;}. This is a complete set of commuting operators if an only if every
bounded operator which commutes with all {A;} is a function of the {4;}.

In the previous discussion, we had the case of a complete commuting set con-
sisting of a single operator.
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The spectrum of Q is purely continuous and consists of all real numbers z. Each
vector ¢ is a function g(x) on the spectrum of Q.

We connect this to the case of a complete set of commuting operators with a
pure point spectra as follows.

We define two abstract vectors |z) and |g) such that

(z|g)=9g(x) (2.379)

We then have A .
(Q9)(x) = (¢|Qg) =z (x| g) = xg(x) (2.380)

which is the spectral representation of Q . We can generalize to a function of Q
with

(] F(Q)9) = f(2) (z]g) = f(2)g(=) (2.381)
In Dirac language, we write an abstract equation like
Qlz) = z|z) (2.382)
We then have . .
2" (2] = z (2] = (2] Q" = (2] Q (2.383)
and A
(21Qlg) =z (x|g) = xg(z) (2.384)

which again gives the spectral representation of Q

Finally we have .
(2| f(Q)g) = f(x)(x|g) = f(x)g() (2.385)
The problem with defining an abstract Hermitian operator Q by

Qlz) = z|z) (2.386)

is that Q has no eigenvectors in the Hilbert space L? of square-integrable func-
tions. In order for there to be eigenvectors we must have

(Q9)(2) = Qy(x) = 2g(x) = ag(x) (2.387)
for a real number a. This implies that g(x) is zero for all points z # a and
lg1?= [ g =0 (2:388)

because the standard integral is not changed by the value of the integrand at a
single point.

Now we have .
(z|Qla) = z(z|a) = a(z|a) (2.389)
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If we replace the inner product by
(z]a) ={a|z)=0(x-a) (2.390)

or, in general,
(x|z"y = (2" |z) =6(x - 2") (2.391)

We then have for each real number a
20(x—a)=ad(x-a) (2.392)
which is a valid mathematical relation for delta functions.

Thus, we can formally use Dirac delta functions for eigenfunctions of Q as
follows: for each real number a we have

20(x—a)=ad(x-a) (2.393)
If we write |a) for §(x —a), we then have
Qla) = ala) (2.394)

We must not consider §(x —a) as a standard integrable function and we cannot
think of |a) as a vector in the Hilbert space L?. We must do all mathematics
using the standard delta function rules.

In this way we have
(alg)=g(a) = [ §(z - a)g(x)dx (2.395)
as the components of a vector |g) in the spectral representation of Q Note the

shift from a function g(«) to the ket vector |g) and the relationship between the
two mathematical objects. In fact, we can write

9@) = [ 8(e-a)g(a)da=(z]g) = (s] T]g) (2:396)

~(al( [ laal da)lg) = al [~ talg)la) da

9)= [ {alg)lo) da (2:397)

In addition, we have (using the properties of projection operators derived earlier)

or

(alg) = {al 1lg) = (al [ |} (@] dz lg) (2:398)

:f(a|x)(x|g) dm:fé(x—a)g(x)dw
=g(a)
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as expected.

Thus, formally, we can think of any eigenfunction g(z) as a linear combination
of delta functions, where the delta functions are analogous to an orthonormal
basis of eigenvectors with the symbol |z). We the have

9)= [ (el de . T= [ el do (2:399)

Thus, for each real number a, we define the operator |a) (a| by
(la) {alg) () = {za} al 9) = g(@)3(z - a) (2.400)
@) Gal g = (a] g o) = g(a) ) (2.401)

In a similar manner, the projection operator E, in the spectral decomposition
of @) is given by

(E29)(y) = /_oog(a)d(y—a)da (2.402)
which we can write as

(Be)(w) = [ () el 9)(v) da (2.403)

This says that

E, = f la) {a] da (2.404)
Finally, we have
0= f vdE, (2.405)
which we write as -
Q-= f z|z) (z| dz (2.406)

This is analogous to a sum of eigenvalues multiplying projection operators onto
eigenvector subspaces. We will return to this discussion when we introduce the
position operator.

2.21 Another Continuous Spectrum Operator

We already have the relation
(z]2"y=6(x-2") (2.407)
Let us introduce a new operator p such that
plp)=plp) , -co<p<oo , preal (2.408)

Thus p is an operator with a continuous spectrum just like Q. As we found to
be true for (), we can now also write

1 - 1
o — i I:—f d 2.409
p=5 [ plp) ol dp e L (2.409)
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This allows us to write
(@ |2} = 60" - 2) = (@ Flay = 5 [ ]I} ol ) (2.410)
= [ @b ple) do= o [ (@8 (elp)" dp

Now, one of the standard representations of the delta function is

1 ) /
S(x-2")= > / e~ P@=2)/h gy (2.411)
Thus we can write
f (2" [p)(z|p)” dp = fe‘”’(”‘"”')/h dp (2.412)

One of the most important solutions to this equation is

—ipz/h

(@|p) =" > (x[p) = (z'|p) = eI (2.413)

As we shall see later, this choice will correspond to the new operator p repre-
senting the standard linear momentum.

We can then write

D ipT ., 0 ipx 0
(z|p|p) = p (x| p) = pePI? = —ih—eP*I? = —ih— (x| p) (2.414)
ox Ox

which, in our earlier notation, says

(59) (&) = -ih - g(z) (2.415)

In addition we can write

(pl &) = [(] & |p)]”" = [Mi (f ! dx,) |p>]*
[ [ Wiz @i ] <[ [ i) 1o |

*

[l iy | <[ [ ol (-in ) b ']
(i 2) [ wlay ey as| = an [ ( [ 1) )

6% (| p)]” = "%% (pl)

*

=1h

0 (] (2.416)

—
= (p|& =1 o

since [¢) is arbitrary.
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Now, since the eigenvectors of p form a basis, we can write any arbitrary vector

as
lg) = f (plg)Ip) dp (2.417)
which implies
(o) = [ wlg)(wlp) dp= [ (plg)e /" dp (2.418)
Now the theory of Fourier transforms says that
g(z) = f G(p)e™!™ dp (2.419)

where G(p) is the Fourier transform of g(z). Thus, we find that G(p) = (p|g)
is the Fourier transform of g(z).

More about Fourier Transforms (in general)

In the space L? of square-integrable functions, let us consider a self-adjoint
operator defined by the relation we found earlier for the p operator

R L0
(bg)(z) = ~ih—g(x) (2.420)

x
As we already have seen there is a direct connection here to Fourier transforms.
Let us review some of the mathematical concepts connected with the Fourier

Transform.

If g is a function(vector) in L?, then

Vn (k) = % [: e g(x)da (2.421)

defines a sequence of functions(vectors) 1, in L? which converges as n — oo to
a limit function(vector) Gg such that |Gg|? = | g|* and

V() = (G = o= [ e g(ayda (2422)
We also have L .
ga(k) = o f e (Gy) (k) d (2.423)

which defines a sequence of functions(vectors) that converges to g as n — oo
where

g(x) = % f(Gg)(k)e”” dk (2.424)
Now, this gives
(pg)(x) = —ih%g(w) = % f(Gg)(k)k:eik:” dk (2.425)
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It is clear from this expression that a vector g is in the domain of p if and only
if the quantity k(Gg)(k) is square-integrable. We then have

(@0 =g [ Go)are ™ do= o [ o[ @oomres ) do

1 1 : ’
- [ Gk di' - [ e g
2m 2m

- % f(Gg)(k')hk’é(k’ “ k) dK = K(Gg) (k) (2.426)

We call G the Fourier transform of g. G is a unitary operator on L? . Its inverse
is given by

(G’lh)(x):%fh(k)eikm dk (2.427)

which implies

(G'h)(x) = (Gh)(-x) (2.428)

for every h. Since G is unitary, it preserves inner products as well as lengths of
vectors so we have

f(Gh)(k)*(Gg)(k:)dk:fh*(a:)g(m)d:c (2.429)
for all vectors h and g.

In terms of the operator Q defined by

(Qg)(z) = zg(x) (2.430)
it can be shown that
Gp=QG (2.431)
or
p=GQG (2.432)

From the spectral decomposition

Q= IwydEy (2.433)

we can then obtain the spectral decomposition of p . Since G is unitary and the
set of operators G™'E,G is a spectral family of projection operators, the set of
operators I, is also a spectral family of projection operators.

Since G™' = G, we have
(h.pg) = (h, G'QGg) = (Gh, QGy) (2.434)

- [ yd(GhE,Go) = [ yah, G E,Gy)

7



for any vector h and any vector g in the domain of p. Thus the spectral decom-
position of p is

p= [oo yd(G'E,Q) (2.435)

Now recall that Ey is the projection operator onto the subspace of all vectors

g such that g(«) = 0 for > y. Therefore, G’lEyG is the projection operator
onto the subspace of all vectors ¢ such that (Gg)(k) =0 for k > y.

This means that p, has the same spectrum as QT , namely, a purely continuous
spectrum consisting of all real numbers as we already assumed at the beginning
of our discussion. These results generalize to functions of the operators.

We have been thinking of the Fourier transform as an operator G which takes
a vector g to a different vector Gg. We may also think of g(z) and (Gg)(k)
as two different ways of representing the same vector g as a function. We can
write

(k1g) = (Gg) (k) (2.436)
provided we are careful not to confuse this with
(z]g)=g(x) (2.437)
We think of (k|g) as a function on the spectra of p. We then have
(k[plg) = k(k|g) (2.438)
which is the spectral representation of p.

For a function f of p we have

(K[f(P)g) = f(K) (K|g) (2.439)

The operator p has no eigenvectors (as was true earlier for @), It does, however,
have eigenfunctions which we can use as analogs of eigenvectors as we did earlier

for Q.

If we write |k) for

et (2.440)

we have

plk) = bk |k) (2.441)

as we assumed at the beginning, since

o1 1,
—th— | ——e""® | = hk v 2.442
Zax(ﬂwe ) (¢2w6 ) (2.442)
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For the components of a vector g n the spectral representation of the operators
p we have

(k|g) = (Gg) (k) = % [ gy ar (2.443)

We can think of these as the inner products of g with the eigenfunctions e?*% /v/27.
We have also

1 [ i
x)=—— Gg)(k)e'™ dk 2.444
g9(x) Ner (Gg) (k) (2.444)
which we can write as
k)= [ (klg) k) d (2.445)
so we can think of any vector g as a linear combination of the eigenfunctions.

Thus, the eigenfunctions e?**/\/2m are analogous to an orthonormal basis of

eigenvectors. They are not vectors in the Hilbert space L2, however, because
they are not square-integrable.

We use them in the same way that we earlier used the delta functions for eigen-
functions of the operators Q). In fact,
1
—
V2

is the inverse Fourier transform of the delta function.

ikx 1 f / ik’ !
=—— [ §(k'-k)e"*dk 2.446
= [ o~y (2.446)

be defined by Now let |k) (k|
1

V2r

(k) (k|9))(2) = (Gg)k—=e"" (2.447)

or
k) (kg = (k[g)[k) (2.448)

Then for the projection operators G‘lﬁyG in the spectral decomposition of p
we can write

1
V2

(G E,Go)w) = [ (@oh—=c™dk= [ (k) (k|a)(x)dk  (2.449)

or

GE,G = / (Ik) (k| dk (2.450)
k<y
and for the spectral decomposition of the operators p we get
p= [ hk k) (K| dk (2.451)

which is the same spectral decompositions in terms of eigenvalues and eigenvec-
tors that we saw earlier.
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2.22 Problems

2.22.1 Simple Basis Vectors

Given two vectors
A=761+665 , B=-26+166éy
written in the {é;,é5} basis set and given another basis set

N . V3. . V3, . 1,
e, =—e —€ Ep = —- e —€
q 2 1 2 2 P 9 1 9 2
(a) Show that é, and é, are orthonormal.

(b) Determine the new components of A, B in the {¢,,é,} basis set.

2.22.2 Eigenvalues and Eigenvectors

Find the eigenvalues and normalized eigenvectors of the matrix
1 2 4
A= 2 3 0
5 0 3
Are the eigenvectors orthogonal? Comment on this.

2.22.3 Orthogonal Basis Vectors

Determine the eigenvalues and eigenstates of the following matrix
2 20
A=l 1 2 1
1 2 1

Using Gram-Schmidt, construct an orthonormal basis set from the eigenvectors
of this operator.

2.22.4 Operator Matrix Representation

If the states {|1),]2)|3)} form an orthonormal basis and if the operator G has
the properties

G1)=2|1) - 4[2) + 7]3)

G2) =-2]1) +3]3)

G3)=11[1)+2]2) - 63)

What is the matrix representation of G in the [1),]2)|3) basis?
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2.22.5 DMatrix Representation and Expectation Value

If the states {|1),]2)|3)} form an orthonormal basis and if the operator K has
the properties

K1) =2]1)
K2)=3]2)
K|3) = -63)

(a) Write an expression for K in terms of its eigenvalues and eigenvectors (pro-
jection operators). Use this expression to derive the matrix representing
K in the |1),]2)|3) basis.

(b) What is the expectation or average value of K, defined as (a| K |a), in the
state
1

) 75

(=3[1)+5[2) +7[3))

2.22.6 Projection Operator Representation
Let the states {|1),[2) |3)} form an orthonormal basis. We consider the operator
given by P5 =2} (2|. What is the matrix representation of this operator? What

are its eigenvalues and eigenvectors. For the arbitrary state

1

|A) 75

(=3[1)+5[2) +7[3))

What is the result of Py |A)?

2.22.7 Operator Algebra

An operator for a two-state system is given by
H = a (1) (1] = [2) (2] +[1) (2] + [2) (1])

where a is a number. Find the eigenvalues and the corresponding eigenkets.

2.22.8 Functions of Operators

Suppose that we have some operator Q such that Qlq) = ¢lq), ie., |g) is an
eigenvector of @) with eigenvalue ¢q. Show that |¢) is also an eigenvector of the

operators QQ, Q” and e and determine the corresponding eigenvalues.
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2.22.9 A Symmetric Matrix

Let A be a 4 x 4 symmetric matrix. Assume that the eigenvalues are given by
0, 1, 2, and 3 with the corresponding normalized eigenvectors

1 1 0 0
ol afo}l o afr] 1|
alo] o Al ] 0 Bl

1 -1 0 0

Find the matrix A.

2.22.10 Determinants and Traces

Let A be an n x n matrix. Show that

det(exp(A)) = exp(Tr(A))

2.22.11 Function of a Matrix
Let

Calculate exp(aA), a real.

2.22.12 More Gram-Schmidt

Let A be the symmetric matrix

5 -2 -4
A=l -2 2 2
-4 2 5

Determine the eigenvalues and eigenvectors of A. Are the eigenvectors orthog-
onal to each other? If not, find an orthogonal set using the Gram-Schmidt
process.

2.22.13 Infinite Dimensions
Let A be a square finite-dimensional matrix (real elements) such that AAT = 1.
(a) Show that ATA=1.

(b) Does this result hold for infinite dimensional matrices?
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2.22.14 Spectral Decomposition

Find the eigenvalues and eigenvectors of the matrix

M=

o = O

1
0
1

O = O

Construct the corresponding projection operators, and verify that the matrix
can be written in terms of its eigenvalues and eigenvectors. This is the spectral
decomposition for this matrix.

2.22.15 Measurement Results
Given particles in state

1
V83

where {|1),|2),]3)} form an orthonormal basis, what are the possible experi-
mental results for a measurement of

) (=3[1) +5[2) + 7[3))

(20 0
Y=l0 3 0
00 -6

(written in this basis) and with what probabilities do they occur?

2.22.16 Expectation Values

Let

represent an observable, and

be an arbitrary state vector(with |a|> +[b° = 1). Calculate (R?) in two ways:
(a) Evaluate (R?) = (U| R?|¥) directly.
(b) Find the eigenvalues(r; and ry) and eigenvectors(|r;) and |r2)) of R? or

R. Expand the state vector as a linear combination of the eigenvectors
and evaluate

(RZ) = r% |cl|2 + r% |CQ\2
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2.22.17 Eigenket Properties

Consider a 3—dimensional ket space. If a certain set of orthonormal kets, say
|1), |2) and |3) are used as the basis kets, the operators A and B are represented

by
a 0 0 b 0 0
A->| 0 -a 0 , B>l o o0 —z‘b)
0 0 -a 0 ib 0

where a and b are both real numbers.

(a) Obviously, A has a degenerate spectrum. Does B also have a degenerate
spectrum?

(b) Show that A and B commute.

(c) Find a new set of orthonormal kets which are simultaneous eigenkets of
both A and B.

2.22.18 The World of Hard/Soft Particles
Let us define a state using a hardness basis {|h),|s)}, where
Osarpness [h) = |h) ,  Ouarpxess|s) = - |s)

and the hardness operator OHARDNESS is represented by (in this basis) by
A 1 0
OHARDNESS —( 0 -1 )

Suppose that we are in the state
|A) = cos @ |h) + e'? sinf |s)
) Is this state normalized? Show your work. If not, normalize it.
) Find the state |B) that is orthogonal to |A). Make sure |B) is normalized.
(c) Express |h) and |s) in the {|A),|B)} basis.
)

What are the possible outcomes of a hardness measurement on state |A)
and with what probability will each occur?

(e) Express the hardness operator in the {|A),|B)} basis.

2.22.19 Things in Hilbert Space

For all parts of this problem, let H be a Hilbert space spanned by the basis kets
{l0),11),]2),13)}, and let a and b be arbitrary complex constants.

(a) Which of the following are Hermitian operators on H?
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- 0) (1] +[1) (0]

0D (0] + 1) (1] +[2) (3] + [3) 2]

- (a]0) +[1))"(al0) + 1))

- ((@0) + b [1))"(6]0) —a [1)))[2) (1] + [3) (3]
- 10) (O] +[1) {0 = 2]0) (1] + [1) (1

T = W NN =

(b) Find the spectral decomposition of the following operator on H:
K =10) (0] +2[1) (2] + 2[2) (1] - 3) (3]

(¢) Let |¥) be a normalized ket in H, and let I denote the identity operator
on H. Is the operator

N 1 .
b= ﬁ(“l‘l’)(q’l)

a projection operator?

(d) Find the spectral decomposition of the operator B from part (c).

2.22.20 A 2-Dimensional Hilbert Space

Counsider a 2-dimensional Hilbert space spanned by an orthonormal basis {|1}, [{}}.
This corresponds to spin up/down for spin=1/2 as we will see later in Chapter
9. Let us define the operators

Se=g (NG o Sy= o W=D Se= 2 ({11144

(a) Show that each of these operators is Hermitian.
(b) Find the matrix representations of these operators in the {|1),]{)} basis.

(¢) Show that [Sw,gy] = ihS,, and cyclic permutations. Do this two ways:
Using the Dirac notation definitions above and the matrix representations
found in (b).

Now let
_ 1

V2

(d) Show that these vectors form a new orthonormal basis.

[+) (1) =14

(e) Find the matrix representations of these operators in the {|+),|-)} basis.

(f) The matrices found in (b) and (e) are related through a similarity trans-
formation given by a unitary matrix, U, such that

S’J(EN) _ UTSii)U ’ S@(,N) _ UTS'Z(/i)U 7 S’Ql) _ UTSA'?)U

where the superscript denotes the basis in which the operator is repre-
sented. Find U and show that it is unitary.
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Now let

(g) Express S, as outer products in the {|1),|{)} basis and show that ST = S_.

(h) Show that

Sell)y =11, -ty =l , S-[) =0, Sc[1) =0

and find R R X X
(MSs, (USe, (11S-, (4] S-

2.22.21 Find the Eigenvalues

The three matrices M,, M, M., each with 256 rows and columns, obey the
commutation rules
[Mi, Mj] = ihe?ijkMk

The eigenvalues of M, are +2h (each once), +2h (each once), +3h/2 (each 8
times), +h (each 28 times), +h/2 (each 56 times), and 0 (70 times). State the
256 eigenvalues of the matrix M? = M2 + M; + M2

2.22.22 Operator Properties

(a) If O is a quantum-mechanical operator, what is the definition of the cor-
responding Hermitian conjugate operator, O*?

(b) Define what is meant by a Hermitian operator in quantum mechanics.

(¢) Show that d/dx is not a Hermitian operator. What is its Hermitian con-
jugate, (d/dxz)*?

(d) Prove that for any two operators A and B, (AB)* = B*A™,

2.22.23 Ehrenfest’s Relations

Show that the following relation applies for any operator O that lacks an explicit
dependence on time:
0 i
Z0)= =
015( ) h
HINT: Remember that the Hamiltonian, H, is a Hermitian operator, and that
H appears in the time-dependent Schrodinger equation.

([H,0])

Use this result to derive Ehrenfest’s relations, which show that classical me-
chanics still applies to expectation values:

0 0

mon(@) = (B) 5 B) = ~(vY)
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2.22.24 Solution of Coupled Linear ODEs

Consider the set of coupled linear differential equations © = Ax where x =
(z1,29,73) € R® and

011
A=|1 0 1
1 10
(a) Find the general solution x(¢) in terms of 2(0) by matrix exponentiation.

(b) Using the results from part (a), write the general solution z(t) by expand-
ing x(0) in eigenvectors of A. That is, write

A2 A3

x(t) = Moy + e equy + €M egug

where (\;,v;) are the eigenvalue-eigenvector pairs for A and the ¢; are
coefficients written in terms of the x(0).

2.22.25 Spectral Decomposition Practice

Find the spectral decomposition of the matrix

1 0 0
A=]0 0 ¢
0 -2 0

2.22.26 More on Projection Operators

The basic definition of a projection operator is that it must satisfy P2 = P. If
P furthermore satisfies P = P* we say that P is an orthogonal projector. As
we derived in the text, the eigenvalues of an orthogonal projector are all equal
to either zero or one.

(a) Show that if P is a projection operator, then so is I - P.

(b) Show that for any orthogonal projector P and an normalized state, 0 <
(P)<1.

(¢) Show that the singular values of an orthogonal projector are also equal to
zero or one. The singular values of an arbitrary matrix A are given by the
square-roots of the eigenvalues of A*A. It follows that for every singular
value o; of a matrix A there exist some unit normalized vector wu; such
that

+ p+ _ 2
u; AT Au; = o}

Conclude that the action of an orthogonal projection operator never length-
ens a vector (never increases its norm).
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For the next two parts we consider the example of a non-orthogonal pro-

jection operator
0 O

(d) Find the eigenvalues and eigenvectors of N. Does the usual spectral de-
composition work as a representation of N7

(e) Find the singular values of N. Can you interpret this in terms of the
action of N on vectors in R2?
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Chapter 3

Probability

3.1 Probability Concepts

Quantum mechanics will necessarily involve probability in order for us to make
the connection with experimental measurements.

We will be interested in understanding the quantity
P(A|B) = probability of event A given that event B is true

In essence, event B sets up the conditions or an environment and then we ask
about the (conditional) probability of event A given that those conditions exist.
All probabilities are conditional in this sense. The | symbol means given so that
items to the right of this conditioning symbol are taken as being true.

In other words, we set up an experimental apparatus, which is expressed by
properties B and do a measurement with that apparatus, which is expressed
by properties A. We generate numbers (measurements) which we use to give a
value to the quantity P(A|B).

3.1.1 Standard Thinking .......

We start with the standard mathematical formalism based on azioms. We define
these events:

1. A = occurrence of A
(denotes that proposition A is true)

2. ~A = NOT A = nonoccurrence of A
(denotes that proposition A is false)

3. AnB = A AND B = occurrence of both A and B
(denotes that proposition A AND B is true)
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4. AuB = A OR B =occurrence of at least A and B
(denotes that proposition A OR B is true)

and standard Boolean logic as shown below:
Boolean logic uses the basic statements AND, OR, and NOT.
Using these and a series of Boolean expressions, the final
output would be one TRUE or FALSE statement.
This is illustrated below:
1. If A is true AND B is true, then (A AND B) is true
2. If A is true AND B is false, then (A AND B) is false
3. If Ais true OR B is false, then (A OR B) is true
4. If A is false OR B is false, then (A OR B) is false

or written as a truth table:

A|B| (AnB) | (AuB)
171 1 1
110 0 1
0|1 0 1
00 0 0

Table 3.1: Boolean Logic

where 1 = TRUE and 0 = FALSE.

Then we set up a theory of probability with these axioms:

1. P(A]A) =1

This is the probability of the occurrence A given the occurrence of A. This
represents a certainty and, thus, the probability must = 1. This is clearly
an obvious assumption that we must make if our probability ideas are to

make any sense at all.

In other words, if I set the experimental apparatus such that the meter

reads A, then it reads A with probability = 1.

2. 0<P(AB)<P(B|B)=1

This just expresses the sensible idea that no probability is greater than
the probability of a certainty and it make no sense to have the probability

be less than 0.
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3. P(A|B)+P(~A|B)=1or P(~ A|B)=1- P(A|B)
This just expresses the fact that the probability of something (anything)
happening (A or ~ A) given B is a certainty (= 1), that is, since the set A
or ~ A includes everything that can happen, the total probability that one
or the other occurs must be the probability of a certainty and be equal to
one.

4. P(AnB|C) = P(A|C)P(BIANnC)
This says that the probability that 2 events A, B both occur given that C
occurs equals the probability of A given C multiplied by the probability
of B given (AnC), which makes sense which makes sense if you think of
them happening in sequence.

All other probability relationships can be derived from these axioms.

The nonoccurrence of A given that A occurs must have probability = 0. This is
expressed by

P(~AlA)=0 (3.1)

This result clearly follows from the axioms since
P(A|B)+P(~A|lB) =1 (3.2)
P(AJA)+ P(~ AlA) =1 (3.3)
P(~AlA)=1-P(AlA)=1-1=0 (3.4)

Example: Let us evaluate P(X nY|C) + P(Xn ~Y|C).

We use axiom (4) in the 1°¢ term with and in the 2"? term with to get

P(XnY|C)+P(Xn~Y|C) (3.5)
=P(X|C)P(Y|XnC)+P(X|C)P(~Y|X nC(C)
= P(X|C)[P(Y|XNnC)+P(~Y|X nC)]
- P(X|C)[1] = P(X|C)
where we have used axiom (3). Thus we have the result
P(XnY|C)+P(Xn~Y|C)=P(X|C) (3.6)

Now let us use this result with X =~ A, Y =~ B. This gives

P(~ A~ B|C) + P(~ An ~~ B|C) = P(~ A|C) (3.7)
P(~ A~ B|C) + P(~ An BIC) = 1 - P(AC) (3.8)
P(~ An~B|C) =1 - P(A|C) - P(~ An B|C) (3.9)

Then use the result again with X = B, Y =~ A. This gives
P(Bn~ A|C)+ P(BnA|C) = P(B|C) (3.10)
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P(~ An B|C) = P(B|C) - P(An B|C) (3.11)

which gives

P(~ An~ B|C) = 1 - P(A|C) - P(B|C) + P(An B|C) (3.12)
Now
P(AUB|C) =1-P(~ (AUB)|C) = 1 - P((~ An ~ B)|C) (3.13)
since
~(AUB) = (~ An~ B) (3.14)

i.e., we can construct a truth table as shown below, which illustrates the equality
directly

A B[ (~(AuB)) | (~4n~DB)
1] 1 0 0
10 0 0
011 0 1
00 1 1

Table 3.2: Equivalent Expressions

We finally get
P(AuB)=P(A|C)+ P(B|C)-P(AnB|C) (3.15)
which is a very important and useful result.

If we have P(AnB|C)=0, then events A and B are said to be mutually exclusive
given that C is true and the relation then reduces to

P(AuB)=P(A|C)+ P(B|C) (3.16)
This is the rule of addition of probabilities for exclusive events.
Some other important results are:
If AnB=BnA,|;then P(A|C)P(B|AnC)=P(B|C)P(AIBnC) (3.17)

P(B|C)
P(AIC)

which is Baye’s theorem. It relates the probability of B given A to the proba-
bility of A given B.

If P(A|C) %0, then P(BJAnC) = P(A|Bn C) (3.18)
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When we say that B is independent of A, we will mean
P(B|AnC) = P(B|C) (3.19)

or the occurrence of A has NO influence on the probability of B given C. Using
axiom (4) we then have the result:

If A and B are independent given C, then
P(An B|C) = P(A|C)P(BI|C) (3.20)

This is called statistical or stochastic independence. The result generalizes to a

set of events {A4;, i =1,2,...,n}. All these events are independent if and only
if
P(AinAsn---nA,|C) = P(A|C)P(As|C) ... P(AL|C) (3.21)

for all m < n.

Now let us think about these ideas in another way that has fundamental impor-
tance in modern approaches to quantum theory. The fundamental result in this
view will turn out to be the Bayes formula and its relationship to measurements.

3.1.2 Bayesian Thinking ........
Two Different Axioms

1. If we specify how much we believe something is true, then we must have
implicitly specified how much we believe it is false.

2. If we first specify how much we believe that proposition Y is true, and
then state how much we believe X is true given that Y is true, then we
must implicitly have specified how much we believe that both X and Y
are true.

We assign real numbers to each proposition in a manner so that the larger the
numerical value associated with a proposition, the more we believe it.

Only using the rules of Boolean logic, ordinary algebra, and the constraint that
if there are several different ways of using the same information, then we should
always arrive at the same conclusions independent of the particular analysis-
path chosen, it is then found that this consistency could only be guaranteed
if the real numbers we had attached to our beliefs in the various propositions
could be mapped (or transformed) to another set of real positive numbers which
obeyed the usual rules of probability theory:

prob(X|I) +prob(~ X|I)=1 (same as axiom (3)) (3.22)

prob(X nY|I) = prob(X|Y nI) x prob(Y|I) (same as axiom (4)) (3.23)

The first of these equations is called the sum rule and states (as earlier) that
the probability that X is true plus the probability that X is false is equal to
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one.

The second of these equations is called the product rule. It states (as earlier)
that the probability that both X and Y are true is equal to the probability that
X is true given that Y is true times the probability that Y is true (independent
of X).

Note all the probabilities are conditional on proposition(s) or conditioning(s) I,
which denotes the relevant background information on hand. It is important to
understand that there is no such thing as an absolute probability (one without
prior information).

Baye’s Theorem and Marginalization

As before, we can use the sum and product rules to derive other results.

First, starting with the product rule we have

prob(X nY|I) = prob(X|Y nI) x prob(Y|I) (3.24)
We can rewrite this equation with X and Y interchanged

prob(Y n X|I) = prob(Y|X nI) x prob(X|I) (3.25)

Since the probability that both X and Y are true must be logically the same as
the probability that both Y and X are true we must also have

prob(Y n X|I) = prob(X nY|I) (3.26)
or
prob(X|Y n 1) xprob(Y|I) = prob(Y|X nI) x prob(X|I) (3.27)

or
prob(Y|X n 1) x prob(X|I)

prob(Y|I)

which is Bayes theorem (as derived earlier).

prob(X|Y nI) = (3.28)

Most standard treatments of probability do not attach much importance to
Bayes’ rule.

This rule, which relates prob(A|BnC') to prob(B|AnC'), allows us to turn things
around with respect to the conditioning symbol, which leads to a reorientation
of our thinking about probability.

The fundamental importance of this property to data analysis becomes apparent
if we replace A and B by hypothesis and data:

prob(A|Bn C) «< prob(B|An C) x prob( A|C) (3.29)
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prob(hypothesis|data n C') o< prob(datalhypothesis N C') x prob(hypothesis|C')

Note that the equality has been replaced with a proportionality because the
term prob(data|l) = evidence has been omitted. The proportionality constant
can be found from the normalization requirement that the sum of the probabil-
ities for something happening must equal 1.

The power of Bayes’ theorem lies in the fact that it relates the quantity of in-
terest, the probability that the hypothesis is true given the data, to the term
that we have a better chance of being able to assign, the probability that we
would have obtained the measured data if the hypothesis was true.

The various terms in Bayes’ theorem have formal names.

The term prob(hypothesis|C) = prior probability represents our state of knowl-
edge(or ignorance) about the truth of the hypothesis before we have analyzed
the current data. This is modified by the experimental measurements through
the term prob(datalhypothesis n C') = likelihood function. This product gives
prob(hypothesis|data n C) = posterior probability representing our state of
knowledge about the truth of the hypothesis in the light of the data(after mea-
surements).

In some sense, Bayes’ theorem encapsulates the process of learning, as we shall
see later.

Second, consider the following results from the product rule
prob(X nY|I) = prob(Y n X|I) = prob(Y|X nT) x prob(X|I) (3.30)
prob(Xn~Y|I)=prob(~Y nX|I) =prob(~Y|X nI)xprob(X|I) (3.31)
Adding these equations we get

prob(X nY|I) + prob(Xn ~Y|I) (3.32)
= (prob(Y|X nI)+prob(~Y|X nI))prob(X|I)

Since prob(Y|X nI) +prob(~Y|X nI) =1 we have
prob(X nY|I) + prob(Xn ~Y|I) = prob(X|I) (3.33)

which, again, is the same result as earlier. If, on the other hand, Y - {Y}, k =
1,2,..., M} representing a set of M alternative possibilities, then we generalize
the two-state result above as

M
> prob(X nYi|I) = prob(X|I) (3.34)
k=1

We can derive this result as follows

prob(X nYi|I) = prob(Y1 n X|I) = prob(Y1|X nI) x prob(X|I) (3.35)
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prob(X nYs|I) = prob(Yon X|I) = prob(Ya|X nI) x prob(X|I) (3.36)
............ (3.37)
prob(X nYy|I) = prob(Ya n X|I) = prob(Ya|X nT) x prob(X|T) (3.38)
Adding these equations we get
M M
> prob(X nYy|I) = prob(X|I) (Z prob(Yy n X|I)) (3.39)
k=1 k=1

If we assume that the {Y;} form a mutually exclusive and exhaustive set of
possibilities, that is, if one of the Y}'s is true, then all the others must be false,
we then get

M
dprob(YinX|I) =1 (3.40)
k=1

which is a normalization condition. This completes the derivation.

If we go to the continuum limit where we consider an arbitrarily large number
of propositions about some result (the range in which a given result might lie),
then as long as we choose the intervals in a contiguous fashion, and cover a big
enough range of values, we will have a mutually exclusive and exhaustive set of
possibilities. In the limit of M — co, we obtain

prob(X|I) = f prob(zn Y|I)dY (3.41)

which is the marginalization equation. The integrand here is technically a prob-
ability density function(pdf) rather than a probability. It is defined by

o prob(X ny<Y <y+dy|l)

3.42
-0 oy (3.42)

PA(X Y =ylD) - i

and the probability that the value of Y lies in a finite range between y; and ys
(and X is also true) is given by

Y2
prob(X ny, <Y < yoll) = f pdf (X nY|I)dY (3.43)
Y1
which leads directly to the marginalization equation.
In this continuum limit the normalization condition takes the form
1= f pdf (VX n1)dY (3.44)
Marginalization is a very powerful device in data analysis because it enables us
to deal with nuisance parameters, that is, quantities which necessarily enter the
analysis but are of no intrinsic interest. The unwanted background signal present

in many experimental measurements, and instrumental parameters which are
difficult to calibrate, are examples of nuisance parameters.
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3.2 Probability Interpretation

In the standard way of thinking about probability in relation to experiments,
measured results are related to probabilities using the concept of a limit fre-
quency. The limit frequency is linked to probability by this definition:

If C can lead to either A or ~ A and if in
n repetitions, A occurs m times, then

P(A|C) = lim = (3.45)
n—oo n,

We must now connect the mathematical formalism with this limit frequency
concept so that we can use the formalism to make predictions for experiments
in real physical systems.

This approach depends on whether we can prove that the limit makes sense for
real physical systems. Let us see how we can understand the real meaning of
the above interpretation of probability and thus learn how to use it in quantum
mechanics, where probability will be the dominant property.

Suppose that we have an experimental measurement, M, that can yield either
A or ~ A as results, with a probability for result A given by

P(AIM) =p (3.46)

In general, we let any sequence of n independent measurements be labeled as
event M"™ and we define n 4 as the number of times A occurs, where 0 <n4 < n.

Now imagine we carry out a sequence of n independent measurements and we
find that A occurs r times. The probability for a sequence of results that includes
result A occurring r times and ~ A occurring (n—r) times (independent of their
order in the sequence) is given by

P (3.47)

where
g=P(~AM)=1-P(AM)=1-p (3.48)
The different sequence orderings are mutually exclusive events and thus we have

P(na=rM") = > prg" " (3.49)

all possible orderings

The sum
(3.50)

all possible orderings

just counts the number of ways to distribute r occurances of A and (n-r) oc-
curances of ~ A, where all the terms contain the common factor p"¢"~". This
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result is given by the Binomial probability distribution (more about this later)

as
n!

T (3.51)

so that
n!

° T _Nn-T
r!(n—r)!p g

Now to get to the heart of the problem. The frequency of A in M™ is given by

P(na=rM") = (3.52)

fo="A (3.53)
n

This is not necessarily = p in any set of measurements.
What is the relationship between them? Consider the following:

(na) = average or expectation value (3.54)

sum over [possible values times probability of that value

n

n n!
P — Mn — ™ _n—r
7;)7“ (na=r[M") ;}riﬂ(n_rﬂp q

We now use a clever mathematical trick to evaluate this sum. For the moment
consider p and q to be two arbitrary independent variables. At the end of the
calculation we will let ¢ =1 —p as is appropriate for a real physical system.

From the Binomial expansion formula, we have, in general,

2 n' r n-r n
Z o _.aPd =(p+q) (3.55)
Zrli(n—r)!
‘We then have 5 | 5
n n!
— )y ———— """ =p— " 3.56
papgﬂ(n_r)!pq pap(p+fI) (3.56)
so that
< TL' r n-r n—1
> T NP4 = np(p +q) (3.57)
= ri(n-r)!
This gives
Z rP(na=r|M")=np(p+ q)"_1 (3.58)
r=0
or
(na)=np(p+q)"™" (3.59)

In a real physical system, we must have p + ¢ = 1, so that we end up with the
result

(na)) =np (3.60)
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and

(fa)= % =p (3.61)

This says that p = the average frequency.
This does not say, however, that f, is close to p.

Now consider a more general experiment where the outcome of a measurement
is the value of some continuous variable ), with probability density (for its
continuous spectrum) given by

P(q<Q<q+dg|M)=h(q)dgq (3.62)

If we let h(q) contain delta-functions, then this derivation is also valid for the
discrete part of the spectrum. We can now derive the following useful result. If
@ is a nonnegative variable, which means that h(q) = 0 for ¢ < 0, then for any
€e>0

@ = [ h@ada> [ h@ada>e [T hq)dg=eP@> ) (363

This implies that
(Q)

P(Q=>€eM)< — (3.64)

Now we apply this result to the nonnegative variable |Q — ¢|* where « > 0 and
¢ = number, to obtain

P(IQ-c|>€¢lM) =P(|Q-c]* > €M) < (Q@=c) (3.65)

Ea

which is called Chebyshev’s inequality.

In the special case where a =2, ¢ = (Q)=mean of distribution we have

(1Q ) = (1@~ (Q)) = ~(Q%) - (Q*)* = 0® = variance (3.66)
so that letting ¢ = ko we get

P(IQ - (Q)| > ko|M) < ki (3.67)

or, the probability of @) being k or more standard deviations from the mean is
no greater than 1/k? (independent of the form of the probability distribution).

In a similar manner, it can also be shown that

P(|fn - pl > 0|M) < # (3.68)

which implies that the probability of f, (the relative frequency of A in n in-
dependent repetitions of M) being more than § away from p converges to 0 as
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n — oo. This is an example of the law of large numbers in action. This DOES
NOT say f, =p at any time or that f,, remains close to p as n — oo.

It DOES say that the deviation of f,, from p becomes more and more improba-
ble or that the probability of any deviation approaches 0 as n — co.

It is in this sense that one uses the limit frequency from experiment to compare
with theoretical probability predictions in physics. From probability theory one
derives only statements of probability, not of necessity.

3.3 First hints of "subversive" or "Bayesian" think-

How do we reason in situations where it is not possible to argue with certainty?
In other words, is there a way to use the techniques of deductive logic to study
the inference problem arising when using inductive logic? No matter what sci-
entists say, this is what they are actually doing most of the time.

The answer to this last question resides in the Bayes’ rule.

To Bayes(along with Bernoulli and Laplace), a probability represented a "degree-
of-belief" or "plausibility", that is, how much one thinks that something is true,
based on the evidence on hand.

The developers of standard probability theory(Fisher, Neyman and Pearson)
thought this seemed too vague and subjective a set of ideas to be the basis
of a "rigorous" mathematical theory. Therefore, they defined probability as
the long-run relative frequency with which an event occurred, given infinitely
many repeated experimental trials. Since such probabilities can be measured,
probability was then thought to be an objective tool for dealing with random
phenomena.

This frequency definition certainly seems to be more objective, but it turns out
that its range of validity is far more limited.

In this Bayesian view, probability represents a state of knowledge. The condi-
tional probabilities represent logical connections rather than causal ones.

Example:
Consider an urn that contains 5 red balls and 7 green balls.

If a ball is selected at random, then we would all agree that the probability of
picking a red ball would be 5/12 and of picking a green ball would be 7/12.
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If the ball is not returned to the urn, then it seems reasonable that the prob-
ability of picking a red or green ball must depend on the outcome of the first
pick (because there will be one less red or green ball in the urn).

Now suppose that we are not told the outcome of the first pick, but are given
the result of the second pick. Does the probability of the first pick being red or
green change with the knowledge of the second pick?

Initially, many observers would probably say no, that is, at the time of the first
draw, there were still 5 red balls and 7 green balls in the urn, so the proba-
bilities for picking red and green should still be 5/12 and 7/12 independent of
the outcome of the second pick. The error in this argument becomes clear if
we consider the extreme example of an urn containing only 1 red and 1 green
ball. Although, the second pick cannot affect the first pick in a physical sense,
a knowledge of the second result does influence what we can infer about the
outcome of the first pick, that is, if the second ball was green, then the first ball
must have been red, and vice versa.

We can calculate the result as shown below:

Y = pick is GREEN (2" pick)

X = pick is RED (1% pick)

I = initial number of RED/GREEN balls = (n,m)

A Bayesian would say:

prob(Y|X nT) x prob(X|T)

b(X|Y nI)= 3.69
prob(X|y 0 1) T (369
rob(Y|X n{n,m}) x -2
pTOb(X|Y n {n’m}) _ P n( |7n { m})m_nl-wn
n+m n+m-1 n+m n+m-1
e WL | (3.70)
nm_ om(m=1) p g, -] '
n+m—1 n+m—1
1
cm=1 = prob(X|Y n{1,1}) = — =1 3.71
n=m=1=prob(X[Y n{1,1}) = —— (3.71)
n=5m=7= prob(X|Y n{5,7}) - % - % ~ 0.456 (3.72)
Non-Bayesian says:
5
prob(X|{5,7}) = 5= 0.417 (3.73)

Clearly, the Bayesian and Non-Bayesian disagree.
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However, the non-Bayesian is just assuming that the calculated result 0.417 is
correct, whereas, the Bayesian is using the rules of probability (Bayes’ Rule) to
infer the result 0.456 correctly.

The concerns about the subjectivity of the Bayesian view of probability are un-
derstandable. I think that the presumed shortcomings of the Bayesian approach
merely reflect a confusion between subjectivity and the difficult technical ques-
tion of how probabilities(especially prior probabilities) should be assigned.

The popular argument is that if a probability represents a degree-of-belief, then
it must be subjective, because my belief could be different from yours. The
Bayesian view is that a probability does indeed represent how much we believe
that something is true, but that this belief should be based on all the relevant
information available(all prior probabilities).

While this makes the assignment of probabilities an open-ended question, be-
cause the information available to me may not be the same as that available to
you, it is not the same as subjectivity. It simply means that probabilities are
always conditional, and this conditioning must be stated explicitly.

Objectivity demands only that two people having the
same information should assign the same probability.

Cox looked at the question of plausible reasoning from the perspective of logical
consistency. He found that the only rules that worked were those of probability
theory! Although the sum and product rules of probability are straightforward
to prove for frequencies (using Venn diagrams), Cox showed that their range
of validity goes much further. Rather than being restricted to frequencies, he
showed that probability theory constitutes the basic calculus for logical and
consistent plausible reasoning, which means scientific inference!

Another Example - Is this a fair coin?

We consider a simple coin-tossing experiment. Suppose that I had found this
coin and we observed 4 heads in 11 flips.

If by the word fair we mean that we would be prepared to make a 50 : 50 bet
on the outcome of a flip being a head or a tail, then do you think that it is a
fair coin?

If we ascribe fairness to the coin, then we naturally ask how sure are we that
this was so or if it was not fair, how unfair do we think it was?

A way of formulating this problem is to consider a large number of contiguous
hypotheses about the range in which the bias-weighting of the coin might lie.
If we denote bias-weighting by H, then H =0 and H = 1 can represent a coin
which produces a tail(not a head!) or a head on every flip, respectively. There
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is a continuum of possibilities for the value of H between these limits, with
H =1/2 indicating a fair coin. The hypotheses might then be, for example

(a) 0.00 < H <0.01

(b) 0.01 < H <0.03

(¢) 0.02< H<0.03
and so on

Our state of knowledge about the fairness, or the degree of unfairness, of the
coin is then completely summarized by specifying how much we believe these
various hypotheses to be true. If we assign a high probability to one (or a closely
grouped few) of these hypotheses, compared to others, then this indicates that
we are confident in our estimate of the bias-weighting. If there was no such
distinction, then it would reflect a high level of ignorance about the nature of
the coin.

In this case, our inference about the fairness of the data is summarized by the
conditional pdf prob( H|{data}HnI). This is just a representation of the limiting
case of a continuum of hypotheses for the value of H, that is, the probability
that H lies in an infinitesimally narrow range between h and h + dh is given
by prob(H = h|{data} nT)dH. To estimate this posterior pdf, we need to use
Baye’s theorem, which relates the pdf of interest to two others that are easier
to assign:

prob(H|{data} nI) o< prob({data}|H nT) x prob(H|I) (3.74)

We have omitted the denominator prob({data}|I) since it does not involve bias-
weighting explicitly and replaced the equality by a proportionality. The omitted
constant can be determined by normalization

fo " prob(H|{data} o I)dH =1 (3.75)

The prior pdf, prob(H|I), on the right side represents what we know about
the coin given only that I found the coin. This means that we should keep an
open mind about the nature of the coin. A simple probability assignment which
reflects this is a uniform pdf

1 0<H<I1

. (3.76)
0 otherwise

prob(H|I) = {
This prior state of knowledge (or ignorance) is modified by the data through the
likelihood function, prob({data}|H nI), which is a measure of the chance that
we would have obtained the data we actually observed if the value of the bias-
weighting H was given (as known). If, in the conditioning information I, we
assume that the flips of the coin were independent events, so that the outcome
of one did not influence that of another, then the probability of obtaining the
data R heads in IV tosses is given by the binomial distribution

prob({data}|H nT) <« HR(1 - H)N-F (3.77)
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The product of these last two results then gives the posterior pdf that we require.

It represents our state of knowledge about the nature of the coin in light of the
data.

It is instructive to see how this pdf evolves as we obtain more and more data
pertaining to the coin. A computer simulation is shown below allows us to
demonstrate what happens in some typical cases.

The simulation allows for three distinct and very different prior probabilities:
(1) Uniform distribution
(2) Gaussian distribution centered around 0.5 with some spread
(3) Sum of two Gaussians with different centers

These prior probabilities represent very different initial knowledge:
(1) total ignorance-we have no idea if it is fair
(2) knowledge that mean is 0.5[with spread]-we think it is fair
(3) knowledge that it is unfair (either all tails or all heads) [with spreads]

In the simulation we can choose the true mean value (hg), which is then reflected
in the simulated coin tosses (the data).

As can be seen from the images below, the only effect that different prior prob-
abilities have is to change the period of time evolution to the final posterior pdf
(which is the same eventually in all cases)!

(1) total ignorance - we have no idea if it is fair

Posterior pdf=prob({datallh,i}sprob(hll)
e

Prior pdf=prob(hl) T
F T e
I
10 !
1.0 |
I
el ] 08p |
= = |
= £ oef |
£ oef 1 s
= z
< F
T 04f 8 0.4
e a
a
0.zp
0.z 1
N |
0.0
0.0F 1 !
|
02 -0.2 L ! L
- YN TN [N N T TN T WY TN TN SN ST TN TR [N S T
: 0.0 0.2 0.4 0.6 o8 1.0
00 02 04 06 08 10 Biaa—weighting for head h
Biaa—weighting for heod h
(a) Prior (b) Posterior

Figure 3.1: Total Ignorance
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(2) knowledge that mean is 0.5 [with spread| - we think it is fair

prob{hi{dota),l}

-0.2 L L L L

Prior pdf=prob(hll)
T T T T

0.0 .2 0.4 0.6 [eX:} 1.0

Biaa—weighting for head h

(a) Prior

prob{hi{dota)l}
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(b) Posterior

Figure 3.2: Knowledge that Mean is 0.5

(3) knowledge that it is unfair (either all tails or all heads) [with spreads]
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Figure 3.3: Knowledge that it is Unfair

In each case, the first figure shows the posterior pdf for H given no data (it is
the same as the prior pdf) and the second figure shows the posterior pdf after
1000 tosses and they clearly indicate that no matter what our initial knowledge,
the final posterior pdf will be the same, that is, the posterior pdf is dominated
by the likelihood function(the actual data) and is independent of the prior pdf.



3.3.1 The Problem of Prior Probabilities

We are now faced with the most difficult question. How do we assign probabil-
ities based on prior information?

The oldest idea was devised by Bernoulli - the principle of insufficient reason
or the principle of indifference. It states that if we determine a set of basic,
mutually exclusive, possibilities, and we have no reason to believe that any one
of them is more likely to be true than another, then we must assign the same
probability to each of them. Clearly, this makes sense. Think of flipping a coin
with two possibilities, heads and tails. If it is a legitimate coin, then we have
no reason to favor heads over tails and we must assign equal probability to each
possibility, that is,

1
prob(heads|I') = prob(tails|I) = 5 (3.78)

Let us elaborate on the idea of not having any reason to believe..... Suppose we
had ten possibilities labeled by X;,7=1,2,...,10 and we had no reason to think
any was more likely than any other. We would then have

prob(Xa|) = prob(Xa|I) = ... = prob(Xuo|I) = % (3.79)
Suppose that we relabel or reorder the possibilities. If the conditioning on I
truly represents gross ignorance about any details of the situation, then such a
reordering should not make any difference in the probability assignments. Any
other statement has to mean that we have other important information besides
the simple ordering of the possibilities. For example, imagine that you called a
certain side of the coin heads and therefore the other side tails. Nothing changes
if your friend switches the meaning of heads and tails. This justification of the
Bernoulli principle led Jaynes to suggest that we think of it as a consequence of
the requirement of consistency.

This principle of insufficient reason can only be applied to a limited set of
problems involving games of chance. It leads, however, to some very familiar and
very important results if combined with the product and sum rules of probability
theory.

Example 1: Assume W white balls and R red balls in an urn. We now pick
the balls out of the urn randomly. The principle of indifference says that we
should assign a uniform prior probability (actually a pdf)

1
— , 7=1,23,....R+W 3.80
R+w 7 (3.80)
for the proposition that any particular ball, denoted by index j, will be picked.
Using the marginalization idea from earlier

prob(j|I) =

prob(X|I) = fooprob(X AY|I)dY (3.81)
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we have

R+W
prob(red|I) = > prob(redn j|I) (3.82)
j=1
RiW 1 RiW
= prob(j|I)prob(red|jnI) = —— prob(red|jnI)
i R+W ia

where we have used the product rule. The term prob(red|jnI) is one if the j**
ball is red and zero if it is white. Therefore the summation equals the number
of red balls R and we get

R+W

1
prob(red|I) = ST > prob(red|jnI) = (3.83)
j=1

R
R+W
as expected. However, we have derived this result from the principle of indiffer-

ence and the product rule. It also follows from the basic notion of probability,
that is,

number of cases favorable to red R

prob(red|I) = (3.84)

total number of equally possible cases TR+ W

We now assume that after each pick the ball is returned to the urn and we ask
the question: what is the probability that N such picks (trials) will result in r
red balls?

Using marginalization and the product rule we can write
prob(r|NnI) = prob(rnSg|NnI) =" prob(r|SynNnI)prob(Sy|NnI) (3.85)
k k
where the summation is over the 2V possible sequences of red-white outcomes
{Sk} of N picks. The term prob(r|Sy N N nT) equals one if Sj contains exactly

r red balls and is zero otherwise, so that we need only consider those sequences
which have exactly r red outcomes for prob(Si|N nI).

Now we have

- ] _r RrwN—r
prob(Sk|N n I) = [prob(red|I)]" [prob(white|I)]N ™" = RrW)¥ (3.86)
Hence,
RrwN—r
prob(rINnI) = Ry Zk:prob(ﬂSk NNNI) (3.87)

for those Si that matter, i.e., we are only considering those Sj which contain
exactly r red balls. In this case we have

RTWHN-r N!

prob(riN O L) = N (N =]

(3.88)
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where the last factor just corresponds to the number of sequences (permutations)
containing r red balls. Thus,

prob(r|NnI) = '(J\]]V')‘p (1-p)N" (3.89)
where R
PEpw s probability of picking a red ball (3.90)
and W
qg=1-p= B w - probability of picking a white ball (3.91)

Note that p+q = 1 as it should since red and white balls are the only possibilities.

We can then compute the frequency r/N with which we expect to observe red
balls. We have

Ny N!
N TZ% PTOb(T|N”I) ;JNWP( —p)N "
y B 1) T -r & (N 1) 1-j
g mp (1—p)N = Z JUN - T),Iﬂ(l— )N
=pp+q)N ' =p= RfW (3.92)

as the expected or anticipated result. Thus, the expected frequency of red balls,
in repetitions of the urn experiment, is equal to the probability of picking one
red ball in a single trial.

A similar calculation for the mean-square deviation gives the result

2 2
r r r pq
R == - === 3.93
(5 -0) =5 -2) ) -5 (3.99)
Since this becomes zero in the limit of large N, it agrees with the result we

derived earlier. It also verifies that Bernoulli’s famous theorem or law of large
numbers is valid:

lim (%) = prob(red|I) (3.94)

N—oo

This relationship, which allows prediction of the long-run frequency of occur-
rence from the probability assignment, goes in a direction opposite to the one we
want, that is, we would like to be able to determine the probability of obtaining
a red ball, in a single pick, given a finite number of observed outcomes. This is,
in fact, exactly what Bayes theorem allows us to do!

How do we generalize Bernoulli’s principle of insufficient reason to the case of
continuous parameters, that is, when the quantity of interest is not restricted

to certain discrete values (heads/tails)?
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Suppose we have a variable X which represents the position of some object. We
then define a probability as follows. Given the information I, the probability
that X lies in the infinitesimal range between x and x + dz is

prob(X =z|I) = 6lim0pr0b(a: <X <x+oz|l) (3.95)

so that we are treating continuous pdfs as the limiting case of discrete ones.
Although it is still awkward to enumerate the possibilities in this case, we can
still make use of the principle of consistency which underlies the principle of
indifference.

Examples:
A Location Parameter

Suppose that we are unsure about the actual location of the origin. Should
this make any difference to the pdf assigned for X? Since I represents gross
ignorance about any details of the situation other than the knowledge that X
pertains to a location, the answer must be no; otherwise we must already have
information regarding the position of the object. Consistency then demands
that the pdf for X should not change with the location of the origin or any
offset in the position values. Mathematically, we say

prob(X|I)dX = prob(X + zo|l) d(X + zq) (3.96)
Since xg is a constant, d(X + xo) = dX so that we have
prob(X|I) = prob(X + xo|I) = constant (3.97)

so that the complete ignorance about a location parameter is represented by the
assignment of a uniform pdf.

A Scale Parameter

Suppose that we have another parameter that tells us about size or magnitude, a
so-called scale parameter. If we are interested in the size L of some object and we
have no idea about the length scale involved, then the pdf should be invariant
with respect to shrinking or stretching the length scale. Mathematically, the
requirement of consistency can be written

prob(L|I)dL = prob(BL|I) d(BL) (3.98)

where (8 is a positive constant. Then since d(SL) = 8dL we must have

prob(L|I) = Bprob(BL|I) (3.99)
which can only be satisfied if
1
prob(L|T) o 7 (3.100)
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which is called Jeffrey’s prior. It represents complete ignorance about the value
of a scale parameter.

Now we must have
prob(L|I)dL = prob(f(L)|I)df (L) (3.101)

since we are looking at the same domain of values in each case. We then have

prob(log L||) d(log L) = prob(L|T) dL (3.102)
dL

prob(log L||) <= prob(L|T)dL (3.103)

prob(log L||) = Lprob(L|I) = constant (3.104)

So that assignment of a uniform pdf for log L is the way to represent complete
ignorance about a scale parameter.

3.4 Testable Information:
The Principle of Maximum Entropy

Clearly, some pdfs can be assigned given only the nature of the quantities in-
volved (as we saw above). The methods employed hinge on the use of consistency
arguments along with transformation groups, which characterize the ignorance
for a given situation.

For a set of discrete probabilities(finite) the associated pdf must be invariant
with respect to any permutation of the propositions (permutation group). In
the continuous parameter case, the associated transformations are translation
(origin shift) and dilation (shrink/stretch), which are also group transforma-
tions.

Let us move on to a situation where we do not have total ignorance.

Suppose that a die, with the usual six faces, was rolled a very large number of
times and we are only told that the average result was 4.5. What probability
should we assign for the various outcomes {X;} that the face on top had i dots?

The information or condition I provided by the experiment is written as a simple

constraint equation
n

> iprob(X;|I) =4.5 (3.105)
i=1
If we had assumed a uniform pdf, then we would have predicted a different

average
n

1 n
> iprob(X;|I) = 5 >i=35 (3.106)
i=1

=1
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which means the uniform pdf is not a valid assignment.

There are many pdfs that are consistent with the experimental results. Which
one is the best?

The constraint equation above is called testable information.

With such a condition, we can either accept or reject any proposed pdf. Jaynes(one
of the most brilliant theoretical physicists) proposed that, in this situation,
we should make the assignment by using the principle of maximum entropy
(MaxEnt), that is, we should choose that pdf which has the most entropy S
while satisfying the available constraints.

Explicitly, for case in the die experiment above, we need to maximize

6
S=- Zpi log, (pi) (3.107)
i=1

where p; = prob(X;|I) subject to the conditions:

(1) normalization constraint

6
Yopi=1 (3.108)
i=1
and
(2) testable information constraint
6
dlipi=4.5 (3.109)
i=1

Such a constrained optimization is done using the method of Lagrange multipli-
ers as shown below.

Define the functions

6 af
fpi)=Ypi-1=0=>-—=1 (3.110)
i=1 Ip;
6 dg .
g(pi) =D ip;-45=0=> == (3.111)
i=1 Op;

The maximization problem can then be written in the following way. Instead
we maximize the quantity

S+Arf+Xgg=S (by definition) (3.112)
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where the constants are called undetermined or Lagrange multipliers. Thus the

maximization equation becomes

95 32009 g j-1,2,3.45.6
Op; Opj Opj
We get the equations
—log.(pj) —1+Af+jrg=0 j=1,2,3,4,5,6
and we obtain
—log.(pje1) =1+ Ap + (J +1)Ag = —log.(p;) =1+ Af +jAg

This implies that

log, Piv1 _ Ag = Pivt _ B = constant
J bj

This gives
—log.(p1) -1+ Af+jlogB=0= Ay = 1+loge%

Therefore .

Zpi:1=p1(1+ﬁ+ﬁ2+53+54+/55)

i=1
6

Sipi=4.5=p1(1+28 +38% +45° + 58" +64°)
=1

or dividing to get rid of p; we have

1+28+3B82+4p%+53%+6835 us
1+8+682+83+84+685

which gives ‘
1.58° +0.58* - 0.58% -1.58% -2.53-3.5=0

Solving numerically for 8 we get 1.449255 so that

P = 1+ﬂ+ﬂ2+1,33+54+55 =0.05435
po = Bp1 = 0.07877
ps = Bp2 = 0.11416
pq = Bp3 = 0.16545
ps = Bpg = 0.23977

ps = Bps = 0.34749

(3.113)

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

is the MaxEnt assignment for the pdf for the outcomes of the die roll, given

only that it has the usual six faces and yields an average result of 4.5.
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Why should the entropy function
6
S =- Zpi log.(pi) (3.123)
i=1

specified above be the choice for a selection criterion?

Let us look at two examples that suggest this criterion is highly desirable and
probably correct.

Kangaroo Problem(Gull and Skilling)
The kangaroo problem is as follows:

Information: 1/3 of all kangaroos have blue eyes and 1/3 of all kangaroos are
left-handed

Question: On the basis of this information alone, what proportion of kangaroos
are both blue-eyed and left-handed?

For any particular kangaroo, there are four distinct possibilities, namely, that
it is

(1) blue-eyed and left-handed

(2) blue-eyed and right-handed

(3) not blue-eyed but left-handed
(4) not blue-eyed but right-handed

Bernoulli’s law of large numbers says that the expected values of the frac-
tion of kangeroos with characteristics (1)-(4) will be equal to the probabilities
(p1,p2,D3,p4) We assign to each of these propositions.

This is represented by a 2 x 2 truth or contingency table as shown below:

Left-handed True | Left-handed False
Blue-Eyed True D1 P2
Blue-Eyed False P3 P4

Table 3.3: GeneralTruth Table

Although there are four possible combinations of eye-color and handedness to
be considered, the related probabilities are not completely independent of each
other. We have the standard normalization requirement

2pi=1 (3.124)
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In addition, we also have two conditions on the so-called marginal probabilities
p1 + p2 = prob(blue nleft|I) + prob(blue nright|I) = 1/3 (3.125)

p1 + p3 = prob(blue nleft|I) + prob(not — bluenleft|I) =1/3 (3.126)

Since any p; > 0, these imply that 0 < p; < 1/3. Using this result we can
characterize the contingency table by a single variable x = p; as in the table
below:

Left-handed True | Left-handed False
Blue-Eyed True 0<z<1/3 1/3-x
Blue-Eyed False 1/3-x 1/3+x

Table 3.4: For Kangaroo Problem

where we have used

x=p (3.127)
D1 +p2=}—>p2=1—f£ (3.128)

3 3

1 1
PLtps=g=p3=g-t (3.129)
P1+P2+p3+104=1—>p4=%+:v (3.130)

All such solutions, where 0 < z < 1/3, satisfy the constraints of the testable
information that is available. Which one is best?

Common sense leads us towards the assignment based on independence of these
two traits, that is, any other assignment would indicate a knowledge of kangaroo
eye-color told us something about its handedness. Since we have no information
to determine even the sign of any potential correlation, let alone its magnitude,
any choice other than independence is not justified.

The independence choice says that
1
x = py = prob(blue nleft|I) = prob(blue|l)prob(left|T) = 9 (3.131)

In this particular example it was straightforward to decide the most sensible
pdf assignment in the face of the inadequate information.

We now ask whether there is some function of the {p;} which, when maximized
subject to the known constraints, yields the independence solution. The im-
portance of finding an answer to this question is that it would become a good
candidate for a general variational principle that could be used in situations
that were too complicated for our common sense.
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Skilling has shown that the only function which gives x = 1/9 is the entropy S
as specified above or

4
§'=- > pilog.(p:) (3.132)
i=1
=—wzlog () - 2(% —x)loge (% —x) - (% +:c)loge (% +x)

The results of Skilling’s investigations, including three proposed alternatives,

4
S1=-> p;log,(p;) = MaxEnt

i=1
4 4 4

S2=-%p;  S3=-Ylog.(p) Sd=- b (3.133)
i=1 i=1 i=1

is shown in the table below:

Function | Optimal x | Implied Correlation
S1 0.1111 None
S2 0.0833 Negative
S3 0.1301 Positive
S4 0.1218 Positive

Table 3.5: Skilling Results

Clearly, only the MaxFEnt assumption leads to an optimal value with no corre-
lations as expected.

Let us look at another example that lends further support to the MaxEnt prin-
ciple.

The Team of Monkeys

Suppose there are M distinct possibilities {X;} to be considered. How can we
assign truth tables (prob(X;|I) = p;) to these possibilities given some testable
information I (experimental results).

What is the most honest and fair procedure?

Imagine playing the following game.

The various propositions are represented by different boxes all of the same size
into which pennies are thrown at random. The tossing job is often assigned
to a team of monkeys under the assumption that this will not introduce any

underlying bias into the process.
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After a very large number of coins have been distributed into the boxes, the
fraction found in each of the boxes gives a possible assignment of the probabil-
ity for the corresponding {X;}.

The resulting pdf may not be consistent with the constraints of I, of course, in
which case it must be rejected as a potential candidate. If it is in agreement,
then it is a viable option.

The process is then repeated by the monkeys many times. After many such
trials, some distributions will be found to come up more often than others. The
one that occurs most frequently (and satisfies I) would be a sensible choice for

prob({X; }I).

This is so because the team of monkeys has no axe to grind (no underlying
bias) and thus the most frequent solution can be regarded as the one that best
represents our state of knowledge. It agrees with all the testable information
available while being as indifferent as possible to everything else.

Does this correspond to the pdf to the greatest value of S =-3 p;log,(p;) ?

After the monkeys have tossed all the pennies given to them, suppose that we
find nq in the first box, ns in the second box, and so on. We then have

M
N =" n; = total number of coins (3.134)
i=1

which will be assumed to be very large and also much greater than the number
of boxes M.

This distribution gives rise to the candidate pdf {p;} for the possibilities {X;}:

n; .
Pi=y i=1,2,....M (3.135)
Since every penny can land in any of the boxes there are MY number of dif-
ferent ways of tossing the coins among the boxes. Each way, by assumption of
randomness and no underlying bias by the monkeys, is equally likely to occur.
All of the basic sequences, however, are not distinct, since many yield the same
distribution {n;}. The expected frequency F with which a set {p;} will arise, is
given by

number of ways of obtaining{n;}
() - L

The numerator is just the number of ways to distribute N coins in a distribution
{n;} which is given by

(3.136)

N!

_ (3.137)
nilna! .. npy!

number of ways of obtaining{n,} =
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Putting everything together we have

N!

number of ways of obtaining{n; ilnal ol
F({pi}) = Vi ) _ & '7}\24'N"M' (3.138)
M
log (F') = =Nlog (M) +log (N!) - > log (n;!) (3.139)
i=1

Using Stirling’s approximation log (n;!) » nlog (n) — n for large n, we find

M M
log (F) =-Nlog (M) + Nlog(N) -y n;log(n;) - N+ n;

i=1 =1

=-Nlog(M)+ Nlog(N) - %4: n; log (n;) (3.140)

i=1

and thus

M
log (F') = =Nlog (M) + Nlog (N) - > piN log (p;N)

i=1

M
= —Nlog (M) + Nlog(N) - Z;piN(log (pi) +1log (N))

M M
=-Nlog (M) + Nlog (N) =N » p;log(p;) - Nlog (N) ) p;
i=1 1=1

=-Nlog (M) + Nlog (N) - N} p;log(pi) - Nlog (N)

=1

M
=-Nlog (M) - N p;log(p:) (3.141)

=1

Maximizing the log (F") is equivalent to maximizing F', which is the expected
frequency with which the monkeys will come up with the candidate pdf {p;},
that is, maximizing log (F') will give us the assignment prob({X;}|I) which best
represents our state of knowledge consistent with the testable information I.
Since M and N are constants, this is equivalent to the constrained maximization
of the entropy function

S == pilog.(pi) (3.142)

and so we recover the MaxEnt procedure once again.

3.5 Discussion
In discussions of Bayesian methods, opponents often use the words subjective
probabilities to say that the methods are not as valid as normal objective prob-

ability theory.
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These opponents are misguided.

The main point of concern centers around the choice of the prior pdf, that is,
what should we do if it is not known?

This is actually a very strange question. It is usually posed this way by oppo-
nents of the Bayesian methods in an attempt to prove its subjective nature.

No probability, whether prior, likelihood or whatever, is ever known. It is simply
an assignment which reflects the relevant information that is available. Thus,
prob(z|I1) # prob(z|I3), in general, where the conditioning statements I; and I
are different.

Nevertheless, objectivity can, and must, be introduced by demanding the two
people with the same information I should assign the same pdf. I think that
this consistency requirement is the most important idea of all.

Invariance arguments, under transformation groups, can be used to uniquely
determine a pdf when given only the nature of the quantities involved. MaxEnt
provides a powerful extension when we have testable constraints.

While we may yet be far from knowing how to convert every piece of vague
information into a concrete probability assignment, we can deal with a wide
variety of problems with these ideas.

The important point is that nowhere in our discussion have we explicitly dif-
ferentiated between a prior and a likelihood. We have only considered how to
assign prob(X|I) for different types of I. If X pertains to data, then we call
prob(X|I) a likelihood. If neither X nor I refers to (new) measurements, then
we may say it is a prior.

The distinction between the two cases is one of nomenclature and not of objec-
tivity or subjectivity. If it appears otherwise, then this is because we are usually
prepared to state conditioning assumptions for the likelihood function but shy
away from doing likewise for the prior pdf.

The use of Bayesian methods in quantum mechanics presents a very different

view of quantum probability than normally appears in quantum theory text-
books. It is becoming increasingly important in discussions of measurement.
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3.6 Problems

3.6.1 Simple Probability Concepts

There are 14 short problems in this section. If you have not studied any prob-
ability ideas before using this book, then these are all new to you and doing
them should enable you to learn the basic ideas of probability methods. If you
have studied probability ideas before, these should all be straightforward.

(a) Two dice are rolled, one after the other. Let A be the event that the
second number if greater than the first. Find P(A).

(b) Three dice are rolled and their scores added. Are you more likely to get 9
than 10, or vice versa?

(c) Which of these two events is more likely?

1. four rolls of a die yield at least one six

2. twenty-four rolls of two dice yield at least one double six

(d) From meteorological records it is known that for a certain island at its
winter solstice, it is wet with probability 30%, windy with probability
40% and both wet and windy with probability 20%. Find

(1) Prob(dry)
(2) Prob(dry AND windy)
(3) Prob(wet OR windy)

(e) A kitchen contains two fire alarms; one is activated by smoke and the
other by heat. Experiment has shown that the probability of the smoke
alarm sounding within one minute of a fire starting is 0.95, the probability
of the heat alarm sounding within one minute of a fire starting is 0.91, and
the probability of both alarms sounding within one minute is 0.88. What
is the probability of at least one alarm sounding within a minute?

(f) Suppose you are about to roll two dice, one from each hand. What is
the probability that your right-hand die shows a larger number than your
left-hand die? Now suppose you roll the left-hand die first and it shows 5.
What is the probability that the right-hand die shows a larger number?

(g) A coin is flipped three times. Let A be the event that the first flip gives a
head and B be the event that there are exactly two heads overall. Deter-
mine

(1) P(A|B)
(2) P(B|A)
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(h)

A box contains a double-headed coin, a double-tailed coin and a conven-
tional coin. A coin is picked at random and flipped. It shows a head.
What is the probability that it is the double-headed coin?

A box contains 5 red socks and 3 blue socks. If you remove 2 socks at
random, what is the probability that you are holding a blue pair?

An inexpensive electronic toy made by Acme Gadgets Inc. is defective
with probability 0.001. These toys are so popular that they are copied
and sold illegally but cheaply. Pirate versions capture 10% of the market
and any pirated copy is defective with probability 0.5. If you buy a toy,
what is the chance that it is defective?

Patients may be treated with any one of a number of drugs, each of which
may give rise to side effects. A certain drug C has a 99% success rate
in the absence of side effects and side effects only arise in 5% of cases.
However, if they do arise, then C only has a 30% success rate. If C is
used, what is the probability of the event A that a cure is effected?

Suppose a multiple choice question has ¢ available choices. A student
either knows the answer with probability p or guesses at random with
probability 1 — p. Given that the answer selected is correct, what is the
probability that the student knew the answer?

Common PINs do not begin with zero. They have four digits. A computer
assigns you a PIN at random. What is the probability that all four digits
are different?

You are dealt a hand of 5 cards from a conventional deck(52 cards). A
full house comprises 3 cards of one value and 2 of another value. If that
hand has 4 cards of one value, this is called four of a kind. Which is more
likely?

3.6.2 Playing Cards

Two cards are drawn at random from a shuffled deck and laid aside without
being examined. Then a third card is drawn. Show that the probability that
the third card is a spade is 1/4 just as it was for the first card. HINT': Consider
all the (mutually exclusive) possibilities (two discarded cards spades, third card
spade or not spade, etc).

3.6.3 Birthdays

What is the probability that you and a friend have different birthdays? (for
simplicity let a year have 365 days). What is the probability that three people
have different birthdays? Show that the probability that n people have different
birthdays is

R e
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Estimate this for n << 365 by calculating log(p) (use the fact that log(1+z) ~ x
for  « 1). Find the smallest integer N for which p < 1/2. Hence show that
for a group of N people or more, the probability is greater than 1/2 that two of
them have the same birthday.

3.6.4 Is there life?

The number of stars in our galaxy is about N = 10!, Assume that the proba-
bility that a star has planets is p = 1072, the probability that the conditions on
the planet are suitable for life is ¢ = 1072, and the probability of life evolving,
given suitable conditions, is 7 = 1072. These numbers are rather arbitrary.

(a) What is the probability of life existing in an arbitrary solar system (a star
and planets, if any)?

(b) What is the probability that life exists in at least one solar system?

3.6.5 Law of large Numbers
This problem illustrates the law of large numbers.

(a) Assuming the probability of obtaining heads in a coin toss is 0.5, compare
the probability of obtaining heads in 5 out of 10 tosses with the probability
of obtaining heads in 50 out of 100 tosses and with the probability of
obtaining heads in 5000 out of 10000 tosses. What is happening?

(b) For a set of 10 tosses, a set of 100 tosses and a set of 10000tosses, calculate
the probability that the fraction of heads will be between 0.445 and 0.555.
What is happening?

3.6.6 Bayes

Suppose that you have 3 nickels and 4 dimes in your right pocket and 2 nickels
and a quarter in your left pocket. You pick a pocket at random and from it
select a coin at random. If it is a nickel, what is the probability that it came
from your right pocket? Use Baye’s formula.

3.6.7 Psychological Tests

Two psychologists reported on tests in which subjects were given the prior in-
formation:

I = In a certain city, 85% of the taxicabs
are blue and 15% are green

and the data:
D = A witness to a crash who is 80% reliable (i.e.,
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who in the lighting conditions prevailing can
distinguish between green and blue 80% of the
time) reports that the taxicab involved in the

crash was green

The subjects were then asked to judge the probability that the taxicab was
actually blue. What is the correct answer?

3.6.8 Bayes Rules, Gaussians and Learning

Let us consider a classical problem(no quantum uncertainty). Suppose we are
trying to measure the position of a particle and we assign a prior probability
function,

(&) = e}

2mog

Our measuring device is not perfect. Due to noise it can only measure with a
resolution A, i.e., when I measure the position, I must assume error bars of this
size. Thus, if my detector registers the position as y, I assign the likelihood that
the position was x by a Gaussian,

1 -(y-z)? /24
Plyin) = s
2m A2
Use Bayes theorem to show that, given the new data, I must now update my
probability assignment of the position to a new Gaussian,
plaly) = e 2"

V2ro"?
where
os A2

! 2 2
2’ =0+ Ki(y-x0) , 0% =Koog , K1= 52— , Ko=—5——
( ’ 0 o2+ A2’ o2 + A2

Comment on the behavior as the measurement resolution improves. How does
the learning process work?

3.6.9 Berger’s Burgers-Maximum Entropy Ideas

A fast food restaurant offers three meals: burger, chicken, and fish. The price,
Calorie count, and probability of each meal being delivered cold are listed below
in Table 3.6:

122



Item Entree | Cost | Calories | Prob(hot) | Prob(cold)
Meal 1 || burger | $1.00 1000 0.5 0.5
Meal 2 || chicken | $2.00 600 0.8 0.2
Meal 3 fish $3.00 400 0.9 0.1

Table 3.6: Berger’s Burgers Details

We want to identify the state of the system, i.e., the values of

Prob(burger) = P(B)
Prob(chicken) = P(C)
Prob(fish) =P(F)

Even though the problem has now been set up, we do not know which state the
actual state of the system. To express what we do know despite this ignorance, or
uncertainty, we assume that each of the possible states A; has some probability
of occupancy P(A;), where i is an index running over the possible states. As
stated above, for the restaurant model, we have three such possibilities, which
we have labeled P(B), P(C), and P(F).

A probability distribution P(A;) has the property that each of the probabilities
is in the range 0 < P(A4;) < 1 and since the events are mutually exclusive and
exhaustive, the sum of all the probabilities is given by

1= P(A) (3.143)

Since probabilities are used to cope with our lack of knowledge and since one
person may have more knowledge than another, it follows that two observers
may, because of their different knowledge, use different probability distributions.
In this sense probability, and all quantities that are based on probabilities are
subjective.

Our uncertainty is expressed quantitatively by the information which we do not
have about the state occupied. This information is

1

S = ZP(Ai) log, (P(A)) (3.144)

This information is measured in bits because we are using logarithms to base 2.

In physical systems, this uncertainty is known as the entropy. Note that the en-
tropy, because it is expressed in terms of probabilities, depends on the observer.

The principle of maximum entropy (MaxEnt) is used to discover the probabil-
ity distribution which leads to the largest value of the entropy (a maximum),
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thereby assuring that no information is inadvertently assumed.

If one of the probabilities is equal to 1, the all the other probabilities are equal
to 0, and the entropy is equal to 0.

It is a property of the above entropy formula that it has its maximum when
all the probabilities are equal (for a finite number of states), which the state of
maximum ignorance.

If we have no additional information about the system, then such a result seems
reasonable. However, if we have additional information, then we should be able
to find a probability distribution which is better in the sense that it has less
uncertainty.

In this problem we will impose only one constraint. The particular constraint
is the known average price for a meal at Berger’s Burgers, namely $1.75. This
constraint is an example of an expected value.

(a) Express the constraint in terms of the unknown probabilities and the prices
for the three types of meals.

(b) Using this constraint and the total probability equal to 1 rule find possible
ranges for the three probabilities in the form

a<P(B)<b
c<P(C)<d
e<P(F)<f

(¢) Using this constraint, the total probability equal to 1 rule, the entropy
formula and the MaxEnt rule, find the values of P(B), P(C), and P(F)
which maximize S.

(d) For this state determine the expected value of Calories and the expected
number of meals served cold.

In finding the state which maximizes the entropy, we found the probability dis-
tribution that is consistent with the constraints and has the largest uncertainty.
Thus, we have not inadvertently introduced any biases into the probability es-
timation.

3.6.10 Extended Menu at Berger’s Burgers

Suppose now that Berger’s extends its menu to include a Tofu option as shown
in Table 3.7 below:

124



Entree || Cost | Calories | Prob(hot) | Prob(cold)

burger || $1.00 1000 0.5 0.5

chicken || $2.00 600 0.8 0.2
fish $3.00 400 0.9 0.1
tofu $8.00 200 0.6 0.4

Table 3.7: Extended Berger’s Burgers Menu Details

Suppose you are now told that the average meal price is $2.50.

Use the method of Lagrange multipliers to determine the state of the system
(i.e., P(B), P(C), P(F) and P(T)).

You will need to solve some equations numerically.

3.6.11 The Poisson Probability Distribution

The arrival time of rain drops on the roof or photons from a laser beam on a
detector are completely random, with no correlation from count to count. If
we count for a certain time interval we won’t always get the same number - it
will fluctuate from shot-to-shot. This kind of noise is sometimes known as shot
noise or counting statistics.

Suppose the particles arrive at an average rate R. In a small time interval
At «< 1/R no more than one particle can arrive. We seek the probability for n
particles to arrive after a time ¢, P(n,t).

(a) Show that the probability to detect zero particles exponentially decays,
P(0,t) = e Bt

(b) Obtain a differential equation as a recursion relation

%P(n, t)+ RP(n,t) = RP(n-1,t)

(¢) Solve this to find the Poisson distribution

(R)"
n!

P(n,t) =

Plot a histogram for Rt =0.1,1.0,10.0.

(d) Show that the mean and standard deviation in number of counts are:

(n)=Rt Un:\/ﬁz\/m

[HINT: To find the variance consider (n(n - 1))].
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Fluctuations going as the square root of the mean are characteristic of
counting statistics.

(e) An alternative way to derive the Poisson distribution is to note that the
count in each small time interval is a Bernoulli trial(find out what this is),
with probability p = RAt to detect a particle and 1 —p for no detection.
The total number of counts is thus the binomial distribution. We need to
take the limit as At - 0 (thus p - 0) but Rt remains finite (this is just
calculus). To do this let the total number of intervals N = ¢/At - oo while
Np = Rt remains finite. Take this limit to get the Poisson distribution.

3.6.12 Modeling Dice: Observables and Expectation Val-
ues

Suppose we have a pair of six-sided dice. If we roll them, we get a pair of results
a€{l,2,3,4,5,6} , be{l,2,3,4,5,6}

where a is an observable corresponding to the number of spots on the top face
of the first die and b is an observable corresponding to the number of spots on
the top face of the second die. If the dice are fair, then the probabilities for the
roll are
Pr(a=1)=Pr(a=2)=Pr(a=3)=Pr(a=4)=Pr(a=5)=Pr(a=6)=1/6
Pr(b=1)=Pr(b=2)=Pr(b=3)=Pr(b=4)=Pr(b=5)=Pr(b=6)=1/6

Thus, the expectation values of a and b are

6 1+2+3+4+5+6

(a) =Y iPr(a=i)= —— g TOTD 72
i=1
6 1+2+3+4+5+6

(b) =Y iPr(b=i)= ——" g TOTD 70
i=1

Let us define two new observables in terms of a and b:
s=a+b , p=ab

Note that the possible values of s range from 2 to 12 and the possible values of
p range from 1 to 36. Perform an explicit computation of the expectation values

of s and p by writing out
12

(s)=>iPr(s=1)

=2

and
36

(p)=> iPr(p=1)

i=1
Do this by explicitly computing all the probabilities Pr(s = i) and Pr(p = i).
You should find that (s) = (a) + (b) and (p) = (a)}(b). Why are these results not
surprising?
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3.6.13 Conditional Probabilities for Dice

Use the results of Problem 5.12. You should be able to intuit the correct answers
for this problems by straightforward probabilistic reasoning; if not you can use
Baye’s Rule
Pr(y|z)Pr(z)

Pr(y)

to calculate the results. Here Pr(x|y) represents the probability of x given y,
where z and y should be propositions of equations (for example, Pr(a = 2|s = 8)
is the probability that a = 2 given the s = 8).

Pr(zly) =

(a) Suppose your friend rolls a pair of dice and, without showing you the result,
tells you that s = 8. What is your conditional probability distribution for
a?

(b) Suppose your friend rolls a pair of dice and, without showing you the
result, tells you that p = 12. What is your conditional expectation value
for s?7

3.6.14 Matrix Observables for Classical Probability

Suppose we have a biased coin, which has probability p; of landing heads-up
and probability p; of landing tails-up. Say we flip the biased coin but do not
look at the result. Just for fun, let us represent this preparation procedure by

a classical state vector
o= [V
VPt

(a) Define an observable (random variable) r that takes value +1 if the coin
is heads-up and -1 if the coin is tails-up. Find a matrix R such that

zd Rxo = (r)
where (r) denotes the mean, or expectation value, of our observable.

(b) Now find a matrix F' such that the dynamics corresponding to turning the
coin over (after having flipped it, but still without looking at the result)
is represented by

Zo = Fxo

and
(ry v 2 FT RFx

Does U = FTRF make sense as an observable? If so explain what values
it takes for a coin-flip result of heads or tails. What about RF or FT R?

(¢) Let us now define the algebra of flipped-coin observables to be the set V'
of all matrices of the form

v=aR+bR?> |, abeR
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Show that this set is closed under matrix multiplication and that it is
commutative. In other words, for any vy, vy € V', show that

V1,V € \% ,  U1U2 = V2V;

Is U in this set? How should we interpret the observable represented by
an arbitrary element v € V7
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Chapter 4

The Formulation of Quantum Mechanics

4.1 Introduction

A physical theory is
1. a set of basic physical concepts
2. a mathematical formalism

3. a set of connections between the physical concepts and the mathematical
objects that represent them

The process of doing theoretical physics involves:

1. constructing a mathematical formalism that allows us to express a physical
problem or experiment in terms of mathematical objects

2. solving the mathematical system representing the physical problem — this
a pure mathematics at this point

3. translating the mathematical solution to the physical world using the set
of connections

A description of a physical system will involve three ingredients:
1. variables or measurable quantities that characterize the system
2. states that describe values of the variables as a function of time

3. equations of motion that determine how the states variables change in
time

In classical mechanics, the position of a particle, which is a physical concept,
is connected to a set of real numbers, which is a mathematical object. This
does not, in general, present us with any conceptual difficulties because we are
familiar with both positions and numbers from our everyday experiences.
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In quantum mechanics, however, the mathematical formalism that we will be
discussing, is very abstract. In addition, we lack any intuition based on experi-
ence concerning quantum phenomena. The everyday world that we live in does
not appear to consist of Hermitian operators and infinite-dimensional vectors.

Throughout the last century, many experiments have shown that the various
dynamical variables, which seem to have a continuous spectrum in classical me-
chanics, generally have completely discrete or quantized spectra or, at least,
a spectrum that is both discrete and continuous. In quantum mechanics, this
property will lead to most of the so-called non-classical results and force us to
work in a world of probabilities.

We will take an approach to the theoretical formalism of quantum mechanics
presented in terms of postulates.

4.2 Two Postulates:
Presentation, Rationalization and Meaning

Postulate 1

For each dynamical variable or observable, which is a physical
concept, there corresponds a Hermitian, linear operator,
which is a mathematical object.

The possible values of any measurement of the observable are
restricted to the eigenvalues of the corresponding operator.

It is the nature of a postulate that we can only make ourselves feel good about
it or, in other words, make ourselves feel that it makes sense in some way. A
priori, we cannot justify it in any way and we certainly cannot prove it is true or
we would have assumed a more fundamental postulate(the one we used to prove
the truth). A posteriori, we justify postulates by their effect on our predictions
about experimental results. My philosophy of theoretical physics is based on
this statement

If the predictions agree with experiment,
on certain quantum systems, then the
postulates are valid for that class of systems.

So what can we say about the 1st postulate? We already know that linear op-
erators possess both discrete and continuous spectra. In addition, we have a
vast storehouse of mathematical knowledge available about linear operators. So
making this choice certainly is a sensible(and the simplest) place to start.
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Note that the postulate does not give us any rules for assigning operators to
observables.

Singling out the eigenvalues is also sensible since they represent a special con-
nection to the properties of the associated linear operator. Choosing Hermitian
operators also makes sense since this guarantees that we have only real eigen-
values representing measured quantities.

Now we need to deal with states. The mathematical object that we connect to
a physical state must allow us to calculate the probability distributions for all

observables.

Before stating the 2nd postulate, we need to present some new mathematical
objects and ideas.

TTW:1:;Wkk=;<¢k|W|¢k> (4.1)

where Wiy, is the diagonal matrix element(in the basis) of the density operator
w.

Some Properties of the Trace:

Tr(AB) =Tr(BA) (4.2)
Tr(cB) =cTr(B) (4.3)
Tr(c(A+ B)) =Tr(cA)+Tr(cB) =cTr(A) +cTr(B) (4.4)

If we denote the eigenvalues of W by wy, and the corresponding eigenvectors by
|wg) so that X
w |wk) = Wk |wk) (45)

then, since W has a pure point spectrum, we can write W in terms of its
eigenvalues and eigenvectors (spectral representation) as

W= Zk:wk [wi ) (wi| (4.6)

Since W is self-adjoint, its eigenvectors form an orthonormal basis where
(we|w;) = 6k; (4.7)

We now derive some properties of this density operator mathematical object.

The spectrum of W is the set of numbers {wy}. We then have
Trv =1= Y (w;| W |w,) (4.8)
J

= 2 (wjlw [wy) = Y w; (wj[ws) = 3 w;
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So,
Sw, =1 (4.9)
J

Wis a bounded, Hermitian(self-adjoint) operator. Since W is self-adjoint, this
means that W = W7, which implies that the eigenvalues are real, i.e., wy = wy,.
Using the fact that W is defined to be a positive operator, we then have

(al W ]a) = {a] (zwk ) <wk|) @) = 3w (a we) (e a) (4.10)

E &
:Zwk|(a|wk)|220
2

for any vector |a). This can only be true, in general, if

wy 2 0 for all k& (4.11)
The results
wy >0 for all k and ) w; =1 (4.12)
J
O<wg<1 (4.13)

Finally, for any other operator B

WB-= ;wk lwi,) (wi| B (4.14)
We then have
TrVE) - X (b s ) ) (1.15)
- S 3 oy ) el Bl = S 3] )
- S twn] Blun)

which is a weighted sum (where the eigenvalues of the density operator are the
weight factors) of the diagonal matrix elements of the operator B in a basis
consisting of eigenvectors of W.

Before we can show how this connects to probabilities, we must discuss the
concept of a state and its representation as a mathematical object.

In classical mechanics, a state refers to the set of coordinates and momenta of
the particles in the system.

In quantum mechanics, we say that a state describes the values of a set of
measurable quantities. The state description must be probabilistic so that we
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can only know the probabilities that these values might occur.

In essence, we assume (this is the standard approach to quantum mechanics)
that the quantum state description refers to an ensemble of similarly prepared
systems(so that we can make probability statements) and NOT to any individual
system in the ensemble. We note that there is some dispute about this point.

We are, thus, identifying the state directly with a set of probability distributions.

Our earlier discussion(Chapter 4) of the experimental limit frequency and its
connection to probability indicated that if we know the average (or mean) value
or the expectation value, which has the symbol (...), for all of the observables
in our physical system, we have then specified the state of the system as ezxactly
as is possible.

Some properties that we require of expectation values in order that they make
physical sense as average values are:

1. if B is self-adjoint, then (B) is real
. if B is positive, then (B) is nonnegative
. if ¢ = complex number, then (¢B) = ¢(B)

2
3
4. (A+B)=(A)+(B)
5

Postulate 2
(a) A density operator exists for every real physical system.

This rather innocuous looking postulate is at the heart of quantum theory. Its
full meaning will only become clear as we learn its connection to the probability
interpretation of quantum mechanics.

(b) The expectation value of an operator B is given by
(B) = Tr(WB) (4.16)

If we assume that every bounded, Hermitian operator represents some measur-
able quantity for a physical system, then each state is represented by a unique
density operator W.

Let us choose a simple example of a density operator to get some handle on what
this postulate is saying. In particular, let us choose as our density operator 1474
the projection operator onto a 1-dimensional subspace spanned by the vector
|}, namely

W =|a){(q (4.17)
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This is an idempotent operator since W2 = W and thus it has eigenvalues
wg, = 0,1 only. The eigenvector corresponding to eigenvalue 1 is |a). We also
have
S wg=1=Tr(W) (4.18)
k

{a|Wla) = [(a|a)? 20 (4.19)
so that all required properties for being a density operator are satisfied.

Since,
O<wp<land Y wy=1 (4.20)
k

we can think of R
W =" wy, [wg) (wg| (4.21)
k

as representing a statistical mizture of the states represented by the vectors |wy)
where the probability is wy, that we have the state |wy) present.

In this simple case, we then have
(B)=Tr(WB) = (a| Bla) (4.22)

which is the expectation value of B in the state |c).

Proof: Let |w1) =|8) , |wa) =|a) , {«|B) =0. Then
Tr(WB) = 21 (Win| W B [wy,) = 21 (W | @) (@ Blwy,) (4.23)
= Y {wm |wa) (wo| Blwgn) = 3" bz (wo| Blwy)

m=1 m=1

Since the important quantities for connection to experiment will be expectation
values, we see that the state represented by W, in this case, is equally well
represented by the state vector |a); the density operator and the state vector
are equivalent ways of representing a physical system in this simple case.

In general, when R
W =" wy [wg) (wi] (4.24)
k

we saw earlier that . .
Tr(WB) = > wy (wi| B|wg) (4.25)
k

Postulate #2 then says that the average or expectation value of W, (B ), equals
the weighted sum of the expectation value in each of the eigenstates |wy) of W
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with a weighting factor equal to the corresponding eigenvalue wy.

Thus, if we know the numbers (wg| B|wy) we can find the expectation value of
the corresponding operator, which is the maximum amount of information we
can know.

4.3 States and Probabilities

4.3.1 States

Among the set of all possible states there exists a special group called pure
states. The density operator for a pure state is given by

W = [v) (| (4.26)

where the vector [¢) is of unit norm and is called the state vector. We dis-
cussed this density operator above and found that the expectation value for an
observable represented by ) now in this pure state [¢), is given by

(Q)=Tr(WQ) =Tr([¥) (¥|Q) = (4| Q) (4.27)
Note that the density operator is independent of this arbitrary phase.
As we saw earlier the density operator W = [1b) (4| for the pure state is idempo-
tent and thus the only possible eigenvalues are wy, = 0,1 and therefore, the form

chosen for W agrees with the expansion in eigenvectors and eigenvalues.

Another property of a pure state goes as follows: we have, in the general case,

O<wp<land ) wp=1 (4.28)
k
which implies that
wi < wy, (4.29)
so that X
Tr(W?) =Y wp <> wp=1 (4.30)
k k
or R
Tr(W?) <1 (4.31)

in this case. For a pure state, however, where w,% = wy, because W is an idem-
potent projection operator, we then have

Tr(W?) =1 (4.32)

The most important way of distinguishing whether a state is pure or not follows
from this property of density operators:
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The density operator for a pure state cannot be
written as a linear combination of the density
operators of other states, but the density operator
for a nonpure state can always be so written.

We can see that this is true by assuming the opposite and getting a contradiction.
So let the density operator for a pure state be written as a linear combination
of density operators for other states

W:chv“vw , 0<e<l =1 (4.33)
J J

Now R o
Tr(W?) =3 cie;Tr(WOWH)) (4.34)

i

Now each density operator W has a spectral representation of the form

WO = 3w [w) (w?| (4.35)
Substitution gives
Tr(WOWD) = 3 5w wDTr(fwf?) {wl? [wD) (wi?| (4.36)
S ] (ul? )
< igp S =1 (4.37)
This then gives
Tr(W?) = > ch-chr(W(i)W(j)) <yeiye=1 (4.38)

But we assumed that W represents a pure state and the equality must hold.
The only way for this to be true is as follows:

| <w,(f) |w§,{)>| =1 for all m,n such that wPw() 0 (4.39)

The Schwarz inequality |{(a|b)|* < (a|a)(b|b) = 1 then says that ‘wﬁf)) and
‘wf,?) can differ at most by a phase factor. But by assumption, the eigenvectors

for each separate density operator are orthogonal. The only conclusion then is
that they are all the same operator, i.e.,

W@ =W for all i and j (4.40)

This contradicts the assumption that we could write a pure state density oper-
ator as a linear combination of other density operators. In fact all the density
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operators must be the same.
Are pure states more fundamental than nonpure states?
Can we regard nonpure states as some kind of mixture of pure states?

The answer depends on whether we require uniqueness. It turns out that we
cannot write nonpure states uniquely in terms of pure states. For example let
us consider the density operator given by

Wiay = alu) (ul + (1 -a) |v) (v] (4.41)
with 0 <a <1 and
(ulu) = (v]v)=1and (u|v)=(v|u)=0 (4.42)
Now define two other vectors |z} and |y) as linear combinations of |u) and |v).
|z) = Valu) + V1= alv) (4.43)
ly) = Valu) - V1-alv) (4.44)
(ulu) = (v]v)=1and {u|v)=(v|u)=0 (4.45)
such that we still have
(z[x) = (yly) =1 and (z|y) = (y|z) =0 (4.46)
We then have

Wiy = % ) (] + % [9) (yl (4.47)

so the linear combination is not unique. In fact, there are an infinite number of
ways to do it.

We will assume that both pure and nonpure states are fundamental and we will
see physical systems later on that are described by each type. Due to the lack

of uniqueness, we will not call the nonpure state a mixture or mized state but
just stick with the name nonpure.

4.3.2 Probabilities

Postulate #2 says that the average value of an observable represented by Q in
the state corresponding to density operator W is given by

(Q)=Tr(WQ) (4.48)

Consider a function F(Q) of the operator Q. Let

h(q) dq = probability that the measured value of the observable
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represented by Q lies between ¢ and ¢ + dq

Thus,
h(q) = probability density function (4.49)

Now, the general definition of an average value says that

(F@)= [P dd (4.50)

Postulate #2, however, says
(F(Q))=Tr(WF(Q)) (4.51)

Taken together, these two relations will allow us to extract the probability den-
sity function h(q).

Case 1 : Discrete Spectrum

Let Q be a self-adjoint operator representing the observable ). Assume that it
has a pure discrete spectrum with eigenvectors |g,,) and corresponding eigenval-
ues ¢, such that

Q |gn) = qn lgn) (4.52)

We can write its spectral representation (express the operator in terms of its
eigenvectors and eigenvalues) as

Q = an|qn><qn| (4.53)

Now consider the function
F(Q)=0(q-Q) (4.54)

where

1 ¢>Q

0 g<0 (4.55)

0(q-Q) = {
The expectation value of this function is then

(F@) =0~ Q) = [ @) dd' = [ oa-aIh(a)dg  (4.50)

= [i h(q')dq' = Prob(Q < q|W)

= probability that @ < ¢ given 144
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However, we can also write
(0= ) =Tr(Woa - Q) = Tr|W oG- w)an)wl | (450

- 3l (7 2000 - 00) ) o] )
:ZZ Qm|W|Qn e(q Qn) (qn|Qm)
= Z Z Q7n| W |Qn 9(61 Qn)(sn’m = Z <Qn| W |Qn) 9(61 - Qn)

= Prob(Q < q|W)

Now we have
h(q) = 8 f ¢)dg = Prob(@<q|W) (4.58)

Z Il W lan) 0(q - ) = Z | W lan) 6(q - an)

n

This implies that the probability density h(q) = 0 unless ¢ = an eigenvalue. In
other words, the probability = 0 that a dynamical variable or observable will
take on a value other than an eigenvalue of the corresponding operator. This
makes it clear the postulate #2 is consistent with the last part of postulate #1,
where we assumed this to be the case.

Now
Prob(Q = q|W) = probability that the observable
represented by @ will have the discrete value
q in the ensemble characterized by W
We calculate this as follows:
Prob(Q =q|W) = lir%(Prob(Q <q+ W) - Prob(Q < q-e[W)) (4.59)
-t (5 b 00 e ) 0 W b 00—~ )
= 2 anl W ) im(6(g + €+ ¢n) = 0(a + €~ qn))

—Z qn|W|qn>hm(5(q qn)2e¢) = Z qn|W|qn> 4,qn

n

If we now define the projection operator

P(Q) = Z |Qn> <Qn‘ 5q,qn (4'60)
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which projects onto the subspace spanned by all the eigenvectors (degenerate)
with eigenvalue ¢q = ¢,,, we then have the general result that

Tr(WP(q)) = 3 (aml WP(q) lm) (4.61)

- 3l (S a) )

> {qm| W lan) 84.q, (@n | Gm)

m,n

Z Qm| W|QH q, qnénm

s

3
Eh

(q |W|qn qqn:PTOb(Q:(AW)

5[\4

If we have a pure state, then

V=10) (v (4.62)
and if ¢, is a non-degenerate eigenvalue,
Prob(Q = qu|W) = Tr(WP(ga)) = Tr((1¢) (¢)) P(an)) (4.63)

= > {am| () (1) P(qn) lgm)

m

=; G| ([0 (¥ (1gn) (anl)) lgm )
= > (@ [9) (¥ gn) (g | gm)
:é (@m | ) (¥ | an) Onm

= {an |9} (¥]an) = {an |9} [°

We note the following alternate and useful form of this result. We have

PTOb(QZQn|W) = |<qn|¢>|2 (Qn|¢> <¢|Qn>
= (qn|W|Qn> = Z <Qm| qnW‘Qm>

m

=Tr(B,, W) (4.64)

Thus, for a physical system that is characterized by a density operator W =
|t} (| or represented by a pure state characterized by a state vector |¢), the
probability of measuring a particular eigenvalue g, of an observable @ repre-
sented by the operator Q is given by

[ {an [} ? (4.65)

To see that this all makes sense relative to the standard definition of an average
value we consider the quantity

(| Q) = average value in the state |a) (4.66)
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Now using the eigenvector/eigenvalue relation

Q lgx) = ax lax) (4.67)
which says that we can write
Q= arlar) axl (4.68)
k
we get .
(a|Qla) = ZQk (a)qr) (qr| o) = Z(JM (qr]a)? (4.69)

which says that the average value in the state |a) is equal to the sum over all
possible values (the eigenvalues) of the value(eigenvalue) times the probability
of finding measuring that eigenvalue when in the state |a), which is clearly given
by

[{ax [} (4.70)

This corresponds to the standard definition of the average value.

Thus, the connection between the mathematical object | {gx | @) |* and the prob-
ability of measuring the eigenvalue ¢, when in the state |«) is now clear and
derivable from the earlier postulates.

We do not need to assume this as another postulate as is done in
many texts.

A Special Case: In general, any observable will exhibit a nonzero statistical
dispersion in its measured value for most states. For the case of a discrete spec-
trum, however, it is possible for all of the probability to reside in a single value.

Suppose the state involved is an eigenvector. The observable represented by the
operator () takes on a unique value, say ¢o (a non-degenerate eigenvalue) with

probability = 1 in this state.

This means that

Prob(Q = qolW) = 3 (¢l W lan) 80,4, = (40| W lao) = 1 (4.71)
Now, any W satisfies X
Tr(W?) <1 (4.72)
or
TT(W2) = Z (QH| w2 |Qn> = Z <Qn| WIWw ‘Qn> (4.73)

= ZZ(QH|W|qm) (qm|W|qn>

= ZZ'(qn|W|qm>|2

= (qo| W |go) + rest of terms =1+ rest of terms <1
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which says that

(qn| W |Qm> = 6n05m0 (474)
or all the other diagonal and non-diagonal matrix elements of W must vanish.
Thus, the only state for which the observable takes on the value go (non-
degeneratei) with probability = 1 is the pure state represented by the density
operator W = |qo) {qol-
This state, whether described by the density operator W or the state vector l90)
is called an eigenstate of (). The observable has a definite value (probability =
1) in an eigenstate and ONLY in an eigenstate.

Case 2: Continuous Spectrum

Now we let Q be a self-adjoint operator with a purely continuous spectrum, so
that we can write

Q= f q'd') (¢'] dg’ where Q|¢') = ¢'|d) (4.75)

The eigenvectors are normalized using the Dirac delta-function, as we showed
earlier

(d'1d")=0(d"-4q") (4.76)
and we let

h(q) dg = probability that the measured value of the observable
represented by @ lies between ¢ and ¢ + dgq

Then, as in the discrete case, we have

O(a-@) = [ n(q")dd' = Prob(@Q < gl1¥") (4.77)
which gives the probability that @ < ¢q. We also have
(0(¢- Q) =Tr(Wo(q-Q)) (4.78)
and using the standard expansion of an operator

0a-Q)= [~ 06a-a) ) () dd (479)
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we get
0(g-Q)=Tr (W [: 0(q-q) ) dq,) (4.80)
- [ (o= a) il da')
) [: dq"(q"|W[: 0(g-q)d")(d' |q") dd’
- [T [T o)1) ot - a")adf
= [Toa-a) @11 do’
= /_i ('|W g’y dg' = Prob(Q < q|W)

This says that the probability density for the observable represented by Q within
the ensemble characterized by W is

hg) - ;qprob@ <q W) = (g W la) (4.81)

in general. For the special case of a pure state where W = [1)) (1| we have

h(q) =[(q]¥)* (4.82)

Later on we shall find that this is equivalent to a probability statement for the
famous Schrodinger equation wave function.

We now turn to the topic of quantum dynamics.
As we have seen :

States or density operators describe values or probabilities
for measurable quantities at given times.

We want to find :

Equations of motion that determine how these values
or probabilities of measurable quantities change with time.

It is clear from our discussion, that, in the theory of quantum mechanics, a state
only needs to be able specify how to calculate expectations values of measurable

quantities. Therefore, we will assume that

Equations of motion, at a minimum, only need to
specify how expectation values change in time.
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4.4 Quantum Pictures

There are three ways that are commonly used in quantum mechanics to make
expectation values depend on time:

Schrodinger Picture

1. states are represented by ket vectors that depend on time, [¢)(t))

2. operators representing observables or measurable quantities are indepen-
dent of time, @

We then get a time-dependent expectation value of the form
Q) = (L) QL (1)) (4.83)

Heisenberg Picture

1. operators representing observables or measurable quantities are dependent
of time, Q(t)

2. states are represented by ket vectors that do not depend on time, |t))

We then get a time-dependent expectation value of the form

(Q(1)) = (1 Q) ) (4.84)

Interaction Picture

It is a mixture of the Schrodinger and Heisenberg pictures that is appropriate
for a very important class of problems. We will discuss it later after presenting
the Schrodinger and Heisenberg pictures.

All of these pictures must agree in the sense that they must all give the same
time dependence for (Q(t)). There is, after all, a unique real world out there!!!

We will discuss these pictures in terms of state vectors first, mixing in state
operator aspects as we proceed.

We have been discussing the so-called formal structure of quantum mechanics.
This structure is a fundamental part of the theory behind quantum mechanics,
but it has very little physical content on its own.

We cannot solve any physical problem with the formalism as it stands. We

must first develop connections or correspondence rules that tell us the specific
operators that actually represent particular dynamical variables.
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The fundamental dynamical variables that we will be working with are posi-
tion, linear momentum, angular momentum and energy. All such quantities
are related to space-time symmetry transformations. As we proceed with our
discussions, we will introduce any needed aspects of symmetry transformations
and discuss further aspects of the subject later.

4.5 Transformations of States and Observables
The way it must be.......

Experimental evidence leads us to believe that the laws of nature are invariant
under certain space-time symmetry transformations, including displacements in
space and time, rotations and Lorentz boosts (relative velocity changes).

For each such symmetry, both the state vectors and the observables must have
transformations, i.e.,

W)= . Q- (4.85)
We will only use pure states for most of our discussions in this development
since nothing new appears in more complex cases.

What must be preserved in these transformations?

L. IfQ'Qn) =dn |Qn)7 then Ql|q;1>:CIn |qu> . .
Here we are assuming that the eigenvalues are unchanged since @ and Q'
are the SAME observable represented in two frames of reference. Math-
ematically operators representing the same dynamical variable must have
the same spectrum. For example, in both frames the position operator will
have identical continuous spectra in the range [—oco, o] in each frame.

2. If [v) = ¥, ¢nlgn) where Q|Qn> = Gnlgn), then |[¢') = ¥, ¢, |q,) where
Q'1q.,) = qn |g),). This actually follows from (1).

Now, equivalent events observed in each frame must have the same probability.
If this were not true, then some event might occur more often in one frame than
it does in another frame, which makes no physical sense.

This means that probabilities are equal or that

leal® = Ieh I or [{an |9} = 1y, [9') (4.86)

We now present the mathematical formalism that characterizes this type of
transformation. But first, a digression to cover two new mathematical topics.

4.5.1 Antiunitary/Antilinear Operators

If, for any vector |¢)), an operator 1" satisfies
T(19) +16) =T ) + T|¢) and Telp) = *T) (4.87)
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then this type of operator is called an antilinear operator. For an antilinear
operator T’ to have an inverse 7! such that

T =1=TT" (4.88)

it is necessary and sufficient that for each vector [¢)) there is one and only one
vector |¢) such that |¢p) = T'|¢). This implies that 7! is unique and antilinear.

If an antilinear operatorA’f’ has an inverse 7' and if [T [1) | = | [0 | (preserves
norm) for all |¢), then T is antiunitary.

Assume T is antiunitary. Therefore, if
|6) =T|¢) and [¢) =T [¢)) (4.89)

then we have ((5 | z/;) = (¢|)*. Now if T is antilinear, then 72 is a linear operator

and if 7' is antiunitary, then 172 is a unitary operator.

4.5.2 Wigner’s Theorem

Any mapping of the vector space onto itself

) > [¢) =U [¢) and |¢) —|¢)" = U|o) (4.90)

that preserves |(¢|t)| can be implemented by an operator U that is unitary
(linear) when (¢’ |1)’) = (¢|1) or antiunitary(antilinear) when (¢'|¢’) = (¢ ])".

