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Assignment 1

Problem 1-1

Since no factor x may appear in a numerator, all repeated factors appearing in
the denominator give rise to as many terms in the partial fraction expansion as
the power to which that factor is raised in the denominator.

(a) The denominator is already factorised but contains the repeated factor (x—1)%.
Thus the expansion will contain a term of the form (x — 1)~!, as well as one of
the form (x — 1)~2. So,
2x*+x+1 4 . B .. C
(x—12x+3) x+3 (x—12 x-1
‘We can evaluate A and B using the third method given in section 1.4:
2(=32=3+1 201+ 141
A="""L 72T | and B="L T T o
(—3-1p an 1+3
We now evaluate C by setting x = 0 (say):
11 + 1 + C
(=123 37 (=1 " =1

giving C = 1 and the full expansion as

1.

23 +x+1 1 1 1

G-+ x3 oI a1
(b) Here the denominator needs factorising, but this is elementary,
x2=2 x2=2 A B C
e+ l6x  xx AR x T A dR P xta
Now, using the same method as in part (a):

0-2 1 (-4 -2 _ 7
A= —— =—= d B=-—"——=—1.
©+ar g = 2
Setting x = 1 (say) determines C through

1__ 11 .¢C
25 8(1) 2057 5°
Thus C =9/8, and the full expression is

_®-2 1719
X +82+16x  8x 2x+4P  8(x+4)
(c)
P-x—-1 4 . B + C . D
(x+3¥x+1)  x+1 7 (x+3F T (x+32 " x+3
As in parts (a) and (b), the third method in section 1.4 gives A and B as
Vi o | e B ) i B O
A= Citay =3 and B= 311 =5

Setting x = 0 requires that

-1 1 25 C D 27
4o 4o4z  leC+ID=-T.

277787547973 8
Setting x = 1 gives the additional requirement that
-1 1 25 cC D . 18
m=—ﬁ+m+ﬁ+z |.c.C+4D——T.
Solving these two equations for C and D now yields D = 9/8 and C = —54/8.

Thus,
x=x—1 _ 1 + 1 100 54 9
(x+3Px+1)  8(x+1) " 8 [(x+3) (x+3¢ +x+3 '
If necessary, that the expansion is valid for all x (and not just for 0 and 1) can

be checked by writing all of its terms so as to have the common denominator
(x+3P(x+1).




Problem 1-2

To use the binomial expansion, we need to express the inverse square root in the

form (1 4 a)~/? with |a| < 1. We do this as follows.
1 1 _ 1
J42  (4+02)12 7 2(140.05)1/2
1 1 3 , 15
=3 1 2(0.05) + 8(0.05) =

= 0.487949218.

(0.05) +---

This four-term sum and the accurate value differ by about 8 x 10~7.



Problem 1-3

We need to write the numerator in such a way that every term in it that involves
X contains a factor ax + b. Therefore, write x> as

;X b »
X' = ;(ax+b)—a7(ax+b)+ﬁ.

/b/ax_ldx_/”/ﬂ £—£+L dx
b ax+b  Jy a a  a*ax+b)

_[x b .
T |2a @

b? 1
=5 <ln2—§).

An alternative approach, consistent with the wording of the question, is to use
the binomial theorem to write the integrand as

Then,

»
+ e In(ax + b)] .

x? x? ax\—l x2 & ax\n
arms 0+5) —52(-%)"

Then the integral is

bla 2 1 qbla e N
/0 ax+bdx=5/0 ;(—1) (E) X+ dx
L& a1 B\
=52 () s (2)

_bPse
T B~ nt3
=0

That these two solutions are the same can be seen by writing In2 — % as

1 1 1 1 1 1
1n27§=(175+§771+§*'“)*5

11 1 (=1
3Tats T gy




Problem 1-4

Taking sinn as u and cosf as v and noting that with this choice v’ = —n’u

and v” = —v, we expect that after two integrations by parts we will recover (a
multiple of) I,,.
/2
I, :/ sinnf cos 0 dO
(]

/2
=[sinn05in6]g/2—/ ncosnf sin 0 d@
o

nmn 72 /2
=sin 5N [—cosnfcosf]g —/ (—nsinnf)(— cos 0) d
0

= sin % —n[—(=1)—nl,].

Rearranging this gives

I,(1—n?) = sin % —_n,

and hence the stated result.



Problem 1-5

All of these evaluations rely directly on the definitions of the various functions
involved as applied to complex numbers; these should be known to the reader
There are too many to give every one individually at each step and, if the
justification for any particular step is unclear, reference should be made to &
textbook.

(a) Re (exp2iz) = Re [exp(2ix — 2y)] = exp(—2y) cos 2x.

(b) Im (cosh’z) = Im [4(cosh2z + 1)]
= 1Im [cosh(2x + 2iy)]
= 1Im (cosh2xcosh 2iy + sinh 2x sinh 2iy)
= 1Im (cosh2xcos2y + isinh 2x sin 2y)

= % sinh 2x sin 2y.

¢) (=1 +3i)2 = [ ﬁ)z] exp[ L(tan™ '(L?)Hnn)]
= 2exp [i(3n + 2nm)]
=2exp (%) or 2exp(‘%).

@ [exp (#7)| = |exp (

p ( e%+mn)
p [cos(n + })m + isin(n + H)n]|
plcos(n + 4)1r]

e

e
=|ex
= ex

= exp (ﬁ) or exp (—ﬁ) .

(e) exp (i) =exp (e3(%’) = exp(cos 3 + isin 3
=exp(0 — i) = cos(—1) + isin(—1) = 0.540 — 0.841 i.
(f) Im (2"3) = Im (8x2') = 8Im (2') = 8 Im (e”nz) =8 sin(In2) = 5.11.

(8) i = [expi(in + 2nn)]i = [expiz(%n +2nm)| = exp[—(2n+3)n ].

() In [(ﬁ+i)3] =3In(/3+1)

=3 (1n2+itan-‘ %)
= In8 + 3i(§ + 2nn)
=In8 +i(6n + 1)m.



Problem 1-6

(a) Expressing each term of

cosh x = sinh x + 2 sech x

in exponential form:

_ _ 4
%(e"+e X) = %(e"fe *) + P
et = 4

“erer
1+e =4
Taking logarithms of this, after simplification, yields
x=4(=In3) = —In/3 = —0.5493.
(b) Expressing the defining equality in terms of sinh and cosh functions,
tanhx = cosechx =  sinh?x = coshx.

Writing cosh x as u, this equation can be put in the form u> — 1 = u. It follows
from substituting this into the standard logarithmic expression for an inverse
hyperbolic cosine that

x=cosh™lu=In(vu2 —1+u)= In(\/u + u).

Since u2 —u — 1 = 0, we also have that

1+4/5 . . . .
u= *T‘/—, (i.e. the golden mean and minus its reciprocal!)

with the positive sign being taken to make coshx > 0, as is required if x is to be
real.

(c) Using a double angle formula for hyperbolic functions to replace cosh 2x in
cosh2x = 2 cosh x,
we have

2cosh®x — 1 = 2cosh X,

1+.3
>

with the positive sign needed for x to be real. It then follows that

1/2 1/2

coshx =

172
+2 =2@> (12)1/4
= tanhx= ——~—— =+ .
1+43 1+43



Problem 1-7

(a) Using the Maclaurin series for In(1 + x),

In (%) = 1In(1 4+ x) —In(1 —x)

1
X X3 [
=(x_7+?+...)_(_x_7_?_...)

3

X
—2x 420 4.,
X275+

=2z%".

nodd

This series is convergent only for —1 < x < 1.

(b) Here the binomial expansion can be employed directly. This saves the trouble
of having to find the expansion coefficients by differentiation.

2 4—1_ 1 x_2_]
=g (147

(c) We calculate the derivatives of sin®x at x = 0.

y =sin’x,
y' = 2sinxcos x = sin2x,

"

y

"

y" = —4sin2x,

I

2c0s 2x,

YO = (gl gog 0,
YD — (1) in 2.
At x = 0 all odd derivatives vanish and cos2x = 1 in the even ones. So the
Maclaurin expansion is
19 2m—1 4 2m

(D) - (D) x>
s "_mzzo @m)! _"Z:; 20

This result could also have been obtained by writing sin® x = ‘5(1 — cos2x) and
using the known Maclaurin series for a cosine function.




