
Quantum Computing
Fall-Winter 2025 - ZOOM classes

Lectures - Professor John Boccio

Snellville, Georgia

Tuesday Evenings at 7:00PM beginning 09/23/25

I first present lectures meant for undergraduate physics majors created by 
California Professor Peter Young

They will involve extensive use of standard Quantum Mechanics.
I think we will all find it easier to follow and understand.

I then present lectures for the more mathematically advanced(calculus and linear algebra)                            
from papers and a book created by 
Cornell Professor David Mermin 

They will require a reasonable knowledge of Quantum Mechanics.
It is the path a mathematical physicist  prefers!

I am not an expert in Quantum Computing, but know the above two guys as good friends and 
know that their classes were/are great.

So let us have fun following them!



Now we will present lectures meant for 
undergraduate physics majors created by 

California Professor Peter Young

They will involve extensive use of standard 
Quantum Mechanics



What Should Your Approach Be To The Mathematical Details In This Class.

The qubit mathematics can be very tedious for a large number of qubits.

My lecture notes contain all the necessary steps and mathematical details needed for a full understanding 
of all aspects the subject along with added explanations in words.

You can: 

(1) Follow along without checking all the details as we proceed and just attempt to understand the 
meaning of the results - this is very rewarding.

(2) Do a reasonable portion of the mathematics yourself, so that you are convinced about how things 
work in detail and then proceed as in (1)

(3) Do all the mathematics - your goal being the ability to completely analyze a qubit circuit.

Although the details of calculations are in the notes, I will not attempt to do any detailed mathematical 
steps in class.

In any of these ways, following the lecture notes will enable you to understand quantum computing 
circuits/processes and read/understand journal articles.



1 - The Strange World of Quantum Mechanics Needed for Quantum Computing

1.1 Introduction

As many of you know, the quantum world is strange and different from the classical world that we 
observe around us. 

Our intuition obtained from everyday experience is for objects that we can observe directly. 

It does not apply to the quantum world where we are dealing with very small objects, objects that (in 
most cases) are too small to observe without specialized instruments.

The big question which we will address in this class is whether we can use the difference between
the quantum and classical worlds to find more efficient algorithms to solve certain problems by putting
the data into a quantum computer in which it is processed according to quantum rules rather than
classical rules. 

This discussion of quantum mechanics is very important - we use it to point out all of the quantum 
mechanics properties that will be needed/used in quantum computing.

We shall see that for some problems the answer to the above question is “yes”. 



I should mention now that there is still remains a practical question of whether we can actually build a 

useful(size and computing capability) quantum computer. 

The difficulties of building such a device have not yet been overcome, though much progress has been 

made over the last 4 decades.

In this class, we will first focus on theory and then we will describe some of the experimental approaches 

that are being implemented to try to achieve this goal.

A quantum computer, then, is one in which data is processed by quantum, rather than classical rules. 

What do we mean by this? 

In a classical computer the data is stored in bits, which take two values 0 and 1.

A quantum computer also uses 2-state systems called qubits. 



We indicate these two states by |0⟩ and |1⟩, a notation(language) introduced by the physicist Paul Dirac. 

The difference from classical bits is that the general state of a qubit, which we will write as |ψ⟩, is a     

so-called superposition of states |0⟩ and |1⟩:

where α and β are numbers (complex in general). 

For reasons that will be explained later, we will need the condition |α|2 + |β|2 = 1. 

One sometimes says “loosely” that a qubit in the state described by Eq. (1.1) is simultaneously in states    

|0⟩and |1⟩. However, remember to always be careful using “words” when describing mathematics!

This is to be contrasted with a classical bit which either takes value 0 or 1 (definite).

Our main goal in this course will be to see if one can gain computationally from superposition states.

—> Normalized to 1 —> unit vector

mathematical definition of a superposition



1.2 The Two-Slit Experiment

You are probably familiar with experiments involving light going through slits which supposedly 
demonstrates that light, being a wave, shows interference effects.

First consider just one slit. 

If the slit width d is very large compared with the wavelength of light λ (called the geometrical optics 

limit) then, to a good approximation, the light continues in a straight line. 

For those of you interested in geometrical optics  , I put a set of class note for an OPTICS class on my 

website in the “Other Notes” folder.

However, if the slit width is comparable to, or less than, λ, the light spreads out after passing through the 

slit, a process called diffraction. 

Figure 1.1 sketches the intensity of light observed on a screen behind the slit.



Figure 1.1: A beam of light spreads out (diffracts) 
when passing though a slit of width d which is 
comparable to, or smaller than, the wavelength of the 
light λ. The figure shows a sketch of the intensity of the 
beam on a screen after it has passed through the slit.

If the light beam passes two slits, as shown in Fig. 1.2 one observes interference fringes, oscillations of 
strong and weak intensity, due to “interference between between the beams going through the two slits”.

Figure 1.2: A two slit experiment. Interference 
fringes, oscillations of strong and weak intensity, are 
seen due destructive and constructive interference. 
The overall envelope of the intensity has a similar 
form to that from a single slit shown in Fig. 1.1.



If the difference in path length |r1-r2|(see Fig. 1.3) satisfies |r1-r2| = nλ (for integer n) one has constructive 

interference and a maximum intensity, whereas if |r1-r2|= (n + 1/2)λ one has destructive interference and a 

minimum intensity. 

Hence, as one moves along the screen one alternately sees regions of low intensity and high intensity. 

These are called interference fringes.

Figure 1.3: The difference in the length of the paths 
taken by the beams going through the two slits is |r1-r2|. 
This varies as a function of the location on the screen, so 
the interference changes from constructive, where               
|r1-r2| = nλ, to destructive, where |r1-r2|= (n + 1/2)λ with 
n an integer.

This is the classical picture. 

That is, we shine a beam at the two slits, “some” of it goes through one slit, “some” goes through the 

other slit, and when these two beams recombine at the screen they interfere.



Now we reduce the intensity of the light. 

At some point we would notice that light is not a continuous wave but consists of discrete packets of 

energy called photons. 

To detect individual photons, we place an array of photon counters on the screen and count the number 

of discrete clicks in each counter, see Fig. 1.4. 

We record the number of clicks for counters placed at different points on the screen.

Figure 1.4: The two slit experiment where individual 
photons are detected by an array of counters which 
count the number of photons at their location.

Suppose we reduce the intensity so much that the time between emitting photons is greater than the time 
it takes a photon to pass through the experimental setup, i.e., the photons go through one at a time. 



Do we still see an interference pattern? 

Using our classical intuition we would say “no” because surely each photon “must” either go through 

the upper slit or the lower one and can therefore not interfere with itself. 

In other words we would expect the intensity of clicks in the counters to vary smoothly along the screen, 

as in the classical single slit experiment shown in Fig. 1.1.

Amazingly, as many of you already know, this is not so and we do see an interference pattern. 

In other words the number of clicks in the counters varies rapidly and in a oscillatory manner as we 

move along the screen, just as in the classical two-slit experiment shown in Fig. 1.2. 

It looks as though a single photon does go through both slits. 

You may already be feeling (correctly) that this looks suspiciously like a superposition state such as the 

one we we wrote down in Eq. (1.1), where now |0⟩ refers to photon passing through the upper slit and |1⟩ 

to photon passing through the lower slit.



You might ask “why don’t we just look and see which slit the photon went through”. 

Well, photons being electrically neutral are hard to observe unless we absorb them (which we want to do 

only when they reach the screen). 

The rate of scattering of one photon by another is immeasurably small. 

So, with photons we can’t observe which slit they went though. 

However, we can do the same experiment with electrons rather than photons. 

Like photons, electrons have both particle and wave-like properties, but, being charged, they readily 

scatter light so we can see/observe them by shining light on them.

In this new version of the experiment we send electrons through the slits one at a time. 

To see which slit they went through we shine light of wavelength λ at the slits and observe a flash of 

light every time an electron goes through.



Suppose that we choose a light source that has a wavelength  λ  which is bigger than the slit spacing d. 

We do see a flash every time an electron passes through, and observe that there is still an interference

pattern but, the flash of light is of size λ which is greater than the separation of the slits, so we can’t tell

which slit the electron went through. 

Clearly we need to use a light source with wavelength less than d.

When we do this, indeed we see a flash at either the upper slit or the lower slit every time an electrons

passes, so we’ve achieved our goal of observing which slit each electron goes through. 

But alas, when we look at the counts registered on the detectors we see that the interference fringes have 

been washed out, and we have just a smooth variation in the number of clicks along the screen. 

Observations such as these show that it is not possible to determine which slit each electron goes through 
and also observe interference fringes.



This observation guides us to a second piece of intuition regarding quantum mechanics , the first, 
mentioned above, is that a quantum system can be in a superposition state, and, second that a 
measurement can unavoidably change a quantum state, and in particular can destroy a superposition.

Classically, measurements are passive, and can be done in a delicate way so they simply reveal a reality 

which is already present whether we observe it or not. 

Quantum mechanically, measurements play a much more active role and can change the state of the 

system. 

In particular, we shall see that if we observe a system in a particular state, we can’t necessarily say that it 

was in that state before the measurement.

1.3 Stern-Gerlach Experiment

We will now discuss a second experiment (a very familiar one) which gives additional insight into the 
superposition states.



Consider the hydrogen atom, which consists of one proton (the nucleus), which has a positive electric 

charge, and one electron which has a negative charge. 

In its ground state, the electron has a symmetric distribution of velocities and so there is no net 

circulating electric current around the proton. 

Hence the orbital motion of the electron does not give rise to a magnetic moment which could interact 

with an external magnetic field. 

However, the electron has an internal state, called spin, which does give rise to a magnetic moment       , 

proportional to the spin angular momentum.

Note: The proton also has a spin and hence a magnetic moment but, because of its much larger mass, its 
magnetic moment is much smaller than that of the electron and so does not play a role in our discussion.

There is a force on a magnetic moment in a field if the field is non-uniform.
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To see this, note that the energy of a magnetic moment in a magnetic field      is               and therefore 
the force, which is minus the spatial gradient(derivative) of the energy, is given by

so

where we have assumed, without loss of generality, that the field only changes as function of z. 

Hence a beam of hydrogen atoms in a non-uniform field varying in the z-direction will be deflected in 

the z-direction. 

For simplicity we assume that the field itself is also (predominantly) along the z-direction, see Fig. 1.5,
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Figure 1.5: A cross section of the magnet in the Stern-Gerlach 
experiment. The beam goes between the poles of the magnet, into 
the plane i.e. in the y-direction, and intersects the symmetry axis 
(which is in the z-direction and shown by the dashed line).



We now send in a beam of unpolarized(random direction) hydrogen atoms into a non-uniform field. 

This is equivalent to the famous Stern-Gerlach (SG) experiment. 

Since the direction of       is random, classically µz  takes a range of values,                                               

so we would expect a continuous range of deflections. 

However, it is found that only two beams emerge,                                                                                     

which are deflected in opposite directions, Fig. 1.6. 
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and hence the deflection will be proportional to µz.

so

Figure 1.6: The Stern-Gerlach apparatus.



Now suppose that we re-orientate the magnet so the field and its gradient are in the x-direction. 

Again we will see two beams emerging, indicating that µx   has only two possible values  |↑x⟩ and |↓x⟩.

Since     is proportional to the spin it seems that the spin component along z has only two components, 

corresponding to states which we might label as  |↑z⟩ and |↓z⟩, or alternatively as |0⟩ and |1⟩respectively.
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How are  |↑x⟩ and |↓x⟩ related to  |↑z⟩ and |↓z⟩? 

We can get an idea of this if we run our beam first through a SG setup with the field in the z-direction 

and then pass one of the resulting beams through an SG setup in the x-direction as shown in Fig. 1.7. 

Figure 1.7: The upper figure shows schematically separate 
Stern-Gerlach experiments with the field in the z-direction 
(SGz) and in the x direction (SGx). The lower figure shows 
a double Stern-Gerlach experiment in which the beam is 
passed first through an SG apparatus with a field in the z-
direction and then one of the beams is passed through an 
SG apparatus with the field in the x-direction.



It looks as though |↑z⟩ can be thought of as |↑x⟩ with probability 1/2 and |↓x⟩ with probability 1/2. 

We will see later that |↑z⟩ is actually a superposition of |↑x⟩ and |↓x⟩ as follows:

where we say that there is an amplitude 1/√2 for |↑z⟩ to be |↑x⟩ and amplitude 1/√2 for it to be |↓x⟩. 

As we shall also see later, the probability that a measurement gives a certain result is the square of the 

modulus of corresponding amplitude,   so the probability of measuring |↑x⟩ after the SGx apparatus is 1/2 

(as observed) and the same for |↓x⟩.

It is also true that

The final result is found to be two beams of equal intensity.



so if we run one of the beams from the SGx   apparatus in Fig. 1.7 through another SGz   apparatus we will 

get beams with equal intensity for |↑z⟩ and |↓z⟩, see Fig. 1.8.  

Note a surprising aspect of this result. 

After the first SGz   apparatus, there is zero probability for getting |↓z⟩ (because we blocked it off), but 

after the SGx  apparatus there is now a 50% probability for finding |↓z⟩. 

In other words, a non-zero probability for getting |↓z⟩ has been generated by the measurement. 

This is a clear example of a measurement (in this case that done by the SGx apparatus) affecting the state 

of the system.

Figure 1.8: We now add another SGz 

apparatus after the SGx apparatus in 
Fig. 1.7. The result is equal intensity 
in the beams for |↑z⟩and |↓z⟩. After 
each SG apparatus the upper line is 
for the “up” spin and the lower line 
for the “down” spin.



1.4 Photons

Previously, we noted that the spin of the electron is a two-state quantum system. 

Here we discuss another two-state quantum system, the photon, the quantum of light.

Light is an oscillating transverse electromagnetic field, in which the electric field      and magnetic         

field           are perpendicular both to each other and to the direction of propagation specified by the  

wave vector      . 

For example, if      is in the x direction,       in the y direction, and       in the z direction we have5

<latexit sha1_base64="B1n2dKNgMrEJlWoEDuqQFGfWIUI=">AAACAnicbVDLSsNAFL3xWeur6tJNsAiuSiJSuyyI4LKCfUAbymR60w6dTMLMpFBCdv6AW/0Dd+LWH/EH/A6nbRa29cCFwzn3cu89fsyZ0o7zbW1sbm3v7Bb2ivsHh0fHpZPTlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHdzO/PUGpWCSe9DRGLyRDwQJGiTZSuzdBmt5n/VLZqThz2OvEzUkZcjT6pZ/eIKJJiEJTTpTquk6svZRIzSjHrNhLFMaEjskQu4YKEqLy0vm5mX1plIEdRNKU0PZc/TuRklCpaeibzpDokVr1ZuJ/XjfRQc1LmYgTjYIuFgUJt3Vkz363B0wi1XxqCKGSmVttOiKSUG0SWtriSzJGnRVNMO5qDOukdV1xq5Xq4025XssjKsA5XMAVuHALdXiABjSBwhhe4BXerGfr3fqwPhetG1Y+cwZLsL5+AaulmAA=</latexit>

ωE
<latexit sha1_base64="TyDMMLk7sEYUhaLSQ++SAG+D7dM=">AAACAnicbVDLSsNAFL3xWeur6tJNsAiuSiJSuyy6cVnBPqANZTK9aYdOJmFmUighO3/Arf6BO3Hrj/gDfofTNgvbeuDC4Zx7ufceP+ZMacf5tjY2t7Z3dgt7xf2Dw6Pj0slpS0WJpNikEY9kxycKORPY1Exz7MQSSehzbPvj+5nfnqBULBJPehqjF5KhYAGjRBup3ZsgTe+yfqnsVJw57HXi5qQMORr90k9vENEkRKEpJ0p1XSfWXkqkZpRjVuwlCmNCx2SIXUMFCVF56fzczL40ysAOImlKaHuu/p1ISajUNPRNZ0j0SK16M/E/r5vooOalTMSJRkEXi4KE2zqyZ7/bAyaRaj41hFDJzK02HRFJqDYJLW3xJRmjzoomGHc1hnXSuq641Ur18aZcr+URFeAcLuAKXLiFOjxAA5pAYQwv8Apv1rP1bn1Yn4vWDSufOYMlWF+/ptqX/Q==</latexit>

ωB

<latexit sha1_base64="HAFQYNtm5tu1Fro/JkTFJuaFCmk=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRKR2mXBjcsK9gFtKJPpTTtkMgkzk0IJ3fkDbvUP3Ilbf8Qf8DuctlnY1gMXDufcy733+AlnSjvOt1XY2t7Z3Svulw4Oj45PyqdnbRWnkmKLxjyWXZ8o5ExgSzPNsZtIJJHPseOH93O/M0GpWCye9DRBLyIjwQJGiTZSpz9BmoWzQbniVJ0F7E3i5qQCOZqD8k9/GNM0QqEpJ0r1XCfRXkakZpTjrNRPFSaEhmSEPUMFiVB52eLcmX1llKEdxNKU0PZC/TuRkUipaeSbzojosVr35uJ/Xi/VQd3LmEhSjYIuFwUpt3Vsz3+3h0wi1XxqCKGSmVttOiaSUG0SWtniSxKinpVMMO56DJukfVN1a9Xa422lUc8jKsIFXMI1uHAHDXiAJrSAQggv8Apv1rP1bn1Yn8vWgpXPnMMKrK9f6FuYJg==</latexit>

ωk

<latexit sha1_base64="B1n2dKNgMrEJlWoEDuqQFGfWIUI=">AAACAnicbVDLSsNAFL3xWeur6tJNsAiuSiJSuyyI4LKCfUAbymR60w6dTMLMpFBCdv6AW/0Dd+LWH/EH/A6nbRa29cCFwzn3cu89fsyZ0o7zbW1sbm3v7Bb2ivsHh0fHpZPTlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHdzO/PUGpWCSe9DRGLyRDwQJGiTZSuzdBmt5n/VLZqThz2OvEzUkZcjT6pZ/eIKJJiEJTTpTquk6svZRIzSjHrNhLFMaEjskQu4YKEqLy0vm5mX1plIEdRNKU0PZc/TuRklCpaeibzpDokVr1ZuJ/XjfRQc1LmYgTjYIuFgUJt3Vkz363B0wi1XxqCKGSmVttOiKSUG0SWtriSzJGnRVNMO5qDOukdV1xq5Xq4025XssjKsA5XMAVuHALdXiABjSBwhhe4BXerGfr3fqwPhetG1Y+cwZLsL5+AaulmAA=</latexit>

ωE
<latexit sha1_base64="TyDMMLk7sEYUhaLSQ++SAG+D7dM=">AAACAnicbVDLSsNAFL3xWeur6tJNsAiuSiJSuyy6cVnBPqANZTK9aYdOJmFmUighO3/Arf6BO3Hrj/gDfofTNgvbeuDC4Zx7ufceP+ZMacf5tjY2t7Z3dgt7xf2Dw6Pj0slpS0WJpNikEY9kxycKORPY1Exz7MQSSehzbPvj+5nfnqBULBJPehqjF5KhYAGjRBup3ZsgTe+yfqnsVJw57HXi5qQMORr90k9vENEkRKEpJ0p1XSfWXkqkZpRjVuwlCmNCx2SIXUMFCVF56fzczL40ysAOImlKaHuu/p1ISajUNPRNZ0j0SK16M/E/r5vooOalTMSJRkEXi4KE2zqyZ7/bAyaRaj41hFDJzK02HRFJqDYJLW3xJRmjzoomGHc1hnXSuq641Ur18aZcr+URFeAcLuAKXLiFOjxAA5pAYQwv8Apv1rP1bn1Yn4vWDSufOYMlWF+/ptqX/Q==</latexit>

ωB

<latexit sha1_base64="HAFQYNtm5tu1Fro/JkTFJuaFCmk=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRKR2mXBjcsK9gFtKJPpTTtkMgkzk0IJ3fkDbvUP3Ilbf8Qf8DuctlnY1gMXDufcy733+AlnSjvOt1XY2t7Z3Svulw4Oj45PyqdnbRWnkmKLxjyWXZ8o5ExgSzPNsZtIJJHPseOH93O/M0GpWCye9DRBLyIjwQJGiTZSpz9BmoWzQbniVJ0F7E3i5qQCOZqD8k9/GNM0QqEpJ0r1XCfRXkakZpTjrNRPFSaEhmSEPUMFiVB52eLcmX1llKEdxNKU0PZC/TuRkUipaeSbzojosVr35uJ/Xi/VQd3LmEhSjYIuFwUpt3Vsz3+3h0wi1XxqCKGSmVttOiaSUG0SWtniSxKinpVMMO56DJukfVN1a9Xa422lUc8jKsIFXMI1uHAHDXiAJrSAQggv8Apv1rP1bn1Yn8vWgpXPnMMKrK9f6FuYJg==</latexit>

ωk

The physical fields are the real parts of these expressions.

The direction of       is called the polarization direction.
<latexit sha1_base64="B1n2dKNgMrEJlWoEDuqQFGfWIUI=">AAACAnicbVDLSsNAFL3xWeur6tJNsAiuSiJSuyyI4LKCfUAbymR60w6dTMLMpFBCdv6AW/0Dd+LWH/EH/A6nbRa29cCFwzn3cu89fsyZ0o7zbW1sbm3v7Bb2ivsHh0fHpZPTlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHdzO/PUGpWCSe9DRGLyRDwQJGiTZSuzdBmt5n/VLZqThz2OvEzUkZcjT6pZ/eIKJJiEJTTpTquk6svZRIzSjHrNhLFMaEjskQu4YKEqLy0vm5mX1plIEdRNKU0PZc/TuRklCpaeibzpDokVr1ZuJ/XjfRQc1LmYgTjYIuFgUJt3Vkz363B0wi1XxqCKGSmVttOiKSUG0SWtriSzJGnRVNMO5qDOukdV1xq5Xq4025XssjKsA5XMAVuHALdXiABjSBwhhe4BXerGfr3fqwPhetG1Y+cwZLsL5+AaulmAA=</latexit>

ωE
<latexit sha1_base64="HAFQYNtm5tu1Fro/JkTFJuaFCmk=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRKR2mXBjcsK9gFtKJPpTTtkMgkzk0IJ3fkDbvUP3Ilbf8Qf8DuctlnY1gMXDufcy733+AlnSjvOt1XY2t7Z3Svulw4Oj45PyqdnbRWnkmKLxjyWXZ8o5ExgSzPNsZtIJJHPseOH93O/M0GpWCye9DRBLyIjwQJGiTZSpz9BmoWzQbniVJ0F7E3i5qQCOZqD8k9/GNM0QqEpJ0r1XCfRXkakZpTjrNRPFSaEhmSEPUMFiVB52eLcmX1llKEdxNKU0PZC/TuRkUipaeSbzojosVr35uJ/Xi/VQd3LmEhSjYIuFwUpt3Vsz3+3h0wi1XxqCKGSmVttOiaSUG0SWtniSxKinpVMMO56DJukfVN1a9Xa422lUc8jKsIFXMI1uHAHDXiAJrSAQggv8Apv1rP1bn1Yn8vWgpXPnMMKrK9f6FuYJg==</latexit>

ωk



There are two distinct polarizations which we can call “horizontal” (along    )

and “vertical”, (along      )

What are the analogs of |↑x⟩ and |↓x⟩? 

The answer is diagonal polarizations:

<latexit sha1_base64="ZnMufi76E+Yq1TJ5QPJulbiZedY=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyKxBwDXjxGMA9IltA7mU2GnX0w0yuGJTd/wKv+gTfx6o/4A36Hk2QPJrGgoajqprvLS6TQaNvfVmFjc2t7p7hb2ts/ODwqH5+0dZwqxlsslrHqeqC5FBFvoUDJu4niEHqSd7zgduZ3HrnSIo4ecJJwN4RRJHzBAI3U6Y8Bs6fpoFyxq/YcdJ04OamQHM1B+ac/jFka8giZBK17jp2gm4FCwSSflvqp5gmwAEa8Z2gEIdduNj93Si+MMqR+rExFSOfq34kMQq0noWc6Q8CxXvVm4n9eL0W/7mYiSlLkEVss8lNJMaaz3+lQKM5QTgwBpoS5lbIxKGBoElra4ikIOE5LJhhnNYZ10r6qOrVq7f660qjnERXJGTknl8QhN6RB7kiTtAgjAXkhr+TNerberQ/rc9FasPKZU7IE6+sX+2WYMg==</latexit>

x̂

<latexit sha1_base64="8fUAKq1uHyafY+pbtJSdctBnwCY=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyKxBwDXjxGMImQLKF3MpsMmX0w0yssy978Aa/6B97Eqz/iD/gdTpI9mMSChqKqm+4uL5ZCo21/W6WNza3tnfJuZW//4PCoenzS1VGiGO+wSEbq0QPNpQh5BwVK/hgrDoEnec+b3s783hNXWkThA6YxdwMYh8IXDNBIvcEEMEvzYbVm1+056DpxClIjBdrD6s9gFLEk4CEyCVr3HTtGNwOFgkmeVwaJ5jGwKYx539AQAq7dbH5uTi+MMqJ+pEyFSOfq34kMAq3TwDOdAeBEr3oz8T+vn6DfdDMRxgnykC0W+YmkGNHZ73QkFGcoU0OAKWFupWwCChiahJa2eAqmHPOKCcZZjWGddK/qTqPeuL+utZpFRGVyRs7JJXHIDWmRO9ImHcLIlLyQV/JmPVvv1of1uWgtWcXMKVmC9fUL/P6YMw==</latexit>

ŷ

Photons do not interact with each other to a measurable extent, and cannot readily be stored, so they are 

unsuitable for most types of quantum computer, but have the advantage that they can be transmitted over 

great distances down optical fibers, preserving their polarization. 

These properties will be useful for some quantum protocols to be discussed later.

More details on the correspondence between photon polarization and qubit states will be given later.



2 - Review of Linear Algebra

The theory of quantum mechanics is based on the mathematics of linear algebra = language of QM as 
learned in earlier class.

In this part, we summarize those topics in linear algebra which will be needed for this class. 

The treatment is quick and is intended as a review, assuming that you have seen the material 
before(earlier class).

2.1 Vectors

An abstract vector      can be represented in terms of its N components vi, (i = 1, ···, N)

with respect to a set of basis vectors      , which form an orthonormal set, i.e.
<latexit sha1_base64="3kloa1dPPzZhvm7eXIM+OXmKLOk=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKxBwDXjxGMA9JljA76U2GzD6Y6RXCsld/wKv+gTfx6n/4A36Hk2QPJrGgoajqprvLi6XQaNvfVmFjc2t7p7hb2ts/ODwqH5+0dZQoDi0eyUh1PaZBihBaKFBCN1bAAk9Cx5vczvzOEygtovABpzG4ARuFwhecoZEe+2OGKWQDMShX7Ko9B10nTk4qJEdzUP7pDyOeBBAil0zrnmPH6KZMoeASslI/0RAzPmEj6BkasgC0m84PzuiFUYbUj5SpEOlc/TuRskDraeCZzoDhWK96M/E/r5egX3dTEcYJQsgXi/xEUozo7Hs6FAo4yqkhjCthbqV8zBTjaDJa2uIpNgHMSiYYZzWGddK+qjq1au3+utKo5xEVyRk5J5fEITekQe5Ik7QIJwF5Ia/kzXq23q0P63PRWrDymVOyBOvrF2w9mPs=</latexit>

êi

<latexit sha1_base64="3fcVbysP0NoTZaLqrNT+R5SJR0g=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyKxBwDXjxGMA9IljA76U2GzD6Y6Q2EZW/+gFf9A2/i1R/xB/wOJ8keTGJBQ1HVTXeXF0uh0ba/rcLW9s7uXnG/dHB4dHxSPj1r6yhRHFo8kpHqekyDFCG0UKCEbqyABZ6Ejje5n/udKSgtovAJZzG4ARuFwhecoZE6/SnwdJoNyhW7ai9AN4mTkwrJ0RyUf/rDiCcBhMgl07rn2DG6KVMouISs1E80xIxP2Ah6hoYsAO2mi3MzemWUIfUjZSpEulD/TqQs0HoWeKYzYDjW695c/M/rJejX3VSEcYIQ8uUiP5EUIzr/nQ6FAo5yZgjjSphbKR8zxTiahFa2eIpNALOSCcZZj2GTtG+qTq1ae7ytNOp5REVyQS7JNXHIHWmQB9IkLcLJhLyQV/JmPVvv1of1uWwtWPnMOVmB9fUL+e6YMQ==</latexit>

ωv



where the left hand side is a scalar product defined by

and δij is the Kronecker delta function defined by

We say that a vector      is normalized if                  , and that two vectors     and     are orthogonal                             

if                 . 

A set of vectors is said to be orthonormal if each is normalized and every pair is orthogonal.

The number of independent basis states required to represent any vector is called the size(dimension) of 

the “vector  space”. 

It is denoted here by N.

<latexit sha1_base64="MzJ2LIipp/2ODiljTvU5gZwJFAk=">AAACFXicbVDJSgNBEO2JW4xb1IvgpTEInsKMSMxFCHjxGMEskAyhp1NJmvQsdNcEwjD+hj/gVf/Am3j17A/4HXYWwSQ+KHj9XhXV9bxICo22/WVl1tY3Nrey27md3b39g/zhUV2HseJQ46EMVdNjGqQIoIYCJTQjBcz3JDS84e3Eb4xAaREGDziOwPVZPxA9wRkaqZM/aY+AJ6OUtnk3RPr7unE6+YJdtKegq8SZkwKZo9rJf7e7IY99CJBLpnXLsSN0E6ZQcAlprh1riBgfsj60DA2YD9pNphek9NwoXdoLlakA6VT9O5EwX+ux75lOn+FAL3sT8T+vFWOv7CYiiGKEgM8W9WJJMaSTOGhXKOAox4YwroT5K+UDphhHE9rCFk+xIWCaM8E4yzGskvpl0SkVS/dXhUp5HlGWnJIzckEcck0q5I5USY1w8kieyQt5tZ6sN+vd+pi1Zqz5zDFZgPX5A6Xrnug=</latexit>

ωv · ωv = 1
<latexit sha1_base64="rWs0y0NcxMXx05ULEYMk/23dx5g=">AAACFXicbVDJSgNBEO2JW4zbqBfBS2MIeAozIjEXIeDFYwSzQBJCT6eSNOlZ6K4JhGH8DX/Aq/6BN/Hq2R/wO+wsB5P4oOHVe11U1fMiKTQ6zreV2djc2t7J7ub29g8Oj+zjk7oOY8WhxkMZqqbHNEgRQA0FSmhGCpjvSWh4o7up3xiD0iIMHnESQcdng0D0BWdopK591h4DT1hK27wXIp1VXkpvna6dd4rODHSduAuSJwtUu/ZPuxfy2IcAuWRat1wnwk7CFAouIc21Yw0R4yM2gJahAfNBd5LZBSktGKVH+6EyL0A6U/92JMzXeuKbzQo+w6Fe9abif14rxn65k4ggihECPh/UjyXFkE7joD2hgKOcGMK4EmZXyodMMY4mtKUpnmIjwDRngnFXY1gn9auiWyqWHq7zlfIioiw5JxfkkrjkhlTIPamSGuHkibyQV/JmPVvv1of1Of+asRY9p2QJ1tcvYTGevg==</latexit>

ωa ·ωb = 0

<latexit sha1_base64="2n+8oCAl/uB+5l9n+MDEORT2YBs=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKxBwDXjxGMA9IljA76U2GzD6YmQ2EZY/+gFf9A2/i1Q/xB/wOJ8keTGJBQ1HVTXeXFwuutG1/W4Wt7Z3dveJ+6eDw6PikfHrWVlEiGbZYJCLZ9ahCwUNsaa4FdmOJNPAEdrzJ/dzvTFEqHoVPehajG9BRyH3OqDZStz9FltKMDMoVu2ovQDaJk5MK5GgOyj/9YcSSAEPNBFWq59ixdlMqNWcCs1I/URhTNqEj7Bka0gCVmy7uzciVUYbEj6SpUJOF+ncipYFSs8AznQHVY7XuzcX/vF6i/bqb8jBONIZsuchPBNERmT9Phlwi02JmCGWSm1sJG1NJmTYRrWzxJJ2gzkomGGc9hk3Svqk6tWrt8bbSqOcRFeECLuEaHLiDBjxAE1rAQMALvMKb9Wy9Wx/W57K1YOUz57AC6+sXM2eYRg==</latexit>

ωa
<latexit sha1_base64="3fcVbysP0NoTZaLqrNT+R5SJR0g=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyKxBwDXjxGMA9IljA76U2GzD6Y6Q2EZW/+gFf9A2/i1R/xB/wOJ8keTGJBQ1HVTXeXF0uh0ba/rcLW9s7uXnG/dHB4dHxSPj1r6yhRHFo8kpHqekyDFCG0UKCEbqyABZ6Ejje5n/udKSgtovAJZzG4ARuFwhecoZE6/SnwdJoNyhW7ai9AN4mTkwrJ0RyUf/rDiCcBhMgl07rn2DG6KVMouISs1E80xIxP2Ah6hoYsAO2mi3MzemWUIfUjZSpEulD/TqQs0HoWeKYzYDjW695c/M/rJejX3VSEcYIQ8uUiP5EUIzr/nQ6FAo5yZgjjSphbKR8zxTiahFa2eIpNALOSCcZZj2GTtG+qTq1ae7ytNOp5REVyQS7JNXHIHWmQB9IkLcLJhLyQV/JmPVvv1of1uWwtWPnMOVmB9fUL+e6YMQ==</latexit>

ωv
<latexit sha1_base64="NYo907Z1TBGkuSPjs0dpxWVKNw0=">AAACA3icbVBLSgNBFHzjN8Zf1KWbxhBwFWZEYpYBNy4jmA8kQ+jpvEma9Hzo7gmEYZZewK3ewJ249SBewHPYSWZhEgsaiqp+vHrlxYIrbdvf1tb2zu7efuGgeHh0fHJaOjtvqyiRDFssEpHselSh4CG2NNcCu7FEGngCO97kfu53pigVj8InPYvRDego5D5nVBup258iS72MDEplu2ovQDaJk5My5GgOSj/9YcSSAEPNBFWq59ixdlMqNWcCs2I/URhTNqEj7Bka0gCVmy7yZqRilCHxI2leqMlC/TuR0kCpWWByVQKqx2rdm4v/eb1E+3U35WGcaAzZcpGfCKIjMj+eDLlEpsXMEMokN1kJG1NJmTYVrWzxJJ2gzoqmGGe9hk3Svqk6tWrt8bbcqOcVFeASruAaHLiDBjxAE1rAQMALvMKb9Wy9Wx/W5/LrlpXPXMAKrK9fNQGYRw==</latexit>

ωb



and its transpose as a row vector

The length of a vector is given by

The vector     can be represented in terms of its components  vi    as a column vector
<latexit sha1_base64="3fcVbysP0NoTZaLqrNT+R5SJR0g=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyKxBwDXjxGMA9IljA76U2GzD6Y6Q2EZW/+gFf9A2/i1R/xB/wOJ8keTGJBQ1HVTXeXF0uh0ba/rcLW9s7uXnG/dHB4dHxSPj1r6yhRHFo8kpHqekyDFCG0UKCEbqyABZ6Ejje5n/udKSgtovAJZzG4ARuFwhecoZE6/SnwdJoNyhW7ai9AN4mTkwrJ0RyUf/rDiCcBhMgl07rn2DG6KVMouISs1E80xIxP2Ah6hoYsAO2mi3MzemWUIfUjZSpEulD/TqQs0HoWeKYzYDjW695c/M/rJejX3VSEcYIQ8uUiP5EUIzr/nQ6FAo5yZgjjSphbKR8zxTiahFa2eIpNALOSCcZZj2GTtG+qTq1ae7ytNOp5REVyQS7JNXHIHWmQB9IkLcLJhLyQV/JmPVvv1of1uWwtWPnMOVmB9fUL+e6YMQ==</latexit>

ωv

One can represent a vector with respect to different orthonormal bases rotated with respect to each other. 



If a vector has components      with respect to the new basis, there is a linear relation between the old  
and new components,

where M is an N × N matrix with elements Mij. 

In order that M describes a rotation (which preserves lengths of vectors and angles between them), it is 

necessary that M be an orthogonal matrix, i.e.,

where MT is the transpose matrix, and M-1 is the matrix inverse which means that M-1M = MM-1
 = I 

where I is the identity matrix. 

An example of a rotation matrix for two-component vectors is 

<latexit sha1_base64="oX85x12TlnINj0w3LQNK34+eBpc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA9hV2RmGPAi8cI5gHJEmYns8mQ2QczvYGw5OAPeNU/8CZe/RR/wO9wNtmDSSxoKKq66e7yYik02va3tbG5tb2zW9gr7h8cHh2XTk5bOkoU400WyUh1PKq5FCFvokDJO7HiNPAkb3vj+8xvT7jSIgqfcBpzN6DDUPiCUcykSV9c9Utlu2LPQdaJk5My5Gj0Sz+9QcSSgIfIJNW669gxuilVKJjks2Iv0TymbEyHvGtoSAOu3XR+64xcGmVA/EiZCpHM1b8TKQ20ngae6QwojvSql4n/ed0E/ZqbijBOkIdsschPJMGIZI+TgVCcoZwaQpkS5lbCRlRRhiaepS2eomOOs6IJxlmNYZ20bipOtVJ9vC3Xa3lEBTiHC7gGB+6gDg/QgCYwGMELvMKb9Wy9Wx/W56J1w8pnzmAJ1tcv6OOWcA==</latexit>

v→i



where θ is the rotation angle.

The scalar product of two vectors is independent of basis, so

This is why            is called a scalar product.
<latexit sha1_base64="gU0yXlKekTGoRjHw9/ca59aO0Zc=">AAACEnicbVBLSgNBEO3xG+NvVFy5aQyCqzAjErMMuHEZwXwgM4SeTiVp0vOhuyYQhrmFF3CrN3Anbr2AF/Acdj4Lk/ig4NV7VVTxgkQKjY7zbW1sbm3v7Bb2ivsHh0fH9slpU8ep4tDgsYxVO2AapIiggQIltBMFLAwktILR/dRvjUFpEUdPOEnAD9kgEn3BGRqpa597Y+AZy6nHezHSWRfkXbvklJ0Z6DpxF6REFqh37R+vF/M0hAi5ZFp3XCdBP2MKBZeQF71UQ8L4iA2gY2jEQtB+Nns/p1dG6dF+rExFSGfq342MhVpPwsBMhgyHetWbiv95nRT7VT8TUZIiRHx+qJ9KijGdZkF7QgFHOTGEcSXMr5QPmWIcTWJLVwLFRoB50QTjrsawTpo3ZbdSrjzelmrVRUQFckEuyTVxyR2pkQdSJw3CSUZeyCt5s56td+vD+pyPbliLnTOyBOvrF/eUnhM=</latexit>

ωa ·ωb

In quantum mechanics, we need complex vectors, i.e., vectors with complex-valued coefficients. 

The main new feature compared with real vectors is a slight difference in the definition of the scalar 
product, namely one takes the complex conjugate of the left hand vector components, i.e.

2.2 Complex Vectors



In terms of rules for matrix multiplication one can view the scalar product as the matrix product of the 
complex conjugate of the transpose vector (row vector) for   a  with the vector (column vector) for  b , 
i.e.

in which (aT)* ⋆ is an 1 × N dimensional matrix, b is an N × 1 dimensional matrix, and (aT)* b denotes 
matrix multiplication with the result being a single number (scalar).

The length of a complex vector, called the norm |a| from now on, is still the square root of the scalar 
product of the vector with itself, i.e.,

2.3 Matrices

If A and B are matrices then the matrix product C =  AB is given in terms of its elements by



We assume here that A is of dimension N×M (N rows and M columns), in which case B must have M 

rows. 