We can show that all such transformation operators of interest in quantum
mechanics are linear operators. For example, let U () describe a displacement
through a distance . We know from experiment that this can be done as a series
of two displacements of size £/2 and thus, we must have U(£) = U(£/2)U (£/2).
Now the product of two antilinear operators is linear. Therefore, regardless of
whether U (£/2) is linear or antilinear, U(¢) is linear. There is nothing special,
however, about the value £, i.e., we must also have U (£/2) = U(£/4)U(£/4) which
implies that [/ (£/2) is linear and so on.

Operators in quantum mechanics are continuous, which means that they cannot
change discontinuously from linear to antilinear as a function of £. This means
that we need only consider continuous linear transformations in quantum me-
chanics.

Antilinear operators will appear later when we discuss discrete symmetries.
Now, if the transformation rule for state vectors is |¢’,) = U |g,) where

Q|qn> ZQn|qn> and Q,|q;1> =dn |qu> (491)
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then we must have

Q,U ‘Qn> = QnU |Qn> or U_1QIU |Qn) =dn |Qn> (492)
Therefore, o
(Q-U"Q'U)gn) = (40 = ¢n)lan) =0 (4.93)

for all |g,). Since the set {|g,)} is complete (the eigenvectors of a Hermitian
operator), this result holds for any vector |4/}, which can be constructed from
the set {|gn)}. Therefore, we must have

Q-U'QU=0 (4.94)

or

Q-Q =0QU™" (4.95)

is the corresponding transformation rule for linear operators.

4.5.3 The Transformation Operator and its Generator

Let ¢t be a continuous parameter. We consider a family of unitary operators
U(t), with the properties

U(0) =1 and U(ty +t2) = U(t1)U(t2) (4.96)

Transformations such as displacements, rotations and Lorentz boosts clearly
satisfy these properties and so it make sense to require them in general.

Now we consider infinitesimal ¢t. We can then write the infinitesimal version of
the unitary transformation as

o =i+ Y row) (4.97)
dt |,

Now all unitary operators must satisfy the unitarity condition
UUT =1 for all t (4.98)

Therefore, we have to first order in t (an infinitesimal)

Um:f:[f+ AU (1) H...] [n 40" (1)
t=0

t+.. ] (4.99)

dt dt |,y
. J Tt
N CAOIRAIO
dt it ||,_,

which implies that

-0 (4.100)
=0

dU(t) dUt(t)
[ a | dl ]

147



If we let

L) (4.101)
dt |,
then the condition (4.99) becomes
—~iH+(GH) =00r H=H' (4.102)

which says that His a Hermitian operator. It is called the generator of the
family of transformations U(%) because it determines these operators uniquely.

Now consider the property U(ty + t2) = U(t1)U(t2). Taking the appropriate
partial derivative we have

6%(7@1 )| - (d%r}(tl)) . U (t2) (4.103)
or
iff(t)) = —iHU (ty) (4.104)
dt t=ty
which can be written for arbitrary ¢ as
i%it) = HU(t) (4.105)

If H is not explicitly dependent on time, then this equation is satisfied by the
unique solution

U(t) = et (4.106)
Thus, the generator H of the infinitesimal transformation, determines the op-
erator U(t) = e*H* for a finite transformation.

This is just Stone’s theorem, which we discussed earlier, but now derived in an
alternative way.

We will now approach the study of various pictures using simple methods and
then repeat the process using symmetry operations, which will clearly show the
power of using the latter approach and give us a deeper understanding about
what is happening.

4.6 The Schrodinger Picture

The Schrodinger picture follows directly from the previous discussion of the
U(t) operator. Suppose we have some physical system that is represented by
the state vector [1)(0)) at time ¢ = 0 and represented by the state vector [¢(¢))
at time .

We ask this question. How are these state vectors related to each other?
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We make the following assumptions:

1. Ewery vector [1(0)) such that ((0)]4(0)) = [[12(0)) ]| = 1 represents a
possible state at time ¢ = 0.

2. Every vector |1(t)) such that (¢(¢)|¥(t)) = |[¥(t)) ]| = 1 represents a
possible state at time t = 0.

3. Every bounded Hermitian operator represents an observable or measurable
quantity.

4. The properties of the physical system determine the state vectors to within
a phase factor since ||€"* ) | = | [¥) |-

5. [¢(t)) is determined by |1(0)). Now if [1(0)) and |¢(0)) represent two
possible states at ¢t = 0 and |¢(¢)) and |¢(¢)) represent the corresponding
states at time ¢, then | (¢(0)](0))|? equals the probability of finding the
system in the state represented by |¢(0)) given that the system is in the
state |0(0)) at ¢ = 0 and |(¢(t)]%(t))|* equals the probability of finding
the system in the state represented by |¢(t)) given that the system is in
the state |¢(t)) at time ¢.

6. It makes physical sense to assume that these two probabilities should be

the same
[{¢(0) [ (0)) [* = [{(t) [ v (1))

Wigner’s theorem then says that there exists a unitary, linear operator U (t)
such that

[(t)) = U () [ (0)) (4.107)

and an expression of the form
(el U(®)[8)[* (4.108)

gives the probability that the system is in state |a) at time ¢ given that it was
in state |3) at time t = 0.

This clearly agrees with our earlier assumption of the existence of such an op-
erator and strengthens our belief that item (6) above is a valid assumption.

We assume that this expression is a continuous function of ¢. As we have already
showed (4.104), we then have U(t) satisfying the equation

Z,dU(t)

T HU(t) (4.109)

" U(t) = et (4.110)
and thus . .

(1)) = U(1)[(0)) = e [1(0)) (4.111)
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which implies the following equation of motion for the state vector

D 0y = 101y o)) (1112
or d
k() = B (D) (1.113)

which is the abstract form of the famous Schrodinger equation. We will derive

the standard form of this equation later. The operator U (t) = et ig called
the time evolution operator for reasons that will become clear shortly.

Finally, we can write a time-dependent expectation value as

() = U (1) [(0)) = e [15(0)) (4.114)
(Q()) = (W) Q(t)) (4.115)

This is the Schrodinger picture where state vectors change with time and oper-
ators are constant in time.

As we saw in the discussion above, using the Schrodinger picture depends on
a full knowledge of the Hamiltonian operator H. However, in the Schrodinger
picture, where we need to know H to solve the equation of motion for |1(t)), the
equation of motion is such that we seem to need to know the complete solution
for all time, |(t)) to deduce H. We are trapped in a circle. Put another way,
the Schrodinger equation has no physical content unless we have an independent
way to choose the Hamiltonian operator H. Before deriving a way to choose H
(we will use a symmetry approach), we will look at the other pictures.

We note that the Schrodinger picture is not the same as the Schrodinger equa-
tion. The Schrodinger equation involves a mathematical object called the wave
function which is one particular representation of the state vector, namely the
position representation, as we shall see later. Thus, the Schrodinger equation is
applicable only to Hamiltonians that describe operators dependent on external
degrees of freedom like position and momentum. The Schrodinger picture, on
the other hand, works with both internal and external degrees of freedom and
can handle a much wider class of physical systems, as we will see.

Digression: Alternative Approach to Unitary Translation Operators

We now consider active translations of the state vector in space-time. Since the
length of a state vector cannot change (always normalized to 1) in the stan-
dard probability interpretation of quantum mechanics, active translations must
be represented by unitary operators and correspond to rotations(no change of
length) of the vectors in the Hilbert space.
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We use the quantities

Ya(F) = (7] ) (4.116)
= probability amplitude for the state |} to be found in the state |7)

for this discussion.

First, we consider translations in space. For the shifted amplitude we write

Yor () = a7 = §) = Up(p)tha(F) (4.117)

where
o, o’ label the state vectors

7 indicates spatial translations involved
p is the displacement vector

The relationship above follows from Figure 4.1 below (it gives the meaning of
translation in space).

Figure 4.1: Space Translation

which implies that

Yor (P + p2,t) = P (7, 1) (4.118)
To determine the operator U,.(ﬁ) explicitly, we have oriented the translation
vector g parallel to the x-axis. We get

Vo (7= p2) = Ya(z - py, 2) (4.119)

2 82
DL a(z,y,2) — ...

0
= ¢a(5€7y72‘) _p%wa(xvyvz) + E@

= 6_9%1%(907 Y, Z)
where we have used a Taylor expansion and defined the exponential operator
by
o p? 0?

ot 12 RO
Oor 2! 0z2

(4.120)
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For a translation in an arbitrary direction g, the generalization of this result is
accomplished by the replacement

P by (4.121)
Ox
so that o
¢a(7_; - ﬁ) = e_p'vlﬂa(F) = e—zp‘p/h,wa(f) (4122)
where we have used
b= —ihv (4.123)

Later we shall find that p is the linear momentum operator. Thus, we find that
the spatial translation operator is given by

U, (p) = e"PPIh (4.124)
We will derive this result from first principles using symmetry arguments shortly.
Time Displacements in Quantum Mechanics

We now investigate the time displacement of a state function v, (7,t) by a time
interval 7 as shown in Figure 4.2 below.

wu(F. t WD

B e B — t

Figure 4.2: Time Translation

As before, we have

Vo (Fot+7) = o (7, 1) (4.125)
We now represent this transformation with a unitary operator Ut(T) such that
Yar (7, t) = Uy ()0 (7,1) = Ya (F,t - 7) (4.126)

We again make a Taylor expansion to get
Un(7)ha (7,1) = a7, t) + (—T)%%(m) + (‘;)2 %Z%(f, £ —... (4127)

= e B, (T, 1)
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It follows that

Ut(T) _ 6—7’% _ 6iTE/h _ eiTI:I/h (4128)

where we have used 5
E=H-=ih— 4.129
tho ( )

Later we shall find that £ = H is the energy or Hamiltonian operator.

We find that the time evolution operator for state vectors(kets) is given as
follows

7.t 0’y = e 277 ¢ Q) = |7 t -7, q) (4.130)
TN 47 a) = |t a) (4.131)

7t + 7, a) = e HT R ¢ a) (4.132)

7,7, ) = e A7/ 0, ) (4.133)

17, ¢, 0) = e F 0, o) (4.134)

A result identical to our earlier derivation (4.110).

4.7 The Heisenberg Picture

As we saw earlier, we can think of the expectation value in two different ways,
namely,

[b(£)) = U () [1:(0)) = e [15(0)) (4.135)

(WOIQ(1)) = (¥ (0) UT(H)QU (1) [(0)) (4.136)
= (1(0)] Q1) [4(0))

Q1))

where
Q(t) = U1TQU(t) = U (H)Q(0)U (¢) = ¢ M Qe " (4.137)

This implies that in the Heisenberg picture operators change with time and
states are constant in time.

Now U (t) is a unitary, linear operator. This means that the transformation
preserves these properties:

1. Q(0) bounded - Q(t) bounded

2. Q(0) Hermitian — Q(¢) Hermitian

3. Q(0) positive - Q(t) positive

4. Q(0) and Q(t) have the same spectrum
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In addition, if the spectral decomposition of Q(O) give the projection operators
E.(0), then the spectral decomposition of Q(0) give the projection operators

E,(t) = ¢ B, (0)e I,
This follows from:
(@MW) = [~ wdlol B@)) (4.139)
= (911 Q)E ! ) = (0(1)] Q(0) (1))
= [ TadlI B0 ) = [ wdiole B 0) )

For a function F of Q(t) we have

(AFQW)IY) = [ Fl)d{ol Ea(t) ) (4139)
- [Tl B ) )

- [ F@d60) B0 [p(1)

= (9D F(QO) (1)) = (8l F(Q(0))e™ " u)

or

F(Q(1)) = ¢ F(Q(0))e " (4.140)

If {QZ(O)} represents a complete set of mutually commuting Hermitian oper-
ators, then {Q;(t)} is also a complete set of mutually commuting Hermitian
operators. In addition,

FU{Qi()}) = T F({Qi(0)})e ! (4.141)

and all algebraic relations between non-commuting operators are preserved in
time.

Since [f(Q, Q] =0 we have
UN(O)HU(t) = TP He = [ (4.142)

which implies that H , the Hamiltonian operator is a constant of the motion (in
time).

4.8 Interaction Picture

We have derived the equation
. d -
= () = Ht) v (1)) (4.143)
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Now let us assume that H can be split up as follows:
H(t)=Hy+V(t) (4.144)

where Hy is independent of t. This will be possible in many real physical
systems. Note that the equation

dU(t) ..
z& =H@)U(t) (4.145)
dt
does not have the simple solution
U(t) = et (4.146)

in this case.

We now define a new state vector by the relation

1 () = 10 (1)) (4.147)

Taking derivatives we get

10 = (0N = e Fo D) - ) (1149
= e iy oy (1)) + €A () = 00T (1)
_ eiﬁotve—ifloteiflot |’¢(t)>
() = V0l (1) (1.149

where we have defined . U
Vi (t) = e oty emitot (4.150)
We then have

(Q(1)) = (D) Q1)) = (wr ()] ot Qe ot |y (1)) (4.151)
(r()]Qr(t) [r(t))

This says that in the interaction picture both the state vectors and the operators
are dependent on time. Their time development, however, depends on differ-
ent parts of H. The state vector time development depends on Vi (t) and the
operator time development depends on f[o. It is, in some sense, intermediate
between the Schrodinger and Heisenberg picture.

The question still remains, however, how do we find H ?

We now turn to a more general approach based on symmetries to get a handle
on how to deal with this problem.
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4.9 Symmetries of Space-Time

Since we are only considering non-relativistic quantum mechanics at this stage,
we will restrict our attention to velocities that are small compared to the speed
of light.

In this case, the set of all displacements in space-time, rotations in space and
Galilean boosts(Lorentz boosts in the low velocity limit) can be represented by
transformations where

o3 =Ri+a+9t , t'=t+s (4.152)

where R is a rotation of the real 3-vectors Z in 3-dimensional space, d is a real
3-vector that specifies space translations, ¥ is a real 3-vector that represents the
velocity of a moving coordinate system and specifies the Galilean transforma-
tions, and the real number s specifies the time translation.

R can be thought of as a 3 x 3 matrix such that under a pure rotation

' =RZ or 2y =) Rjix; (4.153)
f’1 Ri1 Riz Riz\ [z
gy |=|Ra1 Roz Ros |22 (4.154)
5 R31 Rz Rs3f\z3

For example, a rotation by angle 6 about the x3(or z)-axis is given by

cosf sinf 0
R3(0) =| -sinf cosf 0 (4.155)
0 0 1

or
2] =1 cosf + zosind

xh = —x18inf + x5 cosd (4.156)
Th=m3

which corresponds to Figure 6.3 below.

If we let T7 and T5 be two such transformations, then 7T} 75 is the transformation
corresponding to T, followed by T7.

A set of transformations forms a group when:

1. The product of two transformation in the group is also a transformation
in the group.

2. The product is associative T3(T2T1) = (T53T2T71).
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Figure 4.3: Rotation about z-axis

3. An identity transformation T exists such that Z — & and ¢ - t or TT =
T =TTy for all transformations 7.

4. An inverse transformation 7! exists for every transformation such that
TT =Ty =TT .

A subset of transformations T(7) depending on a real parameter 7 is called a
one-parameter subgroup if Ty = the identity and T'(7y +72) = T'(71)T(72). Rota-
tions about a fized axis, as we saw above, form a one-parameter subgroup where
the parameter is the angle of rotation.

Since products of the transformations from the three one-parameter subgroups,
which correspond to rotations about the 1-, 2—, and 3-axes separately, include
all possible rotations, there are three independent parameters(three angles) de-
scribing all rotations (remember the Euler angles from Classical Mechanics).

The total group of transformations has 10 parameters
1. rotations = 3 (3 angles)
2. space translations = 3 (3 components of @)
3. Galilean boosts = 3 (3 components of ¥)
4. time translation = 1 (parameter s)

Each of these ten parameters corresponds to a one-parameter subgroup. A
ten-parameter group transformation is then defined by the product of ten one-
parameter subgroup transformations.

This means that in our discussions we need only consider the properties of

one-parameter subgroup transformations in order to understand general group
transformations.
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In our earlier discussion we have already covered part of this topic when we
derived the time evolution operator U (t), which clearly corresponds to the time
translation transformation.

Our earlier results tell us that for each of the ten transformations there exists a
linear, unitary operator U(7) on the state vectors and observables such that

) = [¢") = U () [¢) and Q -~ Q" =TU(1)QU'(r) (4.157)
where U(7) takes the general form
U(r)=e™® (4.158)
and G = a Hermitian operator = the generator of the transformation.
The time evolution operator we derived earlier is a good example:

if |19(¢t)) = state vector at time ¢, then for ¢’ =t + s

() = e [ (t)) (4.159)

4.10 Generators of the Group Transformations

In general we can write
0
U(sy) = [ en5x (4.160)
pn=1
where the different s, represent the ten parameters defining the group transfor-
mation represented by the operator U(s,) and
K, = f(}; = the Hermitian generators (there are 10) (4.161)

Now, let all the parameters become infinitesimally small so that we get infinites-
imal unitary operators of the form (expanding the exponentials)

0 0 )
U(sy) =[] % =] +is,K,) (4.162)
p=1 p=1
or to first order in the parameters s,
A A~ 10 A~
U=1+1 Z s, K, (4.163)
p=1
Note that the inverse transformation corresponding to ek ig emisuKu,

We now construct the product transformation consisting of two infinitesimal
transformations followed by their inverses to get

eicKu gicKy g=ieK o=icKy _ | eQ[IA(V,R'M] +0(€%) (4.164)
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where o o o
[K,,K,]|=K/K,-K,K, = commutator (4.165)

The algebraic steps involved are shown below.
eief(# eief(,, e—ief(u e—ief(l,
N Lozo(7,. 2 1opo
=(I+ieK, - - K, || +ieK, - e K, | x
2 K 2
Fo P Lozo\(7 . 1opo
I—-ieK, - -¢’K )(I—zeK,,—fe KU)
2 2
N . a1 s .
:(I+ZE(KH+KV)—EQKHKV—§€2(K2+K3))X
(I ~ie(K,+K,) - €K, K, - 58(1{3 + Kf))
=(I+ie(K, +K,) - K, K, - 58(1{3 + K?)
A A A A 1 A A
~ie(K,+ K,) - K, K, - 58(}{3 + K?)
+(ie(K, + K,))(~ie(K, + K,))
=1- e2f(5 —le(Z - 2€2f('uf(u + €2f(5 +€2f(3 + e2f(u[§'y + GQKVKH
P+ @R R, - KR,
:f+e2[f{l,,f(#] +0(€%)

We have expanded to 2"¢ order in e in this derivation to explicitly see all the
higher order terms cancel out. In general, this is not necessary.

But remember that these transformations are part of a group and therefore the
product of the four transformations must also be a transformation W in the same
group. Actually, it only needs to be a member of the group to within an arbitrary
phase factor of the form e!® (remember that the unitary transformations only
need to preserve |{¢|)]). We then have

W =1+éK,, K,] (4.166)
(1+ia) (IA+Z'ZSHI%M) =I+é[K,,K,] (4.167)
Iz
ial +i3 s,K, = €[K,,K,] (4.168)
where we have used ’ .
W = Zusukn (4.169)

and expanded all the exponentials on the left-hand side of the equation to first
order.
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Therefore, the most general mathematical statement that we can make based
on this result is that the commutator must take the form

(K, K] =Y. ¢y, Ky, +ibu I (4.170)
A

where the real numbers c;\w = the structure constants (of the group) and the term

involving the identity operator just corresponds to the existence of an arbitrary
phase factor. The structure factors and the b’s are completely determined by
the group algebra as we shall see.

By convention, we define the transformations as follows:
1. Rotation about the a-axis (o =1,2,3)
T > Ry(0,)% (4.171)
corresponds to the group operator
U = gmifee (4.172)
where J,, = generators (o = 1,2,3)
2. Displacement along the a-axis (o =1,2,3)
T = To + Qg (4.173)

corresponds to the group operator

U = ¢ iaata (4.174)
where P, = generators (¢=1,2,3)
3. Velocity boost along the a-axis (« =1,2,3)
To = Ty + Vot (4.175)
corresponds to the group operator
U = iveCo (4.176)
where G, = generators (o =1,2,3)

4. Time displacement
t>t+s (4.177)

corresponds to the group operator

U=esH (4.178)

where H = generator = Hamiltonian
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4.11 Commutators and Identities

Initially, we will ignore the extra I term in the equation(4.169) below

(K., K. =i ch, K, +ibu ] (4.179)
A

in our discussions and then include its effect(if any) later on.

We can determine some of the commutators using physical arguments as follows:

1. space displacements along different axes are independent of each other
which implies that

[P, P3]l=0 (4.180)

2. space displacements are independent of time displacements which implies
that

[Pa,H]=0 (4.181)

3. velocity boosts along different axes are independent of each other which
implies that

[Ga,G]=0 (4.182)
4. rotations are independent of time displacements which implies that

[Ja, H] =0 (4.183)

5. space displacements and velocity boosts along a given axis are independent
of rotations about that axis

[ja7pa:|:0:[ja7Ga:| (4184)

6. obviously
[H,H]=0 (4.185)

This leaves us to consider these remaining unknown commutators:

[Jas Ps), [Ga H), [Jas J5]: [Gas Jp), [Gas Ps] (4.186)
Let us consider [G, H] first.
The general procedure is as follows. We write down a product of four operators

consisting of the product of two operators representing a velocity boost in the
1-direction and a time translation and their inverses (as we did earlier).
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Now these four successive transformation correspond to these changes of the

coordinates:

(z1,2,23,t) > (1 — €t,z2,x3,1)

- (1 - €ty o, 23,1 — €)

- (z1 - €, 29,73, 1)

Lorentz boost at time t

- (x1 —et+e(t—€),x9,23,t—¢€)

Time translation - only affects t

Lorentz boost at time t-¢

Time translation - only affects t

This last result just corresponds to a space displacement —e? along the 1-axis,
so equating the product of four transformations to a space translation, we have

the result

eieHeisGle—zeHefieGl

= (I +ieH)(I +ieGy)(I —ieH)(I - ieGy)
=1+ Gy, H]+O0(e)

= Py ie2 Py

so that we find the result for the commutator

(G, H]=iPy

In general, we get (using this same procedure)

So we have determined one of the unknown commutators.

[Ga,H] =P,

(4.187)

(4.188)

Now let us determine [ja, jg] using the same type of procedure. For a rotation

we saw that

where

For small 6 we have

i = 2 Rjnk
k

Ry (0) =

Ry(0) =

R3(0) =

1 0 0
0 cosf sinf
0 -sinf cosf
cosf 0 —sinf
0 1 0
sinf 0 cosf
cosf sinf 0O
—-sinf cosf 0
0 0 1

Ry () = T —i0M,
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where M, is determined by expanding the exponential to 1%¢ order as

dR,
M, =i —2 4.194
? de 0-0 ( )
0 0 0
Mi(6)=|0 0 i (4.195)
0 -7 0
0 0 —
My@®)=[0 0 0 (4.196)
1 0 0
0 ¢ O
M) =|-i 0 0 (4.197)
0 0 0
Then we have
RQ(—G)Rl(—G)RQ(E)Rl(G) (4198)
= j+ 62[M1,M2] = j+i62M3
= Rg(—EQ)

or the product of four rotations is equivalent to a single rotation, which implies
that

[J1,J2] = i3 (4.199)
and in general
[Jus J5] = i€apJy (4.200)
where we are using the Einstein summation convention for repeated indices and
€aBy is the antisymmetric permutation symbol we introduced earlier with the
properties
1 if afBvy is an even permutation of 123
€aBy = y—1 if @By is an odd permutation of 123 (4.201)
0 if any two indices are the same

Finally, we consider
¢i€C2 gier o=icGa mie, (4.202)
= (I +ieGy)(I +ieGy)(I —ieGy) (I —ieGy)
=1 +é[J1,Ga] + O(e%)
This involves a rotation by e about the 1-axis and a velocity boost of ¢ along
the 2-axis. This product transformation changes the coordinates as follows:
(x1,m2,23) > (1,72 cO8€ + x38in€, —T2 SIN € + T3 COS€E)
— (21,x2Cc08€ + x38in€ — €t, —rasin € + w3 cose)
= (@1, 22 + €t cOs €, T3 + €tsine)

— (21,22, T3 + €t) to order in €
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This is the same as

05 = [ 402Gy (4.203)
Thus, we have o R
[J1,Ga] =iGs (4.204)
or in general,
[Ja, Gﬁ] = i€agy Gy (4.205)
In a similar way, o R
[Ja, Pﬁ] = i€apy Dy (4.206)
Summarizing so far we have
[(Pn,P3]=0, [P.,H]=0, [Ga,Gs] =0, [Jo, H] =0 (4.207)
[Ja,Pa]=0, [Ja,Ga] =0, [H,H]=0 (4.208)
(Go,H] =Py, [Ju,J5] = i€apy )y (4.209)
[Ja, Gs] = i€apy Gy, [Ju, Ps] = i€ap, Py (4.210)

Before figuring out the last unknown commutator [G’a,f?g], we need to see
whether the additional I term has an effect on any of the commutators we have
already determined.

There are two relations, which are true for all commutators, that we will need
to use.

Commutators are antisymmetric so that
[A,B]=-[B,A] (4.211)
and they satisfy Jacobi’s identity which is
[[4,B],C]=[[C, B],A] +[[A,C],B] (4.212)

These identities, as we shall see, limit the possible multiples of I that can be
present. So we now assume that each commutator has an additional multiple
of I.

Thus, using [J1, P»] = iP5 — ¢I, where we have added a multiple of /. We then
have

i[Ps, Py) = [[J1, P2], Pi] + [el, P1] = [[J1, ), P2 ]
. 5. ]

=[[P1, P,], 1] +[[ 1, P1], P

Now, [Phpg] =0 and [jl,Pl] = 0, therefore [pg,pl] = 0 and no additional
multiple of I is needed in this commutator. Everything is consistent without it!
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In a similar manner we can show that

[P.,P3]=0, [P, H]=0, [Ga,Gs] =0, [Ja, H] =0 (4.213)
so that no additional multiple of I is needed in any of these commutators.

Since [Ja, 5] = ~[Js,Ja], if the commutator [J,,Js] is going to contain an

extra multiple of I, then the constant must be antisymmetric also. Therefore
we must have

[Jas J5] = i€apy Ty +i€apybyd (4.214)
If we redefine ja - ja + baf , then we get the original commutator back
(Ju, J5] = i€aprJy (4.215)
This change of definition implies that the transformation operator becomes

U, (0) = e i0e _, om0 ec o0 (4.216)

and thus [¢') = U[¢) changes to e |¢)') = U |y)). Since overall phase factors
for the state vector do not change any physics we can ignore the extra I terms
in this case. They do not change any real physics content!

In a similar manner, we show that
(Go,H] =iPy , [Ju,Gp) =i€apy Gy, [Ju, Pl = i€apy Py (4.217)
so that no additional multiple of I is needed in any of these commutators.

Finally, we are left to consider the unknown commutator [Ga, 155] Now using
the fact that [¢I, P1] =0 we have

i[Gs, P1] = [[J1,G2], P1] + [l P1] = [[J1,G2], P1] (4.218)
=[[P1,Ga], 1] + [, 1), Ga] = [[P1, Ga], 1]
which has the solution
[Ga,P3]=0 a%p (4.219)
In addition, we have
i[ég,Pg] = [[jl,éz], A3:| + [Cf, A3:| = [[jl,ég],pg,] (4.220)
=[[Ps,Go), 1]+ [[J1, P3], G2]
= —Z[P27G2]
or
[Gs, Ps] = [Ga, 2] (4.221)
and, in general
[Ga, Pl = [Gs, Ps) (4.222)



The only way to satisfy all of these commutators is to have the result
(G, Ps] = 6asMI (4.223)

The value of M is undetermined. It cannot be eliminated by including mul-
tiples of I in any of the other commutators. It must have some real physical
significance and we will identify it shortly.

4.12 Identification of Operators with Observables

Operators and Observables We now use the dynamics of a free particle, which
is a physical system that is invariant under the Galilei group of space-time
transformations, to identify the operators representing the dynamical variables
or observables in that case. This section follows and expands on the work of
Jordan(1975).

We assume that there exists a position operator (as we discussed earlier)

Q= (Q1,Q2,Qs) (4.224)
(boldface = multi-component or vector operator) where
Qoli)=zo|7) , a=1,2,3 (4.225)

The position operator has an unbounded (—oo < z, < 00), continuous spectrum.
The three operators (), have a common set of eigenvectors and, thus, they
commute

[Qar Q] =0 (4.226)
We now assume that there also exists a velocity operator
V= (Vi, Vo, V) (4.227)

such that we can make the following statement about expectation values (this
is an assumption)

(Q)=(V) (4.228)
for any state vector.
It is important to note that each treatment of quantum mechan-
ics must make some assumption at this point. Although, they might
outwardly look like different assumptions, they clearly must be equiv-
alent since they result in the same theory with the same predictions.
For a pure state [1)(¢)) we would then have
N d ~
(W@®IVI(®)=— (L(1Qe (1)) (4.229)

=[5 ol @)+ wwla[ 5 )
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Now a time displacement corresponds to t =t =t + s. To use this transforma-
tion, we first have to figure out a rule for the transformation of the ket vector
argument. When we represent the abstract vector [¢) as a function of space-
time we must be very careful about defining its properties. We derived this
result earlier, but it is so important that we do it again here.

Given [)), we have seen that
P(Z,1) = (2,t|¢) (4.230)

Operating on the abstract vector with the time translation operator eisH [v)
then gives

(1] 1) (4.231)
Now .
e H |z t) = |7, t - s) (4.232)
and therefore we get
(@t ) = (2,1 - 5| ) = (@1 - 5) (4.233)
or .
() = e |y (t)) = [(t - 5)) (4.234)

Here we have taken the so-called active point of view that the state is translated
relative to a fixed coordinate system.

Now, we let s =t to get

[b(£)) — T (1)) = [1:(0)) (4.235)
[ (t)) = 7 [4p(0)) (4.236)

and
S0} = =i () (4.257)

as we had already found in an earlier discussion. Using this result in (4.228) we
then find

(WO V() =i (W) HQLb(t)) —i (v ()| QH [w(t)) (4.238)
=i (Y(t)| [H, Q][ (t))

which says that . .
vV =i[H,Q] (4.239)

is a wvalid velocity operator for a free particle.

However, since we do not know ﬁ, we are still stuck at the starting line.
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Now a space displacement 7 — 7’ = corresponds to

) = |z +a) (4.240)

Again, in this active point of view, the state is displaced relative to a fixed
coordinate system.

We then have, from our earlier discussion

Q- Q = iTalPaQeiTatale (4.241)
where
Q' 17) = x4 |2) or Q|7 +d) = x4 |7 +d) (4.242)
Since
Qo) = 20|7) or Qo l|Z +d) = (24 +aq) |7 +d) (4.243)
we must have
(Qu - aoD)|E+ad) = 24 |7 +d) (4.244)
which says that
Q' =Qu-anl or Q =Q-al (4.245)

Now we need to work out how to use an operator of the form
A BeminA (4.246)

There are two ways to do this. The first way recognizes that it is the solution
of the 1%*-order linear differential equation

idieiuABe—iuA _ _eiuAABe—iuA 4 eiuABAe—iuA (4247)
U

_ ei“A[/Al,é]e’i“A _ [eiuﬁgefiuf!’/i]
with boundary condition
e ABe A - B at u=0 (4.248)
A second way is to expand the exponentials in power series and regroup the
terms. In both cases, we get
2

u

GuABomivA _ wu[B,A] - o

[[B,A],A]-... (4.249)
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Using this last relation we can find useful results like

. = ~ . = ~ A A 2 A ~ ~
e Joem I 2 o ul s, Jy] - %[[Jg, AN (4.250)

~ ~ u2 A oA
= Jg —Z’LL(ZJQ) - 5[2‘]2“]1] ..
2 . ’LL3 u4

A ~ us ~ a ~
=J3+UJ2—§J3—§J2+EJ3—...

A uw? out A oWl
:J3(1—2!+4!—... +J2 U‘g"‘g—...
:jgcosu+jgsinu

Now we finally arrive at the result we are looking for

sz =Qa—aal = e ' aﬁpﬂ@aeizﬂ asPs (4.251)
= Qa +i2a5[Qa,p5] + ...
B
which implies that
[Qa, Ps] = i0apl (4.252)

This solution, not only satisfies the equation to 1%t-order as above, but implies
that all higher order terms are explicitly equal to zero. Thus, the solution is
exact.

This equation is one of the most important results in the theory of
quantum mechanics.

Now we continue the derivation of that last elusive commutator.

A rotation through an infinitesimal angle # about an axis along the unit vector
n has the effect

T3 =F+00x3 (4.253)
The corresponding transformation of the position eigenvectors is
|Z) - [2') = e 007 |7) (4.254)

and for the position operator

Qo ~ Q) = ¢ "I Qe (4.255)
= Qa - Z@[ﬁ ! ja Qa] + 0(02)

We note that |Z') = an eigenvector of Q' and |Z) = an eigenvector of Q (different
eigenvalues), but they are the same vector! (think about rotations of the axes).

169



Now as before (4.241) and (4.242),

Q1) = za ) (4.256)

Qo |7') = 2 |7') = (Z + 00 x T) o |7') (4.257)
=(Q +01xQ')alz)
Now since the vectors |Z') = |Z)" are a complete set, we must have
Q=Q +nxQ’ (4.258)

or inverting this expression to 1%t-order we have

Q=Q-0mxQ (4.259)
Therefore, we find o .
[A-J,Q.]=-i0xQ (4.260)
For an arbitrary unit vector a this says that
[A-J,0-Qu]=—itn-(hxQ)=i(Axn) Q (4.261)
or o ) A R
[Ja,Qpl =i(éa x €5) - Q =i(€apy€y)  Q = i€ap,Qy (4.262)

We note that this result is not only true for the components of the position
operator, but it is true for the components of any vector operator A.

(Ju, Ag] = i€ap A, (4.263)

In a similar manner, since G generates a displacement in velocity space and we
have . )

V' =V -5l = 6V i0C (4.264)
This is the same way the Q and P operators behaved earlier. Now the unitary
operator U (%) = ¢/ describes the instantaneous (¢ = 0) effect of a transforma-
tion to a frame of reference moving at velocity ¥ with respect to the original
frame. It affects the V operator as in (4.263). Due to its instantaneous nature
we must also have

UQU™'=Qor [Ga,Qs]=0 (4.265)

Now, Q, the position operator, is clearly identified with an observable of the
physical state. After much work we have determined the commutators of Q
with all the symmetry generators of the Galilei group. We now have

(G, Qs1=0 , [Ga,Psl=i0apMI | [Qa,Ps]=idupl (4.266)
A possible solution of these equations is

Go=MQa (4.267)
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We cannot show this is a unique solution.

We note, however, at this point that it is certainly true (using the commutators
n (4.265)) that

[G-MQ,P]=0and [G-MQ,Q] = (4.268)

We must now turn to special cases in order to learn more about the physical
meaning of the generators.

Before discussing the special cases, we must again digress to review some math-
ematics discussed earlier and also cover some new mathematical ideas that we
will need.

A subspace M reduces a linear operator A if Alp) is in M for every [1p) in M
and Alg) is in M* for every |¢) in M*.

A set of operators is reducible if there is a subspace, other than the whole space
or the subspace containing only the null vector, which reduces every operator
in the set. Otherwise, we say that the set is irreducible.

A subspace M is invariant under a set of operators if A|ip) is in M for every
operator in the set and every vector in M.

Thus, a subspace M reduces a set of operators if and only if M and M* are
invariant under the set of operators.

A set of operators is symmetric if Al is in the set for every operator A in the
set.

If a subspace is invariant under a symmetric set of operators, then it reduces
the set of operators.

Schur’s Lemma

A symmetric set of bounded or Hermitian operators is irreducible if and only if
multiples of I are the only bounded operators which commute with all operators
in the set.

Example 0: The commutator [Qa,Qg] = 0 says that the set of operators
{Qa ;= 1,2,3} is a complete set of commuting operators. Since [Qa,Pg]
zéaﬁl any function of Q, that commutes with the P, must be a multiple of I.
Therefore, the set {Q1,Q2,Qs, P1, Py, Ps} is irreducible.

In other words, if an operator commutes with the Qa, then it is not a function
of P, since [Qq,Ps] # 0. If an operator commutes with the P,, then it is not
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a function of Q., for the same reason. If an operator is independent of the
set {Qa, P3} and there are no internal(not dependent on {Q,Ps}) degrees of
freedom, then it must be a multiple of 1.

Example 1 : Free Particle - no internal degrees of freedom

Now, as we stated earlier (4.267) that

[G-MQ,P]=0and [G-MQ,Q]=0 (4.269)
and therefore
G - MQ = multiple of I (4.270)
or
Go=MQu +col (4.271)

But G, is a component of a vector operator and therefore it must satisfy

[Ja, Gﬁ] = i€ay Gy (4.272)

The first term M Qa satisfies this relation, but the col term cannot unless we
choose ¢, = 0.

Therefore, we do not have any extra multiples of I and we find that
Ga=MQ, (4.273)
when there are no internal degrees of freedom.

In a similar manner, we can show that

[J-QxP,P]=0and [J-QxP,Q]=0 (4.274)
which then implies that
J-QxP=¢l (4.275)
But since
[Ja, Jg] = i€apydy (4.276)
again we are forced to choose ¢ =0 and thus
J=QxP (4.277)

when there are no internal degrees of freedom.

The remaining generator we need to identify is H. Tt must satisfy

[Go, H] =Py > [MQu, H] =Py » [Qa, H] =i

S

(4.278)
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A solution of this equation is given by

. PP _ P2
H=—F=— (4.279)
2M  2M
as can be seen below
(o 53727 = | Qar 537 £ B2 | = 537 1Qa P21 (4.280)
(172M a72Mﬁ B 2Mﬁ ayt g .

- ﬁ %(Qaﬁg - P3Qa) = ﬁ %:(Qapﬂpﬁ - P3PsQ.)
= ﬁ %:(Qalf’,glf’,ﬁ - P3(QaPp —i6apl))

_ ﬁ %(Qapﬁpﬁ — P3Qo Py +i6,5P5)
:2;{%;@@aﬁbﬁb—(Qaﬁb—i&wﬂdﬁb+i@wf%)

1 P,
= N 2ib,5P5 = =2
20 5 M

This result implies thatAﬁ - P -P/2M commutes with (; and since [H,P] =0,
it also commutes with P. Therefore, it is a multiple of I, and we find

. PP .
H - ST Eqgl , Ey= constant (4.281)
or o
~ P-P ~
H-= + Eol 4.282
S-S (1252)
Now, earlier we found that o R
[Qa, H] =iV, (4.283)
which now implies that
A ~ 1 s, Py -
[Qa, H] = [Qm mfﬂ] = M =iVy (4.284)
Thus, R
. P .~ P
Vo=-20orV=— 4.285
A’ or 7 ( )
Summarizing, we have found that
~ N N 1~ -~ ~ A ~
P=MV | H:§V'V+E0 , J=QxMV (4.286)
where
V = the velocity operator and Q = the position operator (4.287)
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This implies, since we are talking about a free particle, that
M must be proportional to the mass of the free particle

i.e., suppose that
M = constant x mass = Gm (4.288)

then we must have

Pa = constant x linear momentum = 3p,
H = constant x energy = E (4.289)

ja = constant x angular momentum = Bj'a

and all the relations (4.285)

~ ~ ~ 1~ ~ ~ ~
P=MV | H:§V~V+E0 , J=QxMV (4.290)
still hold.
Now also remember that o .
[Qom Pﬁ] = i(saﬁl (4'291)
which then implies that
~ . 1 ~
[Qa,pg] = ’LE(Saﬂf (4.292)

This says that 1/8 must have the units Joule-Sec. With hindsight as to later
developments, we will now choose

h== (4.293)

and thus we finally obtain R R
[QaPs] = ihdapl (4.294)

At this point, we do not know the numerical value of i (any value will do at
this stage of our development). It can only be determined by experiment. Later

we shall see that it is b

27
where h = Planck’s constant = 6.62 x 1073* Joule-Sec. A must be determined
from experiment since it sets the scale of all quantum phenomena and the scale
factors in physical theories cannot be known a priori (even though Kant thought
just the opposite was true).

(4.295)

Example 2 : Free Particle - with Spin

Internal degrees of freedom are, by definition, independent of the center of mass
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degrees of freedom(Example 1); This means they are represented by operators
that are independent of both Q and P, or that they are represented by opera-
tors that commute with both Q and P.

The set of operators {Q, 13} is not irreducible in this case since an operator that
commutes with the set may still be a function of the operators corresponding
to the internal degrees of freedom.

The spin S is defined to be an internal contribution to the total angular mo-
mentum of the system. Therefore, we must modify the operator representing
angular momentum to be

J=QxP+S$§ (4.296)
with [Q,S]=0=[P,S].

We will study spin in great detail later in this book.

For now, let us see what we can say just based on the fact that spin is an angular
momentum. This means that the S, must have the same commutators among
themselves as the J,.

[Sa, 58] = i€apySy (4.297)
Earlier we found the equation
[Gu, P3] = i6asMI (4.298)
is satisfied by G = MQ and
[G-MQ,P]=0and [G-MQ,Q]=0 (4.299)

implied that G-M Q = al and we decided that we must have @ = 0.
Now, however, we could also have terms involving S of the form
G-MQ=cS (4.300)

Higher order powers of S do not contribute any new terms because the commu-
tator, which we can express as

Sx8=iS (4.301)
indicates that they will reduce to a first-order term. So this result is general.

Now we found earlier that [Ga, éﬁ] =0, which implies that ¢ = 0 and thus, we
still have G = MQ.

The previous argument to get

+ Eol (4.302)




is identical to before except now Eq can be a function of S. Now we must have
[J,H]=0-[S,E)]=0 (4.303)

which implies that Ey = S-S is the only possibility. This has no effect on the
V operator given by . L
V =i[H,Q] (4.304)

since [Ey, Q] = 0. Therefore, the relation

V= (4.305)

St

remains valid.

So everything is the same as in Example 1 except that Ey now corresponds to
an internal (spin dependent) contribution to the energy.

Example 3 - A Particle Interacting with External Fields
We will only consider a spinless particle.

Interactions change the time evolution operator and as a consequence, the prob-
ability distributions for observables.

We assume that the equation of motion for the state vector retains its form

(o)) = =i () (4.3060)

but the generator H changes to include the interactions. We single out H as
the only generator that changes in the presence of interactions because it gen-
erates dynamical evolution in time and interactions only change that property.
All the other generators imply purely geometric transformations which are not
dynamical.

We also retain the definition V =i[H,Q], but note that interactions (a change
in H) will affect its value. So we assume that H still satisfies

V =i[H, Q] (4.307)

If we shift to a different frame of reference moving uniformly with respect to
the original frame, we saw earlier that V transforms as

PG PG N 5] (4.308)

Expanding the left-hand side to 1%*-order in ¥ gives

i[t-G, V] =4I and [Gy, Ps] = i6apMI (4.309)
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Now, we still have the relation Ga=M Qa, since its derivation does not use any
commutators involving H.

Our earlier solution for V (no external fields) was

V= (4.310)

Shet

Now the commutators
[Go, V] = i0apl and [Gu, Ps] = idugMI (4.311)

imply that V= 15/M commutes with G. Since G = MQ, we must have
. P .
V- — =0 4.312
[ M,Q] (4312

With no internal degrees of freedom present, the set of operators {Qa} is a
complete commuting set. This means that we must have

V- % = —% = a function only of Q (4.313)
or o
o _P-AQ)
V= 4.314
X (1314)
We now need to solve V = i[H, Q] for H. We have the result
B Aré o
M(Q) i[H,Q] (4.315)

A possible solution is

4 (P-AQ)°

= 4.316
’ oM (4.316)
as can be seen from the derivation below. We have
PR 1 N R ) .
[Ho, Qa] = mZ[(Pg—ABPB—PﬁAB—A%),Qa] (4.317)
B
1 D A > A ~ A ~
=511 2 ([P2,Qu] - [A5P5,Qu] - [P5As, Qu] - [42,Q4])

Now
[Qu, P3] = i6apl and [A5,Q4] = (4.318)
which gives
[A5Ps,Qa] = As[ P, Qa] = ~iApdasl
[P3Ap,Qa] = [P3,QalAp = ~iAgdapl
[P3,Qu] = PsP3Qa — QuPsPs = Ps[Ps,Qa] — 160 Ps = ~2i0apPs
[43,Qa] =0
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We then have the final step in the proof

FUR 1 - P,-A
Hy, Qo] = — > 2i043(Pg — Ag) = =—2 4.319
[Ho, Qa] QM%:Z s(Ps ~Ag) = = (4.319)
That completes the proof. Finally, we can then say
[(H - Hy),Qa] =0 (4.320)

which implies that at most H can differ from Hy only by a function of Q
H-Hy=W(Q) = function of Q (4.321)
or, in general
LA \2
. (P-A(Q))

= W (@) (4.322)

This is the only form of H consistent with invariance under the Galilei group of
transformations.

The two new functions of Q are called
A(Q) = vector potential and W (Q) = scalar potential (4.323)

Both of the functions can be time-dependent. As operators they are functions
only of Q and not of P.

This form certainly includes the classical electromagnetic interaction. However,
we cannot identify A(Q) and W(Q) with the electromagnetic potential because

nothing in the derivation implies that they need to satisfy Maxwell’s equations.

This method can be generalized to cover the case of more than one particle
interacting with external fields.

An Aside

The conventional notation involving the generators and the constant # is to use

. P s J M . H
P->— J- - M- — H—- — 4.324
h h h h ( )
leading to changed transformation operators of the form
e—ia-P/h , e—iGn-j/h ’ e—itﬁ/h (4.325)

or we could just let A =1 and continue to use all previous results unchanged.
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4.13 Multiparticle Systems

How do we generalize these single particle results to systems with more than
one particle?

We will deal with a special case that illustrates the general procedure without
adding any extra complexity.

Consider two particles forming a composite system where

Q(l) = operator representing an observable of particle 1

T = operator representing an observable of particle 2

We assume that the two particles in the composite system can be separated
physically so that they would not have any interaction with each other. This
means that when they are separated, the composite system must reduce to two
independent one-particle systems which we can describe using all of the one-
particle results we have already derived.

Thus, when we find a description of the two-particle system, it must include
the separate one-particle descriptions in some way. This means that it must be
possible to prepare the one-particle states as separate, independent entities in
the laboratory.

Now, earlier we proved that there exists a state of the system where an ob-
servable represented by an operator Q(l) has a definite value (probability = 1).
This state is any one of the eigenvectors of Q(l) and the definite value is the
corresponding eigenvalue. A similar result holds for the operator T3,

Now we have assumed that the properties of the two particles can be measured
independently. This means that a two-particle state vector for the compos-
ite system must exist such that it is a common eigenvector for all operators
representing observables of both particles. This says that if

Q(l) |gm )1 = @m |gm), and 7@ [tn)o = tn [tn), (4.326)

then for every m and n there exists a two-particle state vector |g,,,t,) for the
composite system with the properties

QW gmstn) = Gm lam, tn) and T3 |gu. ty) =ty [gm, tn) (4.327)
The way to satisfy these conditions is to represent the two-particle state vector

as a mathematical object known as the Kronecker or direct product. We write
this (symbolically) as

|Gy tn) = |Qm)1 |tn>2 or |gm,tn) = |Qm>1 ® |tn>2 (4.328)
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If the set of vectors {|gm ), } spans an M-dimensional vector space and the set of
vectors {|t,),} spans an N-dimensional vector space, then the set of all direct
product vectors spans an M x N dimensional vector space.

Suppose we have two sets of operators, {Qfl)} for the system consisting of

particle 1 and {Tj(2)} for the system consisting of particle 2. We define how
these operators act on the direct product states by the rules

QD g, tn) = Q1 gm)) ® ltn), (4.329)
T g, tn) = lgm)y ® (T [t),)

and we define a direct product between operators in the two sets by the relation
QP @ T g tn) = (@ lam)y) ® (17 [ta),) (4.330)

When we write QAZ(I) or Tj@) alone, we really mean the following

QM - QW e ® (4.331)
PO L ) o7
J J

This definition of the direct product operators does not include all relevant
physical operators that we use in quantum mechanics. When the particles are
interacting, there must exist interaction operators that act on both sets of states.
Although this means that an individual direct product state vector for a com-
posite system cannot directly represent interacting particles, we will be able to
use the set of all such states(which is complete) as a basis for representing states
of interacting particles.

Since the common set of states {|¢m,t,)} comprise a complete basis set for all

of the le) and TJ,(Q) operators, these operators must form a set of mutually
commuting operators or

[QE”, T}”] =0 for all 4, j (4.332)
An Example

Imagine we are in a fictitious world in which the single-particle Hilbert space
is 2-dimensional. Let us denote the corresponding basis vectors by |+) and |-).

In addition, let arbitrary operators 59) and 5%2) be represented by (in their
respective spaces) by

(4.333)

®
)
=
=~
®
=
[
VRS
SN—
|
Q o



These are operators in the space 1 (V1) and space 2 (V;), respectively. The
space V7 ® V5 is therefore spanned by 4 vectors. They are

@ [+)y =[++) 5 [+) =) = [+) ® =)y = |+-) (4.334)
| |

(++[O12|++)  (++]O13]+=) (++|O12|=+) (++|O12|--)

_ [ (+-10w2]++)  (+= Oz |+=) (+=| O12|-+)  (+-[O12|--)
(=+ Oz |++)  (=+[O12[+=) (=+[O12|-+) (=+|O12|--)
(—1O12]++) (—=[O12|+=) ([ O12|-+) (-] O12|--)

a 0 b O
0 a 0 b

o P (4.335)

0 ¢c 0 d

where we have used the type of calculation below to determine the matrix ele-
ments.

(++] 012 [++) = (++|6§1) o1 [++)

L{H B [4) 2 (TP [4+),
=1 (+ B [+)y 2 (+]4),

=1 (+1BV |+); = a

Similarly, we have

e f 0 0
21y a2 _|g h 00
I'ep" = 00 ¢ f (4.336)
0 0 g h
and
ae af be bf
(1) o 52 _|ag ah bg Db
1 ®p = ce cf de df (4.337)
cg ch dg dh
Therefore, using the Pauli spin operators defined (in each space) by
611£) = [7), 62]) = %i[7) 63 |+) = £]) (4.338)

so that these operators have the matrix representations (in each space)

. 0 1\ . 0 -\ . 1 0
0'1:(1 0),0’2:(2. 0),0’3:(0 _1) (4339)
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‘We then have

0 0 01
1) .2 _ |0 0 1 0
G e =g 1 o o (4.340)
10 00
0 0 0 -1
~(1) _ ~(2 0 01 0
0§)®0§): 0 10 0 (4.341)
-1 0 0 0
1 0 0 0
(1) .2 |0 -1 0 O
g3 ®03 =1y o _1 o (4.342)
0 0 0 1
Thus,
1 0 0 0
~(1) ~(2 0 -1 2 0
AT U (4.343)
0 0 0 1
and
a+b 0 0 0
p_ o) A2 _| O a-b 2b 0
f=al+b5)" 65" = 0 % a-b 0 (4.344)
0 0 0 a+bd
The states
) [+)g = [++) [+ =)o = +-) (4.345)
=) ) = =40 =) =) = =)
are given by
1 0 0 0
0 1 0 0
) =Lol 2 =Lol - =L 1) = o (4.346)
0 0 0 1
and we have
0 01 0\/1 0
(1) _ A1) o 7(2) [0 0 0 1jOo]_|0_,
SRR DA B NN | Y S B . (4.347)
0 1 0 o/\O 0

as expected.
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An alternative way to think about the outer product is shown below:

~(2)
)o@ (01 2 0 677 L
0,7’ ®0, —(1 O)@Ul —(&f) 0 ° (4.348)

— o O O
O = O O
o o= O
o O O

Extending This Idea

This procedure for constructing composite state vectors using the direct product
also works when dealing with certain dynamical properties of a one-particle
state.

Any one-particle state must represent the various degrees of freedom for the
one-particle system. These degrees of freedom, as we have seen, are related to
observables and their associated operators and eigenvalues. Thus, quantities
like Qq, Pﬂ, and 5‘7 all represent different degrees of freedom of the physical
system or state vector.

In the case of certain one-particle system degrees of freedom, which are said
to be independent, we can write one-particle state vectors and operators using
direct products. For instance, as we saw in an earlier example, both Qa and
Pg are independent of an internal degree of freedom that we called spin S.. In
fact, we defined an internal degree of freedom as one which was independent
of the center of mass degrees of freedom. We defined this independence via
commutators by [Qa,S,]=0=[Ps,S,].

Another example of independence of degrees of freedom was our assumption that
[Qa, Q 5] =0, which says that the three components of the position operator are
independent degrees of freedom. This should not surprise us since it just reflects
the physical assumption that it is possible to prepare a state where a particle is
localized arbitrarily close to a single point in 3-dimensional position space.

Similarly, our assumption that [Pa, 13/3] = 0 means it is possible to prepare a state
where a particle is localized arbitrarily close to a single point in 3-dimensional
momentum space.

It is also clear, since [Qa, PB] + 0 that we will not be able to prepare a state in
which both Qa and P, (components along the same axis) are simultaneously
localized arbitrarily close to single point in phase space and since [jg7 jv] #0
we will not be able to prepare a state in which two different components of the

angular momentum have definite values.

This means that we can write single particle states as direct products. For
example

|Z) = |z1) ® |22) ® |23) (4.349)
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XlXQXB = Xl ® XQ ® Xg (4350)

X1 X5 X3|2) = (X1 |11)) ® (X2 |72)) ® (X3 |23)) (4.351)

or
|7's,) = |71) ® [12) ® |73) ® |5.) (4.352)
X1 X5X358, = X190 X,0 X395, (4.353)

KKK 15.) = (X1 1X),) @ (K X)) ® (X X)y) © (5. ]5.))  (4354)
We can use words as follows:
|Z) = |z1) ® |x2) ® |x3) — particle at (x1,z2,23) (4.355)
or
|7’s.) = |z1) ® |z2) ® |v3) ® |s5.) = particle at (z1,72,23) with spin s, (4.356)

If we can construct state vectors for two-particle systems, then it must be possi-
ble to define appropriate probability distributions. These are called joint prob-
ability distributions.

If we prepare both particles into a direct product state such that their individ-
ual preparations are independent and they do not interact with each other, then
their joint probability distribution for the observables () and T" corresponding to
the operators Q(l) and 7® should obey the statistical independence condition
we defined earlier for events A, B, and C, namely,

Prob(An B|C) = Prob(A|C)Prob(B|C) (4.357)

For the direct product state

[¥) =)y @ 18), (4.358)
this says that the joint probability distribution of @ and T is
Prob((Q =) 0 (T = o)) = [{gmt |9} (4.359)

= Prob(Q = gm|a) Prob(T =t,|0)
={gm | @), PI{ta] ),

The state does not have to be a pure state for this factorization to occur. It
only needs to be represented by a density operator of the form

W=wWew® (4.360)
Further discussion of this topic follows in section(17).
Later, we will use these direct product procedures to construct operators and

basis states for multiparticle systems like atoms. Just how we will include in-
teractions is not clear yet.
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4.14 Equations of Motion Revisited and Finished

We discussed time dependence and the time evolution operator earlier. This is
the most important topic in quantum mechanics and will eventually enable us
to make predictions about the behavior of real physical systems. Let us now
review our earlier discussion from a more general point of view in light of some
of the new ideas we have introduced.

We derived a differential equation of motion for the state vector of the form

d i~

— () =—--H(t t 4.361

L1e)) = LA o) (4.361)
If, initially (at ¢ = to) we are in the state represented by the ket vector [¢)(¢)) =

[¢0), then we wrote the formal solution of the differential equation in terms of
the time development operator U(t,tg) as

[ (1)) = U(t,to) [ (to)) (4.362)

We also showed that U (t,t) satisfies the same differential equation as [¢(t))
O 0t te) = — L FH ()0 (1 10) (4.363)
ot s 0) = A s L0 .

with the boundary condition U (to,to) = I. This implies, using the relation
(AB)! = BYAT that

T (t to) = —U (¢, tU)H(t) (4.364)
We then have
O unn L 0U QU
—(UT0)=U"—+ U 4.365
o U=V (4.365)
TP NI AN
=-—U'HU + _U'H'U
h T
S
If H is Hermitian, then H=H' and
Q(UTU) =0 (4.366)
ot - '
which implies that
Ut (t,t0)U(t,to) = ¢l where ¢ = constant (4.367)

But the boundary condition implies that Ut (to,tO)U(to,tO) I which implies
that ¢ = 1. Therefore, in general we have Ut (t, to)U (o) =1, which is the uni-
tarity condition and implies UT = U~ or that U is unitary when H is Hermitian.
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This agrees with our earlier results.

Now, if H (t) is independent of ¢, then the differential equation has a simple
solution . _ -

Ut tg) = 7t tt0) % (4.368)
which is the form we assumed for the time evolution operator during the dis-

cussion of symmetry transformations.

If f[(t) is not independent of ¢, then no simple closed form solution can be
given for U (t,ty). We must use perturbation theory as we shall see later when
we develop time-dependent perturbation theory.

We can now derive the equation of motion for the density operator. We use a
pure state for simplicity. We have

W (t) = [(t)) (v ()] = U(t,to) [1b(to)) (¥(to)| UT (¢, o) (4.369)
= U(ta tO)W(tO)UT (tv tO)

Now, using W (to) = Wy, differentiating with respect to ¢ gives

dW(t) dU(t,to) = r . - dUT(¢,t0)
= WoUT (t,t0) + U(t, to) Wo———2—2
o7 gt oU'(t,t0) + U(t, t0)Wo gt

= —%HU(t,to)WOUT(LtO) + %U(t,to)V%UT(t,to)ﬁ

(4.370)

7

= [0, ()]
We will assume that this equation is also true for general states.

Now, we have stated earlier that no physical significance can be attached in
quantum mechanics to operators and vectors. The only physically significant
objects are the probability distributions of observables or their expectation val-
ues. Earlier we derived the result

(@) =Tr(WQ) (4.371)

We now assume that this result carries over to the time-dependent case and we
have

(@ = Tr(W(1)Q) (4.372)
Using the expression (4.368) for W (¢) and the fact that the trace is invariant
under cyclic permutation, i.e.,

Tr(ABC) = Tr(CAB) = Tr(BCA) (4.373)
we get
(@) = Tr(WQ) = Tr(U(t, to) WoU' (t,10)Q) (4.374)
= Tr(WoU' (t,t0) QU (t, o))
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This result is the formal basis of the Schrodinger and Heisenberg pictures we
discussed earlier.

If we leave the time dependence in the density operator, then
Q) =Tr(W(H)Q) (4.375)
where

dW(t) i - . d i
o = @), W] and — [(1)) = - H(E) [0 (1)) (4.376)

Q is independent of time is these equations. This is the Schrodinger picture.

On the other hand, if we write
(Q)e = Tr(WoU' (,t0)QU (¢, t0)) = Tr(WoQu (t)) (4.377)

where QH(t) =0t (t,tg)QU(t,to), then the operator is time dependent and the
density operator(and hence the state vectors) are independent of time. This is
the Heisenberg picture.

We can derive the equation of motion of the time-dependent operators in the
Heisenberg picture as follows:

Ut %Q U+ UTQ (4.378)

_ %(UU&QU ~0QAD) + Uf%fﬁ

7QH(t) QU+

_ %(WﬁﬁUTQU 0nquotiy + 0122
L (8. Qu (1)) + (“2
H

where we have included the possibility that Q has some explicit time dependence
and we have used the definition

Ay (t) = U (4, t0) AU (. 1) (4.379)

for any operator. Note the change in sign in front of the commutator in this
equation for the operator from that of the density operator in the Schrodinger
picture.

The two pictures are clearly equivalent as mathematical formalisms, since they
are derived from the same expectation value formula by an internal rearrange-
ment of terms. Another way to say this is that the two pictures are equivalent
because the only physically significant quantity (Q) depends only on the rela-
tive motion in time of W and Q, which is the same in both cases.
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In the Schrodlnger picture W(t) moves forward in time (term of the form
UWoUt = UW,U~ 1) and in the Heisenberg picture Q(t) moves backward in
time (term of the form UtW,oU = U~ 1WOU) The opposite senses of motion in
time produce the sign difference of the commutator terms in the equations of
motion. These two picture are mutually exclusive and cannot be used together.

Finally, we determine expressions for d{Q)/dt in each picture.

In the Schrodinger picture

Q)
dt

= LTr(W(1)Q) = Q+W (4.380)

AW .
Tr
[T

8@]

e[ naig - wagy Sl |

=Tr ——(WQH WHQ)+Wa

ol o141 99
= Tr| SW(OH.Q+ W at]

aQ]

In the Heisenberg picture

d( >t_ 2 dQH(t) _
i - (W= )_T[

For a pure state, we can rewrite these results in terms of the state vectors instead
of the density operator. We have in the Schrodinger picture

WolH, QH(t)]+WO(aQ) ] (4.381)

h ot

(@) = (W Q) (1)) where [¢(t)) = U(t, o) [tho) (4.382)
and in the Heisenberg picture
(@) = (to| Qu () [tho) where Qp (t) = U (t,0)QU (¢, o) (4.383)

as we saw in our earlier discussions.

4.15 Symmetries, Conservation Laws and Station-
ary States
Let T (s) = et K represent a continuous umtary transformation with a Hermi-

tian generator K = K'. Another operator A representing some observable is
invariant under this transformation if

T(s)AT1(s)= A (4.384)

or

AT (s)-T(s)A=[A,T(s)]=0 (4.385)
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If s is an infinitesimal, then we can write

(I+isKYA(I-isK)=A— A+is[K,A]=A (4.386)

or

[K,A]=0 (4.387)

In words, the invariance of A under the continuous transformation 7'(s) = e**¥

for all s implies it is true for infinitesimal s and thus leads to the commutator
condition for invariance, which says that the operator commutes with the Her-
mitian generator of the transformation.

It works both ways:

[T,A] =0 — invariance under finite transformation

— invariance under infinitesimal transformation
- [K,A]=0
or
[K , A] =0 — invariance under infinitesimal transformation
— invariance under finite transformation
- [T,A]=0

If K depends on ¢, then the commutators [K (), A] = 0 and [T(¢), A] = 0 must
hold for all ¢.

Now, the Hermitian generators of the symmetry transformation, as we have
seen, correspond to dynamical variables of a physical system.

space displacements < P
rotations < J
t displacements < H
These symmetry generators have no explicit time dependence, i.e., 0K /ot = 0.
Therefore,
d(K )
dt

if H is invariant under t}}e Corfesponding symmetry transformation, i.e., [H , K ]=
0. Now [H,K]=0- [H, f(K)] =0. This says that we must have

[H,0(x-K)]=0 (4.389)

=Tr [%W(t)[ﬁ,f(]] =0 (4.388)

But in our probability discussions, we showed that
(0(x - K)) = Prob(K < z|W)
= probability that observable K has a value <z given 147
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This then says that Prob(K < x|W) is independent of ¢ no matter what initial
state we start with. In this case, observable K = a is a constant of the motion.

Examples:

[f] , Pa] = 0 implies invariance under a space displacement along the a-axis. This
implies that P,= constant of the motion (is conserved) = linear momentum
along the a-axis.

[ﬁ , ja] = 0 implies invariance under a rotation about the a-axis. This implies
that J,= constant of the motion (is conserved) = angular momentum about
the a-axis.

If H is not an explicit function of ¢, then since [f[ JH ]=0, H is invariant under
time translations = constant of the motion = energy of the system.

Now suppose that His independent of ¢ and that
[1/(0)) = [ eigenvector of H] =|E,) such that H |E,) = E, |E,) (4.390)
Then we have, using [H,U] = [H, f(U)] =0,

d i i
7 [P0) = =3 H (1)) = = HU(#,0) [¢:(0)) (4.391)

= -2 HU(4,0)|E,) = -~ HO(t,0)H|,)

=~ HU(1,0)E, |E,) =~ B,HU(1,0)|E,)

=2 B, (1)) (4.392)

which has the solution .
(1)) = e | Ey) (4.393)

In this case, we then have for the expectation value of any observable represented
by the operator R

(R) = (W(D)| RI(1)) = (En| e * 1 Re % |E,) = (E,| R|E,) (4.394)

or (R) is independent of ¢ (for this state). This implies that (f(R)) is also
independent of ¢, which finally, implies that (6(xz - R)) is independent of ¢. This
means that, in this state,

Prob(x < RJ1)) is independent of ¢ (4.395)

This kind of state is called a stationary state. In a stationary state the expec-
tation values and probabilities of all observables are independent of time. If an
observable is a constant of the motion, however, then this would be true for
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any state and not just a stationary state. So these are very different physical
concepts.

Now, if [K JH ] =0, then K and H have a common set of eigenvectors (it is
a complete set). But the eigenvectors of H are stationary states. This means
that we can prepare systems in stationary states where both the energy and the
observable represented by K have definite values (no dispersion).

Suppose we have a set of mutually commuting observables and that they all also
commute with H. Then they have a common set of eigenvectors.

We will use the eigenvalues of H and all the eigenvalues of this mutually com-
muting set of observables to label state vectors. We will call the labels quantum
numbers. They will designate all we know about a state vector.

4.16 The Collapse or Reduction Postulate?

Based on unitary time evolution postulate, a system consisting of a quantum
system (Q-system) and a measurement system (M-system), would necessarily
evolve in this way

linitial) = (a|+)g + =)o) [0) 5 (4.396)
> |final) =— a|+)Q |+1),, + b|—)Q |-1) s

which is a superposition of Q-states and M-states. We assume that the M-states
represent macroscopic pointer locations on some meter.

This says that measurement, within the framework of the standard postulates,
CORRELATES or ENTANGLES the dynamical variable (Q-system) to be mea-
sured and the macroscopic (M-system) indicator that can be directly (macro-
scopically) observed.

Derivation: Suppose that the meter has eigenvectors (labeled by eigenvalues)

|[+),; = meter on: reading = +1
|-),; = meter on: reading = -1

|0),, = meter off: reading =0
and the system has eigenvectors (labeled by eigenvalues)

[+)g = value =+1

|-)g = value =-1

The initial state is
linitial) = (a \+)Q + b|—)Q) [0) 5, (4.397)
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which represents the quantum system in a superposition and the meter off.
We are interested in the evolution of this state according to quantum mechanics.

If, instead of the above initial state, we started with the initial state
[A) = 1+)q [0}y (4.398)
and then turn on the meter, this state must evolve into
|A") = [+)o [+ 1) (4.399)

indicating that the meter has measured the appropriate value (that is the defi-
nition of a "good" meter).

Similarly, if, instead of the above initial state, we started with the initial state
|B) =[=)q 10} s (4.400)

and then turn on the meter, this state must evolve into
1B') =[=)q [=1)as (4.401)

indicating that the meter has measured the appropriate value (again, that is
the definition of a "good" meter).

If the system is in the initial state corresponding to a superposition of these
two special states, however, then the linearity of quantum mechanics says that
it must evolve into

|final) = a|+)q [+1) 5y +b[=)g [=1) s (4.402)

as we assumed above(4.395).

Interpreting the state vector: Two models....

L. Pure state |¢) implies a complete description of an individual Q-system.
This corresponds to the statement that a dynamical variable P has the
value p in the state [¢p) if and only if P |¢) = p|y).

2. Pure state |¢p) implies statistical properties of an ensemble of similarly
prepared systems.

Interpretation (1) is the standard interpretation espoused by 90% of all physi-
cists. It assumes that, because the state vector plays the most important role
in the mathematical formalism of QM, it must have an equally important role
in the interpretation of QM, so that

Properties of world <> Properties of |¢) (4.403)
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Interpretation (1) by itself is not consistent with the unitary evolution postulate,
that is, the state |final) as defined in (4.401) is not equal to an eigenvector of
any indicator (macroscopic pointer) variable. This means that the pointer (of
the meter) will flutter since the |+) states could be macroscopically separated.
Since we never observe this flutter, any interpretation of |final) as a description
of an individual system cannot be reconciled with both observation and unitary
time evolution.

Interpretation (2) has no such difficulties. [¢) is just an abstract mathematical
object which implies the probability distributions of the dynamical variables of
an ensemble. It represents a state of knowledge.

Physicists that believe interpretation (1) are forced to introduce a new postulate
at this point to remove these difficulties. This is the so-called reduction/collapse
of the state vector postulate, which says that during any measurement we have
a new real process which causes the transition

|final) > al+)g |+1) ), or = bl-)5[-1)), (4.404)

so that we end up with an eigenvector of the indicator variable and thus there
will be no flutter.

Various reasons are put forth for making this assumption, i.e.,
measurements are repeatable

Since this experiment(where the repeated measurement takes place immedi-
ately after the first measurement) has never been realized in the laboratory,
I do not know what to make of a requirement like this one. In addition, in
many experiments (like those involving photons), the system is destroyed by
the measurement (photon is absorbed) making it silly to talk about a repeat-
able measurement.

The fact that the reduction process has never been observed in the laboratory
makes it hard to understand in what sense it can it be thought of as a real

physical process.

Tt is important to note that this difficulty only arises for interpretation (1) where
statements are made about state vectors representing individual systems.
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Some Proposed Mechanisms for the Reduction

1. The reduction process is caused by an unpredictable and uncon-
trollable disturbance of the object by the measuring apparatus
(a non-unitary process).

This means that the Hamiltonian of the system must take the form
H= ﬁQ + Hyy + I?QM where .F:TQM — disturbance (4.405)

This means, however, that it is already built into the standard unitary time
evolution via U = e~ #t/h and, thus, the disturbance terms can only lead
to a final state that is still a superposition of indicator variable states. IT
DOES NOT WORK unless we are not told what is meant by unpredictable

and uncontrollable disturbance!

2. The observer causes the reduction process when she reads the
result of the measurement from the apparatus.

This is just a variation of (1). Here, the observer is just another indicator
device. The new final state becomes

|final) = al+)g |+1) 5/ |sees + 1) +b[=) o [-1) ), [sees 1), (4.406)

which is still a superposition and thus is NO HELP. It also introduces
consciousness into QM and that, in my opinion, is just silly!

3. The reduction is caused by the environment (called decoher-
ence), where by environment is meant the rest of the universe
other than the Q-system and the M-system.

In this model, the environment is a very large system with an enormous
number of degrees of freedom. We do not have any information about
most of the degrees of freedom and thus must average over them. This
causes pure states to change into nonpure or mixed states in a non-unitary
process as we will see later in the book.

Why do many physicists think an individual Q-system must have its own state
vector or wave function and then assume the collapse postulate?

IT WORKS for doing calculations!

This view has survived so long because it does not lead to any serious errors in
most situations. Why?

In general, predictions in quantum mechanics are derived from |¢)) which gives

the wave function and which, in turn, gives the probabilities. The operational
significance of a probability is a relative frequency so that the experimentalist
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has to invoke an ensemble of similar systems to make any comparisons with the-
ory that is independent of any particular interpretation of the wave function.
So that interpretation (2) is being used in the end anyway.

Does this mean that we should stop worrying about the interpretation of the
wave function? NO!

But that is the subject of another book.....

In this book, we will not be dealing with such questions, that is, we do not ask
questions that require the collapse postulate and use a different mathematical
formalism for quantum mechanics.

What about interpretation (2)? It says that

A pure state describes the statistical
properties of an ensemble of similarly
prepared systems.

This means that in many situations we must use the density operator W or 0
as the fundamental mathematical object of quantum mechanics instead of the
state vector.

It turns out that some systems only have a density operator p and do not have
a legitimate state vector [1)).

For example, consider a box containing a very large number of electrons, each
having spin = 1/2. As we shall see later, this means the spin can have a measur-
able component = £1/2 along any direction. An oriented Stern-Gerlach device
measures these spin components as we will see later.

Now, suppose the box has a hole so that electrons can get out and go into a
Stern-Gerlach device oriented to measure z-components (an arbitrary choice).
We will find the results

1 1
+5 50% of the time and - 5 50% of the time (4.407)
We then ask the question - what are the properties of the electrons in the box?

There are two possibilities, namely,
1. Fach individual electron has the same state vector
1
V2

which is a superposition.

[W)g = —51z=+1/2) 2= =1/2) = [¢)y0q (4.408)

L L
V2
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2. 1/2 of the electrons have z = +1/2 and 1/2 of the electrons have z = —1/2

so that
|¢)Q =|z=+1/2) OR |z =-1/2) (4.409)
so that L 1
V) gox = ﬁ |z =+1/2) + ﬁ |z =-1/2) (4.410)

which seems to be the same state [¢), . as in (1), but it really NOT a
superposition state in this case.

Therefore, it seems that we will not be able to tell which possibility is the correct
one!

However, it will turn out that

1 1
|z — component = +1/2) = — |z = +1/2) + 7 |z =-1/2) (4.411)

V2 V2

so that, in case (1), if we orient the Stern-Gerlach device to measure x-components
we would find all the electrons are in the same state |z — component = +1/2), that
is, they are all the same!

On the other hand, in case (2) since (as we will see later)

2= £1/2) = i|x:+1/2>ii2|x_1/2) (4.412)

V2 V2
we would find that

1 1
*5 give the |z =+1/2) result and + 5 give the |z =-1/2) result  (4.413)

Therefore, the states are not the same! If we try to write a state vector for case
(2) we have to write

1 eia
|¢)Q = ﬁ|22+1/2>+ \/§|z:—1/2) (4.414)

instead of 1 1
V) gox = $|Z:+1/2>+ﬁ|2:_1/2) (4.415)

where « is a completely unknown relative phase factor, which must be averaged
over during any calculations since it is different for each separate measurement
(each member of the ensemble). With that property for «, this is not a legitimate
state vector in my opinion. We note that in a true superposition, the relative
phase factors between components is known ezactly!

If we use density matrices we have a different story. For a pure state we can
always write p = [¢) (1| for some state vector [i)).
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In fact, case (1) gives

.1
p =5 (L/2) 1721+ [1/2) (=1/2] + |-1/2) (1/2] + |-1/2) (-1/2])
1(1 1
= 3 (1 1) (4.416)
where, as we saw earlier, the diagonal matrix elements represent probabilities.
The existence of the off-diagonal matrix elements implies that we will observe

quantum interference effects in this system.

Clearly, any pure state density operator cannot be written as the sum of pure
state projection operators as we proved earlier.

In case (2), however, we have

p= 3 i = 3o ) (1417

which clearly is the sum of pure state projection operators. This corresponds
to a nonpure or mized state. Note that the off-diagonals are zero so that this
density operator cannot lead to any quantum interference effects as we might
expect.

If we treat case(2) as a pure state with the extra relative phase factor we would
obtain

p= % ([1/2) (1/2+ e [1/2) (=1/2] + €' |-1/2) (1/2] + |-1/2) (-1/2|)
=3 ) (4.418)
which becomes
p= % ((1) (1)) (4.419)

when we average over a. The decoherence process has this effect on a very short
time scale.

We will return to this topic in Chapter 10 where we will repeat some
of the material in section 4.16 and then work out a complete descrip-
tion of the so-called "measurement problem" and propose solutions
which do not require a collapse postulate!
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4.17 Putting Some of These Ideas Together

4.17.1 Composite Quantum Systems; Tensor Product

Let us now look at composite systems again but now in the context of a special
kind of state called an "entangled" state, which illustrates some of the more
dramatic features of quantum physics.

Most of our discussions so far apply easily to quantum systems comprised of
only one part, i.e., a single particle. As we will see shortly, it will be straightfor-
ward to use this formalism to deal with a single particle evolving in the presence
of external fields. In these cases, the external fields are treated as ordinary clas-
sical fields.

We did not, however, attempt to solve the system at the level where the particle
is interacting(quantum mechanically) with the other particles that are actually
generating the external fields. In this case all parts of the system must be dealt
with using quantum mechanics.

We also indicated earlier in this chapter how we might set up a such a multipar-
ticle system, without, however, indicating how this formalism might be used.

We now redo the multiparticle formalism and expand our discussion in sev-
eral directions with the goal of describing a system where all the particles are
interacting quantum mechanically.

Hilbert Space for Individual Quantum Systems

If we have a quantum system, then we can describe it as a vector

[) = c1|p1) + ca|d2) +... +en|on) (4.420)

with respect to a set of basis vectors |¢;). The span (or set of all possible linear
combinations) of these basis vectors make up the Hilbert space

H={lg1).102), ... [on)} (4.421)

along with the inner product (¢;|¢;) = §;;. Writing out these basis vectors, we
usually pick an ordering and assign them the unit vectors,

0 0
1 0
of ...en)=|- (4.422)

|¢1> =

1
0
0 ) |¢2> =

1

Individual quantum systems live in their own individual Hilbert spaces as shown
in the Figure 4.4 below.
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hp

Figure 4.4: Quantum systems are described by vectors in own Hilbert space

We know that we can write every possible state of the system as some superpo-
sition of the basis vectors.
We usually think about the standard projectors associated with the basis vectors

Py =|¢1) (o1 (4.423)

given by the outer products of the different basis vectors with its own dual
vectors(or linear functionals) such as,

1 10 0

A 0 00 - -0

Py=l¢1){(¢a=]O](1 0 0 - )= Co (4.424)
0 0 0

As we discussed earlier, the essential usefulness of the standard projectors is that
their expectation values give us the probability that if we measured a system
[t} to determine which state it is in, we would get the different basis vectors
with probability of the form,

Prob(|¢1) = (¢] 1 [9) = |ea | (4.425)

We also remember that a key property of the projectors is that they sum to the
identity

P=1 (4.426)

M=

~
Il
[

Two-Level Systems

To make the discussion less unwieldy, we will work with quantum systems that
live in a 2-dimensional Hilbert space, such as a a spin-1/2 particle or photon
polarization (both of which will be discussed in detail in later chapters). For now
we only need to know that our physical system(particle) has two eigenstates of
some observable when it is measured in any direction (in physical space). We will
call these states up and down in the direction of measurement. In particular, we
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choose our basis to be given by the (up,down) states measured in the z-direction,
which we designate as

H=AI1), 1)} (4.427)

Notice that we picked an ordering for the basis vectors and we can therefore
assign unit vectors to them,

IT):((l)) : Ii>:((1)) (4.428)

such that any state of the particle can be described as

[} = cr 1) + ¢ [4) (4.429)

If we performed a measurement of the observable in the z-direction, we would
get two outcomes with probabilities

Prob(t) = (| Pr[v) = |t . Prob(l) = (| P, [yp) = |ey? (4.430)

using the corresponding projectors

PT:((l) 8) : 1%:(8 (1]) (4.431)

That is basically everything we need to know about a single particle.

Hilbert Space for Composite Systems

Let us begin building up the Hilbert space for two distinct particles (two distinct
quantum systems). For example, suppose that I have a particle in my lab and
you have a particle in your lab. They have never come in contact with one
another and for all intensive purposes, I have no idea what you have done with
your particle and vice versa. In this case, it seems to make perfect sense that
we could just treat the particles completely independently at the level of their
Hilbert spaces. We would have something like that shown in Figure 4.5 below.

A /A

Figure 4.5: Hilbert space for 2 quantum systems independent of one another

We really should be able to think about these systems as entirely disjoint.
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Therefore, we can define two different Hilbert spaces,

Ha=AINa:l1)a} (4.432)

and

Hp ={INp )5} (4.433)

with operators such as projectors that only act on states in their respective
systems

HA HA A PA, DA

PE=Ma(tla PE=[Dallls, 17 =P+ P (4.434)

and
PE=1) (g, PP =g (ly, 1P =P+ PP (4.435)

In terms of their matrices, for example,

- 1 0 - 1 0
PA = ( ) PB - ( ) (4.436)
t B
0 0 A 00 B

these operators look identical to one another. However, they are not really
identical, because you are only allowed to use operators (matrices) with A labels
on states with A labels and operators with B labels on states with B labels.
These rules reflect the situation that the particles are separate physical systems,
possibly in distant locations, that have no idea that the other even exists.

Tensor Product of Hilbert Spaces

Now suppose we bring our individual particles from our independent labs to-
gether. In this situation, it is not clear whether we can get away with describing
the two systems using two separate Hilbert spaces. For example, what if our
particles interact with one another? can we still describe them as independent
systems? It is not clear.

In order to be safe, we had better assume that we cannot still treat the systems

as living in their own spaces and we must now assemble a suitable composite
Hilbert space. The process is shown in Figure 4.6 below.

201



Figure 4.6: Hilbert space for 2 quantum systems independent of one another

In order to do so, let us begin at the level of describing the basis vectors of our
new space. System A involves up and down basis vectors and so does system
B. So, at the level of the basis vectors, if system A is up, B can be either up or
down, corresponding to

{INall s Mal)s} (4.437)
or system A can be down and system B could be either up or down
{IDalMp W) all) s} (4.438)
Therefore, we build our composite Hilbert space with the four basis vectors
Ha ={MalNp:Mall)p:1alh s [ all)p} (4.439)

What are these funny objects involving some sort of product of basis kets? They
cannot be any normal type of matrix-vector multiplication since you cannot
multiply a column vector by a column vector. Instead, let us proceed as follows.
Given our ordering of the four basis vectors, we can associate them with unit
vectors. However, since there are now four basis vectors, our Hilbert space must
be 4-dimensional,

(4.440)

|T>A |T)B = ) |T)A |~L>B =

Dalt)p = s Walb)p =

O—R OO OO o
—_ O OO OO H+-O

This method of combining two 2-dimensional Hilbert spaces into a single 4-
dimensional Hilbert space is known as a tensor product. We discussed this
earlier and gave it a special symbol ®,

Hap=Ha®HEB (4.441)
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to indicate that we are multiplying vector spaces together. Notice that the
dimension of the tensor product Hilbert space is the product of the dimensions
of the individual spaces.

Of course, since we have four basis vectors, we must now have four standard
projectors of the type

PAE =) 410 a(tl 5 (1] (4.442)

This notation gets really clumsy after a while, so it is convention to shorten it
to

PRZ =M ap (M) PP =11 4 (1] (4.443)
PAB =10 45 (M1 PP = 1) ap (L]

Tensor Product of Matrices-Repeating earlier ideas for clarity

We can compute the matrix representations of the projectors for our composite
system by multiplying out each basis vector with its dual vector. These are
4-dimensional matrices

PAB

, PP = (4.444)

SAB
» P =

OO DD OO oo
O OO0 OO oo
OO OO OO oo
OO OO OO oo
OO OO OO oo
—_— O OO OO oo

OO OO OO o
SO OO OO~ O

Of course, it would be nice to have a systematic method for constructing oper-
ators on the tensor product Hilbert space from operators that act only on the
individual Hilbert spaces. This is definitely not the standard matrix product,
which we can see by looking at the projectors

PP« PP (4.445)

L0099 i

i.e., clearly their heir dimensions do not match. Instead, we need a tensor prod-
uct for the projection matrices that reflects the same structure as the composite
Hilbert space that we constructed. We symbolize such a product as

since

SO O =
S O OO
o O OO
o O O O

P3P =Pl e PP (4.447)
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How do we perform this tensor product between matrices? Well first, it needs
to be an operation that yields a matrix whose dimension is the product of
the dimensions of the matrices being multiplied. Second, it has to respect the
definition of the ordering that we used to construct the tensor product Hilbert
space. Such a product is defined by the following

A B _[X11Y XY
X4eY (X21Y oy (4.448)

Y11 Yio Yii Yio

X X
T\ Y Ya) TP Y22)
- Yll Y12 Yll Y12

X X
21V Yoo 21 Yy, Yzz)

In other words, we take each element in the first matrix and replace it with a
copy of the second matrix scaled by the element. This process, called the matrix
tensor product seems to do the trick. We can check for projectors

PP =Pl e P = ((10)]]333 Eg%is)

0,
0,
0
0
0
0

and the result checks out. You can verify it for the other projectors on your
own.

o

o O O

SO O
OO OO
OO OO

4.17.2 Quantum Entanglement and the EPR Paradox
The operators

DA _ 1 0 5B 1 0

P = (O 0 and Py~ = 0 0 (4.449)

A B

look identical to one another. However, they are not really identical because
you are only allowed to use operators (matrices) with A labels on states with A
labels and operators with B labels in states with B labels. These rules, as we
said earlier, reflect the situation that the particles are separate physical systems,
possibly in distant locations, that have no idea that the other even exists.

States in the Tensor Product Hilbert Space

These ideas lead to a number of intriguing properties about composite quantum
systems that we will now discuss.
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Suppose that we took the state

Wha=ci N a+c L)y eHa (4.450)

from Alice’s lab, and the state

W)g=cf N+l V) peHn (4.451)

from Bob’s lab. Alice and Bob both prepared their systems completely inde-
pendently - with no communication between them to indicate what they were
doing in their own labs. When we bring their systems together, we should
express them as vectors in the composite Hilbert space

W) s l) g = (e I a+c )@ (cf N +el V) p) e Has (4.452)

After taking the tensor product between these states, we get

) ap = C?CF M) ap + C?qcf N )ap + cf‘cf Nt ap + Cflcfg W) an (4.453)

The important point to notice in this expression is that there is a special re-
lationship between the coefficients: the coefficient for each basis vector is the
product of the coefficients for the individual basis vectors in this case.

Quantum Entanglement

In (4.452), we found the expression for two, unrelated, independent quantum
systems expressed in the Hilbert space of the composite system. However, we
know that, in general, we can describe an arbitrary state in H 4p as an arbitrary
superposition of the four basis vectors

V) ap =crt M ap +en M) ap e M ap + W) ap (4.454)

This is the most general possible expression for the composite states since we
made sure to use the most general basis possible and we imposed no relationship
between the expansion coefficients (other than the state must be normalized).

Here is the big question: can every state of the form (4.453)

VY ap =ttty ap +en M) ap e M ap + W) ap
be written in the product form (4.452)
) ap = 0?0{3 M) am + CTACf N ap + 0140{3 ) ap + Clqcfg W) an

The answer is a resounding no. Consider the simple example

0
1 1 111

1) 4 = NG M) ap + NG W) ap = 7zl (4.455)
0
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Here, if we were to try and find a product state expression for this special
composite state vector, we would first infer that the product of the individual
basis vectors must satisfy

1
cfc? = cflc%Ee = 7 (4.456)
and
cchB = cf‘ciB =0 (4.457)

which are not consistent with each other, i.e., there is no solution!

Therefore, we must conclude that the state (4.454)

0

1 1 111

V) ap = ﬁ M) ap + ﬁ W) ap = E 1
0

cannot be expressed as a product between states in H4 and Hp. States in
a composite Hilbert space, such as this one, that cannot be factorized into
a product of states in the constituent Hilbert spaces are referred to as being
entangled.

Consequences of Entanglement

I strongly believe that entanglement is the most important difference between
quantum and classical physics. Let us see why by considering the following
situation. Suppose that Alice and Bob get together in a common lab and prepare
the joint state (4.454)

0

1 1 1]1

) ap = ﬁ M) ap + ﬁ W) ap = ﬁ 1
0

After it is made, Alice takes one of the particles and Bob takes the other (we
can assume Alice takes the first one and Bob takes the second without loss of
generality). Then both of them return to the individual labs without changing
the state of their respective particles. When she gets back home, Alice decides
to perform a measurement on her particle to see what state it is in. Such a
measurement, performed by Alice on only part of the pair of particles, would
be described by operators such as the projectors (remember projectors give us

probabilities)
1000
4+ (1 0Y(1 0y [o 100
B ®IB‘(0 0)(0 1)‘ 0000 (4.458)
00 0 0
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and

0000

<4+ {0 0\(1 0y |o 0 0 o0

P ®IB‘(0 1)(0 1)‘00 10 (4.459)
0001

Notice that these projectors have the correct dimension since they are the ten-
sor product of 2-dimensional operators. Also notice that this operator should
be interpreted as doing something to Alice’s particle (the projector part) and
nothing to Bob’s particle as indicated by the identity operator acting on Bob’s
system. The identity operator is the quantum mechanical way of saying that
you did not do anything.

Operators of the above form, a tensor product of a projector on one component
Hilbert space with the identity on the other, are called partial projectors. First,
let us compute the probability that when Alice measures her particle she obtains
the up outcome

Prob®(1) = ap (Y| P @ Ig|¥) 4 5 (4.460)
1 000 0
1 010 o0o]1[1] 1
_ﬁ(0110)0000ﬁ1‘§
0000 0

as well as for the down outcome

Prob®(1) = ap (Y| P @ Ip[i) 45 (4.461)
00 0 O 0
1 0 0 0 o011 1
_ﬁ(0110)0010ﬁ1‘§
0 0 0 1 0

But here is the truly amazing part. What state do we have following Alice’s
measurement? Suppose that she obtains the up outcome, then(by the reduction
postulate) we get the measurement eigenstate

0
PAeI
¥ a5 = e R (4.462)
Vas (W PA I5[0) 4y 0

where the denominator is to maintain the normalization.

Similarly, when Alice measures down for her particle, the result is the projection.

0
PAol
W) ap = L2 W)= || = s (4.463)
\/AB(¢|PJ4®IB|¢)AB 0
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The interpretation of this result is that Alice knows what Bob’s state is as soon
as she performs her measurement. Therefore, a local operation in her lab tells
her global information about the composite state.

This prediction of quantum mechanics was considered so bizarre that it prompted
Einstein, Podolsky and Rosen to essentially denounce quantum mechanics as ei-
ther being wrong or at least incomplete(we will define this carefully later in the
book). In order to make their point, the three authors proposed the following
situation, which today is called the EPR Paradox(after their initials). EPR
argued that Alice and Bob could get together and prepare the state just dis-
cussed. Then Bob would climb aboard a rocket and fly to a distant planet. At
that point, Alice and Bob would both measure their states and instantaneously
know the result of the other person’s experiment - despite the long distance be-
tween them. This seemingly violates special relativity since it would mean that
Alice’s and Bob’s physical systems somehow exchanged information at speeds
faster than the speed of light.

4.17.3 Entanglement and Communication

To Communicate Superluminally, or Not

The immediate question we may ask is whether or not this bizarre information
gain(what Alice learns about the state of Bob’s particle) allows them to com-
municate faster than the speed of light. The answer is absolutely, definitely,
certainly, NO! The short answer is that the randomness of the measurement
outcomes saves us, but, this question was still of great concern during quantum
mechanics’ infancy, since it led to a number of apparent paradoxes that took
some time to resolve. We will now dispel these rumors of superluminal commu-
nication once and for all.

In order to do so, we begin from the state shared by Alice and Bob

1 1
=— N ap+—
005 = 75 1MHan+ 5
and suppose that Alice measures the observable of her state along the z-direction(as
we have been doing). Then her possible outcomes correspond to the partial pro-
jectors

) s (4.464)

PAeIP =), (1@ 1P and P e P =|1), (|| ®I” (4.465)

When Alice measures her up outcome along the z-direction, her state transforms
to
pA ® fB
L —— Vi) ag =) an (4.466)
\/AB (Ui P @ Iple) 45

T |w+)AB -
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and when she measures down outcome along the z-direction she gets
Pé ® fB
\/AB (s PA@Ip[0:) A

Now, what if Alice decides to perform an alternative procedure given by measur-
ing whether her particle is up or down along the z-direction. Now the projectors
are given by (using corresponding eigenstates for the z-direction which we will
derive for spin and polarization in later chapters)

batlbi)ap = Vi) ap =) as (4.467)

Pl l® = (1) + ) {1+ ()@ 17 (1.468)
and )
PRoI?=_(N-) - (hel” (4.469)
i.e., we use . '
1) = —= (1) + 1)) and [Lo) = = (1)~ 11)) (4.470)

V2 V2

in forming Alice’s projectors. If we work though the algebra we find for the
resulting state when Alice obtains up outcome in the x-direction

I:)TI: ®jB
\/AB <1/J+|Pé ®1p Vi) an

meaning that when Alice measures up in the z-direction, then Bob also measures
up in the z-direction. Conversely, when Alice measures down in the z-direction,
the resulting state is

Tx: |1;[}+)AB - |w+)AB = |T1TT>AB (4471)

R ]%:@IAB
\/AB (¢+|13l‘2 ® Ip[1s) ap

and Bob also measures down in the z-direction.

Lot i) ap i) ap = Nala)as (4.472)

Using this for a Communication System

We can now see whether it is possible for Alice and Bob to communicate by
choosing one basis or another when they want to send different bits of data. For
example, suppose that Bob wishes to send Alice binary zero. He might try to
do so by selecting to measure in the z-direction (use the z-basis). And when
he wishes to send logical one, he would then measure in the z-direction (use
the z-basis). The two parties could agree upon the following communication
protocol:

1. Bob selects a basis, either z or x, to send logical zero or one, respectively
and measures. If he measures up in that basis, the bit is considered good,
otherwise he throws away the bit.
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2. When Alice chooses to measure in the z-basis (provided Bob also mea-
sured in the z-basis), she know that a logical zero has been sent when
she measures down (meaning Bob found up since the measurements are
anti-correlated). When Alice measures in the a-basis (provided that Bob
measured in the z-basis), she knows that Bob sent her a logical one when
she measures up (also implying that Bob measured up since the measure-
ments are correlated).

Unfortunately for people like Einstein (who were trying to find quantum me-
chanical paradoxes), this communication scheme conveys no information from
Bob to Alice. This is because Alice must pick her measurement basis randomly.
She cannot know the order in which to choose her measurement bases in ad-
vance, otherwise she would have just carried the classical information along
with her. Instead, she must guess by flipping a coin prior to each measurement.
Therefore, she picks the z-basis with probability 1/2 and the z-basis with prob-
ability 1/2. Unfortunately, when she picks the wrong basis, her measurement is
perfectly uncorrelated with Bob’s, so no information can be conveyed.

4.17.4 Nonlocality and Tests of Quantum Entanglement

We have seen that entanglement between different components of a composite
quantum system are capable of displaying strong correlations between the out-
comes of measurements performed on separate components. In particular, we
have been looking at states such as

0
= ! ! = L]t H 4.473
|w+)AB_$|Nr>AB+ﬁNT>AB_E 1|€Han (4.473)
0

in the composite Hilbert space H 4 shared by both Alice and Bob. An essential
point to remember, something we learned earlier, is that it is impossible to
factorize this state

Vi) ap # [Va) 4 1¥B) 5 (4.474)

for any possible choice of states. In other words, there is no way for Alice and
Bob to make this state independently (think of the joint Hilbert space Hap as
being the set of states they can make together and the individual Hilbert spaces
Ha and Hp as the sets of states that can be made independently.

Indeed, this prediction of quantum mechanics is somewhat bizarre. It tells us
that Alice and Bob working together have more power than they do working
separately. The question we want to address now is whether or not it would
be possible for Alice or Bob to mimic anything that behaves like quantum
entanglement using classical physics. Classically, we would expect to have the
following properties hold true
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1. Objective Reality meaning that even though Alice and Bob do not know the
outcome of measurements they might perform on their physical systems,
the particle itself knows what outcome it will produce when measured.

2. Local Determinism meaning that if Alice and Bob have their particles in
different space-like separated locations, anything Alice does should have
no effect on what Bob measures and vice versa. In other words, Alice’s
measurement outcome should be determined only by what she has in her
lab with her.

Bell Inequalities

In order to test whether these classical assumptions are true, John Bell sug-
gested the following type of experiment back in the 1960’s. Suppose that there
is a pair source midway between Alice’s and Bob’s labs (which are distant from
one another). That is to say, some device produces arbitrary (possibly random)
states in the joint Hilbert space H 4p and then sends one half of the pair to Alice
and one half to Bob. Both Alice and Bob know when to expect these particles
to arrive, but have no idea what state was made by the source.

Alice and Bob each have a device to measure(up or down) their incoming parti-
cle along one of two different possible axes (directions). Therefore, think of the
measurement devices each having a switch to select between the two different
possible measurement directions and an output meter to indicate whether the
measurement outcome is up or down along that direction. We will label the
two different possible measurement directions by A,A" and B,B’ (for example,
A might mean to measure along the z2-direction and A’ along the y-direction,
and so on).

Prior to each particle arrival, Alice and Bob each pick an independent direction
to measure by setting their respective switches, wait for the measurement out-
come and then record the result. They can repeat this process many times such
that their measurement record might look something like:
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Al -1|B|-1
A|-1| B | +1
A | +1 | B | +1
Al|-1| B | -1
A|-1|B | +1
A | +1| B | -1
A | -1 | B | +1
A|+1| B | +1
Al -1 B | -1
Al|+1| B | -1

Table 4.1: Sample Data

where we indicate up by +1 and down by -1.

Given this structure for the experiment, let us return to our concepts of local
determinism and objective reality. Well, objective reality suggests that each
particle should "know" whether it will be up or down for both possible mea-
surement settings. Local determinism suggests Alice’s measurement should be
independent of the switch setting on Bob’s measurement instrument.

Internal Information

Under the combined assumptions of local determinism and objective reality,
each particle must have the following information encoded into their internal
states

A,=+1 A, =x1 B,=zx1 B, ==l (4.475)

Each of the four possible measurement labels are treated as random variables,
with the subscript indicating which round of the measurement. So, for example,
Ay = +1, would mean that if Alice measures along the direction A in round n = 4,
she will get up.

Now, let us consider the following function of the random variables
gn=A,B,+ Al B, +A,B., - A B, (4.476)

Now, were we to tabulate the value of g, for all possible choices of A,,, A,, B, B,

we would find that g, = £2 always. We can try this out for a set of possible
values, for example,

Ay=+1,A =-1,B,=-1,B, =-1>g,=-1+1-1-1=-2 (4.477)

In any case, we may write down the inequality
1 N 1 N N N N
|N Zgn|:N| ZAan+ ZA;BR+ ZAnB;— ZA;B;|§2 (4.478)
n=1 n=1 n=1 n=1 n=1
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In other words, since the extrema of g, are +2, then the average over many
trials must be no larger than +2 and no smaller than —2. Thus, the absolute
value of the average must be no greater than 2.

We will redo the discussion in section 4.17.2 and 4.17.3, prove all of these results
in detail and greatly expand the discussion of these topics in Chapter 12.

This inequality is one of several that are know as Bell inequalities (this form
developed by Clauser, Horne, Shimony and Holt). The true genius of such an
inequality is that it provides us with a simple test, based only on probability
theory, as to whether or not local determinism and objective reality are valid
assumptions.

Violations of Bell’s Inequality

As you might have already guessed, quantum mechanics violates this inequality.
For a simple example, let us consider the following scenario, which we will prove
in detail in Chapter 17. Assume that the pair source produces the following state

0
1 1 1 1

V) ap = EHUAB—ENT)AB: ﬁ tl (4.479)
0

Also assume that Alice’s measurement A corresponds to measuring along the
axes

A=2%, A" =cospz+sin gz (4.480)
while Bob, on the other hand, measures along the axes
B=7%, B =cos¢3—sin¢i (4.481)

Now, all we have to do is compute the averages for all the terms in the inequality.
We will learn how to do this for spin-1/2 particles and photon polarization in
Chapters 7 and 9. For now, we just state the results

1 JEV: A,B, =-1 1 ]ZV: Al B, =-cos¢ (4.482)
N/ = NSZT
1 ]ZV: =—cos¢ 1 ZZV: Al B! =cos2¢ (4.483)
N = NZ "
If we combine all of these results we find that
(gn)| = l| Z gn|=]-1-2cos ¢+ cos2q| (4.484)

We can now plot the expectation of g,(¢) and look for violations of the Bell
inequality.
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Figure 4.7: Quantum Mechanics versus the Bell Inequality

Clearly, we see violation for a range of values of ¢.

As we stated earlier, we will have much more to say about this interesting
subject in Chapter 12.

Finally, let us summarize once more some of the knowledge we have acquired
about density operators.

4.18 Expanding on the Density Operator and the
Statistical Description of Quantum Systems

In classical mechanics the state of a system is determined by a point in phase
space. If we do not know the exact positions and momenta of all particles in the
system, we need to use the probability density function to describe the system
statistically

In quantum mechanics the state of a system is characterized by a state vector
in Hilbert space that contains all the relevant information. To prepare a vector
state for a quantum system at a given time, it suffices to perform a set of
measurements on the system corresponding to a complete set of commuting
observables. However, in practice such measurements are often impossible. The
problem is how to incorporate the incompleteness of our information into the
formalism of quantum mechanics in order to describe the state of such a system.

Incompleteness can be formally described in two ways:

(1) One way is to characterize the system as a member of a mixed ensemble
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in which we do not know the state vector of every member, but we know
only the probability that an arbitrary member can be found in a specified
state vector. For example, 70% of the members are characterized by |1/)(1))
and the remaining by |¢(2)) (these states are not necessarily orthogonal).
We will investigate this approach later and show that such an ensemble
cannot be characterized by an averaged state vector.

(2) The second way in which a description of the system by a state vector is
impossible is for systems that interact with others. Such systems are called
open systems and are of particular interest in quantum optics. In such
cases we are interested in only a part of the entire system. It is convenient
to separate the system of primary interest from that of secondary interest
and to call the former the system and the latter the reservoir. We can
eliminate the reservoir by using the reduced density operator method as
we will describe later.

4.18.1 Statistical Description of Quantum Systems and
the Nonexistence of an Averaged Quantum State

Consider a mixed ensemble of similar systems such that our information about
the state of the members is limited to the probability distribution over some
specified state vectors of the system {|a),|8),|v),....} that are not necessarily
orthogonal. For simplicity we assume that they are the eigenvectors of one of
the observables of the system and form a complete basis for the Hilbert space.

Let A be a Hermitian operator of the system with eigenvectors {|m)} for m =
1,2,...., N, where N is the dimension of the Hilbert space of the system. Assume
that our information about the system is limited to the set of probabilities { P, }
for finding the system in the m'" eigenvector. P, satisfies the conditions

0<P,<1 , (m=1,..... ,N)

N
S P,=1 (4.485)
m=1

It is reasonable to ask if the system can be described by a state vector. The
state vector of such a system can be any vector such as

[0 ™) = ]ZV: Ve [m) (4.486)

m=1

where the phase ¢$§ ) can take on any real number in the interval (-, 7). State
vectors like Eq. (4.485) are called accessible states of the relevant system. The
only parameters that discriminate one accessible state from another are the
phases {(Z)S,If)}. Because of their arbitrariness, there is no preference between
these states. So the system can be found in each of its accessible states with
equal probability. Therefore, the probability distribution over the accessible
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states Eq. (4.485) is uniform, although the distribution over the complete basis
{|m)} is nonuniform distribution like P,.

If the number of accessible states in this ensemble is {2, the probability that an
arbitrary element of the ensemble is in the state ‘1/1(’“)) equals 1/Q (for every
k=1,..,9Q). So if we want to define an averaged quantum state for this system,
we should multiply every accessible state by its corresponding probability and
sum over all states:

X L& m
=3 \/E( eim )|m) (4.487)

Because the number of accessible states is very large, we can assume that the
¢§,‘f ) vary continuously. Then we can change the sum to an integration, that

is
Q
i (KD 1 ™ .
5y e - [ dgm e (4.488)
Hence, the averaged quantum state is zero,
[¥) =0 (4.489)

Therefore, such a system cannot be described by a state vector and we should
look for another way to describe it.

We can assign an operator |w(k)) (w(k)| to every accessible state (4.485). Sim-
ilar to Eq. (4.486), which defines the ensemble average of the accessible state
vectors, we can define an ensemble average of these corresponding operators by
introducing

S|
p=> 5 [ (R)] (4.490)
k=1

We will show that in spite of the zero average of the state vector, the average
of p does not vanish. If we substitute Eq (4.485) into Eq. (4.489), we obtain

21 (Y ) N i
p=k g Zl\/Pme m |m) Z;\/Pne n (n|
=1 m= n=
Q N ok
- 512( SV PuPac 9740 ) <n|) (4.491)
k=1 n,m=1

We separate the double sums in Eq. (4.490) into two separate sums so that the
first one contains the terms with the same m and n, and the second one contains
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terms with different m and n and obtain
Q 1 N
p-3 (z )
(Z NN Gl I (n|) (4.492)

nEm

In the first sum all the terms are the same. In the second sum we can exchange
the order of the sum over k£ with that over m and n and substitute 9,(,?% =

o - ol

p= ZP In)(n|+ > /PPy ( 610557)1)|m)(n| (4.493)

n=1 n#+m

The second term in Eq. (4.492) vanishes because the sum over k can be changed
by an integration over 6,,, just like Eq. (4.487) i.e.,

[ 0 e =0

Hence Eq. (4.493) reduces to

N
= Zl P, |n)(n| (4.494)

The operator p contains both quantum (‘w(k) )) and classical statistical informa-
tion (). Hence, all the necessary information for a quantum statistical descrip-
tion of the system is contained in p. This idea can be clarified by calculating the
ensemble average of an observable O of the system. For this purpose we mul-
tiply its expectation value in every accessible state |¢(k)> by its corresponding
probability, that is, 1/€2, and sum over all states:

0
N
k=1

= > & () 0w)) (4.495)
k=1

2 \

If we substitute the state vector Eq. (4.485) into Eq. (4.494) and follow the
same procedure that was done earlier, we find that

Q1 (X () N ()
> (Z VB! <n|)0( 5 Pt |m>)

N
. (n]On) = Z_j (4.496)

Mzi

n=1

Therefore the ensemble average of an arbitrary operator can be evaluated by
knowing the probability distribution { P, } and the complete basis {|n}}, without
knowing the state vector.
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If we use the completeness of the basis {|n)}, we can write Eq. (4.495) as

(O):ZPH (n|O|n) = Z P, (n|O|m){(m|n)

n=1 m,n=1

N
Z P, (m|n)(n|Om) = Z (

m,n=1 m=1

MZ

><n)0|m>

n=1

Il
g
El
>
o
2

(4.497)

The right-hand side of Eq. (4.496) is the trace of the operator pO and can be
rewritten as

(O) =Tr(p0O) (4.498)

The density operator, Eq. (4.493), is sufficient to calculate every ensemble
average of the operators. Therefore the role of the density operator in the
statistical description of quantum systems is similar to the role of the probability
distribution function in the statistical description of classical systems.

4.18.2 Open Quantum Systems and the Reduced Density
Operator

Most physical systems of interest are not isolated but interact with other sys-
tems. For example, an atom cannot be studied as an isolated system even if it is
in a vacuum because it interacts with the vacuum state of the surrounding elec-
tromagnetic field. This interaction is the source of many interesting phenomena
such as spontaneous emission, the natural line width, the Lamb shift, and quan-
tum noise. To study such a system we eliminate the degrees of freedom of the
environment. This elimination leads to incompleteness of information about the
system of interest so that the description of the system by a state vector is no
longer possible.

Suppose we are interested only in making measurements on a system .S that
interacts with its environment R. The Hilbert space of the composite system
S + R is the tensor product

H=Hs®Hr (4.499)

where Hg and Hpi are the Hilbert spaces of the system and reservoir, respec-
tively.

Let Hg and Hg be the corresponding Hamiltonians, and {|s)} and {|r)} the
energy eigenvectors of the system and its reservoir, respectively, in the absence
of an interaction. Because the two systems are independent, their operators
commute with each other:

[Hs,Hr]=0 (4.500)
When they are put into contact, the total Hamiltonian is
H:H5+HR+VRS (4501)
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where Vgg is the interaction between the two systems. If we prepare the com-
posite system at the instant ¢y in a product state

[W(to)) = [s) ® [¢br) (4.502)

then any measurement on S at this instant depends only on the state |1)g) and
is independent of the state of the reservoir.

As time evolves, the state of the composite system evolves according to the
Schrodinger equation

LOw(t)
ih st = H W (1)) (4.503)

where H is the total Hamiltonian as in Eq. (4.500). In general |¥(¢)) cannot be
written in a product form such as Eq. (4.501) because the interaction energy
Vrs depends on both systems. Such a state is called an entangled state.

The question is how we can describe the state of S and make measurements
on it. To answer this question, let us consider an observable of the system S
such as Ag and calculate its expectation value when the state of the composite
system is |¥(¢)). For this purpose we can use Eq. (4.497):

(As) =Trsr(pAs) (4.504)

where the trace is over the complete basis {|s,7)} of the space H, and p is the
density operator of the composite system and is given by

p(t) = W (1)) (W(1)| (4.505)
Ag is the operator Ag in the composite space H, that is,

As=As® IR (4.506)
where Iy is the identity operator in the space Hg.

A straightforward calculation then gives
(Ag) =Trs(psAs) (4.507)

where pg is the reduced density operator of the system S in the space Hg and
is defined as

ps =Trs(p) (4.508)

As it is seen from Eq. (4.506), we can calculate the expectation values of all
observables of the system S in its own state space Hg by using its reduced den-
sity operator.

A necessary and sufficient condition for a system to be in a pure state is that the
trace of the square of its density operator equals unity. But in general T'r ( pg)
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is not necessarily equal to unity even if the composite system is in a pure state.
Therefore the state of an open system cannot generally be described by a state
vector; instead it is described completely by the reduced density operator.