Problem 1-8

Using L’Hopital’s rule whenever both the numerator and denominator of a
fraction become zero in the limit, we have for cases (a)-(c):

sin3x .. 3cos3x

a lim — = lim
@ x—0 sinhx  x-0 coshx

. tanx —tanhx
(b) L=1lim——]—
x-0 sinhx —x
sec? x — sech’x
x-0 coshx —1

. 2sec? xtanx + 2sech’x tanh x
= lim

x—0 sinh x
. 2(tanx + tan® x + tanh x — tanh® x)

= lim -

x—0 sinh x

i 2(sec? x + 3 tan® x sec’ x + sech’x — 3 tanh? x sech’x)
= lim

X0 cosh x
—4

© tanx—x . sec?x—1 . 2sec’xtanx
- h — i -
x0C08X —1  x-0 —sinx  x-0 —COSX

(d) In order to avoid undetermined combinations such as x cosecx, we arrange
the function so that all terms in it tend to O or a finite quantity as x — 0. For
this particular case this also allows us to use known McLaurin expansions of the
factors involved.

[Inspection of the function shows that both fractions behave as x™* as x — 0,

but that their difference will be less divergent. Finding the limit (if it is finite)
using L'Hopital’s rule will take up to six differentiations; hence our preference
for Maclaurin expansions. ]
_cosecx  sinhx
=Te T %
_ x*—sinxsinhx
X3 sinx

which has as its limit, when x — 0, the value
1 2 20-12 1

3B 51 720 90



Problem 1-9

The required differentiations are most easily carried out after taking the lo;
rithms of both sides of the original equation (for typographical convenience

use P instead of p):

o
VRT' ®
First, differentiating (*) with respect to ¥ with T held fixed:

LTfoPy 1 _
P\oV ), V VRT’

(), (i)'
ov)r VIRT V
P(e—VRT)
=T VRT
Next, differentiating (*) with respect to T with P held fixed:

oy 1 _ a o (0V
v \oT), T VRT?  V2RT \oT),’

InP+InV—-—InR—InT =—

o 1
v\ _vrritT
(57), - 17
VvV V2RT
_ V(x+VRT)
" T(VRT —a)’

Finally, differentiating (*) with respect to P with ¥ held fixed.
1_1(oTY __a (T
P T\oP), VRT2\oP),’

), ;=
oP), o 1
P (VRT2 +T>

VRT?
P(x+ VRT)

These are the three partial derivatives and their product,
Py (v (oT
oV ) \oT ), \oP )’

P(a—VRT) V(a+VRT) VRT?

is

VZRT T(VRT —a)P(a+ VRT)

as expected.

-1,



Problem 1-10

To find the stationary points, we set each of the two first partial derivatives,

24 2
4 _ 2x—2—x(x2—2y2) exp XYY
ox a? a?

b 2 x2+y?
e Rt G I G B
y a a
equal to zero:

U_o o x=0orx*—2y? =d%

0x

of _ - 2 2 _ 2
é)y_o = y=0orx"—2y"=-2a".

Since a # 0, possible solutions for (x,y) are (0,0), (0,+a) and (+a,0). The
corresponding values are £(0,0) = 0, (0,4a) = —2a’e”! and f(+a,0) = a’e L.
These results, taken together with the observation that |f(x,y)| — 0 as either or
both of |x| and |y| — oo, show that f(x,y) has maxima at (+a,0), minima at
(0, %a) and a saddle point at the origin.

Sketches of f(x,0) and f(0,y), whilst hardly necessary, illustrate rather than
confirm these conclusions.

10



Problem 1-11

Starting from

dU = TdS —Pdv,

[u]

the partial derivatives of U with respect to X and Y are

au _
ox

We next differentiate these two expressions to obtain two (equal) second deriva-
tives. Note that, since X and Y can be any pair drawn from P, V, T and S, we
must differentiate all four terms on the RHS as products, giving rise to two terms
each. The resulting equations are

PU
oYX
PU
oXoy

oS  oTas _, ov_opov
dYdX = 0Y éX dYdX dY ox’
%S oT oS v 0P oV

axoy Tax oy ~Taxey “ax ov

Equating the two expressions, and then cancelling the terms that appear on both
side of the equality, yields

T 95 _oP oV _oT oS 0P oV
Y 0X  0Y 0X o0X oY 0X aY’
T oS _oT S _ 0P oV 0P 3V
Y 0X  0X 0Y  dY 0X 0X oY’

oS, T) _ a(V,P)
AX,Y) AX,Y)

Now, using this result and the properties of Jacobians (J,, = JpgJg and Jp, =

[Jgp] ™), we can write

oS, T) _ 4(S,T) d(X,Y)
o(V,P) a(X,Y) a(V,P)

[
[

_ (s, T)
T AX,Y)

o(V,P)
o(X,Y)

"
"

S, T)
TAX,Y)

=1

oS, T)
X, Y)

11



Problem 1-12

We compute only the x-component of each side of the equation. The correspond-
ing results for other components can be obtained by cyclic permutation of x, y
and z.

axb=(ayb. — a:by, a;by — asb., axby, — ayby)
[(a x b) X €], = (a:bx — ayb.)c. — (axby, — ayby)c,

= by(a:c; +ayc,) —ax(b.c. + bycy)

= by(a:c; +ayc, + accy) — a(bsex + b.c. + byey)

=[@-c)b—(b-c)a],.
To obtain the penultimate line we both added and subtracted a.b.c, on the
RHS. This establishes the result for the x-component and hence for all three
components.
We have shown that

(axb)xc=(a-c)b—(b-c)a.
Now consider
ax(bxec)=—(bxc)xa=—(b-a)c+(c-a)b=(a-c)b—(b-a)c.

The last terms on the RHSs of the two equations are not equal, showing that
(axb)xc#ax(bxec)

12



Assignment 2

Problem 2-1

As we have only the definitions to work with, these basic products must be found
by explicit matrix multiplication:

5=(23)(14)-(48)
o= (1)(45)-(4 %)
() 4)-(24)s

Similarly S§ =8?=1and S,S, = iS,. We also note that

0 —i 01 —i 0 .
Sysx_(i 0)(10)‘(0 i)__’sz’
ie. that S, and S, anticommute. This applies to any pair of the matrices (excluding

| of course).
We first note that if 0 is the zero vector then S(0) = O, the zero matrix; conversely,
if S(v) = O then v = 0. Now consider the product of the two matrices S(a) and
S(b).
S(a)S(b) = (aSx + a,Sy + aS.)(b:Sx + b, S, + b.S:)

= (axbx + ayby + a;b:)l + axby(iS;) + aybx(—iS;) + - -

= (asb +ayby, +a.b.)l +i(a xb).S, +---

= (a-b)I +iS(a x b), as stated in the question.
Interchanging a and b gives S(b)S(a) = (b - a)l + iS(b x a). It then follows that

S(a)S(b) — S(b)S(a) = 2iS(a x b).

The matrix on the RHS is the zero matrix if and only if a x b =0, ie. a and b
are parallel vectors.

13



Problem 2-2

The general procedure is to construct the orthonormal base set {Z} usin
iteration procedure
n-1
Zp =Xy —Z[ilxm 12, with z; = x;.
r=1
The vector 2 is the vector z after normalisation and the expression in s
brackets is the (complex) inner product of 2, and x,.

(a) We start with 2; =272, =2712[0 0 1 1]%.
Next we calculate (2;)"x> as —27'/2 and then form z; as
1 0 1
- 0| 1110 _ 0
-1 V22 =
0 1 i
Y The normalised vector 2, is 622 0 —1)T 1. =
Proceeding in this way, but without detailed description, we obtain
1 [0 2 -1
2 21 (0 4 1| 0| |2
Sl K R Y v e
| 2 1 1 A
The normalised vector 23 is (39)""/2(—=1 6 —1)"1.
Finally,
2] 0] 2 -1
ao| Moz fof_a o4 1
Tl V2421 V6| —1| 393 -1
1 1 1 1
a i ) a [m]

The normalised vector 2, is (13)"2(2 1 2)"—1.

[Note that if the only requirement had been to find an orthonormal set of base
vectors then the obvious (1 0 0 0)7, (0 1 0 0)7, etc. could have been
chosen. ]

(b) The procedure is as in part (a) except that we require only three orthonormal
vectors. However, we must begin with the given vectors so as to ensure that the
correct subspace is spanned.