If B has P columns then C is of dimension N × P. 

As noted above, it will sometimes be useful to think of  a column vector as an N × 1 dimensional matrix 

(N rows and 1 column), and a row vector as a 1 × N dimensional matrix. 

Apart from vectors, the matrices in this class will be square (number of rows equals number of columns).

Matrix multiplication has the property that the order of multiplication matters in general. 

We define the commutator of two matrices by



If [A,B] = 0 we say that A and B commute. 

However, in general matrices do not commute, i.e., their commutator is non-zero. 

Lack of commutation of matrices will have important consequences in quantum mechanics.

Some important, special types of matrices are:

In quantum mechanics we will deal with complex matrices, as well as complex vectors. 

In the case of complex matrices, one is usually interested in Hermitian matrices rather than symmetric 

ones, and unitary matrices rather than orthogonal ones, where these are defined by:



Hermitian and unitary matrices play important roles in quantum mechanics.

2.4 Matrix Diagonalization

Let A be N × N matrix and     an N-component vector. 

Then if        is proportional to      itself, i.e., if<latexit sha1_base64="osc1WFetQxno2fFrPVjy4LNbJXY=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV2RmGPAi8cI5gHJEmYnvcmwsw9meoNhyc0f8Kp/4E28+iP+gN/hJNmDSSxoKKq66e7yEik02va3tbG5tb2zW9gr7h8cHh2XTk5bOk4VhyaPZaw6HtMgRQRNFCihkyhgoSeh7QV3M789BqVFHD3iJAE3ZMNI+IIzNFK7NwaePU37pbJdseeg68TJSZnkaPRLP71BzNMQIuSSad117ATdjCkUXMK02Es1JIwHbAhdQyMWgnaz+blTemmUAfVjZSpCOlf/TmQs1HoSeqYzZDjSq95M/M/rpujX3ExESYoQ8cUiP5UUYzr7nQ6EAo5yYgjjSphbKR8xxTiahJa2eIoFgNOiCcZZjWGdtK4rTrVSfbgp12t5RAVyTi7IFXHILamTe9IgTcJJQF7IK3mznq1368P6XLRuWPnMGVmC9fUL/SCYMw==</latexit>

ωx

<latexit sha1_base64="osc1WFetQxno2fFrPVjy4LNbJXY=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV2RmGPAi8cI5gHJEmYnvcmwsw9meoNhyc0f8Kp/4E28+iP+gN/hJNmDSSxoKKq66e7yEik02va3tbG5tb2zW9gr7h8cHh2XTk5bOk4VhyaPZaw6HtMgRQRNFCihkyhgoSeh7QV3M789BqVFHD3iJAE3ZMNI+IIzNFK7NwaePU37pbJdseeg68TJSZnkaPRLP71BzNMQIuSSad117ATdjCkUXMK02Es1JIwHbAhdQyMWgnaz+blTemmUAfVjZSpCOlf/TmQs1HoSeqYzZDjSq95M/M/rpujX3ExESYoQ8cUiP5UUYzr7nQ6EAo5yYgjjSphbKR8xxTiahJa2eIoFgNOiCcZZjWGdtK4rTrVSfbgp12t5RAVyTi7IFXHILamTe9IgTcJJQF7IK3mznq1368P6XLRuWPnMGVmC9fUL/SCYMw==</latexit>

ωx
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In quantum mechanics we will need to choose this multiplicative constant so the vector is “normalized”, 
i.e. has unit length.

The eigenvalues are obtained from solving the equation

where det is short for determinant. 

Expanding out the determinant gives an N-th order polynomial equation for λ. 

One can then get the eigenvectors by solving the linear equations in Eq. (2.17) for each value of λ.
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ωxthen we say that λ  is an eigenvalue and      the corresponding eigenvector of A. 

There are N eigenvalues which may not all be distinct. 

If two or more eigenvalues are equal we say that they are degenerate.  

We can always multiply an eigenvector by a constant and it remains an eigenvector. 



The eigenvalues and eigenvectors of Hermitian matrices have special properties:

Once one has the eigenvectors, a matrix A can be “diagonalized” as follows

where D is a diagonal matrix with the eigenvalues of A on the diagonal,

and the matrix S, which effects the diagonalization, is constructed out of the eigenvectors of A as 
follows:



where          is the i-th eigenvector of A written as a column vector.

If A is Hermitian then the eigenvectors are orthogonal, so if we normalize them, the matrix of 

eigenvectors S is unitary, so let’s call it U, i.e. U-1= U†.

Hence a Hermitian matrix A is diagonalized by the following transformation
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ωe (i)

If we consider two N × N matrices A and B, one can show that they have the same eigenvectors if and 

only if the matrices commute, i.e. if [A,B] ≡ AB−BA = 0. 

This result will have important consequences in quantum mechanics.

Column vectors



2.5 Some Important 2 × 2 matrices

In quantum computing we will deal most frequently with 2 × 2 matrices because qubits have two states.

Important examples of 2 × 2 Hermitian matrices are the Pauli (spin) matrices

called σx, σy, and σz in the physics literature.

Any 2 × 2 matrix can be expressed as a linear combination of the three Pauli matrices plus the identity 𝟙. 

To see this note that X,Y, Z and  𝟙 are linearly independent (i.e. we can’t write any one as a linear 

combination of the others). 

Also a general 2 × 2 matrix

has 4 complex elements, and so a total of 8 real parameters.



If we write

then there are also 4 complex coefficients (8 real parameters). 

Hence there are just the right number of coefficients to specify any 2 × 2 matrix, so Eq. (2.25) is a 

general expression for a 2 × 2 matrix.

Let’s determine the eigenvalues and eigenvectors of X. 

The eigenvalues λ are obtained from the determinant relation

which gives λ2 −1 = 0 or λ = ±1. 

These are real, which they must be since X is Hermitian.



Let us now get the eigenvectors. 

We denote the corresponding normalized eigenvectors by           and           and indicate the coefficients 

by a and b.
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ωe+1
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ωe→1



The eigenvectors           and          are orthogonal, as we know they must be since X is Hermitian.

Forming the matrix out of normalized eigenvectors gives the matrix

which is unitary as expected.
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ωe→1

The eigenvalues of Y and Z  are also ±1 and one can determine their eigenvectors similarly. 

You can also show that X,Y and Z are not only Hermitian but also unitary.

Pauli matrices have the property that the commutator of the two of them is proportional to the third one, 
e.g.

and similarly [Y, Z] = 2iX and [Z, X] = 2iY.



Furthermore, if we define the anti-commutator of two matrices by

then, interestingly, different Pauli matrices anti-commute, e.g

and similarly {Y, Z}= {Z, X}= 0.

Another 2 ×2 matrix which is very important in quantum computing is the Hadamard, defined by

The Hadamard also has eigenvalues ±1.



2.6 Properties of Matrices

Two properties of square matrices will be important: the trace, which is the sum of the diagonal 

elements, and the determinant. 

It is easy to show (i) that the trace is the sum of the eigenvalues, and (ii) that the trace of a product of 

matrices is invariant under a cyclic permutation of the matrices so, for example, Tr AB = Tr BA even if A 

and B don’t commute.

We will now show (iii) that the determinant is the product of the eigenvalues. 

If we multiply Eq. (2.19) on the left by S and on the right by S-1
 we get

An important result of linear algebra, which is not as well known in the physics community as it should 
be, is that determinant of a product of matrices is equal to the product of the determinants, i.e.



Taking the determinant of both sides of Eq. (2.36) gives

which is the desired result.

That will be the set of linear algebra properties we will need in this class.



3.1 Quantum States as Complex Vectors

In Part 2 we reviewed linear algebra, including vectors, generalized to the case where the coefficients of 

the vectors are complex.

We now describe the basic postulates of quantum mechanics as you have seen in an earlier class. 

We will see that the framework is precisely that of complex vectors in a vector space. 

The notation, however, is quite different and so, for the next few equations, we will show both a 

statement concerning quantum mechanics in quantum mechanics notation, and the corresponding 

statement for complex vectors in the standard notation of linear algebra.

While the discussion which follows may seem very abstract don’t forget that quantum mechanics

is arguably the most successful theory in all of physics, with countless precise comparisons between

theory and experiment, some to the most exquisite accuracy.

3 - Introduction to Quantum Mechanics



Now we get started with quantum mechanics:

Ansatz 1: The state of a quantum system is a complex vector (which we shall often call a “state

vector” or just a vector). Remember that and “ansatz” or “postulate” does NOT require a proof!

In quantum computing one uses the notation of Dirac, in which a quantum state is written as ket |ψ⟩.

In equations with the double arrow  ⇔   in the middle, the part to the left of the arrow is in the notation 

of quantum mechanics, and the part to the right is the corresponding statement in standard linear algebra 

notation. 

The state |ψ⟩ can be expressed as a linear combination of basis states |n⟩,

in which the cn are called “amplitudes” or sometimes “probability amplitudes” as we will see.



We can write the state as a column vector

We also introduce the dual state (bra) vector, denoted by ⟨ψ|. 

This corresponds to the complex conjugate of the transpose vector introduced in Eq. (2.13) in the context 

of the scalar product of a complex vector. 

In other words, if |φ⟩ is represented as a column vector by



then the corresponding dual vector (bra) is

i.e., a row vector in which the coefficients are the complex conjugate of the coefficients in the original 

column vector. 

The scalar product of two vectors is called the “inner product” in a general context and this  

nomenclature will be used here from now on. 

In quantum mechanics, the inner product of a vector |ψ⟩ with vector |φ⟩is written as ⟨φ|ψ⟩ (a braket).

From this definition it follows that



The length of a vector in quantum mechanics is called the “norm” and written ∥ψ∥. 

As with ordinary vectors, the norm(length) of a state vector in quantum mechanics is the square root of 

the inner product with itself, i.e.

As we shall see later, in quantum mechanics state vectors must have unit norm. 

Such vectors are said to be normalized.

Orthogonality. Two state vectors are said to be orthogonal if their inner product is zero:



We choose basis states |n⟩ which are orthonormal, i.e. normalized and orthogonal,

So far, in this part we have emphasized the correspondence between quantum mechanical states and 

complex vectors. 

Now that we are familiar with this correspondence, from now on we will describe the formulation of 

quantum mechanics using only quantum mechanics notation.

It will be useful to rewrite Eq. (3.2) for a linear superposition in a different way. 

Starting with Eq. (3.2),

we take the inner product of both sides with the dual of one of the basis states, ⟨m| say.



Using the orthonormality property in Eq. (3.10) gives us

So we can rewrite Eq. (3.11) as

We call ⟨n|ψ⟩the probability amplitude for the state |ψ⟩to be in the basis state |n⟩. 

Equation (3.13) shows us that

the identity matrix.

For ordinary vectors the corresponding expression would be
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Equation (3.14) is sometimes called a completeness relation. 

A single term in this sum, |n⟩⟨n| is an N × N matrix with all elements 0 except that the n-th diagonal 

element is 1. 

To make our discussion more concrete consider the following example of a 2-state system, i.e., a single 

qubit,

This is not normalized because the norm is

To get a valid quantum state it must be properly normalized so we divide by the norm. 

Hence



is a valid quantum state. 

To get the dual state vector we take the complex conjugate of the transpose, so

Suppose we also have a second state,

which we see is normalized because                                   . 

What then is the inner product ⟨ψ|φ⟩? 



To make sure we haven’t forgotten it, let’s reiterate (with a bit more math jargon) the first Ansatz of 

quantum mechanics which we stated at the beginning of this section: 

Ansatz 1: The state of a quantum system is a vector in a complex vector space (technically called a 

Hilbert space though we won’t need that level of mathematical sophistication here).

so |ψ⟩ and |φ⟩ are actually orthogonal. 

In this example we had to be careful with the factors of i because a complex conjugate is taken when we 

form the dual vector (which we need to get the inner product with another vector).

We have



3.2 Phases

At this point it is convenient to discus an important topic, namely phases. 

Suppose we have a 2-state system with complex amplitudes, which we write in polar form as

where r02 + r12  = 1 for normalization. 

Let’s take out the factor of        , so

We call θ0 the global phase which turns out to have no physical significance, while                  is the 
relative phase (of basis states |1⟩and |0⟩) which is important because it gives rise to interference. 
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z = x+ iy
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It is crucial to understand the difference between global phase and relative phase. 

States which differ only in the overall phase are physically identical. 

As we will see in Part. 3.7 the reason for this is that no measurement can distinguish states which only 

differ by a global phase. 

By contrast, states which differ in a relative phase are physically distinct because measurements can 

distinguish between them.

For example,

describe the same state because one is just the negative of the other. 

By contrast,



3.3 Observables

How is all this abstract stuff about complex vectors related to the real world, i.e., to quantities that we 

can measure. 

The answer is that an observable quantity will be an operator,       say, acting on these vectors. 

The “hat” symbol “ ˆ ” indicates an operator, though for simplicity of notation we will usually omit the 

hat when the context makes clear that we are dealing with an operator. 

In terms of components, operators are represented by matrices. 

An operator acting on a state vector gives another state vector, so

describe different states because the relative phase of |1⟩ and |0⟩ is different in the two cases (0 for           
and π for         ).



This brings us to the second Ansatz of quantum mechanics:

A crucial point is that operators in quantum mechanics are linear, so

Ansatz 2: Observables are represented by linear Hermitian operators. The result of a measurement is one 
of the eigenvalues of the corresponding operator      .  After the measurement, the system is in the 
eigenstate corresponding to the measured eigenvalue.

Why is it assumed that quantity which can be measured is represented by a Hermitian operator? 

The answer is that the eigenvalues of a Hermitian operator (matrix) are guaranteed to be real, and we 

know that the results of a measurement(eigenvalues) must be real.

Nature has chosen the “simplest” possible mathematics!

Note that this ansatz includes the “collapse of the state vector”
Quantum computing does get into the confusion of the measurement process!



We now discuss how to represent operators as a matrix using the Dirac notation. 

We start with orthonormal basis vectors |n⟩ which have the property ⟨m|n⟩= δmn. 

In terms of components, |n⟩ will be a column vector with the n-th entry equal to 1 and all the others zero. 

In other words

Consider the action of an operator A on one of the basis vectors of type |n⟩. 

It will give a linear combination of the basis vectors.



We see that ck is equal to the element of A on the k-th row and n-th column, i.e., Akn. 

We can therefore write Eq. (3.28) as

Acting on the left with the dual vector ⟨m| and using the orthonormality of the basis vectors, we get

which is the connection between the usual suffix notation for an element of a matrix, Amn, and the Dirac 
notation for the same thing, ⟨m|A|n⟩. 

They both refer to the m-th row and n-th column of the matrix A.



Recall that the definition of the adjoint of a matrix is A† = (AT)*. 

Hence, in Dirac notation,

If A is Hermitian then it is equal to its adjoint so

Note that this states, in component form, that the transpose of a Hermitian matrix is equal to its complex 
conjugate, which is precisely the definition of a Hermitian matrix.

To gain still more familiarity with the Dirac notation consider the quantity ⟨φ|A|ψ⟩. 

If we write this out in components in some basis, then |ψ⟩ is a column vector, A is a matrix and ⟨φ| is a 

row vector, i.e., we have

End 1



in an obvious notation. 

The multiplication can be done either by acting with A on |ψ⟩to get  A|ψ⟩ and then taking the inner 
product with ⟨φ|, or by acting with A to the left on ⟨φ| and then taking the inner product with |ψ⟩. 

But what does acting with A to the left on ⟨φ| mean? 

Let’s suppose that

Then we have



Evaluating components gives

This can be rearranged as

or, for the vector as a whole

which is equivalent to Eq. (3.34). 

Hence the action of A acting to the left on ⟨φ| can be written as



Summarizing, we see that in ⟨φ|A|ψ⟩, the operator A can be considered to act either to the left or the 
right as follows:

In quantum mechanics A will commonly be a Hermitian operator (since observables are represented by 
Hermitian operators) for which A† = A, so A acts equally to the right and to the left as follows:

3.4 The Computational Basis and Change of Basis

When dealing with standard vectors, we know that we can work with different sets of bases rotated with 
respect to each other. 

In quantum mechanics, too, it will be convenient to represent state vectors in terms of different bases, 
transformed with respect to each other.

The standard basis for a single qubit comprises the states |0⟩ and |1⟩ and in this basis the Pauli operator Z 
is diagonal, see Eq. (2.23). 



This basis is called the computational basis. 

It is the basis in which measurements are performed. 

Since Z is diagonal in this basis the eigenvectors of Z are the basis vectors. 

For this reason the computational basis is sometimes called the Z-basis

We will also need to consider other bases, one of the most common being the X-basis, i.e., the basis in 
which X (see Eq. (2.23)) is diagonal. 

We showed in Part 2.5 that the eigenvalues of X are +1 and −1, with corresponding eigenvectors, called  
|+⟩ and |−⟩ (sometimes |0x⟩ and |1x⟩), given by



From these results it follows that, in the X basis, the Pauli X-matrix is written as

which looks just like the Pauli-Z matrix in the Z (computational) basis. 

There is a linear relation between the new basis vectors and the old ones. 

Denoting the old basis vectors by Latin letters, e.g. |n⟩, and the new basis vectors by Greek letters, e.g.    
|α⟩, we write

The new basis vectors must be orthonormal, like the old set, and this constrains the matrix of coefficients 
U in a way that we will now determine. 



Writing the equivalent of Eq. (3.44) in terms of row vectors and taking the complex conjugate, we get 
the following transformation for the dual basis state vectors

Taking the inner product of Eqs. (3.44) and (3.45) gives

where we used that ⟨k|n⟩= δkn to get the second line. 

However, ⟨β|α⟩= δαβ and so we must have UU† =   , the identity matrix. 



As an example, according to Eq. (3.42) the matrix which transforms from the Z-basis to the X basis for 
one qubit is

We can verify that this matrix is unitary by evaluating its inverse and checking that U-1
 = U†, or, more 

simply, by recalling that the rows of a unitary matrix are orthonormal vectors, and the same for the 

columns. 

By inspection, this is the case here.

Thus the matrix of coefficients which transforms from one basis to another as in Eq. (3.44) must be 
unitary.

3.5 Outer Product Notation

For orthonormal basis vectors, we have ⟨i | j⟩ = δij. 



As a further exercise in familiarization with the Dirac notation, consider what we mean if we write the 

vector and the dual vector the other way round i.e. |i⟩⟨j|, which is called an “outer product”. 

This is just fiddling with the mathematics….

It is actually a matrix. 

By sandwiching it on the left and right by basis states we see that it is a matrix, whose entries are all zero 

except for the element in the i-th row and j-th column which is 1. 

In other words

If j = i, then we have a 1 in the i-th diagonal element and 0 everywhere else. 



This is a projection operator on to state i, so we denote it by Pi , i.e.

One can see it is a projection operator because, if it acts on an arbitrary state |ψ⟩, we have

which is the amplitude ⟨i | ψ⟩ for |ψ⟩ to be along |i⟩, times the state |i⟩.

Clearly ∑i Pi has 1 on all the diagonal elements and is zero otherwise, so it is the identity matrix, i.e.,

which is also known as a completeness relation, see Eq. (3.14).



3.6 Functions of operators

We will need to evaluate functions of operators. 

For example what is eA? 

In this case there is a convergent series expansion which can be used to evaluate the function;

In some cases the infinite series can be evaluated in closed form. 

Consider for example  ecX
   where c is a constant and X, the Pauli operator, is given in Eq. (2.23).



More generally, we can evaluate a function of an operator by diagonalizing it. 

Consider first a diagonal matrix,

We have X2 =    and so X3 = X5  ··· = X2n+1 ··· = X, while X2 = X4
 ··· = X2n  ··· =        . 

Hence

When multiplying D by itself n times, say, all that happens is each diagonal element is multiplied by 
itself n times. 



Hence if f(D) is some function of D which can be represented by a series expansion, we then have

If the function f(x) for scalar argument x does not have a series expansion, we take Eq. (3.56) as the 

definition of the matrix function f(D) for a diagonal matrix D. 

In general, a matrix A is not already in diagonal form. 

However, we can diagonalize it by a similarity transform, see Eq. (2.36), which we repeat here:

where D is a diagonal matrix with the eigenvalues of A on the diagonal.



Hence it follows that

which is the desired expression showing how to construct a function of a matrix from its eigenvalues
and eigenvectors.

3.7 Measurements

Now we have to discuss in detail the puzzling topic of measurement in quantum mechanics. 



The reason for using the term “puzzling” will become clear later, especially in Part 6 when we discuss a 

famous thought experiment of Einstein, Podolsky and Rosen (EPR). 

In a measurement, our delicate quantum system is brought into contact with a macroscopic experimental 

apparatus. 

Measurement is an irreversible process and as such has a special status in quantum mechanics. 

Assume that the Hermitian operator  A  corresponding to the measured quantity of interest has 

eigenvalues λn  and normalized eigenvectors |n⟩. 

Because A is Hermitian, the eigenvalues are real. 

In addition, for a Hermitian matrix of size N there are N orthogonal eigenvectors which can therefore be 

used as a basis. 

Hence, we can write the state of the system before measurement, |ψ⟩, as a linear superposition of the 

eigenvectors of A,



where the last line is from Eq. (3.13).

According to Ansatz 2 in Sec. 3.3, a measurement will give one of the eigenvalues, λn, but which one? 

To answer this question, we need to add one more ingredient to our Ansatz 2, one which was first 

proposed by Born in a footnote to a 1926 paper, and which is now called the “Born rule”. 

This states that the probability, P(n), to get eigenvalue λn  (and after the measurement to leave the system 

in eigenstate |n⟩), is the square of the modulus of the amplitude an i.e.

where we used Eq. (3.12) and that ⟨ψ|n⟩= ⟨n|ψ⟩*. 



Since probabilities must add up to 1, it follows that state vectors in quantum mechanics must be 
normalized to unity, i.e.

Note that the probability of a getting a particular measured value only depends on the square of the 

modulus of the amplitude of the corresponding eigenstate. 

This means that the global phase of a state has no physical significance since no measurement can 

distinguish two states which differ only by a global phase.

However if two states differ in a relative phase there are measurements which can distinguish between 
them.

For example,                                          and                                       are eigenstates of X with eigenvalues 
+1 and−1 respectively, so a measurement of X will give different results (+1 for |+⟩ and −1 for |−⟩, with 
probability 1 in both cases).



We therefore have to complete our Ansatz 2 to include the probabilities of different results:

Ansatz 2′′: “Observables are represented by a linear Hermitian operator. Measurement of an observable 
corresponding to a (linear) Hermitian operator         gives one of the eigenvalues of        . The probability 
of getting an eigenvalue is the square of the modulus of the amplitude for the state of the system to be in 
the corresponding eigenstate of       .  After the measurement, the system is in this eigenstate.”

The fact that probabilities enter into the results of measurements has led to a lot of “strange” discussion. 

Your first reaction might be “What’s the fuss? 

After all, don’t probabilities enter in classical physics too? 

If one tosses a coin isn’t the result is randomly heads or tails with equal probability?”

Well, we might ask, is it really random? 



If one could measure with sufficient precision the initial momentum and angular momentum of the coin, 

and integrate the equations of motion for its trajectory, including the effects of air resistance, to sufficient 

accuracy then one would be able to compute, with certainty, on which side it would land. 

The difficulty is that the coin toss has great sensitivity to the initial conditions, which means that if one 

changes the initial velocity by an immeasurably small amount the result changes.

In other words, for all practical purposes (FAPP) a coin toss is random. 

Nonetheless, from a fundamental point of view it is not, since it is uniquely determined by the initial 

conditions. 

However, the situation in quantum mechanics is different since, as far as we know, probabilities enter in 

a fundamental way.

The most famous critic of probabilities being part of a fundamental theory of physics was Einstein, who 
had many discussions on the topic with Niels Bohr. 

As we shall see in our study of the EPR thought experiment in Part 6, despite Einstein’s claim that “God 
doesn’t play dice with the universe”, quantum mechanics has been repeatedly vindicated.



We have said that after a measurement the system is left in eigenstate |n⟩. 

Measurement therefore “projects” the initial state |ψ⟩ onto |n⟩. 

This is accomplished by the projection operator

so

(no sum on n).

The sum of the projection operators must add to the identity, i.e.,

The fact that       |n⟩⟨n| can be replaced by the identity is called a “completeness” relation.



Note that the state in Eq. (3.63) is not normalized. 

If we continue to follow the system after the measurement then we need to multiply the state by    

1/|⟨n|ψ⟩|, so it is again correctly normalized and the sum of probabilities of results of a future 

measurement will add to unity. 

We note that something similar is also done in classical statistics - so the renormalization is not  strange!

If we have a sequence of measurements, and we know the result of the first one, then we can determine 

the “conditional probability” of subsequent measurements, given the result of the first measurement, and 

these conditional probabilities add to unity. 

In effect, this is what is done by multiplying a state by a constant to get its norm back to 1 after a 

measurement. 

The resulting state will give the conditional probabilities for a subsequent measurement given the result 

of the first measurement.

Let’s give a simple example of a measurement.



Consider one qubit in state |ψ⟩ =                           and measure Z. 

The eigenstates of Z are |0⟩and |1⟩ with eigenvalues +1 and −1 respectively. 

Hence the results of a measurement of Z are

Now suppose that we measure X. 

The eigenstates of X are shown in Eqs. (2.28) and (2.30) to be                                 . 

Hence |ψ⟩ is the eigenstate with eigenvalue +1, so the result of the measurement of X is +1 with 100% 

probability. 

Similarly a measurement of X on state       (|0⟩−|1⟩) would give  −1 with probability 1.



We see that if the initial state is an eigenstate of the operator being measured, then the result will, with 

certainty, be the corresponding eigenvalue, and the state will remain unchanged after the measurement. 

However, if this is not the case, i.e. if the initial state is in a superposition of eigenstates of the 

measurement operator, then (i) the result of the measurement will take one of several values with 

appropriate probabilities, and (ii) the measurement changes the state, leaving it in the eigenstate 

corresponding to the eigenvalue which is measured.

3.8 Statistics of Measurements

If we prepare many identical copies of the system and measure each of them what can we say about the 

statistics of the measured values λn, the eigenvalues of A. 

First of all, what would be the mean of the measurements ⟨A⟩? 

We have



where we used Eq. (3.60) to get the second line, we used that A|n⟩ = λn|n⟩ to get the third line, and Eq. 

(3.64) to get the last line. 

The final result, ⟨ψ|A|ψ⟩ is called the “expectation value” of A in state |ψ⟩.

In addition to the average result we are also often interested in the scatter about the average. 

This is characterized by the standard deviation defined by

which is the root mean square deviation about the mean.



It can be expressed in a slightly simpler form since

For a measurement of X we already showed that |ψ⟩ is an eigenstate with eigenvalue 1 and so the 

measured value is always 1. 

If we use Eqs. (3.66) and (3.69), we obtain ⟨X⟩= 1, ⟨X2⟩= 1, and so ∆X = 0 as expected.

3.9 Composite Systems

so

So far, we have described states of just a single qubit. 

How should we describe states of the many qubits which we will need for a quantum computer? 



Suppose, as an example, we have two qubits A and B. 

We can label the states of qubit A by |0A⟩and |1A⟩, and similarly the states of qubit B by |0B⟩ and |1B⟩. 

A state of both qubits is written as a “tensor product”, also known as a “direct product”, e.g. |0A⟩⊗|1B⟩, 

which in this example indicates that qubit A is in state |0⟩ and qubit B is in state |1⟩.

This notation is heavy so we will usually write the same state more compactly as |0A⟩|1B⟩, or even more 

concisely as |01⟩ provided a specification of the order of the qubits has been given. 

In this notation, the four possible states of two qubits are

Note that the label of each state is a number in binary notation from 0 to 3. 

This provides an even more compact notation, which is particularly convenient when the number of 

qubits is large, namely |x⟩2, where x = 0, 1, 2 or 3. 



It is necessary to indicate the number of qubits by a subscript on the bracket to avoid ambiguity. 

For example just writing a state as |2⟩ we wouldn’t know if it is state |10⟩ for 2 qubits, or |010⟩ for 3 
qubits and so on. 

An exception to this will be states |0⟩ and |1⟩ (without subscript) which always refer to the 1-qubit basis 
states. 

The four states in Eq. (3.73) can therefore also be written as

Similarly for three qubits, we can specify the 8 possible states by |x⟩3 where x = 0, 1,··· , 7, and for n 
qubits the 2n

 states are indicated by |x⟩n, where x = 0, 1,···,  2n −1. 

We also see that to use this convenient binary notation we need to label the states starting from 0 rather 
than 1. 

The last state then has label 2n − 1. 



I emphasize that an n-qubit basis state |xn-1xn-2··· x2x1x0⟩, where the xi are the values of the qubits, can 

also be represented as |x⟩n  where x is the n-bit integer whose bits are the xi. 

Furthermore, summing over the two values (0 and 1) of xi for each bit i, is equivalent to summing over 

all the x values from 0 to 2n −1.

We will need to become familiar with these ways of labeling multi-qubit states and we will!

Next we discuss matrix representations of operators on multiple qubits, and we take as an example, the 

case of two qubits. 

An operator acting on the space of two qubits is a 4 × 4 matrix. 

We will write the four basis states as |00⟩, |01⟩, |10⟩, |11⟩. Consider an operator where X acts on the first 

(left hand) qubit and the identity        acts on the second (right hand) qubit. 

The 2-qubit operator is a tensor product of the 1-qubit operators, i.e. X⊗   . 

Its action on the four basis states is as follows:



where in the last expression each entry is a 2 × 2 block. 

Note how this block structure reflects the operators in the tensor product on the left of the expression. 

The 2 × 2 block structure is that of X (the left hand operator) while each block is made up of the identity 

and “0”.

so its matrix representation is

———————-

that is the way the tensor product operates!



Similarly

As another example consider X⊗Z. 

We have

so its matrix representation is

Again notice how the block structure in the last expression reflects the operators in the tensor product.
You will get used to this!



3.10 Generalized Born Rule

In Part 3.7 we gave the standard physics text book discussion of measurement in quantum mechanics. 

For quantum computing we need to extend this to deal with situations involving multiple qubits where 

we only measure some of the qubits and we need to know the state of the remaining qubits after the 

measurement. 

As a simple example, suppose we have 2 qubits A and B, in a state

where the left qubit is A and the right qubit is B. 

Because the state has to be normalized we need |a0|2 + |a1|2 + |a2|2 + |a3|2 = 1. 

Suppose we measure Z for qubit-A, the left qubit. 

We want to know what are the possible measurement results, what are the probabilities of the different 

results, and, for each case, in what state is qubit B after the measurement.



We will rewrite Eq. (3.80), grouping together all the terms where qubit A is |0⟩ (more generally an 

eigenstate of the operator acting on A), and all the terms where qubit A is |1⟩(the other eigenstate).

The terms involving qubit A in state   |0⟩  are a0|00⟩+ a1|01⟩  . 

We write this as

where

and 

is a normalized state for qubit B. 



Similarly

Combining we get

where we emphasize that all the states in this expression are normalized.

The inner product of |φ0⟩and |φ1⟩ is

where

and 

is normalized.



and there is no reason for this to be zero in general. 

Hence, while |φ0,B⟩ and |φ1,B⟩ are normalized, they are not necessarily orthogonal.

The natural extension of the Born rule, called the “generalized Born” rule, is that, when the two qubits 
are in the state given in Eq. (3.87), the possible results of the measurement of Z on qubit A, are

It is straightforward to generalize this result to an arbitrary situation in which there are n + m qubits, n of 
which are measured and we want to know the possible final states of the remaining m qubits after the 
measurement, and to arbitrary measurement operators. We will do this later.

3.11 The Uncertainty Principle

Now we come to a key concept in quantum mechanics, the uncertainty principle. 



We shall see that some variables are incompatible with each other, which means that one cannot have 

definite values for both of them in any state. 

The important quantity to see if two operators, A and B say, are compatible is their commutator

If [A,B] ≠ 0 then it is shown in linear algebra texts that A and B have different eigenvectors. 

We have already noted that we only get a definite value for some operator when the state is an eigenstate 

of that operator. 

Hence, if [A,B] ≠ 0, so A and B have different eigenvectors, there is no state which will give a definite 

value for both of them.

As an example of a commutator consider X and Z. 

We have



where Y is defined in Eq. (2.23). 

Since the commutator is non-zero it is impossible to find a state which is a simultaneous eigenstate of 

both X and Z and so either ∆X or ∆Z, or both, must be non-zero.

An important inequality involving the uncertainties ∆A and ∆B of two operators in a state |ψ⟩ is

which is known as the Heisenberg uncertainty principle. 

We proved this result in the quantum class - it is just Schwarz’s inequality in linear algebra!

The most famous case of the uncertainty principle is for A = x, the position of a particle, and B = p, its 

momentum, for which the commutator is a constant3    iℏ so



However, this particular version of the uncertainty principle does not play a role in quantum computing
which is concerned with (discrete) 2-state systems, rather than (continuous) trajectories of particles.

3.12 Time Evolution of Quantum States

So far, we have described fixed quantum states. 

Now we need to discuss how they evolve with time.

If the state at an initial time is |ψ⟩ and the state at a later time is |ψ′⟩, then, according to quantum 

mechanics, there is a linear relation between the two, so

for some linear operator U. 

The normalization condition must be preserved so ⟨ψ′′|ψ′⟩ = ⟨ψ|ψ⟩ = 1.



This provides a constraint on the form of U as we will now show. 

The equation corresponding to Eq. (3.94) for the dual vector ⟨ψ′′| is

To see this compare Eqs. (3.38) and (3.34) and note that (A†)† = A. 

Combining Eqs. (3.94) and (3.95) we find

Since we must have⟨ψ′′|ψ′⟩ = ⟨ψ|ψ⟩ (= 1) for any initial state |ψ⟩ it follows that

so U has to be unitary.



In quantum computing we change the state of the qubits by a sequence of discrete unitary 

transformations. 

Note that for a unitary operator U-1 = U†, and  U†  is well defined, so the inverse transformation, which 

acts on the final state and converts it to the initial state, exists. 

Thus, in general, quantum transformations are reversible. 

The exception is measurement, in which the quantum system is coupled to a macroscopic, external 

apparatus which leads to an irreversible change. 

As we shall see, standard classical gates which manipulate the bits in a classical computer are 

irreversible. 

The necessity of doing reversible operations in a quantum computer will be a major difference compared 

with any classical computer.

In a quantum computer, as noted above, we act on the qubits with a series of discrete unitary operations, 
but we should be aware that these are implemented by acting with some operation for a finite amount of 
time, see later discussion.



Microscopically, quantum states evolve continuously with time, and we will finish this part with a brief 

discussion of continuous time evolution in quantum mechanics (even though it will not be needed in the 

rest of the class). 

Time evolution is determined by the Hamiltonian (energy),  ℋ , Hermitian operator, according to      

Ansatz 3:

Assuming that ℋ does not change with time, we can integrate Eq. (3.98) to get

Ansatz 3: The time dependence of a state is given by Schrodinger’s equation

where



Since ℋ is Hermitian we can show that U is unitary by the following argument. 

To get the adjoint of U we take its complex conjugate and replace any operators in the expression for U 
by their adjoint.

Since ℋ is self-adjoint (Hermitian) we have

from which one sees that

so U is unitary as required. 

Note that if we have operators in exponentials which don’t commute, we can’t manipulate them as we do 
with ordinary numbers. 

For example eAeB
   does not equal eA+B  unless [A,B] = 0. 

However, here both A and B are proportional to ℋ which commutes with itself, so combining the 
exponentials as done in Eq. (3.102) is valid.   End 2



Part 4  - General state of a qubit, no-cloning theorem, entanglement and Bell states

4.1 General qubit states

As already discussed in Part 2.5, the following 2 × 2 matrices, called Pauli matrices, acting on the states 
of a single qubit will be important in the rest of the course:

In the physics literature the notation used is σx, σy and σz, but in this class we shall use the quantum 

computing notation: X,Y, and Z. 

As shown in Part 2.4, an arbitrary 2 × 2 matrix can be written as a linear combination of the three Pauli 

matrices plus the 2 × 2 identity matrix. 

These matrices are Hermitian, and have eigenvalues ±1, see Part 2.4.



If the qubit is the spin of an electron, then the eigenstate with Z = 1 has spin along the +z direction, and 

analogously the eigenstate with Y = 1 has spin along the +y direction, and the eigenstate with X = 1 has 

spin along the +x direction. 

Also, the eigenstate with Z = −1 has the spin pointing in the −z direction, and analogously for X = −1 

and Y = −1.

How can we specify a general state of a qubit? 

To see this, we first ask how many parameters do we need to specify a general state? 

A qubit vector has two complex components making a total of four.

However, one of these can be eliminated because the state must be normalized, and another can be

eliminated because an overall phase is unimportant. 

This leaves two parameters necessary to describe a general qubit state.



We shall see that we can conveniently take these two parameters to be 

the two angles which describe a direction in space in spherical polar 

coordinates. 

To see this we compute the eigenstates for the spin of an electron 

aligned along a general direction with polar angle θ and azimuthal 

angle φ, which describe a unit vector       where

so nx = sin θ cos φ etc. 

In other words, we compute the eigenvalues and eigenvectors                                                                               

of             . 

We have

so the eigenvalues are given by the determinant

r =1



Expanding the determinant, and using that                                 , we find the eigenvalues to be

Thus, the eigenvalues are not only ±1 when measured along the Cartesian directions, but take the same 
values along any direction.

Next we look at the eigenvectors. 

First the eigenvector for eigenvalue +1 is

where we used Eqs. (4.2) and (4.3). 

Writing out the two equations we get

where



Both these equations are satisfied by

in which we used the fact that

We require the state to be normalized, i.e. |a|2 + |b|2  = 1, so we get

or equivalently, in Dirac notation,



A similar calculation gives the eigenstate corresponding to eigenvalue −1 to be

It is straightforward to see that the states in Eqs. (4.12) are normalized, i.e.

and are mutually orthogonal

Note that we can always multiply eigenstates by an arbitrary phase factor so you might see expressions 
for these eigenstates which look different from Eqs. (4.12a) and (4.12b), but which are actually 
equivalent.

If we consider a point on a unit sphere (often called the Bloch sphere) with polar angles θ and φ, then  
the eigenstate of spin in that direction with eigenvalue +1 is given by Eq. (4.12a), see Fig. 4.1.



Even if the qubit is not an electron spin, Eq. (4.12a) provides a convenient description of an arbitrary 
qubit state.

Figure 4.1: The Bloch sphere.

Similarly, (apart from a possible unimportant overall phase factor) the eigenstate with eigenvalue −1 is 

given by Eq. (4.12b), which corresponds to the antipodal point where θ → π − θ, φ → φ + π as shown. 

It is useful to consider four special cases of Eqs. (4.12):



These are the eigenstates of Y as expected.



We mentioned in Part 1.4 that for certain quantum protocols photons make good qubits, with the state of 

the qubit being characterized by its polarization (the direction and phase of the electric field).

Using Eqs. (1.7)–(1.10) and (4.12a), we find that the electric field of a photon propagating in the     

direction, corresponding to a qubit |0⟩  specified by angles θ and φ, is given by

where ℜ means real part, so

Thus, one can create an arbitrary qubit state by an appropriate choice of photon polarization. 

The  polarization states for a photon for each of the four special cases given above are:
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4.2 No-cloning theorem

A classical bit, 0 or 1, can be copied, i.e. cloned. 

You just observe it and create another one. That is all that is needed!

With qubits, however, it turns out that it is not possible to clone an arbitrary, unknown state. 

This is called the “no-cloning theorem”. 



We can’t determine the state by measuring it because a measurement gives |0⟩ with probability |α|2  and     
|1⟩ with probability |β|2, i.e. it destroys the superposition.

Can we clone the state without measuring it? 