The most complete information about a quantum system is contained in its
state vector, but usually our information about the system is not sufficiently
complete to determine the state vector of the system. The incompleteness of
our information can be incorporated into the formalism of quantum mechanics
in two ways. One way is to describe the system as a member of a mixed ensem-
ble in which our information is limited to a probability distribution over some
specified state vectors of the system. We showed that the ensemble average
of the accessible states of the system is zero and the only way to describe the
system is by the density operator.

In the second case, we wish to make measurements on a part of a larger system.
This part is considered to be an open system that interacts with the rest of
the larger system (the environment or reservoir), which is not of interest to us.
Even if we can determine the state vectors of the system and the reservoir at
some instant of time, the interaction potential causes the composite system to
evolve into another state in which the degrees of freedom of both systems are
entangled so that we cannot separate the state of the system from that of the
reservoir. In order to focus on the system of interest we eliminate the degrees
of freedom of the reservoir. In this way we lose part of the information about
the system that had been coded in the state of the composite system so that
the description of the system by a state vector is no longer possible, and the
system is described by the reduced density operator.

4.19 Problems

4.19.1 Can It Be Written?

Show that a density matrix p represents a state vector (i.e., it can be written
as |1) (| for some vector |¢)) if, and only if,

p*=p

4.19.2 Pure and Nonpure States

Consider an observable o that can only take on two values +1 or —1. The
eigenvectors of the corresponding operator are denoted by |+) and |-). Now
consider the following states.

(a) The one-parameter family of pure states that are represented by the vec-

tors »
1 e’

0)=—|+)+

° \/§|> V2
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for arbitrary 6.
(b) The nonpure state

= S e g )

Show that (o) = 0 for both of these states. What, if any, are the physical
differences between these various states, and how could they be measured?

4.19.3 Probabilities

Suppose the operator

M=

S = O
=
o = O

represents an observable. Calculate the probability Prob(M = 0|p) for the fol-
lowing state operators:

3 00 104 3 00
(@) p={ 0 7 0|, (®p=[0 0 0], ()p=[0 00
00 1 10 3 o0 1

4.19.4 Acceptable Density Operators

Which of the following are acceptable as state operators? Find the correspond-
ing state vectors for any of them that represent pure states.

1 3 9 12
p1:[§ %:| ) 02:[%3 %g]
4 4 25 25
3 0 1 3 07
ps=| 0 5 0| , pa=[ 0 § 0
1 00 1003
1 2 V2 V2
ps = 3 Ju) {ul + S o) (vl + == fu) (o] + == o) (ul

(ulu)=(v|v)=1and {u|v)=0
4.19.5 Is it a Density Matrix?
Let p1 and g2 be a pair of density matrices. Show that
p=rpr+(1=7)p2
is a density matrix for all real numbers r such that 0 <r < 1.
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4.19.6 Unitary Operators

An important class of operators are unitary, defined as those that preserve
inner products, i.e., if |w) = U¢y) and |p) = Ulp), then ((,5 | Qb) = (p]9) and

(V] @)= ().

(a)

(b)

(c)

Show that unitary operators satisfy UU* = UU = I, i.e., the adjoint is
the inverse.

Consider U = eiA, where A is a Hermitian operator. Show that U+ =e 4

and thus show that U is unitary.

Let U(t) = e~H1t/h where t is time and H is the Hamiltonian. Let [4(0))

be the state at time ¢ = 0. Show that [1(¢)) = U(t) |1(0)) = e /M |4(0))
is a solution of the time-dependent Schrodinger equation, i.e., the state
evolves according to a unitary map. Explain why this is required by the
conservation of probability in non-relativistic quantum mechanics.

Let {|un)} be a complete set of energy eigenfunctions, Hlu,) = Ep |un).
Show that U(t) = ¥ e 2" ju,,) (u,,|. Using this result, show that |1 (t)) =

Y cpe” Ent/h |y}, What is ¢,?
n

4.19.7 More Density Matrices

Suppose we have a system with total angular momentum 1. Pick a basis corre-
sponding to the three eigenvectors of the z—component of the angular momen-
tum, J,, with eigenvalues +1, 0, —1, respectively. We are given an ensemble of
such systems described by the density matrix

21
p=—11 1 0
ANM1 01

Is p a permissible density matrix? Give your reasoning. For the remainder
of this problem, assume that it is permissible. Does it describe a pure or
mixed state? Give your reasoning.

Given the ensemble described by p, what is the average value of J,?7

What is the spread (standard deviation) in the measured values of J,?

4.19.8 Scale Transformation

Space is invariant under the scale transformation

x>z =ex
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where c is a parameter. The corresponding unitary operator may be written as
U _ e—icﬁ

where D is the dilation generator. Determine the commutators [D,a}] and
[ﬁ, ﬁgg] between the generators of dilation and space displacements. Determine

the operator D. Not all the laws of physics are invariant under dilation, so the
symmetry is less common than displacements or rotations. You will need to use
the identity in Problem 6.19.11.

4.19.9 Operator Properties

H

(a) Prove that if H is a Hermitian operator, then U = e is a unitary operator.

(b) Show that det U = eT7H.

4.19.10 An Instantaneous Boost

The unitary operator
U(v) = e'™¢

describes the instantaneous (t = 0) effect of a transformation to a frame of
reference moving at the velocity ¥ with respect to the original reference frame.
Its effects on the velocity and position operators are:

OvVOt=v-si , 00U =0

Find an operator G, such that the unitary operator U(ﬁ,t) = G

the full Galilean transformation

¢ will yield

OVO'=v—si , 00U =Q-utl

Verify that G, satisfies the same commutation relation with P, J and H as does

G.

4.19.11 A Very Useful Identity

Prove the following identity, in which A and B are operators and z is a param-
eter.

SCZ 3

B = B[4, Ble s [A[AB)) S + [ATA[A B S + o
There is a clever way(see Problem 4.19.12 below if you are having difficulty)
to do this problem using ODEs and not just brute-force multiplying everything
out.
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4.19.12 A Very Useful Identity with some help....

The operator U(a) = ¢?*" is a translation operator in space (here we consider
only one dimension). To see this we need to prove the identity
1
Ap A
e"Be™ =3 —[A,[A,..[AB]..]]

0 n!%,_/ N——
n n

_B+[AB]+ %[A, (A, B]]+ %[A [A,[A,B]]] + .....
(a) Consider B(t) = e*ABe™*, where t is a real parameter. Show that
iB(t) = e!4[A,Ble 4
dt
(b) Obviously, B(0) = B and therefore

B(1)=B+ foldt%B(t)

Now using the power series B(t) = Yo, t" B,, and using the above integral
expression, show that B,, = [4, B,-1]/n.

(¢) Show by induction that

(d) Use B(1) = e“Be™* and prove the identity.

(e) Now prove eP/hye=a/h — 5 4 ¢ showing that U(a) indeed translates
space.

4.19.13 Another Very Useful Identity

Prove that .
6A+B _ 6A€B€_§

[4.5]
provided that the operators A and B satisfy
[A.[4.B)] - [B[4.5]] -0
A clever solution uses Problem 4.19.11or 64.19.12 result and ODEs.

4.19.14 Pure to Nonpure?

Use the equation of motion for the density operator p to show that a pure state
cannot evolve into a nonpure state and vice versa.
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4.19.15 Schur’s Lemma

Let G be the space of complex differentiable test functions, g(x), where z is
real. It is convenient to extend G slightly to encompass all functions, g(«), such
that g(z) = g(«) +¢, where g € G and c¢ is any constant. Let us call the extended
space G. Let q and p be linear operators on G such that

qg(x) = zg(x)

py(x) = —iidgdf) =

—ig'(z)
Suppose M is a linear operator on G that commutes with ¢ and p. Show that

(1) ¢ and p are hermitian on G

(2) M is a constant multiple of the identity operator

4.19.16 More About the Density Operator

Let us try to improve our understanding of the density matrix formalism and the
connections with information or entropy.We consider a simple two-state system.
Let p be any general density matrix operating on the two-dimensional Hilbert
space of this system.

(a) Calculate the entropy, s = —=Tr(plnp) corresponding to this density ma-
trix. Express the result in terms of a single real parameter. Make a clear
interpretation of this parameter and specify its range.

(b) Make a graph of the entropy as a function of the parameter. What is
the entropy for a pure state? Interpret your graph in terms of knowledge
about a system taken from an ensemble with density matrix p.

(c) Consider a system with ensemble p a mixture of two ensembles p; and pa:

p=0p1+(1-0)ps , 0<0<1

As an example, suppose

(Lo _1
p1_2 0 1 ? p2_2

in some basis. Prove that

s(p) 2 p=0s(p1) + (1 -6)s(p2)

with equality if 6 = 0 or # = 1. This the so-called von Neumann’s mizing
theorem.
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4.19.17 Entanglement and the Purity of a Reduced Den-
sity Operator

Let H4 and Hp be a pair of two-dimensional Hilbert spaces with given or-
thonormal bases {[04),[14)} and {|0g),|15)}. Let |[¥45) be the state

|\I/AB> = COS9|0A> ® |OB> +Sin9|1A) ® |lB)

For 0 < 6 < /2, this is an entangled state. The purity ¢ of the reduced density
operator pa = Trp[|Vap)(Vap|] given by

¢=Tr[p4]
is a good measure of the entanglement of states in H . For pure states of the
above form, find extrema of ¢ with respect to 6 (0 < 8 < 7/2). Do entangled
states have large ¢ or small (7

4.19.18 The Controlled-Not Operator

Again let H4 and Hp be a pair of two-dimensional Hilbert spaces with given
orthonormal bases {[04),]14)} and {|05),|15)}. Consider the controlled-not
operator on Hap (very important in quantum computing),

Uap=P oI +Plooc?
where Pi' = [04) (04, P{* = [14) (14| and o2 = 05) (15| +[15) (0|

Write a matrix representation for Uy p with respect to the following (ordered)
basis for Hap

04)®[05) , [04)® (1) , [14)®[|05) , [La) ®|1p)
Find the eigenvectors of Usp - you should be able to do this by inspection. Do
any of them correspond to entangled states?

4.19.19 Creating Entanglement via Unitary Evolution

Working with the same system as in Problems 6.17 and 6.18, find a factorizable
input state

(W) =Va) ®¥p)
such that the output state

|V55) = Uap [¥45)

is maximally entangled. That is, find any factorizable |\Ilf]fB> such that Tr[p%4] =
1/2, where
P~ Tl W) (W3]
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4.19.20 Tensor-Product Bases

Let H 4 and H g be a pair of two-dimensional Hilbert spaces with given orthonor-
mal bases {|04),]|14)} and {|05),|15)}. Consider the following entangled state
in the joint Hilbert space Hap = Ha ® Hp,

1

V2

where [0415) is short-hand notation for [04) ® [15) and so on. Rewrite this
state in terms of a new basis {|0AOB), 0,413) ,

|Wap)=—=(10alp) +[1405))

1A13>}, where

1405),

|6A) = cos% [04) +sin§ [14)

14) :—sin§|0A)+cos§|1A)

and similarly for {|OB) , iB>}. Again |6AOB) = |6A)®|OB), etc. Is our particular
choice of |¥ 4p5) special in some way?

4.19.21 Matrix Representations

Let H 4 and Hp be a pair of two-dimensional Hilbert spaces with given orthonor-
mal bases {|04),]14)} and {|0g),|15)}. Let [0405) =104) ® [05), etc. Let the
natural tensor product basis kets for the joint space Hap be represented by
column vectors as follows:

1 0 0 0
0 1 0 0
[0405) < ol 04lp) < ol [140p) < E 1alg) < 0
0 0 0 1

For parts (a) -(c), let
pan = 5 104) (0a]® 5 (02) +[La)) (0] + (1]
+ 2[14) (Ll ® 5 (105) - [15)) (03] - (151)

(a) Find the matrix representation of p4p that corresponds to the above vec-
tor representation of the basis kets.

(b) Find the matrix representation of the partial projectors It ® P2 and
I®PE (see problem 4.19.18 for definitions) and then use them to compute
the matrix representation of

(I*® PP) pap (I* @ PP) + (I* ® PP) pap (1" ® PP)

(c¢) Find the matrix representation of ps = Trg[pap] by taking the partial
trace using Dirac language methods.
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4.19.22 Practice with Dirac Language for Joint Systems

Let H4 and Hp be a pair of two-dimensional Hilbert spaces with given or-
thonormal bases {|04),[14)} and {|0g),|[15)}. Let |0405) =104) ® |05), etc.
Consider the joint state

L
V2

(a) For this particular joint state, find the most general form of an observable
O acting only on the A subsystem such that

[Wap)=—=(10405) +|1alp))

(Uap|O* @ IP |V ap) = (Vap|(I? @ PY) 04 @ IP (1" ® P)) [V ap)
where
Py = |07) (07|
Express your answer in Dirac language.
(b) Consider the specific operator
XA =[0%) (14 + [14) (07

which satisfies the general form you should have found in part (a). Find
the most general form of the joint state vector |¥, 5) such that

(Wp| XA IP |V, ) # (Vap|(I* ® PP) X* © IP (1" ® PP) |V ap)

(¢) Find an example of a reduced density matrix p4 for the A subsystem such
that no joint state vector |, 5} of the general form you found in part (b)
can satisfy

pa=Trp(|¥yp) (Vypl]

4.19.23 More Mixed States

Let H4 and Hp be a pair of two-dimensional Hilbert spaces with given or-
thonormal bases {|04),|14)} and {|0g),|15)}. Let [0405) =104) ® |05), etc.
Suppose that both the A and B subsystems are initially under your control and
you prepare the initial joint state

1
5 (0405) +[1.415))

%

(a) Suppose you take the A and B systems prepared in the state |‘I/?43) and
give them to your friend, who then performs the following procedure. Your
friend flips a biased coin with probability p for heads; if the result of the
coin-flip is a head(probability p) the result of the procedure performed by
your friend is the state

|‘I’?AB) =

1

\/§(|Oa0b) - |1a1b))
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and if the result is a tail(probability 1 — p) the result of the procedure
performed by your friend is the state

R
V2

i.e., nothing happened. After this procedure what is the density operator
you should use to represent your knowledge of the joint state?

(|0a0b) + |1a1b>)

(b) Suppose you take the A and B systems prepared in the state |\Il?4 B> and
give them to your friend, who then performs the alternate procedure. Your
friend performs a measurement of the observable

0=1I"eU,

but does not tell you the result. After this procedure, what density opera-
tor should you use to represent your knowledge of the joint state? Assume
that you can use the projection postulate (reduction) for state condition-
ing (preparation).

4.19.24 Complete Sets of Commuting Observables

Consider a three-dimensional Hilbert space Hs and the following set of opera-

110 100 00 0
Oa<o|1 0 0],05<[0 1 0f,0,<f0 1 0
00 0 00 0 00 1

Find all possible complete sets of commuting observables(CSCO). That is, de-
termine whether or not each of the sets

{Oa}’ {Oﬁ}’ {O’Y}v {OavOﬁ}v {Oa7O’Y}7 {Oﬁ’O’Y}v {OavOﬁvO’Y}

constitutes a valid CSCO.

4.19.25 Conserved Quantum Numbers

Determine which of the CSCO’s in problem 4.19.24 (if any) are conserved by
the Schrodinger equation with Hamiltonian

2 1 0
H=co[1 1 0|=e0(0a}+{0p)
0 0 O
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Chapter 5

How Does It really Work:
Photons, K-Mesons and Stern-Gerlach

5.1 Introduction

Many experiments indicate that electromagnetic waves have a vector property
called polarization. Suppose that we have an electromagnetic wave (we will just
say light from now on) passing through a piece of Polaroid material. The Po-
laroid material has the property that it lets through only that light whose polar-
ization vector is oriented parallel to a preferred direction in the Polaroid(called
the optic axis).

Classically, if an incident beam of light is polarized parallel to the optic axis,
then experiment says that all of its energy gets through the Polaroid.

If, on the other hand, it is polarized perpendicular to the optic axis, then ex-
periment says that none of its energy gets through the Polaroid.

Classically, if it is polarized at an angle « to the optic axis, then experiment
says that a fraction cos? « of its energy gets through the Polaroid.

Many experiments, including several that we will discuss later, indicate that
light(and everything else in the universe as it turns out) exhibits both "particle-
like" and "wave-like" properties. (We will define both of these terms more
carefully later and decide then if this simple statement makes any sense).

The particle associated with light is called a photon.

Can the experimental polarization/Polaroid results be reconciled with this idea
of a particle-like photon?

Suppose we assume that a light wave that is polarized in a certain direction is
made up of a large number of photons each of which is polarized in that same
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direction.

The particle properties of light, as represented by photons, invariably lead to
some confusion. It is not possible to eliminate all of this confusion at this el-
ementary discussion level because a satisfactory treatment of photons requires
quantum electrodynamics.

We can, however, make many of the more important physical properties clear.

Consider a simple representation of a monochromatic electromagnetic wave (and
its associated photons) with angular frequency w and wavelength A moving in
a direction given by the unit vector k. Such a monochromatic electromagnetic
wave is composed of N (a very large number) photons, each with energy E and
momentum vecp, such that we have the relationships

E=hw , p=hk=—k (5.1)

>

where % is the wave vector, h = h/2m, w = 27 f, h = Planck’s constant, f =
frequency = ¢/, and ¢ = speed of light. We note that

Eelonfonf-nS -pe (5.2)
2 A

as required by relativity for a particle with zero mass(such as the photon).

The number of photons in the wave is such that the total energy of the N
photons, NE = Nhw, is equal to the total energy W in the electromagnetic
wave, i.e., W =NFE = Nhw.

Here, we are using the fact, derived from many experiments, that the energy
of the light wave is quantized and thus can only take on certain discrete values
(its value is a multiple of some quantum of energy).

When we specify the polarization of light, we are actually giving the direction
of the electric field vector E. Light waves are generally represented by plane
electromagnetic waves. This means that the electric field vector E and the
magnetic field vector B are both perpendicular to the direction of propagation
specified by k. If we choose the direction of propagation to be the z-axis, which
is specified by the unit vector é., then E and B lie in the z — y plane. Since we
are only considering the polarization property at this point, we can concentrate
on the E vector alone. Now, any vector in the z — y plane can be specified in
terms of a pairs of orthonormal vectors (called the basis) in that plane. The
vectors in these orthonormal directions are called the polarization vectors.

Two standard sets of orthonormal polarization vectors are often chosen when
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one discusses polarization. One of the two sets is

1 0
e.=|o] , ¢ =1 (5.3)
0 0

i (5.4)

which correspond to circularly polarized waves.
For classical electromagnetic fields, a light wave propagating in the z-direction
is usually described(illustrating with the two orthonormal sets) by electric field

vectors of the forms given below.

Plane-polarized basis:

E,(7,t) 1 0
E(7,t) = | Ex(7,t) | = E.(7,t) | 0| + B, (7,t) | 1 (5.5)
0 0 0

= E,(F,t)éy + Ey(T,1)é,
Circularly-polarized basis:
B E.(7,t)
E(7,t) = | E.(7,1) (5.6)
0

B0+ G0 1 () B0 -iB@0 1 (]
\/i \/5 0 \/5 \/5 0

= Et (fa t)éR + Ey(fa t)éL

By convention, we represent the field components by
E,(7,t) = B2’ P @) and By (7,t) = Eje (F=wiou) (5.7)

where o, and «, are the (real)phases and EY and E) are the (real) amplitudes
of the electric field components.

Clearly, the polarization state of the light is directly related to the E vectors in
this formulation.

For example, using the above equations, we have these cases:
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1. If £, =0, then the wave is plane polarized in the x-direction

1
E=E.é,=FE,|0 (5.8)
0

2. If E, =0, then the wave is plane polarized in the y-direction

3. If £, = E, then the wave is plane polarized at 45°

1
E=E.é,+Eyé,=E,|1 (5.10)
0

4. f By = —iE, = e”'"/2E, . then the y-component lags the z-component by
90° and the wave is right circularly polarized

1
E=E.ér=FE,|i (5.11)
0

5. f B, =iF, = e'™?E,, then the y-component leads the z-component by
90° and the wave is left circularly polarized

1
E=FEzé,=FE,|-i (5.12)
0

For our present discussion, the above properties of polarization are sufficient.
We will give a more detailed discussion of the quantum mechanics of photon
polarization shortly.

The picture we are proposing assumes that each photon has the same polariza-
tion as the light wave, which is, in fact, verified by experiment.

This simple experimental property leads to some fundamental difficulties for
classical mechanics.

If the incident beam is polarized parallel or perpendicular to the optic axis of a
Polaroid, then classical physics has no problems ........ all the photons (and thus
all the energy) either pass through or do not pass(and thus none of the energy)
through the Polaroid.
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But what about the case where the wave is polarized at 45° to the optic axis of
the Polaroid?

For the beam as a whole, the experimental result is that 1/2 (cos®45° = 1/2) of
the total energy and hence 1/2 of the photons pass through.

But what about any particular photon, each of which is polarized at 45° to the
optic axis?

Now the answer is not clear at all and the fundamental dilemma of the sub-
atomic world rears its ugly head.

As will become clear during our discussions of quantum mechanics, this question
about what will happen to a particular photon under certain conditions is not
very precise.

In order for any theory to make clear predictions about experiments, we will
have to learn how to ask very precise questions. We must also remember that
only questions about the results of experiments have a real significance in physics
and it is only such questions that theoretical physics must consider.

All relevant questions and the subsequent experiments devised to answer the
questions must be clear and precise, however.

In this case, we can make the question clear by doing the experiment with a
beam containing only one photon and observe what happens after it arrives at
the Polaroid. In particular, we make a simple observation to see whether or not
it passes through the Polaroid.

The most important experimental result is that this single photon either passes
through the Polaroid or it does not. I will call this type of experiment a go-nogo
or yes-no experiment.

We never observe 1/2 the energy of a single photon. We always observe either
zero energy or an energy exactly equal to Aw. One never observes a part of a
photon passing through and a part getting absorbed in the Polaroid.

In addition, if a photon gets through, then experiment says that its polarization
vector changes such that it ends up polarized in a direction parallel to the optic
axis of this particular Polaroid (instead of at 45° with respect to that axis as it
was polarized beforehand).

In a beam of N photons, each photon will independently behave as the single
photon did in the description above. No experiment can determine which of the
photons will pass through and which will not, even though they are all identi-
cal. In each experiment, however, exactly 1/2 of the total energy and 1/2 of the
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photons will pass through the 45° Polaroid.

As we shall show later, the only way this result can be interpreted is to say that
each photon has a probability = 1/2 of passing through the 45° Polaroid.

We are led to this probabilistic point of view because the energy of the elec-
tromagnetic wave is quantized(or equivalently, that the electromagnetic wave
is made up of photons) and we cannot have fractions of the energy quantum
appearing during an experiment.

We have managed to preserve the indivisibility of the photons(the quantization
of their energy), but we were able to do this only by abandoning the comforting
determinacy of classical physics and introducing probability.

The results in this experiment are not completely determined by the exper-
imental conditions(initial) under control of the experimenter, as they would

have been according to classical ideas.

As we shall see, the most that we will be able to predict in any experiment is a
set of possible results, with a probability of occurrence for each.

The experiment described above involving a single photon polarized at an angle
to the optic axis, allows us to ask only one type of experimental and theoretical
question, namely, does the photon go through or is it absorbed - only a yes-no
experiment? That will turn out to be the only legitimate question we can ask
in this case.
It is the first indication of the way we should frame our discussion of theory!
We shall see that questions like....

What decides whether a particular photon goes through?

When does a particular photon decide whether it will pass through?

How does a particular photon change its polarization direction?

cannot be answered by experiment and, therefore, must be regarded as outside
the domain of quantum theory and possibly all of physics.

What will our theory of quantum mechanics say about the state of the single
photon?

It will be shown that the photon polarized at an angle to the optic axis is in
a very special kind of state that we will call a superposition of being polarized

perpendicular to the optic axis and of being polarized parallel to the optic axis,
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i.e., a superposition of all the possibilities.

In this state, there will exist an extraordinary kind of relationship between the
two kinds(mutually perpendicular directions) of polarization.

The meaning of the word superposition will follow clearly from the mathemat-
ical formalism and language we have developed in this book. It will, however,
require a new physical connection to mathematics.

This, as we shall see later, is suggested by an attempt to express the mean-
ing of superposition in ordinary language(words). If we attempt to explain the
behavior of the photon polarized at an angle to the optic axis using ordinary
language, then we might be inclined to say something like this:

The photon is
not polarized parallel to the optic axis
not polarized perpendicular to the optic axis
not simultaneously possessing both polarizations
not possessing neither polarization

For this experiment with only two possible polarizations, these statements ex-
haust all the logical possibilities allowed by ordinary words!

Superposition is something completely different than any of the above and it is
not all of the above.

Its physical content will, however, be precise and clear in our new mathematical
formalism.

When the photon encounters the Polaroid, we are observing it. We are ob-
serving whether it is polarized perpendicular or parallel to the optic axis of the
Polaroid. The effect of this measurement will be to end up with the photon hav-
ing one or the other polarizations(the one we measure). In such a measurement,
the photon always makes a jump from a state of superposition to a state of a
definite polarization. Which of the two states it jumps to cannot be predicted.
We will, as we shall see, be able to predict the probability of each possibility.

If it jumps into the parallel state, it has passed through. If it jumps into the
perpendicular state, it has been absorbed.

We will have a great deal more to say about the two new words, superposition
and jump, as we proceed. Do not attach any classical meaning to the word jump
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as used here. It simply my attempt to use words for the moment.

5.1.1 Photon Interference

Another classic experiment involving light waves and hence photons is two-slit
interference. The ideas of superposition and jump will reappear in this case and
give us another view to enhance our understanding(or maybe confusion) at this
point.

We will discuss this type of experiment in great detail and in many different
forms in this book. As we shall see, the meaning of this experiment is easily
misunderstood.

This experiment looks at the position and momentum properties of photons
instead of the polarization properties.

For an approximately monochromatic light wave we have some knowledge of
both the position and momentum of the photons. In particular, the photons
must be located near the beam of light and their momentum is in the direction
of propagation of the beam and has an approximate magnitude

_E_tw _hf_h
¢ ¢ c A

p (5.13)
According to the standard wave interference description, a two-slit interference
experiment consists of a device which, in some manner, splits the incoming
beam into two beams which are sent over different physical paths and then re-
combined, in some way, so that they can interfere and produce a distinctive
pattern on a screen.

To see the problems directly, we again consider an incident beam consisting of
a single photon. What happens as it passes through the apparatus?

The photon has only two classical possibilities if it is going to reach the screen
and contribute to the interference pattern, i.e., it must follow a path that passes
through one of the two slits.

As in the polarization experiment, the correct quantum description will involve
describing the single photon as a superposition of photons traveling on (at least)
two different paths to the same point on a screen.

Once again, as we shall see in detail later on, if we tried to use ordinary lan-

guage to describe the experimental results in the interference experiment we
find ourselves saying that the photon is
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not on path #1

not on path #2

not simultaneously on both paths
not on neither path

What actually happens when we try to determine the energy of a photon in one
of the beams?

When we do the measurement, we always find the photon(all of the energy in
the single photon system) in one of the beams. When we observe the photon it
must somehow jump from being in a superposition (which generates the inter-
ference pattern) to being entirely in one of the beams (which, as it turns out,
does not generate the interference pattern). One possibility is that the jump is
caused by the measurement of the energy in this case.

Although, we cannot predict on which path the photon will be found, we can,
however, predict the probability of either result from the mathematical formal-
ism we will develop for superposition.

Even more striking is the following result. Suppose we have a single beam of
light consisting of a large number of photons, which we split up into two beams
of equal intensity. On the average we should have about half of the photons in
each beam.

Now make the two beams interfere.

If we were to assume that the interference is the result of a photon in one beam
interfering with a photon in the other beam, then we would have to allow two
photons to annihilate each other some of the time (producing interference min-
ima) and sometimes turn into four photons (producing interference maxima).
This process clearly violates conservation of energy.

The new concept of superposition will enable us to deal with this problem. Each
photon in the original beam will be in a superposition of being in both beams.
The superposition of possibilities will produce the interference effect. Interfer-
ence between two different photons or of the photon with itself is never required
and energy will always be conserved.

We will have a great deal more to say about these and other experiments as we
develop the mathematical formalism of quantum mechanics.
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Some questions about this approach

Is it really necessary to introduce the new concepts of superposition
and jump?

In many simple experiments, the classical model of waves and photons connected
in some vague statistical way will be sufficient to explain many experimental re-
sults. The new quantum ideas do not contribute anything new in these cases.
As we shall see as we progress through this chapter, there are, however, an
overwhelming number of experiments where the only correct explanation comes
from a quantum theory built around these new concepts and their associated
mathematical formalism.

Will this new theory give us a better model of the photon and of
single photon processes?

I do not believe that the object of a physical theory is to provide a satisfying
model or picture, but instead, to develop a language that enables us to formu-
late physical laws and make experimental predictions.

Models and pictures are holdovers from classical physics as applied to macro-
scopic phenomena. In the case of atomic phenomena and beyond we cannot
expect to find an appropriate model or picture. All such models and pictures
rely on classical concepts and these concepts are totally inadequate in the mi-
croscopic arena. Their main goal seems to be to make the reader feel more com-
fortable with the new and strange phenomena under discussion. Their many
misleading implications, however, often cause misunderstandings that lead many
a student down dead-end paths as they try to understand quantum mechanics.
We will avoid all non-mathematical models.

Unless one has mastered the correct language and adjusted one’s mode of think-
ing, it will not, in general, be possible to understand modern theoretical physics.
For me, a self-consistent mathematical formulation of the theory that uses a
language appropriate to the physical phenomena involved and is able to make
correct predictions for all experiments constitutes a valid physical model.

The reasons for observed physical behavior are contained in the mathemati-
cal formalism. There is no deeper physics involved beyond the mathematical
formalism. The only model is the mathematical formalism and its associated
physical connections along with a language that is needed to understand it and
express what it means in terms of experiments.

What about determinism?

The problems that the concept of superposition presents to the classical idea
of determinism when we create a well-defined system are so devastating that
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these old ideas must be abandoned. We will discuss these ideas in great detail
throughout the book, but for now a short digression about states, superposition
and measurements seems appropriate.

A classical state is specified by giving numerical values for all the coordinates
and velocities of the constituents of the system at some instant of time. The
subsequent motion is then determined if we know the force laws.

For a small system, however, we cannot observe it and determine its properties
to the extent required for a complete classical description. Thus, any micro-
scopic system is necessarily specified by fewer or more indefinite data than all
the coordinates and velocities at some instant of time.

In the new mathematical formalism, we will carefully define the kind of infor-
mation we can know about a state, which information we can actually know
at a given instant of time and how we will prepare such states. The prepared
states will have definite values of a specific set of measurable quantities.

In terms of such states, we will define a superposition such that we have well-
defined mathematical relationships between the different states making up the
superposition. The mathematical definition of a superposition will not be de-
scribable with the classical ideas or pictures or models available, i.e., it will turn
out that when we superpose two states, the nature of the relationship that exists
between them cannot be explained in terms of classical physical concepts. The
system is not partly in one state and partly in the other in any sense.

We will have to deal with a completely new idea here.

During the course of our discussions, we will need to get accustomed to the
mathematical formalism behind the concept of superposition and we will need
to rely on the formalism and the mathematics, as expressed by the Dirac lan-
guage, without having any detailed classical models.

The new superposed state will be completely defined by the states involved, the
mathematical relationships between them and the physical meaning of those
mathematical relationships as defined by the formalism.

As we saw in the polarization and interference experiments, we must have a
superposition of two possible states, say A and B. Suppose that if the system
were in state A alone, then a particular measurement would, with certainty,
produce the result a and if the system were in state B alone, then the same
measurement would, with certainty, produce the result b. Then, if the system
is in the superposed state(of A and B), it turns out that the same measure-
ment will sometimes produce the result a and sometimes the result b. Given
the mathematical definition of the superposed state and the rules that we will
specify to relate the physics to the mathematics, we will be able to predict the
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probability of getting the result a and the probability of getting the result b.

We will not be able to predict which result we will get in any one measurement,
i.e., the measurement process will not be deterministic. Identical measurements
on identically prepared states will not yield identical results in any one mea-
surement.

If we repeat the measurements a large number of times, however, we can predict
the fraction of time we will obtain the result . That is all we will be able to
predict using the formalism of quantum mechanics we will develop. I firmly
believe, that nature is such that we will not, under any circumstances, be able
to make any more detailed predictions for quantum systems.

So, summarizing the situation before we proceed.....

When physicists try to construct a theory from their experimental observations
they are primarily concerned with two things:

how to calculate something that will enable them to
predict the results of further experiments

how to understand what is going on in the experiments
Now, it is not always possible to satisfy both of these concerns at the same
time. Sometimes we have a reasonably clear idea of what is going on, but the
mathematical details are so complex that calculating is very hard. Sometimes
the mathematics is quite clear, but the understanding is difficult.

Quantum mechanics falls into the latter category.

Over the years since quantum mechanics was first proposed, a very pragmatic
attitude has formed.

Physicists realized that an understanding of how electrons could behave in such
a manner would come once they developed the rules that would enable them to

calculate the way they behaved.

So quantum mechanics as a set of rules was developed, as we shall see in this
book.

It has been tested in a large number of experiments and never been found to be
wrong. It works extremely well.

Yet, we are still not sure how the electrons can behave in such a manner.

242



In many ways, the situation has even gotten worse over the years. Some people,
as we shall see, held out the hope that quantum mechanics was an incomplete
theory and that as we did more experiments we would discover some loose end
or new idea that would allow us to make sense of things.

This has not happened and I believe it never will.

We now carry out the details of a special case that will illustrate how Quantum
Mechanics works and also illustrate the mathematical formalism that we have
developed in earlier chapters.

5.2 Photon Polarization

As we mentioned earlier, the electric field vector E of plane electromagnetic
waves lies in a plane perpendicular to the direction of propagation of the wave.
If we choose the z-axis as the direction of propagation, we can represent the
electric field vector as a 2-dimensional vector in the z —y plane. This means
that we will only require two numbers to describe the electric field. Since the
polarization state of the light is directly related to the electric field vector, this
means that we can also represent the polarization states of the photons by 2-
component column vectors or ket vectors of the form

Uy

The components in the state vectors depend only on the actual polarization
state of the photon. The state vector contains all of the information that we
can have about the state of polarization of the photon (remember that it consists
of just two numbers).

[v) = (¢x) where we assume the normalization condition (¢ |¢)=1 (5.14)

Examples
|z) = (é) — linear polarized photon
0 . .
ly) = N linear polarized photon
1 (1 . . .
|R) = Z\i — right circular polarized photon
|L) L left circular polarized photo
=—| .| - left circular polarized p n
V2 1\~
1 (1 . . o .
|45) = vt — photon linearly polarized at 45° to the x-axis
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The bra vector or linear functional corresponding the ket vector |1) is given by

the row vector
(Wl =(v; ;)

which clearly implies via our inner product rules

whoh= (s 65 (U] =P sl 1

6) = (;ﬁ)

In general, for

the inner product rule says that

Y

i =i ()= osn s i, - oy

We also have the results

(r|z)=1=(y|y) and (z|y)=0=(y|z) > orthonormal set

(R|R)=1=(L|L) and (R|L)=0=(L|R)—~ orthonormal set

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)
(5.20)

Each of these two sets of state vectors is a basis for the 2-dimensional vector
space of polarization states since any other state vector can be written as a

linear combination of them, i.e.,

Vo 1 0
0= (5] =ve (5) + 0 (9) = wrlet e v

(e ety (1) darivy (1
- ()5 ) )

e — ity Vg + 11y

BV R A

We can find the components along the basis vectors using

or

IL)

(z]) = (@] (o [2) + Py ly) = Y (x| 2) + by (2] y) = P
(Y1) = (Yl (Ve [2) + by [y) = Y (Y| 2) + 9y (y |y) =1y

[¥) = |2} ([} +[y) (y [¥)

and similarly

[¥) = [R) (R[¢) +|L) (L)

(5.21)

(5.22)

(5.23)
(5.24)

(5.25)

(5.26)

Basically, we are illustrating examples of a superposition principle, which says
that any arbitrary polarization state can be written as a superposition (linear
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combination) of z- and y-polarization states or equivalently, as a superposition
of right- and left-circularly polarized states.

Our earlier discussions of a beam of light passing through a polaroid can now
be recast in terms of these polarization states.

Classical physics says that the beam is a superposition of an z-polarized beam
and a y-polarized beam and when this beam passes through an z-polaroid, its
effect is to remove the y-polarized beam and pass the x-polarized beam through
unchanged.

The energy of the classical beam is given by |E |? which for the polarization states
is proportional to [¢,]* + [1/,[>. Thus, the beam energy after passing through
an 2-polaroid is proportional to |¢),[>. The fraction of the beam energy or the
fraction of the number of photons in the beam that passes through is given by

[l

_ 2 2
[ [he|” = [{z 1) (5.27)

for states normalized to 1. Our earlier discussion for the case of a single photon
forced us to set this quantity equal to the probability of a single photon in the
state |¢p) passing through an x-polaroid or

probability of a photon in the state [¢))
passing through an z-polaroid = | (z|¢)|?

This agrees with the mathematical results we derived in Chapter 4.

This all makes sense in an ensemble interpretation of the state vector, that is,
that the state vector represents the beam or equivalently, many copies of a single
photon system.

We then define (x|) as the probability amplitude for the individual photon to
pass through the x-polaroid.

Another example confirming these results is light passing through a prism.
A prism passes right-circularly-polarized(RCP) light and rejects(absorbs) left-
circularly-polarized (LCP) light.

Since we can write
) = |R)(R|¥) + L) (L) (5.28)

we can generalize the polaroid result to say

amplitude that a photon in the state |¢))
passes through a prism = (R|)
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and

probability that a photon in the state |¢)
passes through a prism = |(R|) |?

Polaroids and prisms are examples of go-nogo devices. Certain photons are
passed through while others are absorbed in these devices.

We note that the probability is independent of the phase of the state, but
the amplitude depends on phase. This will be a crucial point later on in our
discussion.

5.2.1 How Many Basis Sets ?

We have already seen two examples of basis sets for the 2-dimensional vector
space of polarization states, namely,

{lz};ly)} and {|R),|L)} (5.29)

In the 2-dimensional vector space there are an infinite number of such orthonor-
mal basis sets related to the {|x),|y)} set. They are all equivalent for describing
physical systems (they correspond to different orientations of the polaroid in
the experimental measurement). We can obtain the other sets say {|z'),|y’)},
by a rotation of the bases (or axes) as shown in Figure 5.1 below.

Y Y
Y Y A
0 0| e
X' /y X X
4 e .
~ X
0 Py //~/9
X é;{ ' X
Figure 5.1: Rotation of Axes
We then have in the x —y basis
o= wele) +n o) = () = ((2129) (5.30)
and if we choose to use the equivalent x’ -y’ basis we have
o=l = (1) (719)) (5:31)
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How are these components related to each other? We have

[} = |z} (x| ¥) + |y) (y |¥) (5.32)
which implies
(@' [9) = (2" |2) (x| ¥) + (2" [y) (y | ) (5.33)
or in matrix notation
(W'1¥) =y [z) (z[¥) + (v |y) (y |¥) (5.34)

or in matrix notation
(@) _ ({2 |z) (2" [y)) _ ({=]|¥)
(<y'|¢>)‘(<y'|x> <y'|y>)‘(<y|¢>) (5.35)

So we can transform the basis (transform the components) if we can determine
the 2 x 2 transformation matrix

((wjlw) ($:|y>) (5.36)

It turns out that this result is quite general in the sense that it holds for any
two bases, not just the linearly polarized bases we used to derive it.

For the linear(plane) polarized case, we can think of an analogy to unit vectors
along the axes in ordinary space as shown on the right in Figure 5.1.

Then we have(by analogy)

€y ey =cosl=(z"|x) , éy-é,=sinf=(z']y) (5.37)
ey -ey=cosO=(y|y) , €y -é;=-sinf=(y|x) (5.38)
or
") = (z|2") [z} + (y|2") ly) = cos O ]x) +sind |y) (5.39)
ly') = ey} ) + (y1y') ly) = - sinba) + cos O |y) (5.40)

and the transformation matrix, R(6), is

oo ({2 |z) (2" |y)) [ cos@ siné
R(e)_((y’|x) d )—( ) (5.41)

y) —-sinf cosf

(1) -ty ) () s

There are two equivalent ways to interpret these results.

so that

First, we could say it tells us the components of |1)) in the rotated basis (we
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keep the vector fixed and rotate the axes). Second, we can rotate the vector and
keep the axes fixed(rotate in the opposite direction). In this case, we regard

(612 49

as a new vector |¢)') whose components in the fixed 2 — y basis are the same as
the components of |¢) in the a2’ — y'-basis or

(2" [4) = (x|¢") and (y']4) = (y[¢") (5.44)

For real v, and 1, [¢") is the vector |¢) rotated clockwise by 6 or, regarding
R(0) as a linear operator in the vector space we have

[0') = R(6) ) (5.45)

It is not a Hermitian operator, however, so it cannot represent an observable. It
is a transformation of vectors and according to our earlier discussion, it should
be a unitary operator. We can see this as follows:

cos) —sin@
sinf cosf

RY(0) = R(-0) = ( ) = RT(0) = R'(8) (5.46)

Since R(0) is a unitary transformation operator for rotations, our earlier dis-
cussions say that we should be able to express it as an exponential operator
involving the angular momentum with respect to the axis of rotation (z-axis)

J., of the form

R(0) = =M (5.47)
Now, we can rewrite R(6) as
- cosf sind 1 0y .. 0 -
R(0) = (—sin9 COSQ) —CObG(O 1)+7,bln9(i 0) (5.48)
= cos O +isin 9@

where the physical meaning of the operator
Q= (Q ‘0’) (5.49)

is yet to be determined.

248



Expanding (5.47) in a power series we have

1 dR(6) . L d?R(9)
1od |, 2 de?

92
6=0
L1 d*R(6) gy L d*R()

3L des |, 4l do

R(6) = R(0) +

4y

0=0

.z L5\ 2 .2\ 3 .
:f+l EE 1‘)+l BE 192+l EE 93+l BE 0+ ...
1\ A 20\ A 3'\ A 4'\ h

_ oi0J:1h (5.50)

Now let us assume that hQ = J., where .J, is defined in (5.47). We then have
the following algebraic results.

L V) (V) B O R

which implies that
JE=p2J, , Jr=h2J%=hm'T , J°=h"J. and so on (5.52)

This gives

~ N2 T ~ N4 T
A _ 0. h _ 7 NIz (1)1 o Nz g3 ()Y
R(#)=¢ —I+(z)h9+ o 0 +(z)—3!h9 ST 0% +

2 pa 3
:(1—0+0—...)+i(9—9+...)
21 4l 3!
= cosOI +isinOhJ, = cosOI +isinQ (5.53)
as in (5.48).

So everything, exponential form of the rotation operator and matrix form of the
rotation operator, is consistent if we choose

- A 0 —1

Jz—hQ—h(i O) (5.54)
This corresponds to the matrix representation of .J, in the{|z),|y)} basis.
We now work out the eigenvectors and eigenvalues of R(G) as given by the
equation

R(O) ) = clv)) (5.55)

where ¢ = the eigenvalue corresponding to the eigenvector [¢)).
Since all vectors are eigenvectors of the identity operator I, we only need to find
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the eigenvectors and eigenvalues of J. in order to solve the problem for R(Q),
ie.,

R(0) [)) = cos 01 |1h) +isin0Q |1h) = cosh 1)) + %sin 0J.1p) =cly)  (5.56)

If we let(since R(#) and .J, commute they have common eigenvectors)

T |) = A1) (5.57)

then we have

R(0) [)) = cos 01 |1h) +isin0Q |1h) = cos O |1h) + %sin 0. [v) = c|) (5.58)

or
A
c=cosf + ZEsin@ (5.59)
Now, since JE = h21, we have
T2N) = N2 [) = W21 () = h* ) (5.60)
which says that
A2 =h%or A\ =xh= ecigenvalues of .J, (5.61)

We can find the corresponding eigenvectors by inserting the eigenvalues into the
eigenvalue equation

J.|J.=h)=h|J, = h) (5.62)

We assume that
a

|J. = h) = (b) where |a|® +|b]* = 1 (5.63)

LY o

This gives the result ia = b which together with the normalization condition says
that a = 1/ V2. We have arbitrarily chosen a to be real since only the relative
phase between components is important. This then gives b =i/ V2. Finally, we
have the eigenvector

to get from (5.62)

=0 =5 (1) -1 (5.65)

Similarly, we get

. = —h) = ( 1.) - L) (5.66)



So the eigenvectors of .J, and hence of R(6) are the RCP and LCP basis states.
We then have
RO)|R) = (cos 01 + %sin 9jz) |R)
= (cos +isin0)|R)
= ¢ |R) (5.67)
Similarly, R _
R(O)|L) = e |L) (5.68)

This agrees with our earlier discussion where we found that the eigenvalues of
a unitary operator have complex exponential form.

Physically, this says that |R) and |L) are only changed by an overall phase factor
under a rotation of the basis. This allows us to easily specify what happens to
an arbitrary vector ) under rotations.

The procedure we will use next is, as we will see over and over again, the
standard way to do things in quantum mechanics. First, we expand the arbitrary
vector in the {|R),|L)} basis

[Y) = [R)(R[¢) + L) (L]¥) (5.69)
We then apply the rotation operator to obtain
R(0) [v) = R(0)|R) (R|¢) + R(0)|L) (L| ) (5.70)

= |R) (R|¢) + e |L) (L)

or the RCP component of the vector is multiplied by the phase factor ¢ and
the LCP component of the vector is multiplied by a different phase factor e™%.
Thus, rotations change the relative phase of the components, which is a real
physical change (as opposed to an overall phase change of the state vector).

We interpret (reasons will be clear later) these results to say that the RCP
photon is in a state which is an eigenvector of J. with eigenvalue +A or that the
photon in that state has z-component of spin = +h. Similarly, a LCP photon
has z-component of spin = —h.

Now, it is an experimental fact that if a photon traveling in the z-direction is
absorbed by matter, then the z-component of the angular momentum of the
absorber increases by h or decreases by A. It never remains the same, nor does
it change by any value other than +h.

One cannot predict, for any single photon, whether the change will be +A or —h.
We can, however, predict the probability of either value occurring. In particular,
according to our probability formalism, we must have

[(R|v)|* = probability of +h , |(L|t)|* = probability of —h  (5.71)
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and the average value of the z-component of the angular momentum is

(jz) = Z (eigenvalue) x (probability of the eigenvalue) (5.72)

all posstbilities
or

(J.) = +hl (R]9) [ = hl(L]9) [ (5.73)

In general, a photon is neither pure RCP nor pure LCP and the angular mo-
mentum does not have a definite value.

We can still talk in terms of probabilities, however. The discreteness of the
angular momentum spectrum forces a probabilistic interpretation on us.

We can easily see how all of this works using our mathematical formalism for
average values as follows:

(J.) = (¥l T [)

= (| R) (R|+ (| L) (L) J-(|R) (R | ) + |L) (L|))

= ((RIY)" (Rl + (L) (L) J.(IR) (R|¥) +|L) (L] )
(RIJ-|R)[(R[¢) [*+ (L J. L) [(L|9)

+ (R J. L) (R|¥)" (L|¢) + (L] J. |R) (L| )" (R| )
= +h|(R|¢) [* = hl(L|)[? (5.74)

as we showed earlier(5.73).
Let us return for a moment to the matrix representation of the J. operator. We
have found the following results:
J.|R) = +h|R) and J.|L)=-h|L) (5.75)
In the {|R),|L)} basis, these relations imply the matrix representation
. _((RIJ.|R) (R|J.|L) 10
J, = . A =h 5.76
=(im @7in) 6 5 70
which is the standard form of J, in terms of one of the so-called Pauli matrices,

namely,

(1 oo) s
oz—(o _1)—>Jz—haz (5.77)

Now .
[£)= = ¥
V2 V2

and, therefore, in the {|z),|y)} basis we have the matrix representation

gt Rt G B

which is the form we guessed and used earlier.

(IR) +|L)) and |y) = —=(|R) - |L)) (5.78)
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5.2.2 Projection Operators

Let us now turn our attention to projection operators and density operators in
the context of photon polarization.

The general operator [¢0) (¢| can be represented by a 2 x 2 matrix in the polar-
ization state vector space. It is constructed using the outer product rule:

» % * * %(b* wxfyb*
P= = . = ¥ Yy 5.80
T N [ B G i (550
or equivalently, by choosing a basis and finding the matrix representation

po ((xllf’lx) (xll?lw) _ (<x|¢) (olz) (2l (fby))
(W Plz)  (y|Ply) {wlllgle) — (ylvlloly)

:(wm; Va )
byds by0,

In particular, we have for the projection operators

= (5 o)+ (g ) (5.51)
tel=(§ o) - woi=(g 1)

From these results we easily see that

o) el ol = {) -1 (5.52)

and
W) =T [y) = (Jz) (2] + |y) (y]) [2) (5.83)
— _ 7%
—unxwo+wuywo—(w)

Y

as they should. Similarly, we have

|R)(R|+|L)(L|=1 (5.84)

which leads to
J. = J.I=J.(|R) (R|+|L)(L|) (5.85)
= h|R) (R~ h|L) (L] (5.86)

which is the expansion of the operator J, in terms of eigenvalues and 1-dimensional
subspace projection operators (eigenvectors) that we discussed earlier.
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5.2.3 Amplitudes and Probabilities

The probability interpretation we have been making follows from the concept
of superposition. The superposition idea says that we can write any arbitrary
photon state as a linear combination of basis states

[¥) = [R) (R[¢) +|L) (L) (5.87)

We then interpreted | (R |)[* as the probability that the photon in the state
|t) will behave as a RCP photon in the state |R).

Generalizing this statement, we say that a system in a state |1), in Quantum
Mechanics, has a probability |(#|) > of behaving like it was in the state |¢).

You might now conclude, from the experimental fact that only +#A is transferred
to matter by light, that photons are always either in the state |R) with some
probability a or in the state |I) with probability 1 - «.

FACT: An z-polarized photon never passes through a y-polaroid
PROBLEM: If, the above interpretation of being either |R) or |L) was true,
then

1. an z-polarized photon has a probability |(R|z)|* = 1/2 of being RCP and
a RCP photon has a probability |{y|R)|?> = 1/2 of being a y-polarized
photon and thus passing through a y-polaroid.

2. an z-polarized photon has a probability | (L |z)|? = 1/2 of being LCP and
a LCP photon has a probability |{y|L)|?> = 1/2 of being a y-polarized
photon and thus passing through a y-polaroid.

This means that if we assume we can think that the photon is either |R) or |L)
but we do not know which, i.e., photon properties have an objective reality, then
the total probability that an x-polarized photon would get through a y-polaroid
in this interpretation is

1
total probability =[(R|z)[*[(y|R)[* +[(L|x)[*|(y| L)[” = 5 (5.88)
However, as we stated, it NEVER HAPPENS. What is wrong?
SOLUTION: When we think of an z-polarized photon as being a RCP photon
or a LCP photon with equal probability, we are ruling out the possibility of any
interference between the RCP and LCP amplitudes. We are thinking classically!

We give meaning to the word interference here in this way.

The correct calculation of the probability, which lays the foundation for all of
the amplitude mechanics rules in Quantum Mechanics, goes as follows:
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1. The probability amplitude of an z-polarized photon passing through a
y-polaroid = (y|z) = 0, which implies that the probability |{y|z)[* = 0
also.

2. If we say that the z-polarized photon is in a superposition of |R) and |L)
(we make no statement about probabilities at this point), this implies that

|z) = |R) (R|z) + |L) (L|z) (5.89)
which gives
(ylz) = (y| R) (R|z) +{y| L) (L]|x) (5.90)

or the amplitude for an z-polarized photon to pass through a y-polaroid is
the sum of two amplitudes, namely, that it passes through as a RCP photon
(y| R) (R|z) and that it passes through as a LCP photon (y|L) (L|x).

3. The probability of passing through is then the absolute square of the total
amplitude
probability =|{y| R)(R|z)+ (y| L)(L|x)[
=((yIR)" (Rlz)" +{y| L) (L]2)" ) ({y| R) (R|x) + (y| L) (L |x))
=[(R|z) P[{y| R) [+ |{L]|2) [ (y | L)
(y| R)(R|z)(y| L) (L|z)" + (y|R)" (R|x)" (y| L) (L|x)
4. The first two terms are the same as the incorrect calculation (6.88) above.

The last two terms represent interference effects between the two ampli-
tudes (RCP way and LCP way).

A simple calculation shows that the interference terms exactly cancel the first
two terms and that the probability equals zero in agreement with experiment!

INTERPRETATION: The way to interpret this result is as follows:

(y| R) (R|z) = probability amplitude for an x-polarized photon to
pass through a y-polaroid as a RCP photon

(y| L) (L|z) = probability amplitude for an x-polarized photon to
pass through a y-polaroid as a LCP photon

These are indistinguishable ways for the process to occur, i.e., no measurement
exists that can tell us whether it passes through the system as an RCP photon
or as a LCP photon without destroying the interference,i.e., without radically
altering the experiment.

To get the correct total probability, we add all the amplitudes for indistinguish-
able ways and then square the resulting total amplitude.
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In the incorrect calculation, we found the probability for each indistinguishable
way and then added the probabilities.

In one case, we eliminated the interference effects and got the wrong result and,
in the other case, we included the interference effects and obtained the correct
result.

Summarizing, we have these rules for amplitude mechanics and probabilities in
Quantum Mechanics:

1. The probability amplitude for two successive events is the product of the
amplitudes for each event, i.e., the amplitude for the x-polarized photon
to pass through the y-polaroid as a RCP polarized photon is the product
of the amplitude for an x-polarized photon to be a RCP photon (R|z)
and the amplitude for a RCP photon to be a y-polarized photon (y|R)

(R|z) (y|R)

2. The total amplitude for a process that can take place in several indis-
tinguishable ways is the sum of the amplitudes for each individual way,
ie.,

(ylz) = (R|z)(y| R) +(L|z){y|L)

We note here that this is merely a reflection of the property of projection
operators that R
I'=|R)(R|+|L)(L|

which says that
{ylz) = (ylI]e) = (R|z) {y| R) + (L|z) (y| L)

Thus, the mathematical sum over all projection operators being
equal to the identity operator is physically equivalent to the
sum over all possible intermediate states and it turns into a
sum over all the amplitudes for indistinguishable ways in this
interpretation.

3. The total probability for the process to occur is the absolute square of the
total amplitude.

So, in classical physics, we
1. find amplitudes and probabilities of each way separately
2. add all probabilities to get total probability

We get NO interference effects!!

In Quantum Mechanics, we
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1. find the amplitudes for each indistinguishable way the process can occur
2. add all the amplitudes to get a total amplitude
3. square the total amplitude to get the total probability

We get interference effects!!

The important result here is that we must consider ALL INDISTINGUISH-
ABLE WAYS in step (2).

An indistinguishable way is characterized as follows:

1. If two ways are indistinguishable, then there exists no measurement that
can decide which of the two ways actually happened without altering the
experiment.

2. In particular, if we attempt to find out, then the interference effects will
disappear and we will return to the classical result obtained by adding
probabilities.

What actually happens is that during any measurement trying distinguish the
ways, the relative phase of the components in the superposition becomes com-
pletely uncertain and this will wash out the interference. This happens as fol-
lows: instead of

) = |R) (R|x) +|L) (L) (5.91)

we would have, if we attempted to add a measurement to determine if the
z-polarized photon was RCP or LCP, to consider the state

|Z) = €' |R) (R|x) + " |L) (L | z) (5.92)
A probability calculation then gives
total probability =|{y|R)(R|z)+ (y|L)(L|z)|* (5.93)
+2Real [(y| R) (R|x) "7~ (y| L) (L |x)"]

The observed probability, which is the result of many identical measurements
in the laboratory(in the standard interpretation), is an average over all values
of the extra phases(they are random in different experiments).

This involves integrating over the relative phase,i.e.,

1 2T
— / el@r=aL) d(qp —ayp) = 0 (5.94)
2m Jo

It is clear that the interference term averages to zero and we get the classical
result! This means we cannot add such a measurement and retain any quantum
results!
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5.2.4 Pure States, Unpure States and Density Operators

If the photon were in the state |z}, then we would have, for some linear operator
A
(A) = (x| A|z) (5.95)

From our earlier discussion of density operators, however, we must also have,
(A) =Tr(WA) (5.96)

where W is a density operator. Therefore we must have (using the {|z),|y)}
basis)
(A) = (2| Alx) = Tr(WA) = (2| WAlz) + (y WA[y)
= (x| WIAlz) + (y| WIAly)
(| W |z) (] Alz) + (x| W |y) (y| A |z)
+ (YW lz) (2] Aly) + (y| W y) (y] Aly)

This implies that
(e Alz) =1 and (y|Alz) = (| Aly) = (4| A]y) = 0 (5.97)
or
W= ((1) 8) |2} (2] (5.98)
which says that |z) is a pure state.

Now suppose that the photon is in the state

[¥) (5.99)

1 1
:%x)+—2|y)

This says that the probability = 1/2 that the photon behaves like |z) and the
probability = 1/2 that it behaves like |y). Note that the relative phase between
the components is assumed to be known exactly in this state. In this case, we
have

(A) = (¢| Ajy) = % (| Alz) + (2] Aly) + (y| Alz) + (y| A |y)]
=Tr(WA) = (x| WAlx) + (y| WAy) = (x| WIA|z) + (y WIA|y)
= (2| W |z) (x| Alz) + (2| W |y) (y| A |)

+ (Yl W [y) (=] Ale) + (4] W |y) (y] Aly)

which implies that

(el Wlz) = 5 = (gl Wy) = (| W |) = (2| W [y) (5.100)

DO | =
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or

-3 (1 1)-3(1) 0 v-wmw (5101

So, again we have a pure state.

But what happens if we only know that the probability = 1/2 that the photon
behaves like |z) and the probability = 1/2 that it behaves like |y). This says that
we might write the state vector as

[¥) =alz)+bly) (5.102)
where we only know that |a? = |b|? = 1/2. Let us choose

Qg iy,

e e

NG and b 7
We do not have any phase information in this case. In addition, the phases
values could be different in each separate experiment. This last fact means that
we must average over the relative phase (the only meaningful phase) a, —
when computing the probabilities and this means that all interference effects
will vanish.

a =

(5.103)

When we calculate the expectation value we have
(4) = (V]| Alp)

1 A A —i(ag—a A i(ag—a )
:§[<w|AI$)+<x|AIy)6 (@amer) 4 (y| Az} e @em) + (y| Aly)]

and when we average over the relative phase we obtain

(A) = 2 {al Al + 3 (ol Aly)
Again, we must have
(A)=Tr(WA) = (a| WAz) + (y| WAly) = (x| WIA|z) + (y| WIAy)
= (2| W |z) (2| Al2) + (2| W y) (y| A|)
+ (Y| W ly) (] Afz) + (4] W [y) (y] Aly)
which implies that
(2| W |z) = % = (y|Wly) and (y|W |z) = (2| W |y) =0

or

-3 (6 9)- 3l gt

= Prob(zx) |z) (x| + Prob(y) ly) (y|
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This is a nonpure or mized state.
So, we have a pure state only if the relative phase information is known exactly.

The way to describe a nonpure state is by the corresponding density matrix,
which only requires knowing probabilities and not phases. It really does not
have a state vector.

5.2.5 Unpolarized Light

Consider the following experiment. We have a beam of monochromatic light
that is composed of photons from two sources which output photons in the
states |1)1) or |g), respectively. The sources emit the photons randomly and
are independent of each other, which implies that we cannot tell which source
any particular photon comes from.

We assign these probabilities

p1 = probability that a photon comes from source #1

b2

probability that a photon comes from source #2

where p; + p2 = 1. Now the probability that a particular observed photon trans-
fers A is

P+ =1l (R|91) [P + pal (R 2) (5.104)
and the probability that it transfers —A is
p- =1l (L1 |? + pa| (L |1h2) [ (5.105)

This implies that the average value of the angular momentum transfer for the
beam of photons is

(J.) = hps = hp-
= hp1[(R|1) > + hpa| (R|02) [ = hpy [ (L[ 1) [P = hpa| (L[ 402)
=N [h‘ (R[41) |2 = h{L|¢1) |2] + P2 [h| (R[12) |2 = h[(L|¢2) |2]

=pi(J2)1 +p2(Jz)2

or, the average value of the angular momentum transfer for the beam of photons
= sum over the average value in each beam weighted by the probability that
photon comes from that beam.

Let me emphasize(once again) at this point that it is important to realize that
the statement

The photon is either in the state |11} or [¢p2) but we do not know which
is NOT the same statement as
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The photon is in a state which is a superposition of |¢)1) and [i)2)

In the second case, we are saying the relative phase is known as in the state

R
et Ry

which we found to be a pure state. Being in a superposition implies that we
know the relative phase of the components.

) (5.106)

In the first case, however, we are saying that the relative phase is unknown and,
as we have seen, interference effects will vanish. We can only specify a density
matrix in this case.

In pure states, we have superpositions and the probability amplitude rules ap-
ply. In nonpure or mixed states, where the system is in one of several states
with definite probabilities, we find weighted averages (weighted with the state
probabilities) of the value in each state. We use addition of probabilities with
no interference effects, which as we have seen, is equivalent to saying the relative
phase is unknown.

Unpolarized light has equal probability of being in any polarization state. It is
just a special nonpure or mixed state. No relative phase information is known
for unpolarized light.

5.2.6 How Does the Polarization State Vector Change?

Up to now we have been considering devices such as polaroids and prisms, which
are go-nogo devices. Some photons get through and some do not for each of
these devices depending on their polarization state.

We now consider devices where all the photons get through no matter what
their polarization state is, but, during transit, the device changes the incident
polarization state in some way.

In particular, we consider the example of a birefringent crystal, such as calcite.
A calcite crystal has a preferred direction called the optic axis. The crystal has
a different index of refraction for light polarized parallel to the optic axis than it
has for light polarized perpendicular to the optic axis. We assume that the optic
axis is in the x-y plane and send a beam of photons in the z-direction. Photons
polarized perpendicular to the optic axis are called ordinary and are in the state
|o) and photons polarized parallel to the optic axis are called extraordinary and
are in the state |e).

The set {|o),|e)} forms an orthonormal basis and general photon states inter-
acting with a calcite crystal are written as superpositions of these basis states.
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This is an example of a general rule in quantum mechanics.

If we are doing an experiment using a particular measuring device that measures
the observable Q, then we should use as the basis for all states, the eigenvectors
of Q As we shall see, this requirement pushes us to ask the correct experimental
questions (those that quantum mechanics can answer). This particular basis is
called the home space for the experiment.

Now the phase of a light wave with wavelength A\ as it propagates through a
medium in the z-direction is given by the quantity

¢ = et (5.107)
with
=2l o (5.108)

where n = index of refraction, w = 27 f, f = frequency and ¢ = speed of light.

Since the phase depends on the index of refraction, the effect of passing through
a calcite crystal is to change the relative phase of the |o) and |e) components
making up the superposition, which is a real physical change that is measurable.

We assume that the photon entering the calcite crystal is in the initial state

The two components have different indices of refraction n, and n,, respectively.

If the beam passes through a length ¢ then the state upon leaving is given by
(remember the component phases change differently)

|wout> = eikel |€) (8 | wzn) + eikOZ |0) (0 | ’L/)Zn> = UE |wzn) (5110)

where
U, = e*<*|e) (e| + €% |0) (o] (5.111)
is a time development operator of some sort since {= distance traveled in a time

t is proportional to t.

Now we define two new quantities which will be with us throughout our study
of Quantum Mechanics. For transitions between two states (in and out in this
case)

(6| Yout) = (| U- |thin) = the transition amplitude for a photon to enter
the calcite in state [¢);,) and leave in state |¢)

| (¢ | ¢out|2) = (| U. [thin) |? = the corresponding transition probability
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To proceed any further, we need to find out more about the operator U.. Now
[t.) = state of photon after traveling a distance z through calcite  (5.112)
= U. [thin)
From the form of UZ we have
Usre = %G |e) (e] + €709 |0) (o (5.113)
= (€™ Je) (e + €™ |o) (o) (e™ [e) (el + ™ |o) (o)

or

U.ic=UU, (5.114)
This implies that

|¢Z+e) = Uz+e |’¢in> = ﬁsUz W)zn) = Ue W)z) (5115)

Now let € — 0 such that k,e < 1 and k.e < 1 and we can then write (to 15'-order)

U, = e |e) (e| + ™€ |o) (0] (5.116)
= (1 +ikce)le) (e] + (1 + ikoe€) |0) (o]
=T +iek
where A R
I=|e){e|+]|o) (o] and K = k.|e) (e] + k, |0} (o] (5.117)
Now, the relation R
K =ke|e) (e|] + ko o) (o] (5.118)

is an expansion of an operator in terms of its eigenvalues and the corresponding
projection operators (eigenvectors). It says that the eigenvectors of K are |e)
and |o) with eigenvalues k. and k,, respectively. This illustrates the awesome
power in these methods we have developed!!

We then have

(s = (1 +i€K) i) (5.119)

or
[Ware) = b2) = i€k 1)) (5.120)

or
I%M =iK 1)) (5.121)

which gives the differential equation for the time development of the state vector

d 2

It is clearly similar to the differential equation we obtained earlier(Chapter 4)
from the time development operator. If we follow the results from the earlier
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case, then we should have
K = Hermitian operator and Uz = unitary operator

Let us derive these two results. We have, using the x — y basis
(@) = (] 9:) = e o] K [¢2) (5.123)
= ic (2| K1) = ie (] K |z) (x| .) +ie (2] K |y) (y|¥-)

or the change in the x-component of ¢, as we move an infinitesimal amount € has
one part proportional to the x-component of 1/, and a second part proportional
to the y-component of v, .

Similarly, we have

(Ylaee) = (ylvs) = ie (y| K 12) (5.124)
= ie (y| KT[t.) = ie (y| K |@) (w[1).) + e (y] K [y) {y).)
Now, since no photons are lost as we pass through, we must have
(sve | Vore) = (V2 [¥2) = 1 (5.125)
for all z. We then get
(ae e = (02 |02) +ie[ (] K [2) ~ (2l K |2)"] [{ | 2)?
+ie [(yl K [y) = (I K )" ]| (| 92)?
+ie[(2 K ly) = (2 K |y) [y | ¢=) (@] )"
+ie[(yl K |2) = (y| K |2) ]| $2) (y | ¢2)"
which says that we must have
(@ K |z) = (@ K [2)" , (4| Kly) = (y| K[y)"
(@ Kly) = (@ Kly)" . (yKlz)=(y|Kz)"

or that K is Hermitian.

Finally, one can show that U ZT U. =1 so that U, is unitary as expected. From
our earlier discussions, we then identify

U, = transformation operator and K = generator of transformation

5.2.7 Calculating the Transition Probability
We defined the transition probability as

T(Z) = | (¢ | wz,out> |2 = | <¢| Uz |'(/)z,in> |2 (5126)
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Using
U, = ™% |e) (e] + ™% |0} (o]

and
[thin) = alo) + ble) where |a]® +|b]* = 1 (5.127)

we get
T(2) = [l (™% |e) (] + % |o) (o]} (ao) + ble)) (5.128)
= [(¢] (be™e* |e) + ae'™* |o) |
= [be™* (¢ | e) + ae™ " {¢] o) |

Now let us ask a specific question.

Suppose a = 1/\/5 = —ib, which means the that photon entering the calcite
crystal is an LCP photon.

What is the probability that it will exit as a RCP photon? This means we
choose

1
=——(lo) +1ile 5.129
|4) ﬁ(l ) +ile)) (5.129)
or _ .
1
(¢|€>:—ﬁ and (¢|o) = ﬁ (5.130)
We then get
T(2) = [be™* (¢ |e) + ac™* (¢ | o) [
= |—=e'f — + —=e'F —|* = —|e*"F — —e'Te
AT ATATTA
- i(l +1 = eilko—ke)z _ e—i(ko—ke)z)
= %(1 = cos (ko — ke)z) (5.131)

If we choose (ko —ke)z =7, then T =1 and all the LCP photons are turned into
RCP photons by a calcite crystal of just the right length.

This simple example clearly exhibits the power of these techniques.

5.2.8 Some More Bayesian Thoughts

The essence of quantum theory is its ability to predict probabilities for the out-
comes of tests based on specified preparations. Quantum mechanics is not a
theory about reality; it is a prescription for making the best possible predic-
tions about the future based on certain information (specified) about the past.
The quantum theorist can tell you what the odds are, if you wish to bet on the
occurrence of various events, such as the clicking of this or that detector.
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However, a more common activity is the reverse situation where the outcomes
of tests are known and it is their preparation(the initial state) that has to be
guessed. The formal name for this process is retrodiction. Retrodicting is the
analog of forecasting an event, but directed oppositely in time, i.e., to the past
rather than the future. Just as one might forecast, from a knowledge of physical
laws along with specific data about the current position and speed of a comet,
where it will be ten years from now, one might retrodict where it was ten years
ago.

Suppose we have the experiment described in Figure 5.2 below:

o0 s

§ P H c D

Figure 5.2: Experimental Setup

where S is a thermal source of light, P is a polarizer, H is pinhole, C is a
calcite crystal, and D is a detector with separate counters for the two different
polarized beams emerging from the calcite crystal. The detector D also makes
a permanent record of the measured events. We assume that the light intensity
is so weak and the detectors are so fast that individual photons can be regis-
tered. The arrivals of photons are recorded by printing + or — on a paper tape,
according to whether the upper or lower detector was triggered, respectively.
The sequence of + and — marks appears random. As the total number marks,
N, and N_, become large, we find that the corresponding probabilities(count
ratios), tend to limits

N,
N, +N_

N.

y m d sin2 « (5132)

g COS2 «

where « is the angle between the polarization axis of the polaroid and the optic
axis of the calcite crystal.

Now suppose that we do an experiment and find that the two detectors recorded
4 and 3 events, respectively. What can we infer about the orientation of the

polarizer?

This is the so-called inverse probability problem, which as we have seen from
our earlier discussions is an ideal situation to use Bayesian methods.
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Consider the following description.

Event B is the outcome of the experiment described above with 4+ detections
and 3— detections. This is a single experiment and mot a set of seven experi-
ments.

Event A is the positioning of the polarizer at an angle in the interval 8 to 0+d#,
in that experiment.

Now, in a statistical ensemble, that is, an infinite set of conceptual replicas of the
same system, the relative frequencies of events A and B define the probabilities
Prob(A|I) = Prob(A) and Prob(B|I) = Prob(B), where I is all the information
about the preparation(conditioning).

In addition, Prob(AnDB|I) is the joint probability of events A and B. This is the
relative frequency of the occurrence of both events, in the statistical ensemble
under consideration. Prob(A|BnT) is the conditional probability of A, when B
is true. As in Chapter 3, we have the relations

Prob(An B|I) = Prob(A|B nI)Prob(B|I) = Prob(B|AnI)Prob(A|I) (5.133)

and
Prob(B|AnI)Prob(AlI)

Prob(B|I)

Prob(A|Bn1I) = (5.134)

The last equation is Baye’s theorem.

In this equation it is assumed that Prob(B|AnT) is known from the appropriate
physical theory. For example, in the above experiment, the theory tells us that
the probabilities for triggering the upper and lower detectors are cos?6 and
sin® 6 . We therefore, have from the Binomial distribution

|
Prob(B = {4,3}|ANT) = Mpmbum A )™ Prob(~|An I)™
nyln_!
_ 7! 2 4y 2 3
= ﬁ(cos 0)*(sin” 0)
= 35cos” fsin® 0 (5.135)

In order to determine Prob(B|AnI) we still need Prob(A|I) and Prob(B|I).
These probabilities cannot be calculated from a theory nor determined empir-
ically. The depend solely on the statistical ensemble that we have mentally
constructed.

Let us consider the complete set of events of type A and call them Aq, As, ...,
etc. For example, A; represents the positioning of the polarizer at an angle
between 0; and 6; + d6;. By completeness,

> P(4)) =1 (5.136)
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and therefore
P(B) =), P(B|A;P(4;) (5.137)
J

At this point we introduce Baye’s postulate (different from Baye’s theorem).
This postulate which we have used in earlier discussions is also called the prin-
ciple of indifference or the principle of insufficient reasoning.

If we have no reason to expect that the person who positioned the polarizer had
a preference for some particular orientation, we assume that all orientations are

equally likely, so that

pay-% (5.138)

™

for every 6 (we can always take 0 < 6 <7 because 6 and 6 + 7 are equivalent).

We then have

1 r~ 1
P(B) =Y P(BIA;P(A}) = - f 35 cos® @sin® 0 df = % (5.139)
7 w Jo
and we then obtain from Baye’s theorem that
P B|AnI)P A|l
Prob(A|B n ) = LrobBIA D) Prob(A|l)
Prob(B|I)
7 o8 0 ainb do
= cos® fsin” §<2 ol
= 43! 35 T =~ cos® fsin® 0d (5.140)
=22 o
211

which is the probability that the angle is between 6 to 6 + d6 given that event
B is the outcome of a single experiment with 4+ detections and 3— detections.

Suppose, df =1° =0.0175 rad. If we plot

211
Prob(0|B = {4,3},df = 0.0175) = o cos® Osin® 0dh = 2.283 cos® Hsin® @ (5.141)
s

versus 6 we have
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Figure 5.3: Most Likely Angles

This says that, given the single data set, the angle is most likely to be
0.72 rad = 41.3° or 2.42 rad = 138.7° (5.142)

Clearly, Bayesian analysis allows us to infer results from one-time experiments
on single systems. The key is the use of Baye’s postulate of indifference.

5.3 The Strange World of Neutral K-Mesons

We can now use the same formalism we developed for photon polarization to
study elementary particles called K-mesons.

K-mesons are produced in high-energy accelerators via the production process
7 +p- > A"+ KO

In this reaction, electric charge is conserved. This reaction takes place via the
so-called strong interactions. Another physical quantity called strangeness is
also conserved in strong interactions. All K°-mesons have a strangeness equal
to +1.

For every particle there always exists an antiparticle. For the K, the antiparti-
cle is called the K°. The K%-mesons have a strangeness equal to —1. A reaction
involving the K° is

Kv() +p+ N A() + 7T+

which is an absorption process.

The K-mesons that exist in the experimental world(the laboratory) are linear
superpositions of K¥ and K states in the same way that RCP and LCP photons
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were superpositions of |x) and |y) polarization states. So the world of K-mesons
can be represented by a 2-dimensional vector space.

One basis for the vector space is the orthonormal set {|K°),|K°)} where

(K°|K°) =1=(K"|K°) and (K°|K")=0 (5.143)
Two linear operators are important for the study of K-mesons.

First, we represent the strangeness operator. We already stated that the states
|K 0) and |K 0) have definite values of strangeness, which means that they are
eigenvectors of the strangeness operator S with eigenvalues +1 (by convention).
Using our formalism, this means that

S|K°) =|K°) and S|K°) = -|K°) (5.144)
o ((E°SIK®) (K°|SIK°)\ (1 o
o= (<K° S|k} (k0] K°>) (0 —1)
= [ KON (K| - |K°) (K° (5.145)
in the {|K0), I_(O)} basis.

The second linear operator that is important in the K-meson system is charge
conjugation C. This operator changes particles into antiparticles and vice versa.
In the K-meson system using the {|K0) , |K'0>} basis we define C by the particle-
antiparticle changing relations

C|K®) =|K") and C|K°) = |K°) (5.146)
. (K| C|K°) (K°|C|K°)\ (0 1
= ((KO C|K®) (K°|C KO)) B (1 0) (5.147)

We can find the eigenvectors and eigenvalues of the C operator as follows

Clo)=Al) (5.148)
C? ) = AC W) = N i) = T |} = |)

where we have used C? = ]. This result says that A2 =1 or the eigenvalues of C
are +1. If we use the {|K°),|K")} basis and assume that

) = a|K°) +b|K°) where |af® + [b]* = 1 (5.149)
we find for A = +1
Cl) =aC|K®) +bC |K°) = a| K°) + b|K°)
=) =a|K®) +b|K") (5.150)
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or a=0b=1/\/2. If we define the +1 eigenvector as |Kg), we then have

|Ks) = ) +|K°)) (5.151)

1
— (|K°
woll
Similarly, if we define the -1 eigenvector as | K ), we then have

L

|KL) = 7

(|K°) -|K°)) (5.152)
where
C|K®) =|K®) and C|K") = - |K") (5.153)

Since the commutator [S , C’] # 0, these two operators do not have a common set
of eigenvectors. This means that both operators cannot have definite values in
the same state. In fact, the concept of charge conjugation is meaningless for K-
mesons in the {|K 0) , |f( 0)} states and the concept of strangeness is meaningless

for K-mesons in the {|K¥),|KT)} states.

The {|K o > , ’K L )} states form a second orthonormal basis for the vector space
(like the RCP and LCP polarization states).

The standard approach we will follow when studying physical systems using
quantum mechanics will be to

1. define the Hamiltonian for the system
2. find its eigenvalues and eigenvectors

3. investigate the time development operator generated by the Hamiltonian
and

4. calculate transition probabilities connected to experiments

Along the way we will define the properties of other operators appropriate to the
system under investigation (like S and C' above). It is the job of the theoretical
physicist to derive or guess an appropriate Hamiltonian.

Since we are in 2-dimensional vector space, all operators are represented by 2 x 2
matrices. In the case of the K-meson system, we will assume the most general
form constructed from all of the relevant operators. Therefore, we assume

FI:Mf+AC'+B§:(M+B A ) (5.154)

A M-B

and investigate the consequences of this assumption. We will assume that the
matrix has been written down in the {|K°),|K°)} basis.

Step 1
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Investigate the commutators:

[H,H]=0 , [H,S]+0 , [H,C]+0 , [S5,C]+0 (5.155)

Since the Hamiltonian always commutes with itself and it is not explicitly de-
pendent on time, the physical observable connected to the Hamiltonian, namely

the energy, is conserved.

Since they do not commute with the assumed form of H, neither S nor C is
conserved in this model.

When a physical observable is conserved, we say its value corresponds to a good
quantum number that can be used to characterize(label) the ket vector repre-
senting the physical system.

Step 2

Investigate special cases (limits of the most general solution):

Case of A=0:
N . . (M+B 0
H=MI+BS=( 0 M_B) (5.156)
Now
[H,5]=0 (5.157)

which means that H and S share a common set of eigenvectors. We already
know the eigqnvectors(non—degenerate) for S and so the eigenvector/eigenvalue
problem for H is already solved(clearly this is a very powerful rule). We have

H|K®) = (M +B)|K") and H|K®) = (M + B) |K°) (5.158)
We could have surmised this from the diagonal form of the matrix representa-
tion, since the only way the matrix could be diagonal is for the basis states of
the representation to be the eigenvectors.
C' is not conserved in this case, since [H,C] # 0.
The energy eigenstates, {|KO) , |KO>} in this case, are a basis for the vector
space. This is always true for a Hermitian operator. This means that we can
write any arbitrary vector as a linear combination of these vectors

¥) =a|K°) +b|K°) =a|E =M+ B)+b|E=M-DB) (5.159)
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Now, as we derived earlier, energy eigenstates have a simple time dependence.
We have

H|E) = E|E) (5.160)

U(t) |E> _ e—iI:It/h |E) _ e—z’Et/h |E)
Therefore, in this case, the time dependence of the arbitrary state vector is given
by

W)(t)) - ae—i(M+B)t/h |KO) n be—i(]\/I—B)t/h |I_(O) (5.161)

This will be a general approach we will use, i.e., expand an arbitrary state in
energy eigenstates and use the simple time dependence of the energy eigen-
states to determine the more complex time dependence of the arbitrary state.

Of course, we have to be able to solve the eigenvector/eigenvalue problem for
the Hamiltonian(the energy operator) of the system under investigation.

Case of B = 0:

(5.162)

. . (M A
H:MI+AC’:(A M)

Now

[H,C]=0 (5.163)

which means that H and C share a common set of eigenvectors. We already
know the eigqnvectors(non—degenerate) for C' and so the eigenvector/eigenvalue
problem for H is again already solved. We have

H|Ks)=(M+A)|Kg) and H|Kp) = (M -A)|KL) (5.164)

S is not conserved in this case, since [H,S] # 0.

The energy eigenstates, {|Kg),|Kr)} in this case, are a basis for the vector

space. In this basis

- M+ A 0

H —( 0 M—A) (5.165)
as expected.

We could also solve this problem by finding the characteristic equation for the
Hamiltonian matrix, i.e., since we have

Hp)=Al) — (H - M) ) =0 (5.166)
the characteristic equation is
- - M-\ A
det(H—)\I)—det( A M:)\)
=(M-MN?-A%=0-X =M=+A (5.167)
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Since we have another basis, we can write any arbitrary vector as a linear
combination of these vectors

[¥)=a|Ks)+b|Kr)=a|E=M+A)+b|E =M - A) (5.168)
Therefore, in this case, we have the time dependence
[ih (1)) = ae " MDUR [ o) 4 pe?(M=-t/R g ) (5.169)
Step 3

Solve the general Hamiltonian problem (if possible; otherwise we must use ap-
proximation methods, which we will discuss later). We have

. (M+B A
H:MI+AC+BS:( ) M_B) (5.170)
We assume that the eigenvectors satisfy H |¢) = E|¢) where
6) = (ﬁ) (5.171)
2
This gives
M+ B A ¢1 ¢1
=F 5.172
(3% st a)2)-# ) 27
or
M+B-E A 61\
( b M_B_E) ((bz)_o (5.173)

This is a set of two homogeneous equations in two unknowns. It has a nontrivial
solution only if the determinant of the coefficients is zero

M+B-A A
A M-B-FE

’:(M+B—E)(M—B—E)—A2:O (5.174)

This has solution
E,=M+V A%+ B? (the energy eigenvalues) (5.175)

We solve for the eigenstates by substituting the eigenvalues into the eigen-
value/eigenvector equation

M+ B A (bl:t ¢1i
=K .1
( A M- B) (m) - (m) (5.176)
After some algebra we get

Prs -A _ BxVA%Z+DB?
¢2. B+ A2+ B2 A
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We check the validity of this solution by comparing it the limiting cases; that is

why we looked at the special cases earlier.

For B =0, we have

(bli _ -A

Gos S FA
which says that
1 L
V2 V2 \-1

which agrees with the earlier results for this case.

0= 75 (1) ~1s) ana f6.) -

In the other limiting case, A =0, we have

¢1+:°°_’¢1+:13nd¢2+:0
¢2+

1o ~ ~
—=0->¢1_=0and ¢o_=1
Pa-

which says that

1 0 =
|¢+> - (0) = |K0> and |q§+) = (1) = |KO>
which again agrees with the earlier results for this case.

If we normalize the general solution

&_ -A _ B+VA?+ B2
¢2. VBt A2+ B2 A

using
[pral +posl* = 1
we obtain
b1 = 4 :
A2+ (B VAT B)
B AT
L=

A2+ (B=VA S B)
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):|KL)

(5.178)

(5.179)

(5.180)

(5.181)

(5.182)

(5.183)

(5.184)



and

1 A
) = 553 (5.185)

\/.42+(B3F\/m)2 (_Bi\/m)

- ! _[A[K") + (-B VAT B7)|K°)]
A2+ (B= VA B)

— 1 X
0/ A2+ (B VAT )

[(A—Bj:\/A2+BQ)|KS>+(A+B:EVA2+B2)|KL)]
Step 4

Look at a realistic physical system that we can relate to experiment.
In the real world of K-mesons, the Hamiltonian is such that B << A. In this case

the states {|Kg),|KL)} are almost energy eigenstates or charge conjugation is
almost conserved. We expect that instead of being able to write

|$+) =|Ks) and ¢_ = |KL) (5.186)
which would be true if B =0, we should be able to write
4 .0
62) = cos & |KCs) +sin & |IKL) (5.187)
.0 0
|p-) = —sin 3 |Ks) + cos B |K1)

where for § << 1 we clearly approximate the B = 0 result. Let us see how this
works. For B «< A, we choose

0 B
TRETR 1 (5.188)
and get
0 6 B sin§
Zaxtan— = — = 5.189
272724 st (5.189)
To lowest order we can then say
0 B 0
sin—=—=§«1and cos= =1 (5.190)
2 24 2
to get
|6+) = [Ks) +0|KL) (5.191)

l¢-) =|KL) - 6|Ks)
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This says that if [¢;,) = |¢_), then the number

|(Ks|¢-)[> probability of observing a Kg

[(Kr|#-)|?> probability of observing a K,
_ (Number of Kg)/(Number of Kg and Kp)
~ (Number of K7,)/(Number of Kg and K7,)
_ (Number of Kg)
~ (Number of K7,)

(5.192)

gives the experimental ratio of the number of times we will measure a final state
of |Kg) to the number of times we will measure the final state of |[K1). The
signature for seeing a final state of |[K1) is to see a decay to 3 w-mesons and
that of a final state of |Kg) is to see a decay to 2 m-mesons. The number is

[(Kslo-) I _

(Koo p " (5.193)

Now experiment gives the result |§] = 2x 1073, This number is a measure of how
large of an effect strangeness non-conservation has on this system.

If B =0, then charge conjugation is conserved. If B # 0, then charge conjugation
is not absolutely conserved. So § is a measure of the lack of charge conjugation
conservation in the K-meson system. If we identify the energy eigenvalues as
the particle rest energies
M+A=mgc® |, M-A=mpc® (5.194)

we then have
mgc? —mpc?

A 5 =107 eV (5.195)
and
246 =10 " mgc? (5.196)
or B
- =10""" (5.197)
mgc

Thus, this is a one part in 107!7 effect! It is one of the best measurements
ever made. It won the Nobel prize for the experimenters in 1963. It is now
understood in detail by the standard model of elementary particles.

Now let us look at Quantum Interference Effects in this K-meson system.

Suppose that B = 0. Then the energy eigenstates are {|Kg),|K)} with eigen-
values M + A. Now let

1
V2
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This is not an energy eigenstate so it will evolve in time. Its time evolution is
given by

|’(/)(t)> —th/h |,(/) ) —th/h |K0> (5.199)
_ %(e—th/h |KS> I e—th/h |KL>)
1

_ ﬁ(e—i(Mh‘X)t/h |KS> i e—i(M—A)t/h |KL))
The probability amplitude that the initial meson changes(oscillates) into the
orthogonal state ’K O) at time ¢ is given by

(RO | (1)) = \}5( ¢TI (0| ) 4 =M (RO )
;( (M AR _ =i (M=AY ) (5.200)

Finally, the probability that the incoming K 9_meson will behave like a K°-meson
at time ¢ (that it has oscillated into a K°) is given by

Pro(t) = [{RO[(8)) 2 = %[1 ~ cos ] (5.201)

where

2%((M+A) (M - A))—% mse” —myc” thCQ (5.202)

What is the physics here? If mg—myp =0, then Q =0 and Pgo(t) =0 or the two
mesons do not change into one another(called oscillation) as time passes.

However, if If mg —myp, # 0, then Pgo(t) # 0 and the two mesons oscillate back
and forth, sometimes being a K° and sometimes being a K°. This has been
observed in the laboratory and is, in fact, the way that the extremely small
mass difference is actually measured.

This is also the same mechanism that operates for oscillations between the
different flavors of neutrinos. Experiment now indicate that neutrino oscillation

is taking place and the explanation is that the neutrinos have different masses,
some non-zero!

5.4 Stern-Gerlach Experiments and Measurement
From early in our exploration of quantum mechanics, measurement played a
central role. A basic aziom of quantum theory is the the von Neumann projec-
tion postulate:

If an observable A is measured, the result is one of
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its eigenvalues, a. After the measurement, the system
is projected into the eigenvector |a). If |¢)) is the
state before the measurement, the probability of this
occurence is |(a|)|?.

Let us now explore the physical consequences of these measurements. The most
fundamental example is the measurement of the angular momentum component
of a spin-1/2 particle which takes on only two possible values. We will discuss
the full theory of spin in later.

The measurement was first carried out by Stern and Gerlach in 1922 to test
Bohr’s ideas about "space quantization". This was before Uhlenbeck and Goudsmidt’s
invention of spin angular momentum, so Stern and Gerlach’s results were not
completely understood. Nonetheless, the results were startling and one of the

first real pictures of the strange quantum world.

Consider the force on a magnetic moment which moves through a spatially
inhomogeneous magnetic field. The potential energy is

V =i B(7) (5.203)
and thus the force is
F=-VV =v(ji-B(#)) = (fi- V) B(¥) (5.204)

Stern and Gerlach set up a spatially inhomogeneous field with one very large
component(call it the z-component).

A schematic diagram of a Stern-Gerlach apparatus is shown in Figure 5.4 below.

Magnetic Field

ection

Original Beam

Direction Actual

Paths

Figure 5.4: Stern-Gerlach Apparatus
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‘We then have

A=% , BocB(z)%+ small x,y components
= OB
z
Now quantum mechanically, ji =~ 7J which gives

- OB _ .
F= (VJ—JZZ) (5.206)
0z
Stern and Gerlach sent Na (sodium) atoms from an oven, collimated into a
beam, into the region of ingomogeneous field. Na is an alkali atom with one
valence electron with orbital angular momentum ¢ = 0 (an s-state). Thus, all
of the angular momentum of the atom is due to the spin angular momentum of
the single valence electron (spin 1/2). Thus
2up ~ . 0B |
f=-FBS - ypsmF=uplo,z (5.207)
h 0z

Clearly, the spin-up atoms |t} will experience a different interaction than spin-
down atoms ||;) (due to two different eigenvalues of o), thereby splitting the
beam into two spatially separated beams as shown in Figure 5.4 above. We note
that the spins which emerge from the oven have a random orientation.

In general, a Stern-Gerlach apparatus takes an incoming beam of particles with
angular momentum and splits the beam into a number of spots on a screen.
The number of spots is equal to 2J + 1, where J = angular momentum value of
the incoming beam.

We shall see in later chapters that 2J+1 = the number of values allowed quantum
mechanically for the measurable quantity J - where fi is unit vector in the
direction of the magnetic field inside the apparatus.

In the diagram, spot #2 (undeflected beam) is where the beam would have hit
the screen if no magnetic field were present in the apparatus. Spots #1 and #3
are an example the 2.J + 1 = 2 spots we would observe in an experiment when
J =1/2 (the original Stern-Gerlach experiment).

The important features of the apparatus for our theoretical discussion are:

1. The breakup into a finite number of discrete beams (we will assume we
are working with J = 1/2 particles and thus have 2 beams exiting the
apparatus)

2. The beams are separated in 3-dimensional space and each contains 1/2 of
the original particles entering the device

3. The possible values of B - i for J = 1/2 are +h/2 for any f.

280



4. One exiting beam contains only particles with J-fi = +7/2 and the other
beam contains only particles with J - = —h/2

We will represent the beam state vectors by the ket vectors

|[+f) = beam with J-f = +h/2 (5.208)
|-n1) = beam with J-f=-h/2

and the Stern-Gerlach apparatus with a field in the fi-direction by SGn.

5. The above results occur for all beams no matter what the direction of the
unit vector n

The S-G experiment has all the essential ingredients of a quantum measurement.
The quantum degree of freedom, here spin-1/2, is correlated with the final beam
direction of the atoms. Once the two spots on the screen are resolvable, we can
measure the spin state of the atom by determining which spatially separated
beam the atom is in.

We now report the results of a series of actual experiments.
Experiment #1

We send N particles into an SGZ device and select out the beam where the
particles are in the state |+Z) (we block the other beam). It contains N/2
particles. We then send this second beam into another SGZ device. We find
that all N/2 exit in the state |[+Z). There is only one exit beam. Symbolically,
this looks like Figure 5.5 below:

- -

Z
- +7 +Z

Figure 5.5: Experiment #1

This says that when we make a measurement, say J -z and then immediately
make another measurement of the same quantity, we get the same result as first
measurement with probability = 1. Since the only way to a measurement result
with certainty is to be in an eigenstate of the observable, the measurement seems
to have caused the system to change from a superposition of eigenstates into two
beams(separated in physical space) each with a definite state of the observable
J-Z (one of its eigenstates).

This experiment is called state preparation. We prepare a state by measuring an
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observable and finding one of the eigenvalues. Afterwards, by the von Neumann
projection postulate, the state is the corresponding eigenvector. In the above
experiment, by redirecting the spin-up beam into the second SG apparatus we
are guaranteed to find the eigenstate prepared by the first SG apparatus (with
the block). Thus a screen would have only one spot after the second apparatus.

Experiment 2

We send N particles into an SGZ device and select out the beam where the
particles are in the state |[+Z). It contains N/2 particles. We then send the
selected beam into an SGX device We find that N/4 exit in the state |[+X) and
N/4 exit in the state |[-%). At the end, there are two exit beams. Symbolically,
this looks like Figure 5.6 below:

- -

X
Z +7 +X

Figure 5.6: Experiment #2

The same thing happens if we stop the |[+Z) beam and let the |-Z) beam into the
SGx device. So an SGx device takes a beam with a definite value of J-Z and
randomizes it, i.e., we once again have two exiting beams with equal numbers
of particles. This is saying that for a system in an eigenstate of one observable,
the measurement of an incompatible observable (observables do not commute)
randomizes the value of the original observable. In this case [jz, jx] +0.

As we will show in Chapter 7, the |+Z) state is not an eigenstate of J. In fact,

l+3) = %(Hm %)) (5.209)

i.e., a 50-50 superposition of spin-up and spin-down in the x-direction. Thus, we
see two beams after the SGX apparatus. So even though a pure state is entering
the SGX apparatus, we do not get a definite value because [J,, J, ] #0].

Experiment 3

We now add a third SG device to Experiment 2. It is an |[+2) device. We also
block the |+X) exiting beam as shown symbolically in Figure 5.7 below.
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Figure 5.7: Experiment #3

We found above that N/4 exited in the state |+X) from the SGX device. After
the third device we find that N/8 exit in the state |[+Z) and N/8 exit in the state
-2).

What has happened? It seems that making a measurement of J-X on a beam
with definite J -z modifies the system rather dramatically.

We did two successive measurements on these particles. Since we isolated the
+ beam in each case we might be led to think that the beam entering the last
SGZ device (because of our selections) has

h h
J-i:+§ AND J-fc:+§ (5.210)
But the experiment says this cannot be so, since 50% of the particles exiting
the last device have

h
Jg=—— (5.211)

2
We are forced to say that the SGZ device takes a definite value of J-X and
randomizes it so that we end up with two exiting beams with equal numbers of

particles.

Why? Again, since [jz, jm] # 0 the two observables cannot share a common set
of eigenvectors or they are incompatible. Since an observable can only have a
definite value when the state is one of its eigenvectors, it is not possible for both
J -z and J - X to simultaneously have definite values.

Our two successive measurements DO NOT produce definite values for both ob-
servables. Each measurement only produces a definite value for the observable
it is measuring and randomizes the incompatible observable (actually random-
izes all other incompatible observables)!

All measurement results depend on the context of the measurement.

Another way to think about this is to say the following. An SGZ device is a mea-
surement of the angular momentum in the z-direction. Any such measurement
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of an observable randomizes the next measurement of any other incompatible
observable.

In this cascaded measurement, the probability of finding ||) is the product of
conditional probabilities for uncorrelated events
) , 11 1
P(lz | TzaTz) :P(Jrz | Tx)P(sz | Tz) :|<~LZ|T93>| |<Tm|Tz>| = 55 = Z
as is observed.

Now without the intermediate apparatus, classical theory would argue as follows.
If we don’t measure .J, we must sum the probabilities of all possible alternatives
or

1 11 1

1

which differs from the experimental result(= 0)

As we have discussed, quantum mechanically, if the different possibilities are
indistinguishable (i.e., there is no information available to distinguish the dif-
ferent alternatives) we must add the probability amplitudes (before squaring)
so that these different alternatives can interfere.

Pl 1) = [ 1) P = [ T P

= [(4al (1) (Mal + ) (b)Y [12) 1P
=P, |12)P(12 ] 12) + P(l> | 42)P (s | 12) + interference terms

classical terms

So, the quantum amplitude interference calculation gives the correct result.
What constitutes a measurement?

If we send atoms with spin-up in the z-direction into an z-oriented SG appa-
ratus, there is a 50 — 50 probability of emerging as spin-up or spin-down in the

a-direction.

But if we do not detect which port the atom exits from, did we measure the
spin in the z-direction?

In a sense, no. A measurement is something that remowves coherence, i.e., the
ability for quantum processes to interfere.

In principle, we can recombine these beams as if no measurement had occurred,
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i.e., we can still have interference - we do not remove coherence unless we look.
Again the context of the experiment is the significant feature!

Experiment 4

Now, let us construct a new device to illustrate this point. It is called a modified
SGx device. It looks like Figure 5.8 below.

&1 %]
iR

|
ﬁl

Figure 5.8: Experiment #4

o
]

Any beam of particles entering this modified device would experience deflections
while traveling though it. However, the device lengths and field strengths have
been cleverly chosen so that the net effect for any beam is no change! The
internal beams are all recombined so that the state of the beam upon exiting
the entire device is identical to the state of the beam before entering the device.
This device might be called a total-of-nothing device.

It turns out, however, that we can use this device to make a measurement and
select a particular spin state. We can calculate the paths that would be followed
in the device by the [+X) and |-X) (these are the relevant beams to consider be-
cause these are SGx devices). Using this information, we can block the path
that a particle in the state |-%) would follow. Then, all the particles exiting the
modified SGx device would be in the state [+X).

Experiment 5

We can confirm this fact by inserting a modified SGX device into Experiment 3
where we replace the SGX device by the modified SGX device. If we block the
|-X) beam, the state at the end of the modified SGx device is the same as it
was after the original SGx device and we get exactly the same results. In fact,
we get the same result whether we block the |-%X) beam or the [+X) beam, as
should be the case.

Now we set up Experiment 5. It is shown in Figure 5.9 below.
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Figure 5.9: Experiment #5
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In this experiment a beam enters the SGZ device and we block the exiting |-Z)
beam. The |+Z) beam is sent into the modified SGX device and the exit beam
is sent into the final SGZ device. In this case, however, we DO NOT block any
of the paths in the modified SGx device. Since the beam entering the modified
SGx device is reconstructed before it exits (we already saw that it does this
in the Experiment 4), we are NOT making a measurement of J-X using the
modified SGX device as we did when we used the original SGX device.

Now we send in N particles and N/2 are in the |[+Z) beam as before. However,
now, instead of find N/8 particles in the final |[+Z) beam, we find N/2 parti-
cles. ALL the particles make it through unchanged, even though there are SGx
devices in between. It behaves as if the modified SGX device was not there at
all(hence its name).

We might have assumed that 50% of the particles in the |+Z) beam before the
modified SG%X device would emerge in the |+X) state and the other 50% would
emerge in the |-X) state. Experiment 5 says this cannot be true, since if it were
true, then we would have two beams coming out of the final SGZ device, each
with 50% of the particles. Our results are incompatible with the statement that
the particles passing through the modified SGx device are either in the state
[+X) or in the state |-X).

In fact, if we carry out this experiment with a very low intensity beam where
only one particle at a time is passing through the apparatus, then we observe
that each particle emerging from the final SGZ device is in the state |+2). This
eliminates any explanation of the result that would invoke interactions among
the particles while they were in the apparatus.

For beams of particles, we have been talking in terms of percentages or fractions
of the particles as experimental results. For a single particle, however, it is not
possible to predict with certainty the outcome of a measurement in advance.
We have seen this earlier in our experiments with photons and polaroids. We
are only able to use probability arguments in this case.

286



In Experiment 2, for instance, before a measurement (passing through the SGx
device) of J-%X on a single particle in the |+Z) state, all we can say is that there
is a 50% probability of obtaining |+%X) and a 50% probability of obtaining |-X).

Probabilities alone are not enough, however, to explain Experiment 5. We came
to the incorrect conclusion because we made the same mistake as in our earlier
discussion of polarization. We added the separate probabilities of the indistin-
guishable ways to get the total probability, whereas the correct result, as we
know, is to add the amplitudes of the indistinguishable ways and then square
the total amplitude to get the correct result. We eliminated the interference
effects! When we don’t actually make a measurement as in the modified SGX
device, we must add amplitudes and not probabilities.

We can now introduce a formalism, which should allow us to explain all experi-
ments correctly. We need a 2-dimensional vector space to describe these physical
systems. As a basis for this space we can use any of the sets {|+f),|-f)} corre-
sponding to the definite values +h/2 for J-fi. Each of these is an orthonormal
basis where

(+n|+n) =1=(-n|-A) and (+ia|-0)=0 (5.212)

Any arbitrary state can be written as a superposition of the basis states

[¥) = (+0 [} [+A) + (- |} [-A) (5.213)
and the operators can be written as
R . ho v
J-f=— [+1) (+0] - 5 -1} (-1 (5.214)
Finally, expectation values are given by
7 2 hoo . 2 b 2
(o) = (012 ) = 51 (+210) P - S1-210)] (5.215)

Analysis of Experiment 3

In Experiment 3, the state before entering the first SGZ device is
[11) = al+2) + b|-2) where |a]* +|b]> = 1 (5.216)

Since the SGz device is a measurement of .J,, after the SGZ device the state is
|[+Z) (remember the we blocked the |-Z) path).

It is very important to realize that we cannot answer a question about a mea-
surement unless we express the state in the basis consisting of the eigenvectors
of the operator representing the observable being measured. We call this the
home space of the observable. That is why we used the J, eigenvectors to dis-
cuss the measurement made using the SGZ device.
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Now, we are going to make a measurement of J, in the SGX device. So we now
switch to a basis consisting of the J, eigenvectors. We know we can write

[+X) = (+Z | +X) [+2) + (-2 | +X) |-2) (5.217)

One of our experiments tells us that when we send a particle in a [+X) state
through an SGZ device, the probability = 1/2 that we find |+2) and 1/2 that we
find |-Z). This means that

1
|2 l+) = [ (2| +2) P = 5 (5.218)
) (+3]4%) = S and {-2]+%) = o
+7Z|+X) = and (-Z|+X) = 5.219
NG NG ( )
so that o o
[+X%) = \/§|+i)+ \/§|—2) (5.220)
Similarly,
615+ 615+
|-%) = |+2) - — |-2) (5.221)

Experiment 6

In this experiment we replace the last SGZ device in Experiment 3 with an SGy
device. The last part of the setup is shown in Figure 5.10 below.

& ¥
XT +Q T % nsa
N/2
Pl
-Y
I N/4

Figure 5.10: Experiment #6

The incoming beam is from the first SGZ device, where we blocked the |-Z) path,
and therefore, we have N particles in the state |[+Z). They now go through the
SGx% device, where we block the |[-X) path, as shown. The beam entering the
SGy device has N /2 particles in the |+X) state.

Whether we call the last direction the z-direction or the y-direction cannot affect

the results of the experiment, so we get the same result for this experiment as
we did for Experiment 3, except that we use the y-label instead of the z-label.
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If the SGX device were replaced by an SGZ device we would get the same result
also, since whether we call the direction the z-direction or the x-direction cannot
affect the results of the experiment.

Putting this all together we can say that

[+9) = (+2|+9) |+2) + (-2|+9) |-2) (5.222)
with
A Ay (2 A1 a2 1
[(+2]+3) 7= [{-2]+9) " = 5 (5.223)
and
[+§) = (+%|+9) [+%) + (=% [+F) [-X) (5.224)
with
S ey (2 g 1
[+ +9) [P = [(-%[+3) [ = 5 (5.225)
The conventional choice for the phases factors is such that we have
N 1, . 1, .
[+%) = —= [+2) + —= |-2) (5.226)

)+ —s|-2) (5.227)

We will derive all of these results more rigorously in Chapter 7.

5.5 Problems

5.5.1 Change the Basis

In examining light polarization in the text, we have been working in the {|z),|y)}
basis.

(a) Just to show how easy it is to work in other bases, express {|x),|y)} in
the {|R),|L)} and {|45°),]135°)} bases.

(b) If you are working in the {|R),|L)} basis, what would the operator repre-
senting a vertical polaroid look like?

5.5.2 Polaroids

Imagine a situation in which a photon in the |x) state strikes a vertically oriented
polaroid. Clearly the probability of the photon getting through the vertically
oriented polaroid is 0. Now consider the case of two polaroids with the photon
in the |z) state striking a polaroid oriented at 45° and then striking a vertically
oriented polaroid.

Show that the probability of the photon getting through both polaroids is 1/4.
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Consider now the case of three polaroids with the photon in the |z} state striking
a polaroid oriented at 30° first, then a polaroid oriented at 60° and finally a
vertically oriented polaroid.

Show that the probability of the photon getting through all three polaroids is
27/64.

5.5.3 Calcite Crystal

A photon polarized at an angle 6 to the optic axis is sent through a slab of
calcite crystal. Assume that the slab is 1072 ¢m thick, the direction of photon
propagation is the z—axis and the optic axis lies in the z — y plane.

Calculate, as a function of 6, he transition probability for the photon to emerge
left circularly polarized. Sketch the result. Let the frequency of the light be

given by c¢/w = 5000 &, and let n. = 1.50 and n, = 1.65 for the calcite indices of
refraction.

5.5.4 Turpentine

Turpentine is an optically active substance. If we send plane polarized light into
turpentine then it emerges with its plane of polarization rotated. Specifically,
turpentine induces a left-hand rotation of about 5° per cm of turpentine that
the light traverses. Write down the transition matrix that relates the incident
polarization state to the emergent polarization state. Show that this matrix is
unitary. Why is that important? Find its eigenvectors and eigenvalues, as a
function of the length of turpentine traversed.

5.5.5 What QM is all about - Two Views

Photons polarized at 30° to the x—axis are sent through a y-polaroid. An
attempt is made to determine how frequently the photons that pass through the
polaroid, pass through as right circularly polarized photons and how frequently
they pass through as left circularly polarized photons. This attempt is made as
follows:

First, a prism that passes only right circularly polarized light is placed between
the source of the 30° polarized photons and the y—polaroid, and it is determined
how frequently the 30° polarized photons pass through the y—polaroid. Then
this experiment is repeated with a prism that passes only left circularly polarized
photons instead of the one that passes only right.

(a) Show by explicit calculation using standard amplitude mechanics that the
sum of the probabilities for passing through the y—polaroid measured in
these two experiments is different from the probability that one would
measure if there were no prism in the path of the photon and only the

290



y—polaroid.
Relate this experiment to the two-slit diffraction experiment.

(b) Repeat the calculation using density matrix methods instead of amplitude
mechanics.

5.5.6 Photons and Polarizers

A photon polarization state for a photon propagating in the z—direction is given

by
2 )
[¥) =\/§|m>+ﬁ|y>

(a) What is the probability that a photon in this state will pass through a
polaroid with its transmission axis oriented in the y—direction?

(b) What is the probability that a photon in this state will pass through a
polaroid with its transmission axis y’ making an angle ¢ with the y—axis?

(¢) A beam carrying N photons per second, each in the state |¢), is totally
absorbed by a black disk with its surface normal in the z-direction. How
large is the torque exerted on the disk? In which direction does the disk ro-
tate? REMINDER: The photon states |R) and |L) each carry a unit A of
angular momentum parallel and antiparallel, respectively, to the direction
of propagation of the photon.

5.5.7 Time Evolution

The matrix representation of the Hamiltonian for a photon propagating along
the optic axis (taken to be the z—axis) of a quartz crystal using the linear
polarization states |z) and |y) as a basis is given by

N 7
(g, o)

(a) What are the eigenstates and eigenvalues of the Hamiltonian?
(b) A photon enters the crystal linearly polarized in the x direction, that is,
[¥(0)) = |x). What is [¢)(t)), the state of the photon at time t? Express

your answer in the {|z),|y)} basis.

(c) What is happening to the polarization of the photon as it travels through
the crystal?
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5.5.8 K-Meson oscillations

An additional effect to worry about when thinking about the time development
of K-meson states is that the |[K7) and |Kg) states decay with time. Thus, we
expect that these states should have the time dependence

(KL () = e ™ P Ky [Ks(t)) = e @527 | Kg)
where
_ _ (2.2 2 a\1/2
wr=Er/h | EL—(pc +mLc)
ws=FEs/h , Eg-= (p202 + m?gc4)1/2
and
Tg ~ 0.9 x 10719 sec , T ~ 560 x 10710 sec

Suppose that a pure K beam is sent through a thin absorber whose only effect
is to change the relative phase of the Ky and K, amplitudes by 10°. Calculate
the number of Kg decays, relative to the incident number of particles, that will
be observed in the first 5 em after the absorber. Assume the particles have
momentum = mec.