We start with 2; = 5"2x, =512[1 2 0 0]T.

Next we calculate (2;)"x; as —5~'/2 and then form z; as
3] 1 =
—1 112 -1
7= -—— =
2 NENGA Y 2
0 0 0

The normalised vector 2, is (345)~1/2(14 —7 10)T0.

As the final base vector for the subspace we obtain

0 1] 14 —280
0 1 ]2 20 1 | -7 1| 140
B |7 o | T | 0 | TH5 | awo
1 0| 0 345

Thus, the normalised vector 23 is (18285)~1/2(—56 28 98)T 69. The fact that
three orthonormal vectors can be found shows that the subspace is 3-dimensional
and that the three original vectors are not linearly dependent.

14



Problem 2-3

We start by finding the eigenvalues of H using

10—-4  3i
‘ —3i 2—1‘_0’
20—1244+2-3=0,

A=1 or 11

As expected for an hermitian matrix, the eigenvalues are real.

For / = 1 and normalised eigenvector (x, y)7,

Ix+3iy=0 = x! = (10)"1/2 (1, 3i)".
For A = 11 and normalised eigenvector (x, y)T,

—x+3iy=0 = X2 = (1072 (3i, 1)T.

Again as expected, (x!)'x> = 0, thus verifying the mutual orthogonality of the
eigenvectors. It should be noted that the normalisation factor is determined by
(x))fx = 1 (and not by (x/)Tx! = 1).

We now use these normalised eigenvectors of H as the columns of the matrix U
and check that it is unitary:

o L (1 3 gto L (1 -3
Yo\ 1) T T Jio\ =31 )

1 1 3i 1 =3i 1 10 0
|—— = — =
u 10(31‘ 1)(—3i 1) 10(0 10) L
U has the further property that
1 1 =3 10 3i 1 1 3
THU = L
o= (S TS ) w(a 1)
_ 1 1 =3i 1 33
10\ =31 3 11
_1r/10 o0 (1 0 —A
w0\ 0 110) \o0 11)

That the diagonal entries of A are the eigenvalues of H is in accord with the
general theory of normal matrices.

15



Problem 2-4

We need to invert the matrix

123
A=|3 4 5],
1 3 4

whose determinant is 1(1) + 2(—7) + 3(5) = 2. This is non-zero and so A has an
inverse. The matrix of cofactors is

1 -7 5
c=[1 1 -1 |,
-2 4 =2

Finally, rewriting the given equation Ax =y as x = A~ly, we have

x1 (11 =2 1 L3
w =507 1 4 2 =517 |
X3 5 -1 -2 3 -3

Thus x; = —3, x; = ] and x3 = —3.

16



Problem 2-5

The proof of this standard result for the divergence of a vector product is most

easily carried out in Cartesian coordinates though, of course, the result is valid
in any three-dimensional coordinate system.

LHS=V-(axb)
—i(b— b)+i(b— b)+i(b— by)
= 5x(@b: —a:by) + 5 (a:be — axb:) + 5 (axby — ayb.

(e OB L (% b (0, b,
= dy 0z Y \ox " %z 4 ox  dy
da, Oa da,  Oa oa oa.

b [ =2 — 222 b, [ -2 4 22 b, [ == ==
+”(ay az)J”( 0x+6z)+z(6x ay)

=—a-(Vxb)+b-(Vxa)=RHS.

17



Problem 2-6

With F as given, we calculate the curl of F to see whether or not it is the zero

vector:

V X F = (4yz —4yz, 2x —2x, 0—0) = 0.

The fact that it is implies that F can be written as V¢ for some scalar ¢.

The form of ¢(x,y,z) is found by integrating, in turn, the components of F until
consistency is achieved, i.e. until a ¢ is found that has partial derivatives equal to

the corresponding components of F:
p 20

2xz =F, = =

0x
0
2y =Fy = 5[x2z+g(y,z>] =
x2+2y22—l=Fz =

=

B(x,y,2) = X’z + g(y,2),
g(y,2) = y*z* + h(2),
0., 22
T[4y )]

h(z) = —z + k.

Hence, to within an unimportant constant, the form of ¢ is

d(x,y,2) = X2z + y*2> — z.

18



Problem 2-7

This is an odd function in x and so a sine series with period 27 is appropriate.
The coefficient of sinnx will be given by

b, = i/ x sinnx dx

2n )

=£{[_xcosnx]" +/ cosnxdx}
n n - x N

1

K1

n(=1)" — (=m)(=1)" 1ol = 2(=1y+!
n n

(_1)n+1
n

sinnx.

Thus, x=fx)=2>"
n=1

We note in passing that although this series is convergent, as it must be, it has
poor (i.e. n!) convergence; this can be put down to the periodic version of the
function having a discontinuity (of 27) at the end of each basic period.

To obtain the sum of a series from such a Fourier representation, we must make
a judicious choice for the value of x — making such a choice is rather more of an
art than a science! Here, setting x = 7/2 gives

T . (=1 sin(nn/2)
D

n=1
_1)n+l(_1)(n—1)/2)

(
=22 .

nodd
Lom_ bl 1 1 1
4 1 375 7

19



Problem 2-8

Since the Fourier series will have period 2, we can say immediately that at x =2
the series will converge to the value it has at x = 0, namely 1.

As the function f(x) = exp x is neither even nor odd, its Fourier series will contain

both sine and cosine terms. The cosine coefficients are given by

2 1
a, = 5/1 e* cos(nmx)dx

1
= [cos(nnx)e* ]}, +/ nrsin(nmx) e dx
1

= (=1)"(e' —e7!) + [nn sin(nnx)e*] L,

1
— / n’n? cos(nmx) e* dx
1

= 2(—1)"sinh 1 — n’z’a,,
_ 2(—1)"sinh 1
"7 14-n’n?

Similarly, the sine coefficients are given by

5 1
b, = —/ e* sin(nnx) dx
2J4

1
= [sin(nnx) e"]l_1 —/ nn cos(nmx)e® dx
-1

=0+ [—n= cos(nnx)e*], —/ n’n? sin(nnx) e* dx
1

= 2(=1)"*'nm sinh 1 — n’n%b,,

_ 2(=1)"'nmsinh1

= b 1+ n?n?

20



Problem 2-9

The function y(x) = |x| is an even function and its Fourier series will therefore
contain only cosine terms. They are given, for n > 1, by

9 7
a, = —/ |x| cos nx dx
2n J_,
2 n
—/ X cos nx dx

xsinnx ™ sinnx
-] e
b n

_ 2 [cosnx]

n n

4
== for n odd, and = 0 for n even.

. 2 ["
The constant term is ag = — / xdx = . Thus
T Jo

cos(2m + 1)x
y(")=___z @m+ 17

We now consider the integral of y(x) from 0 to x.

(i) For x <0, / |x'| dx’ =/ (=x)dx' = —=x>.
0 0

(ii) For x>0,/ 1| dx’ =/ var = Le
0 0 2

Integrating the series gives

X ﬁ z sin(2m + 1)x
— (2m+ 1)3
=]

Equating these two results and isolating the series gives

Z sin(2m+ 1)x %x(n +x) forx<0,
@2m+1} | Ix(n—x) forx>0.

If we set x = /2 in this result, the sine terms have values (—1)” and we obtain

1=z n =n" 4
55(" ) Z(2m+1)3_2s'

It follows that S = 73/32.

21



Problem 2-10

In order to obtain a cosine series we must make an even continuation f(t) =
cosh(t +1) for -1 <t <0.

The constant term in the series is ao/2 with
1
ay = 2/ cosh(t — 1)dt = [2sinh(t — 1)]§ = 2sinh(1).
0
The general coeeficient is

1
a, = 2/ cosh(t — 1) cos(nnt) dt
0

1\ 1 1 ginh(f — 1) si
=2 [cosh(t 1) sin(nnt) ] _ 2/ sinh(t — 1) sin(nnt) &t
nm ° o nm
sinh(t — 1) cos(nnt) ! ! cosh(t — 1) cos(nnt)
-2 dt
n’n? o o n’n?

=

Hence,

1 2sinh(—1) 2sinh(1)
a,,( +n2n2>=_ nn? T T mr

The Fourier expansion for f(t) is thus

-
cosh(t — 1) = sinh(1) (1 42y ot ) .
n=1

1+ nn?