If so, there must be a unitary operator U which acts on |ψ⟩ and an ancilla(auxiliary) qubit, which is 

initialized to |0⟩ say, and clones |ψ⟩ as follows:

It imposes an important limitation on our ability to manipulate quantum states. 

We now give the simple derivation of this important result.

Consider the general qubit state

It operates on the “ancillary”.



We shall see that no such operator can exist because operators in quantum mechanics are linear.

Suppose that

Then, by linearity,

However, this is not a clone of α|ψ⟩+ β|φ⟩ which would be                                        i.e., we would have 
gotten on the right-hand side of the equation

which we do not get. Therefore, there is an inconsistency, so a unitary operator U for cloning does not 

exist.

The no-cloning theorem will be an important limitation when designing quantum algorithms.



4.3 Entanglement and Bell states

Let’s suppose that the first qubit is in state |ψ1⟩ = α1|0⟩ + β1|1⟩ and the second qubit is in state                       
|ψ2⟩ = α2|0⟩ + β2|1⟩.

A striking aspect of quantum states of more than one qubit, which seems mysterious and plays a crucial 

role in quantum algorithms, is called “entanglement”. 

Here we will illustrate this concept for the simplest case of two qubits.

The state of the two-qubit system is the tensor product

This is an example of what is called a product state (it is also sometimes called a separable state).



However, a general qubit state is not a product state. 

It can be written as

or equivalently as

The product state has

and so satisfies

This is the condition for a 2-qubit state to be a product state. 

States which do not have this property are said to be entangled.



The most-studied entangled states are so-called Bell states which involve two qubits - very important in 

quantum computing. 

They are named in honor of the physicist John Bell whose inequalities (to be discussed later) 

demonstrated that the description of nature provided by quantum mechanics is fundamentally different 

from the classical description. 

The Bell states are defined by (can be generated by quantum gates - see later)

These four equations can be combined as follows:

where     is the complement of y, i.e.,     = 1 − y.                  Make sure it works for different xy values!



The Bell states are clearly entangled.

There are correlations between the qubits used in the Bell states (quite generally between the qubits in 

any entangled states). Remember the discussion of measurement in the quantum class!

For example, if we consider |β00⟩ and do a measurement on qubit 1, then a measurement of qubit 2 (if 

performed) would find the same result(a correlation!) with 100% probability. 

We will discuss quantum correlations in entangled states in some detail in Part 6 when we investigate the 

claim of Einstein-Podolsky-Rosen (EPR) that quantum mechanics is incomplete.

For the case of two qubits, Eq. (4.32) is a convenient way to test if a state is a product state or entangled. 

In a more general case where we have, say, n = nA + nB    qubits, we may want to know whether a partition 

of the system into the two subsystems A, with nA qubits, and B, with nB  qubits, gives a product state, i.e. 

if

or whether the state is entangled with respect to this partition.



In the case with more than n = 2 qubits, there is no simple expression analogous to Eq. (4.32) for the 2n 

coefficients cx, (x= 0, 1,···, 2n −1), which indicates a product state. 

Instead, a systematic way to investigate whether such a state is entangled or a product state is to use the 

density matrix, discussed next in Part 5.



The material in this section is not essential for the rest of this class and so could be omitted if necessary. 

It is, however, necessary for advanced treatments of quantum error correction which go beyond the 
discussion in Part 19 of these notes(see Mermin notes). 

In any case, the density matrix approach in QM is very important and used extensively - look back at the 
quantum class notes! Also, it is important to know how we might carry out mathematical operations!

We will be interested in situations where a system is in contact with another, possibly much larger, 
system. 

Let’s call the system of interest subsystem A, and denote the other system by subsystem B. 

We use the word “subsystem” for A and B separately, since we now consider them as the two parts of the 
combined AB system. 

We want to describe the properties of subsystem A without explicitly including the degrees of freedom of 
subsystem B. 

Part 5 - The Density Matrix
5.1 Introduction



This is accomplished by the “density matrix”. 

Two situations where the density matrix is useful are:

To become familiar with the notation in a gentle way we first consider the density matrix of a system in a 
well-defined quantum state. 

This is not terribly useful in itself, and will just be a rewriting of results we have already obtained, but 
doing this will help us understand the much more useful case of the density matrix of a subsystem A, say, 
coupled to another system B, such that the total system A⊗B is in a well defined quantum state, but is 
entangled with respect to the A-B subdivision so neither A nor B are in a well defined state.

5.2 Definition of the Density Matrix



Part 5.2.1 Density matrix of a system in a well defined state

Consider, then, a quantum system in a well defined quantum state, |ψ⟩. 

We define its density matrix ρ by the outer product (the projection operator)

We will understand the reason for this definition as we go along.1 

The matrix elements of ρ are

Note that its diagonal (n=m) elements are |⟨n|ψ⟩|2 , which are the probabilities, Pn, of a measurement 

finding  the system in state |n⟩. 

Since probabilities add up to one, the trace (sum of diagonal elements) must satisfy



This will turn out to be a general property of any density matrix.

We shall now show that expectation values of operators in state |ψ⟩ can be expressed in terms of ρ. 

We showed in Eq. (3.66) that the expectation value of an operator        is given by

This can be re-expressed in terms of the density matrix ρ since

where we used Eq. (5.1) and the completeness relation       |n⟩⟨n| =      = the identity.

insert identity

rearrange

remove identity

recognize trace



Hence expectation values can be obtained directly from the density matrix.

I emphasize that this is a trivial example in which the density matrix is not needed, but this discussion 
provides a useful starting point for the general formulation of the density matrix described next.

5.2.2 Density matrix of a subsystem when the combined system is in a well defined state

In the rest of this part we consider a system composed of two subsystems A and B, such that the 

combined system is in a single quantum state. 

In general, subsystems A and B will be entangled, so neither subsystem is in a well defined state. 

We will only be interested in one of the subsystems, A say, and would like a description in terms of just 

the states of A. 

This is where the density matrix becomes very useful.



We will assume that subsystem A has nA  qubits, and subsystem B has nB  qubits, so the number of states 
of each subsystem is given by

As earlier, the density matrix of the whole system is given by

This is a matrix involving the states of both A and B. 

We shall now show that information about averages of the A degrees of freedom can be obtained without 

explicitly considering the B degrees of freedom from the density matrix ρA    where

is a matrix in the space of the states of A only. 

Here |jB⟩ is a basis state(summed over) for subsystem B. 



NOTE: As stated above, in this part we assume that the combined AB system is in single quantum state. 
If, instead, the combined system is itself described by a non-trivial density matrix ρAB, then the reduced 
density matrix for subsystem A is still given by ρA = TrB ρAB 

  but  ρAB 
  is no longer given by Eq. (5.7).

We say that we have “traced out” the B states.

The state |ψAB⟩ can be expressed in terms of basis states.

In the Dirac notation this has the rather cumbersome form

where |iA⟩ is a basis state for subsystem A.

Here, I prefer to use the standard matrix notation with indices, rather than the Dirac notation, by writing 
Eq. (5.9) as



From Eqs. (5.8) and (5.10), the matrix elements of ρA  are given in terms of the amplitudes             by   

Because |ψAB⟩  is normalized we have carrying out

so the trace of the density matrix is always equal to 1. 

Also we see that

omitting for conciseness the label A on |iA⟩and |i′A⟩ when there is no ambiguity, so ρA is Hermitian.

As discussed earlier, this condition is a general property of density matrices.
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We want to compute the expectation value of some operator         acting only on the A degrees of 
freedom, i.e.,
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→j→B | jB↑ = ωjBj→B

where in the third line we used that        does not depend on the B degrees of freedom, and in the fourth 
line we used that                                .

Hence, from Eq. (5.11),

which has the same form as the earlier equation Eq. (5.5). 



Thus we can compute averages of quantities involving subsystem A from a knowledge of the density 

matrix ρA, without needing to explicitly consider subsystem B. 

All necessary information about B is contained in the density matrix ρA. 

Note that ρA  is the same no matter what quantity of system A is to be calculated, and so it only has to be 

calculated once.

One can equivalently trace out the degrees of freedom in A to get the density matrix for subsystem B, i.e. 
ρB = TrA ρAB, so

As we shall see, it is useful to diagonalize the density matrix, obtaining its eigenvalues λ𝛼 and 
eigenvectors |φ𝛼⟩. 



Since the sum of the eigenvalues is equal to the trace we have, according to Eq. (5.12),

which suggests that the eigenvalues can be interpreted as probabilities (since probabilities also sum to 1). 

We shall now see that this interpretation is correct.

Let’s consider Eq. (5.15) in the basis where ρA  is diagonal.

We have

Thus we get the expectation value of         in state |ψAB⟩ by (i) computing the expectation of         in state      
|φ𝛼⟩ (an eigenvector of ρA), (ii) multiplying by λ𝛼  (the corresponding eigenvalue of ρA), and (iii) 
summing over α. 



This clearly shows that λ𝛼  should be thought of as the probability that subsystem A is in state |α⟩. 

To emphasize this, from now on we will denote the eigenvalues of the density matrix by p𝛼.

Furthermore, if we consider Eq. (5.15) in the basis |m⟩ where       is diagonal we get

where ⟨m|       |m⟩ is an eigenvalue of           . 

We interpret this to mean that the probability that a measurement of       yields eigenvalue ⟨m|      |m⟩, 

leaving the system in state |m⟩, is the corresponding diagonal element of the density matrix, ⟨m|ρ|m⟩.

To summarize, to determine the properties of a subsystem from the density matrix when the state of the 
whole system is in a single quantum state:



5.3 Determining if a state is entangled

One use of the density matrix is that it gives a systematic prescription for determining whether a state is 

a product state or entangled with respect to a partition into subsystems A and B. 

If it is not a product state we say that it is a mixed state and is “entangled” with respect to this partition. 

We shall use the terms “mixed state” and “entangled state” interchangeably.



To see how the density matrix can determine if a state is a product state or is entangled with respect to 
partition into A-B subsystems, let’s assume initially that |ψAB⟩is a product state, i.e.

In this case subsystem A is definitely in state |φ⟩, so the eigenvalues of ρA
  must be p1  = 1 and p𝛼 = 0                 

for  𝛼  ≠ 1. 

Also the eigenvector for the non-zero eigenvalue must be given by |φ1⟩= |φ⟩.

Hence, if the state of the combined AB system is a product state then one of the eigenvalues of the 

density matrix of A (or of B) will be 1 and the others zero. 

Conversely if more than one of the eigenvalues of the density matrix are positive (since they are 

probabilities they can only be positive or zero) the state is mixed, i.e. entangled.



It is actually not necessary to diagonalize the density matrix to determine if the state is a product state or 

entangled. 

Instead it is sufficient to take its square. 

To see this note that

where we used the fact that the trace is the sum of the eigenvalues, see Part 2.6, and that the eigenvalues 

of the square of a matrix are the square of the eigenvalues of that matrix. 

Since the p𝛼  must lie between 0 and 1 and      p𝛼 = 1, one can show that      p2𝛼  ≤1, with the equality only 

holding if one of the   p𝛼      is 1 and the others zero. 

As an example, consider the case of two states, for which the eigenvalues are p and 1−p with 0 ≤ p ≤1. 

𝛴𝛼𝛴𝛼



For 0 ≤ p ≤1, we see that 0 ≤ 2p(1−p) ≤ 1/2 and is only zero for p = 0 and 1. 

Consequently, Tr(ρA)2   <1 unless p = 0 or 1

Hence we have the following general criterion:

We emphasize again that Tr ρA  = 1 always.

Sometimes one defines the Von Neumann entanglement entropy by

Now



It is easy to see that S(ρA) = 0 if the state is a product state since limx→0(xln x) = 0. 

In the opposite limit, of a maximally entangled state where pα = 1/NA for all α, one has S(ρA) = log NA. 

For the case where subsystem A is a single qubit, this gives S(ρA) = log 2.



5.4 Some Simple Examples - If you want to understand all the details later of quantum error correction 
then you should do these examples. We will skip them in lectures unless there are questions later.

In this part we consider some simple examples where subsystems A and B each have just a single qubit.

5.4.1 Example 1:







5.4.2 Example 2:



5.4.3 Example 3:





5.5 Systems not in a single quantum state

An additional application for the density matrix is for systems which are not described by a single 

quantum state. 



An example would be to characterize the behavior of a stream of particles (electrons, say) which are 

polarized in different directions. 

We need to average over the different spin orientations using standard classical statistics.

Suppose for example that a fraction p of the electrons are polarized in the +z direction, i.e., are  state |0⟩, 

and a fraction 1−p are in the -z direction, i.e., are in state |1⟩. 

The density matrix for particles in state |0⟩ is

and that for state |1⟩ is

The density matrix of the stream of electrons is therefore



For a less trivial example, consider the case that a fraction p of the electrons are in state |0⟩ (polarized in 

the +z direction) while fraction 1−p are polarized in state |+⟩=     (|0⟩+ |1⟩) (polarized in the +x direction). 

The density matrix can then be conveniently written as

Note that states |0⟩and |+⟩are not orthogonal. 

If we rewrite Eq. (5.63) in terms of orthogonal states, (for example computational basis states) it 

becomes more complicated. 

To do this we note that

so the density matrix for the beam of electrons can be written in the computational basis as



The eigenvalues of ρ are

while the eigenvectors are

where the C± .are normalization factors which are sufficiently messy that I prefer to not write them down.

Here we have given a description of the density matrix in terms of non-orthogonal states.

Note that the factors of p and (1−p) in Eq. (5.63) are not the eigenvalues. 

These have to be determined in an orthogonal basis and are given by Eq. (5.66).



The statistical properties of measurements on a system are completely determined by its density matrix. 

However, this example shows that the interpretation of the density matrix in terms of the system being in 
different states with various probabilities is not unique if one allows for non-orthogonal states. 

Sometimes, as in this example, it may be simpler to use non-orthogonal states.

5.6 Conclusions

We have seen that the density matrix is useful when studying the properties of a system composed of two 
subsystems A and B. 

More precisely, it can be used to:



Part 6 - Einstein-Podolsky-Rosen (EPR), Bell’s inequalities, and Local Realism

6.1 Introduction

In classical physics, objects have definite properties irrespective of whether we measure them or not.

This is called objective reality. 

A measurement just reveals a property which already existed.

However, this is not the case in quantum mechanics.

To see this, suppose that a qubit is initially in the state

If we measure the qubit (i.e. measure Z) the Born rule states that we get |0⟩ (i.e. eigenvalue +1) with 
probability ½ and |1⟩ (i.e. eigenvalue −1) with probability ½ .



However, we cannot infer from this that, before the measurement, the qubit was in state |0⟩ with 
probability ½ and |1⟩with probability ½, for this leads to a contradiction as we will now see.

If we apply the Hadamard operator (these will be dramatic in quantum computing systems),

to |ψ⟩ we get

Hence, according to the Born rule if we measure a qubit in state H|ψ⟩, i.e., after applying the Hadamard, 
we get |0⟩ with probability 1.

However, suppose we assume that, before the measurement, the qubit in state |ψ⟩ corresponds to being in 
state |0⟩ with probability ½ and |1⟩ with probability ½, then the action of H on |ψ⟩ produces                       
either       (|0⟩+ |1⟩) or                  (|0⟩−|1⟩), again with equal probability, and so, in either case, measurement of 
the qubit gives |0⟩ or |1⟩, again with equal probability. 



This is in contradiction to Eq. (6.3), which states that the measurement gives |0⟩ with probability 1. 

Hence we cannot assume that state |ψ⟩ in Eq. (6.1) corresponds to its being in |0⟩ with probability ½ and 

|1⟩ with probability ½  before the measurement, even though this is the result of the measurement. 

In other words the description of the world provided by quantum mechanics does not have objective 

reality.

One person who did not like that quantum mechanics describes a world without objective reality  (and 
that quantum mechanics involves probabilities at a fundamental level), was Albert Einstein.
.

In 1935 he wrote a famous paper with Podolsky and Rosen (now called EPR), in which they simply 
asserted that nature has the property of objective reality. 

According to this picture of the world, the reason that, in general, measurements do not give a definite 
answer but give different results with various probabilities, is that quantum mechanics, as we have it, is 
incomplete. 

Rather, there is a deeper level of structure, which we don’t have access to at present, with extra, hidden, 
variables, such that if we could access those variables, the measurement would be deterministic and 
would just reveal the state of the system which existed previously, i.e. we would have objective reality. 



The fact that measurements on a quantum state do not give a unique result is, in this picture, because the 

hidden variables have different values when the different measurements are done.

The classical, EPR picture is called local realism:

6.2 An EPR Experiment(for completeness)

In this part we will describe an experiment in which quantum mechanics gives different results from any 

local realistic theory. 

Such experiments have been done and found to be in agreement with quantum mechanics and in 

disagreement with local realism.

End 3



EPR examined a thought experiment with entangled particles. 

We shall consider a simpler version of the EPR thought experiment due to Bohm. 

For this experiment we will derive a condition (an inequality) which any theory with local realism must 

satisfy, but which is violated by quantum mechanics. 

This is one of many inequalities of a similar nature, the first of which was discovered by John Bell.

Hence they are known quite generally as Bell’s inequalities.

We suppose that an experimenter prepares pairs of 2-state particles (qubits) in the following entangled 
Bell state

In experiments, the qubits will be photons. 

He sends one particle of the pair to Alice and the other, in the opposite direction, to Bob, see Fig. 6.1.



Figure 6.1: Sketch of the experimental setup for 
the version of the EPR experiment. The source 
emits pairs of qubits (in practice photons) in the 
state |ψ⟩=1√2 (|01⟩−|10⟩) given in Eq. (6.4). For 
each pair Alice and Bob decide independently and 
randomly which of the three non-orthogonal 
directions,                   to measure along. The result 
in each case is +1 or −1. The double lines indicate that the result of the measurement is a classical bit.

He then repeats this for many pairs. 

Suppose that Alice and Bob measure the particles in the computational (Z) basis. 

If Alice measures |0⟩ (for which the eigenvalue of Z is +1) then Bob must 

measure the opposite, i.e. |1⟩(for which the eigenvalue of Z is −1).

Now consider a general basis. 

As discussed in Part 4 a general qubit state |0  ⟩is characterized by two parameters, θ and φ, which are 

the polar and azimuthal angles of a point in direction     on the unit sphere, known, in this context, as the 

Bloch sphere, see Fig. 4.1. 
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Eq. (6.4) can equivalently be written as

ignoring an overall phase, for any direction      .
<latexit sha1_base64="u2nsA7zzNp9vFLnQUHp7v8kkvQo=">AAACAnicbVBNS8NAEN3Ur1q/qh69BIvgqSQitceCF48VbCu0oUy2m3bJZhN2J0IJufkHvOo/8CZe/SP+AX+H2zYH2/pg4PHeDDPz/ERwjY7zbZU2Nre2d8q7lb39g8Oj6vFJV8epoqxDYxGrRx80E1yyDnIU7DFRDCJfsJ4f3s783hNTmsfyAacJ8yIYSx5wCmik3mACmMl8WK05dWcOe524BamRAu1h9WcwimkaMYlUgNZ910nQy0Ahp4LllUGqWQI0hDHrGyohYtrL5ufm9oVRRnYQK1MS7bn6dyKDSOtp5JvOCHCiV72Z+J/XTzFoehmXSYpM0sWiIBU2xvbsd3vEFaMopoYAVdzcatMJKKBoElra4isIGeYVE4y7GsM66V7V3Ua9cX9dazWLiMrkjJyTS+KSG9Iid6RNOoSSkLyQV/JmPVvv1of1uWgtWcXMKVmC9fUL62uYKA==</latexit>

n̂

The state on the antipodal (opposite direction) on the sphere is denoted by |1 ⟩. 

The connection between |0 ⟩ and |1  ⟩and the basis states in the computational basis, |0⟩and |1⟩, is given 
by Eqs. (4.12).

Hence the state in Eq. (6.4) has the interesting property that Alice and Bob will always get opposite 
results as long as they measure in the same basis  no matter what that basis is.

Note: when we say “measure the qubit in the        basis” we mean measure            where, as discussed in 
Part 2.4, the σα (α = x,y,z) are just another notation for the Pauli operators X,Y and Z.
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The  results of the measurements of Alice and Bob are therefore strongly correlated.



Of course, one can also have correlations between experimental results in classical systems. 

However, we will show below that the quantum correlations in entangled states like that in Eq, (6.5) are 

different from classical correlations.

In the experiment that we will consider, Alice and Bob each choose to measure in one of three distinct, 

non-orthogonal directions                     . 

Every time they receive a particle they separately choose at random one of these three directions and 

record whether they get +1 or−1

The timing of the measurements is important. 

They must be done in a causally disconnected manner so information about the direction that Alice, for 

example, has chosen cannot have reached Bob when he makes his measurement, and vice versa.

The setup is sketched in Fig. 6.1.



6.3 Bells’ Inequality

If Alice and Bob choose the same direction we know that they will get opposite results. 

Next consider in some detail what happens when Alice and Bob do not choose the same direction.

Firstly let us see what happens in a classical picture with objective reality.

The qubits then have a well defined state prior to the measurement. 

The reason that we don’t always get the same result for measurements along a given direction must be 

that the qubit pairs are not all emitted in the same state each time. 

Rather, each possible result of the measurements corresponds to a particular type of initial state. 

There are three directions, for each of which Alice and Bob get one of two possible results. 

Let’s first consider the results that Alice might get. 



For each of the three directions she gets one of two possible results, ±1. 

With objective reality, the result of the measurement is pre-ordained before the measurement takes place, 

it just depends on the state of the photon. 

Furthermore, even though only one measurement direction is used for each photon, assuming objective 
reality it makes sense to talk about the results that Alice would have got if she had measured in one of 
the other directions.

For example, there are photons where Alice would find +1, +1, +1 in the three directions. 

Let call these photons type 1. 

Since there are 23 = 8 possible results for the three directions, there are eight possible types of photon, as 

far as Alice is concerned.

Now we incorporate Bob’s results with those of Alice. 

Assuming that Bob’s results are not affected by the measurement direction chosen by Alice, which is the 

case if the measurements are done in a causally disconnected manner.



Bob’s results are also determined only by the state of his photon when emitted by the source. 

In this case, if he and Alice measure in the same direction we know that they must get opposite results4. 

For example if Alice receives a photon which would give +1, +1, +1 in the three directions, then Bob’s 

photon would give −1, −1, −1. 

Hence, including both Alice and Bob’s results, there are still only eight possible types of photon pair that 

we need consider, and these are shown in Table 6.1.

Table 6.1: The eight types of qubit pairs give different 
results when measured along the                            
directions. Note that Alice and Bob get opposite results 
if they measure in the same direction, so Bob’s side of 
the table is precisely the opposite of Alice’s. Hence 
there are 23 possible sets of outcomes.



For the i-th type, Ni pairs will be generated where

is the total number of pairs.

Let us discuss next some examples taken from Table 6.1. 

For a qubit pair in population 4, Alice will get +1 if she measures in direction    , 

and Bob will get +1 if he measures in direction      

Similarly for population 7, Alice will get −1 if she measures in direction      and 

Bob will get +1 if he measures in direction     

In all cases, if Alice and Bob measure in the same direction they get opposite 

results.



We now make some simple observations.

Each observation is simple but one needs to focus to follow the thread of the argument to the end. 

Clearly  Ni i≥ 0, so it must be true that

Since N2  and N7, which can not be negative, have been added on the RHS.



Table 6.2: The columns of Table 6.1 
for the case when Alice measures 
along       and Bob along    .



Combining Eqs. (6.7)–(6.10), we have

In the simple case that all the populations are equal, each probability is 1/4 so the inequality is trivially 

satisfied. 

Equation (6.11) is an example of a Bell’s inequality. 

It is satisfied by any theory with local realism. 

Note that there is nothing sophisticated about this Bell’s inequality; it is just bookkeeping. 

I emphasize that Eq. (6.11) has nothing to do with quantum mechanics. 

In fact, we will now see that it is violated by quantum mechanics for a broad range of measurement 

directions              

We therefore now consider what quantum mechanics has to say.
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n̂The 2-qubit state generated by the source is given by Eq. (6.5) for any direction    , where |0  ⟩ and |1  ⟩
are given by

We take the θ = φ= 0 direction to be that of    , so we write

where we indicate on the RHS which qubit is meant (1 for Alice’s and 2 for Bob’s).

We now compute                     according to quantum mechanics. 

We need the probability amplitude for the state in Eq. (6.12) to have eigenvalue +1 along     for Alice and 

eigenvalue +1 along     for Bob, i.e.                      . 

Hence, to get                      we compute first the amplitude



so

We recall that out of the times when Alice measures along     and Bob measures along      , this is the 
probability that they both get +1. 

For these same directions there are three other possibilities. 

It is straightforward to check that                                          , and a calculation shows that



Hence the sum of the probabilities for the four different (±1) results when Alice measures along       and 
Bob measures along       adds up to 1, i.e.

as required.

A further check on Eq. (6.16) is that it predicts P(+⃗a; +⃗c) → 0 if     and     are in the same direction.

This result is correct because when Alice and Bob measure in the same direction they must get different

results because of the nature of |ψ⟩, see Eq. (6.5).

Similarly one has



We have

Hence Bell’s inequality, Eq. (6.11), when applied to quantum mechanics, gives

As we shall now see, it is easy to find cases where this is violated.

Figure 6.2: A possible choice of directions for which 
the Bell’s inequality in Eq. (6.21) is violated.



and

Hence the LHS of Eq. (6.21) is 3/4 while the RHS is 1/2 so the inequality is violated. 

For general θ in Fig. 6.2, the inequality in Eq. (6.21) can be written

which is violated for the broad range 0 < θ < π/2, as shown graphically in Fig. 6.3.

Figure 6.3: A graph showing that the inequality 
in Eq. (6.24) is violated for 0 < θ < π/2.



6.4 Summary

We have seen that quantum mechanics violates Bell’s inequalities. 

These inequalities are satisfied by any theory with local realism. 

Experiments along the lines of that sketched in Fig. 6.1 have been done, using polarized photons. 

These experiments agree with quantum mechanics and disagree with local realism.

Among the different experiments there are variations in the initial state of the entangled qubits and in 

which Bell’s inequality is being tested, but they are all equivalent.

The more sophisticated experiments choose (randomly) the polarization directions while the photons are 

in flight. 

This makes it impossible for the emitted photons to be affected by the chosen orientations of the 

polarizers. 



Similarly, the polarizer directions are set at times such that that information about the direction of one 

polarizer has not had time to reach the other polarizer when it performs its measurement. 

Note that information cannot travel faster than the speed of light. 

Features of the experiment like these are necessary to show that no local hidden variable theory can 

explain the data.

Bell’s inequalities characterize quantum correlations between two entangled qubits, which are different 

from classical correlations. 

Very recently, non-classical correlations, distinct from those of Bell, have been found in experiments 

(GHZ) with three sources of pairs of entangled photons and three detectors in the shape of a triangle. 

Thus the study of non-classical correlations in quantum mechanics, stimulated by EPR in the 1930s, 

made precise by Bell in the 1960s, and studied experimentally since the 1970s, remains an active field up 

to the present day.



In an EPR-like experiment the entangled state changes when one qubit is measured. 

We can ask whether any information is instantaneously transmitted to the other qubit at the moment of 

measurement. 

Since the two qubits in an entangled state are correlated, naively one might imagine that this occurs. 

If so, special relativity, one of the cornerstones of modern physics, would be violated.

Fortunately, no information is transmitted at the moment of measurement so special relativity is 

preserved.

Although the experimentally found violations of Bell’s inequalities rule out local theories with objective 

reality, they do not, in principle, rule out non-local6 theories with objective reality. 

However, these would violate special relativity. 

Hence very few physicists think that a non-local theory of quantum mechanics will turn out to be the 

correct theory of nature.



To conclude, we see that quantum mechanics is strange:

Many physicists feel uncomfortable with these aspects of quantum mechanics, and hope that a better 

insight will emerge. 

But, in the 90 years since the EPR paper this has not happened, so we will probably have to continue 

living with the strange world of quantum mechanics as we now understand it.

After all this discussion, we ask - can we use the differences between the strange quantum world and the 

familiar classical world to do more efficient computation, at least for some problems? 

Now that we have detailed all the difference, this question will be the focus of the rest of the class.



Part 7 - Classical and Quantum Gates

Now, finally, we get to computation! The QM preliminaries were needed because we are getting to 

Quantum Computation!

The elementary circuit elements which acts on the data in a computer are called gates. 

In this part we will first discuss classical gates and then go on to describe quantum gates.

7.1 Classical Gates

Data in a classical digital computer is in the form of bits, x, which take values 0 or 1. 

The only operation involving a single classical bit, i.e., the only 1-bit classical gate, is the NOT gate 

which takes  0 to 1 and vice versa.

Of particular interest are 2 bit gates, the most common ones being



These have two input bits and one output bit. 

For the AND gate the result is 0 unless both inputs are 1. 

For the OR gate the result is 0 unless one or both of the inputs are 1. 

The XOR gate only differs from the OR gate in giving zero if both the inputs are 1.

Note that AND gives the same results as ordinary multiplication of the bits xy. 



For example, since 13 = (5 ×2) + 3 we have 13 (mod 5) = 3. 

Referring to the XOR gate, consider the case x = y = 1, so we have 1 + 1 ( mod 2) = 0, which is the value 

of XOR in this case. 

It is trivial to see that XOR is also addition modulo 2 for the other values of x and y. 

For convenience of notation x+ y( mod 2) is written as x⊕y.

One can show that the AND, NOT and OR gates form a universal set which means that any logical 

operation on a arbitrary number of bits on a classical computer can be expressed in terms of these gates. 

Thus, classically, we only need 1-bit and 2-bit gates to perform any operation.

The XOR operation is equivalent to addition of the bits modulo 2, i.e. x+ y( mod 2). 

To see this, note that the modulo operation gives the remainder after integer division.



However, we cannot directly take over gates like  AND, OR and XOR  to a quantum computer for the 

following reason. 

A gate in a quantum computer will be implemented by a unitary operator acting on a small number of 

qubits. 

A unitary operator has the property that U-1  = U†. 

Now  U-1  performs the inverse operation, and since U†   is well defined, the inverse operation must exist. 

Thus, quantum gates must be reversible.

However, AND, OR and XOR cannot be reversible because they have a different number of outputs and 

inputs. 

Suppose, for example, we know that the output from an OR gate is 1, and want to know what is the 

input. 

We can’t say because there are three possible inputs, 01, 10 and 11, which give this output.



Thus, a major change in going from classical to quantum computing will be having to deal with 

reversible computation. 

Next we consider reversible classical computation before doing the quantum case.

Clearly a necessary condition for a gate to be reversible is that it has the same number of input and 

output bits. 

The 1-bit NOT gate has one input and one output, and is reversible since acting twice gives back the 

original bit, i.e. (NOT)2 = IDENTITY, so (NOT)-1 = NOT, i.e., NOT is its own inverse.

We will now consider a reversible, classical, 2-bit gate, the quantum analog of which will play an 

important role in quantum computing. 

This is the controlled-NOT, or CNOT gate. 

It is similar to XOR except that it has a second output bit, which is equal to one of the input bits, i.e.,  

this bit is unchanged on output. 



One way of representing the action of CNOT is

The first (upper) bit is called the control bit. 

This is unchanged by the action of CNOT.

As we shall see, this simple modification, namely keeping one of the input bits as part of the output, 

suffices to make the CNOT gate a reversible version of XOR.

The second (lower) bit is called the target bit, and the effect of the XOR operation x⊕y is to flip y if            

x = 1 and to leave y alone if x = 0. 

Hence, as far as the target bit is concerned, the gate is indeed a controlled NOT, since the NOT acts if x, 

the control bit, is 1, and does not act if x = 0. 

The truth table is as shown right:



It is useful to represent the CNOT gate by a diagram, as shown in Fig. 7.1.

The input is on the left and the output on the right. 

The upper line is the control bit, and has value x on input, while the lower line is the target bit and has 

value y on input. 

On output, the control qubit is unchanged and the target qubit is the exclusive or (XOR) of x and y.

Figure 7.1: The CNOT gate.

It is easy to see that CNOT is reversible since, if we act twice, we get back the original input because

The last line follows because x⊕x = 0 since 0 + 0 = 0 and 1 + 1 = 0 ( mod 2). 



Thus CNOT is its own inverse. 

Hence, as mentioned earlier, it can therefore be regarded as a reversible version of XOR.

Note that to be reversible it is not required that the inverse operator is the same as the original operator, 

only that the inverse operator exists. 

However, it turns out that most quantum gates we consider will be their own inverse.

We mentioned above that the 1-bit (NOT) gate and a set of irreversible 2-bit gates (AND and OR) 

together form universal set for a classical computer, which means that any logical operation on an 

arbitrary number of bits can be constructed out of these gates. 

The question we now ask is whether 1-bit and 2-bit reversible classical gates are universal. 

The answer is no. 

Classically one also needs a 3-bit gate such as the Toffoli gate shown in Fig. 7.2 or the Fredkin gate 

shown in Fig. 7.3.



Figure 7.2: The Toffoli gate. This has two control bits x 
and y and one target bit z. On output the control bits are 
unchanged and the target bit is flipped if both control bits 
are 1, so z → z ⊕ xy.

Figure 7.3: Left: the Fredkin gate. This is a controlled-
swap gate. If the upper (control) bit is 1 then the two 
lower (target) bits are swapped, and otherwise the target 
bits are unchanged. x ≡ 1−x  is the complement of x. 
Right: the elemental SWAP gate.

Amazingly we shall see that 3-qubit gates are not needed quantum mechanically. 

In fact, it is possible build the Toffoli gate, for example, out of 1-qubit and 2-qubit gates, and we will go 
through how to do this later in Part 11. 

We shall see that quantum mechanics allows for a big range of 1-qubit gates, whereas we have already 
noted that classically the only 1-bit gate is NOT.

It is this wide range of possibilities for 1-qubit gates that allows us to construct a quantum mechanical 
Toffoli gate out of 1-qubit and 2-qubit gates, whereas no such construction is possible using classical 
gates.



7.2 Quantum Gates

Following David Deutsch we represent the action of quantum gates by a circuit. 

The circuit comprises a set of qubits in some initial state, acted on by gates and ending up in a final state. 

Each qubit is represented by a line in the circuit diagram and time runs from left to right, see e.g. Fig. 

7.4.

Figure 7.4: A schematic circuit with three qubits 
and two gates. Time runs from left to right. The 
initial state of the qubits is |i1⟩ ⊗ |i2⟩ ⊗ |i3⟩.

Sometimes we will indicate a set of n qubits (called a register) compactly by a single line with a slash 
through it as follows:



Quantum circuits have the following properties:

Circuits have several gates acting in succession on a qubit and it is important to understand the order in 
which they act. 

Unfortunately, this can be confusing. 

By convention, in diagrams time is from left to right, so in the diagram

A (the leftmost gate) acts first on state |i⟩, and then B acts.



However, when writing operator expressions, these work from right to left, so, the above diagram 
corresponds to

in which A is on the right. 

You simply have to get used to this reversal of order when going from circuit diagrams to operator 

expressions.

Now we describe some commonly used quantum gates, recalling that quantum gates must be reversible 

and so are unitary operators.

First, we consider 1-qubit gates.



Now a matrix which squares to the identity has eigenvalues ±1. 

To see this note that if      is an eigenvector of A with eigenvalue λ then

But if A2  =       then it follows that λ2  = 1 and so λ = ±1.



We need to become familiar with the action of H on computational basis states. 

This is:

Combining these two equations, the action of H on a computational basis state |x⟩ is seen to be

for both values of x, namely 0 and 1.

A crucial point is that these gates are linear, and so they act in the same way on a superposition.   

For example:



We also need to consider measurement gates, in which a classical measurement of a qubit takes place. 

The basis in which measurements are made is called the computational basis. 

The Pauli spin matrices are for the computational basis and since the Pauli Z is a diagonal matrix we  

also call the computational basis the Z-basis.

The result of the measurement is a classical bit. 

In the circuit diagrams we indicate a classical bit by a double line, and so a measurement gate is 

indicated as follows:

The measurement apparatus acting on a qubit determines the value of  Z  for that qubit, obtaining either 
+1, in which case the qubit is left in state |0⟩, or −1, in which case the qubit is left in state |1⟩.

If one wants to measure the value of some other quantity one needs to perform an appropriate unitary 
transformation first as we will see. 



For example, to determine the value of X one acts with a Hadamard before the measurement, since the 
Hadamard converts the X-basis to the Z-basis and vice-versa. 

In other words a state α|+⟩+ β|−⟩ becomes α|0⟩+ β|1⟩ after the Hadamard, and so a measurement gives     

|0⟩ with probability |α|2 and |1⟩with probability |β|2. 

These are the probabilities one would have of measuring |+⟩ and |−⟩ respectively (before the Hadamard 

acted) if one could measure X directly.

Note, however, that this procedure leaves the qubit in an eigenstate of Z which is a problem if we want to 

continue to use the qubit after the measurement, because then the qubit should be left in the eigenstate of 

the measurement operator. 

It turns out that this can be done by coupling the qubit to another “ancilla” qubit and measuring the 

ancilla, as explained shortly in Fig. 7.8 below.

Next we consider 2-qubit gates, the most important of which by far is the CNOT. 

Hadamard just shifted probabilities into the measurement basis for subsequent measurement!

auxiliary or accessory.

https://duckduckgo.com/?q=auxiliary+definition&ia=definition
https://duckduckgo.com/?q=accessory+definition&ia=definition


We already met the classical CNOT gate in Fig. 7.1. 

In the quantum case, if initially the qubits are in a computational basis state, then the action of the CNOT 
is the same as classically. 

Since the NOT function is implemented by the Pauli X operator, so the CNOT operation can  
equivalently be thought of as Ctrl-X, we indicate explicitly the action of X in the circuit representation  
of the quantum CNOT gate shown in Fig. 7.5.

This representation makes clear that the NOT operation is performed by the Pauli X operator. 

If the initial state of the qubits (on the left) is a computational basis state, then the action of the 
quantum CNOT gate is the same as that of the classical CNOT shown in Fig. 7.1. 

The upper line represents the control qubit and the lower line the target qubit.

The CNOT gate has the 
matrix representation

Figure 7.5: A quantum CNOT gate. 



In this tensor product the control qubit is the one to the left. 

The target qubit (to the right) is flipped if the control qubit is 1 (so, relative to the identity matrix, 

columns 3 and 4 are interchanged). 

We can also write UCNOT  in terms of 2 × 2 blocks as follows

The quantum aspect appears if we input (on the left) a linear combination of basis states. 

Suppose, for example, we set the target (lower) qubit to |0⟩. 

Then if the control qubit is initially |0⟩ the final state of the 2-qubit system is |00⟩, because the target 

qubit is not flipped and stays as |0⟩ (we take the control qubit to be the left one). 

If the control qubit is initially |1⟩ then the final state of the 2-qubit system is |11⟩ because the target qubit 

is flipped from |0⟩to |1⟩. 



Hence, by linearity, if the initial state of the control qubit is the superposition α|0⟩+ β|1⟩, then the final 

state of the 2-qubit system is α|00⟩+ β|11⟩, see Fig. 7.6. 

Note that the CNOT gate has entangled the control and target qubits.

Figure 7.6: The action of the CNOT gate when the upper 
(control) qubit is initially in a superposition α|0⟩+ β|1⟩, 
and the lower (target) qubit is initially |0⟩. By linearity, 
the final state is α times the result of inputting |0⟩in the 
control qubit plus β times the result of inputting |1⟩, i.e.  
α|00⟩+ β|11⟩. We see that the final state is entangled.

Note that if α = 0 (so β = 1 since |α|2  + |β|2 = 1) or α = 1 (β = 0), the final state is a clone of the initial 

state of the control qubit. 