5.5.9 What comes out?

A beam of spin 1/2 particles is sent through series of three Stern-Gerlach mea-
suring devices as shown in Figure 7.1 below: The first SGz device transmits

Se=

SGz

, SCn 4
S: == 'Q—

N
' .,|=k

—— P S0z

Figure 5.11: Stern-Gerlach Setup

particles with S, = A/2 and filters out particles with S, = ~h/2. The second
device, an SGn device transmits particles with S, = h/2 and filters out particles
with S, = —-h/2, where the axis 7 makes an angle 6 in the x — z plane with
respect to the z—axis. Thus the particles passing through this SGn device are
in the state

6 ; 6
|[+7) = cos 3 |[+2) + '’ sin 3 |-2)

with the angle ¢ = 0. A last SGz device transmits particles with S, = -h/2 and
filters out particles with S, = +h/2.

(a) What fraction of the particles transmitted through the first SGz device
will survive the third measurement?
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(b) How must the angle 6 of the SGn device be oriented so as to maximize the
number of particles the at are transmitted by the final SGz device? What
fraction of the particles survive the third measurement for this value of 67

(c) What fraction of the particles survive the last measurement if the SGz
device is simply removed from the experiment?

5.5.10 Orientations

The kets |h) and |v) are states of horizontal and vertical polarization, respec-
tively. Consider the states

)= (I +VBI)) . Reab=—3 (1= VEI) . lea)=Ih)

What are the relative orientations of the plane polarization for these three
states?

5.5.11 Find the phase angle

If CP is not conserved in the decay of neutral K mesons, then the states of
definite energy are no longer the K, , Kg states, but are slightly different states
|K7) and |[K¢). One can write, for example,

[Kz) = (1+e)[K°) - (1-¢)|K°)

where varepsilon is a very small complex number (|E| ~ 2 X 10_3) that is a mea-
sure of the lack of CP conservation in the decays. The amplitude for a particle
to be in |K%) (or |[K%)) varies as e”wrtt/2me (or e_wst‘t/%s) where

hwy, = (p202 + m%c4)1/2 (or hwg = (pQCQ + m?gc4)1/2)

and 7, > Tg.

a rite out normalized expressions for the states an 1 terms o
Wri 1 lized i for th K7 d|Kg)i f
|K0> and |K0)

(b) Calculate the ratio of the amplitude for a long-lived K to decay to two
pions (a C'P = +1 state) to the amplitude for a short-lived K to decay to
two pions. What does a measurement of the ratio of these decay rates tell
us about €7

(¢) Suppose that a beam of purely long-lived K mesons is sent through an
absorber whose only effect is to change the relative phase of the Ky and
K, components by §. Derive an expression for the number of two pion
events observed as a function of time of travel from the absorber. How well
would such a measurement (given §) enable one to determine the phase of
e?
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5.5.12 Quarter-wave plate

A beam of linearly polarized light is incident on a quarter-wave plate (changes
relative phase by 90°) with its direction of polarization oriented at 30° to the
optic axis. Subsequently, the beam is absorbed by a black disk. Determine the
rate angular momentum is transferred to the disk, assuming the beam carries
N photons per second.

5.5.13 What is happening?

A system of N ideal linear polarizers is arranged in sequence. The transmission
axis of the first polarizer makes an angle ¢/N with the y—axis. The transmission
axis of every other polarizer makes an angle ¢/N with respect to the axis of the
preceding polarizer. Thus, the transmission axis of the final polarizer makes an
angle ¢ with the y—axis. A beam of y—polarized photons is incident on the first
polarizer.

(a) What is the probability that an incident photon is transmitted by the
array?

(b) Evaluate the probability of transmission in the limit of large N.

(¢) Consider the special case with the angle 90°. Explain why your result is
not in conflict with the fact that (z|y) = 0.

5.5.14 Interference

Photons freely propagating through a vacuum have one value for their energy
E = hv. This is therefore a 1-dimensional quantum mechanical system, and
since the energy of a freely propagating photon does not change, it must be an
eigenstate of the energy operator. So, if the state of the photon at ¢ = 0 is denoted
as [19(0)), then the eigenstate equation can be written H [1(0)) = E|1(0)). To
see what happens to the state of the photon with time, we simply have to apply
the time evolution operator

(1)) = T(£) [12(0)) = /" [y (0)) = =% |35 (0))
_ 6—1’27\'1/25 W}(O)) _ 6—i27rm/)\ W"(O))

where the last expression uses the fact that v = ¢/\ and that the distance it
travels is « = ct. Notice that the relative probability of finding the photon at
various points along the x-axis (the absolute probability depends on the number
of photons emerging per unit time) does not change since the modulus-square of
the factor in front of [1/(0)) is 1. Consider the following situation. Two sources
of identical photons face each other an emit photons at the same time. Let the
distance between the two sources be L.

Notice that we are assuming the photons emerge from each source in state
[¥(0)). In between the two light sources we can detect photons but we do
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Figure 5.12: Interference Setup

not know from which source they originated. Therefore, we have to treat the
photons at a point along the x—axis as a superposition of the time-evolved state
from the left source and the time-evolved state from the right source.

(a) What is this superposition state [)(¢)) at a point = between the sources?
Assume the photons have wavelength .

(b) Find the relative probability of detecting a photon at point « by evaluating
[(1(t) | (1)) at the point z.

(¢) Describe in words what your result is telling you. Does this correspond to
anything you have seen when light is described as a wave?

5.5.15 More Interference

Now let us tackle the two slit experiment with photons being shot at the slits one
at a time. The situation looks something like the figure below. The distance
between the slits, d is quite small (less than a mm) and the distance up the
y—axis(screen) where the photons arrive is much,much less than L (the distance
between the slits and the screen). In the figure, S; and Sy are the lengths of the
photon paths from the two slits to a point a distance y up the y—axis from the
midpoint of the slits. The most important quantity is the difference in length
between the two paths. The path length difference or PLD is shown in the
figure.

y-axis

Figure 5.13: Double-Slit Interference Setup
We calculate PLD as follows:

PLD:dsinH:d[ym]myd y<L



Show that the relative probability of detecting a photon at various points along
the screen is approximately equal to

4 cos? (Lyd)
AL

5.5.16 The Mach-Zender Interferometer and Quantum In-
terference

Background information: Consider a single photon incident on a 50-50 beam
splitter (that is, a partially transmitting, partially reflecting mirror, with equal
coefficients). Whereas classical electromagnetic energy divides equally, the pho-
ton is indivisible. That is, if a photon-counting detector is placed at each of the
output ports (see figure below), only one of them clicks. Which one clicks is
completely random (that is, we have no better guess for one over the other).

Figure 5.14: Beam Splitter

The input-output transformation of the waves incident on 50-50 beam splitters
and perfectly reflecting mirrors are shown in the figure below.
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Figure 5.15: Input-Output transformation
(a) Show that with these rules, there is a 50-50 chance of either of the detectors

shown in the first figure above to click.

(b) Now we set up a Mach-Zender interferometer(shown below):
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Figure 5.16: Input-Output transformation

The wave is split at beam-splitter bl, where it travels either path bl-m1-
b2(call it the green path) or the path bl-m2-b2 (call it the blue path).
Mirrors are then used to recombine the beams on a second beam splitter,
b2. Detectors D1 and D2 are placed at the two output ports of b2.

Assuming the paths are perfectly balanced (that is equal length), show
that the probability for detector D1 to click is 100% - no randomness!

(c) Classical logical reasoning would predict a probability for D1 to click given
by

Ppy = P(transmission at b2|green path) P(green path)
+ P(reflection at b2|blue path) P(blue path)

Calculate this and compare to the quantum result. Fxplain.

(d) How would you set up the interferometer so that detector D2 clicked with
100% probability? How about making them click at random? Leave the
basic geometry the same, that is, do not change the direction of the beam
splitters or the direction of the incident light.

5.5.17 More Mach-Zender

An experimenter sets up two optical devices for single photons. The first, (i)
in figure below, is a standard balanced Mach-Zender interferometer with equal
path lengths, perfectly reflecting mirrors (M) and 50-50 beam splitters (BS).
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Figure 5.17: Mach-Zender Setups

A transparent piece of glass which imparts a phase shift (PS) ¢ is placed in one
arm. Photons are detected (D) at one port. The second interferometer, (ii) in
figure below, is the same except that the final beam splitter is omitted.

Sketch the probability of detecting the photon as a function of ¢ for each device.
Explain your answer.
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Chapter 6

Schrodinger Wave equation
1-Dimensional Quantum Systems

6.1 The Coordinate Representation

To form a representation of an abstract linear vector space we must carry out
these steps:

1. Choose a complete, orthonormal set of basis vectors {|ag)}.

2. Construct the identity operator I as a sum over the one-dimensional sub-
space projection operators | ) (ou|

I= zk:|04k)<04k\ (6.1)

3. Write an arbitrary vector 1)) as a linear combination or superposition of
basis vectors using the identity operator

0) = 1) - (; o) <ak|) 0= S ol o) (6.2)

It is clear from this last equation, that knowledge about the behavior(say
in time) of the expansion coefficients (o |t) will tell us the behavior of
the state vector 1) and allow us to make predictions. Remember also,
that the expansion coefficient is the probability amplitude for a particle
in the state [¢)) to behave like it is in the state |ay).

A particular representation that has become very important in the study of
many systems using Quantum Mechanics is formed using the eigenstates of the
position operator as a basis. It is called the coordinate or position representation.

The eigenstates {|Z)} of the position operator (&,7,2) = Q satisfy

|y ==zlz) , glE)=ylz) , 2|F)=z|z) (6.3)
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where the eigenvalues (z,y,2) are continuous variables in the range [—oo, 00].
They form the basis of the coordinate representation.

As we saw earlier, in this case, all summations above become integrals in the
continuous spectrum case and we have

i- f #)(# d& , where di = dedydz (6.4)

W) =116) = [ (@ @D 1) di = [ (2|6} ) da (6.5)

The expansion coefficient in the coordinate representation is given by

(z[v) (6.6)

Since the inner product is defined for all states |Z), this new object is clearly
a function of the eigenvalues (z,y,z). As we will see, it is the probability
amplitude for finding the particle to be in the neighborhood of the point Z in
3-dimensional space if it is in the state |[¢). It is called the wave function.

()

The bra vector or linear functional corresponding to |1} is

W= (il = [ (wl(a) @) di= [ (wlapal di= [ (@|) (@lds (67)
The normalization condition takes the form
(WI0)=1= (I 110) = [ (w13 (@] 0) di
- [WalorPdi = [1o@)Pds
- [ @@ di (6.8)

The probability amplitude for a particle in the state |i)) to behave like it is in
the state |¢), where

@) =116) = [ (@)D} di = [ (#]0)12) d (6.9

is given by

:fdffdf'(flw ") (@2 (6.10)

Now, in our earlier discussions, we assumed the normalization condition

(Z|2"y=6(2-2") (6.11)



(position eigenvectors are not normalizable). This normalization condition ac-
tually follows (we did not need to assume it) from the expansion in basis states.
We have

)= [ (@' 10)ia") da’

(@)= [ (@' 10y (#la") di’

@) = [ o) @|a) di’
which implies the delta-function normalization. Thus, the delta function nor-
malization follows from the completeness property of the projection operators

or vice versa.

Using this result in (6.10) we get

(@lv) = [ da [ ai'(@l6)" @' )o@ -3
- [ @lo) (@1v) di - [ o* (#)0() di (6.12)

We formally write the Q operator using the expansion in eigenvalues and pro-
jection operators as

Q- f 7|7 (7] di (6.13)
This represents three integrals, one for each coordinate.

We will also need the properties of the linear momentum operator. The eigen-
states {|p)} of the momentum operator (pg,py,p.) = P satisfy

ﬁ:v |ﬁ> =Pz |ﬁ> ’ 131/ |ﬁ> =Py |ﬁ) ) ﬁz ‘ﬁ) =Dz |ﬁ) (614>

where the eigenvalues (p,, py,p-) are continuous variables in the range [-oco, co].
They form the basis of the momentum representation.

We then have )
= [ 1) (0l d 6.15
Ok 1p) (p| dp (6.15)
W =119) =~ [P dp= s [Glo)lpdp  (6.16)
— TS appys ) NPTP P= (arnys J WPIVIPLEP '
The expansion coefficient in the momentum representation is

v (p) = (pl¢) (6.17)

It is the probability amplitude for finding the particle with momentum $ (in the
neighborhood of) if it is in the state |¢)).
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The bra vector or linear functional corresponding to [1)) is

=11 = s [ W1 G = o [l (619
The normalization condition takes the form
1) =1= W10 = s [ 1) 1) do
= oy S I B s = [ 1P a
- Gy J VDY@ (619)

The probability amplitude for a particle in the state |[¢)) to behave like it is in
the state |¢), where

00 =110 = s [ ()16 di= Gos [GlOVR a5 (6:20)
is given by
0100 = comys J 0190 130 (G [ 91901 )
= oy J 9 [ 4510 1) 1) (6:21)

The normalization condition follows from

- oy ] 010 47
310) = oy | 191 G15") a5’

W)= [0 p15) ap’

[¥)

which implies that
=5 (1B =6(B-p") (6.22)

Using this result we get
]_ AN * 4/ | =T
(01v) - [ s [ a5 51o) 5 10) 515"

" (27h)8
s [ ap [ dp wle) (1) 6 5)

" (2rh)?
=Wf<ﬁl¢>*<ﬁw> dﬁ=ﬁ[¢*(ﬁ)\ﬂ(ﬁ)dﬁ (6.23)
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We formally write the P operator using the expansion in eigenvalues and pro-
jection operators as

P - [ 5l (5l dp (6.24)
We will now derive the connections between the two representations.
We have
R - - 1 . _
V(@) = (@19 = @0 = Gy [ (@15) (1) dp
1
=— 7| p) U(p)dp 6.25
(2m)3/< |5) ¥(p) dp (6.25)
and

V(p) = (510) = (5 110) = [ (12} (3 ]v) di
- [ (@1p)" v(@)dz (6.26)
Fourier transforms are written
o) = [ Iy @yda . f@)

which gives us the result

) (%%)3 f P g(p) dp (6.27)

(Z|p) = P3N (6.28)
It is not a unique choice, however. It was not unique in our earlier derivation
either. It is the choice, however, that allows Quantum mechanics to make pre-
dictions that agree with experiment. It is Nature’s choice!
We might even say that this choice is another postulate.
Now, we can use these results to determine the expectation values of opera-

tors involving the position and momentum operators.

Since we are interested in the coordinate representation we need only determine
the following quantities.

The position operator calculations are straightforward

(@ Qlv) =2 (2]¢) and (2] f(Q) ) = F(2) (z]|¥) (6.25)
For the momentum operator we write
(@B ) = s [ GBI 514 dp
1

:Wf@mlﬁ)(ﬁw) dp

:ﬁfﬁ@\ﬁﬂﬁlw) dp
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p(E|p) = ~ihv (2| p) = (2| P |p) (6.26)

and thus

(AP ) = Gy [ 1215 (710) ds
- (-ih) s [ (iA) (2 15) (710} d
1 L g _
= oy J 1P BIY) dp
- i (2 ]9) (6.27)

In a similar manner, we can also show that
(# P y) = (=ihv)? = ~h*V? (2| ) (6.28)

Alternatively, we can show that the gradient is the correct result using the
symmetry transformation ideas we developed earlier.

The momentum operator is the generator of displacements in space. We showed
earlier that

e @PIh |y = |7 + a) (6.29)

Therefore, we have

= T (3]9) = e T(a) (6:30)

Since

_ (6.31)

we have the standard Taylor series for ¥ (Z + d). Therefore, the gradient repre-
sentation of the momentum operator makes sense.

We now use these results to derive the Schrodinger wave equation.

The Schrodinger wave equation is the partial differential equation that corre-
sponds to the eigenvector/eigenvalue equation for the Hamiltonian operator or
the energy operator.

The resulting states are the energy eigenstates. We already saw that energy
eigenstates are stationary states and thus have simple time dependence. This
property will allow us to find the time dependence of amplitudes for very com-
plex systems in a straightforward way.
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We have R
Hyp) = ElYE) (6.32)

where E = a number and H = the energy operator =(kinetic energy + potential

energy) operators, i.e.,
52
H=—+V(Q) (6.33)
2m
We then have

~

(1 3y V(@) l65) - B el v

(il 3 ) + 1V (Q) ) = B (3| v)
2
- @)+ V(@) ) = B (| 0p)

2m
h2 2 - - - .
- %V YEe(Z) +V(2)Ye(Z) = EYe(Z) (6.34)
which is the time-independent Schrodinger wave equation. The quantity
Ve(Z) = (Z|VE) (6.35)

is the wave function or the energy eigenfunction in the position representation
corresponding to energy E.

Now the energy eigenfunctions have a simple time dependence, as we can see
from the following. Since

Ut [s) = e P ) = e PP ) (6.36)
we have
12) U(t) |E) = vp(@,t) = e M (@ |dp)
V(i t) = ey p(2,0) (6.37)
Therefore,
2
- () + V(@) 1) = By (1)
2
- ;—v%E(f,t) +V(2)Yp(i,t) = ¢h9¢E(gz, t) (6.38)
m ot

which is the time-dependent Schrodinger wave equation.
We will have much more to say about these equations and how to use them later

on. For now, however, let us look at these ideas in a couple of different ways to
try and get a better understanding of what they mean.
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6.2 The Free Particle and Wave Packets

Let us assume that the potential energy term in the one-particle Schrodinger
equation is equal to zero. The solution, in this case, is called a free particle.

We can easily see the form of the solution as a function of space and time as
follows: the Hamiltonian of the system is

H = P with H [¢g) = E|ipg) (6.39)
2m

This means that [H,P] =0 and thus H and P share a common set, of eigenvec-
tors(eigenfunctions). The eigenvectors(eigenfunctions) corresponding to linear
momentum P are easy to find from our earlier derivations. We have

Pp) =Plyp) = 5lp) = Blve)
(& Plvp) =5 (@] vp) = /"
= ~ihve M = —ihv (| p) (6.40)
which says that the eigenfunctions are
(@|p) = e = pp(3) = (2| vp) = (2] E) (6.41)

We can see that this satisfies the time-independent Schrodinger equation with
no potential term. This solution is also called a plane-wave.

If we assume that at time ¢ = 0, the state of the particle is
Yp(Z,0) = PR (6.42)
then the time dependence is given by
|,t) = U(t)|&,0) = e B/ |z, 0)
(@t ¢p) = e PP (2,0]¢p)
b (i,t) = e B (3,0) = e iBthiBE/h _ i(pa-Et)/h (6.43)

where E = p?/2m.

Now we can write the position state vector the as a linear combination of momen-
tum state vectors or correspondingly we can write position space wave function
as a linear combination of momentum eigenfunctions or plane waves(since they
are a basis).

06) = 5 [ (B10m) 1) dp

(2mh)3
(@) = 0e(@) = s [ (Blve) (317) dp

L [ P50 dp (6.44)

wE(j'70) = (27Th)3
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Using the same derivation as above (6.48) we can show that

1

(2mh)3
<i>t|¢E> = wE(C?,t) =

1
(27h)3

Ve = s [ (BlU) B dp

1

(2mh)3
f G FE-EDIh (5 0) dp (6.45)

[ Blve) (@.t15) dp

qu(i'vt) =

We note that in the state |p), which is an eigenvector of P, the momentum
has the value p with probability = 1 (a certainty), which is the meaning of an
eigenvector! However, the probability of finding the particle at the point Z is
independent of 7, i.e.,

(2|57 = [P/ =1 (6.46)

This means that the particle is equally probable to have any value of momentum.
The momentum is completely uncertain in a position eigenstate.

If we consider an intermediate case in which the particle is reasonably well
localized in position space, and at the same time, has a fairly well defined
momentum, then the wave function for such a state is called a wave packet.

Suppose that the function |¥g(p,0)| is peaked about the value gy, with a width
~ Ap. In particular, at ¢t = 0, we choose

U(p,0) = g(p)e'*® (6.47)

where ¢g(p), called the weight function, takes the form of a real, nonnegative
function such as shown in Figure 6.1 below, and the phase a(p) is real.

a®) |

+1
U+ A 4

=
=]

Figure 6.1: Weight Function
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‘We then have

1 i(p-3-Et+ha(p ,
Ve(E0) = s fg(ﬁ)e“” Brrha@)I g5 (6.48)

as the wave function of a particle whose momentum is approzimately po. This
means that most of the time, if we measure the momentum of the particle in
this state, then we would find a value within Ap of py.

We now determine how this particle moves in time and why we have called this
expression a wave packet.

If for some position Z (which is a parameter in the integral) the phase of the
exponential term is not slowly varying for some values of integration variable j,
then the integral will equal zero. This occurs because the exponential term is
a very rapidly oscillating function (since h is very small), i.e., if you multiply a
very rapidly varying function by a function of the assumed form of g(p), then on
the average the integrand is zero. In effect, we are seeing destructive interference
between the plane waves.

If, however, T is a point such that the phase of the exponential remains fairly
constant over the same range of p where the function ¢g(p) is nonzero, then we
will get a nonzero value for the integral and the particle will have some nonzero
probability of being at that point.

One way to make this work is as follows:

1. At time ¢, assume the point Z; makes the phase stationary near py. By
stationary we mean

V(B % — Bt + ho(p))p=p, = 0 (6.49)

or we are near an extremum of the phase and hence the phase will be
slowly varying.

2. We will then get strong constructive interference between the plane waves
and ¥ g(Z,t) will be nonzero.

Solving the stationary phase equation for Z; we find, using E = p?/2m

(% = V(E)t + M(Va(P)))p=po = 0
zy = ((PE)t + W(Vpa(P))) p=po

=D h(Vsap)) = Pt + (6.50)

m m
Therefore, the point Z;, which is essentially the center of the wave packet,
moves in time with a constant velocity ¢ = po/m. This is exactly the velocity

one expects for a free particle of momentum po and mass m. It is called the
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group velocity of the wave packet. This procedure is called the stationary phase
method.

How localized is this wave packet(particle) or what is the spatial extent of the
packet?

We will have a nonzero integral and hence a nonzero probability for the particle
to be at a particular point as long as we have constructive interference or as
long as the exponential undergoes less than one oscillation as p varies over the
region for which the function g(p) is also large. The change in the phase of the
exponential as we vary the z-component of p is approximately

Lo _ 1 9 . _
A¢=A(p-Z - Bt +ha(p))p-p, = gﬁpzfap/ (P2 - Et + ho(P)) p=po
1 0 R 1
= —Ap, (CC— —(Et+hoz(p)) = —Ap. (v —x¢) (6.51)
h Opa p=po It

As long as A¢ < 27 we will get constructive interference and the integral will
be nonzero. This tells us the extent of the wave packet in the x-direction about
the point x;. We get

27h
|z — x| > " or |z — x| Apy > h (6.52)
Apz
or
AxAp, > h (6.53)

Similarly we can show that AyAp, > h and AzAp, > h.

These relations between the spatial extent of the wave packet or the uncertainty
in its position, and the uncertainty in the particle momentum, are often called
the Heisenberg uncertainty principle. We will see below that the uncertainty
principle involves more than just these simple properties of a wave packet. We
will also develop more details about wave packets later on this book.

Note that there is no uncertainty relation between

Az and Ay, Az, Ap,, Ap,

Ay and Az, Az, Ap,, Ap,

Az and Az, Ay, Ap,, Ap,
What is the difference between these pairs of variables? The difference is in
their commutators. It turns out, in this example of the wave packet, that

only those observables that are represented by non-commuting operators have
nonzero uncertainty relations.

This result has nothing to do with wave packets, Schrodinger equations, wave

309



functions or Fourier transforms, although all of these quantities can be used to
show that uncertainty relations exist.

The existence of uncertainty relations between non-commuting observables was
actually built into the theory of Quantum Mechanics when we assumed that we
were in an abstract linear vector space. All linear vector spaces have a property
called the Schwarz inequality and it always leads to such uncertainty relations
for non-commuting operators. So the Heisenberg uncertainty principle, to which
much mysticism has been attached, is really an assumption and little more than
a lemma that follows from the original assumption of a vector space.

6.3 Derivation of the Uncertainty Relations in
General

Given two Hermitian operators A and B we define the two new operators

Dy=A-(A)and Dg = B-(B) (6.54)

where (O) = (1| O|¢)) equals the average or expectation value in the state [1)). In
the statistical analysis of data, we use a quantity called the standard or mean-
square deviation as a measure of the uncertainty of an observed quantity. It is
defined, for a set of N measurements of the quantity Agq by

(Aq)? = (standard deviation)2 = (qi - qm,emge)2

L
N

HMZ

14 5, 14X 1 X 1 X )
=37 % I iYaverage) — L7 averageQi) t 75 average

N;(Q) N;(qq ge) N;(q gedi) Ni;(q ge)
= (q2)average - (Qaverage)2 (655)

where we have used

1 N
Gaverage = N Z;ql’ (656)

In analogy, we define the mean-square deviations for A and B as

(AA)? = (A2%) —(A)? = (A - (4))*) = (D?) 6.57)
(AB)* = (B*) ~(B)* = (B~ (B))*) = (D}) 6.58)
We then have
(AA4)*(AB)? = (D)D) (6.59)
Now we assume that
[Da,B]=[A,B]=[Da, Dp] =iC (6.60)
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where C' is also a Hermitian operator and we let
@) = Dalw) = (A= (A) [v) and |5) = Dply) = (B~ (B)w)  (6.61)
Then we have
(AA)? = (D3) = (| DA ) = (¥1 Da)(Daly)) = (aa) (6.62)
(AB)* = (D) = (¢ Dy [0) = (v Dp)(Dp [¥)) = (B18)  (6.63)

The Schwarz inequality says that for any two vectors we must have the relation

{ala)(B]8) > [{a] B) [ (6.64)

We therefore have
(AA?(AB)? = (DA)(D3) = (ala) (B]8) > [(a| B) [

(AA(AB) 2 (4] DaDi [0} = [(DaDs) (6.65)
Now
(DaDR)? ={AAAB)P = (J[AAAB]+ (A4 AB))
(5[4, B]+ {4 BYP (6.66)
where

[AA,AB]' = -[AA,AB] - anti-Hermitian — expectation value is imaginary
{AA,AB} = {AA,AB} -» Hermitian — expectation value is real

Therefore,
(A (ABY 2 (5[4, B) + (A, B)P
1 ~
> 1|(ZO) +al?
where a is a real number. Then
N - 1 1,4 1,4
(A4 (ABY 2 Jlaf + ZUON 2 THOP (6.67)

since |a[?/4 > 0. This is the Heisenberg uncertainty principle. It is simply the
Schwarz inequality!!

The standard form in most texts follows from [Z,p,] = ih, which gives
h
A#Ap, > 5 (6.68)

We note that if [A, B] = iC = 0, we then get
(AA)2(AB)? >0 (6.69)

or commuting observables do not have an uncertainty principle!
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6.3.1 The Meaning of the Indeterminacy Relations

What is the significance of indeterminacy relations in the world of experimental
physics?

Consider the experimental results shown in Figure 6.2 below:

. 2aq 2P
r——— ™ 1 _ 1
—» 1%— 50 —h < 8P

Figure 6.2: Experimental Data
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These are frequency distributions for the results of independent measurements
of @ and P on an ensemble if similarly prepared systems, i.e., on each of a
large number of similarly prepared systems one performs a single measurement
(either @ or P). The histograms are the statistical distribution of the results.

The standard deviations (variances) as shown must satisfy (according to the
theory) the relation

AQAP > g (6.70)

They must be distinguished from the resolution of the individual measurements,
6Q and P.

Let me emphasize these points:

1. The quantities Ag and Ap are not errors of measurement. The errors or
preferably the resolutions of the () and P measuring instruments are dg
and dp. They are logically unrelated to Ag and Ap and to the uncertainty
relations except for the practical requirement that if

6Q >AQ (OT op >Ap) (6.71)

then it will not be possible to determine Ag (or Ap) in the experiment
and the experiment cannot test the uncertainty relation.

2. The experimental test of the indeterminacy relation does not involve simul-
taneous measurements of () and P, but rather it involves the measurement
of one or the other of these dynamical variables on each independently pre-
pared representative of the particular state being studied.

Why am I being so picky here?

The quantities Ag and Ap as defined here are often misinterpreted as the
errors of individual measurements. This probably arises because Heisenberg’s
original paper on this subject, published in 1927, was based on an early version
of quantum mechanics that predates the systematic formulation and statistical
interpretation of quantum mechanics as it exists now. The derivation, as carried
out here was not possible in 1927!

6.3.2 Time-Energy Uncertainty Relations

The use of time-energy uncertainty relations in most textbooks is simply incor-
rect. Let us now derive the most we can say about such relations.

Earlier (6.380), we showed that

d<§i>t =Tr (WOdQ;f(t)) =Tr [;Wo[ﬁ, Qu(t)] +Wo (%?)H] (6.72)
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in the Heisenberg picture. So we can write in general that for any operator Q

20

dQ) 1
t ot

220 - (1O, H]) + 6.73
Ve Q. )+ (59) (673
Now consider a system whose Hamiltonian H does not explicitly depend on time
and let @) be another observable of this system which does not depend on time
explicitly so that
dQ) _ 1
dt ih
We consider the dynamical state of the system at a given time ¢. Let |1)) be the
vector representing that state. Call Ag and Ag the root-mean-square deviations
of Q andAﬁ , respectively. Applying the Schwarz inequality (as earlier) to the
vectors (Q—(Q)) [v) and (H—(H)) [¢)) and carrying out the same manipulations,
we find after some calculations

([Q.H]) (6.74)

AQAE > S|([Q, 1)) (6.75)

the equality being realized when |¢)) satisfies the equation

(Q-a) ) =iy(H - ) ) (6.76)
where «, v, and ¢ are arbitrary real constants. We then have from (6.75)
A h
NI (6.77)
|4Q)| 2
dt
or 5
TQAE > ) (6.78)
where we have defined AQ
= — 6.79
Q Q) (6.79)
dt

To appears as a time characteristic of the evolution of the expectation value
of Q. Tt is the time required for the center of the center (Q) of the statisti-
cal distribution of Q to be displaced by an amount equal to its width AQ. In
other words, the time necessary for this statistical distribution to be apprecia-
bly modified. In this way we can define a characteristic evolution time for each
dynamical variable of the system.

Let 7 be the shortest of the times thus defined. 7 may be considered as the
characteristic time of evolution of the system itself, that is, whatever the mea-
surement carried out on the system at an instant of time ', the statistical
distribution of the results is essentially the same as would be obtained at the
instant ¢, as long as the difference |t — ¢'| is less than 7.
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This time 7 and the energy spread AF satisfy the time-energy uncertainty re-
lation

TAE > g (6.80)

If, in particular, the system is in a stationary state where d(Q)/dt = 0 no matter
what @, and consequently 7 is infinite, then AE = 0 according to (6.80).

Ordinary time ¢t is just a parameter in non-relativistic QM and not an operator!

We cannot say that

AtAE> " (6.81)

[\]

which is an equation that has no meaning!

6.4 The Wave Function and Its Meaning

The Schrodinger equation

h? _ - - L 0 R
—— Vg (#,t) + V(2)Yr(3,t) = ih—yp(Z,t) (6.82)
2m ot

has the mathematical form similar to that of a type of equation called a wave
equation.

Since other wave equations imply the existence of real physical fields or waves
propagating in real three dimensional space, a possible interpretation of the
Schrodinger wave function g (Z,t) is that of a wave in real, three dimensional
space. We might also associate the wave field with a particle or a particle could
be identified with a wave packet solution to the Schrodinger equation, as we did
earlier in our discussion.

These are all misinterpretations!!!

We are being misled here because we are working with a simple system, namely,
a single particle in three-dimensional space.

To see that these interpretations are not valid, we must look at the more com-
plicated case of a system of N particles. We now generalize to a coordinate
representation for the system of N particles as follows:

1. Choose as a basis the set of vectors that is a common set of eigenvectors
for the N position operators QM Q@ ..., Q™) corresponding to the N
particles.

2. Assuming that each position operator satisfies an eigenvalue/eigenvector
equation of the form

QW |zW)=zWzM) | i=1,2,...,N (6.83)
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and that each of the sets of single particle eigenvectors forms a basis for
the 3-dimensional subspace of the single particle. The basis states for the
N particle system are then the direct product states among the N sets of
single particle eigenvectors. We write them as

|z, z2®, .z =z ez} ®... 0 z(N) (6.84)

The state vector |¥) representing an N particle system is then represented in
the 3N-dimensional configuration space corresponding to the 3N coordinates of
the N particles by

(M, 2@, a™) = (20 3@ ) | g) (6.85)

The Hamiltonian for the N particle system is given by

N
H=Y H,+UEW,z® . ™) (6.86)
n=1
where
f[n = single particle Hamiltonian for the nth particle
h2
=——v2 1V (E™) (6.87)
2m,,
and UM, z2® ... (M) = the interparticle interaction potential energy.

The equation of motion(the N-particle Schrodinger equation) is then
Hu(E® 2@ VM= z‘h%\p(f(”,f(?), Q20 (6.88)

As we shall now see, this N particle equation does not allow any of the interpre-
tations that might seem to be valid for the single particle Schrodinger equation.

If we associated a physical wave in real, three dimensional space with a particle
or if a particle were to be identified with a wave packet, then there would have
to be N interacting waves in the real, three dimensional space where we actually
measure things. It is clear, however, that the N particle Schrodinger equation
says that this is NOT the case. There is only one wave function in an abstract
3N-dimensional configuration space.

We are able to make the incorrect interpretation in the one particle case because
it just happens, in that case, that the real, 3-dimensional has a one-to-one corre-

spondence to the 3-dimensional configuration space of the Schrodinger equation.

The proper interpretation of W is that it is a statistical state function. It is noth-
ing more than a function that enables us to calculate probability distributions

316



for all observables and their expectation values. The important physical quanti-
ties are the probabilities and the NOT the function used to calculate them.
w(zW, 2@ )2 = probability density in configuration space for
particle 1 to be at #M
particle 2 to be at #?

particle N to be at #N)

We can demonstrate the necessity for a purely statistical interpretation for the

N-particle wave function as follows. Consider the experiment with photons
shown in Figure 6.3 below.

source » » Dz
Detector
half-silvered
irroy
v
bl
. 8 Coincidence
a2 counter
(]

Figure 6.3: Experimental Setup
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We have a source which emits light(photons). This light falls on a half-silvered
mirror, which allows 1/2 of the light to be transmitted though and 1/2 to be
reflected as shown. The transmitted and reflected light is detected with the
two photomultipliers D1 and D2 , respectively. Finally signals generated by
the detectors when they record a photon hit, are sent to a coincidence counter,
which records a count when it receives two signals at the same time (one from
each detector) to within some specified accuracy.

Now, suppose that the source can be described as an emitter of identical localized
wave packets (|¥|? is nonzero only over a finite region of space). Assume that
these packets are emitted at random times, at an average rate R per second and
that no more than one packet exists in a small interval A. The probability of
an emission in any short interval of length At is then

p=RAt (6.89)

In each of these intervals, the detectors either see a photon or they do not.
The experimental arrangement guarantees that over long periods of time each
detector sees 1/2 of the emitted photons.

We can learn more about the details of what is happening as the detectors
record photon hits by monitoring the temporal response of the two detectors,
in particular, we can ask whether the detectors have both recorded photon hits
during the same interval.

The experimental procedure is to send light into the system and record the
number of coincidences relative to number of individual counts of the detectors.
The results are analyzed in terms of an anti-coincidence parameter A given by

- PP

(6.90)

where

P, = experimentally measured probability of detector 1 responding
P, = experimentally measured probability of detector 2 responding

P, = experimentally measured probability of coincidences

If light is composed of single particles (photons) and photons are not divisible
and |¥(7,t)|? = the probability per unit volume at time t that the photon will
be located within some small volume about the point Z, then the two detectors
should never both record a hit in the same interval (they are mutually exclusive
events) and thus P, = A =0.

As we shall see later on when we analyze the space-time behavior of wave pack-
ets, if the photon is a wave packet, then the packet will split into two equal
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parts, one on each path. This means that both detectors will always record hits
during the same interval and thus P, = 1.

The probability of a detector recording a count is proportional to the amount
of the wave amplitude in the region of the detector, in particular, to

L L |uPds (6.91)

volume

For a symmetrical, equal path device, this is exactly p/2 for each detector. If the

detectors are far apart, the respective triggerings are independent (we assume

that a spacelike interval exists between the events). Therefore, the probability
of coincidence is given by ,
p

P.= 1 (6.92)

Experiments of this type were carried out by Clauser(1974) and Grangier, Roger

and Aspect(1986).

They obtained A = 0. This confirmed that light is photons or single particles
with a statistical interpretation of the wave function and not particles repre-
sented by wave packets or wave fields of some kind.

6.5 One-Dimensional Systems

The time-independent Schrodinger equation in 1-dimension is

—;—mv%E(z) +V(2)p(x) = EYp(x) (6.93)

The solutions ¥g(x) are the energy eigenstates (eigenfunctions). As we have
seen, their time dependence is given by

wE(x,t) = eiiEt/hwE(x,O) where wE(x,O) = (fE | E) (694)

and
o)

H|E) = E|E) where H = ;L +V (%) (6.95)
m
We are thus faced with solving an ordinary differential equation with boundary

conditions. Since ¥g(x) is physically related to a probability amplitude and
hence to a measurable probability, we assume that g (z) is continuous.

Using this assumption, we can determine the general continuity properties of
dyg(x)/dx. The continuity property at a particular point, say = = x¢, is derived
as follows:

fwwe Pop() | [jwd(w) (6.96)

0—€ dx2 0—€ dm
2m Tote xrote
[ [ @y o= [T V@) s i
xTo—€ To—€
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Taking the limit as € - 0 we have

_ dyp(z)

lim 7d¢E (z)
dx

dx

z—mo—e)

o [ s [ Vs o

e—0 0—€ €

e—0
T=xo+€

A ( dyp(x)

- ) _z2m 1imfz°+e V(2)¢p(z)de (6.98)

B h2 =0 To—€
where we have used the continuity of ¥ g (x) to set

To+e
lim [ ¢p(z)dz=0 (6.99)

e~>0 Jzxg—e

This make it clear that whether or not dyg(x)/dx has a discontinuity depends
directly on the properties of the potential energy function.

If V(z) is continuous at x = xp (harmonic oscillator example later), i.e., if

i [V(wo +€) = V(zo - )] = 0 (6.100)
then
d 2 Tote
A( w;;x)) ) h%l & LO_E V(z)gp(w)de=0 (6.101)

and dyg(x)/dx is continuous at x = xg.

If V() has a finite discontinuity (jump) at = = z¢ (finite square well and square
barrier examples later), i.e., if

h—{% [V(zo+€)-V(xg—¢€)]= finite (6.102)
then
d 2 To+e
A (‘/’d’z(x)) - h—? lim fl_ V(2)p(x)ds =0 (6.103)

and dyg(x)/dx is continuous at x = xg.

Finally, if V(x) has an infinite jump at & = xo (infinite square well and delta-
function examples later), then we have two choices:

1. if the potential is infinite over an extended range of x (the infinite well),

then we must force ¥g(x) = 0 in that region and use only the continuity
of Yg(x) as a boundary condition at the edge of the region
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2. if the potential is infinite at a single point, i.e., V(z) = Ad(z — ), then

dx

)_ 27mhm fmwiﬁe V(x)yp(x)de

- h2 e—0 0—€
2 xrote
:%Pi% x_ A0(z - z0) i () dz
2mA . 2mA
=~z Imvp(zo) = —5—vE(0) (6.104)

and, thus, dyg(x)/dx is discontinuous at x = xg.

The last thing we must worry about is the validity of our probability interpre-
tation of Y (z), i.e.,

YE(x) = {(x|g) = probability amplitude for the particle
in the state |)g) to be found at z

which says that we must also have

(el ve) = [ Wop@)do <o (6105)

This means that we must be able to normalize the wave functions and make the
total probability that the particle is somewhere on the x-axis equal to one.

A wide range of interesting physical systems can be studied using 1-dimensional
potential energy functions. We will consider potentials in the form of square
wells and square barriers, delta-functions, linear functions and parabolic func-
tions.

We will now learn how to work with potentials in 1-dimension by doing a variety
of different examples. Along the way we will learn some very clever techniques
and tricks and expand our understanding of the physics and mathematics of

Quantum Mechanics.

We start with a simple system to illustrate the process for solving the Schrodinger
equation.

6.5.1 Omne-Dimensional Barrier
Consider the potential energy function
0 <0
V()= o (6.106)
Vo >0

which looks like Figure 6.4 below.
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v

V=0
x=0

Figure 6.4: Finite Step barrier
Since there are no infinite jumps in the potential energy function, both ¢ (x) and
dip(z)/dx are continuous everywhere. We have two distinct regions to consider,

which are labeled I and II in Figure 6.4.

In region I, V(z) = 0 and the Schrodinger equation is

h? d*;(x)
-—————~=F 6.107
) - By () (6.107)
Let us define k by
2 h2k2
=P (6.108)
2m  2m

There are two possible solutions to this equation in region I, namely,

r(z) = e**® (6.109)
each with energy
2 h2k2
. (6.110)
2m  2m

The most general solution is a linear combination of the two possible solutions
Yr(z) = Ae™™* 4 Bemh® (6.111)

This is a linear combination of two waves. Since this is an energy eigenstate it
has a time dependence '
e iEth (6.112)

If we insert the time dependence we have

Vr(z,t) = Aethowt) 4 pemilherwt) o, o - (6.113)

The first term is a traveling wave moving in the +z direction with phase velocity
w/k and the second term is a traveling wave moving in the —z direction with a
phase velocity w/k.

We can think of this solution in region I as representing an incident wave moving

322



in the +z direction with amplitude A and a reflected wave moving in the —z
direction with an amplitude B. The reflection takes place at the potential
discontinuity much the same as a reflection occurs for light on the interface
between air and glass. We will show this clearly using wave packets later in this
section. The wave packets will also allow us to relate these results to particle
motion.

In region II, V(z) = Vo and Schrodinger’s equation is

h? d?
_71%712(“7):(19_%)1/,]](35) (6.114)
2m  dx
If we define

2m
7? = ﬁ(E—VO) (6.115)
We then again have two possible solutions
Yrr(z) =" (6.116)

Two cases arise

E > Vy — 7 is real - traveling wave solutions
FE < Vy — 7 is imaginary— real exponential solutions

We first consider E > V; , v real. We then have the general solution in region II
Yrr(z) = Ce™* + De”* (6.117)

Now the actual physical experiment we are considering must always restrict the
possibilities (always remember that we are physicists and not just solving an
abstract mathematical problem).

If we assume the incident wave is traveling in the + direction in region I (coming
in from x = —o0), then the existence of a wave in region I traveling in the -z
direction makes sense. It is a reflected wave (reflection occurs at 2 = 0). In region
1T, however, we cannot physically have a wave traveling in the —z direction (what
is its source?). We can, however, have a wave traveling in the +z direction. It
is the transmitted wave (again think of an analogy to an air-glass interface).

So, on physical grounds, we will assume that D = 0. We then have the solutions
for E>Vy, v real

. . 2

br(z) = Ae** 4 Be T g <0 | k2= h—’?E (6.118)
i 2m

Yrr(x) = Ce™ >0 | 72:§(E—V0) (6.119)

We now use the continuity conditions at x = 0.

q dyr(0) _ dy1r(0)
der ~  dx

¥1(0) = ¢r;(0) an (6.120)
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which give the equations
A+ B=C and ik(A-B) =ivyC (6.121)
which imply the solutions
C 2k B k-«
— = and — =
A k+~v A k+~v
We can see the physical content by looking more deeply at the probability

ideas associated with the Schrodinger equation. For a one-particle state, the
Schrodinger equation formalism says that

(6.122)

fﬂ *(2)Y(x) d®x = probability particle is located in volume € (6.123)

The time rate of change of this probability is

o r . [0 oy

o [ @e@ do= [0Sl | da
mew vy - gviyt] &
—fv-[w*vw—ww}*]d z (6.124)
m JQ

where we have used the time-dependent Schrodinger equation and its complex
conjugate
h? o h? (91/)*

—TV w+V( )w—zha— and ——V 2y +V(Z)Y* = -ih

Since the volume €2 is arbitrary, this (8.128) implies a continuity equation of the
form

(6.125)

9 R
a|¢(5c,t)|2+v-J(5c,t) =0 (6.126)
where 5
T/ = ? * *
T@.0) = o [0 V0 - 479 (6127)
is called the probability flux vector or the probability current density.
Using the barrier solutions for E > Vj , 7 real, we have (for z-components)

Ji(z,t) = —(A* “ikz | Breikn) (i Ae*T — ik Be k)

- 27(Ae“m + Be ) (ikA*e M — ik B )
m

ﬁ[|A|2_|B|2]:J“_JL (6.128)
Jrr(z,t) = — [(C* T (iyCeT) — (Ce ) (—inCr e )]
) 7|C|2 =i (6.129)
m
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We then define the reflection and transmission probabilities in terms of the
currents as

Ji _[BP o Jue_q|CP

2= P = 6.130
T AR Jie kAP (6.130)
Now, physically, we identify
|A]> = incident beam intensity
|B|? = reflected beam intensity
|C|> = transmitted beam intensity
and therefore
R = probability that an incident wave will be reflected
T = probability that an incident wave will be transmitted
We find )
k- 4k
I Gl Lo (6.131)
(k+7)? (k+7)?
Notice that
R+T=1 (6.132)

which makes physical sense since the total probability for the wave to go some-
where must equal one.

Before proceeding to the case E < Vj, let us recast the case E > V| in terms
of the wave packet formalism we derived earlier. This will allow us to make
particle interpretations.

Remember we can construct a wavepacket from any traveling wave solution by
generating a linear combination of the traveling wave using only a restricted
range of momentum values. In particular, the incident wave packet is a linear
combination of incident waves

2
7 xTr— p

Yinelo, )= [ —f(p Ap)e' T EOM where B~ 2— - hk  (6.133)
m

Similarly, the reflected wave packet is a linear combination of reflected waves

) . 2
Yrepi(z,t) = [ ;%f(p)B(p)e_z(p“Et)/h where E = % , p=hk (6.134)
0o 27 m

We assume, for simplicity, that f(p) is a real function that is nonzero only in
a limited range of p-values and has a maximum near p = pg. We also choose
A =1. Our solution indicates that B(p) is a real function also and thus does
not contribute to the phase of the integrand, where the phase is the part of the
integrand of the form

glphase (6.135)
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As we discussed earlier, the integrals are nonzero only when the phase of the
integrand is near an extremum at the same place that the rest of the integrand
is large(near p = pg by assumption since we can always choose the form of f(p)
so that it dominates). Otherwise, the exponential terms oscillates so rapidly
(h is so small) that the integral averages to zero. This is called the stationary
phase condition.

For the incident and reflected waves the stationary phase extremum argument
gives

8 2
— (px - pt) “0=2-Lt=g- vot incident wave (6.136)
2m ) m
pP=Po
o 2
— | pz + L 0=+ gy Vot reflected wave (6.137)
Op 2m ) m

These equations tell us the location of the maximum of the wave packet (or
pulse) given by |1(z,)|* in space as a function of time. We have

Tine=vot , ©<0 (6.138)

which says that the incident packet or particle arrives at © = 0 at ¢ = 0. In
this model, a particle is a localized lump of energy and momentum where the
localization is described by [i(z,t)[*.

Note that we obtain the correct kinematic relation of a free particle as we should.

Similarly, for the reflected wave we have
Trefl = —vot , t> 0 (6139)

which says that the reflected packet or particle leaves x =0 at ¢ = 0.

For a finite step barrier of this kind, the reflected packet leaves at the same time
that the incident packet arrives.

The transmitted packet is given by

Yirans (1) = fo S () (p)et P EIn (6.140)

»?
where E-Vy=— | p=hy
2m
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Since C'(p) is a real function, the stationary phase extremum argument gives

0 2 0
(’m‘—pt—Vot) —0=22)
dp 2m p=po O lyep,
o/ p? -2mV,
ap Pp=Po
Do _Po,

VpE-2mV, m

Tirans = %t = Dot transmitted wave (6.141)

_m,
m

_p,

=T

or

This says that the transmitted wave moves in the region x > 0, t > 0 with a
speed

Go =0 <20 (6.142)
m m

as it should.

Summarizing, this wave packet analysis says that the probability amplitude for
the particle being at a point in space and time is completely localized in the
incident wave for ¢ < 0 as the packet travels towards x = 0 from the left (it arrives
at =0 at t =0). For ¢ > 0 the packet then splits into two packets, namely the
reflected and transmitted packets, such that the probability amplitude for the
particle is now localized in two regions. The localized packet traveling towards
the left represents the probability of the particle being reflected and the localized
packet traveling towards the right represents the probability of the particle being
transmitted.

Now what happens if E = p?/2m < V7 We then have the solutions (let A = 1)
<0 Y = € 4 Re ke (6.143)
x>0  rr=Se” (6.144)

where hk = /2mFE and hS = \/2m(Vy — E). We have excluded the mathematical
solution €7 for 2 > 0 because it would cause the integral

[: || da (6.145)

to diverge, which means it is a non-normalizable or unphysical solution. This is
an example of a solution not being well-behaved. At x = 0, we have the continuity
conditions which give

1+ R=S and 1—R:—%Sor
)
2ik ik+

d =
g A R=a

S = (6.146)
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Since the solution for x > 0 is not a traveling wave, there is no transmitted
packet. The incident wave packet analysis is the same as before. The reflected
wave packet analysis is different because R(p) is not a real function. In fact,

|R|2:1—>R:ei¢:—ip+ V2mVo - p*
ip —\/2mVy — p?
ip+2mVy - p? ip +\/2mV, - p?
~ip—\/2mVo - p? ip +/2mVy - p?

or
2 .
, -mVy — ip\/2mVy — p?
L 0PV A0 TP =Ccos¢ +isin¢
mVo
with
2 2
-mV v 2mVy —
Cosd):w and Siw:_u
mVy mVy

Therefore, we have as wave packet representations

oo i(ppe 2
Yincle,t) = [ L F ) () PTEO where B = 2 p= hk

< dp i _
ot ( 1) = f i(pr+ Et-he(p))/h
bren@t) = [T L f () fp)e
P2
where £ = — , p=hk
2m
The stationary phase argument implies

Do

x = —t = vot for the incident packet
m

which says that the incident packet arrives at x =0 at ¢t =0 and

T=-—1
m

Poy 8%;7(@ for the reflected packet
p

P=Po

This says that the reflected wave packet leaves x =0 at

hm 0¢(p)
dp

t= tdelay =

P=Ppo

which is NOT the same time that the incident packet arrived!

Continuing we have

dcosp(p)
dp -

9¢(p) _ 2p

ma(p) 5 = b
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(6.148)

(6.149)

(6.150)

(6.151)

(6.152)

(6.153)

(6.154)

(6.155)



9¢(p) _ 2

6.156
o \/2mV -p3 ( )
which gives
mh 2 2m 1
tdelay = — == 6.157
Y po \/2mV0—p% po B ( )
Now, we found that
Grr(x) = Se™* (6.158)

which says that the probability amplitude is significantly different from zero up
to a distance d = 1/8 approximately. In other words,

Vi1 =1/8) = Zpra(a =0) ~ [onr (o = YAE = Soni(@ =0 (6.159)

Therefore, to a good approximation, we have the striking result tgejqy = 2d/vg.
What does this mean? It seems as if there is a nonzero probability for finding
the particle in the classically forbidden region = > 0, where K = kinetic energy
= F -V, <0 since ¢rr(z) = e % 4+ 0 there. Since K cannot be less than zero,
it seems like we must have a violation of conservation of energy if the particle
were actually found in the region = > 0. This is NOT the case.

If we observe the particle in this forbidden region, then it will no longer be in
a state with F < V. The act of measuring the location of the particle must
necessarily introduce an uncertainty in p and hence in £. The particle seems to
have an appreciable probability to exist in the region up to a distance d = 1/.
If we observe the particle on the right, we have then localized it such that
Az ~ 1/8. This says that we have introduced an uncertainty in p

h
Az
and a corresponding energy uncertainty

om - 2m

Ap> hB (6.160)

AE w~ Vo-E (6.161)

This implies that F is now uncertain enough that we can no longer claim that
energy conservation has been violated! Quantum mechanics has a way of cov-
ering its own tracks!

6.5.2 Tunneling

We now change the potential energy function so that the barrier (step) is not
infinitely thick (which prevented a traveling wave from existing for E < Vp , x >
0. The new potential energy function is shown in Figure 6.5 below.

For E >V} the results are similar to infinitely thick barrier and no new physical
ideas appear. For E < Vj, however, we get some very interesting new physical
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V=V0

V=0 —
x=0

Figure 6.5: Finite Step - Finite Width barrier

results. As we shall see, it turns out that a real traveling wave can appear on
the other side of the barrier (even though there are no sources on that side) in
this case. This is called quantum tunneling. Let us see how it works.

We have three regions I, II and III to consider as shown in Figure 6.5.

We get the solutions
L

< - =F
v 2m dx? v
) ) 2 h2k'2
o1 = A1 + Bie | B = ;L =5 kreal (6.162)
m
h2 d2
0<wsa - T vy = By
2 h2 2
bir=Ce" + D | Vo-E = QL - 27 , 7 real (6.163)
m  2m
B2 2y
r>a “om deQH = EvYrr
. . 2 h2ki2
Yrip = Aze™ + Bae = % =5 k real (6.164)
m  2m

The probability current does not vanish at x = +co, which implies that we must
assume the existence of distant sources and sinks of probability(or particles).

We have two sets of continuity equations (at =0 and z = a). At z =0 we get

¥1(0) =417(0) > Ay + By =C+D (6.165)
dwdlix(o)cwili;(m —ik(A1 - By) =v(C - D) (6.166)

and at = = a we get

Yrr(a) = rrr(a) > Ce’™ + De™ 7 = Age™® + Bye e (6.167)

dw;l(a) d'l/}IéI(a) = ,y(ce'ya _ De—’ya) _ Z»k(AQeik:a _ BQG—ika) (6168)
X X
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We can restate these equations in matrix form. At = =0 we get

1 1\ (A o (A (1 1)[(Cc)_ . (C
) ) ) e
and at x = a we get

ee e e C e
(e ) ()25
eika e—ika A2 R A2
_(ike““‘ —ike‘“‘”‘“)(Bg =Ml B, (6.170)

The transmission /reflection properties of the barrier are given by the coefficients
Ay, By, As, B, which we assume are related by a transfer matrix Y, where

A o [A
()5 () o)
We then have
-~ [A ~ [C A 1 [C
M, (Bi):M2 (D)e(Bi):MllM2 (D) (6.172)
e - [A C gy [A
Ms (D):M4(Bz)—> (D):M31M4 (Bz) (6.173)
or
A 1 =1y A
(Bi) = My My Nz M, (Bz) (6.174)
and thus o
Y = M Mo M3 M,y (6.175)
A great deal of algebra gives
; 1 k
Yy = et [cosh’ya + —isinh~va (l - 7)] (6.176)
2 kv
1, k
Yis = e " sinhya (1 + 7) (6.177)
2 kv
1 .
Y, = —=ie'™® Sinh’ya(l + ﬁ) (6.178)
2 kv
, 1 k
Yo = ek [cosh’ya - —isinhvya (1 - 7)] (6.179)
2 kv

If we have sources only on the left of the barrier, then we must choose By = 0.
The currents are

hk
Jrerr(w,t) = o [|Al|2 - |Bl|2]
=JLEFT+ (l‘, t) - JLEFT—(-T7 t) z<0 (6'180)
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hk
JR[GHT(JJ,t) = JRIGHT+(x,t) = E|A2|2 x>0 (6.181)
The reflection and transmission probabilities are given by

Bi? Y A1

R-= = , = =
A2 Y2 |Awf2 Y2

(6.182)

Algebra shows R+T = 1 as it must in order to conserve probability (or particles).
Evaluating the expression for T" we get
1 2m
T = W s ’}/2 = ﬁ(VO_E) (6183)
* AEVo-e)
The fact that T > 0 for E < V; implies the existence of tunneling. The probability
amplitude leaks through the barrier.

It is important to realize that the fact that T'> 0, DOES NOT say that particles
or wave packets passed through the barrier. No measurement can be done on
the system that will allow us to observe a particle in the region 0 < x < a with
FE <V, since this would violate energy conservation.

It is ONLY probability that is leaking through. If this causes the probability
amplitude and hence the probability to be nonzero on the other side of the
barrier, than it must be possible for us to observe the particle on the other side,
i.e., we can observe the particle on the left side of the barrier with E < Vj, but
we can never observe it in the region of the barrier with E < V. That is what
s being said here.

6.5.3 Bound States

Infinite Square Well
We now consider the potential energy function

V@) - {0 _%f

o0 |.’L‘

2 (6.184)
This is the so-called infinite square well shown in Figure 6.6 below.
This is an example of a potential that is infinite in an extended region. There-

fore, we must require that the wave function ¢ (z) = 0 in these regions or the
Schrodinger equation makes no sense mathematically. In this case we have

’(/J[(CL‘) =0 and ’(/J][]((IJ) =0 (6185)
In region II we have
2 52 2 27.2
WAy _BE (6.186)
2m dx? 2m  2m
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_.a _a
x=-3 =32

Figure 6.6: Infinite Square Well

and _ _
Yrr(z) = Ae'*® + Be kT (6.187)
The continuity of the wavefunction at x = +a/2 says that we must have
i1 (_g) = Ae-kal2 | geikal2 _ (6.188)
Y11 (g) = Ae'kal2 | Beikal2 _ (6.189)
which imply that
B , .
- —etha - _ika (6.190)

This is an equation for the allowed values(values corresponding to a valid solu-
tion) of k. This equation is '
eZike — (6.191)

The allowed values of k form a discrete spectrum of energy eigenvalues (quan-
tized energies) given by

R2E2 n2n2h2
2k”a:2n7r_)kn:nl—>En: n_nﬂ—

S t= g n=1234..  (6192)
a m ma

The corresponding wave functions are

Y;)(:L.) — An(eiknz _ e—iknae—iknm)

A e—ikna/2(eikn(:c+a/2) _ e—ikn(;c+a/2))
= Ay sinky, (z + a/2) (6.193)

where A, is determined by the normalization condition
al2
f / |t (2)|* dz = 1 (6.194)
-af2

Substituting the value of k,, from (6.196) into (6.197) we get

%)(95) = Ay sinky (z +a/2) = Ay sinm(z +a/2)/a
= Ay sin (mxfa +7/2) = A cos (rx/a) (6.195)
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1/1ﬁ)(x) = Aysinko(x + a/2) = Agsin 27 (x + a/2) fa

= Aysin (2nz/a + ) = Agsin (2mz/a) (6.196)
ﬁ)(x) = Agsinks(z +a/2) = Assin3n(z +a/2)/a
= Assin (3mx/a + 37/2) = As cos (3mx/a) (6.197)

or

sin (nmx/a) n even

Yrr(x) ={ n=1,234,... (6.198)

cos(nmx/a) 1 odd

We have mathematically solved the ordinary differential equation problem, now
what is the physical meaning of these results?

We find a discrete spectrum of allowed energies corresponding to bound states of
the Hamiltonian; the energy is quantized. Bound states designate states which
are localized in space, i.e., the probability is large only over restricted regions
of space and goes to zero far from the potential region.

The lowest energy value or lowest energy level or ground state energy is

m2h?
= 1
' 2ma? (6.199)
with
A <¢
b () = cos(nmxfa) |ol<3 1,2,3.4,. .. (6.200)
0 x| > §

This minimum energy is not zero because of the Heisenberg uncertainty prin-
ciple. Since the particle has a nonzero amplitude for being in the well, we say
that it is localized such that Az »~ a and thus
Ap > A ~ h (6.201)
Azx  a
This says that the kinetic energy (or energy in this case because the potential
energy equals zero in region IT) must have a minimum value given approximately
by
(Ap)*  A?
2m  2ma?
Let us look more closely at the wave functions.

Emin = Kmin N~

(6.202)

The integer n—1 corresponds to the number of nodes (zeros) of the wave function
(other than the well edges).

They also have the property

Y(-z) = (x) for n odd and ¥(-z) = —1(x) for n even (6.203)
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The above discrete transformation of the wave function corresponds to the parity
operator P where we have
Py(z) = (~z) = ¥(z) means even parity (6.204)
Py(z) = (~z) = —(2) means odd parity (6.205)
Let us look more generally at the parity operation. Suppose that the potential

energy function obeys the rule V(z) = V(-2Z) and let ¢(Z) be a solution of the
Schrodinger equation with energy F

2
(_jmvz . m)) (@) = Bu(#) (6.206)
Now let & - —Z to get the equation
h2
(- V) | ut-0) - Buc-o) (6.207)
(- V(@ ) ui-2) - Eu-a) (6:208)

This says that, if ¢¥(Z) is a solution of the Schrodinger equation with energy F,
then (-2) is also a solution of the Schrodinger equation with the same energy
E. This says that the combinations

P(2) £ 9(=1) (6.209)
are also solutions of the Schrodinger equation with the same energy E. Now

Y(Z) +¢(-%) — an even parity solution

() —¥(-1) - an odd parity solution

This says that if V(Z) = V(-Z) (a symmetric potential), then we can always
choose solutions that have a definite parity (even or odd).

We formally define the parity operator by the relation

(#|Pl) = (-2 |4)) (6.210)
Since R )
(2| P?[yp) = (-2 P|y) = (2] ) (6.211)
we must have
P2=1 (6.212)

which means the eigenvalues of P are +1 as we indicated earlier. This also says
that P! =P
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We can show [I:I ,75] =0 for symmetric potentials by
PH|E)=PE|E)= EP|E) = +E|E)
HP|E)=+H|E) = +E|E)
(PH-HP)|E)=0
[H,P]=0

since |F) is an arbitrary state. As we saw earlier, this commutator relationship
says that

HP =PH
PHP=P>H=H
PHP=H (6.213)

vyhichA means that H is invariant under the P transformation. We have used
P2 = I in this derivation. It also says that

H(P|E))=PH|E) = E(P|E)) (6.214)

or P |E) is an eigenstate of H with energy F as we stated above. The concept of
parity invariance and the fact that H and Pshare a common set of eigenfunctions
can greatly simplify the solution of the Schrodinger equation in many cases.

The Finite Square Well
We now consider the potential energy function

Vi) - {—Vb 2 :

6.215

[NIISE NS

This is the so-called finite square well (in one dimension) and it is shown in
Figure 6.7 below.

¥=0

T V:-v
x=-2 x=2 ?
2 p

Figure 6.7: Finite Square Well

The solutions are:
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a

Region I : 2 < -5

h? d*yr 2,2
-—— =FEyr,0>FE>-Vy ,h*k* =2m|E| ,E = -|E|
2m dx?
with solutions
Yr(x) = Ae™® 4 Bek® (6.216)
Since x = —oo is included in this region, we must exclude the e % term by
choosing A = 0, which gives
Vr(z) = Be*® x < —g (6.217)
Region II: -5 <z < 3
h? d>
ANy = By 03 B2 Ve 0 = 2m(Vo - |E)) , F = -|E|
2m dx

with solutions 4 ‘
Yrr(x) = CeP™Ih 4 Demiprlh (6.218)

Region III: = > 5

R Py
2m  da?

= By ,02 E > -V, h?k? = 2m|E| ,E = —|E|
with solutions

Yrrr(z) = Fer™ + Ge™* (6.219)
Since z = +oo is included in this region, we must exclude the e** term by
choosing F' = 0, which gives
brr(x) =Ge™™™ x> g (6.220)

These results represent a general solution to the problem. There seems to be 4
unknown constants, namely, B, C, D, and G. However, since V(z) = V(-z),
parity is conserved and we can choose even and odd solutions, or solutions of
definite parity.

Even parity implies ¢(z) = ¢ (-z) or G = B and C = D. This solution is

Ccospz/h |x|<§
¥(z) =4 Be ™k >4 (6.221)

Bek® r< -3
Odd parity implies ¥(z) = —1)(-x) or G = -B and D = —C. This solution is

Csinpz/h |z|<§
P(x) =4 Be™k* >4 (6.222)
—Bek® T < —%
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Thus, by using parity we reduce the number of unknowns in the problem to two
for each type of solution. We now impose the continuity conditions of the wave
function and its derivative only at z = a/2 for both solutions. Since these are
definite parity solutions the continuity condition at = = —a/2 will give no new
information and is not needed.

Even Parity Results

C cospa/2h = Be ™% and - %Csinpa/Qh = —kBe ka2 (6.223)
or B
ol e*? cos pa/2h = %ekaﬂ sinpa/2h (6.224)
so that
ptanpa/2h = hk (6.225)

This last equation is a transcendental equation for F and its solutions determine
the allowed E values for the even parity states for this potential energy function.
These E values are the even parity energies or energy levels of a particle in the
finite square well potential.

Odd Parity Results

C'sinpa/2h = Be /2 and %C cos pa/2h = —kBe*/2 (6.226)
or B
ol ¢*/? sin pa/2h = —%ekaﬂ cospa/2h (6.227)
so that
pcotpa/2h = —hk (6.228)

Again, this last equation is a transcendental equation for E and its solutions
determine the allowed E values for the odd parity states for this potential energy
function. These E values are the odd parity energies or energy levels of a particle
in the finite square well potential.

In general, at this stage of the solution, we must either devise a clever numerical
or graphical trick to find the solutions of the transcendental equations or resort
to a computer.

The first thing one should always do is change variables to get rid of as many
extraneous constants as possible. In this case we let

B =ka= %\/2m|E| . a=qa= %a - % 2m(Vo - |E)) (6.229)
The first useful equation we can derive is
2mVya®
o’ + %= % = constant for a given well (6.230)
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This is the equation of a circle of radius

2mVpa?
o (6.231)
With these new variables the two transcendental equations are
8= atan% for even parity and = -« cot% for odd parity (6.232)

We can find solutions graphically by plotting as shown in Figure 6.8 below for
the case (effectively a choice of the quantity Voa?)

2 2
circle radius =1/ mf‘l?“ = 57” (6.233)

Transcendental Equations

T T

4
alpha

Figure 6.8: Solutions for 4/ QWT‘@‘IZ = 57“

The solutions correspond to the intersections of the circle (fixed for a given
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well) and the curves represented by the two transcendental equations. They are
shown in Figure 6.8.

For the choice of potential well shown in the figure we have 2 even parity solu-
tions and 1 odd parity solution. These correspond to the allowed energy levels
for this particular well and the corresponding wave functions and energies rep-
resent bound states of the well.

We can also do a straight numerical solution for even parity by rearranging the
equations as follows:

9 2

a?+p?= % and B:atan%

2 2

9 PR « 2mVpa
1 +t — | = = 6.234
@ ( a 2) cos? § h2 ( )

2572

2 I cosQ% - f(a)=0 (6.235)

The numerical solution of this equation can be carried out by any standard
technique (Newton-Raphson method, for instance) for finding the zeros of the
function f(«). For this case we get

o =2.4950 and 7.1416 (6.236)

which is clearly in agreement with the graphical result.

Transmission Resonances

As we have seen the spectrum of energies for the square well is made up of a
finite number of bound-state levels. The most important feature of a bound-
state wave function is that it is localized in space,i.e., it falls off exponentially
as we move away from the well.

Another interesting feature of the square well has to do with the continuous
part of its energy spectrum. All energy states with £ > 0 are allowed. Again
there are three regions to consider, labeled in the same way as earlier. We will
again assume that we have a wave incident from the left (from 2 = —o0) with
unit intensity

. . h2]€2
Yr(x) = e + Be™*® where F = (6.237)
m
where B is the amplitude for the reflected wave.
In region II, which is over the well, we have the solution
. . h2k2
Yrr(x) = Ce™® + De™™1% where F + V) = 5 L (6.238)
m
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In region III, we only have a transmitted wave as the solution

. h2k2
Yrrr(x) = Fe'*® where E = 5

(6.239)
m

Again, we must match the wave functions and their derivatives at z = +a/2.
This gives us 4 equations for the 4 unknown coefficients. Usually an author now
says that lots of algebra gives us the transmission coeflicient and writes down
the answer. Let us actually do it just once.

Continuity of the wave function and its derivative at z = —a/2 gives

e—ika/Q + Beika/2 — Ce—ikrla/Q + Deikla/Z
ike_ika/2 _ ,L'kBeik:a/2 _ iklce—ikla/Z _ ileeikla/Z

Continuity of the wave function and its derivative at = = +a/2 gives

Feikal2 _ gikia/2 | pe-ikial2
ikFeik“p = iklceikla/z _ ilee*ikla/2

Then
ikye 2 iy Be'kol? = iy Cem %1912 4 iky De'kr0/2
ike—ika/Q _ ikBeika/Z _ iklce—ikla/2 _ ileeikla/Q
ik Fe*/? = ik Ce™19/2 + jky De~tF1e/2
ikFe®/? = jj Cet*1912 — iy Detkre/2

Solving for C' and D we get

ik Ce 192 = j(k + ky)e~"*/? — i(k — ky) Be'ke/?
ik Det*19/2 = _j(k — ky)e~*? 1 j(k + k1) Bet*e/?
ik, Ce10/2 = (| + |y ) Fet*a/?

2iky De~*19/2 = _j(k - ky) Fetkal?

Rearranging we have

C = (M) Fe-ikia/2gika/2 _ ,ikia/2 [(%) e-ika/2 _ (l%cll) Beikal2

D-=— Ezkkll) Feikial2 gika/2 _ ,=ikia/2 [_ (%kll) e-ika/2 | (%) Beika/2]
Therefore

k+kq —ikia tka/2 _ [ k+k; —itka/2 _ _ [ k=k1 ika/2

( 0 )Fe e Sro)e =t Be

_ [ k=K1 itkia ika/2 k-ki —tka/2 _ [ k+k1 ika/2
(72k1 )F@ e + Oy e =\%r Be

Dividing we get

(M) Fe-ikiagika/2 _ (mkl ) e-ika/2 (k—k1 )

2k‘1 2k1 _ 2kl
= ikiapika/2 o [ k=k1\ —ikaj2 [ ktki
( 2y )Fe etkal2 4 Tk ) eihel 2k
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(k+ k1)2 [Fe—iklaeika/2 _ e—ika/Z] - (k- k1)2 [—Feiklae““‘” . e‘ik“/z]
or
[(k +h)Pe 0 (k- ky)? eikla] ekal2p
= —(k—ky)? e ™2 4 (k4 ky)? etka/?
Finally we solve for the transmission coefficient F' to get

(k+k)? = (k-k)?

— —ika
(k + k)2 emikra — (k- kyp)? eihna
_ 4kk1 —ika
- (k2 + k2) (e~th1a — eik1a) 4 Ok, (e~thia 4 eikia)
e—ika
coskia- % (k—kl + k—kl) sinkya
and the transmission probability
1
T(E) = |F(E)]? = 6.240
=P = — s (6.240)
+
()0 %)
A plot of T(FE) versus E is shown below for the case
o2mVya® 2572
e (6.241)
Tranmission Over a Square Well
00 0{5 l‘ 1j5 2‘ 2?5 3I 3f5 ‘; 4j5 S

EA/

Figure 6.9: Transmission over a Square Well
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The peaks are called resonances. They occur when T'(E) =1 or

sin? \/Qf?%a%l N %) -0 (6.242)

or when

\/ 22 Voa? (1 + VEO) =nm

E _ n’n? _ 4n?
Vo - %Vgaﬁ 1 25 1 2 0
> )

v, = 0.44,1.56,3.00, ........
in agreement with the diagram.

To a particle of these particular energies, the potential looks completely trans-
parent; there is no reflected particle

R(E)=|B(E))? =0 (6.243)
All of the incident wave is transmitted into region III.

A special feature of these amplitudes, not derivable from non-relativistic quan-
tum mechanics, relates the properties of the transmission probability and the
bound state energies of the well.

The transmission amplitude F(F) is a function of the energy E. It was derived
for E > 0. If we assume that it is an analytic function of F, then it has some
interesting properties. In particular, in the regions of F < 0 and real, F(FE) has
poles (goes to infinity) at E values that correspond to the bound state energies
of the well.

F(F) being infinite corresponds to having a transmitted wave without having
an incident wave. This is exactly the condition to have a bound state, where
the transmitted (and reflected) wave does not propagate, but instead fall off ex-
ponentially.

The poles of F(E) occur when

coskia = % (% + %)sink‘la

ki cot % =4k and k; tan % = —ik

which are the same transcendental equations we had earlier for the bound states
of the corresponding finite square well.

This property can be used to find bound state energies after solving the trans-
mission problem for a given potential.
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What do wave packets say?

If we construct wave packets representing the incident, reflected and transmitted
particles using the formalism we demonstrated earlier, we find the following
result.

Away from a resonance energy, the transmitted and reflected packets do not
exhibit any strange behavior, i.e., the reflected packet forms and starts to move
in the —x direction from x = —a/2 at about the same time the transmitted packet
forms and starts to move in the +x direction from x = /2. This time is on the
order of the classical transit time for a particle moving across the well

ma
Atclassical ==

= — 6.244
[ hk‘l ( )

However, near any resonance, this behavior changes dramatically.

The wave seems to get bottled up in the vicinity of the well, as if some temporary
or metastable intermediate state forms. After a time larger than the classical
transit time across the well, the reflected and transmitted packets reform and
start moving away. An example is given below.

Time Delay at a Square Well

We consider the transmission through a square well as shown below in Figure
6.10.

V=0

. V=¥
x=-2 ?
2

s
]
ool

Figure 6.10: Finite Square Well

The transmission amplitude is (from our earlier calculation)

—ika
F(E) = - = |F|e® (6.245)
coskia -3 (k*kl + %) sinkia
where we have set
emikagitan™ (<3 (5 ) tankia) _ if (6.246)
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We then have

tan(f + ka) = (kzﬁ + %) tankia (6.247)

1

DN | =

Using trigonometric identities we get

tanf+tanka _ 1 k1
1-tan@tanka _ 2 (k k )tankla

6.248
tan9+tanka—%(kﬁ kl)tankla(l—tanetanka) ( )
and
1(k Kk
tan @ (1 + 3 (k—l + ?) tanklatanka)
1(k k
= i(k—+?1)tank1a—tanka (6.249)
1
1(k Kk
S| & + &L )tankja — tanka
tan g = — (&%) (6.250)
1+ % (kﬁ + %)tank;latanka
Now the incident wave packet is given by
Gincidon (2,8) = [ F(k)e =090 g (6.251)
and the transmitted wave packet is given by
Ytramsmittea(w,t) = [ F(0)e O |E (1) 20 (6.252)

where f(k) is nonzero only in a limited region about k = ko and is peaked at
k = kg. The stationary phase argument then gives for the incident wave

x = vt (6.253)
and for the transmitted wave
do
t—- — 6.254
T =g ak lr, ( )

Therefore, the incident wave packet arrives at x = —a/2 at t = —a/2vg and the
transmitted wave packet leaves x = +a/2 at

a 1 db hkq
= el =0 6.255
2vg " vo dklg=g, Yo m ( )

Therefore, we have a quantum mechanical time delay over and above At qssical
given by
1 dy

6.256
Vo dk ( )

k=ko
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Now
dtan® dtan@i@ 1 do

dk  do dk cos26dk
do _COSQHdtaDH B 1 dtanf
dk dk 1+tan%6 dk
or
Lk 4 Bi)tankia - tanka
tanf = — (4 %) (6.257)
1+ % (k—kl + %)tanklatanka
where P22 P22
E = and F+ V= —2* (6.258)
m 2m
or 9 V
m
k2= k2 + 70 (6.259)

One can show(Messiah) that these solutions have the following properties:

1. Resonances (when 7' = 1) occur when

kia=nm > tankia=0

2. The time delay due to quantum mechanics near resonance approximately

given by
Vi
T= iTclassical (6260)
where
ma . oL
Telassical = Fys = classical transit time (6.261)

This corresponds physically to the wave (or particle) remaining in region
1T (the vicinity of the well) during this time delay.

At that time the wave packet splits up and the reflected and transmitted
packets reform and propagate.

3. Off resonance, the transmission probability is very small and the wave
practically does not penetrate the region of the well (it is totally reflected
at the first potential discontinuity).

6.5.4 Delta-Function Potentials

We now consider the potential energy function
V(z)=A0(x-a) (6.262)

where
0(r-a)=0 x+a

Z f(x)o(z —a)dz = f(a) (6.263)
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and solve the corresponding Schrodinger equation

_h? d*(x)
2m  dx?

+V(2)(x) = Ey(x) (6.264)

As we discussed earlier the wave function () is assumed to be continuous for
physical reasons relating to the probability interpretation. The derivative of the
wave function, however, is not continuous at x = a for this potential. We can
see this as follows. We have

h2 a+6d2w(]})

2m dx?

a—¢

dm+Af5(x—a)V(z)zZJ(:z:)dx:Efi//(x)da: (6.265)

In the limit € - 0, using the continuity of ¢ (x), we get

B2 v i i a+e
ik - Bifa) [ do-dvte) (6260
so that 4
discontinuity (%) =A (%) = 2::2 P(a) (6.267)

For simplicity we choose a = 0. We then have two regions to consider

regionl <0
regionII x>0

and the derivative is discontinuous at x = 0.

Transmission Problem

We first carry out the calculation of the transmission and reflection probabilities.
We assume that A > 0(we have a delta function barrier), £ > 0 and an incident
wave of unit intensity coming in from the left.

In region I we have

) _ _ 27.2
A dr Evpr — r(x) = ™ + Be™™™ with E = MR S0 (6.268)
2m dx? 2m
We have both an incident and a reflected wave.
In region II we have
A2 2 ; h?k?
_ 1/}]] = E’(/JII — ’(/}[[(LL') = Cel’” Wlth E = > 0 (6269)
2m  dz? 2m

There is only a transmitted wave.
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The boundary conditions (at = 0) give
¥1(0) =¢r(0) >1+B=C

dyrr(0)  dipr(0) _ 2m - ; _2m
Ao da = h2 ijj(O) ikC Zk(l B) = h2 AC

The solutions are

ik md
C= T mA and B = - h2mA (6270)
ik =57 ik =57

We then have

T = transmission probability =|C|* = — (6.271)
L+ 35%
. s 2 1
R = reflection probability =|B|" = —— 5 (6.272)
1+255

We note that T+ R = 1 as it must for the probability interpretation to make
sense.

From our previous discussion, we suspect that the energy values of the poles
of the transmission probability correspond to the bound state energies for the
delta function well problem (A < 0). For the single delta function potential, T'
has a single pole at

mA?
E=- 6.273
Bound-State Problem
We let A—--A, A>0. In region I we have
h? d?
S B () = et (6.274)
2m dx
with 5 5
h
E=-|El=-—2 <0 (6.275)
2m

We have excluded the negative exponential term since it would diverge in region
las x - —oo0.

In region II we have

2 g

" 2m dx?

=~ |E¢rr > ¢ri(z) = Ce™™* (6.276)

with
h2a?

E=-|E|= <0 (6.277)
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We have excluded the positive exponential term since it would diverge in region
IT as ¢ —» +co.

The boundary conditions give

¥1(0) =¢11(0) > B=C (6.278)
drr(0)  dyr(0) — 2m (R M
Y Ayr(0) » —aC - aB = 72 AB (6.279)

The resulting equation for « gives the allowed the bound state energies. We
have

A
o= % — only 1 solution only — 1 bound state (6.280)
h2a? mA?
E=-|E|=- =- 6.281
£l 2m 2h2 ( )

which is the same value as we obtained from the pole of the transmission prob-
ability.

We also note that the solution has definite parity (even) since ¥ (z) = ¥ (-x).
This must occur since V(z) = V(-z) and hence parity commutes with the
Hamiltonian. As we also saw in the square well case, if only one solution exists
then it is always an even parity solution.

Double Delta Function Potential

We now tackle a more realistic and hence more complex system, namely the
double delta function potential energy function given by

V(x) :u[é (z+§)+5(z—§)] (6.282)

We again start by considering the barrier transmission problem for u > 0.

Transmission problem

There are three regions to consider

: L
region I r<y
: L 4
region II - <z <35

region III x> g

The solutions in the three regions are

region I x < % Yr(x) = Aetk® + Be ik
region II —% <x< % Yrr(x) = Cetk® + Demthe
region III x> % Yrrr(x) = Feike
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where
h2k2
2m

E=

>0 (6.283)

The boundary conditions (the derivatives are discontinuous at x = £¢/2)give the
equations

x=—= Ae ™3 + Behs = Cem™5 + Deka (6.284)

ik(ce—ikg _ Deiké) _ik (Ae—ik% _ Beik%)

2 ) .
- Zz“ (Cem™% + Deikt) (6.285)
T= +§ Ce*s 4+ De k3 = peihs (6.286)
. ikl . ikl ikt 2mu iy
ik (Fe) — ik (Ce'™s - peh8) = =18 = (Fet?) (6.287)

We are interested in calculating the transmission probability

2
T(E) = ||A||2 (6.288)
Much algebra gives these results
=(1- Fand D= " c™F 2
C = kh2) an TheC (6.289)
F 1
A1 2 (1 cos2k)] 4 i [BE 4+ 22 sin ok
~ g (1 - cos2k0) ] + i[5 + J3 sin 2k¢]
1
= — — (6.290)
[1- ] - [ ] e

The poles of the transmission probability occur for the zeroes of the denominator
n (6.290). If we let u = —|u| and E = —|E| < 0 and k = i~y, the poles are given by

2 2
m|uf mlul|" o
1-——| - | —— =0 6.291
[ vh? ] [W ] ‘ ( )

Some rearranging and algebra gives

£

Wi PRETIRESE (6.292)

vh?

J4
e’

as the transcendental equation for the bound state energies of the double delta
function well.
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We will solve this transcendental equation graphically. Again, it is always best
to first clean up the equation as much as possible by changing variables. There
are no rules for this part. We let

1 m|u| ¢
5275 and ¢ = 272

The transcendental equation then becomes

e -y (g - 1) (6.294)

(6.293)

Bound-State Problem

We now get the same equation in the standard way.

In this case u < 0 and we choose
h2a?

2m

E=-|E|=- (6.295)

The solutions in the three regions are

region I x < % Yi(x) = Ae®®
region II —é <x< g Yrr(x) = Be®* + Ce™®*
region 11Tz > % V() = De™®

The boundary conditions (the derivatives are discontinuous at x = +¢/2)give the
equations

z=-2 Ae % + Be®s = C'e % + De? (6.296)

o (Ce% - Det) —a (A% - Beo#)

= 2;772” (Ce_o‘% + Deag) (6.297)
= +§ Ce®% + De™®% = Fe®% (6.298)
Oz(Fe“%)—oz(Ceo‘g —De‘ag) = Q;Lr;u (Feo‘g) (6.299)

We consider two cases:

even parity: A=D and B=C
odd parity: A=-D and B=-C
Much algebra leads to the transcendental equations

hla

m[ul

even parity e *‘=-1+ (6.300)
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2
al h o

odd parity e ¥ =+1- (6.301)
mul
If we let ' ul¢
m|u
B = 75 and € = T (6.302)
the equations becomes

even parity e 2 =+ (é - 1) (6.303)

€
odd parity e 2% = - (é - 1) (6.304)

€

which agree with the result we obtained from the poles of the transmission
amplitude.

Graphical Solution
Since

m|u| ¢
E =

2h?

is fixed by the choice of the parameters of the potential, we have transcendental
equations for 8. The solutions give us the energy eigenvalues. We can simplify
the graphical solution with one more change of variables. We let

(6.305)

B, (6.306)
€
and get
even parity e 27 =p-1 (6.307)
odd parity e *7=1-7y (6.308)
Procedure:

1. plot 1 -7 versus 7 and 1 — 1 versus 7

2. plot e~2"

versus 77 for several values of €
3. the intersections are the even and odd solutions

In Figure 6.11 below, we plot the exponential function for several values of e.
As can be seen, the properties of the solutions are:

1. Even solutions always exist

2. Odd solutions do not always exists (see the e = 0.25 line, which only
intersects the even curve)

3. As € — 0 which corresponds to £ — co we get Fyqq = Eeyen. Physically, the
wells are separating so that they no longer influence each other and the
system behaves like two separate wells.
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We will look at this property again later when we consider a translationally
invariant infinite line of delta functions. The interaction between the wells
coupled to the translations invariance will lead to energy bands as in real solids.

Double Delta Function

10 .

odd

10°

Functions

10%

10

Figure 6.11: Double delta Function Bound States
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6.6 Harmonic Oscillators

We now turn our attention to a physical system with a harmonic oscillator
potential energy function

1 1
V(x) = ika = 5mw§x2 (6.309)

We will first solve this system by going to the position representation and solv-
ing the Schrodinger equation using differential equation techniques. We will
review all of our methods, introduce Hermite polynomials and define generating
functions along the way.

After that we will introduce an algebraic method for solving this system that
does not make any reference to the position representation. In the next chapter
we will generalize this algebraic method for use in other types of systems.

6.6.1 Differential Equation Method

The Hamiltonian for the system is
2
- 1
=2 1 -pmwia? (6.310)
2m 2
The energy eigenvalue equation is
Hp) = E) (6.311)

We put this into the position representation by these steps:

(e H ) = {«| ElY) = E{x | ¥) = By(z)

(o (f3 . 1mw85c2) 1) = Bu(e)

2m 2
(2| bk W) + lmwz (2] 2% 1) = Exp()
2m 9 0 =
%(—ih%)Q (x| )+ %mwg:cz (| ¥) = BEy(z)
2 2
_2% : ;bm(f) %mng%(x) = Ey(z) (6.312)

The last line is the standard 1-dimensional time-independent Schrodinger equa-
tion for the harmonic oscillator potential.

When solving such equations it is useful to rewrite it in dimensionless form. We
do this by making these substitutions (the choice is an art, not a science)

2
mow
at = hzo,qzaa:and)\:

i)

2F
ho.)o

(6.313)
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The equation (6.316) becomes

2

d
d—q2+(/\—q2)¢:0 (6.314)

The solution of such equations is greatly aided by examining and extracting the
behavior of ¥ in the asymptotic regions g — +oo.

For sufficiently large ¢ the equation becomes

P,
2 =0 (6.315)

which is satisfied by functions of the form

q”ei%q2 for any finite value of n (6.316)

Since the probability interpretation of the function requires us to be able to
normalize it, i.e., we must have

[}

f [ (2)*da < oo (6.317)

— 00

This rules out the positive exponential. This result suggests that we try a
solution of the form

W(q) = H(q)e ¢ (6.318)

where H(q) is a polynomial of finite order in ¢ and we have explicitly extracted
the asymptotic behavior.

Substituting into the original differential equation gives a new differential equa-
tion for H(q)

2
TH 0 o~y =0 (6.319)
dq? dg

We now use the standard Frobenius series substitution method to solve this
equation. We assume a solution of the form

H(q)=¢"). ajq’ where ag#0 and s >0 (6.320)
j=0

The nonnegative restriction on s is required in order to guarantee that the

solution is well-behaved at ¢ = 0 (we need to be able to normalize the wave
function). If we substitute this guess into the differential equation for H we get

Y a;(j+s)G+s-1)g"-2¢°Y a;(G+s)g +(A\-1)¢° > aj¢’ =0
s 70 =0
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q° [aos(s - Dg2+ars(s+1)g " + (az(s +2)(s+1) —ap(2s + 1 - )\))qo]
+(a3(s+3)(5+2)—a1(25+3-N))¢" +...... +
(ajra(s+7+2)(s+7+1)=(25+2j +1=Na;) g’ +....... =0

Now for a power series to be identically zero, the coefficient of each power must
be zero separately. We thus have

s(s-1)ag=0
s(s+1)a; =0
(s+2)(s+1)ag—(2s+1-XA)ag=0
(s+3)(s+2)az—(28+3-XN)a; =0

(s+j+2)(s+j+1)ajo—(25s+2j+1-A)a; =0 (6.325)

Now we assumed that ag # 0, s > 0. Therefore the (6.321) says that we must
have s =0 or s = 1. (6.322) says that s =0 or a; = 0, or both. The remaining
equations give as in terms of ag, as in terms of a;, and, in general, a;j.o in
terms of a;. Whether the series will have a finite or an infinite number of terms
depends on the choice of s, a1, and the eigenvalue .

If the series does not terminate, then its asymptotic behavior can be inferred
from the coefficients of the high power terms. From the last recursion formula
(6.325) we have
a; 2
A (6.326)
a,]- J—o0 ]
This ratio is the same as that of the series for q"eq2 with any finite value of n.
This implies that the solution we have found for the wave function

¥(q) = H(g)e * (6.327)

will diverge at large q.

Since we cannot have that happen and still retain the probability interpretation,
the series must terminate (H(gq) must be a polynomial as I mentioned earlier).
From the last recursion formula (6.325)we can see that if we choose

A=25+2j+1 (6.328)

for some j, then the series will terminate (aj+2 = 0). Since ag # 0 this cutoff
procedure requires that j equals an even integer. This means that the odd series
will not terminate unless we choose a; = 0. The index s can still be either 0 or
1 . Corresponding to these two values, A is equal to 25 + 1 or 25 + 3, where j is
an even integer. We can express both cases in terms of an integer n as

An=2n+1 (6.329)
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This gives us the energy eigenvalues
An 1
En = ?hu}[) = (n + 5) h,(AJ() (6330)

As in the square well examples, we have a zero point energy. It corresponds to
the lowest or ground state energy value

1
Eo = §hw0 (6331)

The eigenfunctions have a definite parity, as they should since V(z) = V(-z).
From the definition of n, we can see that for a given solution

n = highest value of s+ j (6.332)

If we denote the corresponding polynomials by H,,(¢q) we see that H,(q) is of
degree n in ¢q. Therefore, since the exponential is an even function, we have

n = even — even parity solution

n = odd — odd parity solution

The polynomial of order n, H,(q), is a solution of the original equation with
A=2n+1 )

d°H, dH,
-2g—— +2nH, =0 6.333
a2 (6.333)
It is called the Hermite polynomial. We could find the exact forms of the poly-
nomials from the recursion relations. However, it more instructive to introduce

the idea of a generating function. We define

S(q,s) = eq2_(s—q)2 _ e_s2+23q - Z Gn(q)% (6.334)
_O .

The functions G, (¢q) defined in this way are polynomials in ¢. Now we have

o8 n+1 > dQG (q) s"
22~ 9ge -s +25q _ G — n s
0q Z (q) n! = dq nl
oS _ (—2s+ 2q)s &, sl
T2 = (<254 29)e = Y G (g) 2 G
e - (202 - 56,0 RO
Equating equal powers of ¢ in each of these equation we get
dGy,
1o - 2nG_1 and G, 41 = 2¢G,, — 2nG,,_1 (6.335)
q

The lowest order differential equation, which involves only G,,(¢q), that we can
construct out of this pair of equation is
G, dGp-1 dGpi

=2
dq? " dg  dg

=2(n+1)G,
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dGn+1 _ dGn dGn—l

2 +2Gp -2
dq d dq . dq
*G, dG, dG, aGg,
= 29— 242G, - —2*L 2 2q—="42G, - 2(n +1)Gp
dq® dq dq q
d*G dG
" - 29— -2nG, =0 6.336
iz g, T (6.336)
which is the Hermite polynomial equation. So G,,(¢) = H,(¢q) and we have
S(g,5) = et 0" 2 S L ()2 (6.337)
= n!
We then have
™ n,—(s-q)> n _—(s—q)>
0"S(q, s) =eq28 e (=) _ (—1)"6‘128 e (=)
asm asm aqn
" T Hn(0)51 o gnn
__ms - N B () 6.338
os™ mZ:n (@) (m-n)! ( )

where we have used the property

f(s—q) _ 0f(s—q)

P 94 (6.339)
If we set s =0 in the equation above we get
2
(~1)ned’ 8:;2: - H,(q) (6.340)
We can then easily generate the polynomials
Hy=1,H,=2q, Hy=4¢*-2, ... (6.341)
The Schrodinger wave functions are then given by
Yn(z) = Aan(Oz:c)e’%”‘zf""2 (6.342)
We find the normalization constant A,, by
oo 9 oo
[P dr=1-Fol [ 2ig)estag (6.343)

Now we can determine all of the integrals of this type from the generating
function as follows. We have

oo
o] oo n4m
2 2 2 st

— 2 — 2 —
fes+sqet+tqeqdqzzz —
—0m=0 TV

—oo —

— ﬁe2st — ﬁ

H,(q)H(q)e™ dg

(2st)™
n!

Mg 85—

(6.344)
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which says that

/ H,(q)Hin(q)e™ dg = /72" 118 (6.345)

The case n = m, gives

1/2
A, = (ﬁozénnv) (6.346)

The case n # m just corresponds to the orthogonality property of eigenfunctions
of different eigenvalues.

6.6.2 Algebraic Method
The Hamiltonian for this system is
H=—+ %mwox (6.347)
The energy eigenvalue equation is
HY) = Ely) (6.348)
The commutator between the position and momentum operators is
[Z,p] = ih (6.349)

This information defines a complete solution to the problem when using alge-
braic methods.

We now define the two new operators (like a change of basis)

R mwy . ip ot mwy . ip
a= T+ and a” = T - 6.350
2h V2mhwg 2h V2mhwo ( )
ioy [T (avat) and p=—iy/ 0 (- at (6.351)
2mwy 2

These new operators are not Hermitian. They are Hermitian conjugates, how-
ever. We then have

. . 1. .
[6.4"] =1 and H = huo(Nop + ) Nop = "a (6.352)

Now suppose that the vector |n) is an eigenvector of Nop = a'a with eigenvalue
n
Nop|n) = n|n) (6.353)

Since Nop and H differ only by a constant, this implies that |n) is also an
eigenvector of H, i.e.,

B ) = hwo (N, + %) In) = hwo(n + %) In) (6.354)
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Therefore, |E,) = |n) and the energy eigenvalues are
1
B, = huo(n+ 3) (6.355)
Our task now is to find the allowed values of n.

Now ng = (a'a)t = ata = N,p, so N, is a Hermitian operator. This means that

the eigenvalues of Nop (and H ) are real numbers. Now we also have the relation
n = (n| Nop|n) = (n|a*aln) (6.356)

If we let |¢) = a|n), then the last equation (6.360) can be written
n={(¢|¢)>0 (6.357)

which says that the eigenvalues of N,, (the values of n) are non-negative,
realnumbers.

Finally, using [a,a'] = 1, we have
Nopa=aaa=(aa" -1)a=a(a*a-1)=a(N,,-1) (6.358)

and similarly, .
Nopa® =a" (Nop +1) (6.359)

These operator relations imply that

Nopit|[n) = a(Nop —1) |n) = (n - 1)a|n) (6.360)

which says that a|n) is an eigenstate of Nop with eigenvalue n — 1 or that we
can write
alny=aln-1) - (n|a* =a* {(n-1| (6.361)

We will assume that the eigenstates are normalized, i.e., (n|n) = 1. We then
have

({n|a*) @ln)) =lal* (n=1]n-1) = |a*
= (n|a*a|n) = (n| Nop|n) =n (6.362)

which says that @ = \/n and we have the relation
aln)=+/nln-1) (6.363)
Repeating this procedure we have
a*[n) = ay/nin-1) = Vnaln 1) =\/n(n-1)|n - 2) (6.364)

which implies the following:
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if the eigenvalue n exists, then
so do the eigenvalues n -1, n -2, .....

This sequence cannot continue forever since we have already shown that the
eigenvalues of INV,, are non-negative.

The only way out of this dilemma is that n is an integer. In this case, we would
eventually arrive at an eigenstate and then get

a[1) = |0) and al0) =0 (6.365)

which says the sequence ends. Thus, the eigenvalues of Nop are the non-negative
ntegers.

We can also go the other way since similar algebra shows that
Nop™ [n) = a* (Nyp + 1) n) = (n+1)a* |n) (6.366)
This implies that, in the same way as before,
atln)=vVn+1jn+1) (6.367)
Thus, the eigenvalues of Nop are all the non-negative integers
n=0,1,2,3,4,......

The operators @ and a' are called lowering/raising operators from their property
of lowering and raising the eigenvalues by unity. They are also sometimes called
ladder operators because they generate a ladder of equally-spaced eigenvalues.

Finally, assuming that (0]|0) = 1 we have

m-20-p
R %
2-m- 2 E
=Ly - L@ ) L )
3 3 V2! V3!
In) = @) |0) (6.368)

and 1
E, = hwo(n + 5) (6.369)

Notice that we were able to derive all of these results without introducing the
wave function (the position representation). If you are desperate to see the
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position representation wave functions they can easily be derived from this for-
malism. We have

_ wo s
0 (2] 0) + L’h%) (]0) (6.370)
2h 2mhwo

This is a differential equation for (z|0) = 1g(z) which is the ground state wave
function. We have
dwo(x) mwo

dx
which has the solution (when normahzed)

zpo(x) = (6.371)

mwy )1/4 _ muwgz?
(&

(2]0)=v,(z) = ( — 2n (6.372)

which agrees with our earlier work.

The higher energy wave functions are obtained using

(z]1) =¢1(x) = (z[a” |0)
mwy .. ip
={aly/ 55 T~ thl )

2mwy
=4/ Tq;(q; | 0) (6.373)

The raising and lowering operator formalism is very powerful and will be very
useful beyond non-relativistic quantum mechanics where they will allow the
theory to represent the creation and annihilation of particles.

and so on.

Coherent States

Let us now use this formalism to do an interesting exercise and show the power
of the methods.

We consider the following question: what are the eigenstates of the lowering
operator a? That is, we write

ala) = ala) with a=|o|e™ (6.374)

where |o) is the eigenvector of @ and « is the eigenvalue, which is not necessarily
real since a is not Hermitian.

Since the vectors |n) are eigenvectors of a Hermitian operator, they form a
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orthonormal complete set and can be used as an orthonormal basis for the

vector space. We can then write

@)= 3 b fm)

where - -
<k|a>: Z bm<k|m>: Z bmOkm = bi
m=0 m=0
Now
(n-1lala)=a{n-1|a)=ab,—
and using
a*n-1)y=+/nn) - (n-1/a=vn(n|
we have
(n—1]ala) = it (n] o) = v/bs
or

@
b = —=bp-
N
This says that
2
@ @
by = ﬁbo ; be = \/—bl = ﬁbo
or N
@
bn = ﬁbo
We thus get the final result
[e<] am
o) = bo m,z::O ﬁ Im)
Let us now normalize this state (choose by). We have
a*m k
{a|a)=1=]|b* m)
22 v
0o oo *m .k
oMo
= [bol” ———=Okm
205 i
o |12
2 o 2 |
- lpoft 3 10 < el
m=0 .
which says that
2
bo = 6_%|a‘
and thus
L2 = O
ja) = 721! > W|m>
m=0 .

(6.375)

(6.376)

(6.377)
(6.378)
(6.379)

(6.380)

(6.381)

(6.382)

(6.383)

(6.384)

(6.385)

(6.386)



Now

(n|«a) = probability amplitude that the system in the state
|} will be found in the state |n)

which then says that

—|o? 2n -N prn
2 € || e VN
P,=|(n]a) = — == (6.387)

is the probability that the system in the state |«a) will be found in the state |n),
where we have defined N = |af?.

We note that
(alaala) = |a2| (a]a)= |a2| = N = (a| Nop ) (6.388)

or N = the average value or expectation value of the Nop operator in the state
|e). This type of probability distribution is called a Poisson distribution, i.e., the
state |«) has the number states or energy eigenstates distributed in a Poisson
manner.

Since the states |n) are energy eigenstates, we know their time dependence, i.e.,
. En
In,t)=e """ n) (6.389)

Therefore, we have for the time dependence of the state |a)

[e o] m oo m
ja, t) = ezl S a—m'|m,t) LY %e’zfﬁ Im) (6.390)
m=0 . m=0 .

This simple operation clearly indicates the fundamental importance of the en-
ergy eigenstates when used as a basis set.

If we are able to expand an arbitrary vector representing some physical system
in the energy basis, then we immediately know the time dependence of that
state vector and hence we know the time dependence of all the probabilities
associated with the state vector and the system.

We will use this result to solve for the time dependence of real physical systems
in later discussions.

Now let us try to understand the physics contained in the |«) state vector. In a
given energy eigenstate the expectation value of the position operator is given
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by

(0. t][n.0) =\ [ 5o (n,t] @+ ") In.1)

A . ,
=\ g (nle F @ at e n)
mwo

gl @+ %) o)

2\1277:;0 (n|(\/ﬁ|n—1)+\/n+1|n+1)):

i.e., it is equal to zero and is independent of time.

On the other hand, in the state |a) we find

( m,

(o, t| 2 |, t) =

Now

(ml(a+a*) [k = (m] (VE[k=1) + VE+T]k+ 1))
= \/E(sm,k—l +VEk+ 15m,k,+1

Using this result we have

ZZb* bre’ (m| (a+a*)lk)

(6.391)

(6.392)

(a,t| 2 |, t)
h ad (B bl B,
- (Z bi_ bRl Z by bk + 1éf )
2mwo \ (21
A o , ,
- (Z bi_ bV ke 0t 4 Z by bV + 1ew0t)
2mwo \ o k=0
A it , i ,
= (Z b]:bk+1\/Ee_lw0t + Z b,:+1bkv k+ 1€1w0t)
2mwo \ =0 k=0
h oo a*kak+l oo OL*kJrlO[k .
= b2 — VEkeT ot Y =k + 1™t
2muwg O(k;)\/(ku)!k! ,;0\/(“1)%!
h 1 2k - *
= T bZ ; o || (ae wol L oe “"’t) (6.393)
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Now using « = |a]e’? we get

(o, t]#]a,t) = \/7b22| |z| Real(e'%e™0t)

« h
=2z |a\cos(w0t—¢)(bgz%) , xg=
= !

= 2z | cos(wot — @) (6.394)

2mwy

The expectation value of the position operator in the state |a) is time-dependent
and behaves like a classical oscillator.

Now let us look at these states in another way. We consider adding a term to
the Hamiltonian of the form
V(&) = -Foi (6.395)
so that )
H = hwo(ata + 5) — Foxo(a+a") (6.396)
This corresponds to putting a charged oscillator in an electric field and including
the effective dipole interaction energy in the Hamiltonian.

In the corresponding classical mechanics problem, we have

2

H = 2— + le — oscillator with equilibrium point at =0
m

and if we add a linear term in x, we get

1
=P +—ka? - Fyx
2m 2
2 2
P 1 FO 2 FO
= b ok(z-22)2- 20
om 2P g
F
— oscillator with equilibrium point at = = ?O

This suggests that we look for an oscillator solution to the quantum mechanical
problem. In particular, we look for a new set of raising and lowering operators
with the same commutator as the original set.

We can accomplish this by letting
A=a+pBand A" =a* + 8 where 8 = a real number (6.397)

The commutator [é,a'] = 1 then implies that [A, AT] = 1. The Hamiltonian
becomes

H = hwo((A* - B)(A-pB) + %) - Fyro((A-B)+ (A" - B))

= hwo(A+A + %) - hW()ﬁ(A + A+) + hW()ﬁz - F(){I?()(A + A+) + 2_F()£E()ﬂ
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We are still free to choose 8. We choose hwg = —Fyx, which gives

2,..2
H = heo(A* A + é) _Foz

6.398
hoos (6.398)

which is just a harmonic oscillator with the energies shifted by a constant.

Now choose the new number states |N) where ATA|N) = N|N) as before. We
then have

. A 1 F2 2
HIN) = (hwo(A* A+ £) - 050y )
2 th
1 F2 2
= (hwo(N + =) - ~220) N} = By |N) (6.399)
2 hwo

or we get the same set of energy levels as before, except that they are all dis-
placed by the same constant amount

_Fgag
th
The new ground state is given by
AIN=0)=(a+B)|IN=0)=0 (6.400)
F,
a|N =0) = -B|N =0) = -2 |N = 0) (6.401)
th

The new ground state is just an eigenstate of a with eigenvalue

Foxg

- th

i.e., the new ground state is a coherent state. These states are called coherent
states because of their properties when they appear in the quantum mechanical
theory of the laser. We will discuss these states in many other contexts later.

Now let us get this state another way that illustrates some new powerful tools.

Using the Translation Operator

In general, a displaced state |A) is given in terms of the displacement operator
(in one dimension) by

IA) = e 7P |0) (6.402)

For the harmonic oscillator system

p= %\/m?m(a—m) (6.403)
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If we choose |0) to be the ground state of the oscillator, then we have for the

corresponding displaced ground-state

IA) = eV 3 (@7=0)A |g)

By Glauber’s theorem(see last section of this chapter for a derivation)

e(A+B):e eBe -1[A,B]

we have
VB (@ -0\ _ RGN~/ FRaA,
mw A+ _ mw
=e
and thus ) )
o A+ ~
) =e Oh AoV R AN - TREA
Now

e VER N |0) = (f+ (— %)\d) + % (—
o

where we used @|0) = 0. Similarly, using (a')™|0) =

ew“|0>=(f+(\/7 ) (

1
(V3R

or ( )n
oo maw A
1 mw 2 7
|)\> —e 1R AV 2h 7T
PN
Thus,
[A) =2 baln)
n=0
where Y
po NN mw
n \/m ’ 2 - 4
or

\/_|n) we have

..)|o>

P, = probability of find the system in the state |n)

eV N"

= |ba|* = :
n:

(6.404)

(6.405)

(6.406)

(6.407)

(6.408)

(6.409)

(6.410)

(6.411)

(6.412)

(6.413)

which is a Poisson distribution. We, thus, obtain the coherent states once again.
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6.7 Green’s Functions

In this section we will give a simple introduction to the Green’s function tech-
nique for solving differential equations. We will return to this subject later on in
more detail. The general form of the differential equations we have been solving
is

2 2

Ly(z) = Q(x) where L= E + 2%% and Q(z) = V(z)(x) (6.414)

Let us define a new function G(z,z") such that
LG(z,2") = 6(x—2') (6.415)

Then the solution to the original differential equation is then given by
V(@) = vo(@) + [ Gla,2)Q") do! (6.416)

where 1 (z) is any function that satisfies the homogeneous equation
Lapo(z) =0 (6.417)

Proof:

[Aﬂ,b(a:):ﬁz/JO(x)+ﬁfG(x,m')Q(ac')dm'
:O+f(ﬁG(a:,x'))Q(:v')dsc':f&(m—m')@(m')dm':Q(m)

One representation of the delta function is given by

[}

1 i /
§(z-a") = > f enPE=T) g (6.418)

—o00

and if we assume that the Fourier transform of G(z,z") exists (label it J), then
we can write

oS}

1 i /
G(z,z') = > [ enP@=2)5(p)dp (6.419)

—o00
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Substituting into the differential equation for G(z,x") we get

oo

A ’ ]_ A 4 :L’*:E,
LG(w,a) = = [ (et )3(p)ap

1 r h2 d2 Lp(z—2")\~
= %f((E“L%@)e” )I(p)dp

L7 P’ ip(e—a’)
:%f((E—%)eh )I(p)dp

_1]oeﬁp(w—w') E—i I(p)d
- 27rh_ 2m p)ep

oo

]. i ’
=0(x-2a") = 5 / enP@=2) gy,
T
This says that
1
J(p) = 3 (6.420)
and hence
G(z,2") = L fooe;p(m_x’)l dp (6.421)
' 2mh E- % )
and
ipx r 1 r Lp(z—z") 1 ’ ’
() = enP® + ool ﬁdp Q(z")dx (6.422)
—o0 —oo 2m
where we have chosen
Yo(x) = erP” (6.423)

as the homogeneous solution for E > 0.

We can rearrange this as the expression

U(a) = 7" 4

) i oo o
o E [ et Q(x’)dx'] (6.424)
s - £
—o0 2m

Example #1 - Single Delta Function

Let us choose Q(x) = ud(x)1(x), which is a delta function barrier at the origin.
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We then have

eprey [ A0 e 5 ud (2! ) (2! ) da!
pa)=eirs [ o | [ e s
—o0 T 2m oo

oo i3
dp enP®

%E_Qpi

= e" P 4 ugh(0) (6.425)

—o00

How do we evaluate this integral?

There seems to be a mathematical problem since the integrand has poles when
p=+V2mE (6.426)

But being physicists, we know that this problem has a sensible finite solution
(we already solved it earlier).

The key here is that we seemingly have a solution to the original differential
equation with no unknown constants. However, we have not imposed any bound-
ary conditions yet.

This is a solution to a 2"? order differential equation and any complete solution
always requires two boundary conditions.

In this case, the boundary conditions are replaced by a choice of the path of
integration or a choice of how we decide to avoid the two poles.

We must treat the integration variable p as a complex variable with valid physics
represented along the real axis. Once we accept this idea, we can then complete
the definition of the integral by choosing a contour of integration in the complex
p-plane.

This choice is equivalent to setting boundary conditions, as we shall see.
This is a very important lesson to learn.