Setting t = 0 gives
=1
cosh(1) = sinh(1) + 2sinh(1) E — (*)
“1+ n’n?

l 1 cosh(1)—sinh(1)
nn? 2sinh(1)
et 1
Te—e!l -1
Now, to separate the contributions to the series from the odd and the even
integers, we need an extra factor of (—1)" in each term. We get this, in the form
cosnm, by setting t = 1 and so obtain

@
. ) (1"
cosh(0) = sinh(1) + 2sinh(1) ; T (*+).
Adding (*) and (**) gives, with an obvious notation,
cosh(1) + cosh(0)
sinh(1) =2+4%0a
Re-arrangement and substitution of explicit expressions for the hyperbolic sinu-

soids give
_lie+e)+i—(e—e)
o= Te—e)
_3—e2+22_ B—e(l+e)  3-—e
T 4e—1)  4e—De+1) de—1)

It then follows that
Zodd = Zall — Zeven
1 3—e 4—2e+e*-3
Te-1 de—D  4e-D
_ 1—e) _e—1
T 4e—1) 4e+1)
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Problem 2-11

To ensure a sine series we take f(x) = —x? for —2 < x < 0. This means that
f(=2) = —4 and so, since f(2) = +4, we expect the series to converge to the
average value of %(—4 +4)=0at x = +2.

The coefficients in the sine series ) b, sin(nnx/2) are

2?2, . nmx
bn—ZZ/Oxsdex

Setting nnx/2 = y gives b, = 81,/(nn)® with
nn
I,,=/ y?sinydy
0 n nm
= [—)?cosy], +/ 2ycosydy
0 nmn

= (=1)"*'n2n? + [2ysiny]y" —/ 2sinydy

0

= (=1)""n?n? + 0+ [2cosy]o"
= (=" ln? 4 2(—1)" —2.

Thus,
_ 1)l
b,,=u—£ for n odd,
nn n3n3
_ 1yl
= u for n even.
nn

For x = 42 all terms in the series are zero and so this is the value of the
expansion at these points. This is not simply as expected, but inevitable, because,
for a pure Fourier sine series, the arguments of all the sine functions are bound
to be of the form nn at the end points of the period.
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Problem 2-12

odd square-wave function has only the odd harmonics present in its Fourier sine
series representation. The coefficient of the sin(2m + 1)nx term is

4
2m+ )’
For a periodic function of period L whose complex Fourier coefficients are c,, or
whose cosine and sine coefficients are a, and b,, respectively, Parseval’s theorem
for one function states that

1

ol 2 = 2
Z/xn feoldx = 3 fe

r=—ow0

b1 =

o0
= (bao)’ + 13 (@ + B2,
r=1

and therefore requires in this particular case, in which all the a, are zero and
L =2, that

1 16 I~ 1 2
Eg(zmﬂ)znz_i; n=5 ) JEWdx=1.

Since
7= Q@
= @2m+1) 8

this reduces to the identity
116 2

272 8
The power at any particular frequency in an electrical signal is proportional to
the square of the amplitude at that frequency, ie. to |b,[? in the present case. If
the filter passes only frequencies up to 8n/T = 4w, then only the n = 1 and the
n = 3 components will be passed. They contribute a fraction

1 1 n?
(I + 5) S =0.901

of the total, i.e. more than 90%.
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Problem 2-13

We first note that, although cosh x is an even function of x, e~ is neither even
nor odd. Consequently it will not be possible to convert the integral into one
over the range 0 < x < . The complex Fourier coefficients ¢, (—o0 < n < c0) are
therefore calculated as

n
=3 8
= L " l (e—inx+x +e—inx—x) dx

2n J_, 2

1 e(l—in)x n 1 e(—l—in)x n
T an [l—in]7n+ﬂ [—l—in]fn

Cn coshxe "™ dx

1 (1+in)(—1)*(2sinh =) — (1 — in)(—1)*(—2 sinh )
T 4n 1+ n?
_ (=1)"4sinh(n)
T A4n(1+n?)
Thus,
. (=1)"sinhzm |
coshx = ,,Z}w (n(;fnz) e,

We now set x = 0 on both sides of the equation:

©

_ (—1)"sinh
1= n;w n(l+n?) "’
L n
- (=" _ I
14+n2  sinhzn
n=—cw0

Separating out the n = 0 term, and noting that (—1)" = (—1)™", now gives

1+2i cy_ =
n=1

1+n? sinhn

and hence the stated result.
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Assignment 3

Problem 3-1

As the function | | is not representable by the same integrable function through-
out the integration range, we must divide the range into two sections and use
different explicit expressions for the integrand in each:

1 * i
flw)= —/ e et gy
V2 J-
1 : (1+iw)t 1 0 (1—iw)t
= e IOl dr / el gt
ﬁ/o Nz
_ 1 1 4 1
N AN E R )

-1 _2
2n 1+ 0¥

(a) Substituting this result into the inversion theorem gives

exp !l = O dao.

J,/xggigf
V27 J— 27(1 + @?)
Equating the real parts on the two sides of this equation and noting that the

resulting integrand is symmetric in , shows that

ex _‘”72/” cos wt o
PO @)

as given in the question.

(b) For Parseval’s theorem, which states that

[sora= [ i,

0 0 0
/ \f(t)|2dt=/ ez'dt+/ et
—o0 —o0 0
=2/ e
0

=2[e_] -1
-2 0

0 o
P 2

2 =
[x [f(w)|* do = 2/0 g dw, set w equal to tané,

4 (2 1 2
_;/o sec‘gsecodﬂ

4 7, 41z
== 0d0==-"=1
n/o cos n22

ie. the same as the first one, thus verifying the theorem for this function.

we first evaluate

The second integral, over o, is
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Problem 3-2

(a) As f is periodic with period a,
f(x) = f(x — ma),

for any integer m. However, from the general translation property of Fourier
transforms,

Jl)=Z [f()] = Z [f(x —ma)] = e ™ F (k).
Thus
0 = Flk)(1 — ey,

implying, in the particular case m = 1, that either f(k) = 0 or ka = 2zn where n
is an integer.

(b) This result is immediate, since differentiating under the integral sign gives

id—{l(f) = \/Lz_n % (/_ fye ™ dt) = \/Lz_n/_ tf(t) e dt.

(c) From the definition of a Fourier transform,
1 © .
F Ui+ = [x fmt +c)e= dt.

‘We make a change of integration variable by setting mt + ¢ = u, with dt = du/m
and —oo < u < co. This yields

1 “© ; du
F [ fmt+c)] = E/ f(u) gmiw(u—c)/m -
—00
iwc/m 1 o )
_e 5 = Lm () i@/ gy
eloc/m o
— y (;) ?

as stated in the question.
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Problem 3-3

The Heaviside function H(x) has value 0 for x < 0 and value 1 for x > 0. Write
H(x — a)e ™ = h(x) with b assumed > 0. Then,
00
k) = \/% [ttt ax
1 *© i
— / e—bx—xkx dx
NS
1 e—bx—ikx @©
N [—b— ik].,
1 e—bue—ika ika e—lm b—ik

T om btk ¢ btk

This same result could be obtained by setting y = x — a, finding the transform of
e~ and then using the translation property of Fourier transforms.
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Problem 3-4

The function to be transformed is unity in the range —1 <t < 1 and so

J@)=

le™dt = —— ; = .
—iw 2nw

Denote by p(t) the convolution of f with itself and, in the second line of the
calculation below, change the integration variable from s to u =t —s:

1 [ e i — i 2sinw

0 1
o= [ se—9rerds= [ sa-91as
t—1 41

=/ F)(—du) = - fw)du.

t+
It follows that
t+1)—(=1) 0>t>-2 2—t] O0<|t| <2,
Pt)={ 1-(@—=1) 2>t>0 ={ 0 otherwise.