However, for a general input state, the final state of the two qubits, α|00⟩+ β|11⟩, is not a clone of the 

initial state of the control qubit which would be (α|0⟩+ β|1⟩) ⊗(α|0⟩+ β|1⟩) = α2|00⟩+ αβ(|01⟩+ |10⟩)       

+ β2|11⟩. 

Hence there is no violation of the no-cloning theorem which states that a general, unknown quantum 

state can not be cloned.



In this class, we will specify the action of a gate by its action on an initial computational basis state. 

If we denote a qubit by a Latin letter, e.g., |x⟩, we mean that this is a computational basis state and x 

takes values 0 or 1. 

General quantum states, i.e., superpositions of computational basis states, will be indicated by Greek 

letters, e.g., |ψ⟩.

As already mentioned above, we do not need 3-qubit gates for quantum computing. 

More precisely, the statement is that one can generate an arbitrary unitary transformation (to a specified 

level of accuracy) on an arbitrary number of qubits, using only CNOT and single-qubit gates. 

I do not prove this result (for a more advanced class). 

It is fortunate that we don’t need 3-qubit gates given the difficulty of making actual quantum circuits.

It is useful to mention here that one has to be careful when dealing with superpositions, and one’s initial 
intuition as to the final result may be incorrect. 



Figure 7.7: The initial state of both qubits is |0⟩. What is the final state  
|ψ3⟩? Equation (7.16) gives the state of the two qubits at each stage. 
The end result is that the two qubits are entangled and, in contrast to 
what one might have thought, the control (upper) qubit has a non-zero 
amplitude to be flipped relative to its initial state, i.e. to be in state |1⟩. 
We will do enough of these to feel comfortable!

Since H2  =       and the CNOT gate doesn’t change the control (upper) qubit, one might think that the 

final state of the control qubit would be the same as the initial state, i.e. |0⟩. 

However this is not correct because the control and target qubits become entangled - the power of QM!

Let’s go through each stage of the circuit using the notation for successive states indicated in Fig. 7.7, 

and taking the left-hand qubit in the formulae to be the control qubit:

As an example, consider the circuit in Fig. 7.7.
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<latexit sha1_base64="45BNRGgtRm3K4u1QzTSFgOwABrQ="></latexit>

H1 |ω0→ = H1 |00→ =
1↑
2
(|0→+ |1→) |0→ = 1↑

2
(|00→+ |10→) = |ω1→

<latexit sha1_base64="uY0oQ/VJWRZ24IuCI6tEvVVJpFA="></latexit>

C |ω1→ =
1↑
2
(C |00→+ C |10→) = 1↑

2
|00→+ 1↑

2
|11→ = |ω2→

<latexit sha1_base64="hD8T5qnlyPlQEp2vA7dCKxq0lgU="></latexit>

H1 |ω2→ =
1↑
2
H1 |00→+

1↑
2
H1 |11→

<latexit sha1_base64="/j0aT3nrjcnWVk39FfvVEx1A1jg="></latexit>

H1 |ω2→ =
1↑
2
(
1↑
2
(|00→+ |10→) + 1↑

2
(|01→ ↓ |11→)) = |ω3→

I added a subscript onto H to make it clear where it was acting



where in the last expression we indicate explicitly which qubit is the control qubit (“c”), and which the 

target qubit (“t”). 

We see that, contrary to what one might have initially guessed, there is an amplitude for the final state of 

the control qubit to be |1⟩ because of its entanglement with the target qubit.

We have noted that the Pauli operators X,Y and Z, and the Hadamard operator have eigenvalues ±1.

Later in the class, if we consider the important topic of quantum error correction, we would encounter 
combinations of these operators on different qubits which also have ±1 eigenvalues. 



We will now describe a convenient way of measuring such operators. 

Let us denote the operator by U. 

It will have matrix elements given by

and eigenvalue +1 with eigenvector |ψ+⟩and an eigenvalue −1 with eigenvector |ψ-⟩, i.e.

We would like to investigate the qubit (or qubits) to determine which eigenstate of U it is in, or, if it is in 
a linear superposition, to project by measurement on to one of the eigenstates, and know which one.

A convenient way is to use the circuit shown in Fig. 7.8, which has a control-U gate.



Figure 7.8: A circuit with a control-U gate in which the control 
(upper) qubit is surrounded by Hadamards. U is an operator with 
eigenvalues ±1 and corresponding eigenvectors |ψ+⟩and |ψ−⟩.
As shown below, if a measurement of the upper qubit gives |0⟩ then 
the lower qubit will be in state |ψ+⟩, and if the measurement gives      
|1⟩ then the lower qubit will be in state |ψ−⟩. The states |φi⟩               
(i= 0,1,2,3) are described below.

The matrix representation of control-U is

where the last expression is written in terms of 2 × 2 blocks. 

If the control qubit is 1 then U acts on the target qubit according to Eq. (7.18), while if the control qubit 

is 0 then the target qubit is unchanged.



The lower (target) qubit is initially in state |ψ⟩, which can be written as a linear combination of the two 
eigenvectors

and so, including the upper (control) qubit which is initially in state |0⟩, the initial state of the circuit (on 
the left of Fig. 7.8) is

In labeling the states, we put the state of the control qubit to the left and that of the target qubit to the 

right. 

After the first Hadamard on the upper qubit the state is



The effect of the control-U gate on the target qubit is given by Eq. (7.18) when the control qubit is 1 and 

has no effect if the control qubit is 0. 

Hence, after the control-U gate, the state is

Applying the righthand Hadamard in Fig. 7.8 to the upper (control) qubit we get

Hence if a measurement of the upper qubit gives |0⟩ (which it does with probability |𝛼+|2) the lower qubit 
will be in state |ψ+⟩, and if the measurement gives |1⟩(probability is |𝛼-|2) the lower qubit will be in state    
|ψ−⟩. 



We see that measuring the control qubit projects the target qubit onto an eigenstate of U and tells us 
which one.

Note that we use the control qubit as an ancilla, and by measuring it we can determine which eigenstate 
of U the target qubit is left in. 

Directly measuring the qubit of interest does not work this for the following reason. 

To determine which eigenvalue of U the qubit is in, we go to the U-basis by acting with U and then 
perform a measurement. 

If the qubit is measured to be in state |1⟩ then, before the U operation the qubit was in state |ψ+⟩, and if 
the qubit is measured to be in state |0⟩ then the qubit was in state  |ψ-⟩. 

However, we want the qubit to be left in the eigenstate of U whereas the measurement leaves it in a 
computational eigenstate (i.e. a Z-basis state). 

In order to leave the qubit in an eigenstate of U, and know which one it is, we cannot measure the qubit 
itself, but fortunately, as we just saw, we can do this by coupling the qubit to an ancilla and measuring 
the ancilla.

We will return to the circuit in Fig. 7.8 in Part 19 if we discuss quantum error correction. End 4



Part 8 - Generating and measuring Bell States

Entangled states play an important role in quantum computing. 

The most-studied entangled states are so-called Bell states(listed earlier) which involve two qubits. 

They are named in honor of the physicist John Bell who clarified the Einstein-Podolsky-Rosen (EPR) 

paradox, discussed in Part 6, and whose inequalities demonstrated that the description of nature provided 

by quantum mechanics is fundamentally different from the classical description. 

The Bell states are defined by



These four equations can be combined as follows:

where        is the complement of y, i.e.      = 1−y.

Note that the Bell states form a basis for two qubits, as do the computational states |x⟩2.

The Bell states are clearly entangled. 

They can be created out of two (unentangled) qubits in computational basis states |xy⟩ by the circuit 

shown in Fig. 8.1.

Figure 8.1: Circuit to create the Bell states defined by Eqs. 
(8.1). In the CNOT (Ctrl-X) gate, the upper qubit |x⟩ is the 
control qubit and the lower qubit |y⟩ is the target qubit.

As I said earlier the Hadamard operator would be very useful!



To see this note that, according to Eq. (7.12), after the Hadamard the state is

The effect of the CNOT gate is to flip y in the second term (since x = 1 there) and so we get Eq. (8.2).

The circuit in Fig. 8.1 converts the computational basis to the Bell basis. 

The reverse of this circuit can be used to convert the Bell basis back to the computational basis as shown 

in Fig. 8.2. 

Figure 8.2: Circuit for Bell measurements.



The measured values of x and y tell us which Bell state we started with. 

This is called a Bell Measurement.

To see that this works note that after the CNOT gate the state of the two qubits in Fig. 8.2 is

which is separable and so can be written as

Recall that the left-hand qubit is the upper (control) qubit in Fig. 8.2 and the right hand qubit is the lower 
(target) qubit. 

Acting with the Hadamard has the effect

so the final state in Fig. 8.2 is |xy⟩ as desired.



Note that the Bell states |βxy⟩ provide a basis for two qubits, since they are normalized and mutually 

orthogonal. 

Consequently, if the state inputted into the Bell measurement circuit in Fig. 8.2 is not a single Bell state, 

but rather a linear combination,

with                       = 1, then the probability that the measurements obtain a particular set of values for x 

and y is |αxy|2.



Part 9 - Quantum Functions

9.1 An elementary quantum function

In computation we will need to evaluate functions. 

How can we do this in a quantum computer where functions are determined by unitary transformations 

which are reversible?

Let us first consider the simplest case, where the argument of the function, x, is a single bit, and the 

result of the function,  f(x), is also a single bit. 

In other words, x takes only the values 0 and 1, and the same for f(x). 

We need to have a qubit for x and an additional qubit    which contains information on the function f(x).

The function f(x) will be implemented by a unitary operator Uf  acting on two qubits such that



Note the similarity with the CNOT gate, which is precisely of this form with f(x) = x. 

It is easy to see that U2f  =     since

since, as discussed earlier in the class,  f(x) ⊕ f(x) = 0.

Hence  Uf  has an inverse, which is Uf  itself.

The corresponding circuit diagram is shown in Fig. 9.1

Figure 9.1: Schematic diagram of a unitary 
transformation Uf  for a function f(x) in which both the 
argument x and the function just take two values, 0 and 1.

For a general function, the range of inputs can be represented by n bits, say, and the range of outputs by 
m bits. 



Thus we need a total of n + m qubits both in the initial state and final state. 

The unitary transformation is

where the modulo 2 addition, indicated by ⊕, applies separately to each of the m bits of f(x) and y.

The proof that Uf  is its own inverse is the same as that in Eq. (9.2). 

The circuit diagram corresponding to Eq. (9.3) is shown in Fig. 9.2.

Figure 9.2: Schematic diagram of a general unitary transformation Uf for an n-bit input x and an m-bit 
output f(x). The upper register in the figure has n qubits and contains the input value x. The lower 
register has m qubits and, in the final state on the right, contains information about the function value 
f(x). The registers are shown as single lines. To ensure the transformation is reversible there are n + m 
qubits in both the initial state (to the left) and final state (to the right).



One sometimes calls the upper register in Fig. 9.2 the “input” 
register, because it contains the input, x, and the lower register the 
“output register” because it contains information on the function 
f(x). 

However, since both registers are present in the initial state                      
(on the left) and the final state (on the right) this terminology            
can be confusing.

Note that if y = 0 the lower register contains precisely the function 
f(x).

9.2 Quantum Parallelism

Things get very interesting if we feed in a superposition. 

We can generate a uniform superposition by acting with Hadamards on |0⟩n. 

Note that for one qubit

and similarly applying a Hadamard to each of two qubits



Generalizing we have

Now lets consider the circuit shown in Fig. 9.3.

Figure 9.3: Because of the Hadamards, the input to Uf  
is now the uniform superposition of all computational 
basis states in Eq. (9.6). The output from Uf  is given 
by Eq. (9.9).

The initial state is



so the state fed into the unitary operator Uf  is the superposition

Noting that the lower register is initialized to |0⟩, then by linearity, according to Eq. (9.3), the final state 
must be

This is an astonishing result. 

The final state contains the function values for all 2n possible values of the input x. 

They have been evaluated in parallel, a feature of quantum mechanics called, naturally enough, 

“quantum parallelism”. 

For n = 100 we have 2100 ≃ 1030 function evaluations in parallel!!



A speedup of 1030 
 seems to good to be true, and, unfortunately, it is. 

What’s the catch? 

The catch is that the only way one can access the information contained in the state is to do a 
measurement of the lower register. 

This does not give 1030
  results but just one result, the value of f(x) for a single value of x. 

The probabilities of the different results are the square of the amplitudes (which are all equal here so 
there is a probability 1/2n of getting the value of f(x) for each of the 2n 

 possible values of x). 

So, it seems that we have achieved nothing. 

We have found the value of the function for one value of its argument, which we could have got much 
more easily on a classical computer. 

However, for some problems, one can gain enough useful information to get a “quantum speedup” by 
doing clever pre-processing before the measurement, in order to reduce the number of possible 
measurement outcomes (sometimes to just one.) 



Philosophers, and some physicists, debate whether one can really state that all 2n values of the function 

have been evaluated since one cannot observe them. 

Most physicists would argue that the only “real” quantities are those that can be observed, and, in 

particular, the quantum mechanical state itself is not real. 

Rather it is a device from which one can compute the results of measurements. 

From this point of view, it is not valid to claim that all 2n  values of the function have actually been 

evaluated. We leave these arguments to the philosophers!!

Now we have done enough preliminaries to study our first quantum algorithm! 

This will be described in the next part. 

Read the review in the next 6 pages and ask questions in class as we go through it!

How to achieve this in practice will occupy us for most of the rest of the class.



                                                     Review (6 slides)
WHAT'S A QUBIT?
◦ A qubit has two possible states |0) or |1)
◦ Unlike bits, a quibit can be in a state other than |0) or |1)

We can form linear combinations of states |v) = a + B |1)
     • A quibit is a vector in a 2D complex vector space

Qubits are computational basis states - orthonormal basis

we cannot examine a bit to determine its quantum state

HOW CAN A QUBIT BE REALIZED?
   • Two polarizations of a photon
   • Alignment of a nuclear spin in a uniform magnetic field
   • Two states of an electron orbiting a single atom (ground or excited state)

• We may rewrite |v) =𝛼|0) + 𝛽|1) as...

• From a single measurement one obtains only a single bit of information about the state of the qubit
• There is "hidden" quantum information and this info grows exponentially

We can ignore ei𝛼 as it 
has no observable effect



HOW ABOUT 2 QUBITS?
• Classically there are 4 possible states 
• Quantum Mechanically there are 4
COMPUTATIONAL BASIS STATES
                  |00), |01), |10), |11)
     - a pair of qubits can also exist in a superpositions of these states 
       where the amplitudes are complex numbers
• The measurement result x occurs with a probability l𝛼x|2.

• With the state of the qubits after the measurement being |x)

• Which must sum to one l : normalization condition

We could measure just a subset of the qubits
- Measuring the 1st one alone gives |0) with probability l𝛼00|2 + |𝛼01|2  leaving the post measurement state.

...which still satisfies the normalization condition.

HOW ABOUT N QUBITS?
- Computational Basis States...

if n= 500, 2500 is more than the number of atoms in the universe
Lets see a classical computer store that many numbers!!!



QUANTUM COMPUTATION
Review: Important single-qubit gates

Arbitrary Single Qubit Quantum Gate
- complete set from properties of a much smaller set

𝛼, 𝛽, and 𝛾 are all real valued

Classical Universal Gates (example)
- The NAND gate is a classical Universal Gate. Why?

Universal Quantum Gates
- An arbitrary quantum Computation on n qubits can be generated by a finite 
   set of gates that are UNIVERSAL for quantum computation
   * Need to introduce some multiple quibit quantum gates

A NAND gate is a logic gate that 
produces an output that is false only if 
all its inputs are true. 



MULTIPLE QUBIT GATES
 Controlled-NOT (CNOT) Gate
  - two input qubits: control and target

- In General

CNOT QUANTUM GATE

Any multiple qubit logic gate may be composed from
CNOT and Single Qubit Gates



OTHER COMPUTATIONAL BASES
* Measurements

- In terms of basis states

- Generally any basis state can represent an arbitrary qubit state

- If orthonormal then we can perform a measurement in keeping with probability interpretation

QUANTUM CIRCUITS
◦ Elements of a Quantum Circuit
⁃ each line in a circuit represents a "wire"
◦ passage of time
◦ photon moving from one location to another
⁃ assume the state input is a computational basis state
⁃ input is usually the state consisting of all (0)s
⁃ no loops allowed 
⁃ No FANIN(not reversible therefore not Unitary)
⁃ FANOUT (cant copy a qubit)

FANIN refers to the number of input signals that a 
logic gate can handle in electronics. It is an 
important concept in digital circuit design, as it 
affects the speed and complexity of the circuit.In digital electronics, the FANOUT is the 

number of gate inputs driven by the 
output of another single logic gate.



QUANTUM CIRCUITS
    Quantum Qubit Swap Circuit

◦Controlled-U Gate
◦A Controlled-U Gate has one control qubit and n target qubits
⁃    ﻿﻿where U is any unitary matrix acting on n qubits

Measurement Operation
- Converts a single qubit state into a probabilistic classical bit M



* Can we make a Qubit Copying Circuit?
      - Copying a classical bit can be done with the Classical CNOT gate

- How about copying a qubit in an unknown state using a
         controlled-CNOT gate |𝜓) = a |0) +b|1)

- Does |𝜓) |𝜓) = a|00) + b|11) ?

⁃ Unless ab = 0 this does not copy the quantum state input

⁃ It is impossible to make a copy of the unknown quantum state

End 4



Part 10 - Deutsch’s Algorithm

10.1 Introduction

We now turn to our first algorithm, due to David Deutsch, which is generally felt to have started the field 

of quantum computing. 

As we shall see the problem is very trivial. 

It concerns functions which takes a 1-qubit argument and give a 1-qubit output. 

The problem, as we will see, is clearly contrived and is of no practical interest. 

However, it does show a quantum speedup, and this arises from the same features of quantum circuits, 

namely quantum parallelism and interference, used in more sophisticated and useful quantum algorithms 

such as that of Shor.

Since the input takes one of two values, 0 and 1, as does the output, there are only four distinct functions 

as shown in the table.



Table 10.1: The four functions which 
have a 1-qubit input and a 1-qubit output.

You see that  f1   and  f4    gave the same result for each input, they are constant. 

On the other hand,  f2    and  f3   give different results for the two inputs. 

This is analogous to a coin toss. 

The two values of x correspond to the two physical sides of the coin, the upper and the lower sides. 

The function values correspond to what is represented on those sides, heads or tails. 

If the two sides of the coin give different results (one heads and the other tails), corresponding to a     

non-constant function, the coin is honest. 



From now on we shall use the term “balanced”, rather than “non-constant”, to indicate a function which 

gives different results for x = 0 and x = 1. 

However, if the two sides of the coin give the same result (both heads or both tails) the coin is dishonest, 

corresponding to a constant function.

We are given a “black box”  function f(x) and we want to learn about it. 

Of course we could just feed in x = 0 and x = 1 and observe the results (2 steps/runs). 

Suppose, however, we only want to know whether the function is constant (satisfied by   f1   and  f4 ) or 

balanced (satisfied by f2    and  f3). 

On a classical computer the only thing to do is to evaluate the function for both values of x and compare 

them, i.e. we need to make two calls to the function. 

However, we shall see that we can answer this question on a quantum computer with only one call to the 

function. 



As we discussed in Part 9, a quantum function f is implemented by a unitary operator Uf as shown in Fig. 
10.1.

Figure 10.1: The blackbox routine Uf for a function f(x) which takes a 
1-qubit input x and computes a 1-qubit function f(x). Here x and y are 
computational basis states |0⟩or |1⟩. However, to gain a quantum 
speedup, we will input superpositions, generated by Hadamard gates, 
as shown in Fig. 10.2. We obtain the result of inputting a superposition 
from the results of inputting computational basis states by using 
linearity. Recall that time runs from left to right in circuit diagrams

We get less information than classically, because we don’t determine the individual values of f(0) and 

f(1), but we do determine whether or not f is constant. 

Hence Deutsch’s problem may be thought of as determining whether a coin to be tossed is honest or not 
with just one toss of the coin.

So, in order to take advantage of quantum parallelism we insert Hadamard gates before the black box 
function Uf on both the upper (input) and lower (output) qubits, and to take advantage of quantum 
interference of the results; we will also put Hadamards on both qubits after Uf has acted, see Fig. 10.2.



Figure 10.2: Circuit for Deutsch’s algorithm. The initial state (on left) has |0⟩ in the upper (input) qubit and |1⟩ in the lower 
(output) qubit. Hadamard gates are applied to both qubits both before and after the function Uf (which we assume to be an 
unknown black box). In the final state the lower qubit is unchanged at |1⟩. A measurement is made of the final value (on 
right) of the upper qubit. If this is unchanged, i.e. x = 0 in this case, then the function is constant, while if the upper qubit has
flipped, then the function is balanced. One could equivalently start with the upper qubit as |1⟩ and find the same conclusion: 
namely if the upper qubit is unchanged the function is constant whereas if it has flipped the function is balanced. However, it 
is essential to start the lower qubit in state |1⟩for the algorithm to work.

We initialize the upper qubit to be |0⟩ and the lower qubit to be |1⟩. 

The upper qubit could be initialized to either |0⟩ or |1⟩ but it is essential to initialize the lower qubit to |1⟩

as we shall see.

Recalling that



we find that after the first Hadamards the state in Fig. 10.2 is

where, in the tensor product, the the upper qubit (labeled “u”) is to the left and the lower qubit (labeled 
“𝑙”) is to the right.

The function Uf is then applied. 

Recall from Fig. 10.1 that if the state of the upper qubit is x, then the final state of the lower qubit is f(x) 

if its initial state is zero, and the complement f(x) if its initial state is one, i.e.



Hence, after Uf has been applied, the state is

It is helpful to note that

Hence whether or not f(x) = 0 or f(x) = 1 just changes the overall sign of the state. 



To get this effect it was necessary to prepare the lower qubit in state |1⟩ rather than |0⟩. 

One calls  Eq. (10.5) “phase kickback”. 

Consequently we can write |ψ1⟩as

Now we run both qubits through Hadamards (those to the right of U in Fig. 10.2).

It is easy to see that action on the lower qubit (right hand one in the tensor product) is to                      

convert                         back to |1⟩l. 

The action of H on the upper qubit is to give



which can be written as

Clearly this is ±|0⟩u  if f(0) = f(1) (where the plus sign is for f(0) = f(1) = 0 and the minus sign for f(0) = 

f(1) = 1), and is ±|1⟩u   if f(0) ≠ f(1) (where the sign depends on whether f(0) = 1, f(1) = 0 or vice versa). 

Hence the state to the right of the Hadamards in Fig. 10.2 is

Consequently, if a measurement of the upper qubit in Fig. 10.2 (left in the tensor product) finds that it is 

unchanged  from its value in the initial state then f(0) = f(1), whereas if it is flipped then f(0) ≠ f(1). 

We do this with one call to the function so we have achieved a “quantum speedup” of 2, which is 

admittedly not spectacular but it is interesting that we get any speedup at all. 

We will get more impressive speedups in later algorithms.



A crucial role has been played by the Hadamards. 

Those which act before U is called, generate a superposition state with both inputs x = 0 and 1 present.

If we could measure the sign of the state we could determine the values of f(0) and f(1) separately but the 
sign of the state (more generally its phase) has no measurable effect and cannot be determined.

Looking at Eq. (10.4) it “seems” that U has computed f(x) for both values of x with just one call to it. 

This is “quantum parallelism”. 

If we do a measurement directly after the application of U we only get one value. 

However, for certain problems like this one, if we do some additional post-processing (in this case acting 
with Hadamards again), we can use “quantum interference” between the different pieces in the 
superposition to set to zero the probability of getting certain results (in this case all possible results bar 
one are suppressed).

Consequently it is possible to get useful information (in this case whether the function is constant or not) 
when the measurement is subsequently done.



Note that the Deutsch algorithm is not probabilistic: it succeeds with probability 1. 

This shows that quantum algorithms don’t necessarily have to be probabilistic (though many are). 

In this case, quantum interference transforms the state to be measured into an eigenstate of the 

computational basis. 

As we know, if we measure an eigenstate we always get the same answer (the eigenvalue) and there is no 

uncertainty.

(10.10)

10.1 Derivation of some useful identities in quantum circuits

We have

By direct calculation it is easy to see that X2  =    ,  Z2  =    , and



Equation (10.11) is represented graphically by Fig. 10.5(a) 

Also by direct calculation, we have XH = HZ. 

Hence multiplying on the left by H gives

Fig. 10.5(b) for a graphical illustration, and multiplying on the right by H gives

where      is the identity

Figure 10.5:

which is illustrated graphically in Fig. 10.5(c) below.



Figure 10.5: Some useful identities in quantum 
circuits. Of particular note is identity (f) which shows
that putting Hadamards around a CNOT gate is 
equivalent to a CNOT gate without Hadamards, but
with the control and target qubits interchanged.

The NOT part of the CNOT gate is performed by the X operator. 

Hence we represent the CNOT gate as a control-X gate as in Fig. 10.5(d). 



We will also meet the control-Z gate, in which the target qubit is acted upon by Z if the control qubit is 1, 
and otherwise the target qubit is unchanged.

As with the control-X gate, there is no change in the control qubit. 

With a bit of thought, we see that the only effect of the control-Z gate is to change the overall sign of the 

state if both the target and control are one. Thus the distinction between target and control is                   

non-existent, so control and target qubits can be interchanged in a control-Z gate, see Fig. 10.5(e).

Now consider a CNOT (control-X) gate sandwiched between Hadamards as shown in Fig. 10.5(f).



Consider the target (lower) qubit. If the control qubit does not act on it, the target qubit is just acted on 
by the two Hadamards which is equivalent to the identity, see Fig. 10.5(a). 

If the control qubit does act on the target qubit, the target qubit is acted on by the succession of gates 
HXH which is equivalent to Z, see Fig. 10.5(b). 

Both these possibilities are taken care of by the equivalent circuit in Fig. 10.5(f)(i), which is control-Z 
gate. 

As illustrated in Fig. 10.5(e), the target and control qubits in a 
control-Z gate can be interchanged so Fig. 10.5(f)(i) is equivalent 
to Fig. 10.5(f)(ii). 

Now the target qubit is the upper one, and has the sequence of 
gates HCtrl-ZH acting on it. 

Similar to the argument that showed Fig. 10.5(f) is equivalent to 
Fig. 10.5(f)(i), this is equivalent to   Ctrl-X because of the 
identities in Fig. 10.5(a) and Fig. 10.5(c). 

Hence Fig. 10.5(f) is equivalent to Fig. 10.5(f)(iii).



So we see that a CNOT surrounded by Hadamards is equivalent to a CNOT gate without Hadamards but 
with the control and target qubits interchanged, a quite surprising result.

One could also derive this result by multiplying 4 ×4 matrices which is a lot more tedious. 

However, for completeness we will do it here. 

The CNOT gate has the matrix representation

In this tensor product the control qubit is to the left. 

The target qubit (to the right) is flipped if the control qubit (to the left) is 1 (so, relative to the identity 

matrix, columns 3 and 4 are interchanged).



In a CNOT gate with target and control qubits swapped, the left hand qubit is flipped if the right hand 

qubit is 1 (so columns 2 and 4 are interchanged). 

Hence we have

The tensor product H⊗2  is given by



One can check by working out the matrix multiplication that

in agreement with Fig. 10.5(f). 

This is a bit tedious so it is a good excuse to learn to use environments like OCTAVE. 

It is more straightforward to use the circuit identities shown in Fig. 10.5.



Part 11 - The Bernstein-Vazirani Algorithm

11.1 The Algorithm

Like the Deutsch algorithm, the Bernstein-Vazirani algorithm finds information about a black box 
function, but has a bigger speedup(similar to Deutsch-Joza algorithm).

Consider a function

where a and x have n bits while the function itself,  f , has one bit. 

The dot indicates a bitwise inner product with modulo 2 addition:

The problem is to determine a.



Let’s make sure that we understand the “dot”. 

We have  ai xi  =  0 or 1. 

Hence

For example for n = 4, if the bits of a are 1101 and the bits of x are 1110 (recall that the zeroth bit is the 
least significant, i.e. the rightmost one) then

NOTE: One can either do the mod 2 operation after each addition or add up in the normal way and apply 
the mod 2 operation at the end. 

In either case, the result is 0 if an even number of terms in the sum are 1, and 1 if an odd number of 
terms are 1.

Hence, for these values of a and x,  f(x) = 0. 

1   1   0   1

1   1   1   0



If we take x = 1000 then f(x) = 0 + 0 + 0 + 1 mod 2 = 1.
             a = 1  1  0  1      x = 1  0  0  0   —-> 0 1   0  0   0  1   1 1 —>0  0  0  1

Classically we can only determine the bits of  a  one at a time. 

The k-th bit of  a  can be determined by feeding in x = 2k. 

To see this, consider the binary representations of a and x:

Hence if x = 2k 
 then xk  = 1 while, for  𝑙 ≠ k, x𝑙 = 0, so a·x = ak. 

Consequently f(2k) = ak. 

We have to do this for each bit, k = 0, 1, 2,···, n−1, so it requires n calls of the function.

We will see that the quantum algorithm succeeds in determining   a  with just one call!



A schematic diagram of a general reversible unitary transformation which takes an n-bit input x in the 
upper register and generates an m-bit output f(x) in the lower register is shown in Fig. 9.2. 

Figure 11.1: Circuit diagram for the 
Bernstein-Vazirani algorithm. In the 
final state the upper (input)
register contains |a⟩while the lower 
(output) qubit reverts to its initial state 
|1⟩. The desired value of
a   can therefore be read off by 
measuring the upper register.

For the Bernstein-Vazirani Algorithm there are n qubits in the upper register but only 1 qubit in the lower 

register. 

In addition, the unitary Uf  is surrounded by Hadamards, as shown in Fig. 11.1. 

The upper register is set to |0⟩n   and the lower qubit to |1⟩.



Acting with H on |0⟩ gives an equal linear superposition of the two basis states. 

Similarly acting with H⊗n on |0⟩n gives an equal superposition of the 2n basis states. 

Hence, including the lower register, the state inputted to Uf is

For each term in the superposition, the function Uf  acts in the same way as for the Deutsch algorithm 

described in Part 10. 

The lower qubit is flipped if f(x) = 1, which is the same as changing the sign of the state. 

If f(x) = 0 there is no change. 

Hence each term in the superposition acquires a factor of (−1)f(x), so the state of the system immediately 

after the action of Uf is



Next consider the effect of the Hadamards acting after Uf .

The action on the lower qubit is to convert (|0⟩−|1⟩)/      to |1⟩. 

However, the effect of H⊗n  acting on an arbitrary computational basis state |x⟩n   needs more thought. 

Consider first just one qubit. 

Then
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Hence the effect of applying H⊗n
   on an n-qubit computational basis state is

All the amplitudes,                                   , are equal in magnitude and the sign is +1 if                                                            is even 
(note that each term in the sum is 1 or 0) and the sign is −1 if                     is odd.

where x·y is the bitwise inner product with modulo 2 addition defined in Eq. (11.2), and we have used 
the fact that we only need to know whether                   is even or odd. 

Hence, combining Eqs. (11.8) and (11.10), the amplitude to find the upper register in state                                 
|y⟩n  ≡ |yn-1⟩···|y1⟩|y0⟩is



Let us evaluate this for the state where yj = aj for all j, in which case aj + yj  = 2 or 0. 

If xj = 0 then                         = 1 and if xj = 1 we also get                           = 1,                                                       

so                                                                                                            = 2, i.e. the two terms add up in phase. 

Hence, from Eq. (11.11), we have ca = 1. 

Since the total probability must add up to 1 this means that all the other amplitudes must be zero. 

To see that this is indeed the case, note that for each qubit where yj ≠ aj, aj + yj = 1 and so the sum over  

xj for these qubits gives zero.

The final result in Eq. (11.11) is a product over terms for each qubit and so we get zero, as required.

Including the lower (output) qubit, the final state is

and a measurement of the upper register in Fig. 11.1 gives  a , with probability one, even though we 
made just one call to the function.



Since a classical computation of a requires  n  function calls, we have obtained a “quantum speedup” of 

n. 

Note that the procedure is analogous to Deutsch’s algorithm. 

The first set of Hadamards generates a superposition of inputs to the gate Uf  which “evaluates”2 the 

function for all 2n inputs using quantum parallelism, and then the second set of Hadamards destroys all 

the outputs apart from a, using quantum interference.

End 5



Part 12 - Simon’s Algorithm

So far we have studied Deutsch’s algorithm which gave a quantum speedup of a factor of 2, and the 

Bernstein-Vazirani algorithm, which gave a speedup of n, where n is the size of the problem. 

Next we consider a problem, due to Daniel Simon, which gives an exponential speedup in n. 

Like the previous algorithms it has an artificial character and is not of practical use, but it has features in 

common with the vastly more useful algorithm of Shor for factoring integers, which we shall spend a 

substantial amount of time on in the next few parts. 

Like Shor’s algorithm, Simon’s is of a probabilistic nature.

In Simon’s problem we are given a black box function which takes an n-bit input and has the property 
that

where a is a non-zero n-bit integer and ⊕ means bitwise addition modulo 2.



Note that each bit is treated separately, so if the integer x is represented in binary notation by bits                  
xn-1xn-2 ···x1x0, and similarly for a then x⊕a is an integer y with binary representation yn-1yn-2 ···y1y0   where 
yj = xj ⊕ aj.

Adding  a   twice to x (modulo 2) gives back x, i.e.

since adding a bit to itself gives 0 ( mod 2) irrespective of whether that bit is 0 or 1. 

Hence

and so on, so f(x) is periodic, with period a, under bitwise mod 2 addition. 

We are told that for every x there is only one other input to the function, x⊕a, which gives the same 
output, so there are 2n−1

 distinct values of f. 

Hence we assume that we can represent f  by n−1 qubits. 

An example of a function with the desired property is shown in Table 12.1.



Table 12.1: An example with n = 3 bits of the type of function that is 
considered in Simon’s algorithm. The function satisfies f(x) = f(x⊕a) for 
some non-zero a. To determine  a  we look for repetitions. An example is 
f(4) = f(7) = 0. Hence, according to Eq. (12.4), a = 4 ⊕7 = 100 ⊕111 = 011 
= 3. The other repetitions satisfy this same condition as you can check.

The problem is to determine the period  a   with the least number of function calls.

If we input different values of x and find a repeated output, i.e. if f(xi) = f(xj), then xj = xi ⊕a.

If we add xi to both sides (bitwise addition modulo 2) we get

so we obtain  a  if we can find two values of x which give the same function value.

Classically this problem is hard, by which we mean that the number of function calls grows 
exponentially with n.

All one can do is call the function with different values of   x  until one finds a repeated output, i.e.             
f(xi) = f(xj), which gives us  a  from Eq. (12.4). 



After m calls to the function we have compared m(m−1)/2 pairs. 

For a reasonable chance of success we need    m(m−1) ∼ 2n, so m = O(2n/2), i.e., exponential in the 

number of bits n.

The circuit to solve this problem quantum mechanically is similar to that in the Bernstein-Vazirani 

algorithm except that the lower register has enough qubits to contain the function values, i.e., n−1. 

Also the phase kickback is not used, so the lower register is initialized to |0⟩n−1   rather than   |1⟩ and we 

do not have Hadamards on the lower register. 

A final difference is that we measure first on the lower register rather than the upper one. 

The circuit diagram is shown in Fig. 12.1.
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Figure 12.1: Circuit diagram for Simon’s algorithm. 
The upper register has n qubits and contains the x 
values, while the lower register has n−1 qubits and 
contains the values of the function f(x).



After the first Hadamards in the upper register the state of the system is

The function call makes the transformation |x⟩n⊗|y⟩n-1 → |x⟩n ⊗|y⊕f(x)⟩n-1, see Fig. 11.1 in Part 11. 

Here y= 0 so, after the function call the state becomes

A measurement is then done on the lower register which will record some value of the function, fmeas

say. 

All values are equally probable.

There are two values of x which give function value  fmeas, and we denote them by xmeas and  xmeas⊕a.



Hence, immediately after the measurement, the state of the system is

If we were now to measure the upper register, we would get either xmeas  or xmeas  ⊕a. 

At first glance, this might seem like progress since we appear to be halfway there. 

If we could just get the other number, we would have a. 

However there is no way to get both. 

If we could clone the state several times and measure each clone then, with high probability, we would 
be able to determine both of them. 

However, the no-cloning theorem says that we can’t clone an arbitrary, unknown state. 

Also, repeating the whole procedure doesn’t help because, with high probability, we would get a 
different function value,           , and one of a different pair of x-values,                        ⊕a, from which 
again  we would not be able to extract a.



As in Deutsch’s algorithm and the Bernstein-Vazirani algorithm, we must do some processing before the 

final measurement - clearly the key is in this pre-processing.

As we showed in Eq. (11.10) in Part11 on the Bernstein-Vazirani algorithm, the effect of Hadamards on 

n-qubit register which is in a computational basis state |x⟩n, is given by

where x·y is the bitwise inner product modulo 2,

discussed in Part 11.1. 

Hence, applying Hadamards to the n-qubit upper register in state |ψ2⟩  in Eq. (12.7), the state of that 

register becomes



Now  (x⊕a)·y= (x·y)⊕(a·y) so we can write This is the mod 2 version of the usual distributive rule for 
addition and multiplication: a × (b + c) = (a × b) + (a × c).

Noting that a·y = 0 or 1 we see that if a·y = 1 then the two terms in Eq. (12.11) cancel. 

Hence the only terms with a non-zero amplitude are those with a·y = 0. 

All values of y which satisfy this condition are equally probable. 

Note that the condition does not depend on the value of xmeas.

A measurement on the upper register then gives, with equal probability, one value of y with a·y = 0.

This is a linear equation for the ai, the bits of a, i.e.



If we can find n such equations for the  ai   which are linearly independent, we can obtain the solution.

Hence we have to repeat the procedure, each time determining the yi.

As we see later in the Mermin approach one needs to run the algorithm a little more than n times because 

the set of equations one gets for the ai   are not necessarily linearly independent. 

The result is that if one runs n + p times, then the probability of getting n linearly independent equations 

(and hence the solution for the ai) is is greater than

Hence there is less than one chance in a million of failure if one calls the function n + 20 times. 

A crucial point in this expression is that the number of calls beyond n needed to find a solution with 
some high probability does not depend on n.

The occurrence of probability, and some arcane mathematical arguments to prove that one does get the 
solution with high probability within the specified number of runs, is characteristic of several quantum 
algorithms including Shor’s.



In the case of Simon’s problem, the classical algorithm takes of order 2n/2 function calls whereas the 

quantum algorithm finds the answer with high probability with little more than  n  calls2. 

This is an exponential speedup (see further comments at the end of this part).

Finally a few words of anticipation for the most important Shor’s algorithm which we will do next. 

Simon’s problem considers a function which is periodic under bitwise modulo 2 addition, i.e.,                   

f(x⊕a) = f(x). 

Shor’s algorithm investigates functions which are periodic under ordinary addition: f(x+ a) = f(x), which 

is much more useful. 

In Simon’s problem, the action of the n-Hadamards in Eq. (12.8) can be written

Since x·y is the bitwise inner product modulo 2, it only takes values 0 and 1, so the phases in the 
complex exponential are just 0 and π. 



The core of Shor’s algorithm is a quantum Fourier transform (QFT), where an essential difference from 

Eq. (12.14) is that the bitwise inner product is replaced by ordinary multiplication. 

Hence the QFT generates many different phases, with the result that, unlike Simon’s algorithm, it cannot, 

in general, be constructed entirely out of 1-qubit gates. 

Fortunately, it can be constructed entirely out of 1- and 2-qubit gates. 

All this and more will be discussed in Part 17.



Extra comments on the exponential speedup. 

In the interests of full disclosure I should state that one also needs to solve n linear equations on a 
classical computer, which takes of order n3 steps. 