We must always remember that we are physicists dealing with real physical
systems. The equations describing these real systems must have solutions since
the systems exist. When we run into a mathematical dead-end, the way out of
the dilemma is usually to invoke physical arguments. This case of the choice of
contours is just the first example of many that we shall see. The creation of the
delta function by Dirac was another such case. If this is to make sense, then the
possible contour choices should be able to reproduce all of the relevant physics
that we obtained earlier using boundary conditions.

Let us see how. The poles are on the real axis as shown in Figure 6.12 below.
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Figure 6.12: Complex p-plane

There are eight possible contour choices which are shown in Figure 6.13 below.
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Figure 6.13: Possible Contours

We are looking for the contour that corresponds to the boundary conditions
where we end up with only outgoing waves, i.e., where the integral behaves
like a wave traveling to the right (the transmitted wave) for z > 0 and a wave
traveling to the left (the reflected wave) for = < 0.

This is accomplished by choosing contour #3 for x > 0 and contour #4 for
x < 0. In each case, the contour encloses only one pole and using the method of
residues we can easily evaluate the integral.

We get
r dp e%px m e%pw m +V2mEzx >0
=l = =————e¢ T
Jo2thp- 2 ih \2mE +p|,yzmp  ihV2mE
Fdp erP™ .  erve m_ivmEe
e =— = e T
Jo2thp- 2 ih \omE-p|,._smp  ihV2mE
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The complete solution to the problem is then (using the absolute value function)

() = Vine() + 729';'6%1"%(0) where p = V2mE (6.427)

Let 2 = 0 in this result and we can solve for ¥ (0)

Y(0)= —— p - ¢($) SN} L rp— m |u| erPlal (6.428)
iph —m|ul| iph —m|u|
We then have
’(/}trans(m) =~ m|U| e%pz (6429)
iph —m|ul|
and
. . m |ul
S(FE) = transmission amplitude = ———— (6.430)
iph —m |u]
and
E
T(E) = transmission probability = ——— (6.431)
B+ o5

which is the same result as we found earlier.
Example #2 - Double Delta Function

Let us choose Q(x) = u(d(z +a) + d(x —a))p(x). We then have

oo i3
dp enP®

W(z) = eFPT 4 / e " P u(5(2’ +a) + 6(2 — a))(a)da'

i r dp enr(z-a) r dp enp(z+a)
=er? +uw(a)f%7p2+m/)(—a) h 2
o E-3m o E-om

Both of these integrals are evaluated using contour #3 for x > a(we get outgoing
waves moving towards the right only from both terms).

We then get

P(x) = eFP* 4 m—z [zp(a)e%p(l‘“) + w(—a)e%p(““)] where p=V2mE (6.432)
ip

If we find ¥(a) and 1 (-a) by substituting +a, we can then evaluate the trans-
mission probability as in the single delta function example. We again get the
same result as before.

More about Green’s functions later.
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6.8 Charged Particles in Electromagnetic Fields

If a charged particle moves in an electromagnetic field, the Lorentz force

F=¢q (E + ¥ B) (6.433)
C

acts on the particle, where ¢ = charge, E = electric field, § = velocity and B =
magnetic field.

The electric and magnetic fields can be expressed in terms of the electromagnetic
vector and scalar potentials

=-V (b_,%? and B=V x A (6.434)

In order to make the transition to a quantum mechanical discussion, we must
determine the Lagrangian and Hamiltonian for the charged particle in an elec-
tromagnetic field.

The appearance of the velocity vector ¢ in the Lorentz force law means that we
will need to work with a velocity-dependent potential function. If we insert the
expressions for the electric and magnetic fields into the Lorentz force law we get

" 1904 1
qu(—v¢—+6x (VXA)) (6.435)
c
Using the vector identity

BX(VXC) (B C’) (B V)C’—(C’~V)B—C'X(V><B) (6.436)

we get
x(VxA)=v(5-A)-(5-v)A (6.437)

where we have used the fact that ¥ is not an explicit function of the position
vector 7.

Now, the total derivative relationship is given by

dA 8A A du (’9A dy A dz
dt ot 83: dt 8y dt 0z dt

6A
A 6.438
=S (6.435)
Putting all this together we get
. 1 1dA
F= ( Vp+— V(U A) - dt) (6.439)
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The standard Lagrange equation
d L L
d(oL)_ oL =0 where L =T -V = Lagrangian (6.440)
dt 8$j

0t
works for a potential V' which does not depend on the velocity. However, when
the force law takes the following form

ou d (oU
Fi=—+—|— 6.441
J ij " dt (656]) ( )
we can still construct a Lagrange equation of the form
d (0L oL
pn (8%) - a—% =0 where L =T - U = Lagrangian (6.442)

We can get the Lorentz force law into this form by using a mathematical trick

dd;j _d (90 o w\_d(0 . i_
dtdt(a A>)—dt(avj<“‘ ‘””) (6.443)

!

where we have used the fact that the potential ¢ is independent of the velocity,
to obtain

e T Gty R e () D
This says that we need to choose the generalized potential U as
U=qb— %a A (6.445)
and get the Lagrangian
L=T—U=%mf)2—q¢+%ﬁ~fl (6.446)

This gives the canonical momentum

oL -
5= -ms+ 14 (6.447)
oY c
The canonical momentum is NOT the simply the mechanical momentum but
now includes an extra term proportional to the vector potential(the momentum

of the field!).

The Hamiltonian is derived from the Lagrangian using

1 R 2
H:ﬁ-ﬁ—L:—(ﬁ—?A) +qp (6.448)
2m c
This says that the simplest way of coupling the electromagnetic field to the
motion of the particle is to replace the momentum by the quantity

p-14 (6.449)

c
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which includes the momentum associated with the electromagnetic field.
This method of introducing the electromagnetic field into the equations of mo-
tion of a particle is called minimal coupling. We will see its relationship to gauge

invariance shortly.

The transition to quantum mechanics is now done in the standard manner.

Hp(t)) = E|(1)) = m |w(t)> (6.450)
(Fl H () = E (7| (1)) = Zh (7‘ [9(t)) (6.451)
(7 H 9() = B, 1) = h‘%(r ) (6.452)
where ) . )
H= o (p - fA(r t)) +qo(#,1) (6.453)
Using
p = %v (6.454)
we then get the Schrodinger equation
(i [;ﬂ (- Ldcn) +q¢(f,t)] w(0) = Bo(r 0 =D (6.as)
[;n (hV—fA(r t)) +q¢(f,t)]<f|¢(t)> B 1) = h‘%(’“ D (6.456)
2;(%—"14(7« t)) D) + qb(F )0 (F, 1) = B (F ) = haw(r D (6.457)

The Schrodinger equation for a charged particle in an electromagnetic field
must be invariant under a gauge transformation (since Maxwell’s equations are
so invariant), which is represented by the relations

A A= A+VS(7,t) (6.458)
,_ . 105(7t)
p>¢ =¢- 9 (6.459)

where S(7,t) is an arbitrary function. In order for the Schrodinger equation to
be invariant it must be transformed to

1
2m

OY'(7,t)

> (6.460)

h
(Gv-2a6 t)) V(1) + ' (7 O (7, 1) = ih 20
where the wave function is only changed by an overall phase factor, i.e.,
V(7,1) = (7, t)ers ST (6.461)
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Proof:

2m

2 e
(v Laen) wen e v e =m0 )
1 c t

1 (h - 2 85, g dpereS
— (f,v -4 st) pertS 4 (qp- 195 yerts -2V (6 463
2m \ i c c c Ot ot

Using the identities

s wo i
Oper-” O s, 1405

s
e c 6.464
o o he ot Ve (6.464)
(3924~ Tys) (weits) = et (29 - 4) 4 (6.465)
1 C C 1 C

we get the original Schrodinger equation back.

This result shows that the solutions of the gauge-transformed Schrodinger equa-
tion still describe the same physical states.

The wave functions or state vectors differ by a phase factor that depends on
space and time and thus, the invariance is LOCAL rather than GLOBAL (a
phase factor independent of space and time).

It is then clear that it is NOT the canonical momentum p = —iAV (whose
expectation value is NOT gauge invariant), but the genuine kinetic momentum

p- LA 1) (6.466)

(whose expectation value IS gauge invariant), that represents a measurable
quantity.

In any physical system, if the momentum operator p appears, then it must
always be replaced by

p- LA 1)
c
if we turn on an electromagnetic field. This is the only way to guarantee gauge
invariance in quantum mechanics.

Quantum mechanics + electromagnetism requires this minimal coupling for
gauge invariance to be valid. It is important to remember that local gauge
transformations of the electromagnetic potentials requires that wave functions
or state vectors transform via local phase changes, which means a phase factor
that depends on space and time.

Feynman showed that the effect of turning on a magnetic field is to multiply
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the wave functions or probability amplitudes by the phase factor

exp % f i A7, 1) (6.467)

path

The Aharonov-Bohm Effect

The extra phase factor has a rather striking and unexpected consequence.

Let A be independent of ¢ and consider the possible interference between the
motions along two different paths as shown in Figure 6.14 below.

path 1

rt rt

path 2

Figure 6.14: 2-Path Experiment

When a magnetic field is turned on, the relative phase for the two paths (1 and
2) is changed by a factor

q [ i A- [ di- A %‘) (6.468)
C

where ® = the total magnetic flux passing through the loop formed by the two
paths or the flux enclosed by the loop (this is just Ampere’s law).

Now consider the experimental setup shown in Figure 6.15 below.
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Double
Slit

Screen

Figure 6.15: Aharonov-Bohm Experiment

The cylindrical solenoid between the two slits generates a magnetic field out
of the page and confined to the region of the solenoid. This implies that the
particles are traveling in regions free of any magnetic fields.

The enclosed flux is NOT zero, however. As the flux is increased, the relative
phase between the two paths changes as described above and the diffraction
pattern on the screen changes. This occurs even though there are no magnetic
fields present along the paths.

There does exist, however, a nonzero vector potential in these regions and the
relative phase is changing because the vector potential is changing.

This illustrates most powerfully that it is the electromagnetic potential, rather
than the electromagnetic fields, as one might assume from Maxwell’s equations,
that are the fundamental physical quantities in quantum mechanics. This is
called the Aharonov-Bohm effect.

Classically, the electric and magnetic fields, E and B are the physically relevant
quantities, since they determine the Lorentz force. In regions where the electric
and magnetic fields are zero, a charged particle feels no force. The vector and
scalar potentials A and ¢ serve in classical physics only as auxiliary quantities.

In quantum mechanics, the vector potential A(F) is the fundamental physical

field. The wave function, however, always has the property that physical vari-
ables and physical effects only depend on gauge-invariant quantities.
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More about this later.

6.9 Time Evolution of Probabilities

Now that we have solved for the eigenvectors and eigenvalues of several systems
we will return to a discussion of the time evolution of probability amplitudes.
Along the way we will reinforce the details about the most fundamental proce-
dure in quantum mechanics.

Suppose we have some physical system that is describable by quantum mechan-
ics. We would like to be able to answer the following fundamental question?

If the system is in the state |a) at time ¢ = 0,
what is the probability that it will be in the
state |3) at time ¢?

These two states are usually defined as follows:

|} = initial state = state prepared by experimenter
|3) = final state = state defined by measuring device

The formal answer to the question is
|2

Pia(t) = [ Amplitudeso(t)]* = |Aga (O = (81T (1) la) (6.469)

where U (t) is the time evolution operator. Let us assume for simplicity at this
stage that the Hamiltonian H does not explicitly dependent on time ¢. From
our earlier discussions, we then have
U(t) = et/ (6.470)
so that the probability amplitude becomes
Apa(t) = (BIU (1) o) = (Ble”* " |a) (6.471)

The most important rule in quantum mechanics is the following:

If you are evaluating an amplitude involving a
particular operator, H in this case, then switch
to a basis for the space corresponding to the
eigenvectors of the that operator.

This basis is called the HOME space.

This is carried out by inserting identity operators as sums of projection operators
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written in the energy eigenvector basis:

Aga(t) = (Ble*a) = (8| fe # 1] |a)

=SB EY(Ele T E) (B | o) (6.472)
E FE’
where
H|E) = E|E) and H|E') = E'|E') (6.473)
(E|E')=dpp (6.474)
ZE: |EY(E|=1= ; |E") (E| (6.475)

It is clear that the time evolution calculation is most easily done in this basis.

‘We then have
Apa(t) = NS AB| BY(E|e # " [E') (B | )

EE
EE B
=2 Ze_%E,t (B|E)ope (E"| o)

EE
=2 P HBIE)NE o) (6.476)

Let us now describe a typical procedure:

1. Determine the initial state of the system = |a)

2. Expand the initial state in terms of the energy basis

o) = 2 |E")(E" o)

E”
which means we know the coefficients (E" | o)

3. Expand the final state in terms of the energy basis

18) =2 |E")(E"| )

E‘U
which means we know the coefficients (E" | 3)
4. Calculate the amplitude and probability.
Example - Infinite Square Well System

Suppose that a particle in an infinite square well [-a/2, +a/2] is initially in the
state |a), such that

0 r <0

zla)y={-%1 0<z<? 6.477
Ja 4
0 x>%
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Now we have found that

\2[ cos ML n odd
(|EYy={Y%" . o (6.478)
\/» Sll’l n even
where 5 9.9
h
E,=2T n=1,2,3.4,... (6.479)

2ma?
Therefore, we get

\)N\Q
@

(Folo)= [ (Bula)w]a)de= [E | 2)d
T 00
0) = (Ey [} |BY) + (B | @) |Ba) + (B3] o) By} +
:%IE1)+3%IE3) 2f|E4) 527TIE) |E7>—£|Eg) .. (6.481)

If we assume that the final state |3) is an energy eigenstate, say |E,), we then
have the probability amplitude that the particle started out in state o) at ¢ =0
is found in the state |E,) at time ¢ is

Apa(t) = % e "B E, | EY(E |a)=e "B (B, | a) (6.482)

and the corresponding probabilities are
Pra(t) = [(En | a)]? (6.483)

which is independent of time. A plot of these fixed probabilities versus n is
shown in Figure 6.16 below.
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Figure 6.16: Probabilities

If, on the other hand, we assume that the final state is a linear combination of
two energy eigenstates, say,
1 1

18) 7 7

then we have the probability amplitude that the particle started out in state |)
at t =0 is found in the state |3) at time ¢ is

Apa(t) = ;E (BIEY(E|a)

|Er) + —= | E3) (6.484)

1 i i
= 5 (TP B )+ e ER (B o)
1 1

V2 V2

and the corresponding probability is

|E1) + —= | E5) (6.485)

1) _s _i 2
Poa(t) = (8] )l = 3 [ # P (Br [ @) + 3P (By | 0|
2

2
_ 1 e*%EHtE +67%E3ti _ 1 1_}_ e%(Es,El)t
2 ™ 3m w213
2 (1 2 1
- (5 5oz E- B0t 1)
20 3 1
= 9n2 (1 + ¢ cos [g(E?) - El)t]) (6.486)

which is dependent on time. In this case the probability of observing this final
state oscillates between 0.18 and 0.72.
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6.10 Numerical Techniques

We now introduce a numerical scheme for solving the 1-dimensional Schrodinger
equation. As we have seen the 1-dimensional Schrodinger equations takes the
form

h? d?
ANy () = B () (6.487)
2m  da?
We will consider systems with the boundary conditions
d
¥(z) and # are continuous and finite for all x (6.488)
x
Hlirin P(x)=0 (6.489)
/ [(2)|* dz < o0 or the wave function is normalizable (6.490)

Let us illustrate the procedure with the harmonic oscillator potential (so we can
check our results against the exact answer). The potential energy function is

V(z) = =mw?z? (6.491)

The Schrodinger equation becomes

deﬂ;(Qx) _ QfTﬂ; (%mwzxz _ E) W(z) (6.492)

For real systems the very large or very small numerical values of m, w, and h
can lead to calculational difficulties. For calculational simplicity we will choose

h=v2and m=w=1 (6.493)

Since hw has units of energy, when the calculation is finished we can convert
our numerical energy values back to real physical units by the operation

hw
Ereal = Enumericalﬁ (6494)
We now have the equation
d2
VWlz) (0.52° - E) v(x) (6.495)
dx?

to solve for the allowed E values.

This potential energy function satisfies V' (z) = V(-z), so that the solutions will
have definite parity or they will be even (¢(x) = ¢ (-x)) or odd (¢¥(x) = - (-x)).

We arbitrarily choose solutions of the form
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_ dy(0) _
even ¥(0) =1 and =0

_ dy(0) _
odd ¥(0) =0 and =7~ =1

The particular numerical values chosen are arbitrary since the wave functions
we find have to be normalized anyway. These choices correspond to choosing
wave functions that look like those in Figure 6.17 below

w(x) w(x)

x /| x

Even Odd

Figure 6.17: Initial Values

in order to satisfy this parity property.

The solution method then follows these steps:
1. choose 20
#(0) and O
dx
(choose an even or odd solution type)

2. pick a starting energy value

3. with the chosen boundary conditions and energy value, break the second-
order differential equation into two first-order differential equations and
use a Runge-Kutta method to solve for the values of ¢ () for = > 0, i.e.,

if we let
dy dy d*y
y = > — = —
dr dr dx?
then we get the two coupled first-order differential equations

Y _ 0522 - dy_
o (0.52° - E) ¢ and Y

4. the fourth-order Runge-Kutta equations corresponding to these equations
are then

T+l = Tk +h
h
Y1 =Yg + r (fir+2fa+2f3+ fs)

h
Yeel = Yi + s (91 +292 + 293 + g4)
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5.

7.

where

f(x,9,y,E) =y and g(x,%,y, E) = (0.52% - E)¢ (6.496)

and

fl :f(xkawkvykhE)

h h h
fo = f(a + 57% + §f17yk: + 5917E)

h h h
- V. >
ka+27wk+2f27yk+2927 )

(

(i +hob + hfs,yp + hgs, E)
(
(

I3
fa
g1=9 xlwwk?yk?E)
g2

h h h
= g(ap+ o+ = 2oL E
9$k+27¢k+2f1,yk+291’ )

h h h
= + s = +-g2, K
g3 g(xk 271/)k+2f279k 292a )

94 :g(xk +h7¢k+hf3allk +hg3aE)

an allowed energy value (an eigenvalue of the Hamiltonian) occurs when
the numerical solution approaches zero (exponential decrease) for large
values of x

since it is not possible to find the energy eigenvalues exactly (due to com-
puter roundoff errors) the numerical solution will always diverge (get very
large (either positive or negative)) at large values of x

the solution method can only home in on the energy eigenvalue

The program code below carries out the following process:

1.
2.

choose an energy eigenvalue lower than the desired value

choose an energy step value

. the solution will eventually diverge (say it gets large positively)

increase the energy value by the energy step

. the solution will eventually diverge (say it still gets large positively)

. increase the energy value by the energy step

the solution will eventually diverge negatively

an energy eigenvalue is now located between this energy value (where it
diverged negatively) and the last energy value (where it diverged posi-
tively)
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9. change the energy value back to the previous value (where it diverged
positively) and decrease the energy step by a factor of 10

10. repeat the process until it diverges negatively again

11. change the energy value back to the previous value (where it diverged
positively) and decrease the energy step by a factor of 10

12. continue until the desired accuracy is reached
Sample programs (written in the MATLAB language)

function z=sq(x,psi,y,alpha)

if (x < 1)

z=-15%(1-alpha)*psi;

else

z=15*%alpha*psi;

end
% energy 0 < alpha < 0; search for eigenvalues
% choose E lower than desired eigenvalue; choose estep a reasonable size
% and to move you in direction of an eigenvalue; program will home in
% and stop when estep/E<.0001; uses 4th order Runge-Kutta method
format long

estep=-0.05;alpha=0.99;h=0.05;n=0;E01d=10"25;
while 1

n=n+1;psi=1;y=0;

for j=0:1000

fi=y;

gl=sq(j*h,psi,y,alpha) ;f2=y+h*gl/2;

g2=sq((j+0.5) *h,psi+h*f1/2,y+h*gl,alpha) ; £3=y+h*g2/2;

g3=sq((j+0.5)*h,psi+h*f2/2,y+h*g2/2,alpha) ; f4=y+h*g3;

g4=sq((j+1)*h,psi+h*£3,y+h*g3,alpha) ;

psi=psi+hx* (£1+2%f2+2*xf3+f4)/6;

if (abs(psi) > 100)

if (n == 1)
check=sign(psi); alpha=alphatestep;
else

if (check "= sign(psi))
alpha=alpha-estep; estep = estep/10;
else
alpha=alphatestep;
end
end
break;
end
y=y+h* (g1+2xg2+2%g3+g4) /6;
end
stp=(abs(estep/alpha));
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[alpha,stp]

if (stp < 0.0001)

break;

end
end
format short

A typical run looks like:

E -Value | StepSize
0.150000 0.333333
0.200000 0.250000
0.250000 0.200000
0.300000 0.166667
0.350000 0.142857
0.400000 0.125000
0.450000 0.111111
0.500000 0.100000
0.550000 | 0.0909091
0.600000 | 0.0833333
0.650000 | 0.0769231
0.700000 | 0.0714286
0.750000 | 0.0666667
0.700000 | 0.0071428
0.705000 | 0.0070922
0.710000 | 0.0070422
0.705000 | 0.0007092
0.705500 | 0.0007087
0.706000 | 0.0007082
0.706500 | 0.0007077
0.707000 | 0.0007072
0.707500 | 0.0007067
0.707000 | 0.0000707

Table 6.1: Run Values

Using the conversion rule the energy eigenvalue is

Erear = Q hfwzlhw (6497)
2 )5 2

which is exactly correct for the lowest even state eigenvalue (the ground state).

389



6.11 Translation Invariant Potential - Bands

We now consider a potential that is periodic in space, which means that it is
translationally invariant, i.e.,

V(z) =V (x+a) where a = some fixed distance (6.498)
This might represent an electron in a 1-dimensional crystal lattice, where a is
the distance between atoms. The change in the allowed energy spectrum caused

by the periodicity of the lattice is rather striking.

The Hamiltonian of the system is
~ p2
H(z,p)=—+V(z) (6.499)
2m
This Hamiltonian is invariant if we translate a fixed distance a
A p2 p2 A
H(z+a,p)=—+V(z+a)=-—+V(x) = H(x,p) (6.500)
2m 2m

This means that the transformation operator T(a) that corresponds to a trans-
lation by a distance a commutes with the Hamiltonian
[H,T(a)]=0 (6.501)

and thus they must share a set of eigenfunctions.

From our earlier discussion, the translation operator has the defining property
that, if the state 1)) has the wave function (z|) in the position representation,
then the state T'(a) [¢p) has the wave function

(2| T(a) ) = (x+a ) (6.502)

Let us rederive the eigenfunctions of 7'(a). If |1) is an eigenstate of the T'(a)
operator, then we must have

T'(a) ) = A|1) where A = the eigenvalue (6.503)
and thus
Uz +a)=(2|T(a) ) = Az [ ) = M)(2) (6.504)
With hindsight, we write A in the form e’*® which defines k. We then have
U(x+a) = eFu(z) (6.505)
If we define
ug(z) = ey () (6.506)
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we then have that

U(z+a) = ey (2 +a) = eF9(2) = e e* Py, (2) (6.507)

ug(x +a) = ug(x) (6.508)

which says that ug () is also periodic in space with period a. The eigenfunctions
of T'(a) are then given by '
() = e*®uy(x) (6.509)

which is a plane wave modulated by a function with the periodicity of the lattice
(potential).

This type of wave function is called a Bloch wave.

We note that k& must be real since if k were not real, then the eigenfunction
would diverge as x gets large and thus be unrenormalizable, which is not al-
lowed.

Since H and T (a) must share a set of eigenfunctions, we can construct a com-
plete set of energy eigenstates in the form of Bloch waves. This means that we
can find at least one energy eigenstate for each possible A = e**® since all \ are
eigenvalues of T'(a).

Note also that the values k and k + 27n/a give the same eigenvalue and thus we
can restrict our attention to k values in the interval

ekt (6.510)
a a

and we will be including all possible eigenvalues of T(a).
Example

Let us now consider the specific example of a 1-dimensional periodic array of
delta functions

V(z) = i vod(x — na) (6.511)

n=—oo

which corresponds to the so-called Kronig-Penney model.

In the interval 0 < = < a the potential vanishes and the solution to the Schrodinger
equation is of the form

. . h2q2
P(x) = Ae'? + Be % where F = —— (6.512)
2m
Therefore, in the interval 0 < x < a, we must have
up(z) = AeaRT 4 pemilarh)z (6.513)

The coefficients A and B are fully determined by two conditions:
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1. ¢¥(z) and hence uy(x) must be continuous at the lattices sites
ln k(1) ~ e (-7)) = 0
Periodicity then says that ug(-7n) = ug(a-n) and hence we must also have
Lim (ur (17) ~ ui(a = 1)) = 0

which gives

A+ B = Ae'laRa | Beilatkla (condition 1) (6.514)
2. dy(x)/dx is discontinuous at the lattice points, as we showed earlier, as
follows:
h? [ d d
Sy ICO] e UIC)) = v02(0) (6.515)
n-02m dx dz R
We have
lim(d¢(x) ) =iq(A- B)
n—0 dzx e
=
hm(d¢u> ):eimhm(d¢u> )
n—=0 dx R n=0 dx v=a-n
— e—ikaiq (Aeiqa _ Be—iqa)
¥(0)=A+B

which gives
2

h , ‘
—iq (A— B - Aeila-k)a | Be—z(q+k)a)
2m

=v9(A+ B) (condition 2) (6.516)

We only need these two conditions and do not need to worry about all of the
rest of the potential because of the periodicity.

We solve for the ratio A/B in each equation and equate the two results to get
a transcendental equation for ¢ in terms of k& (which then gives us the allowed
energy values). We get the equation

cos ka = cos qa + 0 Gin qa (6.517)
qh?

Now for any given value of k& we must have
-1<coska<+1 (6.518)

Therefore, if we plot

mupa sin qa

cos ka = cos qa + 2

versus qa (6.519)
qa

the only allowed ¢ values are between the two lines representing +1 as shown in
Figure 6.18 below.
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Q8

Figure 6.18: Allowed q values

i.e., ¢ must always lie in the unshaded areas. For each value of cos ka there are
an infinite number of solutions. Taking % in the range —w/a < k < 7/a , we can
plot
f12 2
E="% versus ka
2m

as shown in Figure 6.19 below.

band

band

gap

band

gap

!
ola
<
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~

Figure 6.19: Bands and Gaps

The possible energy values lie in bands, with gaps between them. This structure
of the energy spectrum with bands and gaps occurs for all periodic potentials.

It is the basis of the explanation of energy bands in solids, which we will discuss
in detail later.

6.12 Closed Commutator Algebras and Glauber’s
Theorem

The earlier example of the solution of the harmonic oscillator potential illustrates
a general rule about algebraic solutions.
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In that example we had the following commutator algebra
la,a*)=1, [a,N]=a, [a*",N]=-a" (6.520)

In this algebra, all the commutators only involve a closed set of operators. In
this case the set is {a,af, and N}.

When the algebra is closed, we call it a closed commutator algebra.

If we have a closed commutator algebra, then, in general, we can completely
solve the eigenvalue/eigenvector problem for these operators using algebraic
methods.

Some examples are the harmonic oscillator, systems that can be factored, and,
as we shall show later, angular momentum operators, and the hydrogen atom
system.

A very useful algebraic result is Glauber’s Theorem, which we now prove.

For two operators A and B assume that
[A,[A,B]]=[B.[A,B]]=0 (6.521)
Now let z be a parameter and consider the operator
fx)= eAveBe (6.522)
We then get

df - A Be A Be A Ae Be A —ds As B
AeAxeBac+€AacB€B;c:AeAxeBac+€A3:Be AxeAa:eBx

o=
= (/i + eA“"BefAz) eAreBe - (A + eézée"&x) f(x)
Our assumption (6.526) implies that (proof later)
[B,A"] =nA"' B, A] (6.523)

and
[B.e]=% () [B A7

= () A B 4]

n (n-1)!
-~ [B, A]x (6.524)
which gives
(B, ] = BeAr e B = Ao [ B, A]w (6.525)
e Be A" = B~ B, A]x (6.526)



Thus, we have
% = (A+eMBe ) f(z) = (A+ B+[A, B]x) f(2) (6.527)
Now, our assumption (6.526) says that
[(A+B),[A,B]]=0 (6.528)

This means that we can treat them like numbers to solve the above differential
equation, i.e., we do not have to be careful above operator order. The solution
= fz) = pAz Br _ (A+B)x 3[4 Bla? (6.529)
Letting « = 1 we have Baker-Hausdorf identity (Glauber’s theorem)

e(A+B) _ oA B ~3[A.B] (6.530)
This leaves us to prove (6.528). Consider some special cases to see how it works.

n=1 [E,A] =npA"! [E,/l]

This suggests a general proof by induction. Assume that
[B, A" '] = (n-1)A"?[B, A]
is true. Then, we have

[B,A"]= BA" - A"B = BA™A- AA" B

=2(n-1)A""' [B,A]+ A"'BA- ABA™!
=2(n-1)A"[B,A]+ A" BA- A[A" ' B+ (n-1)A"?[B, A]]
= (n-1)A"[B,A]+ A" [B, A] =nA"' [ B, A]

Done!
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6.13 Quantum Interference with Slits

In the experiments considered here, we measure the y-component of momentum
for a particle passing through a system of slits. The source-slit system is the
preparation apparatus that determines the state vector. Recognizing that a
system of slits is a position-measuring device allows us to ascertain that the
state vector is a position state. Then, writing the state vector in momentum
space provides a straightforward calculation for the probability amplitude and
its corresponding probability function. Interference effects, if any, are inherent in
the probability function. We determine the statistical distribution of scattered
particles for four different slit systems. The results are in agreement with the
well-known interference patterns obtained in classical wave optics.

6.13.1 Introduction

The double-slit experiment is the archetypical system used to demonstrate quan-
tum mechanical behavior. It is said by Feynman "to contain the only mystery"
in all of quantum mechanics. Numerous textbooks and journal articles discuss
slit interference, usually in conjunction with wave-particle duality. Most authors
emphasize that classical physics cannot describe the double slit experiment with
particles. Yet, bolstered by the deBroglie hypothesis, they still ascribe to the
classical maxim, "Waves exhibit interference. Particles do not". They then con-
clude that, "When particles exhibit interference, they are behaving like waves".
Then the subsequent analysis is simply wave theory, and any interference effects
are made to agree with Young’s experiment.

Thus, classical wave optics, rather than quantum mechanics, is used to explain
quantum interference. For example, Ohanian states " ... the maxima of this
interference pattern are given by a formula familiar from wave optics". Some
authors do suggest that a quantum mechanical approach is lacking. Liboff tells
us, "The first thing to do is to solve Schrodinger’s equation and calculate || at
the screen". Ballentine makes a similar statement when discussing diffraction
from a periodic array. " ..... solve the Schroedinger equation with boundary con-
ditions corresponding to an incident beam from a certain direction, and hence
determine the position probability density |¥(#)> at the detectors”. But he
then says, "an exact solution of this equation would be very difficult to obtain,
..... ". The difficulty according to Merzbacher is that, "A careful analysis of the
interference experiment would require detailed consideration of the boundary
conditions at the slits".

In spite of these misgivings, quantum mechanics does provide a straightforward
calculation for the probability distribution of the scattered particles.

Quantum mechanics is a theory about observations and their measurement. Its

postulates provide, among other things, a set of instructions for calculating the
probability of obtaining a particular result when an observable is measured.
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These probability calculations require a state vector 1)), which is determined
by the preparation procedure. Its representation is dictated by the observable
being measured

) = Zk: la) (ar [ ¥) (6.531)

The basis vectors |ay) are the eigenvectors of the measured observable A. Having
obtained the state vector [1)), the probability that a measurement of observable
A yields the value ay, is given by the Born postulate

Py = [{ar, | ) (6.532)

The state vector |¢)) and the probability distribution |(ay |t) |* are unique for a
given experiment. State preparation and measurement are discussed at length
later in the book.

We expect, then, that a quantum mechanical description of a slit experiment
will

1. clearly define which observable is being measured,
2. describe the preparation procedure that determines the state vector

3. yield the probability function for the scattered particles.

6.13.2 Probability functions and quantum interference

The experiment considered here consists of the apparatus shown in Figure 6.20
below. For such an experiment, the source-slit system, which determines the
possible y-coordinate(s) of the particle at the slits, is the preparation apparatus.

source

Figure 6.20: Particle Scattering from Slits
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A particle originating at the source is scattered at angle 6 by the system of
slits. Thus, a particle passing through the slits has undergone a unique state
preparation that determines the probability of scattering at angle 6.

The state vector is a position state. Because position and momentum are non-
commuting observables, a particle passing through slits always has an uncer-
tainty in its y-component of momentum. It can be scattered with any one of
the continuum of momentum eigenvalues p, = psinf, where -7/2 < 6 < 7/2.
Measurement of a well-defined scattering angle 6 constitutes a measurement of
the observable p, and, therefore, the basis vectors in Hilbert space are the mo-
mentum eigenvectors [p, ).

The probability that a particle leaves the slit apparatus with momentum p, is,
then,

Py, =|(py | ) (6.533)

It is this probability function that exhibits quantum interference. Its maxima
and minima, if any, correspond to constructive and destructive interference re-
spectively.

In the position representation, the free-particle momentum eigenfunction corre-
sponding to the eigenvalue p, is

(ylpy) = —= ervy/h (6.534)

and the probability amplitude for scattering with momentum p,, is

wol)= [ ol twlody=—= [ emoPupay  (653)

An examination of the corresponding probability function

Py, = py | )

will determine whether or not there is interference.

In the following discussion, we evaluate the integral of amplitude equation by
first constructing the position state function

Y(y) =(y|¥) (6.536)

We do this for four source-slit systems, including the double slit.

6.13.3 Scattering from a narrow slit

A narrow slit of infinitesimal width is an ideal measuring device; it determines
the position with infinite resolution. A particle emerging from a slit at y = y; is
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in the position eigenstate |y;). In the position representation, the eigenfunction
of position is the Dirac delta function

V() =(yly1)=0(y—v1) (6.537)

and the probability amplitude for a particle emerging from the slit with mo-
mentum p, is

{py | ¥) = f SRS (y - ) dy = ——=e P/ (6.538)
\/_
The corresponding probability function is
2
P(py) = (py | ¥)[* ‘ e P /M = constant (6.539)
\/_

It is equally probable that the particle is scattered at any angle. There is no
interference.

6.13.4 Scattering from a double slit(narrow)

We again assume that the slits are infinitesimally thin. For such a double slit
apparatus, the observable § has two eigenvalues, y; and y2. Assuming the
source-slit geometry does not favor one slit is over the other, the state vector is
the superposition of position eigenvectors

[¥) = —= (ly1) +[y2)) (6.540)

1
V2
and

by) = % (6 (y-1)+6(y—y2) (6.541)

Here, the amplitude for finding the particle with momentum p, is

(py |1) = fe‘ip’y”/h5(y—y1)dy+fe‘ipyy/%(y—yg)dy

1 1|7 r
1
:ﬁ(

From which we get the probability function

empyyi/h e—ipyyz/h) (6.542)

2

P(py) = [py | ¥ —ipyyi/h e—ipyyz/h)

| e

= L (g cimvim/h i imv)/hy
7

= 217r (1 + cos (p;d)) (6.543)
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where d = y; —y- is the distance between the slits. We see that this probability
function does have relative maxima and minima and quantum interference does
occur. Using p, = psinf we obtain the angular distribution of scattered particles

P(0) = % [1+cos(pdsfin€)] (6.544)

The distance between the slits determines the number of interference fringes. In
this example the distance between the slits is d = 4\, where ) is the deBroglie
wavelength. If we define ¢ = pdsinf/h and use the half-angle formula

1+ cos g = 2cos? (%) (6.545)
the probability function takes the form
1
P(p) = = cos” (f) (6.546)
T 2

This is the familiar intensity distribution for Fraunhofer diffraction. A plot of
(6.550) is shown in Figure 6.21.

ANGULAR DISTRIBUTION P(@)
OF SCATTERED PARTICLES

¥
. - ’ z

2 4 4

e

SCATTERING ANGLE @ (RADIANS)

Figure 6.21: Angular Distribution of scattered particles from double narrow slits

6.13.5 Scattering from a slit of finite width

A slit of finite width is an imperfect apparatus for measuring position. It cannot
distinguish between different position eigenvalues and a particle emerging from
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a slit of width a can have any value of observable § in the continuum -a/2 <y <
a/2. Assuming an equal probability of passing through the slit at any point, a
particle at the slit is in the superposition state

1/\/a -af2<y<al2
v = (v = V0 o2 eusal (6.547
0 elsewhere
Here, the probability amplitude is
1 al2
= — e_ipyy/hd
-a/2
_ e—zpya/Zh _ ezpya/Zh
DPyV2ma ( )
2h in(apy/2h) (6.548)
= ————sin(a .
DyV2ma Py
and the corresponding probability function is
2 2h2 . 2
P(py) = (py | V)" = — sin”(ap,/2h) (6.549)
map;

This result is shown below in Figure 6.22 in terms of the scattering angle 6.

— - . ' . u - -

SCATTERING ANGLE @ (RADIANS)

Figure 6.22: Angular Distribution of scattered particles from single slit of finite
width

Once again, the distance between the slits determines the number of interference
fringes. In this example the distance between the slits is d = 4\, where A is the
deBroglie wavelength.
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We see that P(p,) is the well-known diffraction pattern for light if we define
a = apy/2h = apsin0/2h and write

P(a) = %

(Sizo‘)2 (6.550)

6.13.6 Scattering from a double finite-width slit

As a final example, we consider a particle passing through a double-slit appa-
ratus consisting of two slits each of finite width a. This is the most realistic
description of the double slit experiment. Here, the state vector is

1
) = NG ([y1) +1y2)) (6.551)
where
1Va y1-a/2<y<yi+af2
= 6.552
(ylv1) {O elsewhere ( )
and
1Va y2-a/2<y<ys+af2
= 6.553
(ylv2) {O elsewhere ( )
Again, we calculate the probability amplitude
1
{py [ ) = 7% ((py [ ¥1) + (py | ¥2))
y1+a/2 y2+a/2
= 721 f e Puulhqy + f e~ vyl gy
e 1-a/2 Y2-a/2
_ M [emimyialh _ gminy(n-a/2)h
pyV2ma
+ e~ tpy(y2+a/2)h _ e*ipy(yraﬂ)h] (6.554)
With a slight manipulation of terms this amplitude becomes
2h —ipyy1h —ipyy2h] o
(py | ¥) = o [e yUIR _ TPy ]sm(apy/2h) (6.555)
Y
and the corresponding probability distribution is
4h? o
P(py) = ma? (1 + cos (pyd/h))sin”(ap,/2h) (6.556)

Y

The angular distribution P(#) is shown in Figure 6.23 and Figure 6.24 below
for two different slit configurations.
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Figure 6.23: Angular Distribution of scattered particles from two slits of finite
width The slit width is A=a

ANGULAR DISTRIBUTION A#)
OF SCATTERED PARTICLES

i._‘;‘—‘.".“ ol Y I’f’-?

SCATTERING ANGLE # (RADIANS)

Figure 6.24: Angular Distribution of scattered particles from two slits of finite
width The slit width is A = a/2

Once again, the distance between the slits determines the number of interference
fringes. In this example the distance between the slits is d = 4\, where A is the
deBroglie wavelength. Using ¢ = pdsinf/2h and « = apsin0/2h, we again get
the optical form.

(67

P(p) = 277(1 cos? (¢/2) (Sm@l)) (6.557)
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6.13.7 Conclusions

The Born postulate has been used to obtain the interference pattern for particles
scattered from a system of slits without referring, a priori, to classical wave
theory. Having identified the state vector as a position state and the measured
observable the momentum, we obtain explicit expressions for the state vector
|4} and its corresponding probability function

P(py) = l{py | )

The results are in agreement with wave optics.

Quantum interference can occur only when a large number of identically pre-
pared particles are observed. These particles are detected at different locations,
one at a time. A single particle is always detected as a localized entity and no
wave properties can be discerned from it.

It is interesting that for particles scattered from a double slit, the probability
amplitude that gives rise to the interference is due to a superposition of delta
functions.

6.14 Algebraic Methods - Supersymmetric Quan-
tum Mechanics

6.14.1 Generalized Ladder Operators

Earlier in this chapter, we used the ladder or raising/lowering operators and
their commutator algebra to carry out an algebraic solution for the harmonic
oscillator system.

Can we generalize this procedure to other Hamiltonians?

Let us consider the general Hamiltonian H,

g 1
0= —5@ + VO(I’) (6558)

where we have set i = 1.

For algebraic simplicity, we choose the potential energy term Vy(x) to be
Vo(z) =V (z) - Ey (6.559)

where V' (x) = actual potential energy and Ey = ground-state energy, so that the

ground state energy is zero (this is just a choice of reference level for the poten-
tial energy). Suppose that the ground state(zero energy now) wave function is
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represented by ¥g(z). We then have

R 2
figto(x) =~ TOD vy )
2
20D | (v(2) - Boyialo)
2
_ Ld%o(x) | V(2)to(x) - Egtho(z) = 0 (6.560)
2 dx?
which gives
Hoto(i) = =508 + Voo =0 (6.561)
or
_ 1%
Vo = 2 (6.562)
and
. 1 &2 0
o= [_dxz N wo] (6.563)

Let us now introduce the new operators(a generalization of the raising and
lowering operators)

S Y I
a* = \/5[¥dx %] \/E[chx +W( )] (6.564)
where
W(z) - -0 (6.565)
Yo

is called the superpotential for the problem.

We then have

2&*&*:21[¢d_%]1[id_%]

V2| de o | V2| dz
A AN A YA A
__da:Q+(:Fdx)(_wo)+(_¢o)(idaz)+(_wo

d2 r\2
L (‘@bﬁ) (6.566)

To determine a more useful form for the quantity

ioe b (Y0) (%0 @
a_idx(wo):F(z/zo)dx (6.567)
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we let it operate on an arbitrary function f(z). We get

ar) =+ (2) s+ (12) Lo

() (B)i i (3)

.2 (%
- |::i: - (%)] f(z) (6.568)
or )
I 0 W 2
a_idx(%)_i(% (%)) (6.569)
We then get
26%aT = - @ + 4 +(¢0)
da? Yo
EfS )
dz? \ o \%o Yo
A v\
——dﬁiwo+(1¥1)(%) (6.570)

If we define two new quantities by

d ) . 1 d?
= -0 H, = D71
‘/1(.%) Vo(l‘) dr ¢0 s 1 2 de + ‘/1(.%) (6 57 )
then we have
. 1 a2 1 Yo L[ @ 9i] 4
-4 -l = H, 6.572
COET w2 Ty 2| A T | T (6.572)

and

" ! 2
AT AT 1 d2 _11/)0_’,(%)

aa =-=-—7

2 dz? 21/)0 ’(/J()

LA A
2 dx? d)o dx IZJO

_ L dd
2 dz? dx g
1 d? -

=3+ Vi= (6.573)

H, is called the supersymmetric (SUSY) partner of Hy. Vi(z) and Vp(z) are
called the supersymmetric partner potentials.
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Now consider the operator

. d
b= (6.574)

(remember —if3 = p = linear momentum operator) What is B+? We could figure
this out from the momentum operator, but it is instructive to do it from scratch.
The formal definition of 5* is given by the hermiticity condition

[ Fg @@= [ ¢ @) @))da (6.575)

or

f (B+g*)fd$ - fg*%dx = 9" flattimits ~ f CEZ: fd
- [ (D)) fda .

This says that B+ = —B , which we can also see from the Hermitian momentum
operator (B* = (=ip)" = ip* = ip = —B). We have assumed that g, f - 0 at the
limit points (this is required for hermiticity).

Therefore, since

o Lld %o L] 5 %
¢ _\/5[ dx 1/10] \/5[ 1bo] (6.577)

we get

A++_L_A+_w76 :L A_%
(@) _\/5[6 %] \/5[ %]

{4 Y|,
_ﬁ[da; %] a (6.578)

Similarly we have (¢7)* = a* which says that
Ho=a%a =a*(a")" = (a7 )ta (6.579)

which is the same result we had in the harmonic oscillator case, i.e., the Hamil-
tonian is expressed as the square of an operator.

The next thing we need is the commutator

[a",a*]=a"a"-a*a = Hy - Ho (6.580)
We find
. 1 d? A
[a™,a"] = Y] +Vi-Hy

_ 1@ Ay, 1d®
2 dx? dr o 2dz? "
d !

= _@172 (6.581)
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In general, this commutator is a function of x for non-harmonic potential (it is
equal to a constant for the harmonic oscillator).

In order to work with this system of operators we need to figure out some of
their properties.

(1)

We have
a*a o = Hotho = 0
(vo| Ho o) = 0= (vola*a™ o)

This says that the norm ||a~ [1)g}| equals zero and hence that

a o =0 (6.582)

atH, - Hoa* =a*a a* -a*a a* =0=a Hy - Hia~ (6.583)

Let the state /0 be an eigenstate of Hy with eigenvalue E2. We then have
Hoyn = "a7y5 = Enyn
a”a* (@ yn) = Ep(a™yy) = fh(a ) (6.:584)

which says that a2 is and eigenstate of H, with eigenvalue E? (which is
also an eigenvalue of Hyp). This is true except for the ground state where
a" o =0.

Let the state 1} be an eigenstate of H, with eigenvalue E!. We then have
Hiyh =a a*yl = Byl
ata”(ay) = By(aty)) = Ho(a*yy)

which says that a™¢} is and eigenstate of H, with eigenvalue E! (which
is also an eigenvalue of Hy).

This means that the eigenvalue spectrum of the two Hamiltonians Hy and
H; can be derived from each other as shown in Figure 6.25 below.
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Wg Eg I No State
H0 H1

Figure 6.25: Eigenstate/Eigenvalue Relationships

Hy and H; have the same energy level spectrum ES E! except that the
zero energy ground state of Hy, Ej, has no counterpart for H;.

The arrows indicate the operator connections between the state vectors.
This is an extremely important result.

If only one of the Hamiltonians is exactly solvable or more easily treated
using approximation methods, then the solutions for the other Hamilto-
nian can be obtained from the solutions of the solvable member of the
pair. This is the meaning of supersymmetric partners.

Now consider the normalization condition. We have
(Vn aat ) = (Vo] By [n) = B (v [ ¢)  (6.585)

Therefore, if (¢} |¥1L) =1 (normalized to 1), then, if we let |a) = a*[¥}),
we must have

Hiln) = (v

(a]a)=E} (6.586)

The state [o) = a* [} is not normalized. We can insure normalized states
in successive steps by choosing

60) =t fuh) and )= —afl)  (658)

n n
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We now fix one part of the notation by letting ¥9 = 1)y and define

0/
Pd=-10
g
which implies that
1 d
it = —|F—+P ]
¢ \/5[ dx @)
9" 1,
V=o—5==|-0"+®
=5y "ol

1
Vi== [0 +o?
- L)
A compact matrix notation for both Hamiltonians is

0 (1A2 1 2)A 1,
D)= (22 c02) i cals,
( 0 Ho) PLE R R

where

Now the equation

says that

diby
Vg
-f@(x)dx=1n( %) ~In(A)

Y9(x) = Aexp [— f q)(x)da:]

- ®(z)dx =

where A is a constant given by the normalization of 1.

(6.588)

(6.589)

(6.590)

(6.591)

(6.592)

(6.593)

(6.594)

(6.595)

(6.596)

(6.597)

This result can inverted, i.e., we can specify ®(x), which then gives wg and a

pair of Hamiltonians to study.

6.14.2 Examples

(1) Harmonic Oscillator - We choose ®(z) = wz. This gives the two poten-

tials
Vo =

Vi =

(6.598)

(6.599)



and the two Hamiltonians

5 1 d? 1d> 1 545 1
_ 1 e 2 _z 6.600
07 0 gm2 T0T Ty gp2 T T Y (6.600)
. 1 d2 1d® 1 5,4, 1
Hl:_§@+vlz_§ﬁ+§w T +§w (6.601)

which corresponds to two harmonic oscillators with zero point energies
differing by w. We then find

a = \}5[4-;;4-(1)(95)] = %[% +wa::| (6.602)
Now we must have
V247 = [% + wx] W3 =0 (6.603)
which is easy to solve. We get
0 0
dwOO(x) = —wxdxr - dwOO(x) = —w[mdx (6.604)
0(2) Yo ()
Inyg(z) -InA = —%wa (6.605)
0 L9
wo(x) = Aexp(—iwx ) (6606)

as the ground state of Hy. Since H; differs from H, only by a shift of w,
its lowest eigenstate corresponds to

i(x) = Aexp(—%wxz) , El=w (6.607)

The first excited state of Hy is obtained using a*. We have atil =atyd =
Y, so that

el el

= % [—% +wx] Aexp(—%wa)

1
= Ax eXp(—§wx2) (6.608)

with EY = w, and so on. Iterating in this fashion we can generate the
entire solution. It clearly agrees with our earlier results for the harmonic
oscillator.

(2) Reflection-Free Potentials - Let us investigate the case given by

®(z) = tanh(x) (6.609)
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We then have

1 2 1
V:f[l— ] , Vi== 6.610
072 cosh? z o ( )
Thus, the potential
1
- 6.611
cosh® z ( )

has the constant potential 1/2, which corresponds to a free particle, as its
supersymmetric partner.

We can find the normalized ground state eigenfunction of Hy using

00 - Aexp[— / @(x)dx] - Aexp [~ log(cosh(z))]

A
=— 6.612
cosh(x) ( )
Now, normalization gives
Coo2 1 o 11
dr=1->A=— - = 6.613
l |’(/)O| \/§ wO \/§ COSh(ZE) ( )

The ground state energy is E = 0 (by definition). The energy eigenstates

for
N 1d® 1

H; :—gﬁ'*‘g (6.614)
are given by
. 1d%pt 1
Hygy = =5 5"+ 5 ¥ = B (6.615)
d*y 1
g2 2B )Y =0 (6.616)
which has solutions '
Ui () = e (6.617)
where . .
k2:2(E;—§) or E;:§(1+k2) (6.618)

From the formalism, the remaining normalized eigenfunctions of H, are
given by

1
—a* )

VE;
I S
Via+k2) V2

_ (=ik +tanh(z)) gike

/a2
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The corresponding energy eigenvalues are also Eé These continuum states
have the property that they do not possess reflected waves, hence the name
reflection-free potentials.

6.14.3 (Generalizations

While the SUSY method seems to be very powerful, one wonders - how does
one find the ®(x) functions relevant to a particular Hamiltonian H that one
wants to solve?

We can see how to do this by re-deriving this result in a different way.

We consider a general Hamiltonian H and define a set of operatorsm, N2, N3, ......
and a set of real constants F1, Eo, Fs, ...... such that they satisfy the recursion
relations

it +Ey = H
fla T2 + By = iy + By
fi373 + E3 = i)y + Ea

or, in general
A4 ~ A A4 .
nj+177j+1 + Ej+1 = Ujﬁj + Ej , J= 1, 2, 3, ........ (6620)

Theorem - If each n; has an eigenvector |¢;) with eigenvalue equal to zero such
that

M;1€) =0 (6.621)
then

(a) the constant E; is the j*" eigenvalue of H (arranged in ascending order)
E\ = ground state energy, Ey = 1% excited state energy, ........ (6.622)
(b) the corresponding eigenvector is (ignoring normalization)
|Ej) = 113105 v 77;_1 1€5) (6.623)
Before proving this theorem, let us talk about the meaning of the theorem.
Statement (a) implies not only that F; is an eigenvalue, but also that there is
no eigenvalue between E;_; and Ej, ie., if F is an eigenvalue of H, then E
equals one of the £ or else E is larger than all of the Ej.

If we introduce F,,. = least upper bound of the sequence F1, F>, E3, ...... then
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the theorem gives all the eigenvalues below E,,... If E4 = oo (as in the
harmonic oscillator), then this theorem implies all of the eigenvalues. If F, . = 0
(as in the hydrogen atom), then this theorem implies all negative eigenvalues.

The theorem yields all parts of the discrete spectrum and says nothing about
the continuous part of the spectrum (if it exists).

Proof of the Theorem

We first define new operators

Aj = f];?’A]J + Ej (6624)

so that using the recursion relations we get

Aj+1 = 77;—+1’F]j+1 + Ej+1 = ﬁjﬁ; + Ej for all j (6625)
We then have
Ajaiy = (] + B;) iy =0y (0] + Bj) = 0 A,
Ajiy = (050, + E;) i =05 (R0 + E;) =0} Aja
H=A, =i + By

Therefore
H|E;) = Aviiigig s 31165 = AT A e A1 165)
= g Aghy e, M1 €)= oo and so on until
SR P p— 145 1€)

But our assumption 7; |£;) = 0 then gives
Ajlg) = (i + B5) 165) = 75 (05 16)) + B5165) = E; [65) (6.626)
or |¢;) is an eigenstate of Aj with eigenvalue E;. This gives
H|E;) = E; |E;) (6.627)
or |E;) is an eigenstate of H with eigenvalue E;.

Now consider the quantity F;.1 — E; and assume that ({41 | 1) = 1. We then
have

Ej = Ej = (&1l (Ej = Ej) §01) = (€5l (0577 = 05a1741) €541)
= (€511 (07} |€41) since Mji1]E541) =0 (6.628)
Now let [) =7 |€;+1). We then have Ej.; — E; = (3| B) 20, which says that

F1<Ey<E3<FE < i, (6629)
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Finally, consider the eigenvector |E) of H and define the vector
|Pn) = Mniin-1Mn-20n-3.....N211 | E) (6.630)
We then have
0<(p1lp1) = (Bl |E) = (E| (A1 - Ev) |E)
=(E|(H - E\)KetE = (E|(E - E,) |E) (6.631)

or
E-E >0->E>E; (6.632)

Similarly,

0< {p2|p2) = (E|ningianis |E) = (E|n; (A2 - Bz )ijy |E)

(E|n} (Agtiy - 171 B2) |E) = (E|n} (71 A2 171 B2 ) | E)
(Eln{ri(H - E) |E) = (E - ) (E|nf7ji | E)
(E-Ez)(E-Ey) (6.633)

But, since E > Fy, this says that E > Ey. Generalizing we have
0<(p2|p2)=(E-Ep)(E=FEp-1)ecueenen.. (E-E3)(E-E) (6.634)

which implies that £ > F; for all j or E = one of the E;, which concludes the
proof.

This theorem does not, however, tell us how to find the operators.

The crucial step in the method is the factorization of the Hamiltonian H | i.e.,
H =49 +E, - H-E, =i = "square” of an operator (6.635)

Once we choose 71, it is not difficult to construct the others.

During the construction, any adjustable parameters must be chosen in such a
way that all the are as large as possible, which then guarantees a unique solution
to any problem. To see that this requirement is necessary, consider a change in
ﬁj and Ej with ﬁj—l and E]‘_l held fixed. Now
Ay 05+ Ej = 0j_yfj1 + Eja (6.636)
implies that
6(7; 1) + 0E; = 8(fj-1; 1 + Ej-1) =0 (6.637)
when 7);_1 and E;_; are held fixed. Therefore, we get
OE; = (& 0E;165) = (&1 = 0(0;0;) 1€5) = (§51 = (997 )7y — 715 (975) |€5)
= — (&1 (00;)0; 1€5) = (&5l 07 (075) 1€5) = 0= (&1 75 (6735) 1€5)
= — (& (007) 5 1€;)" =0
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This says that we are at an extremum or physically at a mazimum.

In the first derivation we simply guessed the function ®(x), calculated Vy(z)
and then solved the problem corresponding to

2

Hy = _d Vo(z) (6.638)
dx?

t turns out, however, that for the particular form of H that we have been
considering, we can do more than guess. In particular, for
~2

H=-L +v@) (6.639)
2m
we can always choose
. .
nj = 7m(p+zfj(x) (6.640)

where f;(%) = a real function of the operator .

6.14.4 Examples

(1) Harmonic Oscillator revisited - The Hamiltonian for this system is

~2 2
A= T2 (6.641)
2m 2
We assume 1
i = —(p+if;i (2 6.642
Ty o (B+if;(2)) ( )
We then have, from earlier discussions,
WA o o df(x
)=, [£(@).5) - n L) (6.643)

dx

The last commutator follows by operating on an arbitrary function g(x)

[f(2).plg(x) = [f(2)p - pf(2)]g(x)

= —ih[f(w)% - %f(x)]g(x) - _m[f% - %1
= —ih[f% - j—z - g%] = ih%g(x)

which gives the commutation relation.

We then get (using p* =p, 2% =2 and f*(2) = f*(x) = f(2))
At r, .. L
iy =5 (b =ifi)(P+if;)

T )

- 2mp i mej 2m L£3:7]

1 hodf;

1
2 (2
2m 2m"7  2m dx
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Similarly,

2m dx
We then have
H=#tn +Ey
1 5 1 o A dfi 1 5 1 9
= — 4+ — + — = — + —
2mp 2mf1 2m dx 2mp 2mw v
and 1 hodf 1
Lo A 1 o 2
2mf1 " 2m dx 2mw v

which implies that

1
fi(x)=xmwzr , Ei= ¥§hw

2

(6.644)

(6.645)

(6.646)

(6.647)

We need only find a particular solution that guarantees the existence of a vector

|€;) such that 7);[¢;) = 0.

Which sign does this imply?

The choice of the minus sign guarantees an ascending order of eigenvalues. The
choice of the plus sign implies a descending order and no lower limit to the set

of eigenvalues, which makes no physical sense.

So we choose )
filx)=-mwz , E;= +§hw

We now find f; using

Moo + By = iy + By

1 h d 1
12+ s = —mw?a? + hw
2m dx 2

2m
which gives
3
fo(x) =-mwz , Eo= +§hw

Similarly, the recursion structure gives

fi(z)=—mwz , E;=+(j-1/2)hw

Thus, all the 7); are identical

N 1
= V2am

(p — imwz)

and

1B;) o (117) 71 15) o« (p+ imuwi) 1 [&;)
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where

1
i 1€;) = —=— (D —tmwz) &) =0 6.655
M5 1€5) \/%(p )1€) ( )
Finally, we show that the state |€;) exists. We have
M1 ]€1) =0 = [¢1) = the ground state (6.656)
This says that
(b - imwi) 1) = (6.657)
(2] (p - imwi) |€1) (z[pl€r) - imw (x| 2[&1) = (6.658)
_ mdi (2] &) - imwa (2] 1) = 0 (6.659)
x

This last differential equation says that

(z]&)= Aexp[—%xz] (6.660)

which is the same ground state wave function as before!
Does this procedure really work for all Hamiltonians H of this form?

(2) One-Dimensional Infinite Square Well - This is probably the most
difficult case to consider because the potential involved is not defined by an ex-
plicit, analytic function of x. It only enters the problem implicitly via boundary
conditions at the walls. This means that H has no explicit dependence on z.
We must, however, somehow introduce a dependence on z in the factorization
procedure.

Let the well extend from 2 =0 to z = L. We then have (inside the well)

=2 (6.661)

Again, we assume

iy = =+ i,(@) (6.662)

which gives

1 o hdf
— ———+F =0
me1 2m dx it
hdfi _ hdfy
—— =—dx —> [ dx
2mE1 + fl 2mE1 + fl
df 1 a1 h
h / =h tan =—(x—-=x
2mFEq + fl V2mE; 2mE; ( O)
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or

vV 2mE1
h

fi(z) = —v/2mE; tan [ (z- :co)] (6.663)

where z( is the constant of integration.

The possible choices of F; and xg are restricted by the behavior of the tangent
function. In the position representation, x is a number such that 0 < x < L. The
tangent must remain finite in this interval. The singularities of tany occur at

_msmosmo (6.664)

227 2
i.e., they are separated by 7 radians. We attain the largest possible value of E;
if one of the singularities lies at = = 0 and the next at « = L (it is permissible for
the tangent to have a singularity at these points (the walls) since the potential
and hence H are also infinite there. So we assume that

V2mE
at x =0 tan[ ZL 1x0]:m (6.665)
V2mE
atx =L tan[— :: 1(L—9m)]:oo (6.666)
which imply that
V2mE V2mE V2mE
mEy =T YEEL 3T VB T 6 667
h 2 h 2 h 2
or
V2mE
- Z‘lL:w (6.668)
This gives
h2m?
EFy=—+ .
e (6.669)
and
\/ZmEl 7h
=—2mEt -
h " 1an[ N T
_ Lhtan[—ﬁz— z] _ mhsin[-Fo - 7]
A A R N
WhCOS(%x) 7h T
_h _mh (7T 6.670
L sm(zn) - L ) (6.670)
This implies that
1 mh T
M =—|p+i— cot — 6.671
M \/%[P+@LCO L] (6.671)



Reflecting on this result we now choose

iy = —— [p + ic; cot(bz)] (6.672)

V2m

where c¢; and b; are to be chosen to give the correct recursion relations. Now,
in order to guarantee 0 < x < L we must have 0 < b; < w/L. If we apply the
recursion relations we get

JU 1 r.
77;+177j+1 = % [p2 - Cj+1bj+1h + Cj+1(Cj+1 - bj+1h) cot? bj+1$] (6673)

0y =5 - [5° - cjbjh +cj(c; +bjh) cot® bz ] (6.674)
m

which implies that

I
o [6” = cjerbjurh + cjr1(cjir — bjpah) cot® bjia] + Eja
1, ,
= 5 [0° -~ eibih+ i + bjh) cot®bja] + B (6.675)
m

Equating powers of x gives

bj+1 = bj i bj = bl = % (6676)
cjr1(cjr1 —bje1h) = ¢j(cj + bjh) (6.677)
2mEj+1 - Cj+1bj+1h = 2mEj - Cjbjh (6678)
or
2mE; - (¢;)* =2mE; - (¢1)* =0 (6.679)
(¢5)?
E; = 6.680
/ 2m ( )
and b B
e T
cjrr(ejan =) =i+ ) (6.681)
which gives
mh
Cj+1 = —Cj OI Cjy1 =C5 + f (6682)

The last choice implies the largest F;. Therefore,

j27r2h2

mh JTnh”
2mL?

7 and E; =

cj=j (6.683)
Finally, we show the existence of |{;) where 7); |¢;) = 0. This corresponds to the
equation

[_m? +i2 7% ot (%)] (z]&)=0 (6.684)
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or

J
(&) = (sin ”—;) (6.685)
Now
|Ej) = 0105 o1 165) (6.686)
implies that
0y@) = (@ | ) = (@l i1 [6)) (6.687)
Therefore,
. Tz
P1(z) = (x| Ey) = (x| &) =sin T (6.688)
Ya(x) = (x| Ba) =1y (x| &2)
- [—ihi i™ ot (B)] sin? ™ - gin 272 (6.689)
- de L L L L '
Similarly,
At A . 3mx
Y3(x) =075 (x| €3) ~ sin —— (6.690)
and so on.
We also find
Vo(z) = L 20 (6.691)
T)=-— .
0 2 4o
where
bo(x) = %sin ”Tx (6.692)
or )
17
\Z =—— 6.693
(2) = 5 (6.693)

In addition,

1 !
W)--—Yo__ LT 7 (6.694)

Vo VLT

Finally, the superpartner potential is

d \/5 v 1 nd T
V =V -——=\/—-sin—+—=——cot — 6.695
1(x) = Vo(z) = %o sin 3L dz co ( )

This completes the solution. The method works even in this case!

(3) Hydrogen Atom - As we will see in later discussions, when we write down
the 3-dimensional Schrodinger equation for the hydrogen atom and separate the
variables, we obtain a 1-dimensional equation in the variable r corresponding
to radius. This equation looks like

1 o, h2(+1) €2

Hyune(r) = | —p% + 5~ — | une(r) = Engune(r) (6.696)
2m 2mr r
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The factorization method should also work on this equation. We choose

o1, hH(E+1) €
i = 5Py + 72( > )< (6.697)
mr T

Mo + By = 0505 + Ej (6.698)
For convenience, we have suppressed the ¢ dependence (7); < ﬁf) Now assume
1

i = o (ﬁr +i (bj + %)) (6.699)

which gives

A, = % ZHb7+ 2, + 7( cj - ) (6.700)
LT
nin; = o 1P Z+b+ 2, + —(cj + h) (6.701)

The definition of the Hamiltonian gives

1 r -
i +E = — ﬁf+b?+2b1%+%(01—h) +F

2m
1 o, h2(+1) €2
_ (+1) e 6.702
ombr " 2mr? r ( )

Equating powers of r gives

1 1
—ci(e1—h) = —L(L+1)A? (6.703)
2m 2m
ha | (6.704)

m

b2
L 4 E =0 (6.705)
2m

which imply

c1=(L+1)h (6.706)
2
me
by=——— 6.707
R TEY (6.707)
1 me? 2
Bi=-— | —— 6.708
! ((e + 1)h) (6.708)

The recursion relations then give

Cj+1(Cj+1 - h) = Cj(Cj + h) (6709)
bj+16j+1 = bjCj (6710)
b +E i+E- (6.711)
2m T om ! ’
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which imply

Cj+1:Cj+h—>Cj=(j—1)h+Cl—>Cj=(£+j)h

bjc; =bicy = —me?

T o2m 2m \ (+5)h

If we let n = £+ j we have

1 ,mc?
E,=--a’—
" 2 n?
where
2
e
o= e = the fine structure constant

c

Finally, we get the eigenfunctions. We must have ﬁ]@) I£;) = 0. Using

2 .
ROBEE N il _me +(€+j)h
; /—2m|:pr 7/|: 0+ )h ,

R P i(+7)h
V%[p’" (C+Dao . r ]

where )
ap=—5 = the Bohr radius
me
we get
. ih i(L+5)h
r i)=0
o
where

d 1
5, = —ih| L 42
p ’ [dr+r]

This implies

—Zh[i+1:|_ Zhj +Z(£+])h
dr vl (€+j)ao r
which has a solution

('I’L,E | 5]) = reJrj*le—m o w;f)(r)

We thus have

o)~ )~ (1- )
2@0

and so on, which are the correct wave functions!
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6.14.5 Supersymmetric Quantum Mechanics

This is the study of the relationship between pairs of superpartner potentials.
Some of the issues addressed are:

1. To what extent can the observed energy spectrum determine the potential
energy function. In other words, can we invert the energy levels and find
the V(z) that generated them. Is the inversion unique?

2. The number of potentials for which we can analytically solve the Schrodinger
equation is small. They are the infinite well, the harmonic oscillator (1-,
2- , and 3-dimensions), the Coulomb potential and a few others.

All of these potentials can also be solved using the factorization method
operator techniques. Thus, they all have supersymmetric analogs. All the
superpartner potentials are similar in shape, differing only in the param-
eters in their definition.

3. Supersymmetric quantum mechanics suggests a connection between fermions
and bosons at some fundamental level.

In supersymmetric quantum mechanics we study quantum mechanical systems
where the Hamiltonian H is constructed from anticommuting charges ¢ which
are the square root of H, i.e.,

20 ={Q,Q"} =QQ" +Q*Q (6.724)
0={Q.Q} > Q*=0 (6.725)
These equations imply that
[71.Q] - [0. 7] - 5[Q.QQ" +@°q]
- (QPQ" + Q0@ Q0TG- 07 Q7) =0
or that the charge Q is a conserved observable.

These Hamiltonians contain coordinates that are quantized by commutators
(bosonic coordinates) and anticommutators(fermionic coordinates). These co-
ordinates are mixed by supersymmetry transformations.

For a particle with spin, the position and spin orientation form a pair of such
coordinates. An explicit example is given by

Q=+ip(@)d" , Q' =h-ip(@))y (6.726)

where 2 and p are bosonic coordinates (degrees of freedom) and @[AJ and z/AJ" are
fermionic coordinates (we have set h = 1) satisfying

[,p]=i , {¥.0*}=1 , {d9}={d"4"}=0 (6.727)
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i.e., we have commutators for the bosonic coordinates and anticommutators for
the fermionic coordinates.

From these relations we get

{Q.Q}={Q".Q"} =0 (6.728)
and ) ) )
H =35+ 5¢°(@) - 5 [, 07] ¢/ (2) (6.729)
Using a 2 x 2 representation of the fermionic coordinates , we have
T+ oA 0 0 o 0 1
P —O'_—(l O) , w—a+—(0 0) (6.730)
{4} =66 +6.6.=1 (6.731)
Ay . -1 0
[, 9] = -6 =( 01 ) (6.732)
so that

= HQ + H1
= Bosesector + Fermi sector

The two sectors have the same energy levels. The only exception is the case
where the ground state of the Bose sector has zero energy and is thus non-
degenerate.

6.14.6 Additional Thoughts
Supersymmetry transformations are represented by the unitary operator
U =exp(eQ +*Q") (6.733)

where € and e* are anti-commuting c-numbers (called a Grassman algebra).

Supersymmetric one-particle quantum mechanics serves as a model for the inves-
tigation of spontaneous breaking of supersymmetry, which is supposed to occur
in supersymmetric field theories. The ground state |0) is invariant with respect

to supersymmetry transformations provided that U |0) = |0). This is satisfied if
and only if @Q]0) = Q" |0) = 0, that is, if the ground state energy is zero.

If the ground state energy is greater than zero, then supersymmetry is sponta-
neously broken.

An example of spontaneously broken symmetry is

® = g(z* - a®) (6.734)
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N PG
H="—+Z(2%-d?) +gao. (6.735)
2m 2

The two potentials satisfy Vo(-x) = =Vi(x). There is no normalizable state in
this case with Eyp = 0 since

1
/ O(z)dr=g {gxg - a2x} (6.736)
says that the ground state energy is positive.

The world we actually observe is in one of the degenerate ground states and the
supersymmetry is spontaneously broken!

6.15 Problems

6.15.1 Delta function in a well

A particle of mass m moving in one dimension is confined to a space 0 < x < L by
an infinite well potential. In addition, the particle experiences a delta function
potential of strength A given by Aé(z — L/2) located at the center of the well as
shown in Figure 6.26 below.

V(% A

w ¥

0 L2 L

Figure 6.26: Potential Diagram

Find a transcendental equation for the energy eigenvalues E in terms of the
mass m, the potential strength A, and the size of the well L.

6.15.2 Properties of the wave function

A particle of mass m is confined to a one-dimensional region 0 < z < a (an
infinite square well potential). At ¢ =0 its normalized wave function is

Y(z,t=0)= \/i(l +cos(7rax))sin(%v)
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(a) What is the wave function at a later time ¢ = t(?
(b) What is the average energy of the system at t =0 and ¢ = to?

(c) What is the probability that the particle is found in the left half of the
box(i.e., in the region 0 < x < a/2 at t =to?

6.15.3 Repulsive Potential

A repulsive short-range potential with a strongly attractive core can be approx-
imated by a square barrier with a delta function at its center, namely,

2
V() = %Okl - a) - 5 L5(x)

(a) Show that there is a negative energy eigenstate (the ground-state).

(b) If Ey is the ground-state energy of the delta-function potential in the
absence of the positive potential barrier, then the ground-state energy of
the present system satisfies the relation E' > Ey+V,. What is the particular
value of Vj for which we have the limiting case of a ground-state with zero
energy.

6.15.4 Step and Delta Functions

Consider a one-dimensional potential with a step-function component and an
attractive delta function component just at the edge of the step, namely,

"9 50y

V(x)=Ve(r)- 37

(a) For E >V, compute the reflection coefficient for particle incident from the
left. How does this result differ from that of the step barrier alone at high
energy?

(b) For E < 0 determine the energy eigenvalues and eigenfunctions of any
bound-state solutions.

6.15.5 Atomic Model

An approximate model for an atom near a wall is to consider a particle moving
under the influence of the one-dimensional potential given by

V() = {—VO(S(x) x>-d

00 T <-d

as shown in Figure 6.27 below.
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Figure 6.27: Potential Diagram

(a) Find the transcendental equation for the bound state energies.

(b) Find an approximation for the modification of the bound-state energy
caused by the wall when it is far away. Define carefully what you mean
by far away.

(c) What is the exact condition on Vj and d for the existence of at least one
bound state?

6.15.6 A confined particle
A particle of mass m is confined to a space 0 < x < a in one dimension by

infinitely high walls at = 0 and x = a. At ¢t = 0 the particle is initially in the
left half of the well with a wave function given by

w(x,O):{\/% O<xz<al2

0 af2<x<a
(a) Find the time-dependent wave function ¢ (z,t).

b) What is the robablhty that the particle is in the nth eigenstate of the
well at time t7

(c) Derive an expression for average value of particle energy. What is the
physical meaning of your result?
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6.15.7 1/x potential

An electron moves in one dimension and is confined to the right half-space
(z > 0) where it has potential energy

where e is the charge on an electron.
(a) What is the solution of the Schrodinger equation at large z?
(b) What is the boundary condition at « = 07

(c¢) Use the results of (a) and (b) to guess the ground state solution of the
equation. Remember the ground state wave function has no zeros except
at the boundaries.

(d) Find the ground state energy.

(e) Find the expectation value (%) in the ground state.

6.15.8 Using the commutator

Using the coordinate-momentum commutation relation prove that

S (En — Eo) [(Enl & |Eo)[* = constant

where Ej is the energy corresponding to the eigenstate |Ey). Determine the
value of the constant. Assume the Hamiltonian has the general form

9
o= 1v@)

2m
6.15.9 Matrix Elements for Harmonic Oscillator
Compute the following matrix elements
(m|&*n) ,  (m|&pn)

6.15.10 A matrix element

Show for the one dimensional simple harmonic oscillator
(0] ™% [0) = exp [~k2 (0] #2[0) /2]
where & is the position operator.
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6.15.11 Correlation function

Consider a function, known as the correlation function, defined by

C(t) = (£(1)2(0))

where #(t) is the position operator in the Heisenberg picture. Evaluate the
correlation function explicitly for the ground-state of the one dimensional simple
harmonic oscillator.

6.15.12 Instantaneous Force

Consider a simple harmonic oscillator in its ground state.

An instantaneous force imparts momentum pg to the system such that the new
state vector is given by

0= o)

where |0) is the ground-state of the original oscillator.

What is the probability that the system will stay in its ground state?

6.15.13 Coherent States

Coherent states are defined to be eigenstates of the annihilation or lowering
operator in the harmonic oscillator potential. Each coherent state has a complex
label z and is given by |z) = €** |0).

(a) Show that a|z) = z|z)
(b) Show that (z; | zp) = e*1%2

(¢) Show that the completeness relation takes the form

f:;mnm:f

where |n) is a standard harmonic oscillator energy eigenstate, I is the identity
operator, z = z + iy, and the integration is taken over the whole x — y plane(use
polar coordinates).

|2) (2] e

dxdy
™

6.15.14 Oscillator with Delta Function

Consider a harmonic oscillator potential with an extra delta function term at
the origin, that is,

2
V() = %mwsz + Z—nfé(x)
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(a)

Using the parity invariance of the Hamiltonian, show that the energy
eigenfunctions are even and odd functions and that the simple harmonic
oscillator odd-parity energy eigenstates are still eigenstates of the system
Hamiltonian, with the same eigenvalues.

Expand the even-parity eigenstates of the new system in terms of the
even-parity harmonic oscillator eigenfunctions and determine the expan-
sion coefficients.

Show that the energy eigenvalues that correspond to even eigenstates are
solutions of the equation

2 = (2k)! 1 E\!
P 222k(k')2( 545 ho)

You might need the fact that

b (0) = (m“’)m Sl

Consider the following cases:

(1) >0, E>0
(2) g<0, E>0
(3) g<0, E<0

Show the first and second cases correspond to an infinite number of energy
eigenvalues.

Where are they relative to the original energy eigenvalues of the harmonic
oscillator?

Show that in the third case, that of an attractive delta function core, there
exists a single eigenvalue corresponding to the ground state of the system
provided that the coupling is such that

[r(3/4)]2 . _g*h
r(1/4) 16mw

You might need the series summation:

5 @K 1 JaAT(/2-2/2)

S Ak (k)2 2k+1-2 2 D(1-z/2)

You will need to look up other properties of the gamma function to solve
this problem.
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6.15.15 Measurement on a Particle in a Box

Consider a particle in a box of width a, prepared in the ground state.

(a)

(b)

()

(d)

()

What are then possible values one can measure for: (1) energy, (2) posi-
tion, (3) momentum ?

What are the probabilities for the possible outcomes you found in part

(a)?

At some time (call it t = 0) we perform a measurement of position. How-
ever, our detector has only finite resolution. We find that the particle is
in the middle of the box (call it the origin) with an uncertainty Az = a/2,
that is, we know the position is, for sure, in the range —a/4 < x < a/4, but
we are completely uncertain where it is within this range. What is the
(normalized) post-measurement state?

Immediately after the position measurement what are the possible values
for (1) energy, (2) position, (3) momentum and with what probabilities?

At a later time, what are the possible values for (1) energy, (2) position,
(3) momentum and with what probabilities? Comment.

6.15.16 Aharonov-Bohm experiment

Consider an infinitely long solenoid which carries a current I so that there is a
constant magnetic field inside the solenoid(see Figure 6.28 below).

source

Figure 6.28: Aharonov-Bohm Setup
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Suppose that in the region outside the solenoid the motion of a particle with
charge e and mass m is described by the Schrodinger equation. Assume that
for I =0 , the solution of the equation is given by

Yo (7, 1) = e oty (7)

(a) Write down and solve the Schrodinger equation in the region outside the
solenoid in the case I # 0.

(b) Cousider the two-slit diffraction experiment for the particles described
above shown in Figure 8.3 above. Assume that the distance d between
the two slits is large compared to the diameter of the solenoid.

Compute the shift AS of the diffraction pattern on the screen due to the
presence of the solenoid with I # 0. Assume that L > AS.

6.15.17 A Josephson Junction

A Josephson junction is formed when two superconducting wires are separated
by an insulating gap of capacitance C. The quantum states v; , ¢ = 1,2 of
the two wires can be characterized by the numbers n; of Cooper pairs (charge
= —2¢) and phases 6;, such that ¢; = \/n;e?% (Ginzburg-Landau approximation).
The (small) amplitude that a pair tunnel across a narrow insulating barrier is
—Ej/no where ng = ny + ne and E; is the the so-called Josephson energy. The
interesting physics is expressed in terms of the differences

n=ny-ny , p=0-0;
We consider a junction where
ny ~ ng ¥ ng/2

When there exists a nonzero difference n between the numbers of pairs of charge
—2e, where e > 0, on the two sides of the junction, there is net charge —ne on side
2 and net charge +ne on side 1. Hence a voltage difference ne/C arises, where
the voltage on side 1 is higher than that on side 2 if n = no —ny > 0. Taking the
zero of the voltage to be at the center of the junction, the electrostatic energy
of the Cooper pair of charge —2¢ on side 2 is ne?/C, and that of a pair on side
1 is —ne?/C. The total electrostatic energy is C'(AV)?/2 = Q%/2C = (ne)?/2C.

The equations of motion for a pair in the two-state system (1,2) are

- diy
hi
T
. dibo
hi
N

E ne? E

= Uty = —Zaby = ——b1 = =24
o C no
E ne? E

= Unthy = —Z4by = ——1by = =24y
no C no

(a) Discuss the physics of the terms in these equations.
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(b)

Using 1; = /nze'?, show that the equations of motion for n and ¢ are
given by

2ne?
hC

gb:eg—gl%—
. . . J .
n=n2—n1%?sm<p

Show that the pair(electric current) from side 1 to side 2 is given by

E
JS:J()SiI’lgO s J()Iu
%o
Show that
. 2e°E; .
N — sin
P -5 sing

For E; positive, show that this implies there are oscillations about ¢ =0
whose angular frequency (called the Josephson plasma frequency)is given

by
2€2EJ
w =
TN TR

If E; is negative, then there are oscillations about ¢ = 7.

for small amplitudes.

If a voltage V = V; — V5 is applied across the junction(by a battery), a
charge Q1 =V C = (-2¢)(—n/2) = en is held on side 1, and the negative of
this on side 2. Show that we then have

which gives ¢ = wt.

The battery holds the charge difference across the junction fixed at VC' -
en, but can be a source or sink of charge such that a current can flow in
the circuit. Show that in this case, the current is given by

Jg = —Jysinwt

i.e., the DC voltage of the battery generates an AC pair current in circuit

of frequency
2eV

YT

6.15.18 Eigenstates using Coherent States

Obtain eigenstates of the following Hamiltonian

H=hwata+Va+V*a*

for a complex V' using coherent states.
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6.15.19 Bogoliubov Transformation

Suppose annihilation and creation operators satisfy the standard commutation
relations [@,a"] = 1. Show that the Bogoliubov transformation

b=dcoshn+a sinhy

preserves the commutation relation of the creation and annihilation operators,
i.e., [b,b7] = 1. Use this fact to obtain eigenvalues of the following Hamiltonian

o 1
H =hw(a)"a+ §V (aa+a*a*)

(There is an upper limit on V for which this can be done). Also show that the
unitary operator

can relate the two sets of operators as b=UaU™".

6.15.20 Harmonic oscillator

Consider a particle in a 1-dimensional harmonic oscillator potential. Suppose
at time ¢ = 0, the state vector is

ipa

[¥(0)) =€ [0)

where p is the momentum operator and a is a real number.

(a) Use the equation of motion in the Heisenberg picture to find the operator

z(1).
(b) Show that e~'%* is the translation operator.

(¢) In the Heisenberg picture calculate the expectation value (x) for ¢ > 0.

6.15.21 Another oscillator

A 1-dimensional harmonic oscillator is, at time ¢ = 0, in the state

1

¢§GM+H)+DD

[o(t=0)) =

where |n) is the nt" energy eigenstate. Find the expectation value of position
and energy at time .
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6.15.22 The coherent state

Consider a particle of mass m in a harmonic oscillator potential of frequency w.
Suppose the particle is in the state

o)

where

o) = 3 enln)
n=0
Cp = €—|o¢|2/2 706”

n'

and « is a complex number. As we have discussed, this is a coherent state or
alternatively a quasi-classical state.

(a)

(b)

Show that |«) is an eigenstate of the annihilation operator, i.e., a|a) =
ala).

Show that in this state (%) = z.Re(«) and (p) = p.Im(«). Determine z.
and pe.

Show that, in position space, the wave function for this state is ¥, (z) =
e®or/hyg (x - 10) where ug(z) is the ground state gaussian function and

(2) = 20 and (p) = po.
What is the wave function in momentum space? Interpret xzo and pg.

Explicitly show that 1, (z) is an eigenstate of the annihilation operator
using the position-space representation of the annihilation operator.

Show that the coherent state is a minimum uncertainty state (with equal
uncertainties in « and p, in characteristic dimensionless units.

If a time ¢ = 0 the state is [1/(0)) = |«), show that at a later time,
|’(/}(t)> — e—iwt/2 |ae—iwt>
Interpret this result.

Show that, as a function of time, (&) and (p) follow the classical trajectory
of the harmonic oscillator, hence the name quasi-classical state.

Write the wave function as a function of time, 1, (x,t). Sketch the time
evolving probability density.

Show that in the classical limit

Show that the probability distribution in n is Poissonian, with appropriate
parameters.

Use a rough time-energy uncertainty principle(AEAt > ) , to find an un-
certainty principle between the number and phase of a quantum oscillator.
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6.15.23 Neutrino Oscillations

It is generally recognized that there are at least three different kinds of neutrinos.
They can be distinguished by the reactions in which the neutrinos are created
or absorbed. Let us call these three types of neutrino ve, v, and v;. It has been
speculated that each of these neutrinos has a small but finite rest mass, possibly
different for each type. Let us suppose, for this exam question, that there is
a small perturbing interaction between these neutrino types, in the absence of
which all three types of neutrinos have the same nonzero rest mass My. The
Hamiltonian of the system can be written as

I‘j[ = I‘j[() + Hl
where
R My O 0
Hy = 0 My O — no interactions present
0 0 M,
and
~ 0 hw1 hw1
Hi=| hwi 0 hw; |- effect of interactions
hw1 hw1 0
where we have used the basis
lvey=11) , |va)=12) . |vr)=[3)

(a) First assume that wy = 0, i.e., no interactions. What is the time develop-
ment operator? Discuss what happens if the neutrino initially was in the

state
1 0 0
[$(0)) =lve)=| O Jor|[¥(0))=vu)=] 1 Jor[e(0))=|v-)=] O
0 0 1

What is happening physically in this case?

(b) Now assume that w; # 0, i.e., interactions are present. Also assume that
at t = 0 the neutrino is in the state

1

[0(0)) =lve) = O
0

What is the probability as a function of time, that the neutrino will be in
each of the other two states?

(¢) An experiment to detect the neutrino oscillations is being performed. The
flight path of the neutrinos is 2000 meters. Their energy is 100 GeV. The
sensitivity of the experiment is such that the presence of 1% of neutrinos
different from those present at the start of the flight can be measured with
confidence. Let My =20eV. What is the smallest value of Aw; that can be
detected? How does this depend on My? Don’t ignore special relativity.
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6.15.24 Generating Function
Use the generating function for Hermite polynomials

2awt—t2 Zoo 2l "
€ = n (x) |
n=0 n:

to work out the matrix elements of z in the position representation, that is,
compute

() = [ @)t ()

where e
Un(x) = NyHy (ax)e 2% ®
and 1o
1/2
I . R
V2" h
6.15.25 Given the wave function ......

A particle of mass m moves in one dimension under the influence of a potential
V(z). Suppose it is in an energy eigenstate

9\ 1/4
w@=(Z) e (e
with energy E = h?~y2/2m.
(a) Find the mean position of the particle.
(b) Find the mean momentum of the particle.
(¢) Find V(z).
)

(d) Find the probability P(p)dp that the particle’s momentum is between p
and p + dp.

6.15.26 What is the oscillator doing?

Consider a one dimensional simple harmonic oscillator. Use the number basis
to do the following algebraically:

(a) Construct a linear combination of [0) and |1) such that (&) is as large as
possible.

(b) Suppose the oscillator is in the state constructed in (a) at ¢ = 0. What is
the state vector for ¢t > 07 Evaluate the expectation value (&) as a function
of time for ¢ > 0 using (i)the Schrodinger picture and (ii) the Heisenberg
picture.

(c) Evaluate ((Am)2> as a function of time using either picture.
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6.15.27 Coupled oscillators

Two identical harmonic oscillators in one dimension each have a mass m and
frequency w. Let the two oscillators be coupled by an interaction term Czixs
where C'is a constant and x; and x5 are the coordinates of the two oscillators.
Find the exact energy spectrum of eigenvalues for this coupled system.

6.15.28 Interesting operators ....
The operator ¢ is defined by the following relations:
F=0 , et+ete={cety=1
(a) Show that
1. N = ¢*é is Hermitian
2. N2=N
3. The eigenvalues of N are 0 and 1 (eigenstates |0) and |1))
4. &0y =11) , ¢€l0)y=0
(b) Consider the Hamiltonian
H = hwo (e +1/2)

Denoting the eigenstates of H by |n), show that the only nonvanishing
states are the states |0) and |1) defined in (a).

(¢) Can you think of any physical situation that might be described by these
new operators?

6.15.29 What is the state?

A particle of mass m in a one dimensional harmonic oscillator potential is in a
state for which a measurement of the energy yields the values Aw/2 or 3hw/2,
each with a probability of one-half. The average value of the momentum (p,)
at time t = 0 is (mwh/2)'/2. This information specifies the state of the particle
completely. What is this state and what is (p,) at time ¢?

6.15.30 Things about a particle in a box

A particle of mass m moves in a one-dimensional box Infinite well) of length ¢
with the potential

oo <0
V(z)=40 0O<z<{
co x>¥

At t =0, the wave function of this particle is known to have the form

(2.0) = {\/30/£5x(€ —z) O<z</l

0 otherwise
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(a) Write this wave function as a linear combination of energy eigenfunctions

™ o T2h?
) B, =

2
Yp(x) = Zsin( 7 =Nt , n=1,23,....

(b) What is the probability of measuring F,, at t = 07

(¢) What is ¢ (x,t > 0)?

6.15.31 Handling arbitrary barriers.....

Electrons in a metal are bound by a potential that may be approximated by a
finite square well. Electrons fill up the energy levels of this well up to an energy
called the Fermi energy as shown in the figure below:

o B
W

Y| g

Figure 6.29: Finite Square Well

The difference between the Fermi energy and the top of the well is the work
function W of the metal. Photons with energies exceeding the work function
can eject electrons from the metal - this is the so-called photoelectric effect.

Another way to pull out electrons is through application of an external uniform
electric field £, which alters the potential energy as shown in the figure below:

o B
W
4 E, -eeX

Figure 6.30: Finite Square Well + Electric Field

7By approximating (see notes below) the linear part of the function by a series
of square barriers, show that the transmission coefficient for electrons at the
Fermi energy is given by

—4\/2mW 312 )

T =~
eXp( 3¢ |2 A
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How would you expect this field- or cold-emission current to vary with the ap-
plied voltage? As part of your problem solution explain the method.

This calculation also plays a role in the derivation of the current-voltage char-
acteristic of a Schottky diode in semiconductor physics.

Approximating an Arbitrary Barrier

For a rectangular barrier of width a and height V;, we found the transmission
coefficient

B 1 9 2m .5 2m
Ao PR Y
1E(Vo-E)

A useful limiting case occurs for ya > 1. In this case

e’ —e e e’
sinhyg = ——— > —
2 ~ya>>1 2
so that
T 1 N ( 4k ) o-27a
- 2 2 2
1+ (—"’Z;iz ) sinh?va a1\ Y%+ k

Now if we evaluate the natural log of the transmission coefficient we find

2

4k~
lnT’m—;>1 In (’Y2 E ) -2va 'ya_>)>1 -2va

where we have dropped the logarithm relative to va since In(almost anything)
is not very large. This corresponds to only including the exponential term.

We can now use this result to calculate the probability of transmission through
a non-square barrier, such as that shown in the figure below:

Vi),

» X

Figure 6.31: Arbitrary Barrier Potential

When we only include the exponential term, the probability of transmission
through an arbitrary barrier, as above, is just the product of the individual
transmission coefficients of a succession of rectangular barrier as shown above.
Thus, if the barrier is sufficiently smooth so that we can approximate it by a
series of rectangular barriers (each of width Az) that are not too thin for the
condition ya > 1 to hold, then for the barrier as a whole

lnTwlnHTi = ZlnTi :—QZ’yiA:r
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If we now assume that we can approximate this last term by an integral, we find

T ~ exp (—2 Z%Ax) ~ eXp (—2 [ \/ Qh—T;L\/V(x) - de)

where the integration is over the region for which the square root is real.

You may have a somewhat uneasy feeling about this crude derivation. Clearly,
the approximations made break down near the turning points, where F = V (z).
Nevertheless, a more detailed treatment shows that it works amazingly well.

6.15.32 Deuteron model

Consider the motion of a particle of mass m = 0.8 x 10724 gm in the well shown
in the figure below:

2 @
Vix)
0 4----mmm--
—_—
E-{-======-- - X
Vg
x=0 X=a

Figure 6.32: Deuteron Model

The size of the well (range of the potential) is a = 1.4 x 10713 ¢m. If the binding
energy of the system is 2.2 MeV, find the depth of the potential Vy in MeV.
This is a model of the deuteron in one dimension.

6.15.33 Use Matrix Methods

A one-dimensional potential barrier is shown in the figure below.

Figure 6.33: A Potential Barrier

Define and calculate the transmission probability for a particle of mass m and
energy E (V1 < E <V}) incident on the barrier from the left. If you let V3 — 0
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and a — 2a, then you can compare your answer to other textbook results. De-
velop matrix methods (as in the text) to solve the boundary condition equations.

6.15.34 Finite Square Well Encore

Consider the symmetric finite square well of depth V) and width a.

(a)

Let ko = v/2mVy/h2. Sketch the bound states for the following choices of
koa/2.

(i) B2=1 , (i)kge=16 , (ii)"8%=5

Show that no matter how shallow the well, there is at least one bound
state of this potential. Describe it.

Let us re-derive the bound state energy for the delta function well directly
from the limit of the the finite potential well. Use the graphical solution
discussed in the text. Take the limit as a - 0, Vo — oo, but aly —
Uo(constant) and show that the binding energy is Ej, = mUZ/2h?.

Consider now the half-infinite well, half-finite potential well as shown be-
low.

V=ax

x=0 x=L

Figure 6.34: Half-Infinite, Half-Finite Well

Without doing any calculation, show that there are no bound states unless
koL > m/2. HINT: think about erecting an infinite wall down the center
of a symmetric finite well of width a = 2L. Also, think about parity.

Show that in general, the binding energy eigenvalues satisfy the eigenvalue
equation
k=-kcotkL

[2mE,
K= TZQb and k*+rK*=k;

where

6.15.35 Half-Infinite Half-Finite Square Well Encore

Consider the unbound case (E > Vp) eigenstate of the potential below.
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E

v

Figure 6.35: Half-Infinite, Half-Finite Well Again

Unlike the potentials with finite wall, the scattering in this case has only one
output channel - reflection. If we send in a plane wave towards the potential,
VYin(z) = Ae™™*%  where the particle has energy E = (hk)2/2m, the reflected
wave will emerge from the potential with a phase shift, o, (x) = Ae®*+9

(a) Show that the reflected wave is phase shifted by
(K
¢ =2tan (ftanqL -2kL
q

where 55
hek

q2 :k2+k8 7 0 _ vy
2m

(b) Plot the function of ¢ as a function of koL for fixed energy. Comment on
your plot.

(¢) The phase shifted reflected wave is equivalent to that which would arise
from a hard wall, but moved a distance L’ from the origin.

!
L w(”” (X) = _Ae(k‘:‘o‘ w!l} (x) = Ae_[k‘

Figure 6.36: Shifted Wall

What is the effective L’ as a function of the phase shift ¢ induced by our
semi-finite well? What is the maximum value of L'? Can L’ be negative?
From your plot in (b), sketch L’ as a function of kgL, for fixed energy.
Comment on your plot.

6.15.36 Nuclear a Decay

Nuclear alpha—decays (A,Z) - (A —-2,Z —2) + « have lifetimes ranging from
nanoseconds (or shorter) to millions of years (or longer). This enormous range
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was understood by George Gamov by the exponential sensitivity to underlying
parameters in tunneling phenomena. Consider o = *He as a point particle in
the potential given schematically in the figure below.

(Z-2)e’!
tunneling

——

0 1 .r

Figure 6.37: Nuclear Potential Model

V()

The potential barrier is due to the Coulomb potential 2(Z — 2)e?/r. The prob-
ability of tunneling is proportional to the so-called Gamov’s transmission coef-
ficients obtained in Problem 8.31

T =exp [—% /ab V2m(V(z) - E)dx

where a and b are the classical turning points (where E = V(z)) Work out
numerically T for the following parameters: Z = 92 (Uranium), size of nucleus
a = 5 fm and the kinetic energy of the a particle 1 MeV, 3MeV, 10 MeV,
30 MeV.

6.15.37 One Particle, Two Boxes

Consider two boxes in 1-dimension of width a, with infinitely high walls, sepa-
rated by a distance L = 2a. We define the box by the potential energy function
sketched below.

Figure 6.38: Two Boxes

A particle experiences this potential and its state is described by a wave function.
The energy eigenfunctions are doubly degenerate, { gf), ¢§;) [n=1,2,3,4, } SO
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that

o T2h?

E®D -G =y
" " 2ma?

where ¢i) = up(x + L[2) with

V2/acos(®22) , n=1,3,5,.... -af2<z<al2
up(x) = MZ/asin(”%?) ,m=2,46,.. —-af2<x<al2
0 lz| > a/2

Suppose at time ¢t = 0 the wave function is

w(a) = 5007 (@) + 508 (@) + =0 @)

At this time, answer parts (a) - (d)

(a)
(b)
(c)

(d)

What is the probability of finding the particle in the state ¢§+)(x)?
What is the probability of finding the particle with energy 72h%/2ma??

CLAIM: At t = 0 there is a 50-50 chance for finding the particle in either
box. Justify this claim.

What is the state at a later time assuming no measurements are done?

Now let us generalize. Suppose we have an arbitrary wave function at
t =0, ¥(x,0), that satisfies all the boundary conditions.

Show that, in general, the probability to find the particle in the left box
does not change with time. Explain why this makes sense physically.

Switch gears again ......

Show that the state ®,(z) = clgi)g:)(:v) + 02¢£L_)(x) (where ¢; and ¢y are
arbitrary complex numbers) is a stationary state.

Consider then the state described by the wave function 1 (x) = (¢§+)(m) +

207 (2)) V2.

Sketch the probability density in . What is the mean value (z)? How
does this change with time?

Show that the momentum space wave function is
b (p) = V2cos (pL/2h)in (p)

where
—ipz/h

U L oou x)e
O S L

is the momentum-space wave function of u ().
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(i) Without calculation, what is the mean value (p)? How does this change
with time?

(j) Suppose the potential energy was somehow turned off (don’t ask me how,
just imagine it was done) so the particle is now free.

Without doing any calculation, sketch how you expect the position-space

wave function to evolve at later times, showing all important features.
Please explain your sketch.

6.15.38 A half-infinite/half-leaky box

Consider a one dimensional potential

00 <0
Vi) = {UOCS(a:—a) x>0

Figure 6.39: Infinite Wall + Delta Function

r=a

(a) Show that the stationary states with energy E can be written

0 <0
u(z) = A% sin(kz) O<z<a
Asin (kz + ¢(k)) x>a

where

2mE _ ktan (ka) 2mU,
k=+/222 k) = tan | A =
\V 5z o ) = tan [k;—yotan(ka)] 0= 53

What is the nature of these states - bound or unbound?

(b) Show that the limits 79 - 0 and -y — oo give reasonable solutions.

(¢) Sketch the energy eigenfunction when ka = 7. Explain this solution.
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(d) Sketch the energy eigenfunction when ka = 7/2. How does the probability
to find the particle in the region 0 < x < a compare with that found in part
(¢)? Comment.

(e) In a scattering scenario, we imagine sending in an incident plane wave
which is reflected with unit probability, but phase shifted according to the
conventions shown in the figure below:

Figure 6.40: Scattering Scenario

X=a1

Show that the phase shift of the scattered wave is §(k) = 2¢(k).

There exist mathematical conditions such that the so-called S-matriz ele-
ment e**%) blows up. For these solutions is k real, imaginary, or complex?
Comment.

6.15.39 Neutrino Oscillations Redux

Read the article T. Araki et al, "Measurement of Neutrino Oscillations with Kam
LAND: Evidence of Spectral Distortion,” Phys. Rev. Lett. 94, 081801 (2005),
which shows the neutrino oscillation, a quantum phenomenon demonstrated at
the largest distance scale yet (about 180 km).

(a) The Hamiltonian for an ultrarelativistic particle is approximated by

2.3

m*c
H= \/]m ~ pec+
2p
for p=|p|. Suppose in a basis of two states, m? is given as a 2 x 2 matrix

Am? (—cos (20) sin(29))

2_ 2
m = mpl + 2 sin (20)  cos (26)
Write down the eigenstates of m?.

(b) Calculate the probability for the state



to be still found in the same state after time interval ¢ for definite momen-
tum p.

(¢) Using the data shown in Fig. 3 of the article, estimate approximately
values of Am? and sin® 26.

6.15.40 Is it in the ground state?

An infinitely deep one-dimensional potential well runs fro =0 to = = a. The
normalized energy eigenstates are

2
Up(x) = fsin(@) , n=1,23, ...
a a
A particle is placed in the left-hand half of the well so that its wavefunction is

¥ = constant for = < a/2. If the energy of the particle is now measured, what is
the probability of finding it in the ground state?

6.15.41 Some Thoughts on T-Violation

Any Hamiltonian can be recast to the form

E 0 ... 0
mev| 9 R e
0o 0 .. E,

where U is a general n x n unitary matrix.

(a) Show that the time evolution operator is given by

e~tErt/h 0 e 0
imyn |0 e 0 |
6 0 : emiEnt/h

(b) For a two-state problem, the most general unitary matrix is

U = o cosGeifl5 —sin@e?”
sinfe™™  cosfe ¢

Work out the probabilities P(1 - 2) and P(2 — 1) over time interval ¢

and verify that they are the same despite the the apparent T-violation

due to complex phases. NOTE: This is the same problem as the neutrino

m2C3
5 and set
P

oscillation (problem 8.39) if you set E; = \/p?c? + m2c* ~ pc+
all phases to zero.

449



(c) For a three-state problem, however, the time-reversal invariance can be
broken. Calculate the difference P(1 - 2) - P(2 — 1) for the following
form of the unitary matrix

1 0 0 C13 0 8136_i6 ci2 s12 0
U=1]0 C23 523 0 1 0 —=S12 C12 0
0 —S23 (23 —81367'6 0 C13 0 0 1

where five unimportant phases have been dropped. The notation is s15 =
sin @12, ca3 = cos fa3, etc.

(d) For CP-conjugate states (e.g.., anti-neutrinos(#) vs neutrinos(v), the Hamil-
tonian is given by substituting U* in place of U. Show that the probabili-
ties P(1 — 2) and P(1 - 2) can differ (CP violation) yet CPT is respected,
ie., P(1—2) =P(Q - i)

6.15.42 Kronig-Penney Model

Consider a periodic repulsive potential of the form
V=3 X(z-na)
with A > 0. The general solution for —a < z < 0 is given by
Y(x) = Ae'™™ + Be ™"

with x = V2mFE/h. Using Bloch’s theorem, the wave function for the next
period 0 < z < a is given by

w(l,) _ eik:a (Aein(:r—a) n Be—in(m—a))
for |k| < /a. Answer the following questions.

(a) Write down the continuity condition for the wave function and the required
discontinuity for its derivative at = = 0. Show that the phase ¢**® under
the discrete translation x — x + a is given by k as

ika 1 . . 1 . 2
e =coska+ —sinka+i\/1-|coska + — sinka
Krd rd

Here and below, d = h?/m.

(b) Take the limit of zero potential d - oo and show that there are no gaps
between the bands as expected for a free particle.

(¢) When the potential is weak but finite (lartge d) show analytically that
there appear gaps between the bands at k = +7/a.

(d) Plot the relationship between k and k for a weak potential (d = 3a) and a
strong potential (d = a/3) (both solutions together).

(e) You always find two values of k at the same energy (or x). What discrete
symmetry guarantees this degeneracy?
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6.15.43 Operator Moments and Uncertainty

Consider an observable O4 for a finite-dimensional quantum system with spec-
tral decomposition

Oa=) NP,
i
(a) Show that the exponential operator E4 = exp(O4) has spectral decompo-
sition
Ba=Y NP
i

Do this by inserting the spectral decomposition of O 4 into the power series
expansion of the exponential.

(b) Prove that for any state |¥ 4) such that AO4 = 0, we automatically have
AE4 =0.

6.15.44 Uncertainty and Dynamics
0 1
o1 )

a0 - ()

(a) Compute the uncertainty AOx = 0 with respect to the initial state |¥ 4(0)).

Consider the observable

and the initial state

(b) Now let the state evolve according to the Schrodinger equation, with
Hamiltonian operator
0 1
()

Compute the uncertainty AOx =0 as a function of t.

(c¢) Repeat part (b) but replace Ox with the observable

10
o %)

That is, compute the uncertainty AOz as a function of ¢ assuming evolu-
tion according to the Schrodinger equation with the Hamiltonian above.

(d) Show that your answers to parts (b) and (c) always respect the Heisenberg
Uncertainty Relation

1
AOx A0z > Z([Ox. 0z])

Are there any times ¢ at which the Heisenberg Uncertainty Relation is
satisfied with equality?
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Chapter 7

Angular Momentum; 2- and 3-Dimensions

7.1 Angular Momentum Eigenvalues and Eigen-
vectors

Earlier, we derived the commutation relations that define angular momentum
operators o . .
[Ji,Jj] :ihfiijk. EihZé‘iijk (71)
k

where
+1 if ijk = even permutation of 123

€k =4—-1 if ijk = odd permutation of 123 (7.2)

0 if any two indices are identical

and the Einstein summation convention over repeated indices is understood if
the summation sign is left out (unless an explicit override is given).

In addition, these are all Hermitian operators, i.e., (JAl)Jf = Jj = J;.

Since these three operators form a closed commutator algebra, we can solve for
the eigenvectors and eigenvalues using only the commutators.

The three operators jl, Jo and J3 do not commute with each other and hence
do not share a common set of eigenvectors (called a representation).

However, there exists another operator that commutes with each of the angular
momentum components separately. If we define

3
J2=3"J? (7.3)
i=1
which is the square of the total angular momentum vector, we have
[J2,J;]=0fori=1,2,3 (7.4)
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In addition, we have (J2)" = J2, so that J? is Hermitian also.

The commutation relations and the Hermitian property say that J? and any one
of the components share a complete set of common eigenvectors. By conven-
tion, we choose to use J? and Js as the two operators, whose eigenvalues(good
quantum numbers) will characterize the set of common eigenvectors.

As we shall see, J? is a so-called Casimir invariant operator that character-
izes the representations(set of eigenvectors). In particular, the eigenvalue of J?
characterizes the representation and the eigenvalues of one of the components
of the angular momentum (usually jg) will characterize the eigenvectors within
a representation.

We define the eigenvector/eigenvalue relations by the equations
J2Am) = Ah% | Am) (7.5)
Js|Am) = mh |Am) (7.6)
where the appropriate factors of i that have been explicitly put into the relations

make m and A\ dimensionless numbers.

We now define some other operators and their associated commutators so that
we can use them in our derivations.

Jo=Jy xids (7.7)
J_ = ( A+)+ — they are not Hermitian operators (7.8)
We then have
[72.0.) = [J2 ] =i [ 2 ] = 0 (7.9)
[J3, o] = [, 1] 2[5, Ja]
=ihJy ¥i(ihJ;) = £h, (7.10)
and
AN ARIEN AR NANIYA
= -2i[J1, Jo] = 2hJ; (7.11)
and
Jodo = (4 ida) (- ida)
= Jp+J3 —ilJu, Jo] = J* = JF + by (7.12)
and
J.J,=J?-J2-hJs (7.13)
Finally, we have o o
jro el ; LT (7.14)
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7.1.1 Derivation of Eigenvalues
Now the definitions (7.5) and (7.6) tell us that
(Am| % [Am) = Ab2 (Am | Am) = S (Am]| JE [Am) (7.15)

K3

A2 (m | Am) = 3 (Am| JiJ; |Am) = 3 (Aml J; J; [m) (7.16)

i %

Let us define the new vector |a;) = J; |Am). Remember that the norm of any
vector is non-negative, i.e., {a|a) > 0. Therefore

(Am | Am) >0 and (o; | ;) >0 (7.17)
Now since (| = (Am] j;r we have

ARZ (Am | Am) = 3 (Am] JF Ji|Am) = 2failai) 20 (7.18)

? 7

or we have A
A >0 or the eigenvalues of J? are greater than 0 (7.19)

In fact, we can even say more than this using these equations. We have

M2 (Am | Am) = Z (0 | o)

=({a1|a1) + (a2 | a2) + (a3 | a3)
= (a1 | 1) + (s [ az) + (Am| J3 [Am)
= (a1 | a1) + {ag | a) + m*h% (Am | Am) > 0
which says that
A2 (Am | Am) 2 m?h% (Am | Am) = A > m? (7.20)

This says that for a fized value of A (the eigenvalue of J?), which characterizes
the representation, there must be mazimum and minimum values of m (the
eigenvalue of J3), which characterizes the eigenvectors within a representation.

Now we have
J3J s |Am) = j3(j+ |Am))
= (udy + [ L)) IAm) = (Judo + hd) [Am)
= h(m+1)J, |]Am) = h(m +1)(J, |Am)) (7.21)
which says that J. |Am) is an eigenvector of Js with the raised eigenvalue h(m+
1), i.e., Jy|Am) o< |A,m + 1) (remember the harmonic oscillator discussion).
Since we already showed that for fixed A, there must be a maximum value of m,

Say Mmaz, then it must be the case that for that particular m-value we have

Jo [AMmax) = 0 (7.22)
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If this were not true, then we would have
j+ |/\mmax> < |A7 mIl’laX + 1> (723)

but this violates the statement that m,,., was was the maximum m-value.