The transform of p is given directly by the convolution theorem [which states
that if h(t), given by h = f = g, is the convolution of f and g, then h = \/2n 7 3]
as

" 2sinw 2sinw 4 sinfo
Blw) =2 =

n\/ZTw) 2o J2n @

Noting that the two integrals to be evaluated have as integrands the squares of
functions that are essentially the known transforms of simple functions, we are
led to apply Parseval’s theorem to each. Applying the theorem to f(t) and p(t)

yields
* 4sin’ o « 2 * sin?
[wzmﬂdw=[mUM|m=2 - /; e,
© - 4 0 2
and ESln4wdw=/ (2+t)2dt+/(2—t)2dt
o 2T W 2 0
_[a+m]°_[a—mr
3 -2 3 0
_8.8
3Ty
* sin* w 2n
= [m g do = 3
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Problem 3-5

(a) Write the given sine function in terms of exponential functions. Its Fourier
transform is then easily calculated as

fl@,y,p) = dt

/w el—r—iw+iplt __ o(—y—iw—ip)t
2i

1 —1 4 1
w2 \—y—iw+ip —y—io—ip
__r
n (7 + i) +p

1]
~%l-%l-
a
o

k‘

(b) Since the current is given by the convolution
00
I1(t) = / K(t —u)V(u)du,
—o0

the convolution theorem implies that the Fourier transforms of I, K and V are
related by I(w) = /27 K (w) V(w) with, from part (a),

—_

K(w)= —

N/

Now, by expressing I(t') in its Fourier integral form, we can write

Q(0) = /_Zl(t')dt/=/_Zd{/_iﬁj(w)eimﬂ do.

But [ e dt’ = 2n8(w) and so

[ ap1 ap2 ]
(i +ioR +pt (2 +io) +p3]

0(c0) = [ \/%i(wﬂné(w)dm

2n - - -
= ——1(0) = /27 /22 K(0) V(0
N (0) = 2n /21 K(0) V(0)

1 aipi @mpy | 5
—m 7(0).
V2 [v%ﬂﬁ ”+p3

For Q(o0) to be zero for an arbitrary V(t), we must have

ap1 ap2 _
N+ v+

>

and so this is the required relationship.
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Problem 3-6

We utilise the first result of the previous exercise (13.13) in the special case where
7y =p=a, f(t) = e “sinat and consequently

- 1 a

TO= o ariop v a
Applying Parseval’s theorem,

o o
[wera= [ ko
—w -

&)

to this function and its transform:
o0 ) 1 [=
/ e 2 sin® at dt = —/ [ ,az 2] [ 'az 2] do
o 21 J_p [(a+iw)? +a (a—iw)* +a

1 0 aZ

= — / dw
21 |y (@ + 02)? + 2d%(a® — »?) + a*
1 a?

-
S .
ﬂ:/(, PR R
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Problem 3-7

By definition,

a(z)

“1 1
/ —e MH(t) ~e *IH(t + z) dt
7 7

e—).z 00 2
= — / e 2" dt,
2y

where zg = 0 for z > 0 and z = |z| for z < 0; so

ez [o=2M]®
a(z) = —5- [—]
2 =22],

e HeH20) il

23 T 237

The Fourier transform of f(t) is given by
1 “1 1
ﬁ/o i° 1= i +io)
The special case of the Wiener-Kinchin theorem in which both functions are

the same shows that the inverse Fourier transform of the energy spectrum,
J/27|f ()2, is equal to the auto-correlation function, i.e.

—Jt g—iot

J(o)=

iz ezl

1 © e
N /,m Vn wEE T =

from which the stated result follows immediately.
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Problem 3-8

Setting x> = st, and hence 2xdx = sdt and dx = sdt/(2,/st), we obtain

N I SN
/e Zt dt—z,

0

00
= ¥ [t"/z] E/ 12 et = \/g
0

Integrating the LHS of this result by parts yields

00
[ e 2t1/2] ” —/ (—s)e ™2tV dt = \/E
o Jo s

The first term vanishes at both limits, whilst the second is a multiple of the
required Laplace transform of ¢t'/2. Hence,

0 1 [n
12 —st 412 n
.z[t }_—/0 et dt—zs\/:.
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Problem 3-9

To find the original functions we must express the transforms in terms of those
given in table 13.1. Partial fraction expansions (chapter 1) are needed for (a) and

(b).

(a) Factorising the denominator and expressing the transform as partial fractions:

) 1 1 1
TO= 352373622 " 36+1)°

and from the table of Laplace transforms and the liearity of the process of taking
Laplace transforms, it follows that

10 = 5@ e,

(b) The quadratic term in the denominator cannot be factorised further without
involving complex roots (and, in any case, transforms containing (s> + a?)~2
appear in the table) and so we express the transform in partial fractions as

2s _ A Bs+C
(+D2+4)  s+1 0 s2+4°

25 = sH(A+B)+s(B+C)+ (44 +C),

=4=-% B=1% cCc=%

Thus, we may write

2 25+8

1O =557 st 4y

and from the table of Laplace transforms can read off that

f(t) = 3(—e™" + cos 2t + 4sin 2t).

(c) Apart from the factor e (which indicates a change of origin to t = to), f(s)
is the product of the Laplace transforms of §(t — ty) and b~'e~7' sin bt. Thus, by
the convolution theorem,

f@t) = e_bi /0' e " sin(bu) H(u) 5(t — u — to) du

e .
== e 7= sin[b(t — to) ] H(t — to)

= 11—1 e 'sin[b(t — to)] H(t — to).

Note that f(t) =0 for t < to.
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Problem 3-10

(a) We use the general result for Laplace transforms that

L) = (=1 d;’;ff), forn=1,2,3,....

If we take n = 2, then f(t) becomes t'/2, for which we found the Laplace transform
in exercise 13.21:

z [ts/z] =2 [zz z”z] = (—1)2£ (M)

2

(L3N (L5 e _ 15T g
2 \"2)\ 72 8 :

(b) Here we apply a second general result for Laplace transforms which states

Ithat
<z [@] = '/Swf(u)du,

provided lim,_,o[ f()/t] exists, which it does in this case.

sinh(at)
t

* a
= ———du, u>|a
1 S u>al,

1 [* 1 1
=§/S (u—a_u+a> du

1 s+a
=-In , s> |al.

2 s—a

“|

(c) The translation property of Laplace transforms can be used here to deal with
h) o

the sinh(at) factor, as it can be expressed in terms of exponential functions:

& [sinh(at) cos(bt)] = .Z [Le* cos(bt)] — £ [Le~ cos(bt)]
1 s—a 1 s+a
T2G—af+bh 2(+ar+b?
1 (s*> — a*)2a + 2ab*
T 2[(s—aP +B21[(s + aP + b2]
_ a(s* —a> +b?)
T [(s—aP+b2][(s+a)?+b2]

The result is valid for s > |al.
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Problem 3-11 pl1

From the definition of a Laplace transform,
00
Zf(t—a)H(t —a)] = / f(t—a)H(t — a)e ' dt.
0

We start by changing the integration variable to u = t — a, with a corresponding
change in the integration limits:

ZLf(t—a)H(t —a)] = '/_w f(w)H (u)e e du
= /w f(u)e e du
0

o — o SAF o
With g(t) periodic, g(t) = g(t — T) and the Laplace transform can be written as

00 T 00
/ H(t)g(t) e dt = / H(t)g(t) e dt + / H(t)g(t) e dt.
0 0 T

However, it follows from the properties of the Heavisde function that

/:H(f)"'dt=/oxﬂ(l—T)---dt

and so, using the previous result, we can rewrite the above equation as
0 T w
2(s) = / g()e M dt = / g(t)edt +/ H(t—T)g(t—T)e ™ dt
0 0 o
T
= / g(t)e ™ dt +e*Tg(s)
0

- 1 T
= g(s)=m/0 g(t)e™"dt.

(a) The graph of g(t) consists of a continuously repeating pattern of isosceles
triangles, each of unit height and base width T. Any one of these triangles has
the same shape as the function g,(x) found in Exercise 13.27, except that a has
been replaced by T/2 and the height of the triangle is unity rather than a. Its
Laplace transform is therefore
11 —s12\?
m 3 (1 — T/ ) .

From our earlier result it now follows that the Laplace transform of g(t) is

2 (1- e""r/z)2
TS 1—eT
2 1—esT2

T2 14672

2 sT
=78 tanh (T) .

2(s)

36



Problem 3-11 p2

(b) The contributions to

10 =3 fult) = %[rmr) +2) (=1t — $nT)H(t — §nT)]

n=0 n=1

are shown in the sketch (figure 13.1).

For 0 <t < T/2, only fo contributes; it is identical to g(t) with f(T/2) = 1.
For T/2 <t < T, fy and f, contribute with net slope —2/T and f, = —f, at
t =T, making f(T) = 0.