An algorithm which takes a time proportional to a power of the problem size n is said to be polynomial. 

Since classical hardware is cheap it is not clear if one should include this time using a classical computer 
in the computational cost of Simon’s algorithm.

However, since n3 is polynomial, even if one does include this time the comparison is still between a 
polynomial quantum (+classical) algorithm and an exponential purely classical algorithm, which is still 
an exponential speedup

An algorithm which takes a time proportional to a power of the problem size is said to have polynomial 
complexity, while if the time increases exponentially with size (or exponentially with a power of the 
size) it is said to have exponential complexity. 

If one algorithm has polynomial complexity and another has exponential complexity then the former is 
said to have an exponential speedup compared with the latter.



Part 13 - Factoring and RSA (Rivest-Shamir-Adleman) Encryption

Shor’s famous quantum algorithm, to be discussed in detail in Part 17, factors large integers much more 

efficiently than any known classical algorithm. 

Factoring is not just of interest to mathematicians, however, because the difficulty of factoring is at the 

heart of the popular RSA method of encrypting sensitive information sent via the internet (or some other 

public channel). 

While RSA is not the only method use to encrypt information, my understanding is that some version of 

Shor’s algorithm can be used to crack other encryption methods such as Diffie-Hellman, etc. 

RSA stands for the names of its inventors, Rivest, Shamir and Adleman.

This part is a copy of a Mathematica notebook, the original of which included is on the website. 
Also on the website is an implementation of RSA algorithm in OCTAVE.

In it, the RSA algorithm is implemented, parameters are chosen, and random messages are 
generated. These are encrypted, the encrypted messages are decrypted, and a check is made 
that the original message is recovered. It you have Mathematica you can run the notebook 
version and verify that the RSA algorithm works or  if you have OCTAVE you can do the 
same.



Suppose that Bob wants to receive a message from Alice on the internet (a public channel). 

Anything sent on a public channel can be intercepted by others. 

How can Bob and Alice agree on a coding scheme and then send each other coded messages which can 

be decoded by the other person but not by anyone “sniffing” on the internet? 

This has to be accomplished by only sending messages down the public channel.

We will now describe the RSA encryption scheme for doing this. 

It uses a result of number theory which we will quote but not prove. 

To receive the message from Alice, Bob picks two large prime numbers p and q, and sends to Alice, on 

the public channel, their product

but not p and q separately. 



N is taken to be large enough, typically a few thousand bits, that it cannot be factored on a classical 

computer. 

You might ask how can one choose the large prime numbers p and q. 

If one selects a large integer N at random it can be shown that the probability that it is prime is                
about 1/ln(N). 

Hence, even if N has, say, 400 digits (around 1000 bits) you only have to take test a few hundred to a 
thousand random integers to typically find a prime number. 

But can one efficiently test if a number is prime? 

It turns out that one can, even though, if the number is found to be not prime, there is no known efficient 
classical algorithm to determine the prime factors. 

The website   http://mathworld.wolfram.com/PrimalityTest.html explains how the test for primality is done in Mathematica.



Bob also sends a large “encoding number” c which has no factors in common with (p−1)(q−1).

If there are no factors in common then the greatest common divisor (GCD) is 1. 

The GCD of two integers is easily determined by Euclid’s algorithm discussed at the end of this Part. 

As we will see later in the Mermin approach, the probability that two large random integers have no 
common factors is greater than 1/2, so it is not difficult to find a suitable value for c.

Hence the public key (available to everyone) is N and c.

Since Bob knows both p and q, and hence (p−1)(q−1), he can also determine the integer d such

Let us remind ourselves of this mod function. 

The value of a mod b is the result after one subtracts (or adds) the appropriate multiple of b to a to get a 

value which lies in the range 0 to b−1. 



If a is positive, things are simple, one subtracts a multiple of b (possibly 0) so the mod function is just 
the remainder after integer division. 

Hence, for example, 9 mod 5 = 4 because 9/5 = 1 remainder 4. 

If a is negative one has to add a multiple of b, so, for example, (−13) mod 5 = 2 (since −13 + (3 ×5) = 2).

The above equation, cd = 1 mod (something), looks strange at first. 

If c is an integer we would normally think that its inverse should be a fraction. 

However, here d is also an integer, and the product of two integers can give 1 if we use modular 
arithmetic. 

For example if c = 5 and d = 3 then cd = 15, and cd mod 7 = 1 (since 15 = (7 ×2) + 1)

The algorithm for computing d in Eq. (13.2) is efficient and an extension of Euclid’s algorithm.

It is given at the end of this part. 



It turns out that  d  is unique. Hence, and anyone else sniffing on the public channel, knows N and c (but 
not p, and q, and hence not d).

The private key (known only to Bob) is p and q (and hence d).

Alice breaks up her message into chunks each containing a number of bits less than the number of bits of 

the integer N. 

Each chunk is then a binary number less than N. 

Let’s denote by a the numerical value of one chunk.

Using the values of N and c that Bob has sent, Alice computes

The encoded message b is another large integer, and is sent down the public channel from Alice to Bob.



Bob knows not only c and N, but also the value of d. 

Here number theory kicks in and shows that the original (unencoded) message  a  is given by

We will give  a proof of this result later in the Mermin approach. 

Note the symmetry between the encoding formula, Eq. (13.3) and the decoding formula, Eq. (13.4), with 

c and d related by Eq. (13.2).

Bob can compute the original message   a   because he knows d, but anyone sniffing on the public 
channel does not know d. 

However, if a third person, traditionally called Eve, listening on the public channel, could factor N 
(which is sent down the public channel) into its factors p and q, she would then have (p−1)(q−1) and, 
since c  is also sent down the public channel, she could determine d  where cd = 1 (mod (p−1)(q−1)) 
using the extension of the Euclid algorithm mentioned earlier. 

Hence she could find the original unencrypted message   a   from Eq. (13.4).



Let’s do a simple example. 

We will take

For the encoding integer we take c = 11, which has no factors in common with (p−1)(q−1) = 6 ×12 = 72.

As shown in the discussion of the extension of the Euclid algorithm at the end of this Part, using the 

extended Euclid algorithm one finds that d = 59.

Let’s verify this: cd = 11 × 59 = 649 = (9 ×72) + 1 so cd mod (p−1)(q−1) = 1, as desired.

The following parts of the lectures will include Peter Young’s Mathematica calculations for my 
presentation convenience.

Mathematica code used below sets these values, checks that p and q are prime while N is not, and that  
cd = 1 (mod (p−1)(q−1)). 

Note: in Mathematica commands use n rather than N because N has a special meaning in Mathematica.



The code then generates a message    a    by computing a random integer between 0 and N−1, and next 

computes the encoded message b  from  b= ac (mod N). 

It then computes bd (mod N) and checks that it gives back the original message   a. 

If you have Mathematica you can run the code several times (each time a different random value for the 

message  a  will be generated) and see that the original message is always returned.

You can also demonstrate this with the OCTAVE code on the website.

We check that  p  and  q  are prime. 

The Mathematica command PrimeQ[p] returns “True” if   p  is prime and “False” if it is not.



We check that  cd= 1 mod ((p−1)(q−1)).

We generate a random message, using the command  Random[Integer, n−1]  which generates a random 
integer between 0 and n−1.

We compute the encoded message.

We decode the encoded message and check that we recover the original message.

Hence the message was successfully decoded.



Now we discuss the Euclidean Algorithm that was mentioned several times:

We want to efficiently find the Greatest Common Divisor (GCD) of two integers. 

This is the largest factor that they have in common. 

As a simple example, the GCD of 24 and 9 is 3 since 24 = 23 ×3 and 9 = 32.

Suppose we want the GCD of two numbers a0  and b0  with a0 > b0. 

We proceed iteratively. 

At each stage, the new value of   a   is equal to the old value of   b, and the new value of   b   is equal to 
the remainder when the old value of  a  is divided by the old value of  b , i.e.

where [···] means the integer part of the quantity in brackets.



Assuming that bn  < an  and using Eq. (13.7) to get an+1  and bn+1, one finds (i) bn+1  <  bn  since the largest 
value that a number can have mod bn  is bn −1, (ii) bn = an+1  so combined with (i) we have bn+1  < an+1 and 
(iii) an+1  = bn  < an 

Hence an  and bn:

Note too that an   and bn  have the same common factors as a0  and b0, because an+1  and bn+1 are linear 
combinations of the values at the previous stage, an  and bn , and so any common factor is preserved. 

Eventually we get to a stage where bn+1  = 0 at which the procedure stops. 

This means that an  is divisible by bn  so bn  is the greatest common divisor. 

Hence the GCD of 24 and 9 is  b2 (= 3), which is correct.

As an example we take a0  = 24, b0 = 9,



Extending the Euclidean Algorithm to find an inverse modulo an integer

Given a and c which have no common factors, and a > c, we want to find d where

The greatest common divisor of c and a is 1 since, by assumption, they have no common factors.

We go through the Euclid algorithm

until we get to the stage where cn = 1, the greatest common divisor. 

One can then obtain d  by working backwards through the iterations. 

This is best shown by an example. 



Hence working backwards,

We take p = 7, q = 13, as in example above, so we have a = (p−1)(q−1) = 72 and hence we initialize            
a0 = 72. 

We also take c = 11 (again as in the example) which has no factors in common with a, and so initialize     
c0 = 11. 

Hence the Euclid algorithm proceeds as follows

We want to take this (mod a). 



Now 2a (mod a) = 0. 

Since  −13c is negative we need to make it positive by adding ac (which is zero (mod a)). 

Hence

where we used that a= 72 to get the last equality. 

Hence d = 59 as stated in the above example.



Part 14 - Using Period Finding to Factor an Integer

In this Part, we explain how finding the period of a certain function will enable us to factor integers.

We will also illustrate the technique with a simple example. 

This will probably seem a strange approach for factoring, and is not the preferred method on a classical 
computer, but it is the method used by Shor in his quantum algorithm

We take two large primes p and q and form the product

The goal is to find the factors p and q given only the product N. 

This is a problem which is hard classically. 

For applications in cryptography p and q may have around 600 digits (around 2000 bits) so n, the 
number of bits of N, will be several thousand.



We proceed by choosing a random integer  a  less than N which has no factors in common with N.

Whether or not  a  and N have a common factor can be determined efficiently using Euclid’s algorithm, 
which was described earlier. 

In the very unlikely event that  a  and N do have a common factor, we have found a factor of N and the 
problem is solved.

Otherwise we compute the following function

for x = 1, 2,···.

As stated,  a  and N have no common factors, and for this case one can show that eventually we will get 
f(x) = 1 for some value, x = r say, so



We also take a = 4, which has no factors in common with 91. 

We plot f(x) ≡ 4x
 (mod 9) in Fig. 14.1.

The periodic nature is clear, and the period is found to equal 6 by inspection.

We we illustrate with a simple example,

The function then repeats since

using Eq. (14.3). 

Hence r is the period of the function.



Figure 14.1: The function f(x) ≡ 4x (mod 91 ). 
The period is seen by inspection to equal 6.

In the above equations the symbol ≡ means equivalent to (mod 91).

 Let’s make sure we understand how this figure is obtained by working out the values of 4x(mod 91 ) for  
x = 1, 2,···, 6.



The plot in Fig. 14.1 seems to have a fairly regular behavior, but such smooth behavior is exceptional 

and occurs here only because of the particularly simple choice of parameters. 

Figure 14.2 shows a plot for the same value of N but with a = 19. 

Figure 14.2: The function f(x) ≡ 19x(mod 91 ). 
The period is seen by inspection to equal 12.

This is a much more random looking figure, as is typical. 

In this case the period is r = 12. The apparently random shape of  f(x)  means that one cannot estimate 
the period by taking a few nearby values of x and extrapolating.



Having found the period we now need to be lucky in two respects:

What are the odds that we will be doubly lucky in this way. 

According to Mermin, as we will see later, the probability is greater than 0.5 for large N. 



If one is unlucky, one tries a different choice for  a. 

Since the probability of success is quite high at each attempt, one does not have to repeat the process 
very many times to succeed with very high probability.

Back to our example. 

For N = 91, a = 4 we found r = 6. 

Indeed we are lucky!

This is even. 

Also ar/2 + 1 = 65 ≢ 0 (mod 91 ). 

So we are doubly lucky! 

However, this is not remarkable. 

As noted above the probability of this double luck is greater than 0.5 (at least for large N).



Hence one of the factors is the greatest common divisor (GCD) of 91 and ar/2 
 + 1 = 65. 

The other factor is the greatest common divisor of 91 and ar/2 
 −1 = 63.

Applying Euclid’s algorithm, described earlier, to f0 = 91, g0  = 65:

Hence the GCD is g2  = 13, which is indeed one of the factors of 91.



By the same process the GCD of  63 and 91 is found to be 7, the other factor of 91.

Period finding is a rather indirect method for factoring integers and is not the most efficient one on a 
classical computer because of the amount of work in computing ax(mod N) for all x from 1 to r where r 
is of order N. 

However. Shor realized that it lends itself to a very efficient implementation on a classical computer. 

Part of Shor’s algorithm, which we will discuss in Part 17, uses quantum parallelism to compute all 
needed values of ax(mod N) with a time that only increases as a power of n rather than exponentially in 
n, where we recall that the number to be factored, N, has n bits

Before proceeding to Part 15, I digress and cover Fourier Series and Fourier Transforms.

These are notes from one of my classes on Mathematical Methods in Physics.

Read them before class and ask questions.

I will discuss some of them in class.

If you want to go over any aspects in more detail, let me know and I will set up  a special zoom session 
to discuss the notes.





Derivation

The world is full of vibrations. The sound we hear is an acoustic
wave, the things we see are electromagnetic waves and the surfers
in Santa Cruz, CA ride on gravity waves of the ocean.

The simplest wave motion in 1-dimension is described by the
1-dimensional wave equation

✓
@2

@x2 � 1
v2

@2

@t2

◆
u(x , t) = 0

Let us assume a solution (we will see why this is a solution later
when we study partial differential equations))

u(x , t) = �(x)e i!t

Substitution into the full wave equation gives an equation for the
wave amplitude �(x).



✓
d2�x

dx2 +
!2

v2 �(x)

◆
e i!t = 0 !

✓
d2

dx2 + k2
◆
�(x) = 0 ,

!2

v2 = k2

This new equation(an ordinary differential equation) is easily
solved(we will see why later) by the function

�(x) = a cos kx + b sin kx

which gives the shape (at fixed time t) of the vibrating system (say
a string).

This is like taking a photograph of the vibrating string at one
instant of time.

Let us choose a string of length ⇡ fixed at both ends.



We then have the boundary conditions:

�(0) = 0 = �⇡

which implies that

�(0) = a = 0 and �(⇡) = 0 = b sin k⇡ ! k = n = integer

so that
�(x) = b sin nx , n = 1, 2, 3, .......

which is called the nth normal mode of the string (given by its
shape).

Each such mode has a different frequency and shape.

Historically, the wave equation was first studied in the 1700s.



In 1742, Bernoulli showed that
vibrations of different modes (frequency) could coex-
ist in the string

In 1753, D’Alembert, Euler and Bernoulli showed that
all possible shapes of a vibrating string, even when
the ends were not fixed, were representable by the
series

f (x) =
1X

n=1

bn sin nx

There was great dispute about this result.... what about the cosine
series, i.e., how does one represent even functions of x?

Even though f (x) solves the wave equation, others disputed the
claim that this was the most general solution.



In 1807, Fourier (in a paper on heat conduction) showed that
every function in the closed interval

[�⇡,⇡] or � ⇡  x  ⇡

could be represented in the form

f (x) =
1
2
a0 +

1X

n=1

(an cos nx + bn sin nx)

He re-derived integral formulas for the coefficients an, bn had
already been obtained by Euler in 1777.

Fourier, however, broke new ground by pointing out that these
integral formulas were well-defined even for arbitrary functions and
that the resulting coefficients were identical for different functions
that agreed within the interval, but not outside it.



The paper by Fourier was rejected by Lagrange, Laplace and
Legendre on behalf of the Academy of Sciences on the grounds that
it lacked mathematical rigor.

A second version of the paper won the Academy’s Grand prize in
1812.

This work has had a great impact on the development of
mathematical physics in the 1800s and it is still influencing things
now.

The Sine-Cosine Series

The general Fourier series expansion is sum of sine and cosine
terms of the form

f (t) =
a0

2
+

1X

n=1

an cos!nt +
1X

n=1

bn sin!nt

where the frequencies



!n =
2⇡n
T0

are integer multiples of a fundamental frequency

!0 =
2⇡
T0

and T0 is determined either by the natural periodicity of f (t) or
possibly by an enforced periodicity of some sort.

Different treatments of this subject can have definitions of T0
which differ by various factors.

The results of all calculations are the same.

The assumed form guarantees that f (t) has periodicity T0, i.e.,

f (t) = f (t + T0) for all t



In terms of the independent variable t, f (t) has this periodicity for
the entire interval

�1 < t < 1
as shown below

The typical Fourier series problem is such that we are given a
function g(t) and we then determine both T0 and the an and bn
coefficients so that the series expansion is equal to g(t) for all t.

This requires that

g(t) = g(t + T0) for all t

The smallest value of T0 that satisfies this equation is the period
of g(t).



What if g(t) is not periodic?

In this case we cannot use a general Fourier series to represent g(t)
for all t.

On the other hand, we can make the series equal to g(t) for some
finite interval as shown below

Clearly, g(t) above is not periodic.

Suppose however we define the basic period for the Fourier series to
be T0 = t2 � t1 where the interval t1 < t < t2 is as shown.



The Fourier series f (t) can then be made identical to g(t) in that
interval.

Outside the interval, the Fourier series f (t) is periodic and will not
match g(t) as shown.

Digression: The formal mathematical requirements that a function
f (x) must satisfy in order that it may be expanded in a Fourier
series are known as the Dirichlet conditions, which are
summarized as follows:

• the function must be periodic
• it must be single-valued and continuous, except possibly at a

finite number of finite discontinuities
• it must have only a finite number of maxima and minima

within one period
• the integral over one period of |f (x)| must converge



The Orthogonality Conditions

We can determine the coefficients an and bn using so-called
orthogonality conditions (proved using calculus)

Z
t0+T0

t0

dt sin

✓
2⇡n
T0

t

◆
sin

✓
2⇡m
T0

t

◆
= �nm

T0

2

Z
t0+T0

t0

dt cos

✓
2⇡n
T0

t

◆
cos

✓
2⇡m
T0

t

◆
= �nm

T0

2
Z

t0+T0

t0

dt sin

✓
2⇡n
T0

t

◆
cos

✓
2⇡m
T0

t

◆
= 0

for integer values of m and n.

In addition we have
Z

t0+T0

t0

dt sin

✓
2⇡n
T0

t

◆
= 0 ,

Z
t0+T0

t0

dt cos

✓
2⇡n
T0

t

◆
= �n0T0



We can now evaluate the coefficients as follows.

f (t) =
a0

2
+

1X

n=1

an cos!nt +
1X

n=1

bn sin!nt

The integral operation
Z

t0+T0

t0

dt f (t) =

Z
t0+T0

t0

dt
a0

2
+

1X

n=1

an

Z
t0+T0

t0

dt cos!nt

+
1X

n=1

bn

Z
t0+T0

t0

dt sin!nt

=

Z
t0+T0

t0

dt
a0

2
=

a0T0

2

determines a0, i.e.,

a0 =
2
T0

Z
t0+T0

t0

dt f (t)



The integral operation
Z

t0+T0

t0

dt cos!mtf (t) =

Z
t0+T0

t0

dt cos!mt
a0

2

+
1X

n=1

an

Z
t0+T0

t0

dt cos!mt cos!nt

+
1X

n=1

bn

Z
t0+T0

t0

dt cos!mt sin!nt

=
1X

n=1

an

Z
t0+T0

t0

dt cos!mt cos!nt

=
1X

n=1

an�nm
T0

2
= am

T0

2

determines am, m > 0, i.e.,

am =
2
T0

Z
t0+T0

t0

dt cos!mtf (t)



The integral operation
Z

t0+T0

t0

dt sin!mtf (t) =

Z
t0+T0

t0

dt sin!mt
a0

2

+
1X

n=1

an

Z
t0+T0

t0

dt sin!mt cos!nt

+
1X

n=1

bn

Z
t0+T0

t0

dt sin!mt sin!nt

=
1X

n=1

bn

Z
t0+T0

t0

dt sin!mt sin!nt

=
1X

n=1

bn�nm
T0

2
= bm

T0

2

determines bm, m > 0, i.e.,

bm =
2
T0

Z
t0+T0

t0

dt sin!mtf (t)



Several questions arise:
(1) Do these Fourier coefficients exist?
(2) Is the Fourier series convergent?
(3) Does it converge to the original function?
The answer is YES for all physically realizable systems!!!!

Examples:

(1) The function f (t) is

f (t) = sin (t)

This function is periodic with period T0 = 2⇡ ! !n = n.

Therefore the Fourier series looks like

f (t) =
a0

2
+

1X

n=1

an sin nt +
1X

n=1

bn cos nt

This example requires no calculations. It is clear that

am = 0 for all m , bm = 0 for all m 6= 1 , b1 = 1



(2) The function f (t) equals the periodic triangle wave shown
above.

In the interval �⇡/2 < t < 3⇡/2 this has the functional form

f (t) =

(
2t
⇡ �⇡

2  t  ⇡
2

2 � 2t
⇡

⇡
2  t  3⇡

2



Once again the basic period is T0 = 2⇡ which again gives !n = n.

We have

am =
2
T0

Z 3⇡/2

�⇡/2
dt cos!ntf (t) = 0 for all m

since the integrand is the product of an odd and an even
function.

We also have

bm =
2
T0

Z 3⇡/2

�⇡/2
dt sin!ntf (t) =

8
⇡2n2 sin

n⇡

2

Therefore, we get

f (t) =
X

n=1,odd

8
⇡2n2 sin

n⇡

2
sin nx



Illustrate in class with Octave program:

(3) f (t) is the square wave function







In the interval [�⇡,⇡] we have

f (t) =

(
+1 0  t  ⇡

�1 �⇡  t  0

Once again the basic period is T0 = 2⇡ which again gives !n = n.

Again this is an odd function so all the an = 0 and we find

bn =

(
4
n⇡ n = 1, 3, 5, 6, ....
0 n = 2, 4, 6, 8, ......

which gives

f (t) =
4
⇡

X

n=odd

sinnt

n



Illustrate in class with Octave program:

It looks like the figure below after including a 100 terms in the
sum....

We will do better in class.





another example  - first 6 slide because it happens fast





Even and Odd Stuff

We can always rewrite any function as:

f (x) =
1
2
[f (x) + f (�x)] +

1
2
[f (x)� f (�x)] = feven)(x) + fodd(x)

We can then use Fourier series to write:

feven)(x) =
a0

2

X

n

an cos nx , fodd(x) =
X

n

bn sin nx

where we have assumed that the function has a period T0 = 2⇡ .

Example:



Now we allow for an Arbitrary Interval.

If f (x) is defined for an interval [�L, L] of length(period) 2L
instead of the standard interval of length (period) 2⇡, then a simple
change of variable and integration range deals with the problem.

We have

f (t) =
a0

2
+

1X

n=1

an cos
2⇡n
T0

t +
1X

n=1

bn sin
2⇡n
T0

t

with

a0 =
2
T0

Z
T0/2

�T0/2
dt f (t) , an =

2
T0

Z
T0/2

�T0/2
dt cos

2⇡nt
T0

f (t)

bn =
2
T0

Z
T0/2

�T0/2
dt sin

2⇡nt
T0

f (t)

We let T0 = 2L to get

f (x) =
a0

2
+

1X

n=1

an cos
⇡n

L
x +

1X

n=1

bn sin
⇡n

L
x



with

a0 =
1
L

Z
L

�L

dx f (x) , an =
1
L

Z
L

�L

dx cos
⇡nx

L
f (x)

bn =
1
L

Z
L

�L

dx sin
⇡nx

L
f (x)

Another Example:

Suppose

f (x) =

(
0 �⇡ < x < 0
h 0 < x < ⇡

The is a square pulse(wave).

We might imagine this is a signal being sent into some electronic
apparatus.



We can calculate its Fourier coefficients

a0 =
1
⇡

Z ⇡

�⇡
dx f (x)

1
⇡

Z ⇡

0
hdx = h

an =
1
⇡

Z ⇡

�⇡
dx cos nxf (x) = 0 for all n

bn =
1
⇡

Z ⇡

�⇡
dx sin nxf (x) =

h

n⇡
(1 � cos n⇡) =

(
2h/n⇡ n odd
0 n even

which gives

f (x) =
h

2
=

2h
⇡


sin x

1
+

sin 3x
3

+
sin 5x

5
+ · · ·

�

We note that the terms fall off only as 1/n, which implies physically
that a square wave contains lots of high frequency components.

This implies that if an electronic apparatus does not pass
high-frequency components well, the square wave input will emerge
with corners rounded off in the best case and, possibly, an
amorphous blob in the worst case.



and the corresponding Fourier series is

f (x) =
4
⇡
sin (⇡x) +

4
3⇡

sin (3⇡x) +
4
5⇡

sin (5⇡x) + ......

Such expansion can also be made in terms of other special
functions such as Bessel functions, etc and we will use this fact to
great advantage when solving partial differential equations. Fourier
Transforms The complex Fourier series has an important limiting
form when the period approaches infinity, i.e., T0 ! 1 or L ! 1.

Suppose that in this limit
(1) k = n⇡

L
remains large (ranging from �1 to 1 ) and

(2) cn ! 0 since it is proportional to L, but

g(k) = lim
L!1
cn!0

L

⇡
cn =

1p
2⇡

Z 1

�1
f (x)e�ikxdx = finite



then we have

f (x) =
1X

�1
cne

ikx = lim
L!1
cn!0

1p
2⇡

1X

�1

⇡

L
g(k)e ikx

where k � n⇡
L

.

The sum over n is in steps of �n = 1.

Thus, we can write using

�k =
⇡

L
�n

which becomes infinitesimally small when L becomes large, as a
sum over k , which becomes an integral in the limit

f (x) = lim
L!1
cn!0

1p
2⇡

1X

�1

⇡�n

L
g(k)e ikx = lim

�k!0

1p
2⇡

1X

�1
�kg(k)e ikx

=
1p
2⇡

Z 1

�1
g(k)e ikxdk



We call g(k) the Fourier Transform of f (x)

g(k) =
1p
2⇡

Z 1

�1
f (x)e�ikxdx = F (f )

and the last equation is the so-called Fourier inversion formula.

We can now obtain an integral representation of the delta-function.

This corresponds to the orthogonality condition for the complex
exponential Fourier series.

We substitute the definition of g(k) into the inversion formula to
get



f (x) =
1p
2⇡

Z 1

�1
g(k)e ikxdk

=
1p
2⇡

Z 1

�1
dke ikx

1p
2⇡

Z 1

�1
f (x 0)e�ikx

0
dx 0

=

Z 1

�1
dx 0f (x 0)


1
2⇡

Z 1

�1
e ik(x�x

0)dk

�

=

Z 1

�1
dx 0f (x 0)�(x � x 0)

where
�(x � x 0) =

1
2⇡

Z 1

�1
e ik(x�x

0)dk

Properties

The evaluation of the integrals involved in many Fourier transforms
involves complex integration, which we shall learn later.



We will just state some properties

Examples:

(1) The Fourier transform of the box function

f (x) =

(
1 |x |  a

0 |x | � a

is

F (f ) =
1p
2⇡

Z 1

�1
f (x)e�ikxdx =

1p
2⇡

Z
a

�a

e�ikxdx

=
1p
2⇡

e�kx

ik

����
a

�a

=
1p
2⇡

2 sin ka
k



(2) The Fourier transform of the derivative of a function is

F

✓
df

dx

◆
=

1p
2⇡

Z 1

�1

df (x)

dx
e�ikxdx

=
1p
2⇡


f (x)e�ikx

���
1

�1
� (�ik)

Z 1

�1
f (x)e�ikxdx

�

=
ikp
2⇡

Z 1

�1
f (x)e�ikxdx = ikF (f )

where we have assumed that f (x) ! 0 as |x | ! 1.

This generalizes to

F

✓
dnf

dxn

◆
= (ik)nF (f )



(3) Other useful properties of the Fourier transform are:

F (f (x)) = g(k) , F (f (x�a)) = e�ikag(k) , F (f (x)eax) = g(k+ia)

A short table of Fourier Transforms is shown below:





which looks like (for T = 1)



In the limit T ! 1 we have (T = 50, in fact, here)

We get a sharp spike, but the area remains constant.



This implies that as T ! 1

F (!) ! �(!)

Formally, we have

F (!) = lim
T!1

1p
2⇡

Z
T/2

�T/2
dt e�i!t =

1p
2⇡

Z 1

�1
dt e�i!t =

p
2⇡�(!)

(2) Transform of a Delta-Function - Consider the function

f (t) = �t

The transform is

F (!) =
1p
2⇡

Z 1

�1
dt e�i!t�(t) =

1p
2⇡



The inverse transform is

1p
2⇡

Z 1

�1
dt e�i!t 1p

2⇡
= �(t)

Now
F

✓
df

dt

◆
= i!F (f ) = i!F (!)

Therefore for the square pulse we have

df

dt
= �(t + T/2)� �(t � T/2)

I
✓
df

dt

◆
= I(�(t + T/2)� �(t � T/2))

But
F (f (t � t0)) = e�i!t0F (f (t))



Thus,

F

✓
df

dt

◆
= (e�i!(�T/2)�e�i!(T/2)F (�(t)) = i

r
2
⇡
sin

!T

2
= i!F (!)

! F (!) = sqrt
2
⇡

"
sin !T

2
!

#
for the square pulse ( as before)

Remember this only makes sense inside an integral.

(3) Transform of a Gaussian - Consider the function

f (t) =
↵p
⇡
e�↵2

t
2
= normalized Gaussian pulse

We choose ↵ = 1.

The peak is at ↵/⇡ .



The 1/2 maximum points are separated by �t = 1/↵.

The area under the curve is = 1.

The Fourier transform is

F (!) =
1p
2⇡

Z 1

�1
dt

↵p
⇡
e�↵2

t
2
e�i!t =

↵p
2⇡

Z 1

�1
dt e(↵

2
t
2+i!t)

We complete the square to evaluate the integral. We have

↵2t2 + i!t = ↵2t2 + i!t + � = � = (↵t + �)2 � �

! 2↵� = i!t ! � =
i!

2↵

! � = �2 = � !2

4↵2



We thus have

F (!) =
↵p
2⇡

e�
!2
4↵2

Z 1

�1
dt e�(↵t+

i!
2↵)

2

Let
x = ↵t +

i!

2↵
! dx = ↵dt

then
F (!) =

1
⇡
p

2
e�

!2
4↵2

Z 1

�1
dx e�x

2
=

1p
2⇡

e�
!2
4↵2

which is a different Gaussian.



Part 15 - The Fourier Transform and the Fast Fourier Transform (FFT)

15.1 Introduction

The standard Fourier Transform, as seen in the notes, concerns a continuous function, x(t) say. 

For descriptive purposes it will be convenient to think of  t  as time, but this is not essential. 

In the Fourier transform we decompose x(t) into its components at different “frequencies” ω as follows:

If x(t) comprises oscillations at a frequency ω0, say, (i.e. has a period T equal to 2π/ω0), so x(t)∼ e−iω0t,
then y(ω) will be sharply peaked at ω = ω0(or equivalently at ω = 2π/T). 

Note the inverse relation between the period T and the position of the peak in the Fourier Transform. 

The larger the period, the smaller the value of ω at the peak.



As an example, if x(t) = cos ω0t =                             then y(ω) has sharp “delta function” peaks at                
ω = ±ω0. 

A completely different situation is when x(t) is random (i.e. white noise) in which case y(ω) is a constant 
(at least for |ω| less than a cut-off value ωc.)

There is also an inverse Fourier transform,

which has almost the same form as the original (forward) transform, apart from the sign of i in the 
exponential. 

It is shown in standard mathematics discussions that substituting for y(ω) from Eq. (15.1) into the RHS 
of Eq. (15.2) does give back x(t) for a wide class of functions x(t).

This part is concerned with the discrete analog of Eqs. (15.1) and (15.2) in which the data xm  is at a set of 
N equally spaced “times”, and the Fourier transform yk   is at a set of N equally spaced “frequencies”. 

In addition, in the discrete Fourier Transform, the data only covers a finite range, whereas the data in the 
original, continuous Fourier Transform extends to ±∞.
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15.2 The Discrete Fourier Transform

If we have a set of N data points xm  (m = 0, 1,···, N−1), the discrete Fourier transform (FT) is a set of N 
new values yk  given by

evaluated for k = 0, 1,···, N−1.

We don’t need to consider k values outside this range because yk+N  = yk (so the yk    are periodic with 
period N). 

Equation (15.3) corresponds to a discretized and finite-range version of Eq. (15.1) with m corresponding 
to t and 2πk/N corresponding to ω. 

If xm   is a periodic function of m with period T, i.e. xm  ∼ e−2πim/T, then yk will be peaked for k around N/T 
since the terms in Eq. (15.3) then add up in phase. 

This corresponds, in the continuous Fourier Transform, to a peak for ω at around 2π/T.



The inverse Fourier transform has almost the same form; one just needs to take the complex conjugate of 
the exponential, i.e.

To see this we substitute Eq. (15.3) into Eq. (15.4) so

where, in the last expression, we summed up the geometric series. 

The numerator in the brackets is always zero. 

The denominator is only zero if 𝑙 = m. Hence, as long as 𝑙 ≠ m the sum is zero



However, if   𝑙 = m  we get 0/0, which is undefined, and so, to get the answer, we either evaluate it as the 

limit 𝑙 → m or go back the start and put  𝑙 = m  from the beginning. 

In either method one finds that the term in rectangular brackets is equal to N for 𝑙 = m.. 

Hence the RHS of Eq. (15.5) is xm, showing that the inverse transform in Eq. (15.4) does give back the 
original dataset xm  as claimed.

Note that xm+N = xm, so the x-values obtained from the inverse Fourier transform are actually a periodic 
repetition of the original data (i.e. the xm   for m = 0,···, N−1) with period N.

The discrete Fourier transform can be conveniently written as

where

is the N-th root of unity.



For example, for N = 4 we have ω = i, and so

where the matrix of coefficients is

To determine the FT, each application of Eq. (15.6) requires N additions and N multiplications for each 
of the N values of k, so the operation count is O(N2).

Below we describe the fast Fourier transform (FFT) which is a much more efficient way to calculate a 
discrete Fourier transform. 

We don’t need the FFT for this class, but I include a description of it here partly to stimulate your interest 
in it (since it is a gem of computer science), and partly because it bears a strong resemblance to Shor’s 
quantum Fourier transform (QFT), see Part 16, which is the heart of his factoring algorithm. 



The Fast Fourier Transform (FFT) requires an operation count of only N log2N compared with N2 
 which 

is needed for a straightforward evaluation of Eq. (15.6) for all k. 

This reduction (which is considerable for large N) is possible because ωn   is a periodic function of n with 
period N and so ωkm  takes only N distinct values, even though   km   runs over O(N2) values.

We shall show this connection in Part 16.

15.A The Fast Fourier Transform; an example with N = 8

We will understand the Fast Fourier Transform (FFT) by first working out in detail a simple example.

The number of data points N must be a power of 2. 

If it’s not a power of 2 then one pads the data with zeroes to make it so. 

We will take n = 3, i.e. N = 8. 

Written out explicitly, the Fourier Transform for N = 8 data points is



where the xj   are the original data, the yj     are the Fourier transformed data,

and we note that

so we have reduced all the powers of ω to be between 0 and 7 (= N −1). 

We also note that



To evaluate Eqs. (15.10) efficiently the FFT proceeds recursively. 

We first define Fourier transforms of length 2:

Pairs of quantities in Eqs. (15.14) are combined into Fourier Transforms of length 4:



and finally pairs of quantities in Eqs. (15.15) are combined to form the Fourier Transform in Eqs. 
(15.10):



Equations (15.14)–(15.16) are represented graphically by Fig. 15.1.

Figure 15.1: A graphical representation of Eqs. (15.14)–
(15.16), which is the FFT for N = 8 (= 2n with n = 3). The 
original data are the xj and the Fourier transformed data are 
the yj. The dashed (red) lines have a factor of −1 and the 
solid lines have   a factor of 1. The thick (green) circle 
transmits a factor of ω to the right, the dashed (blue) 
circles transmit a factor of ω2 (= i) to the right, and the 
(brown) filled-in circle transmits a factor of ω3 to the right. 
Later, we will change to a notation applicable for general 
n, as follows: yj ≡ x(0)j ,vj ≡ x(1)j , uj ≡ x(2)j , and xj = x(3)j . 

It is instructive to write the linear transformations in Eqs. (15.10), (15.14), (15.15) and (15.16) in matrix 
form. Equation (15.10) is written in matrix formulation as

where



Equation (15.14) in matrix form is

where



Equation (15.15) in matrix form is

where

Equation (15.16) in matrix form is

where



Notice that D, E and F, which describe the FFT, are very sparse, they have only two entries in each row 
and column, so they can be multiplied very efficiently, whereas the matrix U, which describes the 
original Fourier transform, is dense. 

With some tedious matrix manipulations one can verify that

as required. (Mathematica or OCTAVE work.)

15.2 Beyond N = 8

Now we discuss how we obtained Eqs. (15.14)–(15.16). 

For a general value n, with N = 2n, the FT is defined by

with ω given by Eq. (15.7). 



We can break Eq. (15.27) into even and odd terms as follows:

Noting that  ω2   is the complex exponential factor analogous to Eq. (15.7) which figures in a Fourier 
Transform with N/2 points, we see that the first term in Eq. (15.28) is a FT for the N/2 even points and 
the second term is the FT for the N/2 odd points. 

We can write Eq. (15.28) as

where



Here k runs over the range 0, 1,···, N−1 so the indices on the vj in Eqs. (15.30) run from 0 to 2N−1. 

However, since ωN = 1, see Eq. (15.7), it follows from the definition of the vj in Eq, (15.30) that vj+N= vj. 

Hence the index j, of the vj   is to be evaluated modulo N. 

This applies in an obvious way to other quantities as well, such as the uj, and, in Sec. 15.C, to the lower 

index on the x(𝑙)j.

For N = 8 please check that Eq. (15.29) corresponds to our Eqs. (15.16) for k = 0, 1, 2,···7 and that, 
according to Eqs. (15.30), the expressions for the vk  in terms of the original data xm  are

so v0, v2, v4 and v6 are the FT of the 4 even points for k = 0, 1, 2 and 3 respectively, while v1, v3, v5  and 
v7 are the FT of the 4 odd points for k = 0, 1, 2 and 3 respectively.



We can again separate each of Eqs. (15.30) into even and odd terms by analogy with Eq. (15.28).

We have

We can write these equations as

where



Note that the two equations in Eqs. (15.33) can be combined as

Again, the index j on the uj is to be evaluated modulo N.

For N = 8 please check that Eq. (15.35) corresponds to our Eqs. (15.15) for p = 0, 1, and k = 0,1, 2 and 3, 
and that, according to Eqs. (15.34), the explicit expressions for the uj are



Equations (15.36) agree with the expressions in Eq. (15.14). 

They can be written as a single equation as

Thus we have seen that the FFT for N = 8 (= 2n  with n = 3), which is written out explicitly in Eqs. 
(15.14)–(15.16), corresponds to first doing the Fourier transforms of length 2 in Eq. (15.37), followed by 
two applications of the iterative procedure, the first shown in Eq. (15.35) and the second shown in Eq. 
(15.29).

15.3 The General Case

So far we have unsystematically labeled the results at each stage of iteration by a different symbol,         
x → u → v → y, see Fig. 15.1. 