Using this result we find
J_ s Ammax) = 0 = (J2 = J3 = hJ3) [ Mlimax)

h2 (A - mfnax - mmax) |/\mmax> = O
2 2

A= Mpax = Mmax =0 = A =My + Mmax
A = Mpmax (Mmax + 1) (7.24)
It is convention to define
Mmax = J and hence A\ =j(j+ 1) (7.25)

In the same way we can show
JsJ_|am) = Js(J_|Am))

= (J_Js+[Js, J_])|Am) = (J_Js = hJ. ) [Am)

= h(m—1)J_|Am) = h(m - 1)(J_|Am)) (7.26)
which says that J_ |[Am) is an eigenvector of Js with the lowered eigenvalue
h(m-1), i.e., J_|[Am) o< |A,m —1).
If we let the minimum value of m be m,,;,, then as before we must have

J_ [ Mnmin) = 0 (7.27)
O Mypin is not the minimum value of m. This says that
Je = [ Xmmin) = 0= (J% = J3 + hds) [Mmin)

B (A = miin + Minin ) [Mmin) = 0

A- m12nin + Mmin = 0- A= mrznin — Mmin
A= mmin(mmin - 1) = ](] + 1) (728)
which says that
Mmin = _j (729)

We have thus shown that the pair of operators J? and j3 have a common set of
eigenvectors |jm) (we now use the labels j and m), where we have found that

—j<m<j (7.30)

and the allowed m-values change by steps of one, i.e., for a given j-value, the
allowed m-values are

—4,=i+1,=5+2,...... ,j=2,7-1,3 (7.31)



which implies that
2j = integer (7.32)
or

int
j= m ;ger >0 the allowed values (7.33)

Thus, we have the allowed sets or representations of the angular momentum
commutation relations given by

j=0 , m=0

1 101

7Ty Ty

7=1 , m=10,-1

.3 31 1 3

7Ty My (7.34)
(7.35)

and so on.

For each value of j, there are 2j + 1 allowed m-values in the eigenvalue spec-
trum(representation) and

J?|jm) = h%5(j +1) [jm) (7.36)
J3|jm) = mh |jm) (7.37)

Before proceeding, we need a few more relations. We found earlier that

Joljm) = Cy|j,m+1) = o) (7.38)
J_|jm) = C_|j,m-1) = o) (7.39)
and from these we have
(o] =CF (j,m +1] (7.40)
o] = C* Gym -1 (7.41)

We can then say that

(o [ o) =|CLf (Gom+ 1| jym+1) = |4
= ((jm| (J.)*) (I« |jm))
= (jm| J_J, |jm)
= (jm| (J* = J3 = hJs) |jm)
= (jm|h*(§(j +1) - m* —m)|jm)
=h*(j(j +1) —-m® —m) (jm | jm)
=h2(Gj(j+1)-m?-m) (7.42)
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or

Cy=h/i(G+1)—m(m+1) (7.43)
and similarly
(- |as) =[CP (jm=1]jm-1) =|C_|
= ((Gm] (J)")(J-|jm))
= (jm| J.J_ |jm)
= {jm| (J* = J3 + hJs) [jm)
= (jm|h*(j(j + 1) =m® +m) |jm)
=h?(j (G +1) =m® +m) (jm | jm)
=h*(j(j +1) =m? +m) (7.44)

or

C_=m/j(j+1)-m(m-1) (7.45)

Therefore, we have the very important relations for the raising/lowering or lad-
der operators

Jelim) = /5(j+1) - m(m £ 1) |j,m = 1)
=m/(Gxm+1)(GFm)|j,m=1) (7.46)

7.2 Transformations and Generators; Spherical
Harmonics

There are many vector operators and vector component operators in the fol-
lowing discussions. To avoid confusing notation, we will adopt the following
conventions:

Aop = a vector operator
A; = a vector component operator

B= any non - vector operator or it might be a unit vector (context will decide)

¢ = an ordinary vector

As we showed earlier, the angular momentum operators are the generators of
rotations. The unitary transformation operator for a rotation through an angle
f about an axis along the direction specified by the unit vector n is given by

Ua () = e 707 Tor (7.47)
where jop is the angular momentum operator.

What does the Js operator look like in the position representation?
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We will quickly get an idea of the answer and then step back and do things in
more detail.

Suppose that we have a position representation wave function (7). For a
rotation about the 3-axis, we showed earlier that for an infinitesimal angle ¢

Ug(E)l/J(!El, X9, 23) = (w1 cOSE + Ty sing, —xy Sine + xg COSE, X3) (7.48)

In general, for infinitesimal shifts(a in this case) in the coordinates, we have, to
lowest order in the infinitesimals, for a function of one variable

flx+a)=f(z)+ ag—i (7.49)

Extending this to two variables, we have, to first order in infinitesimals a and b,

f(x+a,y+b):f(w,y)+ag£+bg:]; (7.50)

Therefore, for an infinitesimal angle of rotation e,
Us(e)p(x1,x2,23) = (w1 cOSE + Ta Sing, —T1 Sin€ + T3 COSE, T3)
o

0
=(xz1,x9,23) + 59528—2 —sxla—m
0

=(1+€(I28iwl—Ilaim))@b(l“l,xm%) (7.51)

But we also have (to first order)

Us(e)p(xy, 29, 23) = (1 - %sjg)zp(xl,xz,xg,) (7.52)

Putting these two equations together we have
5 . 0 0 . .
J3 = —ih (:@7 - xl—) = (rop x (-1hV))3
2
= ('Fop X ﬁop)S = (E0p>3 = -ES (753)
where

Eop = orbital angular momentum operator
’FOP = (CE’, gv '2) = (j:l’ T, jj?))

ﬁop = (ﬁzvﬁy7ﬁz) = (ﬁlaﬁ??ﬁB)
Since Eop is an angular momentum, it must have the commutation relations
[Li,L;] = iheijuLn (7.54)
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where as we indicated above

Ly = #9p3 — #3p2 (7.55)
Ly = @3p1 — #1p3 (7.56)
Ly = &1pa — &ap1 (7.57)
and ) .

LY, =Lep (7.58)

Using
(&3, D;] = ihdy; (7.59)

we get
[ﬁi, xj] = theijpar (7.60)

and for n = a unit vector

Zﬁi [IA/i,%‘] = ihzﬁi&‘jkiﬂk (7.61)

[ Lop, 5] = ih (Fop x 1) (7.62)
[t Lop, Pop] = 3 [0 Lop, 18
J
= ih Y (Fop x 1) ;&5 = ih (Fop x 1) (7.63)

J

where we have used

AxB =Y e;xA;Bié; (7.64)
ijk
Similarly, we get
[7v+ Lop, Bop| = ih (Bop x 70) (7.65)

Now let us step back and consider rotations in 3-dimensional space and try to
get a better physical understanding of what is happening.

Consider the operator
T oy = Top + G X Top (7.66)

where & = ordinary infinitesimal vector.
Now let |[g) = an eigenstate of 7, with eigenvalue 7, i.e.,
Top [T0) = To |T0) (7.67)

‘We then have
T |Fo) = 7o |7o) = (Fo + & x 7o) 7o) (7.68)

which says that |7’) is also an eigenstate of 7', (different eigenvalue).

460



Now, for simplicity, let & = aéz, which says that

X F() = Ozég X (J}Olél + Qiogég + {Eogég) = aacmég - Ozxogél (769)

'FO +ax 7_"'0 = (1’01 - Oél’og)él + (1’02 + ax()l)ég + xogég 770)

—~

This last expression is the vector we get if we rotate 7y about & = @/|d| (é; in
this case) by an infinitesimal angle & = |d|. This result generalizes for & in any
direction.

Since the eigenvalues of 7/, are those of 7,, rotated by || about @, we conclude
that 7', is the position operator rotated by rotated by |d| about .
Alternatively, 7'/, is the position operator in a coordinate frame rotated by |d]
about & (remember our earlier discussions about the active/passive views).

To connect this to generators, unitary transformations, and angular momentum,
we proceed as follows. We can rewrite 7', as

Tl = Top + % [@- Lop, Top] (7.71)
which is equivalent (to first order in «) to
iy = ek Lons, e Lo (7.72)
ie.,
Top = e%d'ﬁ“pfope‘%&'iw
= (D4 2 Lop)iop(I = 20 L) + O(0?)
= Top + U [G° Lop, Fop] + O(a®) (7.73)

h

Earlier, however, we showed that, if the state vector transforms as
W) = Ul) (7.74)
then the operators transform as
Utou (7.75)
which then implies that the rotation operator is
U(a) = e woLer (7.76)
as we expect.

This result derived for infinitesimal rotation angles holds for finite rotation an-
gles also.
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Let us look at the effect on state vectors

Fip lFo) = 7 [Fo) = €3 * Foriiyye™ w6 or o)
Fope R |fg) = ek Lor 7o)
or -
e—%&Lop |7¢0>

[7b) = e A& Lor i) and (| = (7| RS Lor

(7.80)

and thus L,, is the generator of ordinary rotations in 3-dimensional space.

For wave functions we have ¢(7) = (7o |¢). Using this result, the wave function

transforms as

B(Fh) = (Fh | ¥) = (Fol eR Lo [3)

Now, we have seen that
Lop = Top X Pop = —ihiop X V
This can easily be evaluated in different coordinate systems.

Cartesian Coordinates

- 9]
Lop = —ih Z Eijkl‘ji e

€
ijk Oxy,
. 0 0
Ly =—ih|xo— — 23—
! ! (-’172 3$3 . 8562 )
. 0 0 . 0
Lo=-ih|xg— —21— , Ls=—-ih|zg— — 20—
2= (gc3 0xy . Oxs ) s (xl 0z 2
as we saw at the beginning of this discussion.
Spherical-Polar Coordinates
We have
F=ré.and V=2 2+é lé+é RN
T “or o0 “rsing dp
where

é, = sin 6 cos pé; + sin @ sin pés + cos Hés
€9 = cos 0 cos péq + cos B sin péy + sin sfés

€, = —sinfé; +cosdé,
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which gives

7 [, 0 . 1 0
Lop = —ih [e@% - egisin@%]

and
. L0
L3 = Lz =€z Lop —Zh%
Sy 1 9 d 1 0?
L2, =Ly Loy =-h? ——(« 97) —
op = on " Sop [sma 26 \"""90) " sinZ0 0p?

. 0 0
Li=L;=ih [simp— + cot 6 cos ga—]

00 de
Ly = ﬁy =—ih [cos Lp% — cot fsin 806‘(?0]

and 2y
2 _10° Ly
r Or? h2r2

(7.90)

(7.91)

(7.92)

(7.93)

(7.94)

(7.95)

7.2.1 Eigenfunctions; Eigenvalues; Position Representa-

tion

Since o . PR
[Li, Lj] = iheiji Lyand [ L3, L;] = 0

(7.96)

the derivation of the eigenvalues and eigenvectors follows our earlier work, i.e.,

the equations

ﬁip |em) = h20(¢ +1) |fm) and Ls |[fm) = ki |fm)

Ly=1L,+ilL,
imply
/- integer 50
2
and for a given value of £, m takes on the 2¢ + 1 values
m=—0,—L+1,-0+2, ... A=20-1¢

If we move back into 3-dimensional space and define
Yim (0,0) ={(0p | ém) = spherical harmonic
then we have the defining equations for the Y7, (0, ¢) given by
(0| L2, |6m) = L2, (60 | tm) = L2, Y (6, 0)
= h2 (L +1) (0p | bm) = h*0(L + 1) Y (0, )
(00l Ls|m) = Ls (8 | €m) = LsYem (6, ¢)
=hm (0 | m) = hmY,, (6, ¢)
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(7.101)
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Before determining the functional form of the Yy, s, we must step back and see
if there are any restrictions that need to be imposed on the possible eigenvalues
¢ and m due to the fact that we are in a real 3-dimensional space.

In general, eigenvalue restrictions come about only from the imposition of physi-
cal boundary conditions. A standard boundary condition that is usually imposed
is the following:

In real 3-dimensional space, if we rotate the system (or the axes by 2w, then we
get back the same world. This means that the Yy, (6, ¢) should be single-valued
under such rotations or that

Yo (0, +27) = Yo (0, ) (7.104)
Now from the general rules we have developed, this gives
(0,0 + 271 | m) = (0| e2mila/h |tm) = ™™ (0, ¢ | fm) (7.105)
or that single-valuedness of the wave function requires that
(0,0 + 21 | tm) = (| 27 L3IM |o) = €271 (0, | £m) (7.106)

This says, that for orbital angular momentum in real 3-dimensional space, no
1/2-integer values are allowed for m and hence that ¢ must be an integer. The
allowed sets are:

[3 N NN
1}
N = O

, m=0
m=-1,0,1
, m=-2,-1,0,1,2

and so on.

It is important to note that we are imposing a much stronger condition than
is necessary. In general, as we have stated several times, it is not the state
vectors, operators or wave functions that have any physical meaning in quantum
mechanics. The only quantities that have physical meaning are those directly
related to measurable quantities, namely, the probabilities, and the expectation
values. This single-valued condition on m is not needed for the single-valuedness
of the expectation values, since the extra phase factors involving m will cancel
out during the calculation of the expectation value. Experiment, however, says
that ¢ is an integer only, so it seems that the strong condition is valid. We
cannot prove that this is so, however.

Let us now figure out the Y7,,(0,p). We have

. h O
L3Ym(9, (,0) = ;@Y&n(@, 90) = hmnm(ev <P) (7107)
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which tells us the ¢-dependence.

Yo (0,) = €™ Py (0) (7.108)

Now we also must have, since £ = maximum value of m
(0| L. |66) = 0= L, (6 | £) = L Y2 (8, 0) (7.109)

Using the expressions for Ly, ﬁy, L, and L_ we have

h 0 0
—e"li— - t@—]Y 0,0)=0 7.110
e P (7.110)
Using
h 0
——Yu(0,0) = thYe(0,0) (7.111)
i Op
we get
0
— - P, = 112
[80 ecote] 20 (0) = 0 (7.112)
or
Py (0) = (sin9)* (7.113)
Therefore, the final expression is
Yee(0, ) = Apme™? (sind)" (7.114)

Now that we have generated the topmost spherical harmonic. We can generate
all the others for a given £ using the lowering operators, i.e.,

i/—nm(ev L)0) = h\/é(é + 1) - m(m - 1)}/5771—1(97 (P) (7115>
where " 9 5
L_o==e|i— - — 11
—e [180 COtH@gﬁ] (7.116)

In general, we choose the Ay, so that the Y, (6, ¢) are normalized, i.e.,

2T ™

1= [ a0 (0.0 = [ do [ sin6d0 Vi (0, 0)F (7.117)
0 0

Since the Yz, (0, ¢) are eigenfunctions of a Hermitian operators, they form a
compete set which we can always make orthogonal so that we also assume that

we have
27 s

f de f Sin0dOYy,, (8,0)Yim (0, 0) = 860 (7.118)
0 0

The algebra is complicated. The general result is

—1@‘2@ 1((+m)! em? d "
Yo (60,0) = (2‘36)! 4:1' gﬁimg! (sin@)™ (dcos@) (sin6)*  (7.119)
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Some examples are:

1
Yoo = . Yig=4/ 3 cost (7.120)
4dr 4
3 +ip 3 o 2
Yia=F\/—e¥sinf , Yy=1/-—(3cos"0-1) (7.121)
' 8w 167
1 - 1 )
Y241 =¥/ 15 Gingcosgerie ;o Yoo =1/ 1D in? gesie (7.122)
' 8 ’ 327

Some Properties

Yo-m(0,9) = (-1)"Y,,,(0,) (7.123)
Under the parity operation
F—o—-rforr-o>rd-n-0,p>p+7 (7.124)

This says that
eimtp N eimgaeimﬂ — (_1)meim<p
sinf — sin(w — 0) — siné

cosf — cos(m —0) - —cosf

which imply that
Yo (0:9) = (1) Yem (6, ¢) (7.125)
Therefore,

if £ is even, then we have an even parity state
if £ is odd, then we have an odd parity state

Since they form a complete set, any function of (0, ¢) can be expanded in terms
of the Yy, (6, ¢) (the Y5, (0, @) are a basis), i.e., we can write

F0,9) =Y femYem(8,9) (7.126)
Lm
where ,
fom = f di f sin 0d0Y;, (6,) (6, 0) (7.127)
0 0
7.3 Spin

As we discussed earlier, a second kind of angular momentum exists in quantum
mechanics. It is related to internal degrees of freedom of particles and is not
related in any way to ordinary 3-dimensional space properties.

We designate this new angular momentum by spin and represent it by the
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operator S'op, where since it is an angular momentum, its components must
satisfy the commutators o .

[Si, Sj] =ihe; 1Sk (7.128)
where we have used the Einstein summation convention over repeated indices.
The analysis for the eigenvalues and eigenvectors follows the same path as for
earlier discussions. We have

§§p|s,ms) = h2s(s+1)|s,ms) (7.129)
S3|s,ms) = hms |s, mg) (7.130)

which, together with the commutators, gives the following results.

For a given value of s, we have 2s + 1 ms-values

ms=—8,-8+1,-5+2, ... ,8—2,s—1,5 (7.131)
where ot
5= = der >0 (7.132)

There are no boundary conditions restricting the value of s, so we can have both
integer and half-integer values.

We now turn our attention to a most important special case and then generalize
the details.

7.3.1 Spin 1/2
We define a new operator G,, such that

L1
Sop = 5hiep (7.133)

where G,p, = (61,02, &3) are called the Pauli spin operators.

It is experimentally observed that if one measures the component of this spin
angular momentum along any direction, one always obtains either +h/2.

If we designate the state with spin = +h/2 or spin up in the 7 direction by the
ket vectors |t 1) or |[f+), we then have

3 h . h
Sop- 0l 1) = 5 1) and Sl ) = =2 [ 1) (7.134)

Any pair of eigenvectors | 1) or |2 }) for a given direction 7 form a basis for
the vector space associated with spin = 1/2 and we have

(7 1]1) = amplitude for finding spin "up” along 7 if we are in the state [¢)

(n | | ) = amplitude for finding spin "down” along 7 if we are in the state |¢)
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These two amplitudes exhaust all possible measurements for spin = 1/2 in the 7
direction and therefore completely specify the state [¢p). That is what we mean
physically when we say they form a basis set or representation.

When we build the standard basis from these amplitudes, we choose it to be an
eigenstate of the S5 or S, operator, i.e., if we write

[v) = ( 221 } z; ) = a 2 - component vector (7.135)
then the appropriate basis is
1 . . . .
|z 1) = ( 0 ) — spin up in z - direction

|z 1) = ( (1) ) — spin down in z - direction

Matrix Representations

Using this basis, the matrix representation of
S, ==6, (7.136)

is

s _(< NS:z1) (=118:1z ) )_h( 10 ):ha
TS et (2S00 ) 200 -1 )T 2%
Now
Sy = Sy =i, (7.138)
8= aﬂdSy—S+2iS_ (7.139)
Therefore, using
s _(< 1S |2 1) <z¢|S$|z¢>) h( 0 1 ):hg
TS ) (US ) T2\ 0 )T
*“””:((1) (1)) (7.140)

oy :( ? I)i ) (7.141)



Properties of the &;

From
[S’l, S']] = zhawkSk
and
1. .
Sop ghO'Op
we get the commutation relations
[6i,&j] = 2i5ijk5—k (7142)
In addition, we have
6'7;6]‘ = igijka—k ! (7143)
66 +6;6; ={6;,6;} =0 (called the anticommutator) (7.144)
2o+ (10
gi_[_(o 1) (7.145)

The fact that the spin = 1/2 operators anticommute is directly linked to the ex-
istence of fermions as one can see when the relativistic equation for the electron
is studied.

Put all together, these relations give

(A)'l'(}j = 51’]‘ + ieijk(}k (7146)
or going back to the S,
PN h2 h A
S@S’j = Z(SZJ + iaijk§5‘k. (7.147)

In the special case of spin = 1/2, we have

32 h2 2 2 2 h‘z 7 7 T
Sop: Z(O'x+0'y+0'z): Z(I+I+I)
h? . R 1
= 371 = h%s(s + 1)1 with s = 3 (7.148)

A very useful property that we will employ many time later on is (using (7.145))

(d-Gop) (b-Fop) = aibib;6;
= 5ijaibj + ieijka,;bj&k =a;b; + igijkaibj&k

=G-b+i(dxDb)-Gop (7.149)



Rotations in Spin Space

We have said that

Sop - T |Nx) = £— |N) (7.150)

~ [\g‘m

What do the states |fi+) look like in the |2+
direct approach.

basis? One way to find out is the

Let us choose a Cartesian basis for the unit vector (we will look at other choices
afterwards)

n=(ng,ny,n;) , allreal (7.151)
We then have
N . h. ~ R ~ R
Sop T = §O'OP A= —(Ngbg + Nyby +n362)
b 0 1), (0 -i), (1 0
“o\™ 1t o)™l oo )Tl o a1
A .
- ( R A ) (7.152)
2\ ng+iny -n,
and
. o ho
Sop - L |N+) = +g |7i+) (7.153)

" ) (7.154)

[72+) =( ! ) (7.155)

This matrix equation gives two homogeneous equations for a and b

(ny —1)a+(ngy —iny)b=0

(ngy +iny)a—-(ny, +1)b=0

or )
a _ Ng—iny  ny+1 (7.156)
b on.-1  ng+iny, ’

The homogeneous equations have a non-trivial solution only if the determinant
of the coefficients of a and b equals zero or

(n+1)(n.—1) + (ny —iny)(ng +iny) =0 (7.157)
We assume that the vector |+) is normalized to one or
laf” +[b]* = 1 (7.158)
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Putting all this together we get

1 1
a=—=v1+n,and b= —+/1-n 7.159
V2 : V2 : (7.159)

A+) = ;5( @ ) (7.160)

We can easily check this by letting |f+) = |2+) or n, = 1,n, = n, = 0 which gives

=
as expected. In a similar manner

-} = — ( _ﬂ_—nz) (7.162)

O =

) (7.161)

Note that the two vectors |fi+) and |fi—) are orthonormal as we expect.

This calculation can also be carried out in other coordinate bases. For the
spherical-polar basis we get

71 = (sin @ cos p, sin fsin ¢, cos 6) (7.163)
& .~ hf cos® e ¥sing
Sop 1= 2 ( e¥sind  —cosf ) (7.164)
6 .
L [ cosg N sin g
|72+) ( ewsing ) and |n-) ( —e“pcosg ) (7.165)

What can we say about operators in the spin = 1/2 vector space?

Any such operator B can be expressed as a linear combination of the four
linearly independent matrices {I,6,,5,,5.} (they are, in fact, a basis for all
2 x 2 matrices)

> 7 S A N » ~ ap+a, ax-—1ia
B = agl+ax6,+ay6,+a,6, = agl+a- Gop = JeTE Ty
ay +1ay  ag — ay

) (7.166)

In particular, the density operator or the state operator W which is the same
as any other operator can be written as

1 .

W = §(I+d - Gop) (7.167)

where the factor of 1/2 has been chosen so that we have the required property
.1 .

TrWw = §Trl +a;Tro; =1 since Tro; =0 (7.168)
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Since W = W' we must also have all the a; real. What is the physical meaning
of the vector a7

Consider the following

A 1 A
(64)=Tr(Wé,) = iTT((I +ay0y +ayGy +a,0,)0;)

1 R R o A A
= éTT(UI + amai +ay0y0y +a,6,6;)

= %Tr(&m +ayl - 10yG +1a,0y)

- %Tr(j) = ag (7.169)
or, in general,

(Gop) =TT (W&OP) =d = polarization vector (7.170)
Now the eigenvalues of W are equal to

1
5t eigenvalues of @ - d,p (7.171)

and from our earlier work the eigenvalues are G- G, = +1. Therefore the eigen-
values of W are

%(1 «[d]) (7.172)

But, as we showed earlier, all eigenvalues of W are > 0, which says that polar-
ization vectors have a length |d| restricted to 0 < |d| < 1.

Pure states have |d| = 1 and this gives eigenvalues 1 and 0 for W, which corre-
sponds to mazimum polarization.

Note that for @ = aéz = é3, we have

s 1o 0 (1 0

W= §(I+03) = ( 0 0 ) = |z+) (24 (7.173)
as it should for a pure state.

An unpolarized state has |G| = 0 and this gives eigenvalues (1/2,1/2) for W.

This represents an isotropic state where (S;) = 0.

In this case we have

~ 1 1 1

=2 O oy e 2oy o (7.174)
2 2

as we expect for a nonpure state or a mixture.
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Let us now connect all of this stuff to rotations in spin space. For an infinitesimal
rotation through angle « = |&| about an axis along & = &/a, a unit vector m
becomes

n=1m+axm (7.175)

Following the same steps as earlier, this implies

Sop 1= Sop -1+ Sop - (G x 1) = Sop - 101 + 40041 S (7.176)

But we have )
ik = —[8;,8; 7.177
EijkPk Zh[ J] ( )

which implies that

S’op ‘N = Sop -m+ % [S’“Sj] Ot,"ﬁlj
= Sop - 1i0 + % [Sop - &, Sop - 112 (7.178)

Using the same approximations as we did earlier, we can see that this expression,
to first order in «, is equivalent to

S,y = RSrEG e Sord (7.179)
This result holds for finite rotation angles also.
Now using this result, we have

] ~ —
Sop - T [e e Sor

Qu
3
+
~
[
1l
r
ml

BN
U
Q
<
&
%1
Q
S
>
e
3
X

h A <SR AN
=3 [e7#5or i) | (7.180)
This says that

P&

e" 5% |rnt) = [+) and similarly e~ Sor @ -} = |A-) (7.181)

The rotation that takes m — n is not unique, however. We are free to rotate by
an arbitrary amount about 7 after rotating m into nn. This freedom corresponds
to adding a phase factor.
We say that the unitary operator

¢ Sor @ (7.182)
has the effect of rotating the eigenstate of S'op -7 into the eigenstate of S’Op - 7.

The operator performs rotations on the spin degrees of freedom. The equations
are analogous to those for real rotations in space generated by L.
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Let us now work out a very useful identity. We can write

P& ix m o (—ig .G "
n=0 n'
Now we have
(Bop-@)> =6+ +i(dxa) Gop=ad=a’ (7.184)

Therefore

ig 5 » |1 ] 1 ]
2 !

:j(l_

= fcos% —i(Gop - &) sin% (7.185)

Consider an example. Let @ - —90° rotation about the x-axis or

o - -

s
—I (7.186)
2
Now we have
&Z(a':c)n = (_a'x)na'z (7.187)

which follows from the anticommutation relations. This implies that

6zf(6m) = f(_&z)&z

6zf(&xa&y7&z) = f(_é'ma _(}ya6z)5'z
Using these relations we get
L TR L N T S SR O LI

e g€

T 7r
= (cos 5 + 1464 sin 5)&,3 =10,0. =0y (7.188)
as expected for this particular rotation.

Now the spin degrees of freedom are simply additional degrees of freedom for
the system. The spin degrees of freedom are independent of the spatial degrees
of freedom, however. This means that we can specify them independently or
that §0p commutes with all operators that depend on 3-dimensional space

[SOP’FOP] =0, [Sop»ﬁop] =0, [gopvzop] =0 (7.189)

To specify completely the state of a spinning particle or a system with internal
degrees of freedom of any kind we must know

1. the amplitudes for finding the particle at points in space
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2. the amplitudes for different spin orientations

By convention, we choose Z as the spin quantization direction for describing
state vectors. The total state vector is then a direct-product state of the form

[¢) = |external) ® |internal) (7.190)
and the amplitudes are

(7, 2+ | ¥) = probability amplitude for finding the particle at
7 with spin up in the Z direction
(7,2- | ) = probability amplitude for finding the particle at

7 with spin down in the Z direction

where
<F’ Z+ | 1/)) = (7Z | ¢ewternal> <2+ | 1/]internal) (7191>

and so on.

The total probability density for finding a particle at 7 is then the sum of two
terms

(7, 2+ [ )+ (7, 2= | ) (7.192)

which represents a sum over all the ways of doing it.

The total angular momentum of such a spinning particle is the sum of its orbital
and spin angular momenta
Jop = Lop + Sop (7.193)

Jop is now the generator of rotations in 3-dimensional space and in spin space
or it affects both external and internal degrees of freedom.
If we operate with e~i@Jon/h o the basis state |70, +), where the particle is
definitely at 7o with spin up (+h/2) in the 7 direction, then we get a new state
|7 G, N+) where

Fo=To+axryand i =m+daxm (7.194)

Since [Sop, Eop] =0 we have

e‘%d'jop = e_%(&'flop‘*'d‘smo)
_ e—%& Eope_%& SUPe_%d [§0P7EOP]
= o haLoy kS, (7.195)
This implies that
e R8T [y i) = R Lon K on g ) = |7 ) (7.196)



and that e~i@Lor/h carries out the rotation of the spatial degrees of freedom,

while e~i@%s/" carries out the rotation of the spin degrees of freedom.

It '

") = eRETor o)) (7.197)

then the wave function of |¢') is
(Fo. st | &) = (R it | 75T ) = (70 7k | ) (7.198)

This is the wavefunction of |¢)) evaluated at the rotated point with a rotated
spin quantization direction.

The spin representation of rotations has a feature which is strikingly different
from that of rotations in 3-dimensional space.

Consider a rotation by 27 in spin space. This implies that

= COST — G,y - Gsinm = -1 (7.199)

—iT G oG

e

A 27 rotation in spin space is represented by —I. Since the rotations @ and
@ + 2ma are physically equivalent, we must say that the spin representation of
rotations is double-valued, i.e.,

e_EO-Op'a and e—EO'Op'(OH'Qﬂ'OZ) = _6_5001"0‘ (7.200)

represent the same rotation.

7.3.2 Superselection Rules

Let us expand on this important point. The 27 rotation transformation operator
is given by

Un(27) = e 57 Jor (7.201)
When operating on the angular momentum state vectors we have

27i

Uﬁ(Qﬂ') lj,m)=€e""n

o (jom) = €2 ) = (<1)¥ [jm)  (7.202)

This says that it has no effect if j = integer and multiplies by -1 if j = half-
integer.

We usually think of a rotation through 27 as a trivial operation that changes

nothing in a physical system. This belief implies that we are assuming all
dynamical variables are invariant under 27 rotations or that

Ui (2m) AU (27) = A (7.203)
where A is any physical observable.
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But, as we have seen above, Uﬁ(Zﬂ') is not equal to a trivial operator (not equal
to the identity operator for all physical states and operators). This says that
invariance under Uy (27) may lead to nontrivial consequences.

The consequences that arise from invariance of an observable are not identical
to those that arise from invariance of a state.

Let U = a unitary operator that leaves the observable F' invariant or that we
have
[U.F]=0 (7.204)

Now consider a state that is not invariant under the transformation U. If it is
a pure state represented by [¢), then [¢0’) = U [¢) # |[¢p). The expectation value
of F in the state [} is

(EY = (| Fp"y = (0| UTFU [p) = (| UTUE ) = (| ') (7.205)

which implies that the observable statistical properties of F are ‘the same in
the two states [)) and [¢)'). This conclusion certainly holds for U(27). Does
anything else hold? Is there something peculiar to U(27)?

It turns out that U (27) divides the vector space into two subspaces:

1. integer angular momentum - has states |+) where

U@2r)|+) = |+) (7.206)

2. half-integer angular momentum - has states |-) where
U@r)|-)=-1|-) (7.207)
Now for any invariant physical observable B (where [U , 3] =0), we have
(+|U(2m)B|-) = (+| BU (2m)|-)
(+|B|-) == (+|B|-)
—(+|B|-)=0 (7.208)

This says that all physical observable have vanishing matrixz elements between
states with integer angular momentum and states with half-integer angular mo-
mentum (states in the two subspaces).

This is called a superselection rule.

A superselection rule says that there is no observable distinction among vectors
of the form

W) = [+) + € ]-) (7.209)
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for different values of the phase ¢. This is so because
(el Bly) = (+| Bl+) + (-| B|-) (7.210)
and this is independent of .

What about a more general state represented by the state operator

W =3 wi; [i) (| (7.211)

i,
If we break up the basis for the space into + and — subspaces, i.e.,

basis set = {{+ states}, {— states}}

then the matrix representation of W partitions into four blocks

T i ++ i +—
W = . . 7.212
( SO ) (7.212)

While, for any physical observable, the same partitioning scheme produces

® E++ 0
B:( ; B) (7.213)

i.e., there is no mixing between the subspaces. This gives
(B)=Tr(WB) =Try (WayBsy) + Tr_ (W__B__) (7.214)

where Tr, implies a trace only over the particular subspace. The cross matrix
elements W, _ and W_, do not contribute to the expectation value of the observ-
ables, or interference between vectors of the |+) and |-) types is not observable.

All equations of motion decouple into two separate equations in each of the two
subspaces and no cross-matrix elements of W between the two subspaces ever
contribute.

If we assume that the cross matrix elements are zero initially, then they will
never develop(become nonzero) in time.

What is the difference between a generator U/ (27) of a superselection rule and a
symmetry operation that is generated by a universally conserved quantity such
as the displacement operator

e~ wiPop

which is generated by the total momentum Pop7

The Hamiltonian of any closed system is invariant under both transformations.
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Both give rise to a quantum number that must be conserved in any transition.
In these examples the quantum numbers are

+1 for U(2r) and the total momentum

The difference is that there exist observables that do not commute with P,, and
Qop, but there are no observables that do not commute with U (27).

By measuring the position one can distinguish states that differ only by a dis-
placement, but there is no way to distinguish between states that differ only by
a 27 rotation.

The superselection rules from U (27), which separates the integer and half-
integer angular momentum states, is the only such rule in the quantum me-
chanics of stable particles (non-relativistic quantum mechanics).

In Quantum Field Theory(relativistic quantum mechanics), where particles can
be created and annihilated, the total electric charge operator generates another
superselection rule, provided that one assumes all observables are invariant un-
der gauge transformations.

This says that no interference can be observed between states of different total
charge because there are no observables that do not commute with the charge
operator.

In a theory of stable particles, the charge of each particle and hence the total
charge is an invariant. Thus, the total charge operator is simply a multiple of I.
Every operator commutes with I implying that the charge superselection rule
is trivial in non-relativistic quantum mechanics.

Now back to the normal world.
The techniques that we have developed for the spin = 1/2 system can be applied

to any two-state system. Here is an example of a two-sided box solved using
both the Schrodinger and Heisenberg pictures.

7.3.3 A Box with 2 Sides

Let us consider a box containing a particle in a state |¢)). The box is divided
into two halves (Right and Left) by a thin partition. The only property that
we will assign to the particle is whether it is on the Right or Left side of the

box.

This means that the system has only two states, namely, |R) and |L) that must
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have the properties

(R | %)= amplitude to find the particle on right side if in state [¢))
(L | ) = amplitude to find the particle on leftt side if in state |¢))

We also suppose that the particle can tunnel through the thin partition and
that

(R | ) = (L |¥) , K real (7.215)

How does this system develop in tlme?

We solve this problem in two ways, namely, using the Schrodinger and Heisen-
berg pictures.

Schrodinger Picture

We define the general system state vector
[ vr \_[ (BR]Y)
'W'( o )( (L) )
0
1

“on( g o (V)
=9Yr|R) +Yr|L) (7.216)

The time-dependent Schrodinger equation is

Ovr R
mgtw(t)):m( &, ):H( ﬁf ) (7.217)

ot

Now we are given that

din K dvg
dt ih dt

The state vector must remain normalized as it develops in time so that

(| 0) =Rl + o> =1

K
- K (7.218)
ih

OWly) _ a%a R 3¢L 81/)L
VR+YR— lZ’L
ot ot
K 3
0= —i—wwmw;;m + L gy 4y 208
0 5‘ K
0= 1/fL( UL y ¢R) 7/’L( UL %1#1%)
which says that

dpr, K vy K,
o Cwn T T alE (7219)
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Therefore we have

which says that
~ 0 1
H—K( 1 O)

The eigenvalues of H are +K and its eigenvectors are

1 1
== ()
Note that for g = parity operator (switches right and left) we have
plxK) = £|xK)

so these are also states of definite parity.

If the initial state of the system is
Yr(0)
0)) =
w4540
then we can write this state in terms of energy eigenstates as
Yr(0)
0)) =
woy-( 4540

1 1
= NG (¥r(0) +vL(0)) [+K) + NG (¥r(0) =9¥1(0)) |-K)

Since we know the time dependence of energy eigenstates
|£K), = " F K |2 K)
the time dependence of [i(¢)) is given by
1

75 () +41(0)) e F LK)

l¥(8)) =

N % (R(0) - Y1 (0)) " F K |- )

or

o ( (VR(0) + ¥2(0) 7F X+ (wr(0) ~wr (0)) e 711
(r(0) + 1,(0)) € F K = (w (0) =i (0)) "+ 5

1
2
- (4n(0) cos 5E - ipe 0)sin ) 1)

. (_in(o) sin % +11,(0) cos %) L)
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(7.223)

(7.224)

(7.225)

(7.226)

(7.227)

)

(7.228)



Therefore, the probability that the particle is on the Right side at time ¢ is

2

Pr= (R | ()2 = |¢r(0) cos % ~ i1 (0) sin% (7.229)

Now suppose that

Yr(0) = % and 7(0) = e (0) (7.230)

This says that the particle was equally probable to be on either side at t = 0,
but that the amplitudes differed by a phase factor. In this case, we get

1 2Kt
Pg = 5 (1 + sin d sin T) (7.231)

Heisenberg Picture

Let us define an operator Q such that for a state vector

1) =¢r|R) + L |L)

we have
) = |1ygr|” = probability that particle is on right side .
V| Q W) = gl bability th 1 ht sid 7.232
This says that
(WIQ W) =l = (| R) (R ¥) (7.233)
or
Q = |R) (R| = pure state projection operator = ( é 8 ) =T+6. (7.234)

and that the expectation value of the pure state projection operator is equal to
the probability of being in that state. This agrees with our earlier discussions.

Now we have

a-r(? 1)- K6, (7.235)
1 0
Therefore,
Q(t) = er 1t Qe w1t (7.236)
Now as we saw earlier
en it - on KOst _ cog %f +isin %&w (7.237)
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Thus,

R Kt . Kt Kt . Kt
Q(t) = (cos ?I+isin ?&ﬁ) (I+ &Z) (cos ?I—isin ?&l«)

= cos® Kt +sin2ﬁ + cos? ﬁ& —isinﬁcosﬁ [62,6,] +sin® ﬁ& 0,0
- h h h z h h zZ xr h rxYzYx
1 + cos? Ki, + 2sin t Cos Ki, sin? Ki,
= —0, — — 0y — —0,
h h hY h
2K 2K
=1+ cos —t@ + sin —t&y (7.238)
h h
Then
Pr(t) = (4(0)| Q) [4(0)) (7.239)
where ,
WO = = 1B+ ) (7.240)
2 V2 '
Now
0. |R>:|R) y 0. |L>:_|L)
6y |R)=—ilL) , &,IL)=i|R)
and we get
1 2Kt
Pr==(1+sindsin —) (7.241)
2 h
as before.

7.4 Magnetic Resonance
How does an experimentalist observe the spin of a particle?

Classically, a spinning charge distribution will have an associated magnetic mo-
ment. In non-relativistic quantum mechanics particles with internal spin degrees
of freedom also have magnetic moments which are connected to their angular
momentum. We write for the magnetic moment operator

v _ agorbital 7 Spin
M, = MgV 1 ISP

q & q S &
7[10;0 + gsisop = % (gELop + gsSop) (7242)

- 2me

where, as we shall derive later,

J+1)—L(L+1)+s(s+1)
jos = 1 7.243
gits =28 2 +1) (7.243)
ge = gjjo = 1 and g, = gjo; =2 (7.244)
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Therefore we have

— q - - -
Moy = Y (Lop +280p) = ch (Jop + Sop) (7.245)

which says that Mop is not parallel to jop. The energy operator or contribution
to the Hamiltonian operator from the magnetic moment in a magnetic field
B(#,t) is

Hyy = -M,, - B(7,t) (7.246)

Spin measurement experiments are designed to detect the effects of this extra
contribution to the system energy and thus detect the effects of spin angular
momentum.

We will return to a full discussion of the effect of H M on the energy levels of
atoms, etc in a later chapter. For now we will restrict our attention to spin
space and investigate the effect of the spin contribution to H)y; on the states of
a particle.

We will use
f{spin = _gié . Sop (7247)

2me

where we have replaced g; by g. We have not set g = 2 since it turns out that
it is not exactly that value(due to relativistic effects).

In the Schrodinger picture we have

100 = Hapin [00) (7:215)
If we ignore spatial dependences (worry only about spin effects), we have
pen = o) (7219
() (136))
e )
an( Bovm, B )( e ) ) (7.250)

This represents two coupled differential equations for the time dependence of
the amplitudes (+|v) and (-|). When solved, the solution tells us the time
dependence of the measurable probabilities.

»Jk\m Ak\lm

We can see the physics of the motion best in the Heisenberg picture, where the
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operators, instead of the states, move in time. In this case, we have

D (50 1000
- 8,00, 5,0] B (1) = 120 S 0By (1250

for each component. The operators are all time-dependent Heisenberg picture
operators. This gives

dSop(t )
%() 2?;1 Sop(t) x B(t) = Mapin () x B(t) (7.252)
The right-hand-side is the torque exerted by the magnetic field on the magnetic
moment.

In operator language, this equation implies that the rate of change of the spin
angular momentum vector equals the applied torque. This implies that the spin
vector with ¢ < 0 precesses in a positive sense about the magnetic field direction
as shown in Figure 7.1 below.

C -
.

D+
U

, >

Figure 7.1: Motion of Spin

Suppose that B(t) = By (independent of ¢). We then have

ds.(t)
= 2
- =0 (7.253)
dS.(t) _ 9aBo 4
= 254
dt 2me Sy (1) (7.254)
dS, (1) _94Bo ¢
it ALY t 7.2
dt 2mc 5o (1) (7.255)
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These coupled differential equations have the solutions

S, (t) = S,(0) coswot + Sy(O) sinwgt (7.256)
S’y(t) = -5,(0) sinwot + SU(O) cos wot (7.257)
S.(t) = S.(0) (7.258)
where
w = 9150 (7.259)
2me

Now suppose that at ¢ = 0, the spin is in the +z-direction, which says that

(3.(00) = (041 8. 0) fi+) = (7.260)
(9,(0)) = (S=(0)) =0 (7.261)
Therefore, the expectation values of the solutions become
A h
(Sz(t)) =3 coswyt (7.262)
(Sy (1)) = —g sinwot (7.263)
(S.(0)=0 (7.264)

which says that the expectation value of the spin vector rotates in a negative
sense in the z — y plane (precession about the z-axis).

Now let us return to the Schrodinger picture to see what precession looks like
there. We will do the calculation a couple of different ways.

First we use the time-development operator. For B = B we have

v 9ghB .
H = _mgop n (7265)
If we define
qB
wy, = — = Larmor frequency (7.266)
mc
and let g = 2 we have
- 1
H-= —ithﬁop-ﬁ (7.267)
In the Schrodinger picture,
. d ~
ih— 1(8) = Hapin (1) [1(2)) (7.268)

When ﬁspm(t) is time-independent, we have the solution
() = U () [1:(0)) (7.269)
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where o
U(t) = e nflt (7.270)

or
LLta. 5
[(t)) = €277 [1h(0)) (7.271)
Since i = a unit vector, we have (G, - 7)? = I, which gives, as before,
th N AN . th
o (t)) = (COST +i(Bop- 1) smT) 1(0)) (7.272)
This is the solution to the Schrodinger equation in this case.

Now let

[¥(0)) =( (1) )= 2 1) = |z+) = |+) (7.273)

From earlier we have

S s N, Ng — 17y
Gop -1 ( ng +in, n. ) (7.274)
We then have
3 wrt ) n, Ng — Ny . wrt
[1(t)) = cos - |+)+z( ng + ing n. )|+)Sm -

wrt ) n, Ng — Ny 1\ . wrt
=cos—— |+) +1 . sin ——
2 Ng + 1Ny -n, 0 2

wrt . .owrt n,
=08 —— |+) +isin —— .
2 2 \ ng+iny

t t
= cos WTL [+) +isinw7L (nz|+) + (ng +iny) |-))
t

t ¢
= (cos“’TL +in, sin%)|+)+i(n$ +iny)sinw7L|—) (7.275)

This says that as the initial state |+) develops in time it picks up some amplitude
to be in the |-} state.

Special Case
Let

n=9y—> B is in the y- direction

ny=1,n,=n,=0

This gives
th

=R (7.276)

b (£)) = cos “7” I+) - sin
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which implies that (3,) flips with frequency v = wr /47 or that the spin vector
is precessing around the direction of the magnetic field

Finally, let us just solve the Schrodinger equation directly. We have

[ (i | ()
%( (i | (1) )

1 qh B, B, -iB, (n+ | w(t))
=——— : . 7.277
2me ( B,+iB, -B. )\ (a-le@) | TF0
If we choose 1 = &,then we have
) a(t) 1 0 1 a(t)
p (0} s 0)( © nns
where a(t) = (A+ | ¥ (t)) and b(t) = (A— | (1))
and |a” +[b)* = 1
This gives two coupled differential equations
a= i%b and b=i"Lq (7.279)
which are solved as follows:
(a+D) :i%(d+i)) — a+b=(a(0)+b(0))e *" (7.280)
(a-b) = —z’%(a—b) —a-b=(a(0) - b(0))e  F (7.281)
or
a(t) = a(0) cos %Lt +ib(0) sin %Lt (7.282)
b(t) = ia(0) sin %t +b(0) cos “L ¢ (7.283)
For the initial state
_f a0) Y_(1
von-( 50 )=o) (7280
we get
a(t) = cos %t , b(t) =isin %t (7.285)
and
a(t) = cos %t , b(t) =isin %t (7.286)
as before.
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7.4.1 Spin Resonance

Let us now consider the addition of an oscillating magnetic field perpendicular
to the applied field B = ByZz. In particular, we add the field

By = Bj coswti (7.287)
In the Schrodinger picture, we then have the equation of motion

i lb(t)) = _hy (By6, + By coswtdy) |ih(t)) (7.288)
dt 2me 2

Now we first make the transformation (shift to rotating coordinate system since
we know that if the extra field were not present the spin would just be precessing
about the direction of the applied field)

i%ts,
(1)) =27 [ (1)) (7.289)
which gives
. d jwt s 7 €h g " . jets ’
zha(e 20= |y (t))):—Ti(Boaz+B1coswtom)e 2051y (1))  (7.290)
me
s wt o d s wt o
ihe™ %0 2 (57 [0/ (1)) (7.291)
h s wt A s wt A s wt A s wt A
= —26 g (Boe_ITUz&ze’TUZ + By coswte"lTUzéxe’T"z) [/ (t))
me
or
ao—iste, ists 4y W iste 0
e 8 (47 D) .00 (1)
h s wit A s wit A
= —;—mcg (B()&z + By coswte "2 92 &meZTUZ) [/ (t)) (7.292)
Now
coswte 5 0= 6xeiw7tt&z = coswtbeto=
= 64(cos® wt +i6, cos wt sinwt)
., 11 o1
=6,(= + = cos 2wt + 16, = sin 2wt)
2 2 2
5o 1
= + 5 (64 cos 2wt + 16,6, sin 2wt)
0, 1 A
=5 5 (64 cos 2wt + 6, sin 2wt) (7.293)
Defining
B B
wo = 9E20 and wy = L5241 (7.294)
4me dme



we get
d
h— |y’ (¢
ih [0/(1))

- ((552)0: - Lo o

n % (64 c0s 2wt + 6, sin 2wt ) |1 (£)) (7.295)

The two higher frequency terms produce high frequency wiggles in [/ /(t)). Since
we will be looking at the average motion of the spin vector (expectation values
changing in time), these terms will average to zero and we can neglect them in
this discussion.

We thus have

o d o ((Wmwo) s Wi /
in s 0 @) = ((52) 6 - ol ) (7.296)
which has a solution
[ (1)) = 757 [y (0)) (7.297)
Q= [(w-w)?+w?]"* and &= < 6. -5, (7.208)

We note that
5 ( 0)2 2 .
= =7 2

E Li=1 (7.299)

The final solution to the original problem (again neglecting the higher frequency
terms) is then(after leaving the rotating system)

wt

(1)) = 757 [y (0)) (7.300)

Example

Let us choose

pon-1-( 4 ) (7301

We get
b)) = e 5 75 H 0 |4) = i %0 (cos % ~iésin %) 1+) (7.302)
= 190 (cos it |+) - i2 "0 gin g&z |+) + i“L sin &&x |+))
2 Q 2 Q 2
Now using
G, +) =|+) and 6, |+) =|-) (7.303)
e715 % = cos %t —isin %tﬁz (7.304)
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we have

[W(t)) = AW |+) + A |-)
t Ot t Ot
A = cos 2 cos 2 — igin 2 cos o
2 2 2

(,) LW wt . Qt w1 . wt . Qt
A = —7—— COS — SIn — + —— SIn — S1n —
Q 2 2 Q 2 2

Therefore, the amplitude for spin flip to the state |2 |) = |-) at time ¢ is

t Qt t Qt
(= v(t)) = A9 = —i% cos % sin? + % sin% sin >
= —iﬂsingei%t
Q2

and the probability of spin flip is

o Ut w?

5 - ﬁ(l —cost)

w2
Ppigp(t) = (= [ (D)) = Q%sin

(7.305)

(7.306)

(7.307)

(7.308)

(7.309)

What is happening to the spin vector? If we plot Py, (t) versus t as in Figure

7.2 below we get

0.04

Probability of Spin Flip

0,035
0,031

0,025}

Prob(fiip)

8 1
time

Figure 7.2: Spin=Flip Probability versus Time

where the peak values are given by w?/Q%. What is the value of w?/Q? and can
it be large? If we plot w?/Q? versus w (the frequency of the added field) we get

as in Figure 7.3 the result
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Resonance Curve

o = o =)
@ ~ o o

Amplitude Squared

o
w

4 5 6
frequency

Figure 7.3: Resonance Curve

The peak occurs at w —wy ~ 0 (called a resonance). Therefore, if w—wy >
w1 (called off-resonance), the maximum probability for spin flip is small(that
corresponds to the Figure 9.2). However, if w — wg ~ 0, which corresponds to
resonance, the maximum probability ~ 1 and the spin has flipped with certainty.
The spin system preferentially absorbs energy (flipping spin) near resonance.

This spin resonance process is used to determine a wide variety of spin properties
of systems.

7.5 Addition of Angular Momentum

A derivation of the addition process for arbitrary angular momentum values is
very complex. We can, however, learn and understand all of the required steps
within the context of a special case, namely, combining two spin = 1/2 systems
into a new system. We will do the general derivation after the special case.
7.5.1 Addition of Two Spin = 1/2 Angular Momenta
We define
§1,op = spin operator for system 1 (7.310)
Sy.0p = spin operator for system 2 (7.311)

The operators for system 1 are assumed to be independent of the operators for
system 2, which implies that

[Sli,s’gj] =0 for all 7 and j (7.312)

492



We characterize each system by eigenvalue/eigenvector equations

S’iop |s1,mq) = h281(51 +1)|s1,mq) (7.313)
1.z |s1,ma) = iy [s1,my) (7.314)
’gg,op |s2,ma) = h232(52 +1)[s2,m2) (7.315)
Sy, |s2,ma) = hma [s3,m) (7.316)
where
$1 =89 = 1 and m; = il , Mo = il (7.317)
2 2 2

Since both s; and so are fixed and unchanging during this addition process we
will drop them from the arguments and subscripts to lessen the complexity of
the equations.

Each space (1 and 2) is 2-dimensional and thus each has two (2s + 1 = 2) basis
states corresponding to the number of m-values in each case

81—%,m1:%>: %,%)1:|¢)1:|+)1 (7.318)
s1=3rm==3)=|3:-3) =l =1 (7.319)
32_%,%:_%): %,_%>2:|¢)2:|_)2 (7.321)

This means that there are 4 possible basis states for the combined system that
we can construct using the direct product procedure. We label them as

1) = ++) ) IN) =[+)
1) =1=+) [+)y o ) =1--)

=|+h ® [+) @ -), (7.322)
= |_)1 ® |_>1 ® |_>2 (7.323)
so that the first symbol in the combined states corresponds to system 1 and the
second symbol to system 2. These are not the only possible basis states as we
shall see. The "1" operators operate only on the "1" part of the direct product,

for example,

Stoplt=) =h2s1(s1+1) |+-) = %fﬁ [+-) (7.324)
$1,e#-) = by [+-) = £ [+-) (7.325)
8B +-) = Rsa(s2 + 1) +-) = 2%}y (7.326)
So. =) = hma =) = =2 [+-) (r.321)
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The total spin angular momentum operator for the combined system is
Sop = S1.0p + S2.0p (7.328)
It obeys the same commutation rules as the individual system operators, i.e.,
[Si,S;] = ihes;1 Sk (7.329)

This tells us to look for the same kind of angular momentum eigenstates and
eigenvalues

) 2
Sopls;m) =h7s(s+1)[s,m) (7.330)
S, |s,m) = hm|s,m) (7.331)

To proceed, we need to derive some relations. Squaring the total spin operator
we have

- - - 2 - - -
2 _ _ Q2 2
SOP - (517010 + 827027) - Sl,()p + S2,op + 251,0;0 : SZ,op

3.92 3,95 PARN PRRN PR
= 1h21 + Zh2l +281,8, + 281,589, +251,5%, (7.332)
Now using R R . R A R
Sli = SM; + iSly and Sgi = SQI + iSQy (7333)
we have o o o o
QSleQx + QSlySQy = Sl+52_ + Sl_SQ+ (7334)
and therefore 5
S2 = §h2f +251.85, + 51,8, +8,_5,, (7.335)
Now suppose we choose the four states |[++),|+-),|-+),|-—) as the orthonormal

basis for the 4-dimensional vector space of the combined system. We then ask
the following question.

Are these basis states also eigenstates of the spin operators for the combined
system?

We have
Seft+) = (S1z + Sa2) [+); ® [+)y = (S1z [+4)1) ® [+)y + [+); ® (Sa:[+),)

Qe e Rl - b e,

= h|++) (7.336)
and similarly
S.|+-)=0 (7.337)
S |-+)=0 (7.338)
5. |-=) = ~h|--) (7.339)



This says that the direct-product basis states are eigenvectors of (total) S, and
that the eigenvalues are m =1,0,-1 and 0 (a second time).

Since each value s of the total angular momentum of the combined system must
have 2s + 1 associated m-values, these results tell us that the combined system
will have

s=1->m=1,0,-1and s=0->m=0 (7.340)

which accounts for all of the four states. What about the S’gp operator?

We have
ggp |++> = (ghzj— + 2S1z*§22 + S’1+S’27 + §17§2+) |++>
hh . U
= (§h2+277 +Sl+SQ_ +Sl_52+)|++) (7341)
2 22
Now using ) )
Siy[++) =0= 5, [++) (7.342)

we get

a2 2 2

Sop [++4) = 2% |++) = A°1(1 + 1) [++) (7.343)

or the state |[++) is also an eigenstate of S’gp with s =1
[++)=]s=1,m=1)=]1,1) (7.344)
Similarly, we have
S2,1--) =2h*|-=) = A*1(1 + 1) |--) (7.345)
or the state |--) is also an eigenstate of S‘gp with s =1
|-=)=ls=1,m=-1)=1,-1) (7.346)

In the same manner we can show that |+-) and |-+) are not eigenstates of Sgp.
So the simple direct-product states are not appropriate to describe the combined
system if we want to characterize it using

S2, and S, (7.347)

However, since the direct-product states are a complete basis set, we should
be able to construct the remaining two eigenstates of Sgp and S, as linear
combinations of the direct-product states

|Svm): Z Asmmimo |m17m2) (7348)

mi,ma

where we have left out the s; and s, dependence in the states and coefficients.
In a formal manner, we can identify the so-called Clebsch-Gordon coefficients
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Gsmmym, DY using the orthonormality of the direct-product basis states. We
have

(mlv m2 | S, m Z ab'rnmﬂnz <m1; m2 | m17m2>
mi1,ma2
Z asmmlmgém’lml 6m’2m2 = Asmm! m!, (7349)
my,ma2

where we have used
(mllvm; | m17m2) = 5m’1m1 5m’2m2 (7350)

This does not help us actually compute the coefficients because we do not know
the states |s,m). A procedure that works in this case and that can be general-
ized, is the following.

We already found that |++) = |1,1) and |--) =|1,-1). Now we define the oper-
ators A . . . . A . . .

Si =Sg £1Sy = (S1g + S2z) £i(S1y + Say) = S14 + Sou (7.351)
These are the raising and lowering operators for the combined system and thus
they satisfy the relations

Sy |s,m)=hy/s(s+1)—m(m+1)|s,m«1) (7.352)

This gives . R

S, ]1,1)=0=5_|1,-1) (7.353)
as we expect. If, however, we apply S_ to the topmost state (ma:m'mum s and
m values) we get

S_|1,1) = hy/1(1+ 1) = 1(1 - 1) |1,0) = A/2]1,0)
= (S1-+ S5 ) [+); @ [+)y = (S1-[+)y) @ [+)y +|+); ® (S2- [+),)

-/ EG DL D e,
e/ EE -t ni e,

= h|-+) + h|+-) (7.354)

or ) )
— |-+ —= |+ 7.355
7 —+) 7 [+-) (7.355)
Note that the only terms that appear on the right hand side are those that have
m =my +mq. We can easily see that this is a general property since

1,0) =[s=1,m=0) =

S’Z|s7m) mh|s, m) Z asmmlmz(Slz +S’22)|m1,m2)
mi,mso
=h Y Gemmyms (M1 +ma) [ma,ma) (7.356)
miy,m2
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The only way to satisfy this equation is for m = mq + mo in every term in the
sum. Thus, our linear combination should really be written as a single sum of
the form

|s,m) = § Asmmmo |m17m2> = § Gsmmy,m—-my |m17m - ml) (7357)
mi,m2 m1
mi+mo=m

These three states

[L1)=|++) >a; 311 =1 (7.358)

S

11
272

1
1,0) = \/§(|_+) +[+-)) - G1,1,-1,1 =091 1= NG (7.359)
[1,-1)=|--) > ayg 11 =1 (7.360)

are called a triplet.

The state |s=0,m =0) = |0,0) can then be found as follows: the state has
m =0, 5,|0,0) =0 and thus each state(term) in the linear combination must
have m = my + mo = 0, which means we must be able to write

|0,0) = a|+-) +b|-+) (7.361)
where
laf* + |b]” = 1 (state is normalized to 1) (7.362)
Now we must also have
(1,0]0,0) =0 (since the |s,m) states are orthogonal) (7.363)
which implies that
1 1

—a+—=b=0—->b=-a 7.364
7 5 ( )
We then have

1
2P =1>a=—=-b 7.365
|al 7 ( )
and
1 1
10,0) = |5 =0,m = 0) = — |[+=) — — |—+) (7.366)

V2 V2

This is called a singlet state. That completes the construction of the angular
momentum states for the combined system of two spin-1/2 systems.

We now generalize this procedure for the addition of any two angular momenta.
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7.5.2 General Addition of Two Angular Momenta

Given two angular momenta j].,op and j270p, we have the operators and states
for each separate system

jl,op - jiop,jlz,ju - |j1,m1)

j2,op - jzzyop, jzz, jQi - |j2,m2)
with
7.367
7.368

7.369
7.370

T3 opldtsma) = 241 (G1 + 1) |1, ma) , Jiz |, ma) = hama 1, ma)

Jieljt,ma) = /g (i + 1) = ma(ma £ 1) [jy = 1,my)
T3 opld2sma) = B2 ja(ja + 1) |2, ma) , Jaz |2, ma) = hima |ja, ma)

(7.367)
(7.368)
(7.369)
Jas [j2,ma) = ba/j2(da + 1) = ma(mg + 1) [j2 £ 1,my) (7.370)

Remember that there are 2j; + 1 possible m; values and 2j, + 1 possible mso
values.

Since all of the "1" operators commute with all of the "2" operators, we can

find a common eigenbasis for the four operators J7 ,,, J1., J3 p, Jo- in terms of
the direct-product states

71, 2, m1,ma2) = [j1,m1) ® |j2, m2) (7.371)

For the combined system we define total operators as before

jop = jlm, +.Jo op = total angular momentum (7.372)
Jo= i+ Jas, [ T2, 2] =0 (7.373)
(72, J} op] 0, [J2J3,,]=0 (7.374)
[ oprJ=] =0 [J50, 2] =0 (7.375)

These commutators imply that we can construct a common eigenbasis of J? op?
;

Jis ,Jiop,jgz using the states [j1, j2, m1,ma) where

Jipli-m) =h?j(G+1) |j,m) and J. |j,m) = hmj,m) (7.376)
There are 2j + 1 possible m values for each allowed j value. We cannot use the
operators le, ng to construct the eigenbasis for the combined system because
they do not commute with pr.
Remember that in order for a label to appear in a ket vector it must be one of

the eigenvalues of a set of commuting observables since only such a set shares a
common eigenbasis.
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We now determine how to write the |ji, j2,m1,m2) in terms of the |j1,m1) ®
|72, m2) basis. We have

|j17j27j7m)
= ZZ Z Z |ji’j57m17m2) <jiajé7m17m2 ‘j17j27j7m> (7377)
Jh o jh mima
where
(41,45, m1,ma | 41, 2,4, m) = Clebsch - Gordon coefficients (7.378)

This corresponds to inserting an identity operator of the form

j:ZZZZU{ajé»mlamQ) (j{,jé,ml,m2| (7379)

i1 b mma
Since

2
<jivjéamlam2|‘]10 |j15j27j7m>
,O0p

= h251 (41 + 1) (41, b, ma, ma | j1, j2, j,m)
= h2j1(j1 + 1) (jivjévmlva |j1aj2)j7m)

the Clebsch-Gordon(CG) coefficients must vanish unless ji| = j; and similarly
unless j4 = jo. Thus we have

|j17j27j7m) = Z Z |j13j2)m17m2> <j17j25m17m2 |j1aj27j7m> (7380>

mi mo
Also, as we saw earlier, since J, = Jy, + Jo, we must have

<j17j27m17m2|jz |j1,j27j,m> = h(ml +m2) <j17j27m17m2 |j13j27j7m>

= hm (j1, j2, m1,m2 | j1,j2,j,m)

which implies that the CG coefficients must vanish unless m; + my = m. Thus
the only non-vanishing coefficients are

<j17j27m1am2|j15j27j7m:m1+m2) (7381)

and we can write

|j1aj27j7m):2 Z |j17j27m17m2><j1?j2am17m2|j17j27j’m)

mi mo=m—mi

= > i1, J2, ma1,ma = m —my) (j1, j2, m1,mo = m —my | j1, ja, 4, m)
m1

For fixed j; and js there are 2j; + 1 possible m; values and 2j5 + 1 possible my
values. Thus, there are (21 +1)(2j2+1) linearly independent states of the form

|j17j2am17m2> = |.j17ml> ® |j2am2>
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and hence the vector space describing the combined system is (251 +1)(2j2+1)-
dimensional.

This says that there must be (2j; + 1)(2j2 + 1) states of the form |j1, jo, j,m)
also.

We notice that there is only one state with m = mq + mo = j1 + j2, namely,
my = j1 and my = ja (7.382)

This state has the mazimum possible m value.

There are two states with m = mq + mgy = j1 + jo — 1, namely,
my = jl - 1,m2 = j2 and my = jl,mg = j2—1 (7383)
and so on.

For example
J1=2,7J2=1-(2(2)+1))(2(1) +1)) = 15 states (7.384)

If we label these states by the m-values only (since j; and jo do not change) or
|m1,m2), then we have(in this example)
m =3 — 1 state - |2,1)
m =2 — 2 states - (2,0) , |1,1)
m =1 - 3 states - |1,0) , [0,1) , |2,-1)
m =0 — 3 states - [0,0) , [1,-1) , |-1,1)
m=-1— 3 states - |-1,0) , |0,-1) , |-2,1)
m = -2 - 2 states - |-2,0) , |-1,-1)
m = -3 > 1 state - |-2,-1)
for a total of 15 states. The combined system, as we shall see by construction,
has these states
j=3->m=3,2,1,0,-1,-2,-3 - 7 states
j=2-m=2,1,0,-1,-2 - 5 states
j=1->m=1,0,-1— 3 states

for a total of 15 states.

The general rules, which follows from group theory, are

1. The combined system has allowed j values given by

J1+Jjo 27 >1j1 - Jo| in integer steps (7.385)
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2. The total number of states is given by the total number of m-values for
all the allowed j-values or

Jitj2
> (27 +1) =(251 +1)(2j2 + 1) (7.386)
j=lj1-jz|
We write the addition of two angular momenta symbolically as

J1®J2=j1—Jol@[j1 —jo| + 1@ [j1 —jo| + 2@ ...... ®j1+j2— 1@ 71 +j2 (7.387)

Examples

Our original special case of adding two spin = 1/2 systems gives

1 1 1
j1:j2:§—>j=0,1—>§®§:OEBl—>4states (7.388)

which is the result we found earlier.

Other cases are:

Jj1=J2=1-37=0,12-1®1=0801®2 - 9 states
71=2J2=1-35=1,23-201=19263 — 15 states
J1=2,92=3-7=1,2,3,45-203=10203948 5 — 35 states

7.5.3 Actual Construction of States
Notation

1. states labeled |7,6) are |j, m) states

2. states labeled [3,2), are |m,ms) states

3. we suppress the ji,jo labels everywhere
Procedure
1. choose j; and js
. write down the direct-product |mq,ms) basis
. determine the allowed j values

2
3
4. write down the maximum m state (m = j; + jo2); it is unique
5. the maximum m-value corresponds to the maximum j-value
6

. use the lowering operator to generate all other m-states for this J-value;
there are 25 + 1, i.e.,

J-|jsm) = mn/j (G + 1) = m(m =1)|j,m - 1)
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7. find the maximum m-state for the next lowest j-value; it is constructed
from the same basis states as in the corresponding m-states for higher
j-values; use orthonormality properties to figure out coeflicients

8. repeat (6) and (7) until all j-values have been dealt with

More Detailed Examples (we must learn this process by doing it)

#1 - Individual system values

1 1 1
Jj1=Jo= 5 MM =5, (we already did this example) (7.389)
The basis states are (we use the notation |+-) here instead of [1/2,-1/2))

) ) s s )

m=mi+me = 1 0 -1 0

Construction Algebra
Allowed j-values are j =1,0
j=1has 25 +1=3 m-values =1,0,-1
7=0has2j+1=1m value =0
[1,1) = |++) maximum or topmost (j,m) state is always unique
J_[1,1) = V2R|1,0) = (Ji_ + Jo_) |[++) = h|+=) + b |-+)
[1,0) = L fe=)+ L)
Jo[1,0) = V2R 1, -1) = (Jio+ o) (L5 1) + 5 |-+)) = vV2h|--)
1,-1) =|--)

We must now have |0,0) = a|+-) + b|—+) (Rule 7) with
2 (p2 = _ 1 1, _
lal® + 0| —1and(1,0|,0,0)—%a+ﬁb—0

which gives
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All the j—values are now done. We end up with the Clebsch-Gordon coefficients.

#2 - Individual system values
Ji=Jj2=1->m1,my=10,-1 (7.390)

The basis states are

[1,1)g11,0)g 1,-1)g10,1)4 [0,0)4
m=mi+mo= 2 1 0 1 0

|07_1>®|_171>®|_1’0>®|_1’_1>®
m=mi+mg= -1 0 -1 -2

Construction Algebra
Allowed j-values are j =2,1,0
J=2has 25+1=3 m-values =2,1,0,-1,-2
j=1has 25+1=3 m-values =1,0,-1
7=0has2j+1=1m value =0
2,2) = |1,1), maximum or topmost (j,m) state is always unique
J_12,2) =20 (2,1) = (Ji- + Joo) |1, 1) g = V2R |1,0)g +V/2R[0, 1)
12,1) = 751,00 + 510, 1)

J12,1) = VBh[2,0) = (Jio + o) (25 11,005 + 25 10,1) )
= h|1,~1)g +20[0,0)4 + h|-1,1)4

12,0) = J5 11, -1)g + 510,0)g + =1-1,1)g

Continuing we have

1 1
2,-1) = — |-1,0), + —
| ) \/§| e V2

|27 _2> = |_17 _1)®

|05 _1>®

which completes the five j = 2 states.
We must now have [1,1) = a[l,0), +50,1), with
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jaf +

which gives

- _p=_L
a= b—\/§

or

1) = 11,00 - 20,1,

> =1 and (2,1],1,1) = 2a+ Lb=0

2 2

We now find all of the j = 1 states

J_|1,1) = V2R |1,0) =

= h|17_1>®
1

|130> = \/§

and continuing

|11_1> =

(jl— + jg,)( 1

1
ﬁ |07_1>

L 0.1),)

|170>® - ﬁ

V2

—-h|-1,1)g
|1a _1>® -

1
—]-1,1
\/§| >®

1
- —1-1,0
® \/§| Jo

which completes the three j = 1 states.

We must now have [0,0) = a1, -

jal* +

and (1,0],0,0) =

which gives

or

0,0) = L1,

All the j-values are now done.

o> =1 and (2,0],0,0) =

750"

_1>® - % |070)® +

1)g +610,0)g +c|-1,1), with

2
f+\[b+f =0

Le=o

V6°

1
ﬁ |_17 1)@

7.6 Two- and Three-Dimensional Systems

We now turn our attention to 2— and 3—dimensional systems that can be solved

analytically.

In the position representation, the wave function

P(7) =

(7| ) (7.391)
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contains all the information that is knowable about the state of a physical sys-
tem. The equation that determines the wave function is the Schrodinger equa-
tion, which we derived from the energy eigenvalue equation

H ) = E ) (7.392)

The general form of the Schrodinger equation in three dimensions is

L GR() + V) = B() (7.393)

We will use a succession of concrete examples to elucidate the solution techniques
and the physical principles that are involved.

7.6.1 2- and 3-Dimensional Infinite Wells

2-Dimensional Infinite Square Well - Cartesian Coordinates

The potential energy function is

a
2
oo otherwise - region II

0 J|o|<3 and |y[<§ — region I

Vx,y) = { (7.394)

This is a simple extension of the 1-dimensional infinite well problem, but it
is useful because it illustrates all the ideas we will need for more complicated
problems.

In region I
Pp(zy)  PP(ayy) _ 2mE
axQ + 8]/2 - h2 Q/J(‘r7y) (7395)
In region II
¥(z,y) =0 (7.396)

since the potential is infinite over an extended region.

We solve this equation by the separation of variables (SOV) technique. We
assume

U(z,y) = X (2)Y (y) (7.397)

Upon substitution we get

1d?°X 1d%7 2mE
JE— + — = —
X dz? Y dy? h?

(7.398)

Each term on the left-hand side of the equation is a function only of a single
variable and hence the only way to satisfy the equation for all x and y is to set
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each function of a single variable equal to a constant. We have

1 d?X _2mE,

X daZ = B2 = constant
1 d*Y 2mE,
?dT/z =- B2 = constant
E=E,+E,
If we choose omB, omE, omE
2 =k 72 =ky 2 =k

we get the solutions

X(x) = Asink,x + Bcos kyx
Y (y) = Csinkyy + Dcoskyy

with the boundary conditions

)0 ()

(7.399)

(7.400)

(7.401)

(7.402)

(7.403)
(7.404)

(7.405)

For the function X (x) each boundary condition implies two solution types

A=0or sin%anndeOor COS%ZO

These are both summarized in the solution

sin et
a

ng = even

X(z) = ky =" n, = integer

cos "= n, = odd
and similarly for Y (y)

. My T
sin 2™

Y(y) = k, ="~ n, = integer
cos ™ n, = odd
a
The corresponding energy eigenvalues are
72h?

2ma? '

E:(ni+n§) nx,ny =1,2,3,4...

The 1-dimensional result we found earlier was

(7.406)

(7.407)

(7.408)

(7.409)

(7.410)

2,252
Eraim= " 21,234, ..
2ma?
A plot of these levels for comparison is shown in Figure 7.4 below; we choose
2h?
=1
2maZ2
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The major change is not only that the level structure gets more complex, but
also that a major new feature appears, namely, degeneracy.

Several of the 2—dimensional well levels are degenerate, which means that dif-
ferent sets of quantum numbers give the same energy eigenvalue.

In the energy level diagram above the F = 5,10,13,17,20,25,26 and 29 lev-
els are all two-fold degenerate. This degeneracy arises from the fact that
V(z,y) = V(-z,-y) and hence parity is conserved. This means that the correct
physical eigenstates should be simultaneous eigenstates of both the parity and
the energy.

The first three wave functions are

¥11(z,y) = cos E cos =¥ , E=En; (7.411)
a
2
Pra(z,y) = cos —‘T sin—2 | E=Ep (7.412)
a a
o1 (x,y) = Sm 2T cos Y , E=FEy =Fp (7.413)
a a

A simple calculation shows that we have

(11]12) =(11]21) =0 - orthogonal and (21|12) # 0 - not orthogonal
(7.414)
We can construct two new eigenfunctions from the degenerate pair that are
orthogonal using the Gram-Schmidt process. We get

Yz = P12 + o1 and Py = 1o — Yoy (7.415)

We then have
(12+|12-) =0 —» orthogonal (7.416)
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We also note that for the parity operator g we have

e =[11) . p[12+) =[12+) , p[12-)=-[12-)

(7.417)

so that the new eigenfunctions are simultaneous eigenstates of parity and energy.

Two of the wave functions are plotted below in Figure 7.5 and 7.6 as [¢[%.

Figure 7.5: |11

Figure 7.6: |5,

Now let us turn to the infinite circular well in two dimensions.

7.6.2 Two-Dimensional Infinite Circular Well

We consider the potential in two dimensions

V(r):{o r<a

oo r>a

The Schrodinger equation in plane-polar coordinates is

210 ( 0 1 92
‘zm[rar(’ar)*rzw]‘”w)‘w(w

W(r,p)=0 r<a

508

(7.418)

(7.419)

(7.420)



We assume(SOV)
b(r,¢) = R(r) 2 () (7.421)

which gives

R2[ 1 0 ( OR 110%
— == \r=— )+t === |=F 7.422
Qm[rRaT(r8T)+r2¢>8g02:| rea ( )
We choose a separation constant
10°®
——— =-a’ > ®(p) = Bsin(ayp + 0) (7.423)
D 9p?

The requirement of single-valuedness under a @-rotation of 27 says that

sin(ap +§) =sin(ap + § + ar)
— « = integer =0,1,2,3...

Alternatively, we could write

O(p) = Be'™?
o= integer =...-3,-2,-1,0,1,2,3,...

Substitution of this solution leaves the radial differential equation

2mE

Pt [/\2r2 - a2] R =0 where \? = W2 (7.424)
This is Bessel’s equation. The general solution is
R(r) = NJy(Ar) + MY, (\r) (7.425)

Now Y, (Ar) - oo as r — 0. Therefore, in order to have a normalizable solution
in the region r < a (which includes r = 0), we must choose M = 0 and thus we
have

R(r) = NJy(Ar) (7.426)

and the complete solution is then

Yka(r,0) = R(r)®(p) = NJa(Xr)e'? (7.427)
The continuity (or boundary) condition at r = a is

Yrala, ) =0-> R(a) =0 J,(Aa) =0 (7.428)
Thus, the allowed values of A and hence the allowed values of E are given by

Mol = Zno = the n'? zero of J, - Epg = z (7.429)

2ma? "¢

We compare the infinite square and circular wells in 2—dimensions using the
energy level diagram in Figure 7.7 below.
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Figure 7.7: Two Dimensional Wells
Note the rather dramatic differences in both the location and degeneracies for

the two sets of energy levels. Some of the wave functions for the 2—dimensional
circular well are shown in Figures 7.8-7.11 below.

Figure 7.9: |11
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Figure 7.11: [tho3?
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The 3—dimensional infinite square well is a simple extension of the 2—dimensional
infinite square well. The result for the energies is

2h2
E= (ni+n§+n§)ﬂ-

oo Maiynz=123.40 (7.430)
ma

The 3-dimensional infinite spherical well involves the potential

V(r,0,) = 0 7r<a reg?on I (7.431)
oo r>a region II
The Schrodinger equation is:
Region 1
10 26¢) 1 a(, a¢) 1 0% 2m
—— "= v O— |+ ———75=-—"7F 7.432
r2 or (T or ) 2smg oo \*a0) " r2sin? § Op? h? ( )
Region 11
P(r,0,0) =0 (7.433)

The equation in region I can be rewritten in terms of the Egp operator as

1 a 281,[)) Egp'lyzj _ 2m
r2 or (7" Oor h2r2 A2 Ey (7.434)

Since the potential energy is spherically symmetric, we have

[£2,.H]=0 (7.435)

op?

and thus the operators Egp and H have a common eigenbasis.

Earlier, we found the eigenfunctions of Egp to be the spherical harmonics Yz, (6, ),
where

Loy Yom(0,0) = B*U(L+1) Y (60, ) (7.436)
Therefore, we can write(SOV)
U(r,0,9) = Re(r)Yem (0, ) (7.437)

Substitution of this form of the solution gives the radial equation in region I

@Ry 2dRy ¢+ 1)

T3 T o Ret k*Ry =0 (7.438)

where -
E= h2 i (7.439)

m

In region IT we have R,(r) = 0.
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The most general solution of the radial equation(which is a different form of
Bessel’s equation) is

Re(r) = Aje(kr) + Bne(kr) (7.440)
where
o \1/2
Je(kr) = (%) Jos1/2(kr) (7.441)
1/2
mek) = (-0 (55) T Teap(in) (7.442)

are the spherical Bessel functions.

Now n¢(kr) — oo as r — 0. Therefore, the normalizable solution in region I
(which contains r = 0) is

Rz(?“) = Ajg(k’?“) (7.443)
The first few of these functions are
. sinx
Jo(z) = (7.444)
. sinx cosx
) =—5- (7.445)
T T
3 1 3
Jo(x) = (—3 - 7) sinz — — cosz (7.446)
3 T
The boundary conditions give
je(knea) =0 where ko = the nt" zero of j, (7.447)
The full solution is
Unem (0,9) = Rt (r)Yem (0, ) = je(knr) Pj" (cos0)e’™? (7.448)

Some of the wavefunctions (absolute squares) are shown in Figures 7.12-7.15
below.

Figure 7.12: ném =100
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Figure 7.13: nfm =200

Figure 7.14: nfm =111

Figure 7.15: nfm = 211

7.6.3 3-Dimensional Finite Well

We now consider the potential function in three dimensions

- < ion I
V(r) = { Vo r<a region (7.449)

o r>a region II

The Schrodinger equation is
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Region I (same as infinite well)

i2(1"26—w)+ ! 2(sinﬁa—w)
72 Or or r2sin®6 00 00

1 8%

= E
" r2sin? 0 02 h2 Voy = h2 v
Region II
10 ( 500 1 au)) 1 0% 2m
= 0 ————=-—F
2 Or ( or ) ’ r2sin2 6 90 (Sm 00 i r2sin? 6 Op? h?

If we choose E = -|E| < 0 for bound states, we have

10 (,00\ LY 2m 2m L

2 (775 ) = e+ Vv =y 1B1 in region
10 (,00\ L0 2m

r—Qa—(r 87")_ P2,z = — |E[¢ in region 11

We then write, as before,

w(aa SD) = R@(T)vam(97 Lp)

and get
10 (5,0R (€+1)R 2m 2m . .
2o (PG ) T t ga ok = G B n region T
1 l+1 2
—72%(7“ 861:) % m|E|R in region II

which finally becomes

2
dR+2dR [1 £(£+1)]R 0
dp*>  pdp p?

2
p=ar aQ:h—T(VO—|E|) in region I

and

2
y=ifr , B°= 2}%7; |E|  in region II
The solutions are
R(r) = Aje(ar) r<a
R(r) = Bh(" (i8r) = Bje(iBr) +ine(ifr)]  r>a
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where

. sinx
Jo(z) =

T
. sinx cosx
ji(z) = 5

T T
. (3 1) . 3
jo(x) =|— - —|sinx - — coszx

3 2
. 1 d\sinz
i) =a' (-2 )

T dx T

which are spherical Bessel functions of the 15t kind, and

cos T
no(x) = -
cosxr sinx
m(z)=-—5-
T T
3 1 3 .
m(z)=-|—5 - = |cosz - — sinz
3 T
1 d\ cosx
m@) =o' (-5 )
T dx T

which are spherical Bessel functions of the 2™ kind, and
1
h(()l)(ix) =——e7
x
1 1
hgl)(ix) =1 (f + —2) e’
T x
1), 1 3 3\ _,
hé )(’Lﬂ?) :(;4‘?4-?)6
hi (i) = je(iz) + ine (iz)
which are spherical Hankel functions of the 15 kind.

There is another independent solution for r > a, namely,

P (i) = jo(iz) - ine(iz)

(7.463)
(7.464)

(7.465)

(7.466)

(7.467)
(7.468)

(7.469)

(7.470)

(7.471)
(7.472)

(7.473)

(7.474)

(7.475)

which is a spherical Hankel functions of the 2™ kind, but we must exclude it

because it behaves like €’ as  — oo and, hence, is not normalizable.

We have also excluded ny(ar) from the solution for r < a because it diverges at

r=0.
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We note for future reference that we have the asymptotic behaviors

zt 1-3.5----(20-1)
j d 7.476
]Z(x)1201.3.5....(25+1) an W(x)zjo ] ( )
1 l+1 1 {+1
je(x) = —cos x—( + D and np(x) = —sin x—ﬂ (7.477)
1. 1 .
h(gl)(x) w__:oo ;ez[zf%(hl)w] and h§2) (z) w__:oo ;e—z[zf%(hl)w] (7.478)

Since both R and dR/dr are continuous at r = a, we can combine the two
continuity equations into one using the continuity of the so-called logarithmic
derivative

——atr=a (7.479)

For each value of ¢ this gives a transcendental equation for the energy FE.

Examples:
2 2
(=0 Ecoté=—-C and £2+(2= m;;oa (7.480)
E=aa and (=fa
2
g e 1 11 e, 2 2miba (7.481)

& & ¢ ¢ h?
E=aa and (=0a

A graphical solution for the £ = 0 case is shown in Figure 7.16 below.
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3—Dimensional Finte Well

Figure 7.16: Graphical Solution

For a given well, only one circle exists on the plot. The solutions (energy
eigenvalues) are given by the intersection of that circle with the cotangent curves.

The big change from the finite well in one dimension is that the quantity

2mVya?

2 (7.482)

must be larger than some minimum value before any bound state exists (this
corresponds to the radius of the smallest circle that intersects the cotangent
curves). In particular,

2mV; 2 2

% < (g) — no solution (7.483)
2 2 2

% < (3%) — 1 solution (7.484)
2m 2 2

T”TV;CL < (%ﬂ) ~ 2 solutions (7.485)
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7.6.4 Two-Dimensional Harmonic Oscillator
The 2-dimensional harmonic oscillator system has the Hamiltonian
_H’ =

].
~2 A2 2/42 ~2

~2 A2

1 1

Py Zpu?2?) + Py + —mw?g?
2m 2 2m 2

i, + 1,
where we have the commutation relations

(e, 1,) = 0= [H, 1] = [H, 1]

(7.486)

(7.487)

These commutators imply that H , H, and ﬁy have a common eigenbasis. We

label their common state vectors by

|E> = |E17Ey) = |Ex> |Ey>

with
H,|E,) = E,|E,)
1,|E,) = E,|E,)
H|E)=FE|E)=(H, + Hy,)|E.)|Ey)
=(E.+Ey)|E
or
E=E,+E,

(7.488)

(7.489)
(7.490)

(7.491)

(7.492)

Now H, (and fly) each represent a 1-dimensional oscillator. This suggests that

we define new operators for the x coordinate
mw . ) . I
Gy =\ =T+ = (a,
¢ 2h 2mhwpx (a2)

[#,D2] = ih =[Gz, 0;] = 1

where

and 1 1
H, = hw (a;&gﬂ + 7) = hw (Nw + 7)
2 2
As we found earlier, N, has an eigenvalue equation
Nang) =nelng) , np=0,1,2,3,........
We then have
N -1 1
H,|ng) = hw (Nx + 5) [ng) = hw (nm + 5) 1)
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(7.496)
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or 1
E, = hw (nz + 5) (7.498)

In a similar manner, we repeat this process for the y coordinate

mw 1 . et
v =\ 57 y = 7.499
N SR I Tt (@) (7:499)
where
[9,5y] = ih - [ay,a5] =1 (7.500)
and . .
Hy =hw (&;’dy + 5) = hw (Ny + 5) (7.501)

As we found earlier, IV, has an eigenvalue equation

Nylny)=nylng) , ny=0,1,2,3,........ (7.502)
We then have
A N 1
) = hw (Ny ; 5) In,) = hw (ny . 5) In,) (7.503)
or 1
E, = hw (ny + 5) (7.504)

Putting this all together we get
E=E,+Ey=hw(ng +ny+1)=hw(n+1) (7.505)

Table 7.1 below gives the resulting energy level structure.

S
8

n

<

=
CX)OJC.O[\’)[\D!—\g

el E=l K=l K]
—lolN oo
N N[N~ =O3

Table 7.1: Energy Levels - 2D Oscillator
Each energy value, which is characterized by the quantum number n, has a
degeneracy equal to (n +1).

The existence of degeneracy indicates (this is a general rule) that there is an-
other operator that commutes with H.
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Since this is a central force in the x —y plane, it is not difficult to guess that the
other operator that commutes with H is the angular momentum about the axis
perpendicular to the plane (the z-axis), L.. Since all of the z-type operators
commute with all of the y-type operators we can write

Lz = (Fop X Dop)= = &Py — UPa (7.506)

Inverting the standard operator definitions we have

h 1 h
=\ g (@ ral) L pe=s mQW(aE—A; (7.507)
i
R 1 /mhw R
= (ay +a, ) y Py = N T(ay - a;;) (7.508)
which gives
N ho .. R
L,= Z(a;ay ~aya,) (7.509)
Now using
[0, No] =0 . [}, No]=-a) (7.510)
lay, Ny]=a, , [a).N,]=-a; (7.511)
we get
[H., L.] = g(aya; + gy ) =~ [H,,L.] (7.512)
or
[A,L.]=0 (7.513)

Therefore, H and L, share a common eigenbasis. This new eigenbasis will not
be an eigenbasis for H, or H separately since they do not commute with L..

This suggests that we use linear combinations of the degenerate eigenstates to

find the eigenstates of L This works because linear combinations for fixed n
remain eigenstates of H (they are no longer eigenstates of H, or H however).

We define the eigenstates and eigenvalues of L, by the equation
L. |m) = mh|m) (7.514)
and the common eigenstates of H and L. by |n, m) where

Hn,m) = hw(n +1)|n,m) (7.515)
L. |n,m) = mh|n,m) (7.516)

For notational clarity we will write the old states as |n,) [ny).
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For the n = 0 states (there is only one) we have
L.]0,0)=L.|0)|0)=0->m=0,n=0 (7.517)
Now we look at the n =1 states. We let
) = a0)[1) +b[1)|0) where |a]* +[b]* = 1 (normalization) (7.518)

Since the two states that make up the linear combination are both eigenstates
of H with n =1, the linear combination is an eigenstate of H with n = 1 for any
choice of a and b. We therefore choose a and b to make this state an eigenstate
of L.

‘We must have

Lo} = L.[1,m) = L.(a|0) 1) + b[1)|0))

= (a3d, - 30, (a0} 1) + I1) 0))
=mh(al0) 1) +b|1)|0)) (7.519)
Using
alny=+/nn-1) , a*ln)y=vn+1n+1) (7.520)
we get
h h
a-[1}[0) = b= 10} [1) = mh(a 0} 1) + b]1)|0) (7.521)
' ma=1ib and mb=-ia (7.522)

Dividing these two equations we get

b
a2 (7.523)
b a
which implies that
a® = -b* - a = +ib (7.524)
and
b 1 = +ib
m=-—={t 0T (7.525)
ia -1 a=-b
Normalization then says that
+1 a=-L b=-"4
m = { 2 2 (7.526)
-1 a=_5.b=+5
or )
1,£1) = — (|0)|1) |1} |0 7.527
| )\/§(|>|>|)|>) (7.527)
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n| m | E/lhw
0] 0 1
1| +1 2
1] -1 2

Table 7.2: Energy Levels - (n,m) Characterization

This gives a new characterization of the first two excited energy levels as shown
in Table 7.2 above.

Let us now do the n = 2 states. In the same way we assume
) = a[2)[0) +b[1) 1) + c|0) [2) (7.528)
where normalization gives
la)* +|b]” +c[* =1 (7.529)
We then have
L.|¢) = L, |2,m) = mh|i)
=mha|2)|0) + mhb|1)|1) + mhc|0)|2)

= %(&E&y — ) (a2)[0) + b[1)[1) + ¢[0) [2))

h
= ;[\/§b|2)|0)+\/ﬁ(c—a)|1)|1)—\/§b|0)|2)] (7.530)
which gives
ma = —iv/2b (7.531)
me = +iN/2b (7.532)
mb = —iv/2(c - a) (7.533)
o1 c=-a
C
c__ b a_ b
b c¢c-a b 2a

=-2a% > b=+iv2a

Putting these pieces all together we have

1 2
P A (7.534)
2 2
This implies the m-values
/b,
TG 7.535
T2 (7.5%)
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or
1 1

2,0) = EDHOHE

Thus, the final energy levels are as shown in Table 7.3 below.

10} 12) (7.536)

m | E/hw
0 1

+1
-1
+2
0
-2

NN = =S

LW W N N

Table 7.3: Energy Levels - (n,m) Characterization

What a strange result? The allowed m-values are separated by Am = +2.

Let us look at this system using the Schrodinger equation to help us understand
what is happening.

We have (using plane-polar coordinates)

h* (10 ( Oy 1 9%p) 1 2 2
SR ey St ) RV § =F 7.537
2M(7‘6T(T87“)+T28g02 +2 WY v ( )
Choosing
¥(r, ) = R(r)®(p) (7.538)
we get
h? 1 (d®>R 1dR h? 10%® 1 9 9
SR e il [P S V1 =F 7.539
2MR(dT2+rdr 2MT2<I>8<,02+2 wr ( )
Now we must have o
19°®
567902 = —m? = constant (7.540)
which produces a radial equation of the form
h? (d*R 1dR h?m? 1
LT e ——— +-Mw*r*|R=ER 7.541
2M(dr2+rdr)+(2Mr2+2 wr ( )
Now we change the variables using
. __h (7.542)
=Py P :



and get

d’R 1dR 5 m?
e, 22t v - \R=0 7.543
dy?+ydy+(6 YT ( )
where £
£=— (7.544)
hw

As with the solution of other differential equations, the procedure to follow is
to extract out the asymptotic behavior as y — 0, 00 and solve the equation for
the remaining function by recognizing the well-known equation that results.

As y — oo the dominant term will be y? and the equation for this behavior is

d’R
@ y’R=0 (7.545)

which has a solution R — 6‘92/2.

As y — 0 the dominant term will be 1/y? and the equation for this behavior is

d*R 2
E2 M Rroo (7.546)
dy*  y?
which has a solution R — y|m|, where we have excluded any negative powers
since that solution would diverge at y = 0.

Therefore we assume R = y‘mle_yz/QG(y). Substitution gives the equation for G
as
G (2 1 dG
TG (2l o VIE L ooy G =0 (7.547)
dy? y dy

Changing the variable again to z = y? we have

dQG+(|m|+1_1)dG+(5_2(|m|+1))G:0 (7.548)

dz? z dz 4z

If we are clever, we recognize this as Laguerre’s equation. If not, we make a
series solution substitution

G(z) =) bs2* (7.549)
s=0
which gives the recursion relation
bs+1 s+ % - %

1
- Z for 1 7.550
by  (s+D)(s+|m|+1) s Orrees (7.550)

This says that unless the series terminates (becomes a polynomial in z) it will
behave like e* = e¥* which implies that the solution for R(y) will diverge for
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large ¢y and thus, not be normalizable.

If we choose the maximum s-value to be $,,4: = 1, then we can terminate the
series by choosing
g=2|m|+2+4n, (7.551)

which then gives us the allowed energy eigenvalues
En, m =hw(m|+2n, +1) (7.552)

The polynomial solutions are the generalized Laguerre polynomials Llr?: |(z)

The first few Laguerre polynomials are
LE(z)=1 , LYz)=1+k-2 (7.553)
LE(2) = %(2+3k+k2—22(k+2)+22) (7.554)
The full wave function is

2 2 .
U (1, 0) = rMle 2 L) (TZ) eme (7.555)
p

and the energy level structure is shown in Table 7.4 below.

E/hw | n. | m | degeneracy
1 0 0 1
2 0| +1 2
2 0 -1
3 0| +2 3
3 1 0
3 0| -2
4 0| +3 4
4 1 | +1
4 1 -1
4 0 -3

Table 7.4: Energy Levels - 2D Oscillator

which is the same structure (with different labels) as in the operator solution.
The fact that Am = 2 in the 2-dimensional case is one of many peculiarities
associated with two dimensions that does not appear three dimensions.

7.6.5 What happens in 3 dimensions?

In Cartesian coordinates we have a simple extension of the 2-dimensional case.

E:hw(nx+ny+nz+g):hw(n+g) (7.556)
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The degeneracy is
(n+1)(n+2)
2

The energy level structure is shown in Table 7.5 below.

(7.557)

E/hw | ngy | ny | n. | n | degeneracy
3/2 0 0 010 1
5/2 1 1701]0 1 3
52 (0|1 ]0 1
5/2 00| 111
7/2 21002 6
7/2 0| 21|02
7/2 0| 0] 2|2
772 | 1] 1]0]2
772 |10 1]2
72 [0 |1 |1]2

Table 7.5: Energy Levels - 3D Oscillator

In spherical-polar coordinates, we can follow a procedure similar to the plane-
polar 2-dimensional case to get

_v? 4l
Uyt (U:0,0) = 5”7 Ly, 2 (4%) Yo (0, ) (7.558)
where
2 12 7.559
rEpy o P (7.559)

The corresponding energy values are
3
E,, ¢=hw(2n, +0+ 5) (7.560)

which gives Table 7.6 below.

E/hw n, 12 n=2n,+/¢ degeneracy
3/2 0 0 0 1

5/2 0 1 1 3> m=+ 1,0
7/2 | 1or0 | 0or2 2 6 >m=+2, +1

Table 7.6: Energy Levels - 3D Oscillator

Finally, we look at a case we skipped over(because it is the most difficult example
of this type).

527



7.6.6 Two-Dimensional Finite Circular Well

We consider the potential in two dimensions

-Vo r<a
Vi(r) = 7.561
(r) {O r>a ( )

The Schrodinger equation in plane-polar coordinates is

2 2
-h[la( 2y L0 ]w(w—vow(w):w(r,m r<a (7562)

2m | r or Tar 7'7257902
R2[10 ( 0 1 9?
-— |- r= ]+ == =F .
2m [r or (7" 8T) " r2 Op2 ] vir, @) b(r,9) r>a (7.563)
We assume(SOV)
¥(r,p) = R(r)®(p) (7.564)
which gives
21 0 ( O0R\ 110*
-— == \lr=— )+ |=F+V 7.565
2m|:7‘R87‘(T87‘)+7‘2<I>8<p2:| Yo rea ( )
R2[ 1 0 ( 0Ry 110%
-—|—==r— |+ === |=F .
2m [TRBT (Tar)Jrrz(I)Bgo?] roa (7.566)
We choose a separation constant
10%°® 9 .
Y =-a” > ®(p) = Bsin(ap +96) (7.567)

The requirement of single-valuedness under a (-rotation of 27 says that

sin(ap +0) =sin(ap + 6 + ar)
— a = integer =0,1,2,3...

Alternatively, we could write

O(p) = Be'?
«a = integer =----3,-2,-1,0,1,2,3,...

Substitution of this solution leaves the radial differential equations

d? d 2m(E
r27§+T§+[ﬁ2T2_a2]R:0 r<a where ﬂQ _ w (7.568)
d*R  dR 2mE
r2ﬁ o [Nr?-a®|R=0 r>a where A= 7;;2 (7.569)
These are Bessel’s equations. The general solutions are
R(r)=NJy(Br)+ MY,(Br) r<a (7.570)
R(r)=PJo(Mr) r>a (7.571)
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and the complete solutions are then

[ R(r)®(p) = (NJo(Br) + MY,(Br))e'™? r<a
%a(?”,sﬁ) - { R(’I‘)‘I)(QO) _ PJa(/\T)eiacp r>a } (7572)
The continuity (or boundary) conditions at r = a are
NJ,(Ba) + MY, (Ba) = PJ,(\a) (7.573)
dJ.(Br) dY,(Br) dJo(Ar)
Ng ISR 0 . +Mp I D) . = 7(1()\70) . (7.574)
Let us consider the case a = 0. We have
NJo(Ba) + MYy(Ba) = PJy(Aa) (7.575)
dJ()(ﬁT’) dYO(BT) dJo()\T)
Mg 1L M e 1L T Ao | (7.576)
where
2 4 6
Jo() :1—%+%— 2;;26 T (7.577)

dJo(z) [z 2P x° z7
e Ji(z) = (2 521t g s T (7.578)
Yo(z) = 2 [Zn (g) N 7] Jo(z)y = 0.5772156 (7.579)
T
Y 2 2
dYo() == [én (f) + 7] dJo(z) + —Jo(x) (7.580)
dz s 2 dz T

Clearly, the 2-dimensional finite well is very difficult.

7.6.7 The 3-Dimensional Delta Function

We now consider a particle is moving in 3-dimensions under the action of the
attractive delta function potential given by

h2

Vir) = 2Ma

d(r-a) (7.581)
Since this is a central force we know that we can write the solutions in the form

U(r,0,0) = R(r)Yem (0, ¢) (7.582)

The Schrodinger equation is

R=0  (7.583)

h? (2R 2dR (((+1) h? B2k
_nr e s _ S(r — _
oM ( dr? " r dr r2 R 2M o (r-a)i 2M
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where, since we are looking for bound states, we have set

h2k?
E=- 0 7.584
5L < (7.584)

Now the function R(r) must be continuous everywhere. But as we saw earlier in
the 1-dimensional case, the derivative of R is not continuous for delta functions.
The discontinuity at r = a is found by integrating the radial equation around
the point r = a.

W2t ., (d@R(r) 2dR(r) (({+1)
oM J " dr( a2 v odr | 12 R(r)
2,2 a4

h farzdré(r —a)R(r) - hk f r2drR(r) =0
2Ma J oM J -

which gives the second boundary (continuity) condition

N [dR(a*) _dR(a”)

" " ] = —R(a) (7.585)

For r > a and r < @ we then have the equation

h? (d*>R 2dR (({+1) h2 k2
-— =+t -——- R - R=0 7.586
2M ( dr?2 7 dr 72 2M ( )
which has as a solution for the case £ =0
1
R(r) = =(Ae™™ + BeM™) (7.587)
r

For R(r) to be well behaved at r = 0 we must choose B = —A. Therefore, the
solution for r < a is .
R(r) = —sinh kr (7.588)
r

For R(r) to be well behaved as r - oo we must choose B = 0. Therefore the
solution for r > a is

R(r) = ge—’f’" (7.589)

The boundary conditions at r = a then give the equations
c . b —ka . —ka
—sinhka = —e™"* —> ¢sinh ka = be (7.590)
a a

and
0 = —ka(be™** + ccosh ka) + esinh ka (7.591)

Eliminating b and ¢ we get a transcendental equation for k (or E)

a 1-e2ka
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The right-hand side of this equation has a range

1-— -2ka
0< 267 <1 (7.593)

Therefore, the allowed range of the parameter «, in order that an ¢ = 0 bound
state exist, is 0 < a < a.

Just this once let us ask .... what can we say about ¢ # 07 This will illustrate
some properties of the spherical Bessel functions. We have the radial equation

7«—+27+(k“ (t+1))R=0 (7.594)
T

which as we have seen before is the spherical Bessel function equation with the
general solution

R(r) = Aje(kr) + Bng(kr) (7.595)
For r < a we must choose B =0 (n¢(kr) diverges at r = 0) and for r > a we must
choose B =iA, which leads to a solution that drops off exponentially as r - oo.
So we finally have

r<a R(r) = Gje(kr) (7.596)
r>a  R(r)=HRS (kr) = H(jo(kr) +ine(kr)) (7.597)
The boundary conditions then give
Gje(ka) = HRV (ka) = H(jo(ka) + ine(ka)) (7.598)
dh{V (k j
« dr dr
Cdr Cdr
Now din(kr) L
‘”drr 577 i1 (k) = (€ D (k)] (7.600)
and similarly for 7, and h§ ). Therefore, we get
Gje(ka) = (je(ka) +ing(ka))H (7.601)
Gk
W+l [4je-1(ka) = (€ +1)jer1(ka)]
. Gk G
i1 [4ne-1(ka) = (£+ 1)nesr (ka)] - *Je(ka)
k
=20+l [lje-1(ka) = (£+1)jps1(ka)] H (7.602)
or 22 1
m(ka) —_ [lner(ka) = (€+ e (ka)] - "Gt je(ka)
je(ka) +ing(ka) [£je-1(ka) — (£ + 1)jg+1(k’a)]

This is the transcendental equation for the energy!!! That is enough for nonzero
angular momentum!
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7.6.8 The Hydrogen Atom

Schrodinger Equation Solution

The potential energy function
Ze?
V(r)=-— (7.603)
r
represents the attractive Coulomb interaction between an atomic nucleus of
charge +Ze and an electron of charge —e.

The Schrodinger equation we have been using describes the motion of a single
particle in an external field. In the hydrogen atom, however, we are interested
in the motion of two particles (nucleus and electron) that are attracted to each
other via the potential above (where r is the separation distance between the
two particles).

We start by writing the Schrodinger equation for the two particle system. It
involves six coordinates (three for each particle). We use Cartesian coordinates
to start the discussion. We have

. ﬁ2 ﬁQ
H=22% 0 2% L y(7) where T=7) —s (7.604)
2m1 27712
which gives
h2 32 32 82
(895% oy? 022
h? [ 0? 0? 0?
(al’% ayg 325)(%5@1791,21’%‘2,2/2722)
+ V(Il —T2,Y1 —Y2,21 — 32)¢($1»yla317552792a 22)
= E¢(x1, Y1, 21, T2, Y2, 22) (7.605)

We now introduce relative and center-of-mass(CM) coordinates by

o )¢($17y1,21,$2ay2722)
2m1

2m2

rT=x1-%2 , Y=Y1-Y2 , Z=21-22

7= (x,y,2)

MX =mqix1+moxe , MY =mqy1 +moys , MZ=miz1 +mozo
R=(X,Y,Z)

M =mq +mso = total mass of the system
Substitution gives
h2 o2 0? o2
-— + +
( 0X2 9Y?2 09Zz2

) QS(I? y? Z? X7 Y7 Z)

2M
h2 82 82 82
"o (83:2 + 92 + 8Z2)¢($7y727X7Y72)
+V(2,y,2)¢(,y,2,X,Y,Z) = Ed(z,y,2,X,Y, Z) (7.606)
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where mim
= —1"2 _ the reduced mass (7.607)
mi +Mmeo

We can now separate the variables by assuming a solution of the form

o(@,y,2,X,Y,Z) =p(x,y,2)¥(X,Y, Z) (7.608)
which gives the two equations
2
- 5V = V)UE) - Bu(r) (7.609)
2
2 ) N nld B,
- 5af VRV (R) = E'W(R) (7.610)

The second equation says that the CM of the two particles is like a free particle
of mass M.

The first equation describes the relative motion of the two particles and is the
same as the equation of motion of a particle of mass u in an external potential
energy V(r).

In the hydrogen atom problem we are only interested in the energy levels E
associated with the relative motion. In addition, since the nuclear mass is so
much larger than the electron mass, we have

MR Me = Mejectron (7.611)
This is a central force so we assume a solution of the form
P(7) = R(r)Yem (0, ) (7.612)
and obtain the radial equation

L () 2
T

55 R=ER (7.613)
T ur

where E < 0 for a bound state. We follow the same approach as before. We
change the variables so that the equation is in dimensionless form by introducing
p = ar where

o’ = 8/;|2E| and A= 2/;5262 = ZTeQ (2|ME|)1/2 (7.614)
We get
;Ci(pgéf;jp)+(2_i_€(i;1))3:o (7.615)
For p - oo the equation becomes
%%(pQ%p)_iR:O (7.616)
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which has the solution )
R — ple*2? (7.617)

where n can have any finite value. Since we want a normalizable solution, we
will look for a solution of the form

R~ F(p)e3* (7.618)

Substitution gives an equation for F'

d’F 2 dF A-1 ¢(4+1
(_1) +[_( )

[ + — [
dp? dp p p?

]F =0 (7.619)
p

We solve this equation (it is Laguerre’s equation) by series substitution.

F(p) =p*(ag +a1p+agp® +....) = p°L(p) (7.620)

where ag # 0 and s > 0. We must also have that F'(0) is finite. Substitution
gives an equation for L.

2

L dL
P rel2(s+1)-p] 5

—+[p(A-s-1)+s(s+1)-4(£L+1)]L=0 (7.621)
dp p

If we set p =0 in this equation and use the fact that L is a power series we get
the condition

s(s+1)-£(£+1)=0 (7.622)
or

s=Lors=—(L+1) (7.623)
Since R must be finite at the origin we exclude the second possibility and choose
s =¢. This gives

2

d“L dL
PP +p[200+1)-p] — +[p(A-£-1)]L =0 (7.624)
dp? dp
Substituting the power series gives a recursion relation for the coefficients

v+l+1-X
ay
(v+1)(v+20+2)

Ap+1 =

(7.625)

If the series does not terminate, then this recursion relation behaves like

v 1
Quel , - (7.626)

a, v

for large v. This corresponds to the series for p™e”. Since this will give a
non-normalizable result, we must terminate the series by choosing

A =n = positive integer =n' +£+ 1= total quantum number (7.627)
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where n’(= radial quantum number) is the largest power of p in the solution L.
n' and n are non-negative integers, n =1,2,3,4,...

We thus obtain the solution for the energies

uZ%et Z%e?

E,=-E,|=- = 7.628
[l 2h2n2 2a9n? ( )
where
h2
ap = Bohr radius = — (7.629)
e

Unlike the finite square well, where we had a finite number of bound state levels,
in this case, we obtain an infinite set of discrete energies. This results from the
very slow decrease of the Coulomb potential energy with distance.

The Laguerre polynomial solutions are given by the generating function

ps

et ad Lq(p)sq
1-s =0 q!

G(p,s) = , s<l1 (7.630)

By differentiating the generating function with respect to p and s we can show
that

dL, dLe.

=g gL, 7.631
dp q dp q q-1 ( )
Lg1=(2¢+1-p)Ly—q°Los (7.632)

The lowest order differential equation involving only L, that can be constructed
from these two equations is

d*L,

P dp?

dL
+(1—p)d—pq+qu =0 (7.633)

This is not quite our original equation. However, if we define the associated
Laguerre polynomials by

L5(0) = - Lalo) (7.634)
then differentiating the differential equation p times we get
2L?q7 Ly
e +(p+1—p)7p+(q—p)L5=0 (7.635)

Setting A\ = n we then see that the solutions to the Schrodinger equation are
L2 () (7.636)

which are polynomials of order (n+/¢) —(20+1) =n-£-1 in agreement with
the earlier results.
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We can differentiate the generating function p times to get

(_5)1)@7% - Lg(p) 57

Glp:5) =" gyt = qZ% " , s<1 (7.637)
Explicitly, we then have
n—f-1 £)|]2 K
L2£+1 — _1 k+1 [(n + * p 7.638
net () ,;) A oy B W IO TS B AT (7.638)
The normalized radial wave functions are of the form
- 1/2
27\ (n-£-1)! 1
R, =3|—] —= L s 7.639
«(r) {(nao) 2n[(n+€)!]g} 0 vt () ( )
with )
h 27
ag = e and p = n—aor (7.640)
and
¢n£m(r797¢) = Rné(r)nm(evgp) (7641)
The first few radial wave functions are
7 \3/2 .
Ryo(r) = (—) 2e¢” @0 (7.642)
aop
A 3/2 A oz
Rao(r) = (270) (2— a—;")e e (7.643)
Z 3/2 Z _ zr
Roy(r) = (—) SL B (7.644)
20,0 ao\/g

What about degeneracy since the energy values do not depend on ¢ and m?

For each value of n, ¢ can vary between 0 and n — 1, and for each value of
these £ values m can vary between —¢ and ¢ (2¢ + 1 values). Therefore the total
degeneracy of an energy level E,, is given by

n-1 _
Z(2£+1):2w-+n:712 (7.645)
£=0

The degeneracy with respect to m is true for any central force (as we have seen
in other examples). The ¢ degeneracy, however, is characteristic of the Coulomb
potential alone. It is called an accidental degeneracy.