For T <t < 3T/2, fa(t) + fi(t) = f1(T), since the two terms contribute equal
and opposite changes as ¢ varies; the change in f(¢) is entirely due to that in f,.
o

o
fo I fa
2 | / /
s
0 — .
T 2T

fi f3

Figure 13.1 The contributions to the function considered in exercise 13.28.
Their analytic forms in terms of the Heaviside function are fo = 2tH(t)/T,
with slope 2/T'; f, = 4(—1)"(t — 1nT)H(t — inT)/T, with slope 4/T.

For 3T /2 <t < 2T, the change in f(t) is due to those in fo and f3, i.e. has a net
O slope —2/T, making f(2T) = 0.
This sequence is then repeated in successive blocks of length 2T.

Hence f(t) is an alternative representation of g(t) with

Jo = % LRH@] +2) (—1)'e "y [tH(t)]] ,

n=1

where we have used the result from part (a). But,

LIH) = /:te"‘dt - [‘eﬂ'] c_ [L’] T_1

- 2 2
slo L$2]y ¢

Thus,

2 sT\ _ 2 S n ,—nTs/2
T—Sztanh (T) =74 |:1 +ZZ(—1) 13 .

n=1

Finally, setting sT = 4x gives

o
tanhx =1+2 (=1)"e ™

n=1
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Assignment 4

Problem 4-1

In each case we re-arrange the equation so that all terms involving y appear on
one side of an equality sign and all those involving x appear on the other. To
save space we write two equations on each line.

d
() y=x = y—§=xdx,
1 1
=t A = s
dy dx
b tanlx = —2 b AP, - —
®) van x=ioa T Yy (1+x?)tan~'x

= Iny=In(tan'x)+4, = y=ctanx.

dy 4 1
20 _ 2
© R =ya-n, = B (5-1) e
= —l——i—lnx+c = S S—
y  x ’ YT i xnx—ex’
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Problem 4-2 p1

In general, given an equation expressed in the form A dx+ B dy = 0, we consider

the function
1[04 0B
Moy =5 [E‘a] :

If this expression is zero, then the equation is exact and can be integrated as it
stands to give a solution of the form f(x,y) = c. Even if g(x, y) is non-zero, if it
is a function of x alone then

() = exp { [ dx}

provides an integrating factor (IF) that will make the equation exact. Similar
considerations apply if g(x,y) is a function of y alone. If g does actually depend
on both x and y, then, in general, no further progress can be made using this
method.

(a) Following the above procedure, we consider

1 0
h(x,y) = ity [5

It follows that the equation is exact and can be integrated as it stands:

4xy’ — 4xy3 -0
23234y

0
(' +x) = - 267y +y)| =
c=f(xy) = /(szy’ +y)dy +g(x)
= %xzy" + %yz + g(x), where
4 of 4 ' 1,
Xy +x = Pt +0+¢'(x), = gx)= 3% +k,
1
= c=f(xy) = E(XZ.V4 +y + ).

The common factor of % on the RHS can, of course, be absorbed into the constant
on the LHS and has no particular significance.

(b) Again following the procedure, we consider
1[0 0 1
h(x,y) = o [5 (Bx+y)— P (ZX)] =%

This is non-zero and implies that the equation is not exact. However, it is a
function of x alone and so there is an IF given by

1 1 1
u(x) = exp {/_ﬂ dx} = exp(—ilnx) =
The exact equation is thus

2x'2 dy + (3x'% + yx Y dx =0,
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Problem 4-2 p2

and this can now be integrated:

c=16ey) = [ 25 dy + g0

=2x'2y + g(x), where

of

x4y = i x 2y 4+ gx), = gx)= 2x32 4k,

= c=f(xy)=2x"y+x"?).

Again, the overall numerical multiplicative factor on the RHS has no particular
significance.

(c) Following the same general procedure,

_ 1 a5, 0 2 .
h(x,y)—m E(y)—a—x(cos X + ysin2x)
= %(2}1 + sin 2x — 2y cos 2x)

cos?x + ysin2x
_ 4ysin®x + 2sinxcosx
" cos?x+ysin2x
2sinx(2y sinx + cosx
= # =2tanx.
cos x(cos x + 2y sin x)
This is non-zero and implies that the equation is not exact. However, it is a
function of x alone and so there is an IF given by

H(x) = exp {/Ztanxdx} =exp(—2Incosx) =

o
The exact equation is thus
(14 2ytanx)dy + y*sec’ xdx = 0,
and this can now be integrated:
c=f(x,y)= /(1 + 2y tanx)dy + g(x)
=y + y*tanx + g(x), where
y?sec? x = Z—i =0+y’sec?x+g'(x), = gx)=k

= c¢=f(x,y)=y+y*tanx.
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Problem 4-3

Arrange the equation in the form
xydy + (2x? + y* 4+ x)dx = 0.

Now apply the standard prescription for determining whether a suitable IF exists:
1[0 ., » 0 1 1
» [@(2)( +y +x)— E(Xy)] = 5(2)’—.\’) =3
This is a function of x only, thus showing that one does and that the IF needed
is
1
u(x) = exp {/ p dx} =exp(lnx) = x.
The exact equation is thus
x2ydy + (2 4+ xy? + x?)dx = 0.
If this is to integrate to f(x,y) = ¢ then
of 3 2, .2 _la Lan 1,
xS 2X A = fxy) =X+ axy 43X ().
The further requirement that df/dy = x%y shows that g(y) = 0 and so, on
multiplying through by 6, we obtain the solution

32 + 3% =
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Problem 4-4

We first test whether the equation is exact, or can be made so with the help of
an integrating factor. To do this, we write the equation as

(y—x)dy+(2x+3y)dx=0

and consider

0 0
msn) = s [ v - Zo-v] -

oy y—x
This is not a function of x alone. Equally
1 F F —4
b = 55y [y Gr W+ 0= = 55

is not a function of y alone. We conclude that there is no straightforward IF and
that another method has to be tried.

We note that the equation is homogeneous in x and y and so we set y = vx, with

6_y =v+xa—v, and obtain
0x 0x
v 243
”*"E To—1"
xa_v_ 2-3v—v'+v _ 0’ 4+2w+42
ox v—1 - v—1 "~
dx  (1—v)dv

x4+ 2w+2
2 v+1
T+ +1 w12+ D
= Indx=2tan"'(v+1)— LIn[1+ (@ +1)’],
In{Bx*[1+4 (v +1)*]} = 4tan~"(v + 1).

On setting v = y/x this becomes

B[x?+ (y + x)*] = exp [4tem’1 (%)] ,

the final form of the solution.
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Problem 4-5

Using the stated property of derivatives with n = 1 and the result from the

exercise, we Laplace transform the equation and obtain

d
2 15366 =01 = 2 59 =0,
dy dy
—sd——y+0—d——y 0,
(1+s)7+2j1=0,
dy 2ds_
y 1+s ’
= Iny+2In(l+s)=k
c
T Tty

As a power series, y(s) takes the form

y(s) = <1 + 1)72
SE(- L)
-Seg
But, transforming the given solution,
yt)=t+ zx:amt'",
m=2

yields
=3 + Z“m smtl”
m=2
Comparing coefficients in the two expressions for y shows that C = 1 and that
ame1 = (=1)"/m), ie. an = (=1)"""/(m — DL

Direct integration of (*) by separating the variables gives

O—d—y+( )dt
y

= A=Iny+t—Int,

t

= y=Bte"
1,.
—Bt+BZ( )

tn+l
( 1)m 1gm
—B:+BZ CER

With B determined by the linear term as unity, the two solutions agree.
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Problem 4-6

Though this is clearly not a homogeneous equation, we test whether it might be
an isobaric one by giving x a weight 1 and y a weight m and then seeing whether
a suitable value for m can be found. From the presence of the term 1 — 2x?y it
is clear that the only possible value of m is —2, since 2x2y must have the same
weight as unity, namely weight 0. For this value of m the three terms in the
equation have weights

140+ (=2)—1, =2, 2+2(-2).
These are all the same (at —2) and so the equation is isobaric.