When writing a code applicable for N = 2n data points for arbitrary n, one would use a common symbol 
but add a second index, so

End 6



Note that since ω = exp(2πi/2n) we have

The ℓ-th iteration, analogous to Eqs. (15.35), (15.29) and (15.37) is

with



Sorry that the notation is messy but I can’t see how to improve it; one just has to keep track of the 
indices and the powers of ω. 

Recall that the lower index j on the x(ℓ)j is to be evaluated modulo 2n.

Let’s see how this works.

Note that the iterations are evaluated in reverse, starting with ℓ= n and working down to ℓ= 1.



Part 16 - The Quantum Fourier Transform (QFT)

16.1 Introduction

This part introduces the quantum Fourier transform (QFT), which is at the heart of Shor’s algorithm for 
period finding, and hence for factoring. 

Shor’s algorithm will be discussed in Part 17.

At the end of this part we make a detailed comparison with the (classical) Fast Fourier Transform(FFT) 
for completeness. 

The QFT can be defined as follows. 

Starting with n qubits in a single computational basis state |x⟩n, where x is an n-bit integer, one generates 
the following superposition:

where y is also an n-bit integer. 



The real power of the QFT arises, of course, because it acts in parallel if one inputs a                    
superposition                           i.e.,

The circuit to perform the QFT, the derivation of which is the main topic of this part and which is shown 
below in Fig. 16.5, takes no more time to act on the superposition in Eq. (16.2) than on the single basis 
state in Eq. (16.1). 

This is where the power of the QFT lies.

Note that the effect of the QFT acting on a superposition, given in Eq. (16.2), can be written as

where the transformed amplitudes a′y are related to the original amplitudes ax by



which is a discrete Fourier transform on the amplitudes. 

This transformation of the amplitudes is a useful alternative way of defining a QFT, and is equivalent to 
Eq. (16.1).

16.2 QFT with two qubits

To help us derive the circuit which generates the transformation in Eq. (16.1) we start with just n = 2 
qubits.

The Quantum Fourier Transform (QFT) in Eq. (16.1) for n = 2 qubits is

where |𝜓x⟩2  ≡ |x1x0⟩ and |y⟩2  ≡ |y1y0⟩. 

End 6



Noting that y = y0 + 2y1    and x = x0 + 2x1 we can simplify the argument of the exponential:

Now exp(2πiy1x1) = 1 so the factor y1x1 above can be neglected. 

Hence Eq. (16.5) becomes

Next we will explain how to perform the operations in Eq. (16.8) using quantum gates.

Consider the second factor on the RHS of Eq. (16.8), which involves a sum over y1.

The |ψx⟩2  form a basis just as the |x⟩2   form a basis because one can show that they are orthonormal, i.e.



If x0  = 1 the exponential is 1 for y1  = 0 and is −1 for y1  = 1. 

where we denote by y1  the dummy summation variable in order to correspond with the notation in the 
second factor on the RHS of Eq. (16.8). 

We therefore see that the second factor on the RHS of Eq. (16.8), including the sum over y1, is generated 
by the Hadamard gate shown in Fig. 16.1.

This functionality is provided by a Hadamard gate H, since

If x0  = 0 the exponential is always 1.

Figure 16.1: The output from the Hadamard 
gate is |ψx0 ⟩=
This can be expressed as 
                                                                                
. 
Recall that x0 takes a fixed value 0 or 1.



What about the first factor on the RHS of Eq. (16.8) which involves y0? 

There are two pieces in the exponential. 

The factor involving 2πiy0x1/2, including the sum over y0, can be dealt with by a Hadamard, similar to 
Fig. 16.1 but with the left hand qubit being x1 and the right hand qubit being labeled by y0.

However, the piece involving 2πiy0x0/4 is different. 

It induces a phase shift of eiπ/2 for y0  = 1 provided that x0 is also 1. 

This requires a controlled phase gate. 

We define a phase gate Rd   by

Acting on |0⟩,  Rd  makes no change, while acting on |1⟩, Rd  changes the phase by π/2d. 

Note that Rd   is just the Z gate. 



Here we need R1.

Hence the exponential in the first term on the RHS of Eq. (16.8) can be generated by a Hadamard
followed by a controlled R1  gate as shown for the top qubit in Fig. 16.2, in which the R1 gate on the 
upper qubit is controlled by the lower qubit, x0. 

Including the Hadamard on the lower qubit, Fig. 16.2 generates both factors on the RHS of Eq. (16.8).

Figure 16.2: The initial state on the left is the single quantum state |x⟩2 ≡ |
x1x0⟩in the computational basis. The final state on the right is the 
superposition                                                             , which is almost |ψx⟩2, 
the QFT of |x⟩2 ≡|x1x0⟩given in Eq. (16.8), except that the order of the bits in 
the final state is the reverse of what it should be according to Eq. (16.8). This 
can be corrected by a swap gate as shown in Fig. 16.3. Note the controlled-
R1 phase gate. This acts if the control qubit, x0, is 1, and changes the phase 
of the state if the target qubit, y0, is also equal to 1. The general phase gate 
Rd is defined in Eq. (16.10).

To make sure we understand we understand what is happening in the circuit in Fig. 16.2 we now write 
down the state at each of the steps shown in the figure. 

The initial state is



After the first Hadamard the state is

After the controlled-R1 gate we have

The final state after the Hadamard on the lower qubit is therefore

|ψ′x⟩  is almost the desired QFT in Eq. (16.8), except that the order of the qubits on in the final state on 
the right has been reversed. 

This can be compensated for by adding a swap gate on the right as shown in Fig. 16.3.



Figure 16.3: The same as Fig. 16.2 but with the addition 
of a swap gate on the right (the dashed line with crosses 
at the ends). The final state is now precisely 
                                                           , 
the QFT given in Eq. (16.8).

In terms of operators the circuit in Fig. 16.3 corresponds to

where in the tensor product the left operator refers to the upper qubit in the figure. 

We recall that for operators we read from right to left (the opposite of circuit diagrams).

The 4 ×4 matrices for each piece in this operator product are



For a discussion of how to construct matrices for a direct product of operators on two qubits see Part 3.9.



Multiplying the above matrices in the order specified in Eq. (16.12) one can verify that one correctly 
obtains the Fourier Transform for N = 4 states given in Eq. (15.9). 

This confirms that Fig. 16.3 displays the circuit to implement the QFT for 2 qubits. 

I emphasize that initially (on the left) the qubits are in a single computational basis state, |x0⟩ and |x1⟩, 
whereas in the final state (on the right) there is a sum over the states y0 and y1 (the sum being generated 
by the Hadamards).

16.3 QFT with three or more qubits

We next do another special case, this time with n = 3 qubits. 

After this, we will be able to see the structure of the circuit for general n.

The QFT analogous to Eq. (16.8) is



where we have again replaced factors of exp(2πi × integer) by unity.

Note that the terms in the exponential are of the form

where j runs from 0 to n−1 and k runs from 0 to n−j−1.

Following along the lines in the previous section, the circuit diagram which will perform this is shown in 
Fig. 16.4. 



To make sure we understand this circuit we will write down the state at each stage indicated on the 
figure. 

Although these expressions look rather complicated is useful to make the effort to understand them.) 

Figure 16.4: Circuit diagram for performing the QFT with 
n = 3 qubits. It generates the transformation shown in Eq. 
(16.18). The initial state is |x⟩3 = |x2x1x0⟩and the subsequent 
states are given in Eqs. (16.20). The phase gates, Rd, are 
defined in Eq. (16.10). The dashed line with crosses at the 
ends indicates a swap gate between qubits 0 and 2. This 
serves to reverse the order of the qubits.

and the subsequent states, labeled in Fig. 16.4, are

The initial state is



|ψ′x⟩ is almost the desired QFT in Eq. (16.18), except that the order of the qubits on in the final state on 
the right has been reversed. 



This can be compensated for by adding a swap gate between qubits 1 and 3. 

Hence |ψx⟩ in the figure is the desired QFT for 3 qubits given in Eq. (16.18).

Intuitively, the reason that for the reverse order of the qubits in the final state before the swaps, is the 
following. 

The Hadamards generate the superpositions, i.e., the sums over the yj. 

They also produce the factors in the exponential involving 2πi/2. 

From the straightforward generalization of Eq. (16.18) to arbitrary n, see Eq. (16.19) it follows that the 
factors generated by the Hadamards are                                       . 

Here xj   is the label of the j-th physical qubit in its initial state, and yn−j−1 is the dummy label for the state 
of the same physical qubit in its final state. 

Because it is the label yn−j−1 (rather than yj) which occurs on the same physical qubit as xj, the qubits in 
the final state are in reverse order.



Comparing with the case for two qubits shown in Fig. 16.3, and that for three qubits in Fig. 16.4, the 
generalization to an arbitrary number of qubits can be deduced and is shown in Fig. 16.5. 

Note that the controlled phase gate between qubits xi  and xj is R|i−j|, which makes the structure fairly 
simple.

Figure 16.5: Circuit diagram for performing the QFT 
with an arbitrary number of qubits. For clarity
the final swaps are not shown, so the input states on the 
left, xi, and the output states on the right, yi, are in 
opposite order. Note that the controlled phase gate 
between qubits xi  and xj is R|i−j|, which makes the 
structure fairly simple. The state inputted on the left is a 
single computational basis state |x⟩n, and if we add the 
final swaps, the state outputted on the right is the 
superposition in Eq. (16.1).

For an n-qubit QFT one needs n Hadamard gates. 

The number of controlled phase gates is 1 + 2 +···+ n−1 = n(n−1)/2.

Also [n/2] swaps are required, where [k] denotes the largest integer less than or equal to k. 



The circuit therefore provides an algorithm for performing the QFT in O(n2) steps. 

By contrast the FFT requires O(n2n) steps which is exponentially greater.

However, we cannot obtain the 2n Fourier amplitudes from the QFT since a measurement will
just give one of the basis states with a probability proportional to the square of the absolute value of
its Fourier amplitude. 

However, the QFT does give useful information if the input state is a linear combination                  , see 
Eq. (16.2), in which the ax  are periodic in x with some period r. 

As we shall see in Part 17 the Fourier amplitudes are then strongly peaked at values of y which are 
multiples of 2n/r, so there is a high probability that a measurement of y will give a value which is equal, 
or close, to a multiple of 2n/r. 

As we shall see in Part 17, from this information one can then deduce the period r with high probability. 

Hence the QFT is very useful for period finding.



As we saw earlier, period finding can be used to factor integers. 

If one could factor large integers, one would be able to decode messages sent down the internet which 
have been encoded with the standard RSA encryption method. 

We discussed RSA encryption earlier.

Another application of the QFT is to estimate the phase of the eigenvalues of a unitary matrix.

This is discussed next.

16.4 The Phase Estimation Algorithm

The eigenvalue of a unitary operator U must be a pure phase, i.e. λ = eiθ. 

The reason is that U preserves the norm of states, so if |ψ′⟩= U|ψ⟩, we have



since U†U =    and we used Eq. (3.39). 

If |ψ⟩is an eigenstate of U, i.e. |ψ′⟩= λ|ψ⟩this last equation

so |λ|2 = 1, and hence λ = eiθ for some θ.

so 0 ≤ φ < 1.

Let us write

The objective of this part is to determine an eigenvalue of a unitary matrix, which is equivalent to 
determining its (complex) phase (since, as we just showed, its modulus is 1). 

Hence this problem is called “phase estimation”.

The result for the phase φ will be encoded as an integer (formed from the values of
the measured qubits) and let’s suppose we want to determine φ correct to n bits of precision. 



The procedure is to compute an n-bit integer φ′, related to φ and θ by

The possible values of φ′ are 0, 1, 2,···, 2n−1.

Figure 16.6: The circuit for phase estimation for 1 bit of precision.

We start with a simple example in which we only require 1 bit accuracy, so φ′= 0 or 1. 

We will see that circuit in Fig. 16.6 does the trick. 

Figure 16.6 is essentially the same as Fig. 7.8 in Part 7.

Here we assume that |u⟩ is an eigenstate of U with eigenvalue exp(2πiφ′/2). 

Following the earlier discussion after Fig. 7.8 we find that



We see that if φ′= 0 the measurement of the upper qubit gives |0⟩ and if φ′= 1, the measurement of
the upper qubit gives  |1⟩. 

Hence a measurement of the upper qubit in Fig. 16.6 determines the phase to one bit of precision.

We note that the right hand Hadamard on the upper qubit in Fig. 16.6 is just the QFT for 1 qubit,
see Fig. 16.1. 

In fact, one can obtain φ′ to an arbitrary accuracy of n-bits by using the n-bit QFT (strictly speaking the 
inverse QFT).

To see this we proceed gently by considering the circuit in Fig. 16.7 which is for two qubits. 

Both of the upper qubits are acted on by a Hadamard, after which one of them is the control for a 
control-U gate and the other is the control for a control-U2 gate.



Figure 16.7: The circuit for phase estimation for 
two bits of precision. In their final state the two
upper qubits contain the two bits of φ′, which is 
related to the phase θ by Eq. (16.24).

The state |ψ⟩ is given by

This is just the QFT of |φ′⟩ which can be undone by an inverse QFT, i.e.



since, after the inverse QFT, the state of the system |ψ′⟩ is given by

In terms of gates, what is the difference between the quantum Fourier transform and its inverse?

For the quantum Fourier transform we use phase gates Rd, defined by Eq. (16.10), which increase
the phase of basis state |1⟩ by π/2d and leave the phase of basis state |0⟩ unchanged. 

In the inverse transform these are replaced by gates, which we label R−d, which decrease the phase of 
basis state |1⟩ by π/2d and leave the phase of basis state |0⟩ unchanged, i.e.



The gates which perform the inverse quantum Fourier transform for two qubits are indicated in
Fig. 16.7. 

According to Eq. (16.28), the final measurement in Fig. 16.7, after the inverse quantum Fourier 
transform has been done, gives the 2-bit integer φ′ from which the eigenvalue is given by                        .

This generalizes to the case of n bits of precision.

We need n qubits to act as control-U, control-U2, control-U4,···, control-U2n−1 gates on the qubit 
containing |u⟩. 

After the control-U2𝑙 gates, for l = 0, 1,···, n−1, have acted, we run the qubits through the inverse Fourier 

transform to get |φ′⟩n, from which                         . 

The circuit is shown in Fig. 16.8.

Figure 16.8: The circuit for phase estimation. The 
values of the n measured qubits form the binary
representation integer φ′, related to an eigenvalue 
λ= eiθ of the unitary operator U by θ = 2πφ′/2n.



What happens if |u⟩ is not a single eigenstate of U as we have been assuming up to now, but a
superposition? 

After the inverse QFT, the state of the n  qubits will be a superposition of computational
basis states |φ′⟩  for each of the eigenvalues present in the decomposition of |ψ⟩n into its eigenstates.

Measurement will then project on to the value of φ′ corresponding to one of the eigenvalues.

Now we show how the breakup of the FFT for 3 qubits, i.e. N = 8 is related to the circuit for the QFT. 

Our final result will be Fig. 16.10, which is the analog of Fig. 16.9 for N = 4.

As shown in Part 15, the FFT for N = 8 can be written as

16.A Comparison of the FFT and QFT for N = 8 and generalization to larger N



where



One can verify by doing the matrix multiplication (using Mathematica/OCTAVE helps) that Eq. (16.61) 
is satisfied.

One can see from Fig. 16.4 that the QFT can be written as

in a fairly obvious notation, where

Recall that we work from right to left in 
operator equations like Eq. (16.66) but from left 
to right in circuit diagrams such as Fig. 16.4.







One may verify Eq. (16.66) using Mathematica/OCTAVE. 

Note that S02 swaps qubits 0 and 2, as required to reverse the order of the qubits.

One immediately sees that U(8)1 = H(8)u . 

However to make a connection between the other parts of the FFT, U(8)2 and U(8)3 , we introduce the 
swap operator between qubits 1 and 2:

Can we make a connection between the individual matrices, U(8)1 , U(8)2 , and U(8)3 , in the FFT, Eq. 
(16.61), and the individual matrices, S(8)02 , H(8)𝑙 , R(8)1,m, H(8)m ,R(8)2,u,R(8)1,u, and H(8)u , in the QFT, Eq. 
(16.66)?



We also need to realize that we can move the R2 gate in Fig. 16.4 to the right as long as it does
not cross the Hadamard on the lowest qubit (since this is the control qubit). 

Hence we can also write Eq. (16.66) as

where we have moved R(8)2,u to the left. 

We then find that

which agrees with Eqs. (16.75) and (16.61) since (S(8)12)2 is the identity (swapping twice makes no
change). 



This breakup is shown in Fig. 16.10. 

Apart from the reversals of qubit order, the correspondence between the QFT and the FFT is 
straightforward to see.

Figure 16.10: Like Fig. 16.4 except that the R2 gate has 
been moved to the right of the Hadamard on the middle 
qubit (which has no effect) and that a pair of reversals of 
the order of qubits 1 and 2 have been added (which also 
has no effect). The reversal is accomplished by a swap 
gate. Note that the final reversal of the order of all three 
qubits (on the right of the diagram) is also accomplished 
by a single swap gate. The correspondence with the 
breakup of the FFT (U= U3U2U1) is indicated, see Eqs. 
(16.76). To see this correspondence it is necessary to 
include the pair of reversals of the order ofqubits 1 and 2.

Following the structure of Fig. 16.9 for two qubits, and Fig. 16.10 for three qubits the generalization
to four qubits is shown in Fig. 16.11.



Figure 16.11: The generalization of Figs. 
16.10 and 16.9 to the case of four qubits. 
The correspondence with the breakup of the 
FFT (U= U4U3U2U1) is indicated.

The correspondence with the FFT is clear, the only complication being that, in order to show the 
correspondence, pairs of reversals of the order of the qubits (which cancel each other out) have to be 
introduced, with one reversal being in one stage of the QFT and the other reversal in the next stage of the 
QFT. 

Reading Fig. 16.11 from left to right, the first reversal pair reverses qubits 2 and 3 (which needs a single 
swap gate between qubits 2 and 3), the next reversal reverses qubits 1, 2 and 3 (which only needs a 
single swap gate between qubits 1 and 3), and the last reversal (not a pair because this is the last one so 
there is no additional stage to compensate it) reverses all 4 qubits (which needs two swap gates, one 
between qubits 0 and 3 and the other between qubits 1 and 2).

To conclude, we see that there is a close parallel between the breakup of the FFT and circuit of the QFT. 

The details are slightly complicated because one needs reversals of the order of the qubits to make the 
correspondence precise.



Chapter 17 - Shor’s Algorithm

When computers we build become quantum,
Then spies of all factions will want ’em.
Our codes will all fail,
They’ll hack our email,
But crypto that’s quantum will daunt ’em.

17.1 Introduction

Consider an integer N composed of two prime factors p and q, i.e. N = pq. 

In Part 14 we showed how to determine the factors of N from the period r of the function

where  a  is some number less than N and which has no factors in common with N. 

Since a0 = 1, the period is the smallest value x = r such that



In 1994 Peter Shor developed a famous quantum algorithm for period finding which is much more 
efficient for factoring large integers than any known algorithm running on a classical computer.

The ability to factor a large integer can be used to decode messages sent down a public channel (such as 
the internet) which have been encrypted with the RSA scheme. 

The first four lines of the above limerick refer to this1. 

The RSA encryption scheme is described in Part 13.

There is also a helpful YouTube video at https://www.youtube.com/watch?v=lvTqbM5Dq4Q, which is 

less technical than the present discussion.

Let us watch it before I do some mathematical details.

The presenter is an expert in the field and is really excellent - much better than me  - I am an amatuer in 

this field!!



We denote by n0  the number of bits needed to contain N, so N is comparable to          . 

In cryptography, N may have of order 600 digits (so n0 ∼2000 bits).

URL https://www.youtube.com/watch?v=lvTqbM5Dq4Q URL
Here we now describe in detail Shor’s algorithm to determine the period of the function f(x) in Eq. 

(17.1). 

https://www.youtube.com/watch?v=lvTqbM5Dq4Q


17.2 Modular Exponentiation

In Shor’s algorithm the period is found by a Quantum Fourier transform of the function in Eq. (17.1)
evaluated for x= 0, 1, 2,···, 2n−1. 

What do we take for n? 

Now the period may be comparable to N and, as we see again later in the Mermin approach, in general 
we need at least N periods in the data, i.e. 2n > N2, and so set n = 2n0. 

We will see why the doubling of the number of qubits is necessary in Part 17.5.

Hence, if n0 ∼ 2000 we have n ∼ 4000.

It would seem to be a formidable (nay, impossible) task to calculate ax( mod N) for a value of
x of order 24000. 

However, it can be done as follows.

First compute a, a2, a4,···       ( mod N) by successively squaring.



This only takes n  multiplications and so can be done on a classical or quantum computer. 

Let the binary expansion of x be

Then we have

For example for n = 4, x = 10, the binary expansion of x is 1010 (note the least significant bit is to the 
right) so

The use of Eq. (17.4) to compute ax for huge values of x is called “modular exponentiation”.

We can perform modular exponentiation on a classical or quantum computer as follows. 



We start with a certain value for x ≡ xn−1xn−2···x2x1x0 in the input register and 1 ≡ 000···001 in the output
register. 

We also need an additional work register with n0 qubits, whose contents we will denote by w, with initial 
value w = a. 

The following steps compute ax( mod N) using Eq. (17.4):

On a classical computer, the computation has to be performed separately for each x, whereas on
a quantum computer, as we shall see, Eq. (17.4) can be computed efficiently for all x between 1 and
2n−1 using quantum parallelism.



A schematic circuit diagram for doing modular exponentiation on a quantum computer is shown
in Fig. 17.1. 

Figure 17.1: Schematic circuit diagram for performing the 
modular exponentiation. The workings of the black box U are 
described in the notes. The state entering U 
is                                               and the state exiting from U is                                                                             

There are n upper or “input” qubits, which contain the values of x, and n0 lower or “output” qubits, 
which contain the function values f(x). 

As discussed earlier, we usually take n = 2n0.

We will call the set of input qubits the “input register”, and similarly denote the output qubits as the
“output register”. 

The notation “input” and “output”, though often used, can be rather confusing since both input and 
output registers are present in the initial state (left edge of the circuit diagram in Fig. 17.1) and in the 
final state (right edge of the circuit), so from now on we will refer to these registers as “upper” and 
“lower”.



Both the upper and lower registers are initialized to |0⟩. 

The qubits in the upper register are each run through a Hadamard gate. 

As shown in Part 9.2, Hadamards acting on n qubits gives the symmetric sum of all 2n basis states. 

Hence before entering into the box U shown in Fig. 17.1, the state of the system is

On exiting the box U, the state of the system has the values of f(x) in the lower register, i.e.

Note that, in general, if the lower qubits were initialized to |y⟩n0 , then after the function acted they
would be in state |y ⊕ f(x)⟩n0 , but here y = 0.

How many operations does this require? 



If we consider (b) we need to do n squares of an n0-bit number. 

Multiplying two n0 bit numbers in the simplest way(there are more sophisticated methods) takes            
operations. 

Since n = 2n0 we see that the operation count for (b) is O(n3). 

The operation count for (a) is similar, so the total operation count for modular exponentiation is O(n3).

On a classical computer one would have to perform these calculations sequentially for x= 1, 2,···, r,
where the period r is of order N where N is of order 2n/2, but on a quantum computer they are are
done in parallel using quantum superposition. 

Hence a quantum computer performs the modular exponentiation part of Shor’s algorithm exponentially 
faster than a classical computer.

17.3 Quantum Fourier Transform (QFT)

Now that the state of the qubits contains f(x) for all x from 0 to 2n−1, how do we determine the
period r? 

A schematic of the full circuit for doing this is shown in Fig. 17.2.



Figure 17.2: Schematic circuit diagram for Shor’s algorithm for period finding on a quantum computer. The black box U 
does the modular exponentiation as described in the text, see also Fig. 17.1. The state inputted to U is given by |ψ0⟩in Eq. 
(17.6) and the state outputted from U is given by |ψ1⟩in Eq. (17.7). A measurement (indicated by the box with the arrow) is 
performed on the lower register, giving some value f0. The double lines indicate that the measurement gives classical bits 
which take values 0 or 1. The state of the upper register is then given by |ψ2⟩in Eq. (17.8), the equally weighted superposition 
of all values of x for which f(x) = f0. The n qubits in the upper register then go through the quantum Fourier transform the 
result of which is given by |ψ3⟩in Eq. (17.10). A measurement of the upper qubits then gives a result y which is close to an 
integer multiple of 2n/r, where r is the period, as discussed earlier.

The first (left) part of the algorithm is the modular exponentiation also shown in Fig. 17.1. 

A measurement is then made of the result in the (lower register from the modular exponentiation routine
U. 

This measurement is indicated by the lower box with an arrow in Fig. 17.2. 



Here 0 ≤ x0 ≤ r−1, x0 + (Q−1)r ≤ 2n−1, f(x0 + kr) = f0, and the number states in the sum is

where [···] denotes the integer part. 

Thus Px(x), the probability of of measuring state |x⟩ in the upper register, consists of Q delta functions at 
positions x0 + kr, k= 0, 1,···, Q−1, see Fig. 17.3.

The measurement will yield some value for f(x), say f0. 

According to the extended Born hypothesis, the upper register will then contain a superposition of those 
basis states for which f(x) = f0. 

Since f(x) is periodic with period r, the possible values of x are of the form x0 + kr, so, after the 
measurement on the lower register, the state of the upper register becomes



Figure 17.3: The probability of getting state x in the upper 
register if a measurement were performed before doing the 
Quantum Fourier Transform. There are  Q delta functions, 
where Q = [2n/r], each with weight 1/Q separated by r, the 
period. The values of x where these delta functions appear,
x0 + kr, k = 0, 1,···, Q−1, are those values for which f(x) = f0 the 
result obtained from the measurement of the lower register. A 
measurement would get a value for x0 + kr for some k but since
we don’t know x0 this is no help in determining the period r. 
Hence measuring the upper register at this point is not useful. 
We need to Fourier transform the state of the upper register 
before measuring it, in order to determine the period.

If we were to measure |ψ2⟩ we would just get one value of x0 +kr, which, because of the dependence
on the unknown quantity x0, does not give any information from which we might be able to determine
the period r. 

In order to extract information on r, we have perform a quantum Fourier transform on the states in Eq. 
(17.8) before measuring. 

This gives



The quantum circuit which performs the quantum Fourier transform is described in Part 16. 

An example for n = 4 qubits is shown in Fig. 17.4.

Figure 17.4: The circuit for the quantum Fourier 
transform for n = 4 qubits. The controlled phase
gates act on the target qubit according to Eq. 
(16.10) if the control qubit is 1 and otherwise does
nothing. The final swap gates to reverse the order 
of the qubits outputted on the right are not
included here. Note that the controlled phase gate 
between qubits xi and xj is R|i−j| which makes the
structure of the circuit quite simple to understand.

The controlled phase gates act on the target qubit according to Eq. (16.10) if the control qubit is 1, and 
otherwise do nothing. 

Like the controlled Z gate, the controlled phase gate is symmetric between the control and target qubits 
(the phase is changed only if both qubits are |1⟩), so the control and target qubits can be exchanged. 

We will use this later when we show how to actually eliminate these 2-qubit gates.



Generalizing the diagram in Fig. 17.4 to the case of n qubits we see that controlled phase gates Rd

are required for d = 1, 2,···, n−1. 

Hence, in total, we need n Hadamard gates and 1+2+···+ n−1 = n(n−1)/2 controlled phase gates.

However, as we will see later in the Mermin approach and shortly again in these notes, it is both 
impossible to construct gates giving a phase change which is exponentially small in n, and also not 
necessary to do this to obtain the QFT with the required precision. 

As we will see  in the Mermin approach one only needs controlled phase gates Rd for d < log2(const. n), 
where the constant is large but independent of n. 

Thus the number of controlled phase gates needed in practice is of order  n log2 n  which is considerably 
less than O(n2) if n is several thousand.

In fact we can eliminate the 2-qubit controlled phase gates by measuring each qubit immediately after 
the gates of the QFT have acted on it, rather than after completion of the QFT. 

This will be  discussed shortly.



After the quantum Fourier transform we measure the upper (input) register in Fig. 17.2, obtaining
a value for y. 

The probability of getting a particular state y is given by the square of the absolute value of the 
amplitude of |y⟩ in Eq. (17.10), i.e.

Note that the dependence on x0, which was troublesome before doing the Fourier transform, and
appears just as a phase factor after the Fourier transform, Eq. (17.10), now drops out completely when
we take the square of the absolute value to get the probabilities in Eq. (17.11).

If y could take real values, the exponentials would add up precisely in phase (and so there would
be a peak in the probability for y), when yr/2n is an integer, i.e. for y= ym where

in which m is an integer.



Note that there are r values of m, from 0 to r−1 since y runs over a range of 2n values. 

We emphasize that ym is not an integer in general, but the measured values of y are are integers, so there 
will be peaks in P(y) at integer values close to the ym in Eq. (17.12), see the sketch in Fig. 17.5.

Precise values of P(y) for a particular case will be calculated in Sec. 17.5. 

Figure 17.5: A sketch of the probability of getting state y 
in the input register after the Quantum Fourier Transform. 
There are r peaks at ym = m2n/r for m = 0,1,2,···,r−1. Note 
that [2n/r] = Q so the separation between the peaks in P(y) 
is no more than 1 away from Q, the number of peaks in
the distribution Px(x) for the state before the quantum 
Fourier transform, see Fig. 17.3. Precise values of P(y) will 
be calculated in Part 17.5 for a particular case and the 
resulting values of P(y) will be shown in Fig. 17.8.

Hence there is a high probability that we will obtain an integer y close to an integral multiple of 2n/r.

To summarize this part, P(y) has r peaks separated by 2n/r. 

We recall that r is the period, which is what we want to compute. End 7



17.4 A special case: the period r is a power of 2.

In some special cases the period r will be a power of 2, in which case an integer number of periods fits
exactly into the range of x-values (2n). 

An example to be discussed in detail in the Mermin approach is - if both p and q are both primes of the 
form 2ℓ+ 1 (e.g. the commonly studied case of N = pq= 15). 

In this situation we will not need n to be as big as 2n0 (where n0 is the number of bits needed to contain 
N). 

Rather, we will see that we just need 2n to be big enough to contain some integer number (even one 
period is sufficient, i.e. 2n = r) of periods for us to exactly determine an integer multiple of 2n/r. 

Since the period might be as large as N, when r is a power of 2 we need

Here we go through this special case because the mathematics is simpler than the general case which we 
will study in the next part.



First of all we check for N = 15 that the period is a power of 2 as stated above. 

Let’s take a = 7 which has no factors in common with 15:

so the period is r = 4, i.e. a power of 2 as claimed.

Now, we perform the sum in Eq. (17.11). 

Since r is a power of 2 here, and 2n ≥ r, it follows that 2n/r is an integer, so Q, the number of terms in the 
sum in Eq. (17.11), is given exactly by



From Eq. (17.15), we see that Eq. (17.11) becomes

Firstly suppose that y = mQ for integer m. 

It is trivial to see that all the exponentials in Eq. (17.16) are unity so

Note that there are r distinct values of m, m = 0, 1, 2,···, r−1 since y runs over a range of 2n values
and Q = 2n/r, see Eq. (17.15). 

Hence the sum of the probabilities for the set of values y= mQ is unity. 

Since the total probability must be unity there can be no probability for other values of y, as
we will now verify.



The sum in Eq. (17.16) is a geometric series, which can be summed to give

The numerator is zero for all y (recall that y is an integer), but for y ̸= mQ the denominator is non-zero, 
so

as required. 

Thus, with probability 1, the measured value of y is an integer multiple of 2n/r. 

This is shown in Fig. 17.6.

Superficially, this may look similar to the situation before the QFT shown in Fig. 17.3. 



Figure 17.6: The probability of getting state y in 
the input register after the Quantum Fourier
Transform for the special case where r is a power 
of 2 so there are an exact number of periods in the
interval 2n. There are r delta functions of equal 
weight at exactly ym = m2n/r, for m= 0, 1,···, Q−1.

The difference is that the unknown quantity x0 does not appear in Fig. 17.6. 

Rather, the delta functions occur at positions ym where ym/2n = m/r from which one can determine r.

Notice the reciprocal relation between the period r  in the original data in Fig. 17.3 and the period in
the Fourier transformed data which is the size of the dataset, 2n, divided by r. 

To use terminology from sound waves and frequencies, quite generally, if the original dataset is a 
periodic function of “time” with period r, the Fourier transform will have a peak at the “fundamental 
frequency”, 2n/r, and in addition can have peaks at “higher harmonics” (m2n/r for m > 1). 



It can also have a component at zero “frequency” (y = 0) if the average of the original data is non-zero. 

The special nature of the original dataset here (equally weighted, uniformly spaced delta functions, see 
Fig. 17.3), leads to a Fourier transform which also comprises equally weighted, uniformly spaced delta 
functions.

Let us give a simple example so we can see in detail how to extract the period r from this knowledge.

We take our previous example of N = 15, a= 7, for which we found in Eq. (17.14) that the period is
r = 4. 

This means that 74 ≡1 mod 15. 

We will assume that we have n = 5 qubits, so 2n = 32. 

The only possible results of a measurement of y are an integer multiple of Q = 2n/r(= 8), so here we have
y = 0, 8, 16 or 24, each with equal probability 1/4, see Table 17.1.



Table 17.1: The possible results of a measurement of y for the case of N = 15, a= 7, 2n 
= 32 for which r = 4. The value of y gives us the fraction y/2n, which is also equal to m/r 
for some m. However, any common factor, c, is divided out, so we write y/2n as m0/r0 
with m = cm0, r = cr0. Hence we obtain r0 (and m0), but not c. We determine c by 
computing the function         for c = 1,2,··· until we get the value 1. There is a 
probability 1/2 that c = 1 works, and it is extremely unlikely that a large value of c will 
be needed. The values of c in this example are shown in the last column.

From the measurement of y we determine the fraction y/2n, which is also equal to m/r for some m.

However, any common factor c is divided out. 

We therefore write y/2n as m0/r0 with m = cm0, r = cr0.

The values of c in this example are shown in the last column of Table 17.1. 

In general, to determine r = cr0 we compute the function         mod N for the first few values of c= 1, 2,··· 
and see for what value of c we obtain 1, the result if cr0 = r, see Eq. (17.2). 

The common ratio c is unlikely to be large. 

For example if  m  is odd, which occurs with probability 1/2, then c must equal 1. 



In Table 17.1 we see that the value y = 0 does not give useful information but, since the number
of possible results is equal to r and each result is equally probable, the probability of getting y = 0 is
small if the period r is large (the situation if one needs a quantum computer).

We have seen that in the rare situation that the period is a power of 2, the measurement of y gives an 
integer multiple of 2n/r with probability one. 

Hence y/2n = m/r with integer m exactly. 

However, in the general case, which we discuss in the next part, the measurement of y
will give, with a probability which is high but less than one, a value such that y/2n is close to (but not
equal to) m/r.

Similarly there is probability 1/4 that m is even but not a multiple of 4 in which case c cannot be greater 
than 2.

Proceeding in this vein we see that it is very unlikely that c is large. 

In the rare case that the common ratio c is large, we would stop after the first few values of c and restart 
the quantum computation (the steps shown in Fig. 17.2).



17.5 The general case: the period is not a power of 2.

We now evaluate the sum in Eq. (17.11) for the general case when r is not a power of 2 so we do not
have an exact integer number of periods in the range of x-values, 2n, over which f(x) is calculated. 

As discussed after Eq. (17.11), P(y) has r peaks, where each peak is in the vicinity of one of the values of
ym = m2n/r where m= 0, 1, 2,···, r−1. 

We set

The continued fraction method (will show later) is then needed to determine m/r.

For the continued fraction method to work it turns out that we need to have at least N periods in the
range of values of x, and so we will take n = 2n0.

We assume that δm is small, so we are close to the m-th peak, but 2n, r and m are large, since we only
need the quantum algorithm when these numbers are large.



Recall that y, the measured value is an integer, whereas ym and δm are not.)

Equation (17.11) involves a geometric series which can be summed as follows:

where we used that                                       Inserting Eq. (17.21) into Eq. (17.11) the phase factors drop 
out and we get



Now Q is within an integer of 2n/r and Q is also large so so we can replace Qr/2n by 1 with negligible
error. 

Also r/2n is very small, since we take n to be big enough that there are many periods within the range of 
x computed, so the sine in the denominator can be replaced by its argument. 

Hence, to a good approximation,

for y in the vicinity of ym. 

Recall that the relation between δm and y is given in Eq. (17.20). 

The function in Eq. (17.23) is plotted in Fig. 17.7. 

The area under the curve is 1, and most of the weight is in the peak centered at 0.



Figure 17.7: A plot of the function in Eq. (17.23), neglecting the 
factor of 1/r where r is the number of peaks. The area under the curve 
is 1. The result of a measurement will be one of a series uniformly 
spaced possible values of δm separated by 1. For example, if ym+0.3 
is an integer, the possible measured values of δm would be ···, −1.7, 
−0.7, 0.3, 1.3,···. One of these values for δm must be within 1/2 of 0 
and the figure shows that the probability for this is greater than 4/π2, 
the dashed horizontal line. The dashed vertical lines are at δm = ±1/2). 
An example of real data is shown in Fig.17.9.

To find the period we would like to get the integer y which is closest to m2n/r for some integer m
i.e. |δm| < 1/2. 

Writing πδm = x, this corresponds to |x| < π/2, and in this region

so, according to Eq. (17.23), the probability of getting the nearest integer to ym is greater than

see Fig. 17.7. 



There are r distinct values of m so the total probability of getting the closest integer to one of the ym is 
greater than 40%.

So, with fairly high probability, we have obtained the nearest integer to m2n/r for some integer m
(which we don’t know). 

How can we determine r from this information? 

We need some post-processing which will be done on a classical computer.

In deriving Eq. (17.23) we just needed that the range of x studied contains many periods, i.e. 2n ≫ r.

Since r can not be bigger than N we needed 2n ≫ N. 

However, to actually extract r we need a stronger condition, 2n > N2, as we shall now see.

We assume now that we have been successful and found a  y  which is within 1/2 of 2nm/r. 

Dividing by 2n we have

so y/2n, our estimate for m/r, is off by no more than 1/(2·2n).



The value of m/r can then be obtained using continued fractions. 

A continued fraction representation of a number x has the form

where the ci are integers known as the continued fraction coefficients. 

If we stop after a certain number of iterations and ignore the remainder we have a “partial sum”, which is 
an approximation for x. 

If x is a rational number (ratio of two integers) the continued fraction will eventually terminate. 

If x is irrational (like π) the continued fraction will go on forever. 

More details about continued fractions are given later.



The crucial result of continued fractions which we need is theorem(show later) which states that if

then m/r is one of the partial sums in the continued fraction representation of y/2n.

Here r < N ∼        = 2n/2 so we see from Eq. (17.26) that the theorem applies. 

Hence m/r will appear as one of the partial sums in the continued fraction representation of y/2n. 

Since r < N this must be a partial sum with denominator less than N. 

Successive partial sums get more and more accurate, so we want the one with the largest denominator 
less than N.

As we already noted for the special case when r is a power of 2 (Part 17.4), if m and r have a
common factor, c say, then the continued fraction representation will divide this out and give m0/r0

where m0 = m/c, r0  = r/c.



Thus we actually get r0 which is a divisor of r. 

However, we may be lucky and still get r straight away. 

As shown later in the Mermin approach, the probability that two large numbers chosen at random have 
no common factors is greater than 1/2. 

Thus, with probability greater than 1/2, we get r directly. 

We can check if r0 is the period r by computing, on a classical computer, ar0 ( mod N) and seeing if we 
get 1. 