Some useful expectation values are:

a() 2 1) Z
=—|3n"-0(l+1 - = 7.646
A A b I o (7.610)
2 3
<i2> I — <l3> -7 (7.647)
7% lnem  agn®(€+ 3) 79 Inem  agn30(0+ 5)(£+1)
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7.6.9 Algebraic Solution of the Hydrogen Atom

Review of the Classical Kepler Problem

In the classical Kepler problem of an electron of charge -e moving in the electric
force field of a positive charge Ze located at the origin, the angular momentum

L=#xp (7.648)

is constant. The motion takes place in a plane perpendicular to the constant
angular momentum direction. Newton’s second law tells us that the rate of
change of the momentum is equal to the force

dp  Ze? 7
P _ 2 where r = |7| and 7 = "~ unit vector (7.649)
dt r2 r
The so-called Runge-Lenz vector is defined by
N 1 - .
A= m(pr) +7 (7.650)
If we take its time derivative we find
L 5 dr dr d dr
E=OandL:mde—Z=mr2fxd—z+mr(fxf)d—z=mr2fxd—z (7.651)
%:;(ix@+@xﬁ)+£:;(ix@ +ﬁ
dt  Ze2m dt  dt dt  Ze*m dt’ dt
1 - 7 dr dr dr
=——(Lx <)+ —=—(Fx—)xf+—
) g T ) T

di . di. di dP d(F-F)  dF
- Ay Gy A dr ar _ 652
(G- =~ —a a (7.652)

Thus, the vector A is a constant of the motion. It corresponds physically to the
length and direction of the semi-major axis of the classical elliptical orbit. The
equation of the elliptical orbit is easily found using the A vector.

. 1 -
A-7=arcosf = Ze2m(L><ﬁ)-f+f~F
1 .
= Zeml DT (7.653)
L2
arcosf = - +r (7.654)
Zem
1 Ze?
- — = ZQm(l —acosf) - orbit equation (conic sections) (7.655)
where
a=|A]| (7.656)

= eccentricity and the direction of A is from the origin to the aphelion
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The Quantum Mechanical Problem

In order to make this useful in quantum mechanics, the classical Runge-Lenz
vector must be generalized. In classical physics

Lxp=-pxL (7.657)

In quantum mechanics, this identity is not valid since the components of Eop
do not commute. The correct quantum mechanical generalization (remember it
must be a Hermitian operator if it is a physical observable) of the vector A is

B, 1

Ay = ———
P 9Ze2m

> . R - 7
(L0p X Pop — Pop X Lop) + (;) (7.658)
op

This satisfies [H, A,,] = 0, which says A is a constant. It also satisfies Agp-Lop =
0.

We can derive the following commutators:

[Li, A;] = iheijuAr ,  [Li,pj] =iheippr »  [Lir75] = iheyry  (7.659)

which gives

2Ly * o+ it7) + (1) (7.660)

op =
27e’m op

We now derive two important properties of A. The first property follows from
the commutators

[(EOP Xﬁop)ivﬁj] +|:ﬁia(f/op Xﬁop)j] =0 (7661)
[(Eop X ﬁOP)i ) (Z’Op X ﬁop)j:l = —ihﬁijkﬁkPQ = —ihEijkPQi/k (7662)
N A N T Ly
[(LOP pr)p)i ) %] + [?7 (Lop Xpop)j] = 2Zh5ijk7 (7.663)
which leads to )
PR ) -2H .
[Az', Aj] =1h (Z264m) EijkLk (7.664)
where
- P, 1
H = Hamiltonian = =2 - Z¢? (7) (7.665)
2m 7 /op
The second property follows from the relations
(zop X Dop) - (zop X Pop) = Z_izpﬁip (7.666)
AT L (F 203, (F\
(7) ’ (Lop ><pop) + (Lop ><pop) : (*) == + 27}1(*) * Dop (7.667)
T op T op T T op
r P 1
ﬁop'(i) = (f) 'ﬁop_2ih(*) (7.668)
/op \T/op ) op
]3017 : -Z/op = Eop 'ﬁop =0 (7669)
- T > 7 — =4 Ly 2
Pop * (LOP x pop) + (Lop x pop) : Lop = Qthop (7670)
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which lead to .
- 2H

A2 = Agy Agp=1+ m(iip +h?%) (7.671)
We now define the two new operators (they are ladder operators) by
1 ofr \*
I = 5 liop + (_M) Aopl (7.672)

Using the relations we have derived for [fl“ AJ] and [L, flj] we have

[I}.1,,]=0 (7.673)

op’ *op

which means they have a common eigenbasis. We also have

(1%, 1%, ] = iheijil?, 4 (7.674)

op,i> op,j

which are the standard angular momentum component commutation relations.
Since they each commute with H, they also have a common eigenbasis with H.

Therefore, we can find a set of states such that

(15,)7 1) = is(ix + 1)A? ) and H|y) = E|y) (7.675)
We can show that (fgp)2 = (ﬁgp)Q7 which implies that 7, = i_. We also have(as
before)
1.3 _.5
iy =0,-,1,—-,2,-,3,... 7.676
1+ 72a 727 727 ) ( )
Since /iop . Zop =0 we get
R . Z2 4
2[(I1)2 + (1)) + 2 = - 2210 (7.677)
2H
Z%e*m
4i(iy + 1) +1]A% = - 7.678
[4is(is +1) + 1] °F ( )
Z2 4 ZZ 4
p-__Z€¢m _ z¢m (7.679)
2(2iy + 1) 2n?
where we have set n = 2i, +1 = 1,2,3,4,5,..., which are the correct energy

values for hydrogen.

While the energy depends only on the quantum number i, (or n) each state has
a degeneracy depending on the number of z-component values for each i, value.
This is

(20 +1)(2i_ +1) = (20, +1)? =n? (7.680)

which is the correct degeneracy.

539



7.6.10 The Deuteron

A deuteron is a bound state of a neutron and a proton. We can consider this
system as a single particle with reduced mass

MprotonMneutron Mproton m
u=—= n —L =2 (7.681)
Mproton T Mneutron 2 2

moving in a fixed potential V(r), where r is the proton-neutron separation. As
a first approximation, we assume that the nuclear interaction binding the proton
and the neutron into a deuteron is a finite square well in 3—dimensions.

Vo r<a
Vir)= 7.682
(r) {0 r>a ( )

The physical properties of the deuteron system are:

1. Almost an ¢ = 0 state (a small admixture of ¢ = 2 is present). We will
assume ¢ = 0.

2. Only one bound state exists.

3. The depth and range of the potential is such that the deuteron is weakly
bound. The energy level in the potential corresponds to the binding energy
of the system, where

E = binding energy = myeuteronC” — (Mproton + Mueutron )¢ < 0 (7.683)
Ezperimentally, it has been found that E = -2.228 MeV .

4. By weakly bound we mean

|l

(mproton + "nnewh“on)c2

<«<1 (7.684)

In fact, for the deuteron we have

|El

(mproton + Tnneutron)c2

~0.001 (7.685)

5. This system is so weakly bound that any small decrease in the radius of
the well a or small reduction in the depth of the well V) would cause the
system to break up (no bound state exists).

We derived the solutions for this potential earlier.
R(r) = Ajo(ar) r<a
R(r) = Bhél)(iﬁr) rxa
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where

2m

2m
2= 22 (Vo |E]) and 52 = S |E] (7.686)

T2
The transcendental equation arising from matching boundary conditions at r = a
gave us the equations

(07

B 2mVpa?

n=-Ecoté and €2 +n? = 72 (7.687)
where
&=aa and n=fa (7.688)
The graphical solution as shown below in Figure 7.17 plots
2 2
n=-£coté and 7? = ImVoa” _ £2 versus & (7.689)

hZ

3—Dimensional Finte Well

Figure 7.17: Deuteron Solution

We found a finite number of bound states for given values of the well parameters.
In particular

2mVya? m\2 .

2 < —) — no solution

2mVpa? [ 3m)\?

Zmiod < (i) — 1 solution
h? 2

2mVya?

5 2
e < (g) — 2 solutions
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For the weakly bound deuteron system we expect that

§:g+5 : 5<<g (7.690)

i.e., the radius of the circle is barely large enough to get a single (weakly) bound
state.

Substituting into the transcendental equation we get
(5595 +) Sy
n=—(-+e)cot| - +e|=-|Z-+e)] —F/—"=
2 2 2 sin (% +¢)
)sin (¢)
)sin (¢)

) S (Fe ) (5o (-5 (14 5)

™
+(1+=)e?
e+( 4)6

(g Bt e

k4

bed

0
2
Now substituting into the circle equation we get
2 2 2
0 s T 9 2mWVpa
-+ +| e+ (1+— =
(2 5) (26 ( 4)5) h2

2 2 2mV. 2
7;+7r5+(1+7;)52w thOa (7.691)

Dropping the small quadratic terms in € we get

2mVpa? w

- — 7.692
mh?2 4 ( )
Therefore,
e B2 (omVea® 7w\’
E|= Zn -= 7.693
] 2mot277 8ma? ( wh? 4 ( )

A typical value for the range of the interaction is the order of 2 Fermi or
a~2x107* c¢m. In order to get |F| ~ 2.3 MeV, we would need a well depth of
Vo ~ 42 M eV which is reasonable (according to experimentalists).

7.6.11 The Deuteron - Another Way

Experiment (scattering) indicates that instead of a square well (very unrealistic)
the actual potential is of the form

V(r)=-Ae s (7.694)
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where
Aw~32MeV and a ~ 2.25210 3em

(7.695)

We can solve for this potential (¢ =0 case) exactly using this clever trick I first

learned from Hans Bethe at Cornell University.

The radial equation in this case is
14 (adm) 2m
r2dr dr
d’R 2dR 2m
— -+ (
dr?  rdr A2

Now let

which implies that

dr dr rdr 12

¢R_2dy 1dx 2

dr? r2dr rdr?2 3
Substitution gives

d*>x  2m _r

@z e (A B x =0

We now change the variables using

. d ded € d
5262‘1—’* —_

dr  drdfé 2ade
d2_d( gd)_dgd( gd)

dr? dr\ 2ad¢

§

Cdrde

2a d€

We then get the equation

d? d
o €+ (0 € (ha)?)x =0
where oA 2 |E|
m m

(aa)? = ?az and (ka)? = e a?
Now Bessel’s equation has the form
d? d

ach—xZ +x£ + (2 -1y =0

Therefore, we have Bessel’s equation with a general solution
X (1) = CJpa(@al) + BYyo(al)
1
R(r) = ;(CJ;m(aa{) + BYk(af))
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As 7 — o0, £ = e3¢ — 0, which implies we must choose B = 0 or the solution
diverges.

As 7 -0, £ =e 22 - 1, which implies we must have
Jra(@a) =0 (7.707)

or the solution diverges. This is then the energy eigenvalue condition. For the
values of A and a given earlier we have

Jra(6.28) =0 (7.708)

and if we let |E| = gA, this becomes

J1/2(6.28) =0 (7.709)
Now
J6.44(6.28) =0 (7.710)
Therefore we have
1 1
Aqg = — = — FEl=qA=234M 711
6.4g= 7 > q 12_8*|| q 34 MeV (7.711)

which is an excellent result for the bound state energy of the deuteron.

7.6.12 Linear Potential

We now consider a linear potential energy function given by
Vir)=ar-Vy (7.712)

The Schrodinger equation becomes

T2
A2 (1 d (T’Q@) Lop )+(047”—V0—E)1/)=0 (7713)

2m \ r2dr dr)  h2r?
Since it is a central potential, we can write
¥ =R(r)Yem (0, ¢) (7.714)

which implies

% (1 d ( ydR\ £(£+1)
=22 - -Vo-E)R= 7.715
2m (7“2 dr (r dr ) r2 R+ (ar=Vo-E)R=0 ( )
If we let
X(r) = rR(r) (7.716)
we get
h? d*x h20(0+1)
- 4 -Vao-FEF+ ——~ =0 7717
m dr? (ar=Vo T T o )X ( )
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For ¢ > 0 there is no closed form solution for this equation and numerical methods
must be applied.

For ¢ =0, we have

h? d?y
Now we let 3
£ = (r— M)(2’”‘1) (7.719)
o h2

which implies that

d_dgd_(2ma)1/3 d

dr drdé \ A2 d¢
d* d (d¢ dy\ _d¢d ((2ma\'? d
dr2_dr(drd§)_drd§((h2) df)
2ma\*? d?
:( h2 ) de2
We then get the equation
d2X
@ x=0 (7.720)

This equation is not as simple as it looks. Let us try a series solution of the

form
(e o]

x(€) =) ang" (7.721)

n=0

Substitution gives the relations

Am-1

—0and ap,y = —omL 7.722
2 = T ARG Gmex = Y (m + 1) (7.722)

The solution that goes to zero as £ - +oo is then of the form
X(&) =c1f(€) —cag(€) = CAi(§) = Airy function (7.723)

where
1, 14 g 1447
f(x)—1+ax P gt (7.724)
2 9. 2.5.

g(z)=x+ lel + 7—!5357 + 15())! 83510 + (7.725)

Now to insure that the wave function is normalizable we must also have

x(§(r=0))=0 (7.726)
+ mo 1/3
Ai (—E aVO (2h2 ) ) =0 (7.727)
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This says that

En ) 1/3
_Ent Vo ( Z;a) =z, = n'" zero of Ai(€) (7.728)
!
Thus, the allowed energies are given by
h202 1/3
E, =-2, ( 20‘ ) -V (7.729)
m
The first three zeroes are

21 =-2.3381 , 29=-4.0879 , z3=-5.5209 (7.730)

Programming the numerical method we described earlier for solving the Schrodinger
equation allows us to determine E values For simplicity, we have chosen h =m =
a =Vy =1 which gives the £ = 0 energies as

1\1/3
E, =-2, (5) -1=-0.794z, - 1 (7.731)

The general ¢ equation is (in this case)

%
ﬁ—Q(T—l—E+

L(L+1)
272

)x =0 (7.732)

For ¢ = 0 we theoretically expect the first three energy values 0.856, 2.246 and
3.384 and the program produces the values 0.855750, 2.24460, 3.38160 which is
good agreement.

We now use the linear potential to look at quark-quark bound states at low
energies.

7.6.13 Modified Linear Potential and Quark Bound States

Over the past three decades the quark model of elementary particles has had
many successes. Some experimental results are the following:

1. Free (isolated) quarks have never been observed.

2. At small quark separations color charge exhibits behavior similar to that
of ordinary charge.

3. Quark-Antiquark pairs form bound states.

We can explain some of the features of these experimental results by describing
the quark-quark force by an effective potential of the form

V(r)= —é + Br (7.733)
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and using non-relativistic quantum mechanics.

The linear term corresponds to a long-range confining potential that is respon-
sible for the fact that free, isolated quarks have not been observed.

In simple terms, a linear potential of this type means that it costs more and
more energy as one of the quarks in a bound system attempts to separate from
the other quark. When this extra energy is twice the rest energy of a quark,
a new quark-antiquark pair can be produced. So instead of the quark getting
free, one of the newly created quarks joins with one of the original quarks to
recreate the bound pair (so it looks like nothing has happened) and the other
new quark binds with the quark attempting to get free into a new meson. We
never see a free quark! A lot of energy has been expended, but the outcome is
the creation of a meson rather than the appearance of free quarks.

The other term, which resembles a Coulomb potential, reflects the fact that at
small separations the so-called "color charge" forces behave like ordinary charge
forces.

The original observations of quark-quark bound states was in 1974. The ex-
periments involved bound states of charmed quarks called charmonium (named
after the similar bound states of electrons and positrons called positronium).
The observed bound-state energy levels were as shown in Table 7.7 below:

n| ¢ | E(GeV)
110 3.097
2|1 3.492
210 3.686
310 4.105
410 4.414

Table 7.7: Observed Bound-State Energy Levels

The Schrodinger equation for this potential becomes

72
—;(;i(ﬁ‘?ﬁ)— hLQ:Q )+(V(r)—E)w:0 (7.734)
Since it is a central potential, we can write
¥ =R(r)Yem (0, ¢) (7.735)
which implies
_:;(;;r(ﬁ‘if)—g(igl)R)uV(r)—E)R:o (7.736)
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If we let

x(r) =rR(r) (7.737)
we get
h? d*x h20(0+1)
S ax N LI Cikd A PV .
5 2 +(V(r) + Sy )x =0 (7.738)
or
2
d—x—(aE— (1) +é—cr)X:0 (7.739)
dr? 72 r

We must solve this system numerically. The same program as earlier works
again with a modified potential function.

The results for a set of parameters (a = 0.0385, b = 2.026, ¢ = 34.65) chosen to
get the right relationship between the levels are shown in Table 7.8 below:

n | £ | E(calculated) | E(rescaled)
110 656 3.1
2|1 838 3.4
210 1160 3.6
310 1568 4.1
410 1916 4.4

Table 7.8: Quark Model-Numerical Results

which is a reasonably good result and indicates that validity of the model.
The rescaled values are adjusted to correspond to theTable 7.7. A more exact
parameter search produces almost exact agreement.

7.7 Problems

7.7.1 Position representation wave function

A system is found in the state

(0, ¢) = gcos@sinﬁcoscp
8m

(a) What are the possible values of L, that measurement will give and with
what probabilities?

(b) Determine the expectation value of L, in this state.
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7.7.2 Operator identities

Show that

(a) [d L,b- f/] =ih (d x l;) - L holds under the assumption that @ and b com-
mute with each other and with L.

(b) for any vector operator V(&,p) we have [l?, f/] = 2ih (\7 x L — th)

7.7.3 More operator identities
Prove the identities
(a) (6-A)(6-B)=A-B+is-(AxB)

(b) ei®SIhGemioSn/h _ (5. 6) +fx [ x ] cos g + [ x & sin g

7.7.4 On a circle

Consider a particle of mass u constrained to move on a circle of radius a. Show
that
L2
 2ua?

Solve the eigenvalue/eigenvector problem of H and interpret the degeneracy.

7.7.5 Rigid rotator

A rigid rotator is immersed in a uniform magnetic field B = Byé, so that the
Hamiltonian is

.12 .
H=— +wOLZ
21

where wq is a constant. If

(0.619(0) =/ %Sin@sin¢

what is (0, ¢ | ¥(t))? What is (f/z) at time ¢7?

7.7.6 A Wave Function

A particle is described by the wave function

b(p, @) = Ae™ 22 cos?

Determine P(L, =0), P(L, = 2h) and P(L, = -2h).
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7.7.7 L=1 System

Consider the following operators on a 3-dimensional Hilbert space

L [0 10 L [0 -0 10 0
Ly=—| 10 1|, L,=—| i 0 - |,L.=| 0 0 0
vzl o 1 o vVzlo i o 00 -1

(a)
(b)

What are the possible values one can obtain if L, is measured?

Take the state in which L, = 1. In this state, what are (L), <L§> and
ALy =\/{L3) - (La)".

Find the normalized eigenstates and eigenvalues of L, in the L, basis.

If the particle is in the state with L, = -1 and L, is measured, what are
the possible outcomes and their probabilities?

Consider the state
1/3v/2

1
|¢)—$ UI@

in the L, basis. If L? is measured and a result +1 is obtained, what is
the state after the measurement? How probable was this result? If L, is
measured, what are the outcomes and respective probabilities?

A particle is in a state for which the probabilities are P(L, = 1) = 1/4,
P(L,=0)=1/2 and P(L, = -1) = 1/4. Convince yourself that the most
general, normalized state with this property is

i1 i8a i3

e
W}):T‘Lz:1>+%|Lz:0>+7‘LZI—1>

We know that if [¢)) is a normalized state then the state e 1)) is a phys-
ically equivalent state. Does this mean that the factors e’ multiplying
the L, eigenstates are irrelevant? Calculate, for example, P(L, =0).

7.7.8 A Spin-3/2 Particle

Consider a particle with spin angular momentum j = 3/2. The are four sublevels
with this value of j, but different eigenvalues of 7, |m = 3/2),Jm = 1/2),|m = -1/2)
and |m = -3/2).

(a)

Show that the raising operator in this 4—dimensional space is
G =h(V313/2) (12| + 21/2) (-1/2] + V/3|-1/2) (~3/2])
where the states have been labeled by the j, quantum number.
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(b) What is the lowering operator j_?

¢) What are the matrix representations of J; jz, J , jz and J? in the Iz
Y
basis?

(d) Check that the state

1
)= 55 (VB2 +11/2) - |-1/2) - V31-3/2)

is an eigenstate of J, with eigenvalue h/2.
(e) Find the eigenstate of .J, with eigenvalue 37/2.

(f) Suppose the particle describes the nucleus of an atom, which has a mag-
netic moment described by the operator fi = gnpunj, where gy is the
g-factor and ppy is the so-called nuclear magneton. At time t = 0, the
system is prepared in the state given in (c). A magnetic field, pointing
in the y direction of magnitude B, is suddenly turned on. What is the
evolution of <jz> as a function of time if

H= —[L . B = —gN,uNhj~BQ = _gN,UhoBjy

where u = eh/2Mc = nuclear magneton? You will need to use the identity
we derived earlier

e BerA = B o [A,B)a s [A[AB]) S + [A[A[ABE + ..

7.7.9 Arbitrary directions
Method #1

(a) Using the |z+) and |z-) states of a spin 1/2 particle as a basis, set up
and solve as a problem in matrix mechanics the eigenvalue/eigenvector
problem for S,, = .5 -7 where the spin operator is

S =86, + 5,6, +5.¢.

and
7 = sin 6 cos pé, + sin fsin pé, + cos Oé,

(b) Show that the eigenstates may be written as
0 ; 0
[f+) = cos — |z+) + e'¥ sin — |2-)
2 2
0 ; 0
)z gin o) — 619 cos e
[fi—) 51n2|z) e c052|z)
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Method #2
This part demonstrates another way to determine the eigenstates of S,, = S - 7.

The operator
R(Géy) = ¢ 0/h
rotates spin states by an angle 6 counterclockwise about the y—axis.

(a) Show that this rotation operator can be expressed in the form

R(Qéy) = cosg - %S’y sing

(b) Apply R to the states |z+) and |z-) to obtain the state |A+) with ¢ = 0,
that is, rotated by angle 8 in the = — z plane.

7.7.10 Spin state probabilities

The z-component of the spin of an electron is measured and found to be +h/2.

(a) If a subsequent measurement is made of the z—component of the spin,
what are the possible results?

(b) What are the probabilities of finding these various results?
(¢) If the axis defining the measured spin direction makes an angle 6 with
respect to the original z—axis, what are the probabilities of various possible

results?

(d) What is the expectation value of the spin measurement in (c)?

7.7.11 A spin operator

Consider a system consisting of a spin 1/2 particle.
(a) What are the eigenvalues and normalized eigenvectors of the operator
Q= Aj, + B3,

where 3, and . are spin angular momentum operators and A and B are
real constants.

(b) Assume that the system is in a state corresponding to the larger eigenvalue.
What is the probability that a measurement of §, will yield the value +h/2?
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7.7.12 Simultaneous Measurement

A beam of particles is subject to a simultaneous measurement of the angular
momentum observables L? and L,. The measurement gives pairs of values

(ﬁ,m) = (an) and (17_1)
with probabilities 3/4 and 1/4 respectively.
(a) Reconstruct the state of the beam immediately before the measurements.

(b) The particles in the beam with (¢/,m) = (1,-1) are separated out and
subjected to a measurement of L,. What are the possible outcomes and
their probabilities?

(c¢) Construct the spatial wave functions of the states that could arise from
the second measurement.

7.7.13 Vector Operator

Consider a vector operator V that satisfies the commutation relation
[Li, V]] = iheijka

This is the definition of a wvector operator.

—ipLy/h

(a) Prove that the operator e is a rotation operator corresponding to
a rotation around the z—axis by an angle ¢, by showing that

e—ichz/h‘/ieigaLg;/h — Rz](SO)Vj
where R;;(¢) is the corresponding rotation matrix.

(b) Prove that
eiiﬂ-Lm |£a m) = |£a _m>

(¢) Show that a rotation by 7 around the z—axis can also be achieved by first
rotating around the x—axis by 7/2, then rotating around the y—axis by =
and, finally rotating back by —7/2 around the z—axis. In terms of rotation
operators this is expressed by

6ZTrLI/QI’le—mrLy/he—z‘n'LI/Wl _ ,~imL./h

e

7.7.14 Addition of Angular Momentum

Two atoms with J; =1 and J; = 2 are coupled, with an energy described by
H =¢eJ;-Js, € > 0. Determine all of the energies and degeneracies for the coupled
system.
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7.7.15 Spin =1 system

We now consider a spin =1 system.

(a) Use the spin = 1 states |1,1), |1,0) and |1,-1) (eigenstates of S.) as a
basis to form the matrix representation (3 x 3) of the angular momentum
operators Sz, Sy, S, 5%, S, and S_.

i i ACE i ) ) Y
(b) Determine the eigenstates of S, in terms of the eigenstates |1,1), [1,0) and
[1,-1) of S,.

(¢) A spin =1 particle is in the state

1
2

1
|w>—ﬁ :

in the S’Z basis.

(1) What are the probabilities that a measurement of S, will yield the
values A, 0, or —h for this state? What is (52)7

(2) What is (S’m) in this state?

(3) What is the probability that a measurement of S, will yield the value
h for this state?

particle with spin = as the Hamiltonian
d) A icle with spi 1 has the Hamiltoni

(1) Calculate the energy levels of this system.

(2) If, at t = 0, the system is in an eigenstate of S, with eigenvalue h,
calculate the expectation value of the spin (SZ> at time ¢.

7.7.16 Deuterium Atom

Consider a deuterium atom (composed of a nucleus of spin = 1 and an electron).
The electronic angular momentum is J=L+8, where L is the orbital angular
momentum of the electron and S is its spin. The total angular momentum of
the atom is F' = J + I, where I is the nuclear spin. The eigenvalues of J? and
F? are J(J +1)h? and F(F +1)h? respectively.

(a) What are the possible values of the quantum numbers J and F for the
deuterium atom in the 1s(L =0) ground state?

(b) What are the possible values of the quantum numbers J and F for a
deuterium atom in the 2p(L = 1) excited state?
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7.7.17 Spherical Harmonics

Consider a particle in a state described by
Y=N(z+y+2z)e "
where N is a normalization factor.

(a) Show, by rewriting the Yfl’o functions in terms of z,y, z and r that

Yi1_$(3)1/2$ii9 YO_(?))I/ZZ
1 - ’ 1 -
A7 Vor A7 r

(b) Using this result, show that for a particle described by ¢ above

P(L,=0)=2/3, P(L,=h)=1/6, P(L.=-h)=1/6

7.7.18 Spin in Magnetic Field

Suppose that we have a spin—1/2 particle interacting with a magnetic field via
the Hamiltonian

ae —fi-B,B=Bé, 0<t<T
~ji-B, B=Bé, T<t<2T

where i = ppd and the system is initially(¢ = 0) in the state

1
[¥(0)) = |a+) = 7 (Iz+) +1z-))

Determine the probability that the state of the system at ¢ = 2T is
[¥(2T)) = |z+)
in three ways:
(1) Using the Schrodinger equation (solving differential equations)
(2) Using the time development operator (using operator algebra)

(3) Using the density operator formalism

7.7.19 What happens in the Stern-Gerlach box?

An atom with spin = 1/2 passes through a Stern-Gerlach apparatus adjusted so
as to transmit atoms that have their spins in the +z direction. The atom spends
time 7" in a magnetic field B in the z—direction.

(a) At the end of this time what is the probability that the atom would pass
through a Stern-Gerlach selector for spins in the —z direction?

(b) Can this probability be made equal to one, if so, how?
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7.7.20 Spin = 1 particle in a magnetic field

[Use the results from Problem 9.15]. A particle with intrinsic spin = 1 is placed
in a uniform magnetic field B = Byé,. The initial spin state is [¢)(0)) = [1,1).
Take the spin Hamiltonian to be H = wyS, and determine the probability that
the particle is in the state |¢)(¢)) = |1,-1) at time ¢.

7.7.21 Multiple magnetic fields

A spin-1/2 system with magnetic moment [i = pod is located in a uniform
time-independent magnetic field By in the positive z—direction. For the time
interval 0 <t <T" an additional uniform time-independent field B; is applied in
the positive z—direction. During this interval, the system is again in a uniform
constant magnetic field, but of different magnitude and direction 2’ from the
initial one. At and before ¢ = 0, the system is in the m = 1/2 state with respect
to the z—axis.

(a) At t = 0+, what are the amplitudes for finding the system with spin pro-
jections m’ = £1/2 with respect to the z’-axis?

(b) What is the time development of the energy eigenstates with respect to
the 2’ direction, during the time interval 0 <t < T?

(c) What is the probability at ¢ = T' of observing the system in the spin state
m = —1/2 along the original z—axis? [Express answers in terms of the angle
0 between the z and z’ axes and the frequency wg = 110 Bo/h]

7.7.22 Neutron interferometer

In a classic table-top experiment (neutron interferometer), a monochromatic
neutron beam (A = 1.445) is split by Bragg reflection at point A of an interfer-
ometer into two beams which are then recombined (after another reflection) at
point D as in Figure 7.18 below:

Figure 7.18: Neutron Interferometer Setup

One beam passes through a region of transverse magnetic field of strength B
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(direction shown by lines)for a distance L. Assume that the two paths from A
to D are identical except for the region of magnetic field.

(a) Find the explicit expression for the dependence of the intensity at point D
on B, L and the neutron wavelength, with the neutron polarized parallel
or anti-parallel to the magnetic field.

(b) Show that the change in the magnetic field that produces two successive
maxima in the counting rates is given by

B 812hc
el gnAL

where g,, (= —1.91) is the neutron magnetic moment in units of —eh/2myc.
This calculation was a PRL publication in 1967.

7.7.23 Magnetic Resonance

A particle of spin 1/2 and magnetic moment u is placed in a magnetic field
B = By2+ B1& coswt— By §j sinwt, which is often employed in magnetic resonance
experiments. Assume that the particle has spin up along the +z—axis at ¢ = 0
(m, = +1/2). Derive the probability to find the particle with spin down (m, =
-1/2) at time t > 0.

7.7.24 More addition of angular momentum

Consider a system of two particles with j; = 2 and jo = 1. Determine the
|7,m,71,72) states listed below in the |j1,m1, jo, m2) basis.

|3735j17j2) ) |372ajlaj2> ) |3717j1aj2> ) |272aj17j2) ) |2?1ajlaj2> ) |1717j1aj2>

7.7.25 Clebsch-Gordan Coefficients
Work out the Clebsch-Gordan coefficients for the combination

3
- Q®
2

| =

7.7.26 Spin-1/2 and Density Matrices

Let us consider the application of the density matrix formalism to the problem
of a spin—1/2 particle in a static external magnetic field. In general, a particle
with spin may carry a magnetic moment, oriented along the spin direction (by
symmetry). For spin—1/2, we have that the magnetic moment (operator) is thus

of the form:
L1
M = 2'7‘%
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where the &; are the Pauli matrices and ~y is a constant giving the strength of
the moment, called the gyromagnetic ratio. The term in the Hamiltonian for
such a magnetic moment in an external magnetic field, B is just:

H=-i-B
The spin—1/2 particle has a spin orientation or polarization given by
P=(3)

Let us investigate the motion of the polarization vector in the external field.
Recall that the expectation value of an operator may be computed from the
density matrix according to

(4) =77 (pA)

In addition the time evolution of the density matrix is given by

0p ~
i—— = [H(®), p(t

R LION0)
Determine the time evolution dP/dt of the polarization vector. Do not make
any assumption concerning the purity of the state. Discuss the physics involved
in your results.

7.7.27 System of N Spin-1/2 Particle

Let us consider a system of N spin-1/2 particles per unit volume in thermal
equilibrium, in an external magnetic field B. In thermal equilibrium the canon-
ical distribution applies and we have the density operator given by:

e—Ht

Z

[) =
where Z is the partition function given by
Z=Tr (e_H t)
Such a system of particles will tend to orient along the magnetic field, resulting
in a bulk magnetization (having units of magnetic moment per unit volume),

M.

(a) Give an expression for this magnetization M = N~(5/2)(don’t work too
hard to evaluate).

(b) What is the magnetization in the high-temperature limit, to lowest non-
trivial order (this I want you to evaluate as completely as you can!)?
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7.7.28 In a coulomb field

An electron in the Coulomb field of the proton is in the state
4 3i
=-11,0,0) + —2,1,1
9)= £ 1L0.0)+ 2 12.1,1)

where the |n,f,m) are the standard energy eigenstates of hydrogen.
(a) What is (E) for this state? What are (ﬁ2>, <IA/T> and <ﬁT>7

(b) What is |[1(¢))? Which, if any, of the expectation values in (a) vary with
time?

7.7.29 Probabilities

(a) Calculate the probability that an electron in the ground state of hydrogen
is outside the classically allowed region(defined by the classical turning
points)?

(b) An electron is in the ground state of tritium, for which the nucleus is
the isotope of hydrogen with one proton and two neutrons. A nuclear
reaction instantaneously changes the nucleus into He®, which consists of
two protons and one neutron. Calculate the probability that the electron
remains in the ground state of the new atom. Obtain a numerical answer.

7.7.30 What happens?

At the time ¢ = 0 the wave function for the hydrogen atom is

1
V10

where the subscripts are the values of the quantum numbers (nfm). We ignore
spin and any radiative transitions.

Y(7,0) = (2¢100 + 1910 + V211 + \/§¢21—1)

(a) What is the expectation value of the energy in this state?

(b) What is the probability of finding the system with ¢ = 1, m = +1 as a
function of time?

(c) What is the probability of finding an electron within 1071 ¢m of the proton
at time ¢t =0)? A good approximate result is acceptable.
t ti t=0)7 A d imat It i tabl

(d) Suppose a measurement is made which shows that L =1, L, = +1. Deter-
mine the wave function immediately after such a measurement.
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7.7.31 Anisotropic Harmonic Oscillator

In three dimensions, consider a particle of mass m and potential energy

[ V)

V() = - (=)@ 4y + (147)27]

where w>0and 0 <7< 1.

(a) What are the eigenstates of the Hamiltonian and the corresponding eigenen-
ergies?

(b) Calculate and discuss, as functions of 7, the variation of the energy and
the degree of degeneracy of the ground state and the first two excited
states.

7.7.32 Exponential potential

Two particles, each of mass M, are attracted to each other by a potential

_ ()
Vi(r)= (d)e /d

where d = h/mc with mc? = 140 MeV and Mc? = 940 MeV .

(a) Show that for £ = 0 the radial Schrodinger equation for this system can be
reduced to Bessel’s differential equation

d?J,(z) 1dJ,(x) 0>
) +; T + 1—; Jo(x)=0

by means of the change of variable z = ae " for a suitable choice of «
and (.

(b) Suppose that this system is found to have only one bound state with a
binding energy of 2.2 MeV . Evaluate ¢g?/d numerically and state its units.

(c) What would the minimum value of g?/d have to be in order to have two
£ =0 bound state (keep d and M the same). A possibly useful plot is given
below in Figure 7.19.

560



ol
=3
3
3
-
4
R
\
-
3
B
1
-
1
B
-
4
)
- |
J
.i
4
4

‘

.

{

FPTTE FPTwl Fees

Figure 7.19: J,(«a) contours in the a - p plane

7.7.33 Bouncing electrons

An electron moves above an impenetrable conducting surface. It is attracted
toward this surface by its own image charge so that classically it bounces along
the surface as shown in Figure 7.20 below:

(a) Write the Schrodinger equation for the energy eigenstates and the energy
eigenvalues of the electron. (Call y the distance above the surface). Ignore
inertial effects of the image.

(b) What is the x and z dependence of the eigenstates?
(c) What are the remaining boundary conditions?

(d) Find the ground state and its energy? [HINT: they are closely related to
those for the usual hydrogen atom)]

(e) What is the complete set of discrete and /or continuous energy eigenvalues?
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Figure 7.20: Bouncing electrons

7.7.34 Alkali Atoms

The alkali atoms have an electronic structure which resembles that of hydrogen.
In particular, the spectral lines and chemical properties are largely determined
by one electron(outside closed shells). A model for the potential in which this

electron moves is
e2 b
Viry=-——1[1+-
T T

Solve the Schrodinger equation and calculate the energy levels.

7.7.35 Trapped between

A particle of mass m is constrained to move between two concentric impermeable
spheres of radii » = @ and r = b. There is no other potential. Find the ground
state energy and the normalized wave function.

7.7.36 Logarithmic potential

A particle of mass m moves in the logarithmic potential
r
V(r) = Ctn (7)
To

Show that:

(a) All the eigenstates have the same mean-squared velocity. Find this mean-
squared velocity. Think Virial theorem!

(b) The spacing between any two levels is independent of the mass m.

7.7.37 Spherical well

A spinless particle of mass m is subject (in 3 dimensions) to a spherically sym-
metric attractive square-well potential of radius rg.
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(a) What is the minimum depth of the potential needed to achieve two bound
states of zero angular momentum?

(b) With a potential of this depth, what are the eigenvalues of the Hamiltonian
that belong to zero total angular momentum? Solve the transcendental
equation where necessary.

7.7.38 In magnetic and electric fields

A point particle of mass m and charge ¢ moves in spatially constant crossed
magnetic and electric fields B = Byz and £ = £yZ.

(a) Solve for the complete energy spectrum.

(b) Find the expectation value of the velocity operator

U = —Pmechanical
m

in the state p = 0.

7.7.39 Extra(Hidden) Dimensions

Lorentz Invariance with Extra Dimensions

If string theory is correct, we must entertain the possibility that space-time has
more than four dimensions. The number of time dimensions must be kept equal
to one - it seems very difficult, if not altogether impossible, to construct a con-
sistent theory with more than one time dimension. The extra dimensions must
therefore be spatial.

Can we have Lorentz invariance in worlds with more than three spatial dimen-
sions? The answer is yes. Lorentz invariance is a concept that admits a very
natural generalization to space-times with additional dimensions.

We first extend the definition of the invariant interval ds? to incorporate the
additional space dimensions. In a world of five spatial dimensions, for example,
we would write

ds* = 2dt? - (dz*)? - (dz?)? - (dz®)? - (dz*)? - (dz®)? (7.740)

Lorentz transformations are then defined as the linear changes of coordinates
that leave ds® invariant. This ensures that every inertial observer in the six-
dimensional space-time will agree on the value of the speed of light. With more
dimensions, come more Lorentz transformations. While in four-dimensional
space-time we have boosts in the 2!, 22 and z® directions, in this new world
we have boosts along each of the five spatial dimensions. With three spatial
coordinates, there are three basic spatial rotations - rotations that mix z! and
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z2, rotations that mix 2! and 2, and finally rotations that mix z? and z>.
The equality of the number of boosts and the number of rotations is a special
feature of four-dimensional space-time. With five spatial coordinates, we have
ten rotations, which is twice the number of boosts.

The higher-dimensional Lorentz invariance includes the lower-dimensional one.
If nothing happens along the extra dimensions, then the restrictions of lower-
dimensional Lorentz invariance apply. This is clear from equation (9.1). For
motion that does not involve the extra dimensions, dz* = dz® = 0, and the ex-
pression for ds? reduces to that used in four dimensions.

Compact Extra Dimensions

It is possible for additional spatial dimensions to be undetected by low energy
experiments if the dimensions are curled up into a compact space of small vol-
ume. At this point let us first try to understand what a compact dimension is.
We will focus mainly on the case of one dimension. Later we will explain why
small compact dimensions are hard to detect.

Consider a one-dimensional world, an infinite line, say, and let « be a coordinate
along this line. For each point P along the line, there is a unique real number
x(P) called the x—coordinate of the point P. A good coordinate on this infinite
line satisfies two conditions:

(1) Any two distinct points Py # P, have different coordinates z(P;) # 2(Pz).

(2) The assignment of coordinates to points are continuous - nearby points
have nearly equal coordinates.

If a choice of origin is made for this infinite line, then we can use distance from
the origin to define a good coordinate. The coordinate assigned to each point
is the distance from that point to the origin, with sign depending upon which
side of the origin the point lies.

Imagine you live in a world with one spatial dimension. Suppose you are walking
along and notice a strange pattern - the scenery repeats each time you move a
distance 27 R for some value of R. If you meet your friend Phil, you see that
there are Phil clones at distances 27 R, 47 R, 67 R, ....... down the line as shown
in Figure 7.21 below.
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Figure 7.21: Multiple friends

In fact, there are clones up the line, as well, with the same spacing.

There is no way to distinguish an infinite line with such properties from a circle
with circumference 2w R. Indeed, saying that this strange line is a circle explains
the peculiar property - there really are no Phil clones - you meet the same Phil
again and again as you go around the circle!

How do we express this mathematically? We can think of the circle as an open
line with an identification, that is, we declare that points with coordinates that
differ by 27 R are the same point. More precisely, two points are declared to be
the same point if their coordinates differ by an integer number of 27 R:

P~ Py x(P)=2(P)+2rRn |, neZ (7.741)

This is precise, but somewhat cumbersome, notation. With no risk of confusion,
we can simply write

x~x+2TR (7.742)

which should be read as identify any two points whose coordinates differ by 27 R.
With such an identification, the open line becomes a circle. The identification
has turned a non-compact dimension into a compact one. It may seem to you
that a line with identifications is only a complicated way to think about a circle.
We will se, however, that many physical problems become clearer when we view
a compact dimension as an extended one with identifications.

The interval 0 < x < 27 R is a fundamental domain for the identification as shown
in Figure 7.22 below.

join

1 t >
0 21R 41R X

Figure 7.22: Fundamental domain
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A fundamental domain is a subset of the entire space that satisfies two condi-
tions:

(1) no two points in are identified

(2) any point in the entire space is related by the identification to some point
in the fundamental domain

Whenever possible, as we did here, the fundamental domain is chosen to be a
connected region. To build the space implied by the identification, we take the
fundamental domain together with its boundary, and implement the identifica-
tions on the boundary. In our case, the fundamental domain together with its
boundary is the segment 0 < & < 27 R. In this segment we identify the point
x =0 with the point x = 27 R. The result is the circle.

A circle of radius R can be represented in a two-dimensional plane as the set of
points that are a distance R from a point called the center of the circle. Note
that the circle obtained above has been constructed directly, without the help
of any two-dimensional space. For our circle, there is no point, anywhere, that
represents the center of the circle. We can still speak, figuratively, of the radius
R of the circle, but in our case, the radius is simply the quantity which multi-
plied by 27 gives the total length of the circle.

On the circle, the coordinate x is no longer a good coordinate. The coordinate
x is now either multi-valued or discontinuous. This is a problem with any coor-
dinate on a circle. Consider using angles to assign coordinates on the unit circle
as shown in Figure 7.23 below.

8(P)

Figure 7.23: Unit circle identification
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Fix a reference point ) on the circle, and let O denote the center of the
circle. To any point P on the circle we assign as a coordinate the angle
O(P) = angle(POQ). This angle is naturally multi-valued. The reference
point @, for example, has 6(Q) = 0° and 6(Q) = 360°. If we force angles to
be single-valued by restricting 0° < 6 < 360°, for example, then they become
discontinuous. Indeed, two nearby points, Q and @~, then have very different
angles 0(Q) = 0°, while 6(Q~) ~ 360°. It is easier to work with multi-valued
coordinates than it is to work with discontinuous ones.

If we have a world with several open dimensions, then we can apply the identi-
fication (9.3) to one of the dimensions, while doing nothing to the others. The
dimension described by x turns into a circle, and the other dimensions remain
open. It is possible, of course, to make more than one dimension compact.

Consider the example, the (z,y) plane, subject to two identifications,
r~z+2rR , y~y+27R

It is perhaps clearer to show both coordinates simultaneously while writing the
identifications. In that fashion, the two identifications are written as

(1[,', y) ~ (.’[ + 27TR, y) ) (.’E, y) ~ (SU, y+ 27TR) (7743)

The first identification implies that we can restrict our attention to 0 < x < 27 R,
and the second identification implies that we can restrict our attention to
0 <y < 2nR. Thus, the fundamental domain can be taken to be the square
region 0 < z,y < 2R as shown in Figure 7.24 below.

yA/A
B
21R B A
:
1
|
' : A
R P
;
- Y A’ -
21R X

Figure 7.24: Fundamental domain = square

The identifications are indicated by the dashed lines and arrowheads. To build
the space implied by the identifications, we take the fundamental domain to-
gether with its boundary, forming the full square 0 < z,y < 27 R, and implement
the identifications on the boundary. The vertical edges are identified because
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they correspond to points of the form (0,y) and (27 R,y). This results in the
cylinder shown in Figure 7.25 below.

A

|

|

|

|

A

L.
P “\
\*:-—’/

A.

Figure 7.25: Square — cylinder

The horizontal edges are identified because they correspond to points of the
form («,0) and (z,27R). The resulting space is a two-dimensional torus.

We can visualize this process in Figure 7.26 below.

Figure 7.26: 2-dimensional torus

?or in words, the torus is visualized by taking the fundamental domain (with its
boundary) and gluing the vertical edges as their identification demands. The
result is first (vertical) cylinder shown above (the gluing seam is the dashed
line). In this cylinder, however, the bottom circle and the top circle must also
be glued, since they are nothing other than the horizontal edges of the funda-
mental domain. To do this with paper, you must flatten the cylinder and then
roll it up and glue the circles. The result looks like a flattened doughnut. With a
flexible piece of garden hose, you could simply identify the two ends and obtain
the familiar picture of a torus.

We have seen how to compactify coordinates using identifications. Some com-

pact spaces are constructed in other ways. In string theory, however, compact
spaces that arise from identifications are particularly easy to work with.
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Sometimes identifications have fixed points, points that are related to themselves
by the identification. For example, consider the real line parameterized by the
coordinate x and subject to the identification = ~ —x. The point x = 0 is the
unique fixed point of the identification. A fundamental domain can be chosen
to be the half-line > 0. Note that the boundary point = = 0 must be included
in the fundamental domain. The space obtained by the above identification is
in fact the fundamental domain = > 0. This is the simplest example of an orb-
ifold, a space obtained by identifications that have fixed points. This orbifold
is called an R'/Z, orbifold. Here R' stands for the (one-dimensional) real line,
and Z, describes a basic property of the identification when it is viewed as the
transformation x — —x - if applied twice, it gives back the original coordinate.

Quantum Mechanics and the Square Well

The fundamental relation governing quantum mechanics is
[2i,D;] = ihdy;

In three spatial dimensions the indices ¢ and j run from 1 to 3. The general-
ization of quantum mechanics to higher dimensions is straightforward. With d
spatial dimensions, the indices simply run over the d possible values.

To set the stage for for the analysis of small extra dimensions, let us review the
standard quantum mechanics problem involving and infinite potential well.

The time-independent Schrodinger equation(in one-dimension) is
h? d*y(z)
2m  dx?

In the infinite well system we have

0 ifxe(0,a)
V(x)_{oo if ¢ (0,a)

+V(x)y(x) = Ey(x)

When z € (0,a), the Schrodinger equation becomes

h? d*y(x)
“om  da? = Ey(r)

The boundary conditions ¥ (0) = (a) = 0 give the solutions

() = 2sin(kﬂ) L k=1,2,., 00
a a

The value k£ = 0 is not allowed since it would make the wave-function vanish
everywhere. The corresponding energy values are

2 2

:2m a
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Square Well with Extra Dimensions

We now add an extra dimension to the square well problem. In addition to x,
we include a dimension y that is curled up into a small circle of radius R. In
other words, we make the identification

(z,y) ~ (z,y+ 27 R)

The original dimension x has not been changed(see Figure 7.27 below). In the
figure, on the left we have the original square well potential in one dimension.
Here the particle lives on the the line segment shown and on the right, in the
(x,y) plane the particle must remain in 0 < z < a. The direction y is identified
asy ~y+27R.

Vix) Y
— — o -
L~
L~
ALLSs Sub i 1
" L~
' —
' —
]
-
- ¥ -
L X
0 a
0 a

Figure 7.27: Square well with compact hidden dimension
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The particle lives on a cylinder, that is, since the y direction has been turned into
a circle of circumference 2w R, the space where the particle moves is a cylinder.
The cylinder has a length a and a circumference 2rR. The potential energy

V(z,y) is given by
V() = 0 ?f:re((),a)
oo ifz¢(0,a)

that is, is independent of y.

We want to investigate what happens when R is small and we only do experi-
ments at low energies. Now the only length scale in the one-dimensional infinite
well system is the size a of the segment, so small R means R << a.

(a) Write down the Schrodinger equation for two Cartesian dimensions.

(b) Use separation of variables to find z—dependent and y—dependent solu-
tions.

(¢) Impose appropriate boundary conditions, namely, and an infinite well in
the x dimension and a circle in the y dimension, to determine the allowed
values of parameters in the solutions.

(d) Determine the allowed energy eigenvalues and their degeneracy.

(e) Show that the new energy levels contain the old energy levels plus addi-
tional levels.

(f) Show that when R << a (a very small (compact) hidden dimension) the
first new energy level appears at a very high energy. What are the exper-
imental consequences of this result?

7.7.40 Spin-1/2 Particle in a D-State

A particle of spin—1/2 is in a D-state of orbital angular momentum. What
are its possible states of total angular momentum? Suppose the single particle
Hamiltonian is

H=A+BL-S+CL-L

What are the values of energy for each of the different states of total angular
momentum in terms of the constants A, B, and C?

7.7.41 Two Stern-Gerlach Boxes

A beam of spin—1/2 particles traveling in the y—direction is sent through a Stern-
Gerlach apparatus, which is aligned in the z—direction, and which divides the
incident beam into two beams with m = +1/2. The m = 1/2 beam is allowed to
impinge on a second Stern-Gerlach apparatus aligned along the direction given
by

€ =sinfz + coshz
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(a) Evaluate S = (h/2) & - ¢, where & is represented by the Pauli matrices:

01 0 i 10
e(Va) e (U)o 5

Calculate the eigenvalues of S.
(b) Calculate the normalized eigenvectors of S.

(c) Calculate the intensities of the two beams which emerge from the second
Stern-Gerlach apparatus.

7.7.42 A Triple-Slit experiment with Electrons

A beam of spin-1/2 particles are sent into a triple slit experiment according to
the figure below.

beam source

triple slit detector screen

Figure 7.28: Triple-Slit Setup

Calculate the resulting intensity pattern recorded at the detector screen.

7.7.43 Cylindrical potential

The Hamiltonian is given by

where p =+/z2 + y2.

(a) Usesymmetry arguments to establish that both p, and L., the z—component
of the linear and angular momentum operators, respectively, commute
with H.
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(b) Use the fact that H, P, and L. have eigenstates in common to express the
position space eigenfunctions of the Hamiltonian in terms of those of p,
and L.

(¢) What is the radial equation? Remember that the Laplacian in cylindrical
coordinates is

P10 (00, 10 0

= + =+
pop\"op) " 2oz " 022

A particle of mass p is in the cylindrical potential well

0 p<a

V(p) = {

o p>a

(d) Determine the three lowest energy eigenvalues for states that also have p,
and L, equal to zero.

(e) Determine the three lowest energy eigenvalues for states that also have p,
equal to zero. The states can have nonzero L.

7.7.44 Crazy potentials.....
(a) A nonrelativistic particle of mass m moves in the potential
V(x,y,z) = A(z® + 9% + 2 xy) + B(2? + 2u2)
where A >0, B >0, |A\| <1. p is arbitrary. Find the energy eigenvalues.

(b) Now consider the following modified problem with a new potential

Vnew =

V(z,y,2) z>-pand any x and y
+00 z < —p and any x and y

Find the ground state energy.

7.7.45 Stern-Gerlach Experiment for a Spin-1 Particle

A beam of spin—1 particles, moving along the y-axis, passes through a sequence
of two SG devices. The first device has its magnetic field along the z—axis and
the second device has its magnetic field along the z'-axis, which points in the
x — z plane at an angle 6 relative to the z—axis. Both devices only transmit the
uppermost beam. What fraction of the particles entering the second device will
leave the second device?
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7.7.46 Three Spherical Harmonics

As we see, often we need to calculate an integral of the form
[ 91, (0,00 1110, (8,00, (0,9)

This can be interpreted as the matrix element (¢3ms| Y,S,L;Q) |¢ymy), where Yﬁj)
is an irreducible tensor operator.

(a) Use the Wigner-Eckart theorem to determine the restrictions on the quan-
tum numbers so that the integral does not vanish.

(b) Given the addition rule for Legendre polynomials:

Py (1) Pe, (1) = 3 (€30 | £10620)° Py, (1)
L3

where (£30 ] ¢10020) is a Clebsch-Gordon coefficient. Use the Wigner-
Eckart theorem to prove

[ AR50, 0) Y0, (6,0) ey, (6,0)

_ (2€2+1)(2£1+1)
- 4 (205 + 1)

(€30 | £,0£20) (£3ms | Lamalimy)

HINT: Consider (530\}70(62) [¢10).

7.7.47 Spin operators ala Dirac
Show that

8= eny el - 21y o
Sy =hlzt) (-] , S_=h|z=)(z+]

7.7.48 Another spin = 1 system

A particle is known to have spin one. Measurements of the state of the particle
yield (S;) =0 =(S,) and (S.) = a where 0 < a <1. What is the most general
possibility for the state?

7.7.49 Properties of an operator

An operator f describing the interaction of two spin—1/2 particles has the form
f =a+bd1-02 where a and b are constants and 6;=0,;%+0,;§+0.;2 are Pauli
matrix operators. The total spin angular momentum is

3 - - h - -
J= +J2=§(U1 +02)
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(a) Show that f, 72 and j. can be simultaneously measured.
(b) Derive the matrix representation of f in the |j,m, j1,j2) basis.

(¢) Derive the matrix representation of f in the [j1, jo, m1,ms) basis.

7.7.50 Simple Tensor Operators/Operations
Given the tensor operator form of the particle coordinate operators
Ty
V2
(the subscript "1" indicates it is a rank 1 tensor), and the analogously defined
particle momentum rank 1 tensor P/, ¢ = 0,+1, calculate the commutator be-

tween each of the components and show that the results can be written in the
form

7=(zy.2); Ri=z, R =7

[R{,P"] = simple expression

7.7.51 Rotations and Tensor Operators

Using the rank 1 tensor coordinate operator in Problem 9.7.50, calculate the
commutators

[L.,R{]and[L., R]

where L is the standard angular momentum operator.

7.7.52 Spin Projection Operators

Show that P; = %f+ (51 . 52)//‘12 and Py = %IA - (§1 . 52)/h2 project onto the
spin—1 and spin-0 spaces in % ® % = 1@ 0. Start by giving a mathematical
statement of just what must be shown.

7.7.53 Two Spins in a magnetic Field
The Hamiltonian of a coupled spin system in a magnetic field is given by

gl '»§2 +lez + 5,

H=A+J
Ly h

where factors of h have been tossed in to make the constants A, J, B have
units of energy. [J is called the exchange constant and B is proportional to the
magnetic field].

(a) Find the eigenvalues and eigenstates of the system when one particle has
spin 1 and the other has spin 1/2.

(b) Give the ordering of levels in the low field limit J > B and the high field
limit B > J and interpret physically the result in each case.
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7.7.54 Hydrogen d States

Consider the £ = 2 states (for some given principal quantum number n, which is
irrelevant) of the H atom, taking into account the electron spin= 1/2 (Neglect
nuclear spin!).

(a) Enumerate all states in the J, M representation arising from the ¢ = 2,
s=1/2 states.

(b) Two states have m; = M = +1/2. Identify them and write them precisely

in terms of the product space kets |[¢,my; s, ms) using the Clebsch-Gordon
coefficients.

7.7.55 The Rotation Operator for Spin-1/2
We learned that the operator
R,(0) = e—ie(én-j)/h

is a rotation operator, which rotates a vector about an axis €, by and angle ©.
For the case of spin 1/2,

J=S-=

|

G = R, (©) = e 197n/2

(a) Show that for spin 1/2
R, (©) = cos (Q)f—isin(g)&n
2 2

(b) Show R, (O = 27) = —I; Comment.

(c) Consider a series of rotations. Rotate about the y—axis by 0 followed by
a rotation about the z—axis by ¢. Convince yourself that this takes the
unit vector along €, to é,. Show that up to an overall phase

Hn) = RZ(¢)Ry |TZ)
7.7.56 The Spin Singlet

Consider the entangled state of two spins

1

|@AB>=‘/§(sz4®Lu>3-uzha®rn>3)

(a) Show that (up to a phase)
1
WaB) = 72 () a®Nn)p —lin)a ®[Mn)p)

where |1,,), |{,) are spin spin-up and spin-down states along the direction
€. Interpret this result.

(b) Show that <\I/AB|&n ® Gpr |‘I’AB> =—€p - Ens
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7.7.57 A One-Dimensional Hydrogen Atom

Consider the one-dimensional Hydrogen atom, such that the electron confined
to the x axis experiences an attractive force e?/r2.

(a) Write down Schrodinger’s equation for the electron wavefunction ¢ (z) and
bring it to a convenient form by making the substitutions

2 P> h? 2x
a=—— = - z=—
me2 2ma2a2 aa

(b) Solve the Schrodinger equation for ¥(z). (You might need Mathematica,
symmetry arguments plus some properties of the Confluent Hypergeomet-
ric functions or just remember earlier work).

(¢) Find the three lowest allowed values of energy and the corresponding
bound state wavefunctions. Plot them for suitable parameter values.

7.7.58 Electron in Hydrogen p-orbital

(a) Show that the solution of the Schrodinger equation for an electron in a
p,—orbital of a hydrogen atom

Y(r,0,6) =1/ %Rne(r)cose

is also an eigenfunction of the square of the angular momentum operator,
L?, and find the corresponding eigenvalue. Use the fact that

. 1 0 ) 1o
L*=-h? 7(. 97) —
[sine 20 \*""90) " sin20 04

Given that the general expression for the eigenvalue of L2 is 00+ 1)h?,
what is the value of the ¢ quantum number for this electron?

(b) In general, for an electron with this ¢ quantum number, what are the
allowed values of m,? (NOTE: you should not restrict yourself to a p,
electron here). What are the allowed values of s and m,?

(c) Write down the 6 possible pairs of mg and m, values for a single elec-
tron in a p—orbital. Given the Clebsch-Gordon coefficients shown in the
table below write down all allowed coupled states |j,m;) in terms of the
uncoupled states |mg,mg). To get started here are the first three:

13/2,3/2) = [1,1/2)
13/2,1/2) = /2/30,1/2) + /1/3]1,-1/2)
11/2,1/2) = =\/1/3[0,1/2) + /2[3]1,-1/2)
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|j7mj>

my, | mg, || [3/2,3/2) | 13/2,1/2) | [1/2,1/2) | [3/2,-1/2) | [1/2,-1/2) | [3/2,-3/2)
1 [ 1/2 I

1 | -1/2 1/3 2/3

0 | 1/2 2/3 —\/1/3

0 |-1/2 2/3 1/3

1| 1/2 1/3 -V2/3

1 |12

(d)

Table 7.9: Clebsch-Gordon coefficients for j; =1 and jo = 1/2

The spin-orbit coupling Hamiltonian, H,, is given by
Hyp=E(7)0-3

Show that the states with |7, m;) equal to |3/2,3/2), [3/2,1/2) and [1/2,1/2)
are eigenstates of the spin-orbit coupling Hamiltonian and find the cor-
responding eigenvalues. Comment on which quantum numbers determine
the spin-orbit energy. (HINT: there is a rather quick and easy way to do
this, so if you are doing something long and tedious you might want to
think again .....).

The radial average of the spin-orbit Hamiltonian

[ @R ar

is called the spin-orbit coupling constant. It is important because it gives
the average interaction of an electron in some orbital with its own spin.
Given that for hydrogenic atoms

Ze? 1
- 202 13
8megmzc r

£(r)

and that for a 2p—orbital
Z V1
R(r :(—) —pePI?
=\ NG

(where p = Zr[ag and ag = 4megh?/m.c?) derive an expression for the
spin-orbit coupling constant for an electron in a 2p—orbital. Comment on
the dependence on the atomic number Z.

In the presence of a small magnetic field, B, the Hamiltonian changes by
a small perturbation given by

H®Y = upB(l, +25,)
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The change in energy due to a small perturbation is given in first-order
perturbation theory by .
E) — (0|H(1) 0)

where |0) is the unperturbed state (i.e., in this example, the state in the
absence of the applied field). Use this expression to show that the change
in the energies of the states in part (d) is described by

EW = upBg;m; (7.744)

and find the values of g;. We will prove the perturbation theory result in
the Chapter 10.

(g) Sketch an energy level diagram as a function of applied magnetic field
increasing from B = 0 for the case where the spin-orbit interaction is
stronger than the electron’s interaction with the magnetic field. You can
assume that the expressions you derived above for the energy changes of
the three states you have been considering are applicable to the other
states.

7.7.59 Quadrupole Moment Operators

The quadrupole moment operators can be written as

Q™Y = \/g(x +iy)?
QU = —\/g(x +iy)z

1
Q(O) = 5(32'2 - 7“2)

QY= ﬁ (z~iy)z
QY = \/g(w -iy)®

Using the form of the wave function vy, = R(r)Y;% (0, ®),

(a) Calculate (53] Q) [1)35)

(b) Predict all others (13 /| Q(®) [t)3.,,) using the Wigner-Eckart theorem in
terms of Clebsch-Gordon coefficients.

(c) Verify them with explicit calculations for (13 1] Q) |¢h3.0), (31| Q® |1h3.1)
and (13 -o| Q13 -3).

Note that we leave (r?) = [;* r? drR*(r)r? as an overall constant that drops out
from the ratios.
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7.7.60 More Clebsch-Gordon Practice

Add angular momenta j; = 3/2 and js = 1 and work out all the Clebsch-Gordon
coefficients starting from the state |j,m) =15/2,5/2) =13/2,3/2) ® [1,1).

7.7.61 Spherical Harmonics Properties
(a) Show that L, annihilates Y = 1/15/327 sin? fe?*¢.
(b) Work out all of YJ™ using successive applications of L_ on Y.

(c) Plot the shapes of Y3" in 3-dimensions (7,0, ¢) using r = Y5 (0, ¢).

7.7.62 Starting Point for Shell Model of Nuclei
Consider a three-dimensional isotropic harmonic oscillator with Hamiltonian

p2 1 3

H=2 S22 :hw(&+-a+7)

2m 2 2
where p = (p1,D2,03), 7 = (&1, Z282), d = (a1,G2,a3). We also have the com-
mutators [.’%Z,ﬁj] = Zh&lj, [ﬁ?l,i'j] = 0, [ﬁl?ﬁj] = 0, [&Z,d]] = 07 [d:,d;] = 0, and
[ai,a}] = d;; Answer the following questions.

(a) Clearly, the system is spherically symmetric, and hence there is a con-
served angular momentum vector. Show that L = 7 x g commutes with the
Hamiltonian.

Rewrite L in terms of creation and annihilation operators.

Show that |0) belongs to the £ = 0 representation. It is called the 1S state.
Show that the operators F(a] a}) and af form spherical tensor operators.
Show that N =1 states, |1,1,+1) = (a} +a3)|0)//2 and |1,1,0) = a |0),
form the £ = 1 representation. (Notation is [N, ¢, m)) It is called a 1P state

because it is the first P—state.

(f) Calculate the expectation values of the quadrupole moment Q = (32% -r?)
for N=¢=1, m=-1,0,1 states, and verify the Wigner-Eckart theorem.

(g) There are six possible states at the N = 2 level. Construct the states
|2,¢,m) with definite £ = 0,2 and m. They are called 2S (because it is
second S-state) and 1D (because it is the first D—state).

(h) How many possible states are there at the N = 3,4 levels? What ¢ repre-
sentations do they fall into?

(i) What can you say about general N7
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(j) Verify that the operator II = '™ has the correct property as the parity
operator by showing that ITZII* = —-Z and IIpII* = —p.

(k) Show that IT = (-1)"

(1) Without calculating it explicitly, show that there are no dipole transitions
from the 2P state to the 1P state. As we will see in Chapter 11, this
means, show that (1P|7|2P) = 0.

7.7.63 The Axial-Symmetric Rotor

Consider an axially symmetric object which can rotate about any of its axes but
is otherwise rigid and fixed. We take the axis of symmetry to be the z—axis, as
shown below.

x \‘)v

Figure 7.29: Axially Symmetric Rotor

The Hamiltonian for this system is

where I, and I are the moments of inertia about the principle axes.

(a) Show that the energy eigenvalues and eigenfunctions are respectively

h? 2 1, m
Bim = 5 {0+ D) =m 1—1—‘| s Yem =Y"(0,9)

What are the possible values for £ and m? What are the degeneracies?

At t =0, the system is prepared in the state

3 3
Yem(t=0) = —E:\/—sin9005¢
’ drr 4

(b) Show that the state is normalized.
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()

(d)

()

Show that
Yem(t=0)= 1 (-Y1'(0,0) + Y (0, 9))
m \/5 1 ’ 1 )
From (c) we see that the initial state is NOT a single spherical harmonic
(the eigenfunctions given in part (a)). Nonetheless, show that the wave-
function is an eigenstate of H (and thus a stationary state) and find the
energy eigenvalue. Explain this.

If one were to measure the observable L2 (magnitude of the angular mo-
mentum squared) and L., what values could one find and with what prob-
abilities?

7.7.64 Charged Particle in 2-Dimensions

Qonsider a charged particle on the z — y plane in a constant magnetic field
B =(0,0,B) with the Hamiltonian (assume eB > 0)

(a)

(b)

2 + 112
H="""Y | T=p-°4
2m c
Use the so-called symmetric gauge A = B(~y,)/2, and simplify the Hamil-
tonian using two annihilation operators a, and a, for a suitable choice of
w.

Further define a, = (G, +1idy)/2 and as = (G, —id,)/2 and then rewrite the
Hamiltonian using them. General states are given in the form

oy = 8" @)
M

starting from the ground state where a.]0,0) = Gz|0,0) = 0. Show that
they are Hamiltonian eigenstates of energies hw(2n + 1).

10,0)

For an electron, what is the excitation energy when B =100 kG?
Work out the wave function (x,y|0,0) in position space.

|0,m) are all ground states. Show that their position-space wave functions
are given by )
wo’m(z’ 2) _ sze—eBzz/4hc

where z =z + iy and Z = x — 7y. Determine N.

Plot the probability density of the wave function for m = 0,3,10 on the
same scale (use ContourPlot or Plot3D in Mathematica).

Assuming that the system is a circle of finite radius R, show that there are
only a finite number of ground states. Work out the number approximately
for large R.

Show that the coherent state e/% |0,0) represents a near-classical cy-
clotron motion in position space.
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7.7.65 Particle on a Circle Again

A particle of mass m is allowed to move only along a circle of radius R on a
plane, x = Rcosf, y = Rsin6.

(a)

(b)

(c)

Show that the Lagrangian is L = mR26? /2 and write down the canonical
momentum pg and the Hamiltonian.

Write down the Heisenberg equations of motion and solve them, (So far
no representation was taken).

Write down the normalized position-space wave function ¢ (60) = (0]k)
for the momentum eigenstates pg |k) = hk |k) and show that only k =n € Z
are allowed because of the requirement (6 + 27) = ().

Show the orthonormality
2T
(n | m) = Wﬂ/)m df = Onm
0

Now we introduce a constant magnetic field B inside the radius r <d < R
but no magnetic field outside r > d. Prove that the vector potential is

B(-y,x)/2 r<d

7.745
Bd*(~y,z)/2r® r>d ( )

(va Ay) = {
Write the Lagrangian, derive the Hamiltonian and show that the energy
eigenvalues are influenced by the magnetic field even though the particle
does not see the magnetic field directly.

7.7.66 Density Operators Redux

(a)

Find a valid density operator p for a spin—1/2 system such that
(Sz) = (Sy) =(5:) =0

Remember that for a state represented by a density operator p we have
(Oq) = Tr[pO4]. Your density operator should be a 2x 2 matrix with trace
equal to one and eigenvalues 0 < A < 1. Prove that p you find does not
correspond to a pure state and therefore cannot be represented by a state
vector.

Suppose that we perform a measurement of the projection operator P; and
obtain a positive result. The projection postulate (reduction postulate)
for pure states says

P V)

(V| P; W)
Use this result to show that in density operator notation p = [¥) (¥| maps
to

W) = ;) =

_ PP
P TP
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7.7.67 Angular Momentum Redux

(a) Define the angular momentum operators L,, L,, L, in terms of the po-
sition and momentum operators. Prove the following commutation result
for these operators: [Ly, L,]—ihL..

(b) Show that the operators L, = L, + (L, act as raising and lowering oper-
ators for the z component of angular momentum by first calculating the
commutator [L,, L,].

(c) A system is in state v, which is an eigenstate of the operators L? and L,
with quantum numbers ¢ and m. Calculate the expectation values (L)
and (L2). HINT: express L, in terms of L,.

(d) Hence show that L, and L, satisfy a general form of the uncertainty
principle:

((AA)*){(AB)?) > -~ {[4, B])

1
4
7.7.68 Wave Function Normalizability

The time-independent Schrodinger equation for a spherically symmetric poten-
tial V(r) is

h? [1 0 (TzaR)_e(eu)

29,29 —(E—
2u | r2 or or ] ( VIR

r2

where ¢ = R(r)Y;"(6,¢), so that the particle is in an eigenstate of angular
momentum.

Suppose R(r) o< 7~® and V(r) oc —r™® near the origin. Show that o < 3/2
is required if the wavefunction is to be normalizable, but that o < 1/2 (or
a < (3-8)/2if B> 2) is required for the expectation value of energy to be finite.

7.7.69 Currents

The quantum flux density of probability is
- ih/ * *
= S (WY -0 V)
m

It is related to the probability density p = [1/[> by V J+p=0.

(a) Consider the case where 1 is a stationary state. Show that p and j are
then independent of time. Show that, in one spatial dimension, 5 is also
independent of position.

(b) Consider a 3D plane wave 1 = Aet® What is 7 in this case? Give a
physical interpretation.
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7.7.70 Pauli Matrices and the Bloch Vector
(a) Show that the Pauli operators

satisfy
T?"[O'i,a'j] = 2(5”

where the indices ¢ and j can take on the values z, y or z. You will
probably want to work with matrix representations of the operators.

(b) Show that the Bloch vectors for a spin—1/2 degree of freedom
§=(Sz)T+(Sy)y+(S.)z
has lengthh/2 if and only if the corresponding density operator represents

a pure state. You may wish to make use of the fact that an arbitrary
spin—1/2 density operator can be parameterized in the following way:

p= 5 I+ (0210w + (), + (02)0)
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Chapter 8

Time-Independent Perturbation Theory

8.1 Nondegenerate Case

For most physically interesting systems, it is not possible to find simple, exact
formulas for the energy eigenvalues and state vectors.

In many cases, however, the real system is very similar to another system that
we can solve exactly in closed form.

Our procedure will then be to approximate the real system by the similar system
and approximately calculate corrections to find the corresponding values for
the real system. The approximation method that is most often used is called
perturbation theory.

8.1.1 Rayleigh-Schrodinger Perturbation Theory

Consider the problem of finding the energies (eigenvalues) and state vectors
(eigenvectors) for a system with a Hamiltonian H that can be written in the
form

H=Hy+V (8.1)

where we have already solved the system described by I:IO, i.e., we know that

Ho|n) =e,|n) (8.2)
with {(m|n) = dnn (remember that the eigenvectors of a Hermitian operator
always form a complete orthonormal set ... or we can make them so using the
Gram-Schmidt process if degeneracy exists).

We call this solvable system the unperturbed or zero-order system.

We then assume that the extra term V is a small correction to Hy (that is what
we mean by similar systems).
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This says that the real physical system will have a solution given by
H|N) = E,|N) (8:3)

where the real physical state vectors |N) are only slightly different from the
unperturbed state vectors |n) and the real physical energies E,, are only slightly
different from the unperturbed energies ,. Mathematically, we can express
this situation by writing the perturbation in the form

V=gU (8.4)

where g is some small (« 1) constant factor pulled out of the correction term
V that characterizes its strength (or effect on the system described by HO) of
the perturbation.

As g — 0, each eigenvector |N) of H must approach the corresponding eigen-
vector |n) of Hy and each energy eigenvalue E,, of H must approach the corre-
sponding energy eigenvalue &,, of Hy.

We can guarantee that this property is true by assuming that power series ex-
pansions in the small parameter g exist for all physically relevant quantities of
the real system, i.e.,

H:H0+V:FIO+QU (85)
IN) = [n) +g|ND) + g2 |INP) + .. (8.6)
En=cp+gBEWLD + ?E® 4+ . (8.7)

where the terms |N (i)) and E,(f) are called the i*"-order correction to the un-
perturbed or zero-order solution. This is a major assumption, that we cannot,
in general, prove is true a priori, i.e., we cannot prove that the power series
converge and therefore make sense.

The usual normalization condition we might impose would be (N | N) = 1. Since
the results of any calculation are independent of the choice of normalization (re-
member the expectation value and density operator definitions all include the
norm in the denominator), we choose instead to use the normalization condition

(n|N)=1 (8.8)
which will greatly simplify our derivations and subsequent calculations.
Substituting the power series expansion into the normalization condition we get

(n|N):1:(n|n)+g<n|N(1)>+92<n|N(2))+... (8.9)
But since we already have assumed that (n|n) = 1, we must have

O:g<n|N(1)>+gg<n|N(2)>+.... (8.10)
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Now the only way for a power series to be identically zero is for the coefficient
of each power of g to be separately equal to zero. This gives the result

(n|NDYy=0 |, i=1,2,34,... (8.11)

as a direct consequence of the normalization condition, i.e., all corrections to
the state vector are orthogonal to the unperturbed state vector.

We now substitute all of these power series into the original energy eigenvalue
equation for H:

H|N) = E, |N)
(Fo+gU) (In) + g [ND) + 7 + [N®) ..
= (sn +gEWV + 2 EP) 4 ) (|n) + g|N(1)) +g°+ |N(2)) )

We now multiply everything out and collect terms in a single power series in g.
We get,

0=(Hon)-enln)) ¢° + (Ho ’N(l)) +Uln) —en ‘N(l)) - WM In)) g*

+(Ho[N®) + T NFD) ¢ IN®) - gD INEDY L~ EF |n)) gk

Since the power series is equal to zero, the coefficient of each power of g must
be equal to zero. We get (labelling the equation by the corresponding power of

9) .
0" — order Hyn) =g, |n) (8.12)

which is just our original assumption = unperturbed solution.

1% — order H, |N(1)) +Uln) =€, |N(1)> + EWMn) (8.13)

k'™ — order H, |N(k)) +U N(k_l))
=g, |[NOY+ ED INEDY 4+ ERINOY (8.14)

where we have used the notation |n) = |[N(®).

Let us consider the 15" — order equation. If we apply the linear functional (n|
we get

(n| Ho[IND) + (n] U [n) = (n]en |[ND) + (n] ED [n) (8.15)
en(n| N(l)) +(n|Uln) =en (n| N(l)) +EW (n]|n) (8.16)
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or since (n | N(l)) =0 we get
EWM = (n|U|n) =15 - order correction to the energy
= diagonal matrix element of U in the |n) (unperturbed) basis

or the expectation value of U in the state |n)

or in the n' unperturbed state
Therefore, to first order in g we have

Ey=cn+gBEWL ¢, +g(n|U|n)
=en +(n|V|n) (8.17)

where we have reabsorbed the factor g back into the original potential energy
function.

In the same manner, if we apply the linear functional (n| to the k*" — order
equation we get

E®) = (n|U|NFD) (8.18)
This says that, if we know the correction to the eigenvector to order (k - 1),
then we can calculate the correction to the energy eigenvalue to order k (the
next order).

Now the k" — order correction to the eigenvector, |N (k)) is just another vector
in the space and, hence, we can expand it as a linear combination of the |n)
states (since they are a basis).

INE) = 37 fm) (m | NO) (8.19)

m+n

The state |n) is not included because (n | N (i)) = 0 by our choice of normalization.

In order to evaluate this sum, we must find an expression for the coefficients
(m[N).

This can be done by applying the linear functional (m|, m # n to the k" —order
equation. We get
(m| Hy |N(k)) +(m|U N(kfl))
= (m]en [N®) + (m| BV [INFDY + L+ (m] ES [NO)
Em <m | N(k)) +(m)| U|N(k_1)>
= e fm | N®) £ BD (i | NEDY 4+ BD) (| NO)

If we assume that €, # €, (we have nondegenerate levels) we get

<m | N(k)> (8.20)
= - 16 ((m| U|N(k—l)) _E7(ll) (m | N(k—l)) R _Er(zk) (m | N(0)>)
n - <m
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This formula allows us to find the k' — order correction to the eigenvector in
terms of lower order corrections to |N) and E,, as long as |n) corresponds to a
nondegenerate level.

To see how this works, we will calculate the corrections to second order.

For first order, we let k =1 and get

(m| NOY = —L— ()TN @) = ED (m | N©))
Em

= (m| U |n) (8.21)

which gives

|N(1)) = Z |m) (m | N(l)) Z |m) P (m|U|n) (8.22)
m#n m+n —<m
Therefore, to first order in g we have
INY=|n)+g |N(1)) Z |m (m| \7|n) (8.23)
m¥*n m

We then use NP to calculate E7(12), the second order correction to the energy,
using

N N 1 N
B = a0 IN) = (10 ( 5 ) L (ml 0 o)
m#n En —Em
| n|U|m |
= (8.24)
m¥*n n m
Therefore, to second order in g we have
En =é&nt gEr(zl) + 92E7(12)
~ 2
N n|V|m
+(n|Vin)+ > M (8.25)
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We then obtain the second order correction to the state vector in the same way.

(1| N®) = —— (] |NO) = ED in | NO) = B {m | V)
En —Em

1 N
= (m >—7(n|U|n)(m|N(1)>
En —Em n—E&m
N 1 ~
= U k kU
0 (St wom)
~ 1 ~
- lUln) ——— (m[U]n)
(m|Uk) (k|U|n)  (n|U|n) (m|U|n)
= - 8.26
RS T TE R Er (520
Therefore,
U|k) (k| U |n) nl Uln) (m|U|n)
N® Im m' Im (8.27)
| > 'IT;TLIC;L —em)(en —€k) W;n —&m)?
and so on.
An Example

We will now do an example where we know the exact answer so that we can
compare it to the perturbation results.

We consider a 1-dimensional system represented by a perturbed harmonic os-
cillator where

H=Hy+V (8.28)
with
- 1
Hy =hw(a*a+ 5) — harmonic oscillator (8.29)
N 1
Holn) =&, |n) = hw(n + 5) |n) (8.30)
In standard operator notation
. 21
o= 4 Zka® | k=mw? (8.31)
2m 2

We now perturb the system with the potential energy term

A1
V= ik’gﬂ . k' <<k (8.32)
Therefore,
y_o P 1 2
H=—+-(k+k")x (8.33)
2m 2



We still have a harmonic oscillator (with a changed spring constant). This says
that the new energies are given by

E, = hi(n + %) (8.34)

’ / ’
Q= k+k - E 1+k;:w 1+k— (835)
V m VmV k V k

Therefore, the exact energies for the perturbed system are

where

1 ! 1
By = his(n + 5) = ho 1+%(n+§) (8.36)

For k' <« k, we can expand this as

4 ’ 2
En:hw(n+% (1+1k—1(k) +) (8.37)

which should correspond to the perturbation calculated energy calculated to 2™¢
order in perturbation theory. We now do the perturbation calculation.

Our earlier derivation gives

R n|V|m
Ey,=en+(n|Vin)+ ), [l V] (8.38)
m#n En ~Em
1 ~
IN)=n)+ 3 Im) (m| V' |n) (8.39)
m#n En ~Em
where ) L iR
V==k'z?=-""(a+a*)? (8.40)
2 4 mw

We need to calculate this matrix element

o V) = S50 o a2 o) = L5 nja? 4t +ata s @) )
= iR o] (VG =T = 2) + (0 1) )+l /G 100+ 2) n+2)
A (G Do+ 0 D D Do)

(8.41)

where we have used

(mlaln) =v/n{m|n-1)=/némn-1 (8.42)
(mla*n)=vVn+1(m|n+1)=Vn+16mn (8.43)

593



Therefore,

(n| V' |n) = 1"/"L’Z(zm 1) = hw(n + %) (1’“)

2 k

and

5 ’n|V|m‘ (1k’h)2[n(n—1)_(n+1)(n+2)]
4 mw 2hw (—2hw)

-t 2)[8(12')]

m#*n n

which then gives

2nd

in agreement with the exact result (to order).

To calculate the new state vector to first order we need

—{m| Vin)

lk’h\/n(n 1) o) lk’h (n+1)(n+2)|n+2)

Cdmw 2hw 4 mw (—2hw)

m+n

which gives

lk’h\/n(n 1) 1@ (n+1)(n+2)

= 2
[N} =In) 4mw T 2%hw 4 mw 2hw In+2)
What does the new ground state wave function look like? We have
V2
N=0)=1[0)-—|2
N =0} =[0) - 2= [2)
and
Lk'h V2
N=0)= 0 2
(@I N=0)={z]0)- ;o 2 (2] 2)
1k'h V2
¥n-o(x) =tho(z) - 7 — 71/12(50)

Now we found earlier that

mwz2

(210} = o () = (m“)m e

and

wa:2

(2]2) = o (a) = (m”)1/4<2”“”x2-1>e—m

h
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which gives

(5" (2 )

h 4 mw 2hw /2 h
1/4 2 / ’
mw _mwzx k ka 2
— o1+ — — 8.54
(Wh) © (+8k 4hkx) (8:54)

Since we are only changing the spring constant we should have

1/4 i 1/4 A 1/8 :
ovato = (1) *(m) (u;) ey

(mw 1/4 k'’ mw.L

= 1+—

mh 8k

_(mw 1/4 1+k:7 _ mwk’ 22| -2

\nh 8k 4hk

_ (mo.) 1/4 mwz kl mCUk, 2 (855)
wh 4hk

which agrees with the perturbation result to this order.

The perturbation theory we have developed so far breaks down if there are any
states where

En = Em but (m|V|n) #0 (8.56)

i.e., degenerate states with nonzero matrix elements of the perturbing potential
between them.

8.2 Degenerate Case
We handle this case as follows. Suppose we have a group of k states

In1) 5 n2) 5 Ins) oo s ) (8.57)

that are degenerate states of the unperturbed Hamiltonian ﬁg, ie.,
Holng) =en, Ini) ,i=1,2,3,4,5,... .k (8.58)

If (ng| V'|n;) # 0 for i # j within this set, the previous perturbation formulas will
fail because the energy denominators ,, —&p; — 0.

Remember, however, that any linear combination of the degenerate states

In1) 5 In2) , Ins) ..oy [n) (8.59)

is also an eigenstate of Hy with the same energy Eny -
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Therefore, if we can choose a different set of basis states (start off with a new
set of zero-order states) within this degenerate subspace, i.e., choose a new set
of k orthogonal states (linear combinations of the old set of degenerate states)

E
na) = Coilni) (8.60)
i=1
such that we have
(no|Vng) =0 for a+ (8.61)
then we can use the perturbation formulas as derived earlier.
This procedure will work because the terms with zero denominators will have
zero numerators and if one looks at the derivation, this means that these terms

do not even appear in the final results, i.e., the zero numerators take effect be-
fore the zero denominators appear.

This condition says that the correct choice of zero-order states within the degen-
erate subspace (the set of degenerate vectors) for doing degenerate perturbation
theory is that set which diagonalizes the matrix representation of V within each
group of degenerate states.

The problem of diagonalizing V within a group of k states

|TL1) ) |7’l2) 5 |7l3> PRI |nk> (862)
is that of finding the eigenvectors and eigenvalues of the k x k matrix

(nalVin1)  (m|Vina) - (na|Ving)

(na| V1) (8.63)

(| V 1) : - V)

We now show that if the coefficients C,; of the new zero-order states are just
the components of the eigenvectors of this matrix, then it will be diagonalized
in the degenerate subspace.

Suppose that we represent the eigenvector by the column vector

Cal
C
)= (8.64)
Cak
then the statement that |n,) is an eigenvector of the k x k submatrix of V with
. . ) . . .
eigenvalues that we write as Ey_ is equivalent to writing

Ving) = BV Ing) (8.65)

596



or

(m|VIni) (m|Vin) - (m|Vnk) \( Caa Con
(2| V|n1) : . . Caz | _ B C.a (8.66)
(ng| V| ) : (e Ving) J\ Con Co
or finally
> (n5[V 1) Cai = B Ca (8.67)

K2

All of these calculations take place within the k-dimensional degenerate subspace.
We will assume that the eigenvectors are normalized, which implies that
S |Cail* = 1 (8.68)
i
i.e., vectors are normalized to one.

Now consider another of the new vectors given by

k
Ing) =3 Cgjlny) (8.69)

j=1

We then have .
(ngl =) Cj; (nl (8.70)

j=1

Applying the linear functional (ng| to the eigenvector/eigenvalue equation we
get

Z Z (”j|CEjVCm Ini) = E&) ZCE]CM (8.71)
J v J

Now, since the eigenvectors of any Hermitian matrix are always a complete
orthonormal set (or can always be made so using the Gram-Schmidt process),
the orthonormality of the new vectors says that

2. C4iCai = (np | na) = dga (8.72)
J
Therefore the vectors .
|noc> = Z Cai |nz> (873)
i=1

satisfy
(Z(ndCEj)V(ZCM Ini)) =EWNd.s (8.74)
J %
(nslVIna) = ESDdas (8.75)
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This says that the corresponding eigenvalue ET(,? of one of the new vectors is
the first order energy corrections for the state |N,). The states

|na> 3 |nﬁ> ’ |n’y> PEEER) |nf€> (876)

are called the new zeroth-order state vectors.

Thus the group of states

In1) 5 [n2) 5 Ins) ooy In) (8.77)

in the presence of the perturbation 1% split(rearrange) into the k states

|n0t> ) |TL/@> ’ |n’Y> IR |nn> (878)

which are given to first order by

[m) (m| V [na)
INa) = [na) + (8.79)
m#a,f3,..,K €ny —E€m
and the energy shift to second order is
. 2
N m|V|n
En, =n, +{na|Vina)+ > el Vina)| (8.80)
m#a,B,..,.k  n1 T Em
where A

(na|V |na) = BSY (8.81)

is an eigenvalue of the V matrix in the degenerate subspace.

An Example

We now consider a 2—-dimensional oscillator that is perturbed by a potential of
the form

V =Azy (8.82)
We then have . . .
H=Hy+V (8.83)
where , )
N D p 1
2m  2m 2

As we showed earlier, using the a, and a, operators we get

Ho = hw(aha, + ahay, + 1) (8.85)
H, [70,1y) = €nyiny N2y 1y) = A (Ng + 1y + 1) N2, 0y) (8.86)
degeneracy =ng, +n, +1 (8.87)
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and

- h

V=2A
2mw

The unperturbed ground-state is |0,0) with €9 = Aw. It is a nondegenerate

level, so we can apply the standard perturbation theory to get

(ag +ay)(ay + ay) (8.88)

. |(m,n| V" [0,0)]
Eo=c00+(0,0/V 0,0+ ¥ B2 (8.89)
m=+0 €0,0 " E€m,n
n#0
Now \h
(0,0[V10,0) = ==— (0,0] (@ +a})(ay, +a})]0,0) =0 (8.90)
2mw ‘
and
¥ AR ~ A\ (A ~+
(m,n|V|0,0) = (m,n| (az +ay)(ay +a,)|0,0)
2mw
Ah A h
= S (m,n|a;a; |0,0) = By (m,n]1,1)
Ah
= 75m,16n,1 (891>
2mw

Thus, the correction to first order is zero. Calculating to second order we get
YRR A2
Ey=hw-|22) — —pwl1-——2— 8.92
0= ( 2mw ) 2w ( 8m2w* ) (8.92)

The next unperturbed level is 2—fold degenerate, i.e.,
Ny =0,ny=1-¢ep1 =2hw
ng=1,ny=0-¢10=2hw
For ease of notation we will sometimes denote
[1,0) =|a) and [0,1) = |b) (8.93)
We now use degenerate perturbation theory.

The procedure is to evaluate the V matrix in the 2 x 2 degenerate subspace,
diagonalize it and obtain the first order corrections.

The 2 x 2 matrix is

_ V(m ‘A/ab _ <a|‘7|a) (a|V|b>
v_( ey )( ) (894

Vi (Bl Va) (0]V])
Now
Vaa:(LOlV'laO):O:<071|V|O71>:Vbb (8.95)
R N “ Ah
Vab = Via = (170| V ‘Oa 1) =5 (170|d;dy |Oa 1)
2mw
A\h
= (8.96)
2mw
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Therefore the 2 x 2 submatrix is

A0 1
V= 2mw( 10 ) (8.97)

This is simple to diagonalize. We get these results

W1 11 . )k
la’) = ﬁ(|a)+|b)) = \/5( 1 )—> eigenvalue =ty (8.98)
L1 11 _ Y
[p') = ﬁ(|a)—|b)) = \/5( 1 )—> eigenvalue v (8.99)

la’) and [b") are the new zeroth order state vectors (eigenvectors of the 2 x 2
submatrix) and

Ah
+— (8.100)
2mw

are the corresponding first order energy corrections.

Thus, the 2—fold degenerate level splits into two nondegenerate levels as shown
in Figure 8.1 below.

T L —— Zmu 4,

Figure 8.1: Splitting of a degenerate Level

where
Ea = 2 — (8.101)
2mw
AR
Ey = 2hw + (8.102)
mw
o AR
AFE = levelsplitting = — (8.103)

mw

Another Example

Now let us consider a system of two spin—1/2 particles in a magnetic field. We
also assume that there exists a direct spin-spin interaction so that the Hamilto-
nian takes the form

H-= (a§170P + 552,017) B+ ’Ygl,op : 52,01) (8.104)
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If we choose B = B and v > a, 3, then we can write

H=Hy+V (8.105)
PIO = ’ygl,op : §2,op (8106)
V =aBS,. + BBSs. (8.107)
We define
S'op = 5‘17019 + 5'2701, = total spin angular momentum (8.108)

and then we have
S’gp = 5017 ’ gozj = (51,01) + §2,op) ) (S’l,op + g?,op)
= S’iop + 5’5701) + 25‘1701, . 5‘2701,
3.92 3.9z ~ ~

= ihQI + ZhQI +281 o0p - S2.0p (8.109)

or
g0:7§1o '§2o =1(52 —§h2f) (8.110)
»OP ,Op 9 op 2

Our earlier discussion of the addition of angular momentum says that when we
add two spin—1/2 angular momenta we get the resultant total angular momen-
tum values 0 and 1, i.e.,

1 1
-@-=001 (8.111)
2 2

Each separate spin—1/2 system has the eigenvectors/eigenvalues
ST opl£) = §f’le:) ;S lE) = P |+) (8.112)
»O0p 4 2
The corresponding direct-product states are
[++) 5 =) o 1=4) o =) (8.113)

where the symbols mean
[+=) = 1+)11=)s (8.114)

and so on.

The total angular momentum states are (we derived them earlier) labeled as
|s,m) where

g2 2
Sopls;m) =h7s(s+1)[s,m) (8.115)
S, |s,m) = (S12 + S5.) |s,m) = xmh s, m) (8.116)
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They are given in terms of the direct product states by

[1,1) = |++) = 1) (8.117)
11,0) = % ) + % )= ]2) (8.118)
1-1)=1-)=[3) (8.119)
10,0) = % ) % i) ) (8.120)

The total angular momentum states are eigenstates of Hy and we use them as
the unperturbed or zero-order states.

Hoy1,1) = LhQu,l) =e|1,1) (8.121)
Ho|1,0) = 7h2 I1,0) = £2|1,0) (8.122)
Hyll,-1) = 7h2 I1,-1) = e5]1,-1) (8.123)
H0,0) = ?Wh 10,0) = £410,0) (8.124)

We thus have one nondegenerate level and one 3-fold degenerate level. Now
using

V = aBS,. + 8BS, (8.125)

we do perturbation theory on these levels.

Nondegenerate Level
First order:

B = (4| V]4)

_ (;5 (4| + % <_+|) (aBS1. + BBSs.) (\}5 ) - % |_+)) -0

Second order:

(]| \4 | ) [(++aBSy. + BSa. (L5 1) - %5 |_+))|2

@ _
E 2 7;:4 €4 — €461
) (2 (] + % <_+|) aBSy. + 8BS, (L5 |4-) - L 1-9)|
Eq —E2
. |(——|aBS'12 + 8BS, (% |+-) - % |—+))|2
E4 — €3

602



oG5 Jr ) aBSie + 5B, (1) - 5 -0)]
@ _

€4 —82
__B*a-p)?
v
Therefore the energy to second order for the non-degenerate level is

_3yh? B*(a-p)?

Ey=e,+EWW +E® = (8.126)
4 Y
Degenerate Level
In this case, the 3 x 3 degenerate submatrix of Vis
(UVIL) (1V2) (1V]3) 10 0
. - - hB
QIVILY @72 @V3) |- % 00 0 (8.127)
@IV @VI2) GVIB) 00 -1

which is already diagonal. Since the diagonal elements are the first order energy
corrections, we have (to first order)

:LhQ+ (a+B)hB

E 8.128

PRl (3.125)
h2

E, = ’VT (8.129)
2

o %_% (8.130)

Exact Solution

We can, in fact, solve this problem exactly and compare it to the perturbation
result. We do this by choosing a new basis set (arbitrary choice made to simplify
calculations) and rewriting H in terms of operators appropriate to the basis
choice(that is what is meant by simplify calculations).

We then use the new basis to construct the 4x4 H matrix and then diagonalize
the matrix. This method always works for a system with a small number of
states.
Choose the direct product states as a basis

[H4) =[1), [+=) =2) , |=+) =3) , |-=) = 14) (8.131)

Write H as (choose operators appropriate(easy to calculate) to the basis or the
HOME space)

ﬁ = OzBS’lZ + ﬁBS’gZ +7 (Slzggz + Slxggw + Slyggy)
~ ~ A A 1,~ 4 PN
- aBSy. + 8BSy +7 (512522 +2 (S8 + 51_52+)) (8.132)
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Construct the 4 x 4 H matrix

(UH[1) (UH[2) (1H[3) (1|H]4)
(21H[1) (2[H[2) (2[H[3) (2[H4) (8.133)
(BIH[1) (3|H[2) (3HI[3) (3[HI[4)
(4[H[1) (4/H[2) (4H[3) (4H [4)
Using
S.|+) = :I:g E3) (8.134)
S, +)y=0=5_|-) (8.135)
S.|-)=nh|+) and S_|+) = A|-) (8.136)
we get
Bh(a+B) + 2= 0 0 0
0 Bh(a - 8) - - el 0
0 el ~Bh(a-p) -2 0
0 0 0 ~Bh(a+B)+ 2

Diagonalizing to get the eigenvalues we find the exact energies

yh? yh?

E, = +Bh(a+p) , E;=- Tt \/ 2pt + 4B2h2(a - )2
R2 1 h?
ES:—VT—§¢7%4+4B%2(@—5)2 , Ey= 74 - Bh(a + )

To compare to the perturbation calculation we let B — 0 and we get the ap-
proximation

2 2 20 4\2
5= Bharg) . EF%JFM
Y
3yh2  B2(a-B)? h?
E3=—74 - (75) : E4=’YT—BI’L(04+5)

which agrees with the perturbation results.

8.2.1 More Ideas about Perturbation Methods

The main problem with Rayleigh-Schrodinger perturbation theory (RSPT) is
that the form of the higher order terms becomes increasingly complex and,
hence, the series is difficult to evaluate.
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The Brillouin-Wigner Method
This technique allows us to see the higher order structure of the perturbation

series more clearly.

Consider the energy eigenvalue equation
H|N)=E,|N)=(Ho+gU)|N) (8.137)
Applying the linear functional (m| we get
(m| H|N) = E, (m | N) = (m| Hy[N) + g {m| U N}
En(m|N)=em{m|N)+g(m|U|N)
(En=éem) (m|N)=g(m|U|N) (8.138)

We will use the normalization (n|N) =1 once again.

Now since the |m) states are a complete orthonormal basis we can always write

=Y [m)(m[N)=n)(n|N)+ 3 |m)(m]|N)

m*n

+ Z |m) {(m | N) (8.139)

m#*n

Using the results above (8.139) we get

+ 3 Im)——— 5 (m|U|N) (8.140)

mEn n ~Em

We now develop a series expansion of |N) in powers of g as follows:

0" —order
IN) = In)
1%t — order : ( substitute 0" — order result for |N) into general formula (8.141))
U
W+ 3y (mlU o

This is not the same result as in RSPT since the full energy F, remains in the
denominator.

2" _order : ( substitute 1°¢ — order result for [N) into general formula (8.141))

b ) mmw(m > i) J|U|n>)

m#n JjEn
+ 2 Im)—— B (m|U [n)

(m| U 1j)=L— (j|T|n)

+g° ) Z|m

m#n j#n —&m E,-¢;
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and so on.

This is a complex power series in g since the full energy F, remains in the
denominator.

If we let |m) = |n) in (8.139) we get
E,(n|N)=¢,(n|N)+g(n|U|N) (8.141)
E, =¢n+g(n|U|N) (8.142)

This can be expanded to give E,, as a series in powers of g, i.e., substituting
the 0" — order approximation for |N) gives the 1% — order approximation for

E,, and substituting the 1°¢ — order approximation for |N) gives the 2" — order
approximation for E,, and so on.
If we substitute the 15" — order approximation for |[N) we get
E, :5n+g(n|ﬁ|N)
. n|U(|n 5yt <m|ﬁ|n>)
m+n
m|U|n
=en+g(n|Uln) + Py | Ul | (8.143)
m#n En—em

which is the second-order energy.

So the BWPT and the RSPT agree at each order of perturbation theory, as
they must. The structure of the equations, however, is very different.

A simple example shows the very different properties of the two methods.

Consider the Hamiltonian given by H = Hy+V where

f[oz( 501 0 )—> eigenvectors |1) :( (1) )and|2):( (1) ) (8.144)

€2

and

V= ( O?* g ) (8.145)
The exact energy eigenvalues are obtained by diagonalizing the H matrix

jige ( 21 ; ) (8.146)
to get the characteristic equation

det[ a-b “ ] =0=FE%- (g1 +&2)E + (e162 - o) (8.147)
« ea - E
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which has solutions

1 1

Ei=(e1+e0)+ 5\/(51 )2 +4af (8.148)
1 1

By = 5(51+g2)—5\/(51—52)2+4|a|2 (8.149)

In the degenerate limit, e1 = €5 = €, we have the ezact solutions
Ei=c+]a| and Ey =¢ - |a] (8.150)
Now, BWPT gives
E, =&, +(n|V|N)

, [(m] V )
=€n+<nIVln)+7§nm (8.151)
or ) 9 )
Elzgn+(1|f/|1)+w:gl+ﬂ (8.152)
E1-¢2 Ey-¢2
Rearranging we get
E? —(e1+3)Ey + (e160 - |a) =0 (8.153)

which is the same eigenvalue equation as the exact solution. In the degenerate
limit, 1 = €5 = €, we have
Ei=¢c+|q (8.154)

or BWPT gives the exact answer for this simple system, even in the degenerate
case.

On the other hand, RSPT gives to second-order

2
Er=er+(1|V[1)+ o

8.155
p—— (8.155)

This is equivalent to the exact formula to second order only!

In the degenerate limit we get nonsense since the denominator vanishes. As
we saw earlier, RSPT requires an entirely different procedure in the degenerate
case.

Notice that RSPT is in trouble even if 1 ~ £ which implies that

2
_al” is very large (8.156)
E1— €2

and thus, that the perturbation expansion makes no sense(the terms are sup-
posed to get smaller!).

A clever trick for handling these almost degenerate cases using RSPT goes as
follows.
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Almost Degenerate Perturbation Theory

Given H = Hy+V, suppose, as in the last example, we have two states |n) and
|m) of the unperturbed (zero order) Hamiltonian Hy that have energies that are
approximately equal.

This is a troublesome situation for RSPT because it is an expansion that includes
increasing numbers of

1

En —Em

(8.157)

terms. This implies that successive terms in the perturbation series might de-
crease slowly or not at all.

To develop a more rapidly converging perturbation expansion we rearrange the
calculation as follows. We use the definition of the identity operator in terms of
projection operators to write

V=1VI=31i) (i Vi) (j] (8.158)

2%}
We then break up V into two parts
V=Vi+V, (8.159)
where we separate out the m and n terms into Vi
Vi = [m) (m| V|m) (m] + |m) (m| V" |n) {n]
+[n) (n V[m) (ml + |n) {n] V n) (n| (8.160)
and Vg = the rest of the terms. We then write
H=Hy+V=Hy+Vi+Vy=H)+ Vs (8.161)

This new procedure then finds exact eigenvectors/eigenvalues of ﬁé and treats
V5 by ordinary perturbation theory.

Since the basis is orthonormal, we have from the definition of 05, i.e.,

Vo= Y 1) (lV19) (il (8.162)
which gives
0= (n| Valn) = (n| V2 |m) = {m| V2 |n) = (m] Vs m) (8.163)

Thus, the closeness of the levels €, and &,, will not prevent us from applying
standard perturbation theory to V3, i.e., the numerators of terms with very
small energy denominators, which might cause the series to diverge, all vanish
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identically!

Now if |i) is an eigenvector of Hy (not |m) or |n)), then it is also an eigenvector
of H{ since, by the orthonormality condition,

Vili)y=0 (8.164)
Neither [m) nor |n) is an eigenvector of Hj) however.

Now, the fIO matrix is diagonal since we are using its eigenvectors as a basis.
The H| matrix is diagonal also except for the 2 x 2 submatrix

(m| Fm) ~(m]| Hy|n)
( (nl By lm) (] 3 n) ) (8.165)

Therefore, we can finish the solution of the problem of f[{) by diagonalizing this
2 x 2 matrix.

Diagonalizing the 2 x 2 matrix is equivalent to finding the linear combinations
(or new zero order eigenvectors)

aln) + |m) (8.166)
that diagonalize the 2 x 2 matrix.

We must have
Hp (a|n) + Bm)) = (Ho + V1) (a[n) + Blm)) = E' (a|n) + Blm))  (8.167)
Now
Hg|n) = Ho [n) + Vi n)
=en|n) +[m) (m|V'lm) (m | n) +|m) (m| V'|n) (n | n)
+|n) (n| V'lm) (m [ n) + |n) (n| V'|n) (n | n)
=en|n) +[m) (m|V |n) + |n) (n| V'|n)
= (en + (n|V[n)) [n) + [m) (m| V" |n)

= EY n) + (m| V |n) |m) (8.168)
and similarly
Hylm) = BS [m) + (n] V |m) |n) (8.169)

Therefore, we get

a (B [n)+(m|Vin)m)) + B (B [m) + (n|Vm)|n)) = E' (a|n) + B|m))
(8.170)
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Since the state vectors |m) and |n) are orthogonal, we must then have

EWa+(n|V|m)B=E'a (8.171)
(m|Vnya+EWVB=E'3 (8.172)

These equations have two solutions, namely,

a=(n|V|m) (8.173)
2
ES) - EY EL) - B L
fo= = T2 +[(n| V [m)] (8.174)
which then give the results
2
ES) + BV ES) - ED .
B =ftm o, + (] V ) (8.175)
2 \ 2

We then know all the eigenvectors/ eigenvalues of I% (we know all of the unper-
turbed states) and we can deal with V2 by perturbation theory.

Finally, let us introduce another interesting idea.

Fake Degenerate Perturbation Theory

Consider the problem of ﬁndlng the energy eigenvalues and state vectors for
a system with a Hamiltonian H = Hy +V where we know the solution to the
zero-order system

Holn) = e, |n) (8.176)

We will assume that the unperturbed states are nondegenerate.

Now define .
Eaverage =FEq =— zgn (8177)
n n
and redefine ) o
H=E,I+U (8.178)
where o o
U=Hy-E,,J+V (8.179)

If the energies associated with U are small corrections to E,,, then we can use
degenerate perturbation theory to solve this problem, i.e., the new unperturbed
Hamiltonian is

H) = Eq 1 (8.180)

and all of its levels are degenerate in zero order.

The problem is then solved by diagonalizing the U matrix in the basis of Hy
states.
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8.2.2 Thoughts on Degeneracy and Position Representa-
tion

When we derived the energy spectrum of the hydrogen atom we found that the
states were labeled by three quantum numbers

[¢) = [ném) (8.181)
where

n = the radial quantum number
¢ = orbital angular momentum quantum number

m =z — component of orbital angular momentum quantum number

and we found that

n=1,2,3,........
£=0,1,2,......,m -1 for a given value of n
m=—-4,—0+1,.... £ —1,¢ for a given value of ¢

The energy eigenvalues, however, did not depend on £ or m. We found that

62

Epm = Ep = - 8.182
¢ 2agn? ( )
Therefore, each energy level had a degeneracy given by
n-1 £ n-1 n—1 n—1
g=> > 1=>(2+1)=2 0+ > 1
(=0 m=——t  £=0 £=0  £=0
-1
_on(n=l) 2 (8.183)

2

The degeneracy with respect to m is understandable since no direction is explic-
itly preferred in the Hamiltonian. We expect that this degeneracy will disappear
as soon as a preferred direction is added to the Hamiltonian, as in the case of
external electric(Stark effect) or magnetic(Zeeman effect) fields.

The degeneracy with respect to £ is a property peculiar to the pure 1/r Coulomb
potential. Since no other atom except hydrogen has a pure Coulomb potential,
we expect this degeneracy to vanish in other atoms.

Such a degeneracy is called an accidental degeneracy.

Now the electron and proton making up the hydrogen atom also have spin angu-

lar momentum. The presence of these extra(internal) degrees of freedom should
change the Hamiltonian.
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The Schrodinger equation was derived from the eigenvalue equation for the
Hamiltonian

H ) = E ) (8.184)

by re-expressing that equation in the position representation. The associated
Schrodinger wave functions were given by the scalar product(linear functional)
relation

P(7) = (7 9) (8.185)

The single particle Schrodinger equation is relevant for problems where the
Hamiltonian contains terms dependent on ordinary 3-dimensional space(for
many-particle systems we must use a multi-dimensional configuration space
which bears no simple relationship to ordinary three-dimensional space). Spin
is an internal degree of freedom that has no representation in the 3—dimensional
space of the Schrodinger wave equation.

The Schrodinger picture, however, does not choose a particular representation
and, therefore, we can include spin within the context of solving the Schrodinger
equation in the following ad hoc manner. A more rigorous treatment requires
relativity.

If there are spin-dependent terms in the Hamiltonian, then we expand the

Hilbert space used to solved the problem by constructing a new basis that is
made up of direct product states of the following type

W}new) = W)) ® |S, ms) (8186)

where [1)) depends on only ordinary 3—-dimensional space and |s,m,) is an eigen-
vector of Sgp and S,.

The energy eigenvalue equation becomes

H W)new) =K |wnew)
= (((3 — space operators)) |¢)) ® (((spin - dependent operators)) |s,ms))

and the corresponding wave function is
(Flwnew> = <F|w>|57ms> :w(f)|57ms> (8187)

where abstract spin vector is stuck onto the wave function in some way (maybe
with superglue).

Let us now investigate what happens in atoms when we add in spin, some aspects
of relativity and external fields. We restrict our attention to one-electron atoms

like hydrogen at this point.
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8.3 Spin-Orbit Interaction - Fine Structure

The proton in hydrogen generates an electric field

s e. e

g = ﬁ’f‘ = TfST‘ (8188)
that acts on the moving electron. This result is approximately true (to first
order) in most atoms. Now special relativity says that an electron moving with
a velocity ¥ through an electric field £ also behaves as if it is interacting with a
magnetic field given by

L1 .
B=-"ixE& (8.189)
c
to first order in v/c.

This magnetic field interacts with the spin (actually with its associated magnetic
moment) to produce an additional contribution to the energy of the form

E=-Mg,-B (8.190)
where . e .
Mspin =-—29 (8191)
mc

e 4 /. = e 4 (. €.
1 . =e?
- 5515 (8.192)
Now
2 1lav 2
S V(r)= C . potential energy of the electron (8.193)
3 rdr r

so that we finally obtain the so-called spin-orbit energy contribution

1 1dV]s -
[m;%] S-L= Espin—orbit = Eso (8194)
This corresponds to an additional term in the Hamiltonian of the form

. 1 1dV1s; -

Hy, = [m;%] Sop ' Lop (8-195)
This term couples the orbital and spin angular momentum degrees of freedom
(hence the label spin-orbit energy) and mixes 3—dimensional space with spin
space. That is why we had to expand the Hilbert space as we discussed earlier.

Another way to think about this interaction is that the electron spin magnetic
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moment vector (or spin vector) is precessing about the direction of the magnetic
field. The equations for such a precessional motion are

. . dS . .
MSPin x B = 7 = QL(armor) xS (8196)
where
= B
0] = =2 (8.197)
m
Now
- 1 = 1 1dV -
B=--9x&= -—1L (8.198)
c emc? r dr
which implies that
. 1 14V -
Qr|= -—|L 8.199
| L’ m2c2 r dr | ( )

It turns out that this is exactly a factor of 2 too large. There is another rela-
tivistic effect, which gives another precession (called Thomas precession) effect,
that cancels exactly one-half of this spin-orbit effect.