To find its solution we set y = vx™ = vx~2 with
dy v lav

dx X x2dx’
Substituting in the original equation produces

20, 1dv v 3x%?
x(l - 21)) (—; + ;a) ="

X
(1—2v) <—2v +x3—i) +v =37

XZ

dv
(1 —ZU)xE =v(l—v),

1—2v dx
v(l—v)d X

(G-
v 1—v x

= Inv+In(l—-v)=Inx+4 = v(l—-v)=Cx

Expressing this in terms of the original variables by substituting v = yx? gives
yx*(1 — yx?) = Cx, with 1(1 — 1) = C. Thus, after cancelling x from both sides,
the solution is

4yx(1 —yx*) =1.
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Problem 4-7

(a) As in part (a) of the previous exercise (14.23), this equation needs an integrating
factor, given in this case by

Hu(x) = exp {/—;lcdx} =exp(—Inx) = %

We then have
d (y 1 y
o (;) =5 = ;—lnx+A.
Since y(1) = —1, A must have the value —1 and so y = xIlnx — x.

(b) Again, an IF is needed; this time given by

u(x) = exp {/ —tanx dx} = exp(Incos x) = cos x.
The equation now reads
%(y COsX) =COosX => ycosx =sinx+ A.
The given boundary condition is that 3/./2 = 1//2 + 4, establishing 4 as /2.
The final answer is therefore y = tanx + \/fsec X.

(c) This is not a linear equation, though it is homogeneous, and we therefore set
y = ux. The equation then becomes

The equation is now separable and gives
du _dx 1

= =
G—uwr  x 1—u

=Inx+A.
The boundary condition is that u = 1/1 = 1 when x = 1, implying that 4 = —2.

Now, substituting u = y/x gives

1 vy 1 x x
2 xTix—2 T YTacmxty
(d) For the boundary condition y(1) = 1/2 the method of solution used in part
(c) fails, as it requires A to satisfy the impossible equation 1/0 = 0 + 4. We must

therefore try to find a singular solution.

The first equation of the solution in part (c) would be automatically satisfied with
u independent of x if

Z—::O = u=u2+% = u=%A
The conclusion is that u is a constant and, since this satisfies the inital assumption
that its derivative is zero, the “circle is complete’. Hence there is a singular solution
u =1, ie. y=1x, that satisfies both the differential equation and the boundary
condition.
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Problem 4-8

Since we have coupled equations, working with their Laplace transforms suggests
itself. This will convert the equations into simultaneous algebraic equations —
though there may be some difficulty in converting the solution back into t-space.

The transform of the Heaviside function is s!, and so the two transformed

equations (incorporating the initial conditions and using the translation property
of Laplace transforms) are

sx—1+2y=

B

s§—0—2%x = —e .

G |-
®

Since it is x(t) that we require, we eliminate y to obtain
25 2 35 4e
s x—s+;e +4x =1,
from which

st 45—2e

T s(s2+4)
_s+1 1 s 3
_s2+4+[ 2s+2(s2+4)]e ‘

For the first term in square brackets, the coefficient in the partial fractions
expansion was determined by considering the limit s — 0; that for the second
term was found by inspection.

Now, using a look-up table if necessary, we find that, in t-space, the function
corresponding to the x found above is

x(t) = L sin2t + cos 2t — LH(t — 3) + 1 H(t — 3) cos 2(t —3).
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Problem 4-9

Either

By inspection, the IF for this equation is sin x.

or

After dividing through by sin x this becomes a standard first-order linear equation
in need of the integrating factor

exp {/ ZS(i:zix dx} = exp(2Insinx) = sin® x.

By either method, multiplying the original equation through by sinx or the
standardised one by sin® x, the exact equation is

., d . .
51n2xd—y + 2y cosxsinx = sinx,
X

d . .
E(y sin® x) = sin x,

ysin®x = —cosx + A.
The condition y(n/2) = 1 implies that A = 1 and hence

1—cosx 1—cosx 1
sinfx  1—cos2x 14cosx’

y=
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Problem 4-10

Since x appears only in the combination xdy/dx it will probably make the
solution simpler to take y as the independent variable and x as the dependent
one. With this in mind, we re-arrange the equation as

tany%+x=25my,

or, in standard form, as
dx

dy

The IF is clearly exp(Insin y) = siny, and the equation can be written

+ xcoty =2cosy.

i(xsiny) =sin2y,
dy
xsiny = —%0052y+k.

(a) For y(0) = 0 we must have k = %, and the solution becomes

_ l—cos2y _ 2sin’y _

2siny  2siny siny.
(b) If y(0) = n/2 then k = —} and the solution is
—1- 2 —2cos?
x= il N —cosycoty.

2siny 2siny
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Problem 4-11

For
d_y -9 =CoST
dx ¥=

So, P(z) = -1 and therefore

afr)=el =g
Then
)= [e=coszdz + Cy

e T

y(z

Now, integral table says
- | S
f e *coszdr = 5€ *(sinzx — cosx)

Therefore 1
y(z) = E(sin:c - cosz) + Cpe®

49



Assignment 5

Problem 5-1

The auxiliary equation and resulting CF are

m*+6m+9=0 = m=—3 (repeated root),

= f(t) = (A+ Bt)e .
For a particular integral, since e~* does not appear in the CF, we try f = Ce™*
and obtain
Ce'—6Ce'+9Ce'=¢"! = C= %_
The general solution is therefore
f(t) = (A+ Bt)e™ + Le'.

‘We now incorporate the boundary conditions:

fO=0 = 0=A+01+} = 4a=-
fO=4 = i=-34+B-0-} = B=i-1
Therefore the solution matching these boundary conditions is
f@) = [=;+G—Die + Lo
The turning points of the solution are given by f'(t) = 0, i.e.
Je (A= Pe =3 — e — e =0,
e [A+H+G -3 =1,
42+ 1)+ (6 —120) = €.

(a) For 1= }‘— the equation becomes e = 2 + 3t. Consider the behaviours of the

functions on either side of this equation:

Att=0, 243t=2>1=¢"
For large t, > 243t
Both functions are monotonic and thus there is one, and only one, solution to

e¥ =243t in t > 0. It follows that the solution to the original differential
equation has only one turning point in this range.

(b) For A= — }; the equation becomes e* = 9t. Again consider the behaviours of
the two sides of the equation.
Att=0, =1>0=09t
Att=1, = <9=09t
For large t, & >0t

Both functions are monotonic and thus there are two solutions to e* = 9¢ in
t > 0. It follows that the solution to the original differential equation has two
turning points in this range.
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Problem 5-2

The auxiliary equation, m? + 2m + 1 = 0, has repeated roots m = —1, and so the
general CF has the special form y(x) = (4 + Bx)e ™.

Turning to the PI, we note that the form of the RHS of the original equation
is contained in the CF, and (to make matters worse) so is x times the RHS. We
therefore need to take x? times the RHS as a trial PI:

y(x) =Cx* ™, y =C@x—xMe™, y' =CQ2—4x+xHe ™
Substituting these into the original equation shows that
2™ =4 = C=2
and that the full general solution is given by
y(x) = (A + Bx)e™ + 2x%e .

We now determine the unknown constants using the information given about the
solution. Since y(0) = 1, 4 = 1. Further, y(1) = ¢! requires

el=(1+Be!+2! = B=-2

Finally, we conclude that y(x) = (1—2x+2x%)e™ and, therefore, that y(2) = Se~2.
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Problem 5-3

(a) As this is a third-order equation, we expect three terms in the CF.

Since it is linear with constant coefficients, we can make use of the auxiliary
equation, which is

m —12m+ 16 = 0.
By inspection, m = 2 is one root; the other two can be found by factorisation:
m? = 12m + 16 = (m — 2)(m® + 2m — 8) = (m — 2)(m + 4)(m — 2) =0.

Thus we have one repeated root (m = 2) and one other (m = —4) leading to a
CF of the form

y(x) = (A + Bx)e™ + Ce ™.
As the RHS contains no exponentials, we try y(x) = Dx + E for the PI. We then
need 16D = 32 and —12D + 16E = —8, giving D =2 and E = 1.
The general solution is therefore
y(x)=(4+ Bx)elx F+Ce ™ £ 2x+ 1.
(b) The equation is already arranged in the form

d;
BO) 4 g = jeo)

and so needs only an integrating factor to allow the first integration step to be
made. For this equation the IF is
exp {/ 2acoth 2ax dx} = exp(In sinh 2ax) = sinh 2ax.