If we do not, we would try simple multiples, r = 2r0, 3r0, 4r0,···, since it is very unlikely that the common 
factor is large. 

If we are very unlucky, and the common factor is large, we could start again from the beginning, get 
another value for m/r and hence get another value for r0, and compute ar0 ( mod N). 

If this is not 1, then again we try r = 2r0, 3r0, 4r0,···. 



The probabilistic nature of Shor’s algorithm, with the resultant need to run the algorithm several times 
(usually not very many), is a quite common feature of quantum algorithms.

17.6 An example

The last part was probably hard going, so we will try to clarify things by discussing a simple example.

Consider the following, which was also discussed in Part 14, N = 91, a = 4.

 As shown in Eq. (14.6), the period is r = 6.

There is also a chance that the measured value of y is not close enough to one of the ym to get the period
from continued fractions. 

Again, if this happens we need to repeat the whole procedure. 

However, we will not have to repeat very many times because the probability of success in one run is 
quite high.

Since the period is not a power of 2 this is a general example, as discussed earlier.



One needs n0 = 7 bits to represent N so we take n = 2n0 = 14. Hence

so

Hence there are 2730 (and two thirds) periods in our data. 

As we will discuss later in the Mermin approach and will again in Part 17.5 we need at least N(= 91) 
periods so 2730 is something of an overkill. 

The peaks in the Fourier transform, which are at integers next to multiples of 2n/r as discussed above, are 
shown in Table 17.2.

Table 17.2: The peak positions in the Fourier transform for the example discussed in this chapter. The output is at integer 
values of y and the nearest integers to the peaks are shown along with the probability at those nearest integer values, 
computed numerically from Eq. (17.11). Neglecting the zeroth order peak at y= 0, which doesn’t give useful information, the 
sum of the other probabilities at the nearest integers is 0.623, so we have a greater than 60% probability of obtaining the 
nearest integer to a non-zero multiple of 2n/r, from which one can deduce r using continued fractions, as discussed in
the earlier and will discuss again later..



P(y) has been evaluated numerically from Eq. (17.11) and the results are shown in Fig. 17.8.

Figure 17.8: Probabilities for the different components of the 
Fourier transformed state for the example studied with N = 91, a = 4 
for which the period is r = 6. These are computed numerically
from Eq. (17.11). There are six sharp peaks near ym = m2n/r, for m = 
0, 1,··· , 5. The one at y = 0 (m = 0) doesn’t give useful information. 
However, the probability of hitting the highest point of one of the 
other five peaks, i.e. the nearest integer to a non-zero multiple of 2n/r, 
is greater than 60%, see Table 17.2. If, as is likely, the measurement 
gives one of these results, it can then be used to determine the period 
r, as discussed earlier and will again be discussed shortly. A blowup 
of the m= 2 peak is shown in Fig. 17.9.

There are r = 6 peaks at values close to ym = m22/r. 

There is a trivial peak at exactly y = 0 (m= 0) but this can not give any useful information about the 
period r. 

For the other 5 peaks, the peaks are not, in general, centered at exactly integer values, so the possible 
observed (integer) values of y are a set of discrete values around each peak, as shown in the histogram in 
Fig. 17.9 which blows up the region around the m= 2 peak.



Figure 17.9: A blowup of the region around the m = 2 peak 
in Fig. 17.8 (see also Table 17.2). The histogram is obtained 
from numerical evaluation of Eq. (17.11). The probability is 
dominated by the biggest bar, which is at y = 5461 the 
nearest integer to y2 = 2 × (2n/r) = 5461.33 (indicated by the 
vertical dashed line). According to Eq. (17.32), the sum of 
the weights in the histogram is 1/r (= 1/6 here). The solid 
curve is the expression shown in Eq. (17.23), with y (= ym + 
δm) considered to be a continuous variable.

As discussed in Part 17.5, the sum in Eq. (17.11) can be evaluated, and is given, to a good 
approximation, by Eq. (17.23) in the region of the m-th peak, where y is given by Eq. (17.20), and ym,
given by Eq. (17.12), indicates the peak position. 

Recall that y itself is an integer. 

The function in Eq. (17.23) is plotted for continuous y as the solid curve in Fig. 17.9. 

When evaluated at integer y, it agrees very well with the values numerically computed from Eq. (17.11) 
which are shown as the histogram in Fig. 17.9.



Note that δm in Eq. (17.23) is defined in Eq. (17.20) and can be written as

where ℓ is an integer and |ϵ| < 0.5. 

Note too that

for arbitrary ϵ. 

Hence, according to Eqs. (17.23), (17.31), and (17.32), the weight around each of the peaks in Fig. 17.8 
is equal to 1/r (= 1/6 here). 

There are r peaks so the total probability is r × (1/r) = 1 as required. 

Referring to Fig. 17.9, the weight in the largest bar is 0.114 which is 68% of 1/6, the total weight in all 
the bars for this (m = 2) peak.



From Table 17.2 we see that the probability of getting the nearest integer to an integral multiple of
2n/r is greater than 60%. 

Let’s suppose we get one of these.

In fact, lets suppose we get the large bar at y = 5461 in Fig. 17.9. 

Recall that Fig. 17.9 is a blowup of the m = 2 peak in Fig. 17.8. 

Given the measured value, y = 5461, we will now see how to determine the period r using continued 
fractions.

We define x = y/2n. 

This is close to m/r, where r, the period, is what we want to determine. 

Since r is no greater than N, as discussed in Sec. 17.5, the best guess for x is the partial sum having the 
largest denominator less than N. 



As stated above we assume in this example that the measurement gave the value y = 5461, the highest 
histogram for the peak in Fig. 17.9. 

We therefore determine the continued fraction representation for x = 5461/16384 (since n = 14 we have 
2n = 16384). 

Since this is a rational fraction the continued fraction terminates.

We use the methods I will derive shortly to determine coefficients as follows. 

We have c0 = [x] = 0 (note: [···] means the integer part of what is in the brackets). 

We subtract c0 from x and call the inverse of the remainder x1, so x1 = 16384/5461.

c1 is the integer part of x1 so c1 = 3. 

Subtract c1 from x1 and call the inverse of the remainder x2. 

Since x1− c1 = 1/5416, we have x2 = 5461. 



Since this is an integer, the continued fraction terminates at this point. 

Hence the coefficients are

and the corresponding partial sums are

The last result has a denominator bigger than N (= 91) so we neglect it and conclude that



It is possible that m and r have a common factor, i.e. m = c, r = 3c for some integer c. 

We try some small values for c. 

Starting with c = 1, so r = 3, we compute a3 (mod 91 ) and find that it is not 1, see Eq. (14.6c). 

However, we find that c = 2 does work, since a6 ≡1 (mod 91 ), see Eq. (14.6f). 

Hence the period r is equal to 6, the desired result.

17.7 Summary

What is the operation count for Shor’s period finding algorithm?

To factor an integer with n bits, the QFT requires, in principle, O(n2) operations, as shown in
section 17.3. 

Note, however, as discussed later, and also is shown in the  Mermin approach, in practice one only needs 
of order nlog2 n gates to perform the QFT to within the necessary precision.

The computation of the function values using modular exponentiation takes O(n3) operations,
as shown in section 17.2 but details of the calculation which state that the operation count is
O(n2 log n log log n), not much more than O(n2), if one uses a sophisticated method for multiplying
two large numbers.



What about the continued fraction part, which is, of course, done on a classical computer? 

Each division of an n-bit number takes of order n2 operations if the division is done in a simple way. 

In fact, division can be rewritten as several multiplications, so the operation count can be reduced to that 
for multiplication, i.e. O(n log n log log n).

The depth of the continued fraction where the denominator is O(N) is O(log N), since the coefficients in
the continued fraction multiply to get the numerator and denominator. 

This is O(n) since N contains no more than n/2 bits. 

Hence the operation count for the continued fraction post-processing is O(n3), but recall that this is done 
on a classical computer. 

Again the count is not much more than O(n2) if one uses a sophisticated method for dividing two large 
numbers. 

Hence, the overall operation count of Shor’s algorithm is O(n3).



Shor’s algorithm for factoring integers therefore runs in polynomial time as a function of n, the
number of bits in N. 

For comparison, no polynomial time classical algorithm for factoring integers is known. 

The fastest classical algorithm at present, the general number field sieve (GNFS), takes a
time exp(const. n1/3 log2/3 n). 

It is currently not known whether there exists a yet to be determined polynomial time classical algorithm 
for factorization.

Even though the power of n in the exponent of the GNFS algorithm is less than one, it still
much slower for large n than Shor’s polynomial-time algorithm.

Hence, if the considerable technical difficulties could be overcome, and a quantum computer with a 
sufficiently large number of qubits built with the error rate made sufficiently low, then such a device 
could decode encrypted messages currently being sent down the internet which are currently impossible 
to decode on a classical computer.

Now to fill in some of the items I kept promising for later.



17.8 Continued Fractions

Continued fractions are a convenient way of finding a simple rational approximation to a number.

The continued fraction representation of a number x is obtained as follows. 

If there is an integer part of x call this c0. 

Subtract c0 from x and call the inverse of the remainder x1, so

Let the integer part of x1 be c1. 

Subtract c1 from x1 and call the inverse of the remainder x2 so x1 = c1 + 1/x2. 

Continuing in the same way for c2 and x3 etc. we get



To evaluate continued fractions we start at the bottom. 

For example if we wish to evaluate

we determine first that

and then that

so

If we stop after a certain number of iterations and ignore the remainder we have a “partial sum”,
which is an approximation for x.



After each iteration the approximation improves. 

If x is a rational number (ratio of two integers) the continued fraction will eventually terminate. 

If x is irrational (like π) the continued fraction will go on for ever. 

The first few continued fraction coefficients ci(i = 0,1,2···) for π = 3.141592654... are

It is a property of continued fractions, which you can verify, that if a relatively large coefficient appears 
at some point, stopping the continued fraction at the previous coefficient gives an accurate 
approximation to the number. 

For, example, omitting 15 and subsequent coefficients in Eq. (17.45) gives the well known 
approximation

has an error of about 10−3 (the continued fraction coefficients are in bold).



A much more accurate result is obtained by omitting 292 and subsequent terms, which gives a value 
355/113 = 3.141592920..., which has an error of a bit less than 3 ×10−7. 

This rational approximation to π was apparently first obtained by a Chinese mathematician Zu 
Chouygzhi about 1500 years ago.

In the present case we are interested in the continued fraction representation of y/2n, which is
a rational fraction so the continued fraction will eventually terminate. 

As discussed in the earlier, the value of y/2n is close to m/r where r is no bigger than N (N can be 
represented by n0 qubits with n0 = n/2). 

So we are interested in a continued fraction approximation to y/2n with a denominator no
bigger than N. 

Recall that 2n =           which is greater than N2.)

Consider the example described earlier which has N = 91, a = 4 and n = 14 so 2n = 16384.

The most probable results for y are those in the column labeled “nearest integer” in Table 17.2.



Suppose the measurement of y gives the nearest integer for m = 5, i.e. 13653. 

The continued fraction representation of 13653/16384 is obtained as follows:

and the series terminates since x5 is an integer. 

Hence the exact continued fraction coefficients of 13653/16384 are



Successive partial sums are 0, 1, 4/5, 5/6, 6824/8189 and 13653/16384. 

We want the partial sum with the largest denominator less than N (= 91), which is 5/6. 

This tells us, if m and r have no common factors, that m = 5 and r = 6.

We check if r = 6 works by directly calculating 46( mod 91). 

We find that it is equal to 1, see Eq. (14.6f), so the period is indeed 6. 

As we see later in the Mermin approach the probability of two large randomly chosen numbers not 
having a common factor is greater than 1/2. 

If we are unlucky and the assumption of no common factor does not work, then usually we would only 
have to try a few values for the common factor i.e. 2, 3, 4,···, before succeeding. 

If we are really unlucky, and the common factor is very large, we would give up at some point, start 
again and get a different value for y. 

In the related example studied in detail in Part 17.6, where the measurement gives the nearest
integer to the second peak, the common factor is 2.



17.9 Eliminating the two-qubit gates

It is possible to replace the 2-qubit gates by 1-qubit gates which act or not depending on the result of a
measurement. 

This is important from a technological point of view since 1-qubit gates are much easier to implement 
than 2-qubit gates. 

The point is that we measure the final state of the QFT anyway, and we will see that we can eliminate the 
2-qubit gates by measuring each qubit immediately after all the gates of the QFT have acted on it rather 
than waiting until the QFT is completed. 

We now see how to do this.

First of all we note that, similar to the control-Z gate, the target and control qubits in the controlled
phase gates can be interchanged. 

Hence Fig. 17.4 is equivalent to Fig. 17.10.



In Fig 17.10 we see that, for each qubit, once the phase gates and Hadamard have acted the qubit
doesn’t change, so it could be measured at this point - recall that time flows from left to right in circuit
diagrams.

Figure 17.10: Circuit equivalent to Fig. 17.4 
but with the target and control qubits 
interchanged on the controlled phase gates.

Consider the top qubit x3 which, on output, is y0. 

We can measure it immediately after the Hadamard has acted, since it doesn’t change after that. 

If the result is y0 = 1 then the R1 phase gate for x2 is activated, as well as the R2 phase gate for x1 and the 
R3 phase gate for x0. 

However, if the result is y0 = 0 then those phase gates are not activated. 



Since y0 has been measured, this control can be done by a classical circuit, which is much simpler to 
implement than a 2-qubit quantum gate.

Similarly we measure x2, which is y1 on output, immediately after its Hadamard. 

Hence the R1 gate on x1 and the R2 gate on x0 can be activated classically if y1 = 1. 

We can proceed in this way for the whole circuit, measuring the qubit after the Hadamard, and using the 
result to phase change other qubits, or not, using classical control. 

The circuit is shown in Fig. 17.11.

Figure 17.11: Circuit for the QFT with 4 qubits equivalent 
to Fig. 17.10 but in which each qubit is measured 
immediately after the Hadamard gate. Subsequent phase 
gates (on qubits lower in the diagram) are controlled by 
classical circuits (not shown) which use the values of the 
already measured qubits. Note that         means R1 to the 
power y0. Since y0 is 0 or 1 this gives R1 if y0 = 1 and 1 if
y0 = 0. Hence we obtain the required control, but done by a 
classical circuit rather than the 2-qubit controlled phase 
gates in Fig. 17.10.

End 8



17.10 Unimportance of Small Phase Errors (for completeness - covered in class  ??)

The action of the controlled-phase gate is given by Eq. (16.10) and the QFT requires, in principle, these
gates for d = 1,2,···, n−1. 

The total number of controlled phase gates is therefore 1 + 2 +···+ n−1 = O(n2). 

However, it is clearly impossible to accurately construct a phase gate for a phase which is
exponentially small in n if n is large. 

For factoring, n would typically be several thousand.

Fortunately it is not necessary to include controlled phase gates with such small phase changes.

As we will see in the Mermin approach, one can generate the closest integer to a multiple of 2n/r within 
almost the same probability as when one includes all gates (reduced by at most 1%) if one neglects 
controlled phase gates with d > d⋆ = log2(Cn), where the constant C is quite large (500π) but independent 
of n. 

Hence, in practice, one only needs of order d⋆n controlled phase gates (∼nlog2 n) to obtain the
desired result, rather than O(n2) which would be needed if one includes all the gates with d up to n.

Hence the size of the circuit does not grow much faster than n which is a huge improvement compared
with O(n2) if n is several thousand.



Part 18 - Coherent Superposition Versus Incoherent Addition of Probabilities

Now we shall discuss the effects of external noise on qubits. 

This will require us to understand the distinction between a coherent superposition of amplitudes in 
quantum mechanics and an incoherent (classical) addition of probabilities.

18.1 Coherent Linear Superposition: 1 qubit

To illustrate coherent superposition, consider one qubit in the following state

If we measure |ψ⟩ in the computational basis we get

where |α|2 + |β|2 = 1. 

We denote |α2| by p. 

Evidently |ψ⟩ is a linear superposition of basis states |0⟩and |1⟩. 

We say it is a coherent superposition because there is a well defined phase relationship between the 
pieces in the superposition, which means that there can be interference between these pieces in 
subsequent operations.

(for completeness - not covered in class)



To show the effects of interference we apply a Hadamard gate, defined in Eq. (2.35), before doing
the measurement. 

The result is

If we do a measurement in the computational basis after applying the Hadamard, the results are

The factor                       comes from interference between the two pieces in the linear combination of |ψ⟩
in Eq. (18.1). 

In particular, if α =  β =           so p =      we get

showing that there is zero probability of getting state |1⟩in this case if we measure after performing a
Hadamard. 

The vanishing probability of getting |1⟩ is due to destructive interference between the two
pieces of the superposition in state |ψ⟩ in Eq. (18.1).



We emphasize that it is incorrect to claim that the state in Eq. (18.1) corresponds to the qubit
being in state |0⟩ with probability |α|2 and in state |1⟩ with probability |β|2. 

Although this gives the correct result if we measure without acting with the Hadamard it gives incorrect 
results if we apply the Hadamard before measuring. 

The reason is that, after acting with the Hadamard gate, the system would be in state H|0⟩= 12 (|0⟩+|1⟩) 
with probability |α|2 and state H|1⟩= 12 (|0⟩−|1⟩) with probability |β|2. 

Adding the probabilities and using |α|2 + |β|2 = 1, we find that a measurement would then give

which does not have the interference terms present in Eq. (18.4).

18.2 Incoherent (Classical) Addition of Probabilities (for completeness - not covered in class)

18.2.1 Example with 1 qubit

An example of a situation with classical probabilities is measuring a single qubit in the presence of
external noise. 

Suppose the qubit starts out in state |ψ⟩ in Eq. (18.1) but is then acted on by noise which randomizes the 
phases of the two parts of the superposition. 



After the noise has acted for sometime, we can write the state in terms of a global phase θ and a relative 
phase φ as

Measuring |ψ⟩ in the computational basis gives the same results as without noise in Eq. (18.2).

However, there is a difference if we apply a Hadamard before doing the measurement. 

After a Hadamard this state becomes

If we then measure, we will get state |0⟩ with probability

The global phase θ drops out, of course, but we still need to average over the relative phase φ. 

After some time the external noise will have completely randomized the phases so each value of φ will 
be equally probable. 

Since                               the interference terms disappear when we average over the relative phase, so the 
probability of getting state |0⟩ is                                     

In other words measuring the qubit after acting with a Hadamard one finds



The probabilities in Eq. (18.10) differ from those in Eq. (18.4), which is for the case of a coherent
superposition, by the absence of the factors of                         which came from interference. 

Interference does not happen here because the phase relation between the |0⟩and |1⟩ parts of the qubit 
state has been erased by noise.

However Eq. (18.10) is the same as Eq. (18.6) where we assumed that the qubit is in state |0⟩ with 
probability |α|2 and in state |1⟩with probability |β|2 and added those probabilities as in classical
statistics. 

Thus we shall call the results like Eq. (18.10), when noise has erased the phase difference, an incoherent 
(classical) average over probabilities, as opposed to a result like Eq. (18.4) for the superposition state in 
Eq. (18.1), which is a coherent sum over amplitudes.

 18.2.2 Example with 2 qubits (for completeness - not covered in class)

As another example of the incoherent addition of probabilities, consider two qubits in the following
entangled state

where we again denote |α|2 by p.



If α = ±β =        this is a Bell state. 

Let us write |ψ2⟩ more explicitly as

If we focus on qubit A, say, then state |ψ2⟩ looks rather similar to the 1-qubit state |ψ⟩ in Eq. (18.1),
in that there is a piece where qubit A is |0⟩ with amplitude α and a piece where qubit A is |1⟩ with
amplitude β. 

However, for |ψ2⟩, unlike for |ψ⟩, each of these pieces goes with a different state for qubit B (i.e. |ψ2⟩is 
entangled). 

Because of this entanglement, we will not get interference between the pieces of |ψ2⟩ if we perform 
operations on qubit A followed by a measurement of that qubit, as we now show.

If we measure qubit A before doing any operation on it we get

which is the same as for the other examples.

However, if we apply a Hadamard the state is given by



where

According to the generalized Born hypothesis discussed in Part 3.10, if one measures qubit A after
acting with the Hadamard one finds qubit A is in state |0⟩ with probability 1/2, leaving qubit B in
state |φ0,B⟩, and is in state |1⟩with probability 1/2, in which case qubit B is left in state |φ1,B⟩. 

Again, the probabilities differ from those in Eq. (18.4), which is for the case of a coherent superposition, 
by the absence of the factors of                        which came from interference.

One could also obtain these results by computing the density matrix for qubit A, see Part 5, particularly 
Example 2 in Part 5.4.

Intuitively, interference terms do not appear when the qubit being investigated (qubit A here) is entangled 
with another qubit because there is then no well defined phase relation between the two parts of the 
superposition (|0A⟩and |1A⟩).



18.3 Summary

For a coherent superposition, to compute probabilities one sums the amplitudes and then squares, e.g.

while for an incoherent addition of probabilities, which happens when the relative phase is erased by 
noise or by entanglement with other qubits, one squares and then sums, e.g.



Part 19 - Quantum Error Correction 
(moved to end of PDF - for completeness - not covered in class)



Part 20 - Grover’s Search Algorithm

Grover’s algorithm discussed in this part is of a different type from Shor’s algorithm. 

Whereas Shor’s (and related algorithms like Simon’s) depend on a quantum Fourier transform (of some 

sort), Grover’s algorithm involves a different approach, amplitude amplification.

To motivate Grover’s algorithm consider looking up someone in a phone directory. 

It is straight-forward to lookup a person’s phone number in a directory if one is given the name, because 

names are in alphabetic order. 

To locate the name systematically one would go to the midpoint of the list, see which half the name is in, 

divide that half in two, again see which half the number is in, and so on.

One continues this procedure until the size of the region containing the desired entry is just one. 

For a directory with N entries, this bisection method takes log2 N operations (rounded up to the nearest
integer if N is not a power of 2) since one halves the range over which the special entry could be at
each stage.



By contrast, suppose one is given the number and asked which person has that number. 

Since the numbers are not ordered, all one can do is go through the entries one at a time and see if each 
one has the desired name. 

On average this would take N/2 operations before success was achieved.

If N is large this is a huge difference. 

For example if N = 106 then log2 N ≃ 20, to be compared with N/2 = 5 ×105. 

Note that if the N possible values are represented by the configurations of n qubits then

The quantum search algorithm algorithm discussed here, due to Grover, is often presented as such
a search of an unstructured database. 1

Though it is doubtful it would ever be used in this way since it would be a very extravagant use of a 
precious resource to use qubits to store classical information.



Grover’s algorithm requires a quantum computer running a subroutine for which the input is a number 
corresponding to an entry in the database, and which performs a test to see if this is the special value 
being searched for. 

For large N it will determine the special value, with probability close to 1, by calling the subroutine        
only (π/4)        times. 

This is a quadratic speedup compared with a classical computer. 

While less spectacular than the exponential speedup of Shor’s algorithm, it can potentially be applied to 
a very wide variety of problems.

20.2 The Black Box (Oracle)

To formulate the problem we consider n-bit integers, one of which,  a  , is special. 

The goal is to find  a.

We need a subroutine which outputs 1 if the input value x is equal to    a   and outputs 0 otherwise, i.e.



As usual, the function will be determined from a unitary transformation acting on an n-qubit
“input” register and an “output” qubit which is flipped or not flipped depending on whether x is the
special number a or not:

A simple example of such a function for n = 5 and a = 01001 is shown in Fig. 20.1.

Figure 20.1: A black box circuit that executes the first part of a Grover 
iteration, Eq. (20.3), in which f(x) = 0 if x ≠ a and f(a) = 1, for the case of    
n = 5 qubits and where the special number a is 01001. The 6-qubit gate in 
the center is a five-fold-controlled-NOT gate which acts to flip the target 
qubit y only if all the control qubits are 1. The X gates on the left flip qubits 
x1, x2 and x4. Hence the target qubit is flipped if and only if x0 = 1, x1 = 0,  
x2 = 0, x3 = 1, x4 = 0, which are the bits of  a. The X-gates on the right flip 
back those qubits which had previously been flipped, thus leaving the
“input” register, the {|xi⟩}, unchanged. The lower “output” qubit, which is 
initialized to |y⟩, contains information on the function f(x) in its final state.



Recall that x0 is the least significant (i.e. right-hand) bit. 

The target qubit is flipped only if all five of the control bits are one, which requires x0 = 1, x1 = 0,           
x2 = 0, x3 = 1, x4 = 0 (the bits of  a). 

How to construct such a five-fold-controlled-NOT gate out of 1-qubit and 2-qubit elementary gates will 
be shown later in the Mermin-based approach.

Such a black box function is called an oracle. 

An oracle gives the output for the input values which are fed into it but one is not allowed to “open the 
box” and see how it is made. 

Of course, for the implementation in Fig. 20.1 if you did look at the workings of the circuit you would 
immediately determine the special value   a. 

However, the implementation of the black box in Fig. 20.1 is a simple example. 



The Grover algorithm can also be applied in more useful situations where the value of f(x)
is not built in explicitly but has to be calculated in a non-trivial way and so for these cases “opening
the box” wouldn’t help to solve the problem. 

Examples are discussed in the Mermin-based approach.

It is useful to initially set the “output” qubit y to be 1 and then apply a Hadamard gate before applying U. 

The “output” qubit is then

If the result of U is f(x) = 0 then the “output” qubit is unchanged. 

If the result is f(x) = 1 then |0⟩ → |1⟩and vice-versa, so the “output” qubit changes sign. 

Consequently



We can associate the possible sign change with the “input” register” in which case the “output” qubit
remains unchanged. 

Hence, for simplicity, the “output” qubit will be ignored in what follows. 

Thus we consider the following unitary operator       acting only on the n-qubit “input” register

Since U, and hence     , are linear, acting with        on a superposition changes the sign of the component
along  |a⟩ but leaves the component perpendicular to |a⟩ unchanged.

then

since ca = ⟨a|ψ⟩.

Hence if



We initialize the n-qubit input register into a uniform superposition of all basis states by acting with n 
Hadamards on |0⟩:

We can also write |ψ0⟩as

where |a⊥⟩ is a normalized, uniform superposition of all basis states perpendicular to |a⟩, i.e.

We shall see that all the subsequent states generated during the Grover algorithm can also be
written as a linear combination of |a⟩  and  |a⊥⟩.  



These can be conveniently drawn as vectors in the 2-dimensional space spanned by these two basis 
vectors, see Fig. 20.2.

Figure 20.2: Projection of the 2N-dimensional space on to a         
2-dimensional space spanned by |a⟩ and |a⊥⟩, the latter being a 
(normalized) equal linear combination of all basis states except 
for |a⟩ itself, see Eq. (20.11). The vector in bold is the initial state 
|ψ0⟩, an equal linear combination of all basis states, see Eq. 
(20.9). The vector |ψ0⟩ has a projection             on to |a⟩, so sin θ0 
= 1/√N, where θ0 is the angle between |ψ0⟩and |a⊥⟩.

Hence |ψ0⟩ makes an angle θ0 with the |a⊥⟩ axis where sin θ0 = ⟨a|ψ0⟩, or

so we can express |ψ0⟩ in Eq. (20.10) as

Note that |ψ0⟩, |a⊥⟩ and |a⟩ are all normalized.



From Eq. (20.13) we see that if we were to measure |ψ0⟩ now, we would get |a⟩ with probability
sin2 θ0 (= 1/N), which is very small for large N. 

Of course we can also see that the probability is 1/N directly from Eq. (20.9). 

The goal of the Grover algorithm is to iteratively rotate the vector representing the state of the input 
register from its initial direction, that of |ψ0⟩ (which is close to the |a⊥⟩ axis), to a direction close to              
the |a⟩ axis, because a measurement of it will then give a with high probability. 

This is called amplitude amplification.

As shown in Eq. (20.8) the action of       is to invert the component along |a⟩of the vector it acts
on, while keeping the component perpendicular to |a⟩ unchanged. 

The net effect is to reflect about the |a⊥⟩axis. 

Figure 20.3 shows the effect of      on the initial state |ψ0⟩. 

To rotate the direction of the state towards the |a⟩ axis we will need a second unitary operation that is 
discussed in the next part.



Figure 20.3: Figure showing that the action of the 
operator this case |ψ0⟩, about the |a⊥⟩axis.

20.3 The second step of the Grover iteration

The second stage of a single Grover iteration is independent of the special number  a. 

It changes the sign of the component perpendicular to the initial state |ψ0⟩and keeps unchanged the 
component along |ψ0⟩. 

Denoting this operation by      we have

where |φ⟩ is an arbitrary state.



The net result if to reflect |φ⟩ about the direction of |ψ0⟩.

Figure 20.4 shows the effects of        acting on the state generated by      |ψ0⟩.

Figure 20.4: Figure showing that the action of the operator       is 
to reflect the state it is acting on, in this case      |ψ0⟩, about the 
direction of |ψ0⟩which is defined in Eq. (20.9). The net result of 
the two operations,      followed by     , is to rotate the direction of  
|ψ0⟩by 2θ0 in an anti-clockwise direction. We will call the new 
state |ψ1⟩. It is at an angle θ1 = θ0 + 2θ0 to the |a⊥⟩axis.

The combined effect of     followed by       is to rotate the initial state |ψ0⟩ by 2θ0 in an anti-clockwise 
direction, i.e. 2θ0 towards the desired direction of the |a⟩ axis. The combination of these two operations 
is called a Grover iteration, implemented by the Grover operator

The effect of the first Grover iteration, therefore, is to take the initial state |ψ0⟩ and rotate it
anti-clockwise by 2θ0. 



We will call the resulting state |ψ1⟩. 

It is at an angle θ1 to the |a⊥⟩axis, where

see Fig. 20.4.

20.4 Subsequent iterations

Subsequent Grover iterations perform the same two steps:     which reflects about |a⊥⟩ followed by        
which reflects about |ψ0⟩. 

The overall circuit implementing the Grover algorithm is shown in Fig. 20.5.

Figure 20.5: Circuit implementing the Grover 
algorithm.       is the Grover operator, given by                
where      and      are given by Eqs. (20.8) and (20.14) 
respectively. It acts only on the n input qubits (the upper 
line). The output qubit (the lower line) remains 
unchanged by      .  After O(√N) iterations of the Grover 
operator, the result of a measurement on the input qubits 
is the special value a with high probability.
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If  m  iterations have already been done, so the current state is |ψm⟩, Fig. 20.6 shows the effect of
doing an additional iteration.

Figure 20.6: After the m-th iteration of the Grover algorithm, the state |ψ0⟩has been 
rotated to |ψm⟩, which makes an angle θm with the |a⊥⟩axis. At the next iteration of 
the Grover algorithm, firstly the action of      reflects |ψm⟩about the |a⊥⟩axis as 
shown. This is equivalent to a clockwise rotation by 2θm so      |ψm⟩is at an angle 
θm below the |a⊥⟩axis. Secondly, the state      |ψm⟩is acted on by      which
reflects about the direction of |ψ0⟩. This is equivalent to an anti-clockwise rotation 
by 2(θm+ θ0). The net effect of the two operations is to rotate |ψm⟩by an angle 2θ0 
in an anti-clockwise direction. Hence the new state |ψm+1⟩is at an angle θm+1 = θm + 
2θ0 to the |a⊥⟩axis. The amplitude for the state |ψm⟩to be |a⟩is the projection on to 
the vertical axis, which increases with m up to the point where θm = π/2.

The state |ψm⟩ makes an angle θm with the |a⊥⟩ axis, so       rotates the direction by 2θm clockwise,             
while        rotates it by 2(θm+ θ0) anti-clockwise. 

The net result is a rotation by 2θ0 (independent of θm) anti-clockwise, which is towards the desired 
direction, |a⟩, i.e.



which gives

The relationship between |ψm⟩, |a⟩ and |a⊥⟩ is

According to Eq. (20.19), the amplitude for |ψm⟩ to be measured in state |a⟩, i.e. ⟨a|ψm⟩, is
sin θm = sin[(2m+ 1)θ0], the projection onto the vertical axis in Fig. 20.6. 

This increases as m increases up to the point where θm = π/2 but then decreases. 

One therefore takes the number of Grover iterations, m, to be such that θm ≃π/2. 

From Eqs. (20.18) and (20.12) we see that we need



which, for large N, give

When θm ≃ π/2 measuring the state gives a with high probability.

We do not have to get the number of iterations precisely right. 

After m iterations, the probability that a measurement gives  a  is sin2θm = sin2[(2m+ 1)θ0]. 

Any value of θm in the range

will get determine  a  correctly with a probability greater than 1/2. 

For large N this corresponds to

Note that the probability decreases for m > (π/4)√N, unlike many algorithms where increasing the 
number of iterations progressively improves the probability of success.



The operation count of the Grover algorithm is O(√N) which is a quadratic speedup compared
with the O(N) count on a classical computer. 

The quantum speedup comes, of course, from quantum parallelism; all N = 2n values of f(x) are 
evaluated in parallel, so naively it looks as though we should be able to get a speedup by a factor of N, 
i.e. an operation count of O(1). 

However, if one measured directly after computing the function, one would just get one value of x and 
the corresponding f(x), which is no better than on a classical computer. 

It requires additional operations, in the form of the Grover operator       applied iteratively, to extract a 
speedup, which in this case only reduces the operation count to O(√N) not O(1). One can show that the 
O(√N) operation count of the Grover algorithm is optimal. 

An operation count of O(1) is proved to be impossible.

End 8



Part 21 - Quantum Protocols Using Photons

There are several problems of interest where qubits can be considered one at a time, without needing
any qubit-qubit interactions. 

Photons are ideal qubits for this because their interactions with each other are immeasurably weak, and 
they can be propagated down optical fibers for a big distance with little attenuation while preserving their 
polarization. 

You will recall from Part 1.4 that it is the polarization of the photon which characterizes the qubit, e.g.:

The connection between the polarization of photons and qubit states was described in more detail in
Part 4.1.



Several quantum protocols involving photons have been successfully implemented. 

Here we will discuss applications to cryptography and “teleportation”, the latter being set as a homework 
problem with lots of help.

21.1 Quantum Key Distribution

Cryptography is concerned with transmitting secret messages. 

There are two main approaches:



We shall now see that quantum mechanics can help with securely sharing private keys, using what is 
called Quantum Key Distribution (QKD).

The idea of QKD is to create a one-time codepad which Alice and Bob share. 

By using quantum mechanics, Alice and Bob will be able to detect whether an eavesdropper whom, 
following tradition, we shall call Eve, is trying to intercept their messages when they share the codepad.

The codepad is a shared random string of bits R, which must be at least as long as the message.

Alice encodes the message M by bit-wise XOR-ing it with the random string, i.e.

Bob decodes the encoded message M′ by also XOR-ing it with R, i.e.

This works because M ⊕ R ⊕ R = M, as we have discussed several times before in the class.



We now explain why this codepad can only be used once securely. 

Suppose we send two encoded messages using the same codepad, i.e.

Anyone intercepting the message can XOR the two messages with the result

so the random string has dropped out.

The eavesdropper can then use standard methods (e.g. letter frequency) to decrypt. 

This is harder than for a single message since one has to extract both messages, but may be feasible. 

Hence the great security coming from using a random bit string has been lost.



How do Alice Bob know that their random bit string R was not intercepted by Eve as they were
sharing it? 

This is where quantum mechanics comes into play.

21.1.1 BB84 protocol

We describe here the method proposed by Bennett and Brassard in 1984 (BB84). 

Alice sends Bob a long string of photons. 

Each photon is in one of the four polarization states in Eq. (21.1). 

The polarization states corresponding to qubits |0⟩ and |1⟩ we will call Z-basis qubits (since this is the
basis in which Z is diagonal). 

The polarization states corresponding to H|0⟩ =      (|0⟩+ |1⟩) and H|1⟩ =      (|0⟩−|1⟩) we will call X-basis 
qubits (since this is the basis in which X is diagonal).



If she gets 0 she sends a Z-basis photon, and if she gets 1 she sends an X-basis photon. 

Within each basis-type there are two states, which Alice chooses by generating a second random integer, 
again taking values 0 and 1. 

If she gets 0 she sends |0⟩ if the Z-basis were chosen and H|0⟩ if the X-basis were chosen. 

If she gets 1 for the second random number, she sends |1⟩ or H|1⟩, depending on whether the Z-basis or 
X-basis was chosen. 

An example of a set of photons sent to Bob is

To decide in which basis to send a photon Alice generates a random integer taking values 0 and 1.



Bob receives these qubits and decides randomly whether to measure in the Z-basis or the X-basis.

Note that the photons are individually identifiable by the sequence in which they arrive.

If the basis in which Alice sends a photon (Z or X) is the same as that in which Bob measures it,
then the state which Bob measures, 0 or 1, must be the same as the state that Alice sent. 

However if the bases for sending and measuring are different, then Bob will only find the same state as 
Alice about half the time. 

Alice tells Bob over an insecure channel which photons were in the Z basis and which in the X-basis, but 
not the state. 

Bob then tells Alice over an insecure channel for which of the photons he measured in the same basis as 
she sent it in. 

They keep these and discard the others (about 1/2 on average).



The onetime codepad is the set of random bits corresponding to the state of the qubits for which
Alice and Bob measured in the same basis. 

Note that this information was not sent down the insecure channel, only the basis was sent. 

Recall that if Alice and Bob use the same basis they must get the same state.

Let’s complete the above example with a possible set of measurements that Bob made.

For the photons where Alice’s and Bob’s bases agree, the information is boxed. 

For these photons, the state that Alice generated and that which Bob measured agree. 



For the other photons, the states agree only half the time on average. 

The cases where the states disagree are starred (in this example, the states differ for 2 out of the 5 cases 
where the bases differ).

The codepad which Alice and Bob have shared is the set of states for which their bases agree, i.e.

How can Alice Bob know if Eve is interrupting the photons? 

Consider the “good” photons, those where Alice and Bob used the same basis. 

If Eve is not interrupting them, then Alice and Bob agree on the state with 100% probability. 

However, if Eve measures the photons and sends them on to Bob, then Alice and Bob will have different 
states some of the time, as we now show.

Like Alice and Bob, Eve will have to choose a random basis for each photon. 

There is probability 1/2 that she will choose the same basis as the common basis of Alice and Bob, and 
probability 1/2 that she will choose a different basis. 



we see that, out the times when Eve chooses a different basis from the common basis of Alice and Bob,
there is a probability 1/2 that Eve’s intervention will result in her sending on to Bob a photon in the
opposite state from the one which Alice sent. 

Hence, for the photons where Alice and Bob used the same basis, Eve’s intervention results in Alice and 
Bob having different states about 1/4 of the time.

To see if this is happening, Alice and Bob sacrifice some fraction of the good photons by sending
their values for the state down an insecure channel. 

If she chooses the same basis, then the state of the qubit which she measures and sends on to Bob will be 
the same as the one Alice sent. 

Hence, for these photons, Eve’s interception cannot be detected. 

However, from



If about 1/4 of the states disagree, then they know that the photons are being intercepted. 

21.1.2 BB92 protocol

There is a later version, also due to Bennet and Brassard, from 1992 (BB92), in which only two
polarizations are used:                         

Note that these states are not orthogonal. 

Lack of orthogonality is essential for the method to work. 

If only orthogonal states are used then there is only one basis, so if Eve knows what this is she can 
measure the states of the photons in this basis and send then on to Bob without being detected.

If only a small fraction disagree, Alice and Bob would have needed to decide beforehand up to what 
fraction of disagreements they would consider an acceptable risk in order to still send the message.

In summary, a quantum key distribution protocol is able to detect an eavesdropper because 
measurements in quantum mechanics in general change the state.



The BB92 protocol works as follows. 

To decide in which state to send the k-th photon, Alice generates a random bit, ki, which is 0 or 1. 

If she gets 0 she sends |↔⟩ ≡ |0⟩ a Z-type photon, whereas if she gets 1 she sends           ≡ H|0⟩, an         
X-type photon.