8.3.1 Thomas Precession

This is a relativistic kinematic effect. It results from the time dilation between
the rest frames of the electron and the proton. This causes observers in these
two frames to disagree on the time required for one of the particles to a make a
complete revolution about the other particle.

If an observer on the electron measures a time interval 7', then the observer on
the proton measures

1

We assume uniform circular motion for simplicity.

T' =~T where v = v = speed of the electron (8.200)

The orbital angular velocities measured by the observers are

2 2
T and X (8.201)
T T

respectively.
In the rest frame of the electron, the spin angular momentum vector maintains

its direction in space. This implies that an observer on the proton sees this spin
vector precessing at a rate equal to the difference of the two angular velocities,
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i.e., the precessional frequency is

2r 2w 2w (T’
Q mas ~ 4 s o A T 1
Thomas T T/ T/ ( T )
B 21 1 1
= | ——=-
m\iE
27 [ v?
v — | — 8.202
T’ (202) ( )
But we also have |ﬁ|
2 L mu? av
22— w=2 and = 8.203
T’ v mr? a r dr ( )
for circular motion.
Thus, we get
. 1 1 14V - 1~
Ol = -2 2L ==210 8.204
| T| 2m202rdr| | 2| L| ( )

Therefore, the combined precession is reduced by a factor of two and we get the
result

N 1 1dV]-= -
Hyp=|——=———1|S0, Lo 8.205
[2m202 r dr ] P op ( )

The energy levels arising from this correction are called the atomic fine structure.

8.4 Another Relativity Correction

The correct relativistic kinetic energy term is
K=(y-1)me®=| —— —1|mec

2 4
= 1+lv——1v—+... - 1]|me?
2¢2 8¢t

1 U2 1 'U4 2 p%p pép
_ (202 _ 8c4)mc te_ o (8.206)

Therefore, we must correct the p%p/2m we have already included in the Hamil-
tonian by adding a terms of the form

]—74
N _ Do
Hrelatim‘ty = 8m302 (8207)
Thus, if no external field are present we have the Hamiltonian
ﬁ = ﬁO + ﬁrelativity + ﬁso (8208)
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where

)
N 5 1
Ho=Tor _ o2 (7) (8.209)
2m T/ op
ﬁ4
. B op
Hrelativity = _8m302 (8210)
. 1 1dv]s =
Hey=|—-2"13 I, 8.211
[2m202 r dr ] poop ( )

8.5 External Fields - Zeeman and Stark Effects;
Hyperfine Structure

8.5.1 Zeeman Effect

If an external magnetic field exists, then it interacts with the total magnetic
moment of the electron, where

~ ~ N e - -
Miotar = Morpitar + Mspin =5 (gZL + gsS) (8212)
2mec
as we derived earlier. If we define

h
up = Bohr magneton = o (8.213)
me

and let By = BZ, then we have, using g, = 1 and g5 = 2, the result

upB

EZeeman = _Mtotal . Bea:t = T(Lz + 2Sz) (8214)
Thus, we must add a term of the form
~ B . ~
Hzeeman = ‘LLL(Lz + 2Sz) (8215)

h

to the Hamiltonian when an external magnetic field is present.

We can see directly how the orbital angular momentum part of this energy
arises. We saw earlier that if we had a Hamiltonian

=2
Hy = Pop V (Fop) (8.216)
2m

and we add an electromagnetic field characterized by a vector potential A, where
B =V x A, then the momentum operator changes to

ﬁem = ﬁ - EA(,F) (8217)
C
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and the Hamiltonian changes to

=2 = e A(= 2
o Pemop ey (Bop= §AGp))”
H = Wp V(Top) = z om Pt V(7op)
A e . - - = o
= Ho - 2me (pop “A(Top) + ATop) 'pOP) + WAz(TOP) (8.218)

The magnetic field has to be enormous or the radial quantum number n very
large for the A% term to have any effect, so we will neglect it for now. Let us
look at the term

Bop - A(Fop) + A(Top) - Bop (8.219)

For a uniform (constant in magnitude and direction) external field B, we have

L1 .
A= —577 x B (8.220)
I will prove this so we get a chance to see the use of €;;;, in vector algebra.

VA= 5V x (7 B) = -5 Do (7 B), ¢

l]k
1 Z €1Jk (Z €kmnxmBn) €i
Uk mn
0 .
=—= €ijkEmnk TmBp) €
2203 eV FLECS
ij mn

=75 Z Z (6zm5]n 61716]’”1) (ImB )61

ij mn

0 R
:_Z[ (sz )ez_awj(iji)ei]

axl 8B 6Ij 8Bi N
=73 a. 7Bi Y A A
Z[ 8$j 8xj i 8xj ]6

Now

“=0 (8.221)

so we get



Therefore, we have

- - 1
ﬁop : A('Fop) + A(Fop) 'ﬁop = _5 [ﬁop : (fop X B) + (Fop X B) 'ﬁop]

1 N 1 ..
=—3 . ijkBr [Didj + xjpi]] =-3 [Z €ijk B [22p; — ihdyj]

ijk ijk

= > enjidjPiBr = (Fop X Pop) - B = Lop+ B (8.222)
ijk

which then gives

€ = ~ 62

o
%LOZD -B+ mc2 A (Top) (8223)

which accounts for the orbital angular momentum part of the Zeeman energy.

H=H,-

The spin angular momentum part of the Zeeman energy cannot be derived
from the non-relativistic Schrodinger equation. When one derives the Dirac
relativistic equation for the electron, the S, - B term appears naturally.

8.5.2 Stark Effect

If a hydrogen atom is placed in an external electric field £ which is constant
is space and time (uniform and static), then an additional energy appears. It
corresponds to an interaction between and electric dipole made up of the electron
and proton separated by a distance and the external electric field. We introduce
the electric dipole moment operator

dop = —€Top (8.224)

where 7 is the position vector of the electron relative to the proton. We then
write the extra energy term as

f{dipole = _Jop ' g (8225)
If we choose & = £%, then we have f[dipole = —ez&. The full Hamiltonian is then
I;[ = I—:]O + ﬁrelativity + ﬁso + ﬁZseman + ﬁdipole (8226)
where
. P 1
0=2-¢ (7) (8.227)
2m 7/ op
ﬁ4
N B op
Hrelativity = _8m3c2 (8228)
- 1 1dV]s =
Hyo=|——=-——1850 Lo 8.229
[2m202 r dr ] poop ( )
I:IZeeman = %(Eop + 2‘§op) . B (8230)
I:Idipole = _e'Fop . g (8231)

618



8.5.3 Hyperfine Structure

The nuclear magnetic dipole moment also generates a magnetic field. If we

assume that it is a point dipole My, then the magnetic field is given by

. 3(My -7)7 M 87 -

B(7) = ((N) - 31\’) + %MNd(f) (8.232)
r

pata}

where the first two terms are the standard result of the magnetic field due to a
loop of current as seen from very far away (approximates dipole as a point) and
the last term is peculiar to a point dipole. The last term will give a contribution
only for spherically symmetric states (¢ =0). The extra energy is then

thperfine = _Me ' B

where
Ze

N . N e -

MN =gnN SN,op and 1\4e = 7Se,op (8234)
2mpyc me

This is clearly due to spin-spin interactions between the electron and the nucleus

and gives rise to the so-called hyperfine level splitting.

8.6 Examples

Now that we have identified all of the relevant corrections to the Hamiltonian
for atoms, let us illustrate the procedures for calculation of the new energy levels
via perturbation theory. We look at the simplest atom first.

8.6.1 Spin-Orbit, Relativity, Zeeman Effect in Hydrogen
Atom

The Hamiltonian is

I:I = I:IO + Hrelativity + I:[so + F[Zeeman (8235)
where
=2
~ o 1
o= Tor _ o2 (7) (8.236)
2m T/ op
]34
N B op
Hrelati'uity = _8m362 (8237)
- 1 1dV], -
Hy=|——-——185, Lo 8.238
[2m202 r dr ] poop ( )
-F:rZeeman = %(Eop + 2§op) ' B (8239)
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The first step is to calculate all relevant commutators so that we can find those
operators that have a common eigenbasis.

[J2,, Ho]=0=[J., Ho] = [L2,, Ho] = [S2,, Ho] (8.240)
[£2,,92,]=0=[L3,, ]3] = [S2,, 72, ] (8.241)
[J2,.J.]=0=[L%,J.]=[S2, J:] (8.242)

This says that there exists a common set of eigenvectors in the unperturbed
system for the set of operators

S2

Ho,J3, L2, 52, J

op’» ~op»

(8.243)

We label these states by the corresponding eigenvalues of the commuting set of
observables (these are called good quantum numbers)

n, 4,5, j,m;) (8.244)

We also have
[S..Ho]=0=[L., Ho] = [L3,, Ho] = [ S5, Ho] (8.245)
[L2,,8%]=0=L2,,5.]=[52,.8.] = [L2,,L.] = [S2,,L.] (8.246)

which says that there exists another common set of eigenvectors in the unper-
turbed system for the operators

52 L..S. (8.247)

Op7 op?

}AIO7

We label these states by the corresponding eigenvalues of this commuting set of
observables (again these are called good quantum numbers)

|n, £, s,m0, M) (8.248)

In this latter basis, the unperturbed or zero-order Hamiltonian has solutions
represented by

FIO |n7€7m€787m8>:E7(L0) |n7£7m€757ms> 5 Er(LO) i ——

2
Ze = nucleus charge (Z =1 for hydrogen ), ag = Bohr radius = —

me?2
Unemysm, (1,0, @) = (F[ (Inlmesms)) = (7| (Inlme) [sms))
= (f | nlmf) |Sms> = '(/)nfme (’I“, 0, (b) |Sm8>
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and first few unperturbed wave functions are

1 (Z\P? _z

0 =—\|— Tao 8.249
1/1100(7”7 7¢) ﬁ (ao ) € ( )

1 7Z\? Zr\ _zr
r,0,0) = (—) (2——)e 2ag 8.250
Va00(r, 0, ¢) e \ag o ( )

1 I\ Zr _zo
0 = — —e 290 0 8.251
Ya10(7,0,9) Ner (ao) G0 € o cos ( )
3/2 . ‘
Ya151(r,0,0) = ﬁ (aé) ?6_2%70 sin fe*'? (8.252)
7 \ Qg 0

We also have the relations below for the unperturbed states.

Eip In, 0, s,5,m;) = h2€(£ +1)|n, 4, s,5,m;) (8.253)
5'31, In, 0, s,5,m;) = h2s(s+1) In, ¢, s,j,m;) (8.254)
Topln, €5, 5.mg) = hj(j +1) In. 0, 5,5,m;) (8.255)
J. In, ¢, s,j,m;) = h2mj In, £, s, j,m;) (8.256)
L2 In, ¢, s,me,mg) = B20(0+1) |n, €, 5,me,my) (8.257)
Sgp |TL,€, S, My, ms) = ]’L2S(S + 1) |na£a S, My, ms) (8258)
L, In, €, s,me,ms) = hmg|n, £, s,me, ms) (8.259)
S, [n, €, 8,me,ms) = hmg|n, £, s,me, myg) (8.260)
J, |n, €, s, mg,mg) = (ﬁz + 52) [n, €, s, mg,mg) (8.261)
= h(me+ms)|n, ¢, s,me,mg) (8.262)
=hm;n,l,s,mg, mg) (8.263)
Since the total angular momentum is given by
Jop = Liop + Sop (8.264)
the rules we developed for the addition of angular momentum say that
j=Ll+sl+s—1,... 0= s]+1,]¢- 5] (8.265)
and
M=, =1, =2 e, —j+1,-j (8.266)

In the case of hydrogen, where s = 1/2, we have only two allowed total j values

for each ¢ value, namely,

1
j=teg (8.267)

We can use either of the two sets of basis states (both are an orthonormal basis)

In, ¢, s,j7,m;) or [nlmgsmg) (8.268)
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as the zero-order states for a perturbation theory development of the energies.
The choice depends on the specific perturbations we are trying to calculate.

Let us start off by using the |n, ¢, s, j,m;) states.

If we use the potential energy function

V(r) = —? (8.269)

for hydrogen, then the spin-orbit correction to the Hamiltonian becomes

. 1 1dV]. - e? 1yYs =
i - 1dVs ;. zi(f)so I, 8.270
[2m202 r dr ] PO T am2e2 \ 3 PR ( )

Now jop = fop + gop implies that

J2,=L2,+ 82, + 2Ly Sop (8.271)
~ Lop - Sop = % J2, - L2,-52) (8.272)

and therefore 2 ,
Hip= s (73) (J2,-12,-52) (8.273)

Therefore,
(72, Heo] =0=[J., Hoo) = [L2,, Hso| = [S2,, Hso] = [Ho, Hio] (8.274)

which implies that the state vectors |n,,s,j,m;) are also eigenvectors of H,,.
This means that the matrix representation of Hy, in this basis will be diagonal
and we can apply standard non-degenerate perturbation theory.

Applying our rules for first order perturbation theory we have
Entsjm; = EO 4 (n@sjmj| H.,, [nlsjm;)
o2h,
=EO + e (j(j+1) Z(E+1)—s(s+1))(n€symj| |n€symj)
Tép
(8.275)

We now evaluate

(nlsjmy;| — = |n£sgm] / d?’*'[ 37 (nlsjm; | 7) (7 |— |7) (7 | nlsjm;)

(8276)
Now
P N SRV S
(| =517 = = (7| ) = 50 (F - 7) (8.277)
rop T T



which gives
. 1 ) 1 . 2 21 2
(nlsjmg| @ [nlsjm;) = f dgrr—g {7 | nlsjm;)|” = f dgrr—g |1,[}ngsjmj (7’)|

Therefore, we can calculate the energy corrections once we know |n, ¢, s, j,m;).

We first consider the trivial case of the n =1 level in hydrogen. We have

62

EO_-_° 8.278
1 20 ( )

and the corresponding states are shown in Table 8.1 below.

Y4 s my mg j m;
0)1/2 0 | +1/2|1/2|+1/2
0|1/2] 0 -1/2 | 1/2 ] -1/2

=3

Table 8.1: n =1 level quantum numbers

or

111 11 1

‘ ,0,7,777> and 1,0,7,7,—7> (8.279)

272 2/, 272" 2/,
where we have added the label jm to distinguish them from the |n, ¢, s, mg, ms)
states which we label with myms = mm. We are able to specify my, and mg also
in this case because when ¢ = 0 we must have my = 0 and j = s which says that
m; =Ms.

This is a two-fold degenerate ground state for the atom in zeroth order.

Since ¢ = 0, which implies that j = s = 1/2, the expectation value (H,) = 0.
Thus, there is no spin orbit correction for this state to first order, In fact, there
is no spin orbit correction to any order for an £ = 0 state.

Now in general, we can write

|n7€757j7mj> = Z anfsjmjmgms |’I’L,€,S,mg,m3) (8280)
me,Ms
mg+ms=mj

where the anesjm;m,m, are the relevant Clebsch-Gordon(CG) coefficients.

For the n =1 level we have the simple cases where

11 1 1 1
1705777ai7> :‘170,*,0,ﬂ:*> (8281)
2°2° 2/jm 2 2 v,
i.e., the CG coefficients are equal to 1,
a10,1,3,510s1 =1 (8.282)
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which is always true for the (maximum j, maximum(minimum) m;) states.
There is always only one such state.

The next level is the n = 2 level of hydrogen and the complexity of the calculation
increases fast. We have )
Eéo) __&

8.283
Ra (8.283)

It is always the case that the direct-product states |n, £, s,mg, ms) are easier to
write down. For this level the |n, £, s, j,m;) states need to be constructed from
the |n, ¢, s,m¢, ms) states. Before we proceed, we can enumerate the states in
both schemes. The degeneracy is given by

n-1 n-1 /{+s n-1
degeneracy =2 > (20+1)=2n"=8= % > (2j+1)=2) (20+1)
£=0 £=0 j=|0—s| £=0

The states are shown in Tables 8.2 and 8.3 below.

s my mg ket
/21 1 | +1/2 12,1,1/2,1,1/2),,...
/21 0 | +1/2 12,1,1/2,0,1/2), ..
1/2 | -1 | +1/2 | |2,1,1/2,-1,1/2) .
1/2 1 1 -1/2 12,1,1/2,1,-1/2) ..
/2] 0 -1/2 12,1,1/2,0,-1/2),...
12 -1 | -1/2 | 12,1,1/2,-1,-1/2)
1/2 ] 0 1/2 12,0,1/2,0,1/2),,...
1/21 0 -1/2 12,0,1/2,0,-1/2)

NN NN NN N NI
OO R R R~

mim

Table 8.2: n =2 level quantum numbers mymg states

s ] m; ket

123232 [2,1,1/2,1,1/2),
123212 [2,1,1/2,0,1/2),,.
1/2 3/2 '1/2 |271’1/27_171/2>7n7n
1/213/2]-3/2] [2,1,1/2,1,-1/2),
2 1/2]1/2 ] [2,1,1/2,0,-1/2) .,
12]1/2]-1/2112,1,1/2,-1,-1/2),.
1/2 1/2 1/2 |2’071/270’1/2>7nm
12 1/2 [ -1/27] [2,0,1/2,0,-1/2), .

[IRNIR IR SIRNGIR G GLO) i
OO | | = = =] =~

Table 8.3: n =2 level quantum numbers jm,; states

In the first set of states, we could have also included the m; label since we must
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have m; = mg +ms.

In order to learn all the intricate details of this type of calculation, we shall
proceed in two ways using the spin-orbit correction as an example.

In method #1, we will construct the |n,/,s,j,m;) states (the zero-order state
vectors) from the |n, ¢, s,my,ms) and then calculate the first-order energy cor-
rections. In this basis, the (f[so) matrix will be diagonal.

In method #2, we will construct the (H,,) matrix using the easiest states to
write down, namely the |n, £, s,my, m,) states, and then diagonalize it to find
the correct first order energies and new zero-order state vectors, which should
be the |n, £, s, j,m;) states.

Method #1

We start with the state with maximum j and m; values. This state always has
a CG coefficient equal to 1, i.e., there is only one way to construct it from the
other angular momenta.

3 1 1
7j:7,mj:7> :’n:2a£:175:77m5217ms:7>
2 jm 2 mm

n=2/0=1,s=
2

DO | =

where we have shown all the labels explicitly. From now on we will write such

equations as
1 1 1
‘271777§a§> :‘271a771a7>
2°2 2ljm 2" 2lmm

We then use the lowering operators to obtain

21t 22) o BEA)EE)
22 2ljm 2\2 2\2

:h\/§‘2,1 L3 1) =(L-+5.)[2.1,5,1 7)

J_

27272

:h\/1(1+1)—1(1—1)‘2,1,%,0,%>

N Y o R L R
2\2 2\2 2 2l mm

11 1. 1
:h\/i‘Q,l,—,O,—) +h 1‘2,1,7,1,—7)
277 2 m Vi 2772

mm

or

131 2 1 1 1 1 1
‘2,1,7,777) = 7‘2,1,7,0,7> + 7‘2,1,7717—7> (8.284)
2°2° 2 jm 3 2 2 mm 3 2 2 mm
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Notice that we use the total J operators on the left and the L and S operators
on the right.

The result is a linear combination of the |n, ¢, s,m,, m,) states all with m; = 1/2
as we expected.

Continuing this process we have

j*‘271717§7}) :h\/3(3+1)—1(1—1)‘27171737_1)
22 21 jm 2\2 2\2 2°2° 2ljm
:2h‘2,1,1,§7—1>
2°2" 2/,
- A 2 1 1 1 1 1
:(L—+S—) \/72a17707> +\/7 2,1,*,1,—*)
3 2 2lmm 3 2 2 mm

:h\/z‘2,1,1,—171) +h\/§’271,1,07—1)

or
271717§a_1>
2°2° 2/,
1 1 1 2 1 1
Epatnd) e Ratesd) (8259
and finally
1 1 1
‘2,1,7,5,3) :‘2,1,7,—1,“) (8.286)
2°2° 2lm 2 2 mm

We now need to construct the maximum state for then next lowest value of j,
namely,
111
‘2,1, 11 7) (8.287)
2722/ jm
This state has m; = 1/2 so it must be constructed out of the same states that
make up

1 1
‘2,177,§77> (8.288)
22 2 im
or it can be written as
111 1 1 1 1
‘2,1,7,7,7) :a‘2,1,7,0,7) +b 2,1,7,1,—7) (8.289)
2'22/, 2" 2o 2" 2
Now we must have
131 111
(2, 1, -, =, = ‘ 2,1, =, -, 7> = 0 orthogonality (8.290)
2'2'2 2°2" 2/ jm
111 111
(2,17 — =, = ‘ 2,1, =, =, 7> = 1 normalization (8.291)
2'2°2 222/



Using the orthonormality of the |n, £, s,mg, ms) states we get

2 1
\/7a+\/7b=0 and a2 +b% =1
3 3
1
= \/7andb = —\/5
3 3
and therefore

11 1
‘2, 1a ‘ a ,7 ‘
2 2 2 jm mm mm

In a similar manner, we find

‘27131717_1>
2'2 2/,

:\/5’271717_171> _\/T’2a171707_1>

Finally, we construct the other j = 1/2 states with £ = 0. They are

The solution is

1 1 1 1
2.0.5.0.5) =[20.5.0.3)

2" 2/ 2" 2 m

1 1 1 1
27077703_7> = ‘27037703_7>

2" 2/, 2" 2/ m

(8.292)

(8.293)

(8.294)

(8.295)

(8.296)

(8.297)

We can now calculate the first-order energy corrections. We do not actually
need the detailed construction of the states to do this, but we will need these
states to compare with the results of Method #2 later. We found earlier (8.276)

that in the |n, £, s, j,m;) basis

222
e“h Anlsjmj

4m?2c?

1 2
Anésjmj = fdgrﬁ|wn€sjmj (7')|

En[sjmj :E7(10)+ (](]+1)_£(€+1)_3(3+1))

or
12 j=0+1/2
(0) e h, A j /
AEn,f,s,j,mJ‘ =Enesjm; — Ly = Am2ez -(+1) j=(-1/2
0 £=0

1 2
3. -
A:{: = fd Trig ‘wn,é,s,j=€i%,mj (T)
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Evaluating the integrals we get

22| B | )
AE, ¢ sim;, = —————— j=0+= 8.302
bsdms = o ) (04 1) I=try (8.302)
22| B0 )
AEn N N v~ j=0—= 8.303
i =T 00 1) 1=t (8.303)
AEn 4s.5m; =0 =0 (8.304)
where )
a= :L— = fine structure constant (8.305)
c
Therefore, for the n = 2 level we have
72 Eéo) o? L3
AE2,1,%,g,m,- = ‘12| j=L+ 573 (8.306)
72| B | L1
ABy 13 dm === — j=t-5=5 (8.307)
1 1
AE;0,1.1m, =0 j=l+s=3 (8.308)

We note that for hydrogen Z2a? ~ 10™* and thus, the fine structure splitting is
significantly smaller than the zero-order energies.

The relativity correction is the same order of magnitude as the spin-orbit cor-
rection. We found

=4
H lativity = — pop
relativity = Sm3c2
mec

(8.309)
This gives the correction

ptr .
ABpo = ——— f r2dr o (1) % nem (1)
8msc 2

o (3— in ) (8.310)

1
b+

72| B

4n?

Combining these two correction terms(spin-orbit and relativity) gives

(8.311)

AEfine structure =

z? ‘ES)) ‘ a® 4dn
3
4n?2 ( j+i )
The result is independent of £. It turns out that this result is valid for ¢ = 0

also. There is an additional term that must be added to the Hamiltonian which
contributes only in ¢ = 0 states. It is called the Darwin term.
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The Darwin term comes from the relativistic equation for the electron and takes
the form

iy h? 9 h? R nh?Ze?
HDarwin = m V= _8m2¢:2 (47T6Qnuclear(r)) Im2c2 (5(7") (8312)
where
Qnuciear(7) = the nuclear charge density (8.313)
Because of the delta function, a contribution
. 7rh2Z6 mc2Z*a*
(HDarwin>nj£ 2 2 W)TM(ON T(SE,O (8314)

arises for £ = 0 states only. This is identical to the contribution (flso + H,.e) for
0=0,j=1/2.

Method #2

We use the |n, £, s,mg, ms) basis. In this case, the best form of the operators to
use (means we know how to evaluate them with these states) are

2

A e 1

Hy=—S
2m2c2 (r3)

S,
2m202( )( S (L S+ LS, )) (8.315)

If we label the rows and columns of the matrix representation by

- Lop

1 1 3
0y =21, ,1,7> my =
2 2l mm 2
1 1 1
|2>: 27175717_§> mj:§
1 1 1
|3>= 231757();5) mj:§
1 1 1
|4> = 2?175707_§> mj; = _5
11y 1
|5>: 2,1,5,-1,5) mj=—§
1 1 3
|6> =12, 1, 9’ 1a_§> mj = D)
1 1 1
=14Y 55U 3 mji ==
7)=[2.0,5.0.5 =3
1 1 1
|8) = 2?077705_7> m;=-=
2 2 mm 2

then we get the matrix for (H,,) as shown in Table 8.4 below.

I have used a table rather than an equation format so that I could clearly label
the rows and columns by the state index.
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| [[1[2[3[4[5[6]7[8]
1{{a|0]0|O0]O0O]O0O[O]|O
2110(b|c|0]0]O0O|0]O
3110[c|d|O]O0O]O0O]O0]|O
410[0|0]e|f|O0O]0]O0
51010]0|f|g|0]|0]O
6110[0|0|0|0O|h|[O]|O
71610]010|0]0|O0|p|O
810[0|0]0[0]0|0]q
Table 8.4: (}AISO) matrix

We have marked the non-zero elements. Using the operator properties derived
earlier we get

R 1 1| ~ 1
:<1|Hso|1):(271a75177‘H80 27177a171)
2 2 2 2l mm
L1 € (1\(: o 1,2 4 - 11
={2,1,-,1, - — 29, + = S_+L_S 2,1, -1, -
( Y’ 72‘2777262(7"3)( +2( e ))‘ 2 2>mm
e2 1 11(+ A 1,. - PO 1 1
= 2m2 2 (2 1| |2 ]')mm <27175717§‘ (LZSZ + 5 (LJrSf +L S )) ‘2717 7]-7 Z)mm
2 1, 1], - 1.1
e (2, 1| 12,1) <2,1,—,1,7 L,S.12,1,-,1, >
T om2? mm 27772 2772
e2h? 1 9 e?h? A
= -R dr = 8.316
4dm2c? f T ne(r)er 4m2e? [ adn30(0+ (0 +1) ( )
0 0 2

Similar calculations give (H,,) as shown in Table 8.5 below.

L |

OO0 OO0

jen] Ren) Hen] el Jerl ev) Revl Renl | N0}

Ol N

oooooo&,ow
&

ooo@&,ooom
&
olo|lv|olo|lo|o|ol|o

jen] Ren) Hen] Bl el Rl Raol VR | N
OOO%OOOO%
=

O[O U= | W[ DN

ooooo&,é,
)

Table 8.5: (ﬁso) matrix - revised
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This says that (only diagonal elements)

EV-a=p" | EW-0=EY (8.317)
and

1 1
|1>:‘271777§7§) and |6>:‘2’177’§7_§>

22 21 jm 2°2° 2ljm

111 11 1
|7):‘270777777) and |8>:‘2’077’77_7>

22 21 jm 2°2° 2ljm

In order to find Eé,l), E?E,l)7 Ei,l), Eé,l)7 corresponding to the new zero-order state

vectors |2'), 13"}, |4"),]5"), we must diagonalize the two 2 x 2 submatrices.

We begin with the submatrix involving states |2) and |3) as shown in Table 8.6,
namely,

L 2 [ 3 |
2 -a \/§a
31 v2a| 0

Table 8.6: (H,,) 2-3 submatrix

The characteristic equation is
(-a-E)(-E) -24®=0=E? + aF - 2d* (8.318)

or
E) =aand ES) = -24 (8.319)

Notice that these energies are
B =ta and B = ~(0+1)a (8.320)

as expected for the

1

5 (8.321)

1
j=f+=and j={-
2
states respectively.

We find the eigenvectors using the eigenvalue equations. For |2') we have
NG 2/) = —-a a2 u)_gofuw)_ v
av2 0 av/2 0 v 2\ v

~u+V/2v = u and V2u = v (8.322)

or
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Using the normalization condition u? + v? = 1 we get

\/7andv—\/7
1 2 131
:\/7|2)+\/7|3>:‘2ﬂ1737>
3 3 2722 im
2 1 111
:\/7|2>_\/7|3>:‘2’1737>
3 3 222 im

or

and similarly

(8.323)

(8.324)

(8.325)

We then deal with the submatrix involving states |[4) and |5) as shown in Table

8.7, namely,
L[4 [ 5 |
4 0 | V2a
5 v2a -a
Table 8.7: (H,,) 4-5 submatrix

The characteristic equation is
(~a-E)(-E)-2a*=0=E? +aF - 2d®

or
Ei,l) =a and Eé,l) =-2a

and the eigenvectors are
13 1
VIRV R
2 2 2 jm
11 1
SRVETS f =)
2727 2 Jm

So including the spin-orbit correction we end up with the energy levels

Eéo) +a for 1,2',4',6 — 4 - fold degenerate
Eéo) for 7,8 - 2 - fold degenerate
Eéo) —2a for 3',5" - 2 - fold degenerate

8.6.2 Spin-Orbit and Arbitrary Magnetic Field

Now let us add on the Zeeman correction (for B = B3)
- = 5 - B
HZeeman = M?B(Lop + 2Sop) -B = MB (L
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(8.328)

(8.329)
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We can solve this problem for arbitrary magnetic field by repeating Method #2
using the correction term as the sum of spin-orbit and Zeeman effects.

The zero-order Hamiltonian is ro and the zero-order state vectors are the
In, €, s,mg,ms) states. The eight zero-order n = 2 states are all degenerate with
energy

62

P

8.331
R0 (8.331)

so we must use degenerate perturbation theory.

We have already calculated the (H,,) in this basis. It is shown in Table 8.8
below.

jen] el Hen) Henll Hev)l Revl Ravl Ran) | BN |

[ev] Ben] Hen) Hen )l Jer) Hen) Hen) Hen] | o o]

Ol DN

OOOOOO&OW
27

oooﬁ,&,ooom
=
olo|ly|olo|lo|lo|o|o

o|lo|o|o|o|o|o|v || =
ooo&,oooo%
&

O[O = | W DN~

ooooo&,ﬁ,
o

Table 8.8: (H,,) matrix

where
eZh?

= — 8.332
“ 96m2a3c? ( )

The (ﬁz + QS'Z) matrix is diagonal in this representation and its diagonal el-
ements are given by my + 2mg and so the Zeeman contribution (Hzeeman) is
shown in Table 8.9 below.
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OO O =

OO O|o|T|O|O||w
1
o

OO O OO OO O Ot

O OO OO O

(o] Nen] Hen] Nen) Hen) Nen] Nan) Ran) | V]
O|T|OIO|IO| OO

QO | O T x| W DN =

OO OO
1
on

Table 8.9: (ﬁzeeman) matrix

where b = g B. The combined perturbation matrix (V) is then given in Table
8.10 below.

L1 [ 2] 3 ] 4]5 ] 6 [7][8]
Iar2b| 0 0 0 0 0 0] O
2 0 a | av2| 0 0 0 [0]O
3 0 |[av2] b 0 0 0 [o]o
4 0 0 0 b [av2| 0 [0] 0
5 0 0 0 [av2]| -a 0 [o]o
6 0 0 0 0 0 |a2b|0] 0
7 0 0 0 0 0 0 |[b|oO
8 0 0 0 0 0 0 [0]-b

Table 8.10: (V') matrix

After diagonalizing, the new energies are

62 2 2

Ey=——+——+2upB
! 8ag 8ag 12 HB

2
1
By = ——— + =(~(a—b) + V942 + 2ab + 1?)
8(10 2

2
1
By = -~ + ~(=(a—b) - V942 + 2ab + b?)
8&0 2
e? 1
Ey =——+ =(=(a+b)+V9a2 - 2ab + b?)
8&0 2
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2
1
By = -~ + =(~(a+b) - V942 - 2ab + 1)
8@0 2

e? e? o?

—_ + —_—
8ag 8ag 12
2

Ep=-Y"4upB
8&0

E@/ = 2/1,BB

2

(&
ESI = — /,LBB
8@0

If we let B be small so that b < a, we then get the approximate energies

2 2 2
Br=-" s &% youpB
8&0 8&0 12
e 1 b
Ey=—+—-(-(a-0)+3a(l+—
v =g 5 (@ =b) +3a(1+ o)
2 2 2 2 2 2
:—e—+a+fb:—6—+e—a—+fuBB
8a0 3 8@0 8a0 12 3
2 1 b
By=-S+>(~(a=b)-3a(l+-))
8ag 9a
2 2 2 2
1
SR P L
ao 3 8ag 8ay 6 3
2
e 1 b
Ey=——+—-(-(a+d)+3a(l - —
1= "ggy FaTlar )+ 3all=g0))
2 2 2 2
2 2
S PP
8(10 3 8(10 8(10 12 3
€2 b
E5I——7+* —(a+b)—3a(1——))
8CLO 9a
e? 1 €2 ez o 1
=-———-2a-b=-c—-————-_-up
800 3 8(10 8&0 6 3
2 2 2
EGI:—L-FL&—QMBB
8ag 8ag 12

o2
Ep = -—+upB
8(10
2
e
Ey =—-——-upB
8ag
This is clearly a perturbation of the spin-orbit energy levels. We assume that
the new state vectors become the zero-order vectors in the spin-orbit case for
low fields. In this case the Zeeman effect corrections(to the fine structure ener-
gies) are given by Table 8.11 below.

635



s J m; | AEzeeman | State

12 [3/2]3/2 | 2usB iy
1/2 [3/2 | 1/2 | 2usB/3 2
12 [1/2 | 1/2 | usB/3 3

12 [3/2 [1/2 | —2upB/3 | 4
12 [1/2 [-1/2| -upB/3 | &
1/2 [3/2 [ -3/2| —2upB 6
12 12 1/2 5B 7
12 [1/2[-1/2| -upB 8

OO | | = = =] =~

Table 8.11: n = 2 energy corrections for small B

A little bit of study shows the general relation

AEZeeman = g,uBij (8333)

where

1+j(j+1)—€(£+1)+3(5+1)

g = Lande g - factor = v
2j(G+1)

(8.334)
This is called the Zeeman effect.

We can prove this result in general. The general method uses the Wigner-FEckart
Theorem.

8.6.3 Wigner-Eckart Theorem

Consider a vector operator Zlop. We have already shown that the Cartesian
components of any vector operator has the following commutation relations
with the Cartesian components of the angular momentum operator

[Ai, j]] = ’L'hefijk/ik (8.335)
We will now prove the following powerful theorem:
In a basis that diagonalizes jgp and J, (i.e., the |\, £, s,j,m;) states, where A
signifies other operators that commute with jgp and jz), the matrix elements

of fiop between states with the same j—value are proportional to the matrix
elements of jop and the proportionality factor is independent of m;.

The algebra involved in the proof is simpler if we work in the so-called spherical
basis instead of the Cartesian basis. The spherical basis uses

Je=dexid, , Jo=J. (8.336)
A=A, +id, | Ag=A, (8.337)
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The corresponding commutators are

[A., Jo]=#hA, | [AL,J.]=0 (8.338)
[A., Jz] = £2hAy | [Ag,Jo]=0 (8.339)
[Ao, J.] = hA, (8.340)

which all follow from the original commutator for the arbitrary vector operator.
Now, by definition of the operators, we have

Jo I\, j.my) = hmj |\, 3,my) = (G,m;| Jo lj,my) N, 4,m;) (8.341)
JeIN gymg) = /(G + 1) —my(my £ 1) [\, j,my + 1)
:<j7mji1‘jﬂ: |jamj)|)‘7j7mji1) (8342)

(A .77mJ|Ji_ J¥|)\ Jsm; )

= (A, j,mj¢1|h\/j(]+1) m;(m; F1)
= (A, j,mj¥1|(j,mj|Ji lj,m; F1) (8.343)

We now work with the matrix elements of some of the commutators and use the
defining relations above to prove the theorem.

First, we have
Fh (X dmg| A X gomg) = (X5 mj| [As, o] A5, my)
= (N, g, ml| [Asdo - JoAL]IN, j,my)
= (mj —mj)h (N, 4, mj| Ay |\ j,m;) (8.344)

or
0= (mj—m} = 1) (N, j,m}| AL X, 4,m;) (8.345)

This says that either m/, =

G=my £ 1 or the matrix element

(N, g,mi| AL X, j,mz) =0 (8.346)

Since we have an identical property for the matrix elements of J. this implies
that the matrix elements of Ai are proportional to those of Ji and we can write
the proportionality constant as

(N, g,m; £ 1| AL\, 4,my)

A (8.347)
(J,my = 1] Je|j,my)
Second, we have
(N, g, )| [As, JL] N, G,my) =0 (8.348)
(N gomb Aude X gymg) = (N, Gmf| JLAL N, G,my) (8.349)
<>\ ,],mj| A, I\, d,mj £ 1) (X, 4,m; + 1] J, A, 4, m;)
= (N, g,m) F 1 AL X, jmg) (N, 4.my £ 1 X, j,m) #1) (8.350)
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Using the result from the first commutator this says that m; =m; + 2, which,
in turn, implies that

(A,’jamj + 2|121:t |)‘aja m; + 1) <>‘,aja m; + 1|121:t P‘ajamj)

5 = 5 (8.351)
(7,mj 2] J.]j,m; 1) (7,m; £ 1] Jc|j,m;)
This says that the proportionality constant is independent of m;.
We define a new symbol for the proportionality constant
(N, 4]1A]IX, j), = the reduced matrix element (8.352)
which gives the relation
(X gmS| As X, gomg) = (N AN N ), (Gm5 | el my) (8:353)

To complete the proof we need to show that the same result holds for Ay and
that
(N AHATN 5) = (N GTHATI, ) - (8.354)

‘We have
=20 (N, j,m| Ag I\, j,my) = (N, j,m| [Ar, T2 ]IN, 5,my)
= ()‘Ivja m;| [Aij¥ - j¥Ai] |>\>jamj>
= (N, g, m| AL\, 3,my # 1) (G, my # 1] Jx |, my)
A |\, j,my) (3, m0] Je |3, m) 1) (8.355)

- (XN, m} 1
Now substituting in the matrix element of A, we get
+2h <)\,7.ja m_,]| AO |)‘aj7 m])
= (AN ), [ mG] Jelg.mg % 1) (5,my 7 1] T |5, m;)
= (g, m = 1] T lj,my) (5, m)| Jx g, m) = 1)] (8.356)

This says that Ag has non-vanishing matrix elements only when m;- =m;. We
then get

+ 20 (N, j,m%| Ag X, j,m;)
= (VAN ), [0 m; % 1 Je L) =[Gy 1] Je.m;)[ ]
= £2hmy = £2h (X', j,m}| Jo X, j,m;) (8.357)
Putting it all together we get
(X' gomS| Ao, g, mg) = (VL GHAIN ). (G.m3| Jo L7, my) (8.358)
Since no operator has a + subscript, this also says that

(N AALIN, 5), = (VS GHATIA G) - = (N GHATIA 5) (8.359)
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and we finally have
(N, g mf| Aop X Gimyg) = (NG ATIN, 5) (3, m5| Top 15, m) (8.360)

This completes the proof of the Wigner-Eckart theorem.

A very important extension of this theorem is the following result:
(N, dom| Aoy - Top [N ,my) = (NGl ALN, §) (5. m5| T2, 1, m
= Ot m, D25 (G + 1) (N, 114 I/\J) (8.361)

which says that the scalar product is diagonal in m ;. This result follows directly
from the Wigner-Eckart theorem

(A,a.jvm”fiop * jop |A7.]7mj> = Z(A,7j7m;|AOp,kJop,k’ |)\7.75m_7)
k

mj) (. j.m |) op ke |\, ;)

><)\ Jym |JOP’k|/\7j’mj>

= ;(A,ajvaAop,k (Z

m
J

= Z Z()‘J’ J|A

X',j”,?n;’ k

= 3 SN AN G (XS T,

"
m! k
i

= (A,a.]| |A| |)‘7.]> Z <>\,a.]? m_,/| J0p7k (Z
k m

J

)()\ J,m |J0P1k‘)‘7j>mj)

></\ Jm Jl) Opkp‘ ]7m3)

= (VAL 5) (| T2, 1) = 6 m, 825 (G + 1) (V1AL 5)

Now back to the Zeeman effect. In the low field limit, we need to evaluate the
diagonal matrix elements

(tsjmy| (L. +28.) |tsjm;) = (€sjm| (J. + S.) |esjm;)
= hm; + (Csjm;| S [¢sjm;) (8.362)
Now the Wigner-Eckart theorem says that

(£sjmy] S, |esgmy) = (€s]]1S][€s) (€sjmy] J. [€sjm;)
= him,; (€s]S]|s7) (8.363)

The scalar product matrix element formula gives
(Esim| Sop - Jop |Lsjmy) = (€sl|S]|Es7) (Fmy| To, lim;)
= 1?j(j +1) {€s]]15] [¢s) (8.364)
But we also have

(Jop = Sop)® = L2, = T2, + 52,25, (8.365)
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(Esgmy| (T3, + 85, = L5,) lsjm;)

N |

(Lsjm;| S’Op . jop |lsjm;) =
= %hQ(j(j +1)+s(s+1)-L(£+1))

or

o o :j(j+1)+s(s+1)—€(€+1)
(esil 3] 1e53) D

and thus

(€sjm;| (L. + 25;) |tsjm;)
JU+ D) +s(s+1)-£(£+1)

=hm; + hm —
T 2j(j +1)
= hm;g;es
(7 +1 1) - 1
gjes =1+ ACASYA S.(S.+ )=+ = Lande g - factor
2j(j+1)

Finally, we have

<€Sjmj| IA{Z@eman |€5,]m]) = :uBijgjfs

(8.366)

(8.367)

(8.368)

(8.369)

(8.370)

and the result we found earlier in the special example case is now proved in

general.

8.6.4 Paschen-Bach Effect

When B is lzj,rge enough such that AEzceman > AFEs,, but not large enough
so that the B? term we neglected earlier is important. We have the so-called
Paschen-Bach effect. If the B? term is dominant we have the so-called quadratic

Zeeman effect.

The best way to see what is happening for all magnetic field values is a plot. In

CGS Gaussian units

ev

pp =5.7884x 1077
gauss

2
$ o 97.2¢Va=1.509x10"eVb=5.7884x 10 °BeV
ap
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Using our earlier results we then have

e? e? o?
Ey=——+——+2upB
! 8ag 8ag 12 KB
e2 1
Ey =———+ —(=(a-b)+V9a? + 2ab + b?)
8(10 2

2
1
By = —— + =(~(a—b) - V9a2 + 2ab + b?)
8&0 2
e 1
Ey=——+=(-(a+b)+V9a2 - 2ab + b?)
8&0 2
2

1 ——s
Ele—i‘Fi(—(a"‘b)— 9@2—2ab+b2)

8&0
2 2 2
By=-——+ 5% 9,.B
8ag 8ag 12
62
E7I = —— + /LBB
8@0
2
€
Fg =—— - upB
8@0

A plot of

2
(E + 86) x 10° eV versus log, (B(gauss))
ao

looks like Figure 8.2 below.

Figure 8.2: Hydrogen Atom In a Magnetic Field - Zeeman Effect

This plot for fields below 400 gauss ( log,(B) ~ 6) shows the characteristic level
structure of the Zeeman effect.

The very large magnetic field Paschen-Bach effect is illustrated in Figure 8.3
below.
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Figure 8.3: Hydrogen Atom In a Magnetic Field - Paschen-Bach Effect

Notice the equally-spaced level signature of the Paschen-Bach effect.

We now define some notation that will be important later as we study atomic
spectra. For small magnetic fields we found that the approximate state vectors
are the |nlsjm;) states. The energy levels including spin-orbit effects are

E,=E" + AE,,
__Ze
© 2a9n?
7202 ‘E,‘J”
+ . . S
nf(20+1)(£+1)

(1= 60,0) (€05, 0172 = (L +1)8;0-1/2) (8.371)

We define a spectroscopic notation to label the energy levels using the scheme
shown below:
Intsjm;) - n*$* L(symbol) s (8.372)
so that
13 11 11
‘2lﬁmj) - 22Py | ‘21ij> - 2°Py | ‘2oﬁmj> - 2285,
22 2 22 2 22 2

The L(symbols) are defined by Table 8.12 below.

L |0]1]2]|3
Symbol | S|P | D | F

Table 8.12: Spectroscopic Labels

The energy level diagram for n =1 and n = 2 is shown in Figure 8.4 below.
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Zero-Order Spin-Orbit

2
2 Pgs
n=2 22 S

12

2
2 Pyp

2
T8

Figure 8.4: Spin-Orbit Energy Levels

Earlier we calculated the relativistic correction and found that it was the same
order of magnitude as the spin-orbit correction for hydrogen. We found

N Zzaz‘Eflm‘( 2 i) (8.373)
rel = n 2+1 4n '

Combining these two corrections we have

22?|EP| (1 3 1
Alcfs = Algso + AE’!'Cl = ( - ) j= {+ 5 (8374)
J

B 1 0
n +5 4n

which is independent of . This changes the energy level structure to that shown
in Figure 8.5 below.

Zero-Order Spin-Orbit Fine Structure

2
2 Pgp

n=2

2 2
- 2°p
2 28y,

2
1Sy

Figure 8.5: Fine Structure Energy Levels

The observed spectral lines result from an electron making a transition between
these levels. We will discuss this topic later.
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8.6.5 Stark Effect

When a hydrogen atom is placed in an external electric field &), the potential
energy of the proton and the electron is given by

Vaipote (Te, Tp) = —e€q - T + &g - Te
=e&o(2ze — 2p) = €&z (8.375)

where
Z = Ze — Zp = Zrelative (8376)

Therefore, we consider the Hamiltonian

PI = I:IO + ﬁdipole (8377)
where
- Dy 1
Hy==2 _¢? (7) (8.378)
2m 7/ op
ﬁdipole = 66025019 (8379)

For weak electric fields, we can apply perturbation theory (we ignore spin in
this calculation). First, we apply perturbation theory to the n =1 ground state
of the hydrogen atom.

For the ground state, the wave function is ¥100(7) and the first-order correction
to the energy is

EW = (100] ey 20, |100)
:egofd3fd31”(100|7’) (7] 2p [7') (7" | 100)
- & f BEd3F 2700 (7) (7 | ) 100 ()
= c&o [ T oo (PO - ) hroo()
- & f B3 100 () (8.380)

This equals zero since the integrand is the product of an even and odd functions.
Thus, the first-order correction is zero for the ground state.

The second-order correction is given by non-degenerate perturbation theory as

nl L [(nlm| e€ozop |100))
L

@ _\
B 7;2 DY E® _ED (8.381)

£=0 m=—

Using z = r cos we have
(1] 05 1100) = [ @7 (R (1) Y53, (6,0)] [r cos 0] Rag (1) Yoo (0,6~ (3.382)
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YOO =——and z= 71/10 (8383)

Therefore,

(nm| 20p [100) = f r3darg(r)R10(r)% f AV, (6,6)Yi0(0,6)  (8.384)

Now
f QY 5,(0,6)Y10(0,¢) = 02,10m.0 (8.385)
by the orthonormality of the (E?,p, f/z) eigenfunctions. Therefore,
1 (o]
(1] 20 [100) = —=07.16m.0 f r3dr Ry () Ruo (7) (8.386)
V3 0
and 87 )2n-5
o 12°n'(n-1)"""
[(n10] zop [100)|" = gwag = B(n)ay (8.387)
Finally,
E® = (o)’ Y, 2 Bn) — = 2F&Zd} (8.388)
1 500 (1= 77)
where 25(n)
= neB(n
F= ~ 1.125 8.389
2 (a2- 1) (5359

Therefore, the ground state exhibits a quadratic Stark effect.

The n = 2 level, which is the first excited state of hydrogen, has 4 degenerate
states.

n=2-10=0- 10 =11

1= o1 = o
—)é:]_—)m: O—)’[r/)210:d)3
=1 =11 =Yy

We must use degenerate perturbation theory. We construct the 4 x 4 (e€pzop)
matrix and then diagonalize it. We have

bl et St e
2| Zop |11 2| Zop 12 2| Zop |3 2| Zop |4
e€ozop) = €€ P P P P 8.390
Eozor) = €0 | (320011} (320 [2) (32epl3) (Bzoplt)| B3
(4| Zop 1) (4] Zop 12) (4] Zop 13) (4] Zop |4)
Now z has no ¢ dependence and therefore,
(J] Zop |k) = 0 if m; = my, (8.391)
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Thus,

e Zop 12) =0 = (1] Zop |4)
(2| Zop 1) =0=(2| Zop 3) = (2] Zop |4)
(3 Zop 12) =0= (3 Zop |4)
(4] zop 1) = 0 = (4] 20p [2) = (4] 20p [3)
and the matrix becomes
(1] zop 1) o 0 9 (1] zop 3) 0
) 0 2 2op |2 0 0
(ool 2ol g )y 0 (B3 0 (8.392)
0 0 0 (420 )
We also have
(1 20p [1) = 0 = (2] 20p [2) = (3] 20p [3) = (4] 20p [4) (8.393)

since these integrands involve the product of even and odd functions.

Finding out which matrix elements are equal to zero without actually evaluating
the integrals corresponds to finding what are called selection rules. We will
elaborate on the idea of selection rules in the next section on the Van der Waal’s
interaction.

Thus, the matrix finally becomes (after relabeling the rows and columns)

0 (123 0 0
3| 20 |1 0 00
(e€ozop) = €€ (3] Op| ) 0 0 0 (8.394)
0 0 00
where
(1] 20 13) = (3] 20p [1) = /wgoo(F)zwgm(F)de: ~3eEoap (8.395)

Diagonalizing the 2 x 2 submatrix gives eigenvalues +3e€yag. The first-order
energies and new zero-order wave functions are

211 (F) = Eay1 = Eéo) remains degenerate (8.396)
Yo1-1(7) > Ea1_1 = Eéo) remains degenerate (8.397)
_ 1 - .
Y (7) = V2 (V200 (F) = 1210(F)) = By = B + 3e€oag
1

Yy (F) = (¥200(T) + 1210(7)) = E- = Eéo) - 3e&yag

V2

The degeneracy is broken for the m = 0 levels and we see a linear Stark effect.
The linear Stark effect only appears for degenerate levels.
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8.6.6 Van der Waal’s Interaction

We now consider a system consisting of two widely separated atoms. In partic-
ular, we consider the interaction between two hydrogen atoms, where we treat
the two protons as fixed point charges separated by a vector R and we define

71 = vector from first proton to its electron

79 = vector from second proton to its electron

as shown in Figure 8.6 below.

Figure 8.6: Van der Wall’s System

The Hamiltonian is given by
H=Hy+V (8.398)

where

. P e? P e?
0= 2P = T2 7 _ 9 pon-interacting hydrogen atoms (8.399)
2u T 20 7o

and

V = rest of the Coulomb interactions
= Vplpz + ‘/6162 + V€1p2 + ‘/62]71

] N 1 (8.400)
R |R+7y-7| |R+7| |R-7

This is the perturbation potential.

We know the zero-order solution for two non-interacting hydrogen atoms. It is

zero-order states : |nifimq) |nalams) (8.401)
with
. (0) 62 1 1
zero-order energies : Ey ), =-—|—+— (8.402)
e 2a0 \ny nj
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where

N ez (1 1
HO |n1€1m1) |n2€2m2) = _TQO (n2 + 7’7,2) |n1£1m1) |n2€2m2) (8403)
1 2

This expression for the perturbation potential is too complicated to calculate.
We will need to make an approximation. We make the reasonable assumption
that

R>>ry and R>>1r; (8.404)

We have two useful mathematical results that we can apply. In general, we can
write

. -1/2
1 1 1 2R - 2
- 12:[1+2“+“2] (8.405)
|R+a| [R2+2R~a+a2]/ R R R
and for small x we have
_ 1
[1+2] 1/2%1—*1‘4-%1(}2—31‘3%- ...... (8.406)
2 8 16
Using
2R a?
T= s +ﬁ (8.407)
we get the general result
1 1|, 1f2R-a «®\ 3(2B-a a*\)
= =—|1- + = + =] -....
|[R+a| R| 2\ R* R?) 8\ R* R?
- ~\2
1 i-R 14> 3(i-R)
=5 —5—2+5 7 o (8.408)
Therefore, we have
. =02
1 1 iy 173 Ty R
_—-__= R_1r3 3(72-R) (8.409)
|[R+7| R R® 2R 2 RS
. 202
Py 2 71-R
al =1+T1 R_}i_,_%u (8.410)
|[R-7#| R RS 2R3 2 R°
- L =82
1 _l_(Fz—Fl)'R_l(ﬁ—Fl)Q+§((T2—7”1)'R)
R+iy—-7| R R? 2 R 2 R4
_l_@.fzflﬁ_;ﬁ_lﬁjl.fg
"R R* R® 2R® 2R3 R®
=2 =\ 2 - -
s B R (eREeR)
2 RS 2 RS RS )
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Putting all this together we get

e (71 - R)(72- R
V T2—3—( R2 )

= |7 (8.412)

Physically, this says that for large separations, the interaction between the atoms

is the same as that between two dipoles er; and ery separated by R.

To simplify the algebra, we now choose the vector R to lie along the z—axis

R=Rz (8.413)
which gives
e’ 212oR?
V= ﬁ ($1I2+y1y2+2122)—3 1]3?2
2
= (2122 + Y12 — 22122) (8.414)

We now specialize to consider the case n; = no = 2. When n = 2, there are 4
electron states for each atom

£=0,m=0
(=1,m=1,0,-1

Therefore, there are 16 = (4 x4) degenerate unperturbed zero-order states, each
with energy

Ep=-o— = —— (8.415)

We use degenerate perturbation theory. To carry out degenerate perturbation

theory, we must construct the 16 x 16 matrix representation of (V') and diago-
nalize it to find the energies corrected to first-order.

The typical matrix element is (leaving off the n labels)
(€1m1€2m2| V |€1m1€2m2>

2
€ X N
= o3 (£1m1| X1 |€1m1) (€2m2| xT9 |€2m2)

R
e? ) .
TR (Gama| g1 [61ma) (Lama] 2 [€ama)
2
e A~ ~
- 2@ (€ama] 21 [€1ma) (Lama| 22 [€2mz) (8.416)
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We have

z=rsinfcos¢p=-ry/ 2% (Yi.1-Y1 1) (8.417)

2
y =rsinfsing = +iry | ?” (Y11 +Yi1) (8.418)

4
z=rcosf=ry/ %Yw (8.419)

and

(ném|x nt'm")

B 2T

N 3

/ ?’Rne(r)Rnw(r)dr“ / dﬂ%(m,l—m,_lm,mf] (8.420)
0
(nfm]y|nt'm')

. [27
=1 —_—
3
0

fm BRM(T)Rngr(r)drl[f dQY;;n(YLHYL,lm,m,] (8.421)

(nfm| z|nl'm')

:ﬁ / T3Rng(r)Rng:(r)dr] [ / dQanYng/mf] (8.422)
0

oo

Now let us return to the subject of selection rules.

We will just begin the discussion here and then elaborate and finish it later
when we cover the topic of time-dependent perturbation theory.

Consider the integrals involving the spherical harmonics above. We have

f+0 +1=even
m=m'+m"

f dQY oy Y1 Yorm: = Ounless{ (8.423)

These rules follow from doing the integrations over the 6 and ¢ variables.
In particular, when the perturbation involves x, y, or z we have

for  and y m=m'«x1

for z m=m'

which is the so-called
Am=+1,0 (8.424)

selection rule for this type of perturbation.
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In addition, we have the
Al =<1 (8.425)

selection rule for this type of perturbation.

These two rules will enable us to say many matrix elements are equal to zero
by inspection.

We can derive two more very useful selection rules as follows. We know that
[Li,r;] = iheijire (8.426)
This allows us to write (after much algebra)

[ﬁz,v] = [(illz + -Z/22)7V] = [-Z/l,mv] + [i/ZzaV]

62 2

~ e ~
N [Li., (z122 + y1y2 — 22122) | + i [La-, (w122 + y11y2 — 22120) |

=0

This implies that [ﬁz7£f ] = 0 or that the z—component of the total angular
momentum of the electrons is not changed by this perturbation (it is conserved).

This gives the selection rule
my +mg =my +mb (8.427)

Summarizing the selection rules we have

Uy + 0]+ 1 =even ( = reason b for a zero)
Uy + 05+ 1 =even ( = reason c for a zero)
my—mj ==+1,0 ( = reason d for a zero)
mo —me =+1,0 ( = reason d for a zero)
my +mg =mj +mb ( = reason a for a zero)

and we have also given reason labels for each.

The unperturbed states are (using the format |¢1m1) |[lams) are

[1) =100)100), |2) = 00} [11} , [3) = [00) [10) , [4) = |00} [1,~1)
[5) = [11)[00), |6) = [11) [11), |7) = [11)[10), |8) = [11}[1,-1)
[9) = [10)[00), [10) = [10) [11), [11) = [10)[10) , [12) = [10})[1,-1)

[13) =|1,-1)|00), [14) = |1,-1)|11), |15) = |1,-1}|10), |16) =|1,-1)|1,-1)

The (V) matrix looks like (using labels (VALUE) or (O=reason)) and labeling
the rows/columuns in order as 1234567891011 12 13 14 15 16
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Obc | Oba | Oa | Oa | Oa | Oa | Oa A Oa | Oa B O0a | Oa C Oa | Oa

Oba | Obc | Oa Oa D Oa, Oa, Oa Oa Oa Oa, Oa, Oa 0a Oa, Oa
Oa Oa Oa | Obc | Oa Oa Oa Oa E Oa Oa Oa Oa Oa Oa Oa
Oa O0a | Obc | Oa Oa Oa Oa Oa Oa Oa Oa Oa F Oa Oa Oa
Oa D Oa Oa | Obc | Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa
Oa Oa Oa Oa Oa | Obc | Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa
Oa Oa Oa Oa Oa Oa | Obc | Oa Oa Oa Oa Oa Oa Oa Oa Oa
A Oa Oa Oa Oa Oa Oa | Obc | Oa Oa Oa Oa Oa Oa Oa Oa
Oa Oa E Oa Oa Oa Oa Oa | Obc | Oa Oa Oa Oa Oa Oa Oa
Oa Oa Oa Oa Oa Oa Oa Oa Oa | Obc | Oa Oa Oa Oa Oa Oa
B Oa Oa Oa Oa Oa Oa Oa Oa Oa | Obc | Oa Oa | Obc | Oa Oa
Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa | Obc | Oa Oa Oa Oa
Oa Oa Oa F Oa Oa Oa Oa Oa Oa Oa Oa | Obc | Oa Oa Oa
C Oa Oa Oa | Oa | Oa | Oa Oa Oa | Oa | Obc | Oa Oa | Obc | Oa | Oa
Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa | Obc | Oa
Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa | Obc

Table 8.13: (V') matrix entries

There are only 12 nonzero elements(out of 256) and because the matrix is Her-
mitian we only have 6 to calculate (one side of the diagonal). It should now be
clear why finding the relevant selection rules is so important!!!

The 10 nonzero elements are given by the expressions
2

A=C= % (200[(200] (122 + y1y2) [211) 21, -1) (8.428)
2
e
B = B = 275 (200]{200] 2122 [210) [21,0) (8.429)
2
D= ﬁ (200] {211 (212 + 112 |211)|200) (8.430)
2
F= E (200](21, 1] (122 + y1y2) |21, ~1) [200) (8.431)
If we define -
8w 3
a= 3/7“ RaoRodr (8.432)
0
we have
(200 [211) = % (200 z |21, -1) (8.433)
(200]y|211) = % (200]z |21, -1) (8.434)
2
(200] 2 [211) = ga (8.435)




and )
FE B 1 ,e
- - D=-F=--0°—
22 2" Re
Now we rearrange the row/column labels(the original choice was arbitrary) to
create a Jordan canonical form with blocks on the diagonal. We choose

A=C= (8.436)

181114253941367 10 12 15 16

0O JA|2A A | 0] O 0 0 (0] O] O0O]Oj]O]J]O]O]O
Ao O0O]|]O]O0]O 0 0 (0] 0] O0O]Oj]O]JO]|O]O
210 0 0] 0O 0 0 (0] O] O0O]Oj]O]JO]O]O
AJOoO|]O0O]|]O]O0]O 0 0 (0] 0] O0O]Oj]O]JO]|O]O
0|0l 0O ]O]O]-A|O 0 (0] O] O0O]Oj]O]JO]O]O
0 |0] 0O |O|-A|O 0 0 (0] 0] O0O]Oj]O]JO]|O]O
0O (0] O ]0] 0] O 0 |2A10] 0] 00]0]0|0]O
0|0 O ]O|O|O]2A]0(|0]0]O0|0l0O]0O]|O0]|O
0O (0] O ]0] 0] O 0 00| 0 -AlO]|]O]O|0O]O
0O (0] 0|0} 0] O 0 0 |0|-A| O ]O]O]O|O]O
0O (0] OO0} 0] O 0 0 (0] 0] O0O]Oj]O]O]|O]O
0O (0] 0O ]0] 0] O 0 0 (0] 0] O0O]Oj]O]JO]|O]O
0O (0] 0O ]0] 0] O 0 0 (0] 0] O0O]Oj]O]O]|O]O
0O (0] 0|0} 0] O 0 0O (0] 0] O0O]O|]O]JO]|O]O
0O (0] O ]0] 0] O 0 0 (0] 0] O0O]Oj]O]JO]|O]O
0O (0] 0|0} 0] O 0 0O (0] 0] O0O]Oj]O]JO]|O]O

Table 8.14: Jordan Canonical Form

The is called the block-diagonalized form. We have one 4 x 4 and three 2 x 2
matrices to diagonalize. We get the eigenvalues

4x4-50,0,+V/64 , 2x2->zxA
2x2—> +2A , 2x2—>+A

Therefore, the energies correct to first-order are

Ey++v6A degeneracy = 1
Ey+2A degeneracy = 1
Ey+A degeneracy = 2
E=1{E, degeneracy = 8 (8.437)
Ey-A degeneracy = 2
Ey-2A degeneracy = 1
Ey—V6A degeneracy = 1

That was a real problem!
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8.7 Variational Methods

All perturbation methods rely on our ability to make the separation H=Hy+V
where Hj is solvable exactly and V is a small correction. The Rayleigh-Ritz
variational method is not subject to any such restrictions. This method is based
on the following mathematical results.

We can always write

H=1H=Y|N)(N|H=Y E,|N)(N| (8.438)

where R
H|N)=E,|N) (8.439)

This is just the spectral decomposition of H in terms of its eigenvectors and
eigenvalues. Now, if we choose some arbitrary state vector |¢) (called a trial
vector), then have

<wlﬁ|w>:;En<¢|N><N\¢>
ZIZV:EOW)lN)(N“/’):E0;<w|N><N|¢)

> Bo (] (; ) <N|) ) = Bo (0l F10) = Eo (¥} (8.440)

or A
(W1 H ) |

(W) ~

for any choice of the trial vector [¢p), where Ey is the ground state energy (the

lowest energy). Equality holds only if [¢)) is the true ground state vector. This
result says that

Eq (8.441)

H
WIH W) is an upper bound for Ey (8.442)

(¥ 14)

Procedure

1. Pick a trial vector |¢b) that contains unknown parameters {oy }

2. Calculate R
W) o
) Eo ({ax}) (8.443)

3. Since Ey ({ar}) is an upper bound, we then minimize it with respect to
all of the parameters {«y}. This gives a least upper bound for that choice
of the functional form for the trial vector.
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4. We perform the minimization by setting

9 =0 for all k (8.444)
8ak

5. The more complex the trial vector, i.e., the more parameters we incor-
porate allows us to better approximate the true functional form of the
ground state vector and we will get closer and closer to the true energy
value.

What about states other than the ground state? If the ground state has different
symmetry properties than the first excited state, i.e.,

ground state — £ =0 — contains Yy

1% excited state — £ =1 — contains Yi,,

then if we choose a trial vector with the symmetry of an £ = 0 state we obtain an
approximation to the ground state energy. If, however, we choose a trial vector
with the symmetry of an ¢ = 1 state, then we obtain an approximation to the
first-excited state energy and so on.

In other words, the variational method always gives the least upper bound for
the energy of the state with the same symmetry as the trial vector.

Example

Let us choose the harmonic oscillator Hamiltonian

2 52
g-_md

1
~ka? 44
2m dx? 2 v (8.445)

and a trial wave function

(a®>-2%)? |z|<a

8.446
0 |z| > a ( )

"/)(xaa) = {

where a is an unknown parameter. The variational principle says that

(¥ ()| H [ (a))
(¥(a) [¥(a))

We get a best value for this choice of trial function by minimizing with respect
to a using

= Eg(a) > Ey = true ground state energy

dEy(a) _

0 8.447
T (8.447)
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Now we need to calculate the integrals. We have for the denominator (the
normalization integral)

(6(a) [9(@)) = [ W¥(wadde= [ (a® -2?)'da

A 336
-9 f 2_g?)4g o 44
(a® - ?)'dz = 2a (5.448)
0
and for the numerator
d 17
(@) i) = 2[¢< T o v 22 [0 (2, 0)a%da
0
2
" ( 80 7)+1k(336 “) (8.449)
2m \ 21 2 \ 3465
Therefore,
Eo(a) = 1.786— + 0.045ka (8.450)
ma
The minimum condition gives
h2 /
a’=6. 300( ) (8.451)
mk
which then says that
0.566Aw > Ey (8.452)

The true value is 0.500Aw. This is an excellent result considering that the trial
function does not look at all like the correct ground-state wave function (it
is a Gaussian function). This points out clearly how powerful the variational
technique can be for many problems.

8.8 2"-Order Degenerate Perturbation Theory

Suppose that the first order correction in perturbation theory is zero for some
degenerate states so that the states remain degenerate. In this case, second-
order degenerate perturbation theory must be applied. This is complex. We
follow the derivation in Schiff (using our notation).

We assume that
Em =€k , Vkm =0 and ka = me (8.453)

so that the degeneracy is not removed in first order.
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We assume the equations (to second order)

H=Hy+V =Hy+qgU (8.454)

IM) = ap|m) +ag k) +g 3 aPy+g* 3 a1 (8.455)
l+m,k l+m,k

[K) = b Im) + e lk) +9 3 b0 +g7 3 b 1) (8.456)
l+m,k l+m,k

INy=n)+g 3 aDy+g® 3 @y nEmk (8.457)

l+m,k l+m,k
E,=¢,+gE" + ¢*E(? (8.458)

H|M)=(Ho+V)|M)=Eyp,|M)= (e + gED + ?EP) | M) (8.459)

where the degenerate states are labeled by k, m and we assume the degenerate
zero-order states are linear combinations of the two zero order degenerate states
as shown.

A very important point is being made here.

If the system remains degenerate after first-order correction, then one must
redevelop the equations for degenerate perturbation theory, using the correct
zero order state vectors, i.e., linear combinations of the degenerate states. Even
in the special case where the degenerate basis is uncoupled, i.e.,

(k| Vm) = Vi = 0 (8.460)

we must not use non-degenerate perturbation theory, as one might do if many
textbooks are to be believed.

Remember that the primary object of degenerate perturbation theory is not
only to eliminate the divergent terms, but to determine the appropriate linear
combinations to use for zero-order state vectors. If we start with the wrong
linear combinations, then we would have a discontinuous change of states in the
limit of vanishing interactions, which says that the perturbation expansion is
not valid.

We then have

ganUlm) + gaUlk)+g Y. al(l)&tl 1)

l+m,k

+? Y aPay+ g Y U

l+m,k l#m,k

= (9B + PED) (am|m) +ar k) +g Y aVen|l)

l+m,k

+q° Z al(2)fsm|l)+g2 Z al(l)EfT}) 7)

l#m,k l+m,k
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Applying the linear functional (m| we get

gamUmm + 92 Z a'l(l)Uml = gEﬁ;)am + 92E§3)am (8'461)

l+m,k

Applying the linear functional (k| we get

gakUkk +92 Z (Ll(l)Ukl = gE,(r})ak +92E£12)ak (8462)

l+m,k

Applying the linear functional (n| we get

GomUnm + 90sTs + g2naD + Fenad + 2 5 a0,

l+m,k

= gemall + g?enal® + g2 EM (2 (8.463)
The first-order terms in (8.462) and (8.463) give the expected result
EWD = Ui = Ui (8.464)
The second-order terms in (8.462) and (8.463) give (equation (8.465))

Y 0 U =EPan Y alPUu=EPa, (8.465)
l+m,k l+m,k

The first-order terms in (8.464) give an expression for al(l)

(8.467)

when n =1+ m,k

) (em = €1) = amUpm + axUl, (8.466)

Substituting (8.467) into (8.466) we get a pair of homogeneous algebraic equa-
tions for a,, and ay.

These equations have a nonvanishing solution if and only if the determinant of
the coefficients of a.,, and aj is zero or

UntUim _ 7(2) UniUik
lrmk T Em l¢%k Em el
’ ; = 4
det UkiUim » UriUik _E(z) 0 (8 67)
Em—€l Em—€l m
l+=m,k l+m,k
or ( )
ViniVim 2 2 Vi Vi
e~ 9 Em e
det | ok mTEl lem,k - ™ ! -0 (8.468)
¢ Vit Vim VilVie _ 2E(2) - :
Em—€l Em—cy g Lm
l+m,k ™ l+m,k ~ ™

The two roots of this equation are gQE,(qf) and gQEIE?) and the two pairs of
solutions of (8.466) are a,,ar and by,,by. We thus obtain perturbed energy
levels in which the degeneracy has been removed in second order and we also
find the correct linear combinations of the unperturbed degenerate state vectors
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|m) and |k).
Example

This is a tricky problem because the degeneracy between the first and second
state is not removed in first order degenerate perturbation theory.

A system that has three unperturbed states can be represented by the perturbed
Hamiltonian matrix

H=Ho+V
Ey 0 0 0 0 a Ey 0 a
=l 0 B 0 |+] 0 0 b|=| 0 E b (8.469)
0 0 E2 a®* b 0 a” b* E2

where Fy > FE;. The quantities a and b are to be regarded as perturbations that
are of same order and are small compared to E5 — F1. The procedure is:

1. Diagonalize the matrix to find the exact eigenvalues.

2. Use second-order nondegenerate perturbation theory to calculate the per-
turbed energies. Is this procedure correct?

3. Use second-order degenerate perturbation theory to calculate the per-
turbed energies.

4. Compare the three results obtained.

Solution - We have

IA{ = IA{Q + V
El 0 0 0 0 a E1 0 a
=l 0 B O |+ O O b |=| 0O E; b
0 0 E a* b 0 a* b* Es

with EQ > E1 and E2 —E1 > a=b.

1. For an exact solution we need to find the eigenvalues of

E1 0 a
0 Ey b (8.470)
a® b* E2

This leads to the characteristic equation
(Er - B)(Ey - E)(Ey - E) - (Ey - B)|b* - (By - E)|a]” =0 (8.471)

This says that one of the eigenvalues is £ = F; and the remaining quadratic
equation is
E? —(Ey+ E))E + (ByEy — o] —|a*) = 0 (8.472)
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or the other two eigenvalues are

B3 (B B e V(B s B - a(BaEa - 0P 1)) (8.473)

The exact energy values are

Er
1 5 SR laf® + [b]?
*((El +E2)+\/(E1 +E2) —4(E1E2—|b| —|a| )) NE1+7
2 E,-E,
2 2
1 al” +1b
E== ((E1 +Ey) - \/(E1 + Ey)? - 4(Ey By - b - |a|2)) ~ By - Jal” + b7
2 Ey - Es

2. Apply non-degenerate second-order perturbation theory. The unperturbed

system has
R E, 0 0
Ho=| 0 E; O (8.474)

0 0 E»

Since this is diagonal we have
E£O) =b = Eéo) , Eéo) = F5 (levels 1 and 2 are degenerate)

and unperturbed eigenvectors
1 0 0
1)=| O , 12y=11 , 13y=| 0 (8.475)
1

The perturbation is (in the unperturbed basis)
. 0 0 a
V= 0 0 (8.476)
a* b* 0
Since the diagonal matrix elements of the perturbation are zero we have
Efl) = Eél) = E?El) =0 or no first - order corrections (8.477)
Thus, levels 1 and 2 remain degenerate.

If we formally (and incorrectly) apply non-degenerate second-order per-
turbation theory to this system we get

Vinn|*
E® =Y

S B - ED A
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Now V12 =0,Vi3 = a,Vas = b and so we get

Vi |?

E® - _Vel”

o2 E© - g

0 Vis? 2 laf

= ((L) 13 ) : al incorrect because of 0/0 term
0 gV -E" Ei1-E»

Voo
B3 _ _ Vina|”
2, B - g
Voul? : e
= 9 | 23| : | | incorrect because of 0/0 term
0 p"_g® E-E

Vins|?
@5 V[T
) O - gD

V 2 V 2 2 b 2
= (l) 13 © + ((|)) 23| Ol lal” + 10 agrees with exact solution
Es - E; Ey” - E5 Ey - Eq

3. Now we apply second-order degenerate perturbation theory for the two
degenerate levels. We have

[Vas[?

Eom=oRl A a0
Ey-E EO_E
det] ™ v vl po (8.479)
EéO)—Eéo) Ego)—Eéo)
ﬁ _ (2) ab®
=det Ev-E> E 2E1—E2 =0
ba* [b] _E(2)
Ei1-E> FE1-E»
2 2 2p2 21712
(g@y2 |0 pey  JalPE lal Y
E,-Es (E1 - Ey)? (E,-E,)?
-5 (- L) (8.480)
) BB, ) .
corresponding to
E@® -
2 2
@ _ ld7+ 1o
FEi - Ey
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so that to second-order we have

£y
2,2
g 4 P
b - E,
2 g2
5, o+l
Fi1-E5

which agrees with the exact result.

8.9 Problems

8.9.1 Box with a Sagging Bottom

Consider a particle in a 1-dimensional box with a sagging bottom given by

V() -Vosin(wxz/L) forO0<ax <L
€T) =
00 forx<0and z> L

(a) For small Vj this potential can be considered as a small perturbation of
an infinite box with a flat bottom, for which we have already solved the
Schrodinger equation. What is the perturbation potential?

(b) Calculate the energy shift due to the sagging for the particle in the n'"
stationary state to first order in the perturbation.

8.9.2 Perturbing the Infinite Square Well

Calculate the first order energy shift for the first three states of the infinite
square well in one dimension due to the perturbation

V(z) = Vol
a

as shown in Figure 8.7 below.

Figure 8.7: Ramp perturbation
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8.9.3 Weird Perturbation of an Oscillator

A particle of mass m moves in one dimension subject to a harmonic oscillator
potential 2mw?z?. The particle is perturbed by an additional weak anharmonic
force described by the potential AV = Asinkz , A << 1. Find the corrected
ground state.

8.9.4 Perturbing the Infinite Square Well Again

A particle of mass m moves in a one dimensional potential box

oo for |z]| > 3a

V() - 0 fora<z<3a
0 for-3a<z<-a
Vo for|z|<a

as shown in Figure 8.8 below.

V@&

Figure 8.8: Square bump perturbation

Use first order perturbation theory to calculate the new energy of the ground
state.

8.9.5 Perturbing the 2-dimensional Infinite Square Well

Consider a particle in a 2-dimensional infinite square well given by

0 for0<z<aand0<y<a

V(x,y) =
(z,9) {oo otherwise

(a) What are the energy eigenvalues and eigenkets for the three lowest levels?

(b) We now add a perturbation given by

Azy forO<z<aand0<y<a

Vi(z,y) =
1(@y) {0 otherwise

Determine the first order energy shifts for the three lowest levels for A <« 1.

(¢) Draw an energy diagram with and without the perturbation for the three
energy states, Make sure to specify which unperturbed state is connected
to which perturbed state.
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8.9.6 Not So Simple Pendulum

A mass m is attached by a massless rod of length L to a pivot P and swings in
a vertical plane under the influence of gravity as shown in Figure 8.9 below.

m

Figure 8.9: A quantum pendulum

(a) In the small angle approximation find the quantum mechanical energy
levels of the system.

(b) Find the lowest order correction to the ground state energy resulting from
the inaccuracy of the small angle approximation.

8.9.7 1-Dimensional Anharmonic Oscillator

Consider a particle of mass m in a 1-dimensional anharmonic oscillator potential
with potential energy

1
V(z) = imw2x2 +ax® + Bzt
(a) Calculate the 1°¢~order correction to the energy of the n‘" perturbed state.
Write down the energy correct to 15'—order.

(b) Evaluate all the required matrix elements of x> and z* needed to determine
the wave function of the n* state perturbed to 1°—order.

8.9.8 A Relativistic Correction for Harmonic Oscillator
A particle of mass m moves in a 1-dimensional oscillator potential

1
V()= §mw2x2

In the nonrelativistic limit, where the kinetic energy and the momentum are

related by
»?

" 2m
the ground state energy is well known to be Ey = hw/2.

Relativistically, the kinetic energy and the momentum are related by
T = E—mc* =\/m2c* + p2c2 — mc?
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(a) Determine the lowest order correction to the kinetic energy (a p* term).
(b) Counsider the correction to the kinetic energy as a perturbation and com-

pute the relativistic correction to the ground state energy.

8.9.9 Degenerate perturbation theory on a spin =1 system
Consider the spin Hamiltonian for a system of spin =1
ﬁ:AS§+B(§§—S§) , B<<A
This corresponds to a spin = 1 ion located in a crystal with rhombic symmetry.
(a) Solve the unperturbed problem for Hy = AS2.
(b) Find the perturbed energy levels to first order.
(c) Solve the problem exactly by diagonalizing the Hamiltonian matrix in

some basis. Compare to perturbation results.

8.9.10 Perturbation Theory in Two-Dimensional Hilbert
Space
Consider a spin—1/2 particle in the presence of a static magnetic field along the

z and z directions,
B=DB.é, + B;é,

(a) Show that the Hamiltonian is

E[ = hwo&z + 70’3;

where hwy = pupB, and hQy =2upB,.

(b) If B, = 0, the eigenvectors are |1, ) and ||, ) with eigenvalues +hwgrespectively.
Now turn on a weak z field with B, <« B,. Use perturbation theory to
find the new eigenvectors and eigenvalues to lowest order in B, /B,.

(¢) If B, =0, the eigenvectors are |1,) and ||, ) with eigenvalues +h)y respec-
tively. Now turn on a weak z field with B, « B,. Use perturbation theory
to find the new eigenvectors and eigenvalues to lowest order in B, /B,.

(d) This problem can actually be solved exactly. Find the eigenvectors and
eigenvalues for arbitrary values of B, and B,. Show that these agree with
your results in parts (b) and (c) by taking appropriate limits.

(e) Plot the energy eigenvalues as a function of B, for fixed B,. Label the
eigenvectors on the curves when B, = 0 and when B, — +oo.
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8.9.11 Finite Spatial Extent of the Nucleus

In most discussions of atoms, the nucleus is treated as a positively charged
point particle. In fact, the nucleus does possess a finite size with a radius given
approximately by the empirical formula

R~ ToAl/S

where rg = 1.2x 10713 em (i.e., 1.2 Fermi) and A is the atomic weight or number
(essentially the number of protons and neutrons in the nucleus). A reasonable
assumption is to take the total nuclear charge +Ze as being uniformly distributed
over the entire nuclear volume (assumed to be a sphere).

(a)

Derive the following expression for the electrostatic potential energy of an
electron in the field of the finite nucleus:

V() —Zf2 forr>R
T)= 2 2
Ze (fm=-3) forr<R

Draw a graph comparing this potential energy and the point nucleus po-
tential energy.

Since you know the solution of the point nucleus problem, choose this as
the unperturbed Hamiltonian Hy and construct a perturbation Hamilto-
nian H; such that the total Hamiltonian contains the V(r) derived above.
Write an expression for H,.

Calculate(remember that R << ag = Bohr radius) the 15!~order perturbed
energy for the 1s (nfm) = (100) state obtaining an expression in terms of Z
and fundamental constants. How big is this result compared to the ground
state energy of hydrogen? How does it compare to hyperfine splitting?

8.9.12 Spin-Oscillator Coupling

Consider a Hamiltonian describing a spin—1/2 particle in a harmonic well as
given below:

(a)

(b)

- N

= 7“’@ +hw (ata +1/2))
Show that

{lny @) =1In,1) . [n)®[t) = [n, 1)}
are energy eigenstates with eigenvalues E,, |, = nhw and E,, ; = (n + 1)hw,
respectively.

The states associated with the ground-state energy and the first excited
energy level are

{10,4) , [1,1) [0, 1)}

What is(are) the ground state(s)? What is(are) the first excited state(s)?
Note: two states are degenerate.
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(¢) Now consider adding an interaction between the harmonic motion and the
spin, described by the Hamiltonian

. hQ
Hy = = (a6 +d"6.)

so that the totz}l Hamiltonian is now H = ﬁo + I;H. Write a matrix rep-
resentation of H in the subspace of the ground and first excited states in
the ordered basis given in part (b).

(d) Find the first order correction to the ground state and excited state energy
eigenvalues for the subspace above.

8.9.13 Motion in spin-dependent traps

Consider an electron moving in one dimension, in a spin-dependent trap as
shown in Figure 8.10 below:

Figure 8.10: A spin-dependent trap

If the electron is in a spin-up state (with respect to the z—axis), it is trapped in
the right harmonic oscillator well and if it is in a spin-down state (with respect to
the z-axis), it is trapped in the left harmonic oscillator well. The Hamiltonian
that governs its dynamics can be written as:

2

A= lmwgsc(é - Az/2)? @ 1.) (1] + lmw(fsc(i’ +A2/2)* ®1:) (L]
2m 2 2

(a) What are the energy levels and stationary states of the system? What are
the degeneracies of these states? Sketch an energy level diagram for the
first three levels and label the degeneracies.

(b) A small, constant transverse field B, is now added with |upBg| << hwose.
Qualitatively sketch how the energy plot in part (a) is modified.

(¢) Now calculate the perturbed energy levels for this system.

(d) What are the new eigenstates in the ground-state doublet? For Az macro-
scopic, these are sometimes called Schrodinger cat states. Explain why.
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8.9.14 Perturbed Oscillator

A particle of mass m is moving in the 3—dimensional harmonic oscillator poten-
tial 1
V(x,y,2) = imwz(:c2 +y?+27%)

A weak perturbation is applied in the form of the function

kQ
AV (z,y,2) = kzyz + —xy? 2>
hw

where k is a small constant. Calculate the shift in the ground state energy to
second order in k. This is not the same as second-order perturbation theory!

8.9.15 Another Perturbed Oscillator

Consider the system described by the Hamiltonian

2 2
=P T ey
2m 2c
Assume that o << mw/h

(1) Calculate an approximate value for the ground state energy using first-
order perturbation theory by perturbing the harmonic oscillator Hamilto-
nian

PP omw
2m 2

(2) Calculate an approximate value for the ground state energy using the

variational method with a trial function ¢ = ePz*/2,

8.9.16 Helium from Hydrogen - 2 Methods

(a) Using a simple hydrogenic wave function for each electron, calculate by
perturbation theory the energy in the ground state of the He atom asso-
ciated with the electron-electron Coulomb interaction. Use this result to
estimate the ionization energy of Helium.

(b) Calculate the ionization energy by using the variational method with an
effective charge A in the hydrogenic wave function as the variational pa-
rameter.

(¢) Compare (a) and (b) with the experimental ionization energy

2, 2
Eion=1807TEy , Eg= a ;nc , «a= fine structure constant
You will need
A3 h2 -B(ri+ra) 2072
) =\ Sexp(-xn) = [ [ dindin—— -
0 me2 |71 — 7] 35

That last integral is very hard to evaluate from first principles.
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8.9.17 Hydrogen atom + xy perturbation

An electron moves in a Coulomb field centered at the origin of coordinates. The
first excited state (n = 2) is 4—fold degenerate. Consider what happens in the
presence of a non-central perturbation

Vpert = f(r)xy

where f(r) is some function only of r, which falls off rapidly as r - co. To first
order, this perturbation splits the 4—fold degenerate level into several distinct
levels (some might still be degenerate).

(a) How many levels are there?
(b) What is the degeneracy of each?

(¢) Given the energy shift, call it AFE, for one of the levels, what are the values
of the shifts for all the others?

8.9.18 Rigid rotator in a magnetic field

Suppose that the Hamiltonian of a rigid rotator in a magnetic field is of the
form

H=AL*+BL,+CL,
Assuming that A, B > C, use perturbation theory to lowest nonvanishing order
to get approximate energy eigenvalues.

8.9.19 Another rigid rotator in an electric field

Consider a rigid body with moment of inertia I, which is constrained to rotate
in the zy—-plane, and whose Hamiltonian is
A= Li
21
Find the eigenfunctions and eigenvalues (zeroth order solution). Now assume
the rotator has a fixed dipole moment 7 in the plane. An electric field € is

applied in the plane. Find the change in the energy levels to first and second
order in the field.

8.9.20 A Perturbation with 2 Spins

Let S; and S5 be the spin operators of two spin—1/2 particles. Then S =51+5,
is the spin operator for this two-particle system.

(a) Consider the Hamiltonian
Hy=a(S2+57-52)/n
Determine its eigenvalues and eigenvectors.

(b) Consider the perturbation H, = )\(Su - S’%) Calculate the new energies
in first-order perturbation theory.
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8.9.21 Another Perturbation with 2 Spins

Consider a system with the unperturbegi Hamil:coniAan fIQ = A—A(.SA'lz + S’gz) with
a perturbing Hamiltonian of the form H; = B(S155¢ — S1yS2y)-

(a) Calculate the eigenvalues and eigenvectors of ?H,
(b) Calculate the exact eigenvalues of Hy + Hy

(¢) By means of perturbation theory, calculate the first- and the second-order
shifts of the ground state energy of Hy, as a consequence of the perturba-
tion H;. Compare these results with those of (b).

8.9.22 Spherical cavity with electric and magnetic fields

Consider a spinless particle of mass m and charge e confined in spherical cavity
of radius R, that is, the potential energy is zero for » < R and infinite for r > R.

(a) What is the ground state energy of this system?

(b) Suppose that a weak uniform magnetic field of strength B is switched on.
Calculate the shift in the ground state energy.

(¢) Suppose that, instead a weak uniform electric field of strength £ is switched
on. Will the ground state energy increase or decrease? Write down, but
do not attempt to evaluate, a formula for the shift in the ground state
energy due to the electric field.

(d) If, instead, a very strong magnetic field of strength B is turned on, ap-
proximately what would be the ground state energy?

8.9.23 Hydrogen in electric and magnetic fields

Consider the n = 2 levels of a hydrogen-like atom. Neglect spins. Calculate to
lowest order the energy splittings in the presence of both electric and magnetic
fields B = Bé, and & = £¢é,.

8.9.24 n =3 Stark effect in Hydrogen

Work out the Stark effect to lowest nonvanishing order for the n = 3 level of the
hydrogen atom. Obtain the energy shifts and the zeroth order eigenkets.

8.9.25 Perturbation of the n =3 level in Hydrogen - Spin-
Orbit and Magnetic Field corrections

In this problem we want to calculate the 1st-order correction to the n=3 un-
perturbed energy of the hydrogen atom due to spin-orbit interaction and mag-
netic field interaction for arbitrary strength of the magnetic field. We have
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H= ﬁo + f[so + f[m where

. PP 1

=22 vy | V) =-e (7)
2m r

- 1 1dv(r) s -

Hso = - So : LO
[2m2c2 r dr ] P P

i, = %B(Eop +25,,)- B

We have two possible choices for basis functions, namely,
[nlsmyms) or |nlsjm;)
The former are easy to write down as direct-product states
[nlsmems) = Rpe(r)Y," (0, 0) |s,ms)

while the latter must be constructed from these direct-product states using ad-
dition of angular momentum methods. The perturbation matrix is not diagonal
in either basis. The number of basis states is given by

n—-1=2
> (20+1)x2=10+6+2=18
£=0
All the 18 states are degenerate in zero-order. This means that we deal with an
18 x 18 matrix (mostly zeroes) in degenerate perturbation theory.

Using the direct-product states

(a) Calculate the nonzero matrix elements of the perturbation and arrange
them in block-diagonal form.

(b) Diagonalize the blocks and determine the eigenvalues as functions of B.

(c¢) Look at the B — 0 limit. Identify the spin-orbit levels. Characterize them
by (€s]).

(d) Look at the large B limit. Identify the Paschen-Bach levels.
(e) For small B show the Zeeman splittings and identify the Lande g—factors.

(f) Plot the eigenvalues versus B.

8.9.26 Stark Shift in Hydrogen with Fine Structure

Excluding nuclear spin, the n = 2 spectrum of Hydrogen has the configuration:
where AEpg/h =10 GHz (the fine structure splitting) and AELqmp/h=1GHz
(the Lamb shift - an effect of quantum fluctuations of the electromagnetic field).
These shifts were neglected in the text discussion of the Stark effect. This is
valid if eapE, >> AE. Let x = eapE.,.
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Figure 8.11: n =2 Spectrum in Hydrogen

(a) Suppose & < AELqmp, but © << AEFg. . Then we need only consider the
(281/2,2])1/2) subspace in a near degenerate case. Find the new energy
eigenvectors and eigenvalues to first order. Are they degenerate? For what
value of the field (in volts/cm) is the level separation doubled over the
zero field Lamb shift? HINT: Use the representation of the fine structure
eigenstates in the uncoupled representation.

(b) Now suppose z > AErg. We must include all states in the near degenerate
case. Calculate and plot numerically the eigenvalues as a function of x, in
the range from 0 GHz < x < 10 GHz.

Comment on the behavior of these curves. Do they have the expected

asymptotic behavior? Find analytically the eigenvectors in the limit 2/AEpg —

oo. Show that these are the expected perturbed states.

8.9.27 2-Particle Ground State Energy

Estimate the ground state energy of a system of two interacting particles of
mass mp and mgy with the interaction energy

U(Fy —72) = C (|7?1 - f2|4)

using the variational method.

8.9.28 1s2s Helium Energies

Use first-order perturbation theory to estimate the energy difference between
the singlet and triple states of the (1s2s) configuration of helium. The 2s single
particle state in helium is

8.9.29 Hyperfine Interaction in the Hydrogen Atom

Consider the interaction




where up, pny are the Bohr magneton and the nuclear magneton, ap is the
Bohr radius, and S7, Sy are the proton and electron spin operators.

(a) Show that Hy s splits the ground state into two levels:

A 3A
Et:_lRy+Z s Esz—lRy—Z

and that the corresponding states are triplets and singlets, respectively.

(b) Look up the constants, and obtain the frequency and wavelength of the
radiation that is emitted or absorbed as the atom jumps between the
states. The use of hyperfine splitting is a common way to detect hydrogen,
particularly intergalactic hydrogen.

8.9.30 Dipole Matrix Elements

Complete with care; this is real physics. The charge dipole operator for the
electron in a hydrogen atom is given by

d(7) = —ef

Tts expectation value in any state vanishes (you should be able to see why
easily), but its matrix elements between different states are important for many
applications (transition amplitudes especially).

(a) Calculate the matrix elements of each of the components between the
1s ground state and each of the 2p states(there are three of them). By
making use of the Wigner-Eckart theorem (which you naturally do without
thinking when doing the integral) the various quantities are reduced to a
single irreducible matrix element and a very manageable set of Clebsch-
Gordon coefficients.

(b) By using actual H-atom wavefunctions (normalized) obtain the magnitude
of quantities as well as the angular dependence (which at certain points
at least are encoded in terms of the (¢, m) indices).

(¢) Reconstruct the vector matrix elements
(Ls|d|2p;)

and discuss the angular dependence you find.

8.9.31 Variational Method 1

Let us consider the following very simple problem to see how good the variational
method works.

(a) Consider the 1-dimensional harmonic oscillator. Use a Gaussian trial
wave function 1, (z) = e==" Show that the variational approach gives

the exact ground state energy.
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(b)

()

Suppose for the trial function, we took a Lorentzian
1
72 +

%(Jf) =

Using the variational method, by what percentage are you off from the
exact ground state energy?

Now consider the double oscillator with potential
1
V(@) = gmet(fel - a)?

as shown below:

Figure 8.12: Double Oscillator Potential

Argue that a good choice of trial wave functions are:
V() = up(z - a) tu,(x +a)

where the u, (z) are the eigenfunctions for a harmonic potential centered
at the origin.

Using this show that the variational estimates of the energies are

A, +B
) O ——Ll n
"o1xC,

where
An:fun(x—a)ﬁun(:c—a)dm
Bn:fun(m—a)f{un(ac+a)dx

Cn:/un(x+a)ﬁun(x—a)dm

For a much larger than the ground state width, show that

- 2V
AE; = E(() ) E(()+) ~ 2hw | rhz e 2Volhw
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where Vo = mw?a?/2. This is known as the ground tunneling splitting.
Explain why?

(f) This approximation clearly breaks down as a — 0. Think about the limits
and sketch the energy spectrum as a function of a.

8.9.32 Variational Method 2

For a particle in a box that extends from —a to +a, try the trial function (within
the box)

U(z) = (z-a)(z+a)
and calculate E. There is no parameter to vary, but you still get an upper
bound. Compare it to the true energy. Convince yourself that the singularities
in ¢"" at x = +a do not contribute to the energy.

8.9.33 Variational Method 3
For the attractive delta function potential
V(z) = -aVhé(x)

use a Gaussian trial function. Calculate the upper bound on Ey and compare
it to the exact answer —ma®VZ/2h?.

8.9.34 Variational Method 4
For an oscillator choose

o]

(z-a)*(x+a)? |z|<a

0 |z| > a

calculate F(a), minimize it and compare to hw/2.

8.9.35 Variation on a linear potential

Counsider the energy levels of the potential V(z) = g|z|.

(a) By dimensional analysis, reason out the dependence of a general eigenvalue
on the parameters m = mass, h and g.

(b) With the simple trial function

Y(x) =ch(x+a)f(a-1x) (1 _ |z)

compute (to the bitter end) a variational estimate of the ground state
energy. Here both ¢ and a are variational parameters.

(¢) Why is the trial function ¥ (z) = cf(x + a)f(a — ) not a good one?

(d) Describe briefly (no equations) how you would go about finding a varia-

tional estimate of the energy of the first excited state.
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8.9.36 Average Perturbation is Zero

Consider a Hamiltonian

2p
H, is perturbed by the spin-orbit interaction for a spin= 1/2 particle,

A -
!

Show that the average perturbation of all states corresponding to a given term
(which is characterized by a given L and S) is equal to zero.

8.9.37 3-dimensional oscillator and spin interaction

A spin= 1/2 particle of mass m moves in a spherical harmonic oscillator potential

and is subject to the interaction

Compute the shift of the ground state energy through second order.

8.9.38 Interacting with the Surface of Liquid Helium

An electron at a distance x from a liquid helium surface feels a potential

V@) - {—K/x z>0

00 z<0
where K is a constant.

In Problem 8.7 we solved for the ground state energy and wave function of this
system.

Assume that we now apply an electric field and compute the Stark effect shift
in the ground state energy to first order in perturbation theory.

8.9.39 Positronium + Hyperfine Interaction

Positronium is a hydrogen atom but with a positron as the "nucleus" instead of
a proton. In the nonrelativistic limit, the energy levels and wave functions are
the same as for hydrogen, except for scaling due to the change in the reduced
mass.
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(a) From your knowledge of the hydrogen atom, write down the normalized
wave function for the 1s ground state of positronium.

(b) Evaluate the root-mean-square radius for the 1s state in units of ag. Is
this an estimate of the physical diameter or radius of positronium?

(c¢) In the s states of positronium there is a contact hyperfine interaction

S . . .
Hiy = —gﬂe - fpd ()

where [i. and ji, are the electron and positron magnetic moments and

ﬁ:

Using first order perturbation theory compute the energy difference be-
tween the singlet and triplet ground states. Determine which lies lowest.
Express the energy splitting in GHz. Get a number!

8.9.40 Two coupled spins

Two oppositely charged spin—1/2 particles (spins §1=hd1/2 and S2=hd2/2 ) are
coupled in a system with a spin-spin interaction energy AE. The system is
placed in a uniform magnetic field B = B%. The Hamiltonian for the spin
interaction is

~ AE_ L .
HZTO'1°O'2—(/11+,LL2)'B

where Ji; = g;103;/h is the magnetic moment of the j'* particle.

(a) If we define the 2-particle basis-states in terms of the 1-particle states by

D=+ l+)e o 2=l =) o B =lhle)e 0 ) =110,
where
O |[4); = F); 5 owlt)=#ilF); , oizlE); = x[+)
and
012022 |1) = 012022 [+)1 [+)3 = (012 [+)1) (022 [+)5) = [)1 =) = [4)

then derive the results below.

The energy eigenvectors for the 4 states of the system, in terms of the
eigenvectors of the z—component of the operators G; = 2§;/h are

) =+ [+ =) ) =d|=)y )y +cl+) =)y = dI3) +c[2)
[3) =cl-)i[+)y —def+)y [=)y =c3) =d2) |4} =[-)1]-)y = 14)
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where

Ozi |i>z =+ |i>z‘

as stated above and

d:l(l_x)”z S (= )“2 - H0Blo2 - 91)
V2 V1+a2 V2 V1+ 2 ’ AE

(b) Find the energy eigenvalues associated with the 4 states.
(¢) Discuss the limiting cases

M>>1 , @«1
AE AE

Plot the energies as a function of the magnetic field.

8.9.41 Perturbed Linear Potential

A particle moving in one-dimension is bound by the potential

V(x):{am x>0

oo x<0

where a > 0 is a constant. Estimate the ground state energy using first-order
perturbation theory by the following method: Write V' =V + V; where Vy(z) =
br?, Vi(x) = ax - bx? (for x > 0), where b is a constant and treat Vi as a
perturbation.

8.9.42 The ac-Stark Effect

Suppose an atom is perturbed by a monochromatic electric filed oscillating at
frequency wy, E(t) = E,coswpté, (such as from a linearly polarized laser),
rather than the dc-field studied in the text. We know that such a field can be
absorbed and cause transitions between the energy levels: we will systematically
study this effect later. The laser will also cause a shift of energy levels of
the unperturbed states, known alternatively as the ac-Stark effect, the light
shift, and sometimes the Lamp shift (don’t you love physics humor). In this
problem, we will look at this phenomenon in the simplest case that the field
is near to resonance between the ground state |g) and some excited state |e),
WL ® Weg = (Ee — Ey)/h, so that we can ignore all other energy levels in the
problem (the two-level atom approximation).

(i) The classical picture. Consider first the Lorentz oscillator model of
the atom - a charge on a spring - with natural resonance at wg. The
Hamiltonian for the system is

p> 1 s =
H="—+ _mwiz>—d-E(t)
2m 2

where d = —ez is the dipole.
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7’ v

Figure 8.13: Lorentz Oscillator

(a) Ignoring damping of the oscillator, use Newton’s Law to show that
the induced dipole moment is

Jinduced(t) = aE(t) = CKEZ coswrt

where
e2/m —e?

2_ 27
Wi —wi  2mwoA

Q=

is the polarizability with A = wy, —wq the detuning.
(b) Use your solution to show that the total energy stored in the system
is
1 1
H-= —idmduced(t)E(t) = —iaE (t)

or the time average value of H is

_ 1

H= —ZaEg
Note the factor of 1/2 arises because energy is required to create the
dipole.

(ii) The quantum picture. We consider the two-level atom described above.
The Hamiltonian for this system can be written in a time independent form
(equivalent to the time-averaging done in the classical case).

I:I = I:Iatom + ﬁint

where Hutom = —hA le) (e| is the unperturbed atomic Hamiltonian and
Hine = —% (le) (g +1g) (e]) is the dipole-interaction with A = (e|d|g) - E.

(a) Find the ezact energy eigenvalues and eigenvectors for this simple
two dimensional Hilbert space and plot the levels as a function of A.
These are known as the atomic dressed states.

(b) Expand your solution in (a) to lowest nonvanishing order in € to find
the perturbation to the energy levels. Under what conditions is this
expansion valid?
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Confirm your answer to (b) using perturbation theory. Find also
the mean induced dipole moment (to lowest order in perturbation
theory), and from this show that the atomic polarizability, defined
by (d) = aF is given by

| (eld]g)[”
hA

so that the second order perturbation to the ground state is E§2) =
~aE? as in part (b).
Show that the ratio of the polarizability calculated classically in (b)
and the quantum expression in (c¢) has the form

_ Qquantum _ |{e|z]g)[”

Qclassical (AZ2)SHO

where (AzQ) 1o Is the SHO zero point variance. This is also known
as the oscillator strength.

We see that in lowest order perturbation theory an atomic resonance looks
just like a harmonic oscillator with a correction factor given by the oscilla-
tor strength and off-resonance harmonic perturbations cause energy level
shifts as well as absorption and emission(Chapter 11).

8.9.43 Light-shift for multilevel atoms

We found the ac-Stark (light shift) for the case of a two-level atom driven by a
monchromatic field. In this problem we want to look at this phenomenon in a
more general context, including arbitrary polarization of the electric field and
atoms with multiple sublevels.

Consider then a general monochromatic electric field E(&,t) = R(E(&)e ™rt),
driving an atom near resonance on the transition |g; J4) — |e; Je), where the
ground and excited manifolds are each described by some total angular momen-
tum J with degeneracy 2J + 1. The generalization of the ac-Stark shift is now
the light-shift operator acting on the 2J, + 1 dimensional ground manifold:

Here,

Vis(@) = (@) - B(@)

is the atomic polarizability tensor operator, where Jeg = Pedﬁ’g is the dipole
operator, projected between the ground and excited manifolds; the projector
onto the excited manifold is

Je
P = Z le; Je, Me) (e; Je, M|
Mo=—J,
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and similarly for the ground manifold.

(a)

By expanding the dipole operator in the spherical basis(+,0), show that
the polarizability operator can be written

2
éq |ga JgaMg> <ga JgaMg|éq ¥

Mgy+q
£ [ea;
q,Mg

O
Il

a M My+q -
+ X CMj:g—q’ CM§+q €q 19 Jg, Mg +q - a') {9, Jg, Mg| €q
q#q’, Mg
where
e g )P
hA
and

Cofe = (Je M | 1q.J, M)

Explain physically, using dipole selection rules, the meaning of the expres-
sion for a.

Consider a polarized plane wave, with complex amplitude of the form
E(:E) = E1&1e*"% where F; is the amplitude and £, the polarization (possi-
bly complex). For an atom driven on the transition |g; J, = 1) — |e; Je = 2)
and the cases (i) linear polarization along z, (ii) positive helicity polariza-
tion, (iii) linear polarization along z, find the eigenvalues and eigenvectors
of the light-shift operator. Express the eigenvalues in units of

1.
V1 = _10[|E1|2.

Please comment on what you find for cases (i) and (iii). Repeat for
lg; Jg =1/2) - |e; J. = 3/2) and comment.

A deeper insight into the light-shift potential can be seen by expressing
the polarizability operator in terms of irreducible tensors. Verify that the
total light shift is the sum of scalar, vector, and rank-2 irreducible tensor
interactions,

Vig = —i (|E(;f)|2a€o> +(E*(2) x B(2) - oM + E*(2) - a® -E(gz))

where A R . .
~ o dge-d < dg xd,
(0) = 29¢ _~¢9 (1) = 29¢~ 79
“ A 0 @ “2hA
and
o (ddedd,
04(2)2-]- = A ge g 5 ge 9¢ _ a(0)5ij
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(d) For the particular case of |g; J, = 1/2) — |e; Jo = 3/2), show that the rank-2
tensor part vanishes. Show that the light-shift operator can be written in
a basis independent form of a scalar interaction (independent of sublevel),
plus an effective Zeeman interaction for a fictitious B-field interacting with
the spin-1/2 ground state,

Vis = Vo(@)] + Byict(2) - 6
where
2
Vo(Z) = §U1|§L(§§)|2 — proportional to field intensity

and
Er () x e (Z)

= 1
Byice(Z) = §U1 ( ; ) — proportional to field ellipticity

and we have written E(Z) = E1é.(#). Use this form to explain your
results from part (b) on the transition |g; J, = 1/2) — |e; Je = 3/2).
8.9.44 A Variational Calculation
Consider the one-dimensional box potential given by

V() 0 forl|z|<a
xTr) =
oo for |z|>a

Use the variational principle with the trial function

() = la]* - |af*

where A is a variational parameter. to estimate the ground state energy. Com-
pare the result with the exact answer.

8.9.45 Hyperfine Interaction Redux

An important effect in the study of atomic spectra is the so-called hyperfine
interaction — the magnetic coupling between the electron spin and the nuclear
spin. Consider Hydrogen. The hyperfine interaction Hamiltonian has the form

. 1. .
Hyp = 9sGillBIN 381

where § is the electron’s spin—1/2 angular momentum and i is the proton’s
spin—1/2 angular momentum and the appropriate g-factors and magnetons are
given.

(a) In the absence of the hyperfine interaction, but including the electron and
proton spin in the description, what is the degeneracy of the ground state?
Write all the quantum numbers associated with the degenerate sublevels.
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(b) Now include the hyperfine interaction. Let f = i+ § be the total spin
angular momentum. Show that the ground state manifold is described
with the good quantum numbers [n=1,£=0,s=1/2,i=1/2, f, m;). What
are the possible values of f and m?

(¢) The perturbed 1s ground state now has hyperfine splitting. The energy
level diagram is sketched below.

Figure 8.14: Hyperfine Splitting

Label all the quantum numbers for the four sublevels shown in the figure.

(d) Show that the energy level splitting is

1
AEgrp = gsgiuBMN(TT),)ls

Show numerically that this splitting gives rise to the famous 21 cm radio
frequency radiation used in astrophysical observations.

8.9.46 Find a Variational Trial Function

We would like to find the ground-state wave function of a particle in the potential
V =50(e™*-1)? with m = 1 and h = 1. In this case, the true ground state energy
is known to be Ey = 39/8 = 4.875. Plot the form of the potential. Note that the
potential is more or less quadratic at the minimum, yet it is skewed. Find a
variational wave function that comes within 5% of the true energy. OPTIONAL:
How might you find the exact analytical solution?

8.9.47 Hydrogen Corrections on 2s and 2p Levels

Work out the first-order shifts in energies of 2s and 2p states of the hydrogen
atom due to relativistic corrections, the spin-orbit interaction and the so-called
Darwin term,

4 2 2

p 1 1dVe,- - K, Ze
) W vhl VA VA
8m3c? g4m3027" dr( ) 8m2c?

where you should be able to show that V2V, = 4w§(7). At the end of the
calculation, take g = 2 and evaluate the energy shifts numerically.
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8.9.48 Hyperfine Interaction Again

Show that the interaction between two magnetic moments is given by the Hamil-
tonian

2 L L. o 1 T i
H = —2po(fin - i2)0(Z - §) = - (3 TQJ —%)uw%

where r; = z; — y;. (NOTE: Einstein summation convention used above). Use
first-order perturbation to calculate the splitting between F' = 0,1 levels of
the hydrogen atoms and the corresponding wavelength of the photon emission.
How does the splitting compare to the temperature of the cosmic microwave
background?

8.9.49 A Perturbation Example

Suppose we have two spin—1/2 degrees of freedom, A and B. Let the initial
Hamiltonian for this joint system be given by

Ho=-7B. (S eI” +1* @ SP)

where T4 and I'? are identity operators, S ZA is the observable for the z—component
of the spin for the system A, and Sf is the observable for the z—component of
the spin for the system B. Here the notation is meant to emphasize that both

spins experience the same magnetic field B = B, 2 and have the same gyromag-

netic ratio 7.

(a) Determine the energy eigenvalues and eigenstates for Hy
(b) Suppose we now add a perturbation term Hyopq = Ho + W, where
W=XS"SP=)(Sesl+S) eSSl +5)eSP)

Compute the first-order corrections to the energy eigenvalues.

8.9.50 More Perturbation Practice

Consider two spi—1/2 degrees of freedom, whose joint pure states can be repre-
sented by state vectors in the tensor-product Hilbert space Hap = Ha ® Hp,
where H4 and Hp are each two-dimensional. Suppose that the initial Hamilto-
nian for the spins is

Ho=(-vaB.S2)® I + 1" ® (-y5B.SE)

(a) Compute the eigenstates and eigenenergies of Hy, assuming 4 # vp and
that the gyromagnetic ratios are non-zero. If it is obvious to you what the
eigenstates are, you can just guess them and compute the eigenenergies.

(b) Compute the first-order corrections to the eigenstates under the pertur-
bation
W=a84es8

where « is a small parameter with appropriate units.
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