If Bob were to always measure in the same basis as the one Alice used, i.e. the Z basis for Z-type
photons, and the X basis for X-type photons, he would always get 0. 

However, he doesn’t know which basis Alice used, so, for each photon, he chooses a random basis by 
generating a random bit 𝑙i. 

As Alice also did, Bob chooses the Z-basis if 𝑙i is 0 and the X basis if the 𝑙i = 1. 

He notes for which photon he measures 1 and sends this information to Alice on a public channel. 

This only happens when they use different bases, i.e. they generate complementary random bits,                 
ki = 1−𝑙i, since if they use the same basis Bob must get 0. 



The shared key is then the set {𝑙i}for which Bob measures 1.

Alice just has to take the complement of her bits for the same photons to get the same key as Bob.

Note that Bob measures 1 either if Alice chooses a Z-basis and Bob an X-basis, or vice versa, but
information as to which one is not transmitted down the public channel.

If an eavesdropper intercepts the qubits to try to determine this information, the result is similar
to that for the BB84 protocol. 

Alice and Bob could check, via a public channel, some of the bits of the key. 

If the qubits are being intercepted, Alice and Bob would find that for about 1/4 of them, they
actually used the same basis.



Teleportation Problem



Note:





Part 22 - Epilogue: Quantum Simulators

We are currently in the middle of what is called the “second quantum revolution”. 

The first quantum revolution was the development of quantum mechanics in the 1920’s and subsequent 
applications to devices like integrated circuits, which use quantum mechanics in the design of the 
hardware, but these applications treat the information, i.e. the bits, classically. 

However, in the second quantum revolution, the information itself is treated according to the rules of 
quantum mechanics.

In this class we have discussed what is called the circuit model (or gate model) of a quantum
computer. 

The qubits are initialized, and then acted on by a series of discrete unitary transformations
to solve the problem at hand. 

This sort of quantum device is what people normally refer to when they talk about a “quantum 
computer”. 

The circuit model quantum computer was proposed initially by David Deutsch.

However, other types of quantum device are being developed as part of the second quantum revolution, 
which can be termed “quantum simulators”. 



The idea of a quantum simulator is to use an artificial quantum device to simulate the quantum
system which we want to understand. 

It was first proposed by Feynman(see website). 

For example a quantum chemist might want to understand the properties of a certain molecule, or a 
condensed matter physicist might want to understand a material with unusual magnetic or 
superconducting behavior. 

Properties of these materials are, of course, determined by quantum mechanics. 

It is anticipated that we will have interesting new results from quantum simulators, i.e. results which 
could not be obtained by a classical computer, in the next few years. 

By contrast, the ability to get interesting new results from a circuit model quantum computer, for 
example by decoding information sent down the internet using Shor’s algorithm (which
requires factoring a huge integer) will be very far in the future, if ever.



Many problems in nature are not amenable to analytic (i.e. pencil and paper) calculations and need to be 
simulated. 

Although many problems can be simulated efficiently on a classical computer, there remain problems of 
interest where the quantum aspects cause serious difficulties for classical simulations. 

As an example, we learn in quantum mechanics classes that particles of a certain type (e.g. electrons or 
protons or π mesons) are (i) all identical and (ii) are in one of two classes, bosons or fermions. 

For bosons, the state of the system (wave function) does not change if the two particles are interchanged, 
whereas for fermions the state does change sign under particle interchange. 

This sign change for fermions can create great difficulty when trying to simulate fermions on a classical 
computer.

By and large quantum simulators are analog devices. 

The reason is that, in order for the system of qubits to model the problem of interest, there must be 
interactions between the qubits. 



In a classical (digital) computer they would be represented by floating point numbers with typically 16 
digits or precision. 

In a quantum computer, however, interactions are induced by turning some “knob” on the experimental 
apparatus, the nature of the knob depending on the hardware used for the qubits. 

For example, in the case of superconducting qubits, interactions would be determined by the value of a
magnetic field threading superconducting loops. 

The magnetic field takes a continuous range of values  (i.e. is analog) and can only be set within a certain 
level of precision.

Above I stated that we will probably have interesting new results from a quantum simulator before we 
have new results from a (circuit model) quantum computer. 

Why is this? 

A quantum computer uses quantum parallelism to get its quantum speedup. 

This depends on accurately preserving phase relations between the different pieces of the state. 



These phase relations are destroyed by noise, an effect called decoherence. 

Present-day qubits are quite noisy. 

In principle one can include error correction, but this requires a huge number of physical qubits for each 
logical qubit. 

Thus, in the near future, we will have to live with noisy qubits. 

However, as stated, noise is a disaster for circuit model quantum computers.

Is a modest amount of noise as big a disaster for a quantum simulator? 

The answer is “probably not”. 

For example, suppose we want to simulate the temperature dependence of the behavior of
a material which goes superconducting. 

A non-zero temperature means that there is noise due to thermal fluctuations. 

One might hope that a bit of extra (even non-thermal) noise from the qubits
would not change the results all that much, so the results would, nonetheless, be useful.



A particular type of quantum simulator is one used to solve “optimization” problems, where we
need to find the maximum (or minimum) of some “objective function” with constraints. 

Let’s assume for concreteness that we want the minimum. 

Optimization problems are very important in science and engineering, two widely used applications 
being speech recognition and image recognition. 

Optimization problems are hard when there is “frustration”, i.e. competition, between different pieces of 
the function that one has to minimize. 

In these cases, if one locally minimizes individual pieces, one will end up in a “local minimum” rather 
than the global minimum. 

It has been proposed to use “quantum annealing” to try to find the global minimum. 

We recall from Part 3 that if we have two operators which don’t commute then one or both of them must 
have an uncertainty in any quantum state. 

Thus non-commuting operators generate fluctuations.

We now discuss another example for which there is also reason to believe that some noise is not 
disastrous.



By making the (classical) objective function become quantum by adding a non-commuting “driver” 
piece to it, one induces fluctuations, which can help get one out of a local minimum. 

In such a “quantum annealer” the qubits simulate the “objective function plus driver function”. 

By letting the driver piece tend to zero at the end of the simulation, the model simulated at the end is just 
the objective function, and we anticipate that the set of qubits will then be
close to the ground state. 

Quantum annealing has been pioneered by a company called D-Wave, which has manufactured machines 
with around 5000 qubits. 

These 5000 qubits do not maintain coherence during the time of the simulation, but it is anticipated that, 
despite some noise, the induced quantum fluctuations will help to find the ground state.

To summarize, in the near future qubits will be noisy and we won’t be capable of assembling a
huge number of them together. 

Hence, in the short and intermediate term, we will only have “Noisy Intermediate-Scale Quantum” 
(NISQ) devices. 

I expect that in the next few years we will be able to get interesting, new results from NISQ simulators, 
but probably not from NISQ circuit model quantum computers.                                                End 7.5



Part 19 - Quantum Error Correction (for completeness - not covered in class)

19.1 Introduction

Quantum error correction has developed into a huge topic, so here we will only be able to describe the
main ideas.

Error correction is essential for quantum computing, but appeared at first to be impossible, for reasons 
that we shall soon see. 

The field was transformed in 1995 by Shor and Steane who showed that quantum error correction is 
feasible. 

Before Shor and Steane, the goal of building a useful quantum computer seemed clearly unattainable. 

After those two papers, while building a quantum computer obviously posed enormous experimental 
challenges, it was not necessarily impossible.

Let us start by giving a simple discussion of classical error correction which will motivate our study
of quantum error correction. 

Classically, error correction is not necessary for computation. 

This is because the hardware for one bit is huge on an atomic scale and the states 0 and 1 are so different
that the probability of an unwanted flip is tiny. 

However, error correction is needed classically for transmitting a signal over large distances where it 
attenuates and can be corrupted by noise.



To perform error correction one needs redundancy. 

One simple way of doing classical error correction is to encode each logical bit by three physical bits, i.e.

For convenience we are using Dirac notation here even though these are classical bits for now.

The sets of three bits, |000⟩ and |111⟩, are called codewords. 

One monitors the codewords to look for errors.

If the bits in a codeword are not all the same one uses “majority rule” to correct. 

For example

This works if no more than one bit is corrupted and so the error rate must be sufficiently low that the
probability of two or more bits in a codeword being corrupted is negligible.

In quantum error correction one also uses multi-qubit codewords and monitoring. 

However, there are several major differences compared with classical error correction:



One might imagine that point (2), in particular, would be fatal. 

Amazingly this is not so as we shall see.

19.2 Correcting bit flip errors (for completeness - not covered in class)

We start our discussion of quantum error correction by considering how one can correct for just bit
flip errors. 

If the error rate is low we might hope to correct them by tripling the number of qubits as in the classical 
case, Eq. (19.1).

The tripling of the qubits can be accomplished by the circuit in Fig. 19.1. 



Figure 19.1: Circuit to encode the 3-qubit bit-flip 
code. Here |x⟩ is |0⟩ or |1⟩in the computational
basis. The effect of this circuit on a linear 
combination of |0⟩ and |1⟩ is shown in Fig. 19.2.

Figure 19.2: Circuit to encode the 3-qubit bit-flip 
code acting on a linear combination of |0⟩and |1⟩.

Then none of the Ctrl-X (CNOT) gates act on their target qubit so all three qubits are |0⟩ at the end (i.e. 
on the right). 

However, if the input qubit |x⟩ is |1⟩ then the Ctrl-X gates act so all three qubits are 1 at the end.

By linearity a linear combination of |0⟩ and |1⟩ is transformed as we want:

To see how this works suppose that the input qubit, |x⟩, is |0⟩. 

see Fig. 19.2.



Note that this is not a clone of the input state which would be

We recall that cloning an arbitrary unknown state is impossible according to the no-cloning theorem.

Now we have to check if any of the three qubits generated by the circuit in Fig. 19.2 are flipped,
i.e. if the situation is that shown in Fig. 19.3.

Figure 19.3: Circuit indicating that at most one of the 
three bits generated by the circuit in Fig. 19.2
has flipped due to an error. The goal will be to 
determine whether any have flipped, if so which one,
and then correct the error.

We have therefore one uncorrupted state and three corrupted states:

We assume that no more than one has been flipped, which is a reasonable approximation if the error rate 
is small.



These four states are called the “syndromes”. 

Note that we denote the left hand qubit as the first qubit, the one to its right as the second qubit, and so 
on, e.g. |x1x2x3⟩. 

Hence in Eq. (19.5) |ψi⟩ refers to the state in which qubit i is flipped relative to the uncorrupted state |ψ⟩.

Classically, to determine if one of the bits is flipped we just have to look at them. 

However, quantum mechanically, if we measure |ψ⟩, say, we get |000⟩ with probability |α|2 and |111⟩ 
with probability |β|2, which destroys the coherent superposition.

It might therefore seem that quantum error correction is impossible.

Amazingly this is not so. 

The secret is to couple the codeword qubits to ancillary qubits and measure only the ancillas. 

This will give enough information to determine which syndrome the state is in without destroying the 
coherent superposition.

Here we need two ancillary qubits. 

The circuit including them is shown in Fig. 19.4.



The three codeword qubits are at the bottom and the ancillary qubits are at the top. 

The ancillary qubits are measured and give values x and y. 

We shall now see that each of the four possible pairs of values for x and y corresponds to one of the 
syndrome states in Eq. (19.5).

Both ancillas are targeted by two of the codeword qubits:

Figure 19.4: Circuit to determine 
the syndrome for the 3-qubit bit-flip 
code, and correct if necessary. A
box with an arrow denotes a 
measurement. The double lines 
indicate that the result of a 
measurement is a classical bit.



Hence we get the table of results shown in Table 19.1. 

Note that in all cases the coherent superposition of the syndrome state is not destroyed by the 
measurement of the ancillas.

Table 19.1: Results of measurement of the ancillary qubits 
for the different syndromes of the codeword qubits

Hence by measuring the auxiliary qubits we can determine which if any of the codeword qubits have
flipped and then apply a compensating flip if necessary. 

The X-gates which perform these compensating flips are shown at the right of Fig. 19.4. 

For example the             gate on qubit 1 indicates that a flip is by acting with the X operator on qubit 1 
only if        = 1, i.e.,  x = 1 and y = 0, which corresponds to the second entry in the Table 19.1       
memeans the complement of y).



We have assumed up to now that the state of the system has had a qubit flipped with probability
one. 

However, as already noted, errors in quantum circuits can arise continuously from zero, and we
are concerned with the situation in which the error rate is small (otherwise we can not error correct).

Consider then, a more realistic scenario in which the state of the three qubits in the codeword has a
small amplitude to have any of the qubits flipped, i.e. the state of the codeword is given by

where |ψ⟩ is given by Eq. (19.5a), the ϵi may be complex, |ϵi| ≪1, we have only indicated terms to
first order in the ϵi, and ignored corrections to the normalization which are second order in the ϵi.

Hence the state of the codeword qubit and ancilla qubits which is inputed to the detection phase
of the circuit in Fig. 19.4 is

where |···⟩A refers to the ancillas. 

In the detection phase, the codeword qubits are entangled with ancillas in such a way that the state of the 
combined codeword-ancilla system, just before the measuring gates in Fig. 19.4, is



where |···⟩A refers to the ancillas. 

The ancillas are then measured with the possible results shown below

Since the ϵi are small, the probability that a corrupted state is detected is small, so the most
probable situation is that projection is on to the uncorrupted state so no correction is needed. 

However, there is a small probability that the projection will be on to one of the corrupted syndromes. 

The corrupted syndromes differ substantially from the uncorrupted state. 

They are further, in fact, from the uncorrupted state than the original state in Eq. (19.6). 

This might, at first, seem like a retrograde step but it is not because the corrupted state is known 
precisely so it is possible to correct it back to the uncorrupted state.

To summarize this part, quantum error correction is feasible, even though errors arise continuously,
because possibly corrupted states are projected on to one of a discrete set of states which can be
corrected if necessary. 

We will discuss this important point again in Part 19.5 when we consider how general errors arise.



It should be noted that in classical analog computers, where errors also arise continuously, no such
projection can be done, and hence error correction cannot be performed. 

This is why we don’t have classical analog computers.

Going back to the discussion of Fig. 19.4, one can avoid explicitly measuring the qubits and instead
correct any bit-flip error coherently and automatically by having the ancillas interact back on the
codeword qubits as shown in Fig. 19.5.

Figure 19.5: Automation of the error correction procedure of Fig. 19.4. The three controlled gates on the right have the same 
effect as the NOT (i.e. X) gates on the right of Fig. 19.4 which depend on the result of measurements of the x and y ancillary 
qubits. The rightmost gate, with two control qubits and three target qubits, is discussed in the notes. The values of the control 
bits x and y at the end depend on which of the four syndromes is present (i.e. which if any of the X gates on the left of the
figure have acted) according to Table 19.1. Before this circuit can be used again, the ancillary qubits have to be reinitialized 
to 0.

In that figure, the rightmost three controlled gates have the same effect as the NOT (i.e. X) gates in the 
right of Fig. 19.4 which depend on the result of measurements of the x and y ancillary qubits.



It is a generalization of the Toffoli gate T which has two control qubits, and one target qubit which is 
flipped if both control qubits are 1, i.e. T|x⟩|y⟩|z⟩= |x⟩|y⟩|z⊕xy⟩. 

If we denote by        the rightmost gate in Fig. 19.5 then       |x⟩|y⟩|z⟩|u⟩|v⟩= |x⟩|y⟩|z⊕xy⟩|u⊕xy⟩|v⊕xy⟩. 

Note that this gate is equivalent to three separate Toffoli gates, in which the two ancilla qubits are the 
controls, qubit 1 is the target for the first Toffoli, qubit 2 for the second Toffoli, etc. 

After the error on the computational bits has been corrected the ancilla qubits have to be reinitialized to 
zero.

It is instructive to show for the different syndromes in Eq. (19.5) that the circuits in Figs. 19.4 and
19.5 give the same result, i.e. the end product is the uncorrupted state |ψ⟩. 

The results from the circuit of Fig. 19.4 have already been discussed earlier. 

For the circuit in Fig. 19.5 we just consider the case of |ψ2⟩ (so qubit 2 has been flipped), and we have  
x= 1, y = 1 according to Table 19.1. 

Consider the rightmost three gates in Fig. 19.5 (these are the ones that do the error correction). 

For x= 1, y = 1, the rightmost gate is active and flips all three codeword qubits. 

The rightmost gate in Fig. 19.5 has two control qubits and three target qubits. 

This gate flips all the target qubits if both control qubits are 1.



19.3 Stabilizer formalism (for completeness - not covered in class)

In order to conveniently generalize the ideas in the previous section to arbitrary errors we need to 
reformulate them.

For reasons that will shortly become clear, consider the two Hermitian1 operators Z1Z2 and Z2Z3.

Because Z2i =    (the identity) and different Z′s commute we have

An operator whose square is unity has eigenvalues equal to ±1, since acting twice with the operator
on an eigenvector gives the eigenvector, so the square of the eigenvalue is 1. 

We also we know that Z1Z2 and Z2Z3 commute with each other and hence have the same eigenvectors.

One can verify that the syndrome states in Eq. (19.5) are eigenvectors of Z1Z2 and Z2Z3 according
to Table 19.2.

Hence, between them, the rightmost three gates flip codeword qubit 1 twice, flip codeword qubit 2 once, 
and flip codeword qubit 3 twice.

The net result is that only codeword qubit 2 is flipped so we recover the uncorrupted state |ψ⟩. 

It is useful to check that the circuit in Fig. 19.5 also works to correct |ψ1⟩and |ψ3⟩.



Table 19.2: The eigenvalues of the stabilizers Z1Z2 and Z2Z3 for the four 
syndromes for the 3-qubit bit-flip code, and a comparison with the 
measurements of the ancillary qubits x and y used to measure them, see 
Fig. 19.7. The uncorrupted state has eigenvalue +1 for both stabilizers. This 
is an important property that stabilizers must have in general. Note that 
Z1Z2 = 1 corresponds to x = 0, and Z1Z2 =−1 corresponds to x = 1. There is 
a similar connection between Z2Z3 and y, so Z1Z2 = (−1)x, Z2Z3 = (−1)y. 
The second column shows how the corrupted state is generated from the
uncorrupted state.

In general we use the term “stabilizers” to denote operators like operators Z1Z2 and Z2Z3 whose ±1 
eigenvalues distinguish the different syndromes. 

As we will see below, each of the stabilizers is measured by an ancilla qubit, |x⟩ for Z1Z2 and |y⟩ for 
Z2Z3, see Fig 19.7 below. 

The ancilla state |x = 0⟩ corresponds to Z1Z2 = +1, and |x = 1⟩ corresponds to Z1Z2 =−1, or in other
words, Z1Z2 = (−1)x, and similarly Z2Z3 = (−1)y.

Below we will discuss the circuit with which we measure the stabilizers, but first we show a more
straightforward way to determine whether the eigenvalue of a stabilizer in a syndrome is +1 or−1
than simply acting with the stabilizer on the syndrome.

We note first that the eigenvalue of all the stabilizers is +1 in the uncorrupted syndrome |ψ⟩. 

This is an essential property that stabilizers must have.



Also note that the operators for the stabilizers will be built out of the single-qubit operators Zi and Xi. 

For the 3-qubit, bit-flip code we only have the Zi but the Xi will also be needed to correct for general 
errors. 

Furthermore the syndromes with a single qubit error are obtained by acting on the uncorrupted syndrome 
with the Xi, Yi and Zi operators.

Again, for our simple example above, we only had the Xi, but the other operators will also be used
when we deal with general errors.

The Pauli operators, Xi, Yi, Zi, have the property that they commute for different qubits i, whereas
different operators on the same qubit anti-commute, where the anti-commutator of A and B is defined
by {A,B} ≡ AB+ BA. 

Hence we have, for example,

Consequently, if we consider a general stabilizer Aα and a syndrome state |ψβ⟩ = Bβ|ψ⟩ then Aα

either commutes or anti-commutes with Bβ. 

Note that Bβ only involves a single Pauli operator (which, in general, can be an X or a Y or a Z) whereas 
Aα involves a product of Pauli operators, which, in the general case, can be made up of X’s and Z’s. 

We will now show that if Aα commutes with Bβ the eigenvalue of the stabilizer Aα in state |ψβ⟩ is +1 and 
if they anti-commute the eigenvalue is −1.



Firstly, if Aα commutes with Bβ then

where we used that the eigenvalues of all the stabilizers Aα are +1 in the uncorrupted state |ψ⟩ to get
the third equality. 

Hence the eigenvalue of Aα in state |ψβ⟩ is +1 if Aα commutes with Bβ. 

Similarly if Aα anti-commutes with Bβ then

so the eigenvalue is −1.

We emphasize that the syndromes must be eigenstates of all the stabilizers which means that the
stabilizers must commute with each other.

Next we will see how to determine efficiently if a stabilizer commutes or anti-commutes with the
operator which generates a corrupted syndrome out of the uncorrupted state.

For the case of the 3-qubit, bit-flip code discussed so far the stabilizers are

and the operators which generate the corrupted syndrome from the uncorrupted state are



As an example, we see that X1 commutes with Z2Z3 because there are no sites in common, so the
eigenvalue of Z2Z3 for |ψ1⟩must be +1 which agrees with Table 19.2. 

On the other hand X2 has one site in common with Z2Z3 so

and the operators anticommute, so the eigenvalue of Z2Z3 for |ψ2⟩must be −1, which again agrees
with Table 19.2.

The point is that every time we have to interchange the order of two 
different operators acting on the same qubit we pick up a minus sign.

Hence it is straightforward to deduce the overall sign. 

Note that operators of the same type, e.g. the Zi, always commute.

As a more complicated example, which occurs in a scheme for full error correction, consider the
stabilizer Z1Z3X4X5. 

For the syndrome which has been corrupted by Z4 the eigenvalue is −1, the minus sign coming from 
interchanging the order of X4 and Z4. 

However, for the syndrome which was corrupted by X4 the eigenvalue is +1 since, for the qubit in 
common, (qubit 4), both operators are X and so commute. 



In Part 19.6 we will describe an example with full error correction which has codewords with 9 qubits 
and needs 8 stabilizers.

Next we describe the circuit which will measure the eigenvalues of the stabilizers and hence determine 
which syndrome has occurred. 

Consider the circuit in Fig. 19.6 which includes a control-U gate in which the control qubit is 
sandwiched between Hadamards.

As another example, for the syndrome which was corrupted by X2 the eigenvalue is +1, because X2 and 
the stabilizer commute since they have no qubits in common.

To summarize, in the stabilizer formalism we need to construct a set of Hermitian operators (the
stabilizers) which have the following properties:



Figure 19.6: A circuit with a control-U gate in which the control (upper) 
qubit is surrounded by Hadamards. U is an operator with eigenvalues ±1 
and corresponding eigenvectors |ψ+⟩and |ψ−⟩. As shown in the text, if a 
measurement of the upper qubit gives |0⟩ then the lower qubit will be in
state |ψ+⟩, and if the measurement gives |1⟩ then the lower qubit will be 
in state |ψ−⟩. The states |φi⟩(i = 0,1,2,3) are described earlier. Note that 
this figure is identical to Fig. 7.8 and was discussed in Part 7.

Here U is an operator, which, like the stabilizers, has eigenvalues ±1. 

If the control qubit is 1 the effect on the target qubit is

where |ψ+⟩and |ψ−⟩are the eigenvectors with eigenvalue +1 and−1 respectively. 

If the control qubit is 0 then the target qubit is unchanged. 

The initial state of the target qubit can be written as a superposition of eigenstates, i.e.

We discussed the circuit of Fig. 19.6 in Part 7 and found that the states |φi⟩, (i= 0,1,2,3) are
given by Eqs. (7.21). 

In particular, the final state |φ3⟩, before the measurement of the upper qubit, is given by



Hence, if a measurement of the upper qubit gives |0⟩ (which it does with probability |α+|2) the lower
qubit will be in state |ψ+⟩, and if the measurement gives |1⟩(probability is |α−|2) the lower qubit will
be in state |ψ−⟩. 

Hence we see that measuring the control qubit tells us which eigenstate of U the target qubit is in.

Stabilizers involve more than one codeword qubit so the gates we need will have several target
qubits. 

For the 3-qubit, bit-flip code, the circuit equivalent to Fig. 19.4 is shown in Fig. 19.7. 

We see that the x ancilla is the control qubit for a control-Z1Z2 gate which is sandwiched between 
Hadamards, and similarly the y ancilla is the control qubit for a control-Z2Z3 gate. 

Hence if x= 0 the state of the codeword bits has Z1Z2 = +1, whereas if x= 1 the state of the codeword bits 
has Z1Z2 = −1. 

There is an analogous correspondence between y and Z2Z3.



Figure 19.7: Circuit equivalent to that in 
Fig. 19.4 but in the stabilizer formalism. In 
this circuit x measures Z1Z2, and y measures 
Z2Z3. In other words, if x = 0 the state of the 
codeword bits has Z1Z2 = +1, whereas if x = 
1 the state of the codeword bits has Z1Z2 = 
−1, with an analogous correspondence 
between y and Z2Z3. Note that Z1Z2 and 
Z2Z3 have eigenvalues ±1 and commute 
with each other.

The equivalence of the circuits in Figs. 19.4 and 19.7 can also be understood from the simpler case
of the equivalences shown in Fig. 19.8 in which the left-hand equality comes from the fact that the
target and control qubits can be exchanged in a control-Z gate, and the right-hand equality is because
HZH = X and H2 =    (the identity).

Figure 19.8: The equalities in this figure are helpful 
to understand the equivalence of Figs. 19.4 and
19.7. The left-hand equality comes from the fact that 
the target and control qubits can be exchanged
in a control-Z gate, and the right-hand equality is 
because HZH= X and H2 =     .

The stabilizer formalism will be convenient when devising circuits for full error correction rather
than just correcting bit flips as we have done up to now.

19.4 Phase Flip Code (for completeness - not covered in class)

Before discussing how to correct general errors, we will briefly mention another special case, a phase
flip, which has no classical equivalent since classical bits don’t have any property corresponding to 
phase. 



The phase-flip error model can be turned into the already-studied bit-flip model by transforming
to the ± basis (also called the X-basis because it is the basis in which X is diagonal) where

In this error model, with some probability p, the relative phase of |0⟩ and |1⟩is flipped so

Phase flips are generated by the Z operator since

One transforms between the ± basis and the computational basis using Hadamards:

The

Thus we shall find in Sec. 19.6 that stabilizers to detect phase errors involve X operators, as opposed
to those used to detect bit-flip errors which involve Z operators (see Fig. 19.7).

In the ± basis the roles of X and Z are interchanged since



The encoding circuit for the 3-qubit phase-flip code is obtained from that for the 3-qubit bit-flip
code in Fig. 19.2 by adding Hadamards to the circuit, with the result shown in Fig. 19.9. 

We shall use this circuit in Sec. 19.6 as part of the encoding circuit in Fig. 19.10 for a code (due to Shor) 
which corrects general 1-qubit errors.

Figure 19.9: Encoding circuit for the 3-qubit phase-flip code.

19.5 General Errors and the Effects of the Environment (for completeness - not covered in class)

In our discussion of errors we have so far implicitly assumed that the errors occur because of some
malfunction in the circuit. 

The state has underdone a unitary transformation, but not exactly the right one. 

Another, and very important, source of error is interaction between the qubits and the environment, 
which is unavoidable even though quantum computer engineers work very hard to reduce it to a 
minimum. 

This can lead to errors due to a non-unitary change in the computational qubits (though the combined 
system of qubits plus environment undergoes unitary time development.) 



The most general such form of these effects is

where |ei⟩(i= 0,···,3) are possible final states of the environment. 

The environment states are not normalized, and not orthogonal either. 

However, the two states on the right hand side of Eqs. (19.24) must be orthogonal since the time 
evolution of the combined qubit-environment system is unitary. 

In other words

Consider a single qubit |x⟩, and call the environment |e⟩. 

Unlike the state of the qubit, the state of the environment is in a space of very many dimensions. 

Ideally |x⟩ evolves under the effects of the gates only, independent of the environment. 

However, interactions with the environment cannot be avoided which leads to a corruption of the qubit 
and an entangling of the qubit with the environment.

In this part we include the effects of the environment and also consider the most general type of single 
qubit error.



The corruption of the computation by the environment indicated in Eq. (19.24) is called “decoherence”.

It is the main source of difficulty in building a practical quantum computer.

In previous sections we have neglected entanglement with the environment. 

Rather, errors were assumed to occur because of mistakes made in the circuit itself. 

This corresponds to a special case of Eqs. (19.24), where all the environment states are the same, apart 
from normalization, i.e. |ei⟩ = ci|e⟩, for i = 0,···, 3.

We are interested in the case where the probability of an error is small (otherwise we would not be
able to correct for it), i.e.

Equations (19.24) can be combined into one as

where x= 0 or 1 and, as usual,



Please evaluate Eq. (19.27) separately for x = 0 and 1 to verify that it is equivalent to Eqs. (19.24).

There is nothing special about these environment states so we can write

Equation (19.28) applies to both x = 0 and x = 1. 

Since time evolution of the combined qubit-environment system follows quantum mechanics and so is 
unitary and linear, it also applies to a linear superposition |ψ⟩= α|0⟩+ β|1⟩so

We see that the effects of the environment on the uncorrupted state of a single qubit can be expressed 
entirely in terms of the Pauli operators, X, (iY) and Z. 

These are characterized as follows:

Intuitively, the reason that the new state can be expressed in terms of the Pauli operators and the
identity, is that any 2 × 2 matrix can be written as a linear combination of these operators, see
Eq. (2.25).



Remember that the environment states are not normalized, and so, in the important case where the initial 
state is close to the final state, we have

in Eq. (19.30).

We now extend this discussion to the situation where we have expanded a single qubit into an
n-qubit codeword which we write as |ψ⟩n. 

In this class we just consider how to correct single-qubit errors, so we neglect the possibility that two or 
more of the qubits in the codeword are corrupted.

From Eq. (19.30), we see that all single qubit errors are incorporated by

Based on Eq. (19.32), single qubit quantum error correction involves the following steps:



19.6 Correcting Arbitrary Errors: the 9-qubit Shor code (for completeness - not covered in class)

Now, we discuss a code, due to Peter Shor, for correcting arbitrary 1-qubit errors.

This code needs code words of nine qubits to represent one logical qubit. 

It is not the most efficient code, there are others which use smaller code words and so don’t need as 
many physical qubits, but the structure of Shor’s code follows quite naturally from the discussion we 
have already given of 1-qubit bit-flip, and 1-qubit phase-flip errors, so will discuss it here.

Shor’s algorithm includes both bit-flip (X) and phase-flip (Z) codes, which turns out to then
automatically correct combined bit-flip, phase-flip (iY) errors. 

As discussed earlier, it then also corrects arbitrary 1-qubit errors.

We first encode for phase flip errors:

The final result is the 9-qubit encoding

and then encode for bit-flip errors



These two equations can be combined as

or more concisely as

Such a code is called a concatenated code. 

The circuit to achieve this encoding is obtained by concatenating the phase flip and the bit flip encodings 
as shown in Fig. 19.10. 

Figure 19.10: Encoding for the Shor 9-qubit code. If the initial state at 
the top left, |x⟩, is a computational basis state, |0⟩or |1⟩, then |φ0⟩= |xxx⟩ 
and   |φ1⟩= 2−3/2(|0⟩+ (−1)x|1⟩)(|0⟩+ (−1)x|1⟩)(|0⟩+(−1)x|1⟩) since                                            
H|x⟩= 2−1/2(|0⟩+ (−1)x|1⟩). By comparison with Fig. 19.1, we see that |φ2⟩
= |x⟩ given in Eq. (19.40). Hence, if the initial state at the top left is a 
linear combination α|0⟩+ β|1⟩ then, by linearity, the final state at the right 
is α|0⟩+ β|1⟩. The numbers at the right are the labels of the nine qubits. 
Note that this circuit is a concatenation of the encoding circuit for phase-
flips shown in Fig. 19.9, and that for bit-flips in Fig. 19.1.

Note the labeling of the qubits. The qubits in each of the three blocks in Eq. (19.39) have labels 123,456 
and 789.



The form of the 1-qubit corruption in Eq. (19.32) simplifies a little here because if |ψ⟩is a linear
combination of the codeword states in Eq. (19.39) then

The reason is that, for example, changing the first of the + signs in Eq. (19.39a) into a − sign, and
the first − sign in Eq. (19.39b) into a + sign, can be accomplished by acting with either Z1, Z2 or Z3.

Hence, the general form of a 1-qubit corruption contains only 22 independent syndromes rather
than 28 = (3 ×9) + 1:

The eight stabilizers which we use to diagnose the error are

Note that the nine qubits can conveniently be grouped into three blocks of three, containing qubits
123,456 and 789 respectively. 

M1 and M2 act entirely on the first block, and do so in the same way as the stabilizers of the 3-qubit, bit 
flip code shown in Fig. 19.7. 



The circuit for determining the syndrome eigenvalues is shown in Fig. 19.11.

Figure 19.11: A circuit to 
measure the error syndrome for 
the Shor 9-qubit code. The nine 
codeword qubits are at the bottom 
and the eight ancillary qubits at 
the top. The ancillary qubits 
determine the values of the eight, 
mutually commuting stabilizers in 
Eq. (19.44), M1 = Z1Z2, M2 = 
Z2Z3, M3 = Z4Z5, M4 = Z5Z6, M5 
= Z7Z8, M6 = Z8Z9, M7 = 
X1X2X3X4X5X6 and M8 = 
X4X5X6X7X8X9. The nine 
codeword qubits can be 
conveniently grouped into three 
groups of three as indicated. The
measured value of the i-th ancilla 
xi (= 0 or 1), is related to the 
value of the corresponding 
stabilizer Mi by Mi = (−1)xi.

Similarly M3 and M4 act on the second block and M5 and M6 act on the third block. 

M7 acts on all qubits in blocks 1 and 2, while M8 acts on all qubit in blocks 2 and 3.

The measured values of the eight xi (or equivalently the Mi) determine which syndrome in Eq. (19.43) has been 
projected out by the measurement of the ancillas, as discussed earlier and in Table 19.3. If one of the corrupted 
syndromes is found, it can be corrected back to the uncorrupted state by acting with the appropriate Xi, Yi or Zi.



We will now show that the Mi have the desired properties:





Table 19.3: The eigenvalues of the 8 stabilizers defined 
in Eq. (19.44) for the 22 syndromes of Shor’s
9-qubit error correcting code. The left column indicates 
which Pauli operator generates the syndrome
from the uncorrupted state. A + sign indicates 
eigenvalue +1 and a−sign indicates eigenvalue −1.
Each stabilizer Mi is measured by an ancilla qubit xi, 
see Fig. 19.11, such that if Mi = +1 then xi = 0
and if Mi =−1 then xi = 1. An essential feature is that 
each of the 22 rows, i.e. syndromes, has a
unique pattern of + and − signs. Hence the measured 
values of the xi indicate which syndrome has
been projected out by the measurement. If this is one of 
the corrupted syndromes, the set of xi indicate
which Pauli operator generated the corruption, and the 
syndrome is then corrected by applying the
same Pauli operator. This works because the Pauli 
operators square to the identity.

Let’s make sure that we understand how the syndrome-detection circuit in Fig. 19.11 works. 

Firstly, remember that if the measurement of an auxiliary qubit, xi say, is 0, then the value of the
corresponding stabilizer Mi is +1, while if the measurement is 1, then the value of Mi is −1. 

Thus we can say that xi measures Mi, see the discussion of Fig. 19.6 earlier. 

Next we discuss how each of the stabilizers works.



We now illustrate in more detail how Table 19.3 was obtained by working through a few cases.

Eigenvalues are taken to be +1 unless otherwise stated.



Table 19.3 shows that each syndrome gives rise to a unique set of +1 and −1 eigenvalues of
the stabilizers as required. 

Thus, measuring the eigenvalues of the eight stabilizers in Eq. (19.44) projects the corrupted state on to 
one of the 22 syndromes in Eq. (19.43), and the set of eigenvalues determines which one it is. 

One then applies an appropriate unitary transformation to correct the state if necessary. 

Note that the Shor code is explicitly designed to detect and correct bit-flip (X) and phase-flip (Z) errors, 
but then automatically detects and corrects combined bit-flip and phase-flip (ZX ≡ iY) errors.

Not only that, it also corrects arbitrary errors on a single qubit, which, as discussed in Sec. 19.5,
can be expressed as linear combinations of bit-flip, phase-flip, and combined bit- and phase-flip errors.

As an example consider the situation mentioned in Eq. (19.36) in Sec. 19.5 in which a qubit has been
reset to |0⟩. 

This is an example of a non-unitary operation on the qubit. 

Let’s take it to be qubit 1 and indicate the codeword qubits by putting the first on the left, the last on the 
right (we will use the same ordering below for the ancilla qubits). 

In other words



has been transformed to

According to Eq. (19.36) this can be written as

where

in which

One can verify that adding Eqs. (19.50) (and dividing by 2 according to Eq. (19.49)) does indeed give
Eq. (19.48).

Equation (19.49) is the input to the syndrome measurement circuit. 

According to Table 19.3, after the syndrome measurement circuit in Fig. 19.10 has acted, the state of the 
system is



where |···⟩A  denotes the ancillas, which are ordered from 1 on the left to 8 on the right. 

Measuring the ancillas will project the computational qubits on to one of the four syndromes, |ψ⟩,        
X1|ψ⟩, iY1|ψ⟩, Z1|ψ⟩.

Since the measurements of the ancillas tell us which syndrome the state has been projected on to, the
computational qubits can then be corrected if necessary.

Thus, Shor’s 9-qubit code, and other codes designed to correct both bit-flip and phase-flip errors,
actually correct arbitrary 1-qubit errors. 

I find this truly amazing.

A Summary of Quantum Error Correction (for completeness - not covered in class)

This part has been quite involved so it is easy to get lost in the details and not appreciate the main
ideas. 

Therefore, let me summarize those ideas.

A logical qubit is represented by n physical qubits. 

We consider codes that can correct errors in just one of those qubits.



Omitting to write the states of the environment for simplicity of notation, the initial state is

(19.53)

where |ψ⟩is the uncorrupted state, α = 0 represents the uncorrupted state so A0 = I (the identity),
the other Aα are Pauli operators Xi,Yi or Zi (i = 1, 2, n), Ns is the number of syndromes (usually
Ns = 3n+ 1), c0 is the amplitude of the uncorrupted state which is close to 1 in magnitude, and the
other cα are much less than 1 in magnitude.

In addition we have mancilla qubits. 

We denote a state of the ancillas by |x⟩A where x is an m-bit integer whose binary representation is the 
state of the ancilla qubits. 

Initially, the state of the ancillas is |0⟩A.

The initial state is therefore assumed to be a superposition of the uncorrupted state, with an amplitude 
close to 1, plus all possible single qubit corruptions with small amplitude.

Since each qubit can be corrupted with an X,Y or Z Pauli operator, there are usually 3n corrupted
states and so there are usually 3n+1 states in total in the superposition. 

These are called syndromes.



The error detection circuit entangles the n codeword qubits with the m ancilla qubits, so the final
state of the combined codeword-ancilla system, after the error detection circuit has acted, is

where each syndrome is associated with a distinct state of the ancillas, represented by the integer xα,
with the unperturbed syndrome having x0 = 0.

A measurement is then made of the ancillas, whose state after the measurement is represented by
the m-bit integer         corresponding to one of the syndromes         . 

The codeword has then been projected on to the        syndrome, i.e.             . From the measured         we 
know     (since each xα specifies a unique syndrome α), and hence, if      ≠ 0 so there is an error, we can 
correct that error by acting on the codeword qubits with        . 

The codeword qubits are then in the uncorrupted state |ψ⟩, as required.