After multiplication through by this factor, the equation can be written

sinh 2axi Ldy + (2acosh2ax) Ldy) _ 2a? sinh 2ax,
dx \ ydx y dx
d

4 inh2ax L2 = 22 sinh 2ax.
dx ydx

Integrating this gives

2
sinh 2ax ldl = Zi cosh 2ax + A,

ydx  2a

1dy

;E = acoth2ax + Sinh2ax"

1 A
I . . L A B
ntegrating again, Iny 2 In(sinh 2ax) + / Sinh 2ax dx +

= % In(sinh 2ax) + % In(| tanh ax|) + B,
= y= C(sinh 2ax)'/? (| tanh ax|).
The indefinite integral of (sinh 2ax)~! appearing in the fourth line can be verified
by differentiating y = In|tanhax| in the form y = %ln([anh2 ax) and recalling
that

cosh axsinhax = % sinh 2ax.
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Problem 5-4

(a) Recalling that .Z [f'] =sf — f(0) and .Z [f"] = s*f — sf(0) — f(0), we have

0=5F —sf(0) = f'(0) + 5[sf = f(O)] + 6F
=5f —s+4+5(F — 1) +67,

o ojo sl _ A B
T 245546 s+2 s+3
-1

2
+ T using one of the standard methods,

= s+2
= f(t)=2¢"— e %, from the look-up table.

(b) Using the same method as in (a), we have

=5f —sf(0) — £'(0) + 2[sf — f(0)] + 5F
=5f —s+2sf — 1)+ 5,

- 7_ s+2 _ s+2
T 2+25+5 (s+12+4
_ +D+1

s+ 12+ 4
= f(t)=e"cos2t+ %e” sin2t, from the look-up table.
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Problem 5-5

(a) The CF is clearly

¥(x) = Ae* + Be ™™,
and so we take as the PI

¥(x) = ki(x)e" + kp(x)e™™

The two simultaneous equations generated using the method of variation of
parameters are

kie* + ke ™ =0,

n

kie* —khe™ = x".

Solving for k| and integrating gives
x'e™*

k=5,

e x . /x ! i
2 2

—x
= 7%(x" +ax" ' fnm—1D)x"2 4 -+ nl)

ki

Similarly, k, is given by

¥ x"e®
2= 2 >

x"e* ¥ Taxtl
k2=—[ L ] - [ e

=—%(ﬂ—nx’“+n(n—1)x”’2—-»-+(—1)"n1)
T
= 2n!( 1);) T

The full PL ki(x)e* 4+ ka(x)e™™, has no explicit exponential factors, since each term
in it contains the product e*e ™. It takes the form

ot ol ()
)= 2§m! PR m!

m=0

I X"
D DE LR Vg
m=0

This n-th order polynomial is added to the CF, y(x) = Ae* 4 Be ™™, to give the
general solution.

(b) The auxiliary equation for the CF is m> —2m + 1 = 0, which has repeated
roots m = 1. Thus the Cf is y(x) = (4 + Bx)e* and, since the RHS of the original
equation is contained in this, the PI is to be taken as y(x) = k(x)e* + ka(x)xe*.
The simultaneous equations generated by the variation of parameters method are

kie* +kyxe* =0,
kie* + ki(e* + xe*) = 2xe*,
Ke' =2x¢" = k(x)=x%

ki =—kix =-2x" = kx)=-3x.

A Pl is therefore

y(x) = —2x%" + 3 xe* = 1x%e",

giving the general solution as

y(x)=(4+Bx+ %lee".
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Problem 5-6

The only realistic hope for this non-linear equation is to try to arrange it as an
exact equation! We note that the second and fourth terms can be written as the
derivative of a product, and that adding and subtracting 2y’y” will enable the
first term to be written in a similar way. We therefore rewrite the equation as

d &y d dy dy d®y o
ax (Zyﬁ) + i <2ya> +(6_2)E 2o = sinx,

d (. d d dy d a\'l .
o <2yﬁ) +E (Zya) +E 2(;) = sinx.

This second form is obtained by noting that the final term on the LHS of the
first equation happens to be an exact differential. Thus the whole of the LHS is
an exact differential and one stage of integration can be carried out:

&y dy dy 2
ZyE +2ya +2 (E =—cosx+A.

We now note that the first and third terms of this integrated equation can be
combined as the derivative of a product, whilst the second term is the derivative

of y2. This allows a further step of integration:

d dy dy _
(2 )+2ydx_ cosx + A,

ax \Vax
d ([, dy\  do?) _
i (Zydx)+ o = cosx + A,
= 2 d—'v 2= —si
ydery = —sinx+Ax + B,
2
M+y2=—sinx+Ax+B.
dx

At this stage an integrating factor is needed. However, as the LHS consists of
the sum of the differentiated and undifferentiated forms of the same function, the
required IF is simply e*. After multiplying through by this, we obtain
d .
& (e*y?) = —e*sinx + Axe* + Be*,

x
= Y =eF [C +/ (B + Au — sinu)e" du]

=Ce ™+ B+ A(x — 1) — 4(sinx — cosx).
The last term in this final solution is obtained by considering

x x
/e"sinudu:lm/ e gy

ell+iu]
=Im -
[ 1+i ]

=1Im [§(1 —i)el+7¥]

= Le¥(sinx — cos x).
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Problem 5-7

Consider the equation
2ty —z(1-z)y' + (1-2)y=0

or 1 1
-z -
"_ '

2 ¥=0=y"+po(@)y +p(2)y (A)

One solution is y;(z) = z. To find the second solution we use the wronskian
method as shown below. We know there exists a second solution y(z).

The Wronskian W (z) of y;(z) and y»(z) is defined as
W(z) = 41(2)y5(x) - 1 (2)y2(2)
Now, in general, we have
W'(z) = 195 + Y195 = Yau1 — ¥2y1' = 915 — vy

=y1(-poys — Pry2) — Y2(~Poyi — P1y1)
=-pW(z)

Hence
W(z) = Ke /@l
Setting the two expression for W(z) equal to each other we get

ua(2) L ftmo@yal
K [ )e dz

u () = u}(z

so that we can obtain a second solution if we know the first solution. We get

1 e
wen [ Lo,
vi(z)
or

1 =
Y= x/ ﬁef Sy

L ino—s,
Yo=1T [ 126 dx

Yo = z[ %e"dz =z(lnz +"z::1 (_'ZT)L! )

n
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Problem 5-8 pl

‘We have the equation
y" +6y’ +5y =2%+2sinz
‘We first solve the homogeneous equation
y"+6y" +5y=0
‘We assume a solution of the form
Y= baz"
n=0

Substitution gives

Z n(n-1)bz" 2 +6 Z nbpa™ +5 Z bpz™ =0

n=2 n=1 n=0

Therefore -
S [(n+2(n+ D)bpsz + 6(n + )byt + 5b, ]z, =0

Therefore

(2by+6by +5bg ) +(6bg+12by+5b; ) z+(12b4+18bg+4by )2 +(20b5+24by+5b3 )z +++- = 0

Hence
5 31 13 155
by ==3bi—5bo , by =bi+bo s by=—bi- by, o
Therefore 5 155
ui(z) = by [1 - Ezz +52% - ﬁfl + ]
and

us(z) = by [z — 322+ %113 - %z‘* + ]

Then we use the full equation to find a particular solution. Clever method(always
works)....
Y’ +6y’ +5y =2? + 2sinz (A)

We assume that

4 (0) =u(0) =0 , u(0) =uf(0) =0
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Problem 5-8 p2

Then we have from (A)
u® (z)+6uV (2)+5u® (z) = 22+2sinz - u® (0)+6u® (0)+5u@(0) =0 » u?P(0) =0
Continuing we have
u® (z)+6u® (z)+5u) (z) = 20+2 cos & — u® (0)+6u (0)+5ul" (0) = 2 > u®(0) = 2
u® (z)+6u® (z)+5u) (z) = 2-2sinz - u® (0)+6u® (0)+5uf? (0) = 2 » u®(0) = -10
u® (2)+6u® (z)+5ul) (z) = -2 cosz - u® (0)+6u® (0)+5u? (0) = 2 » u® (0) = -48
Therefore using the standard form of a power series we have

T 2 3 3 zt 52
(@) = uf” (0) + e (0) [y + uf” (0) gy +15” (0) 37+ (0) 3 + ¥ (0) g+
or

LA AR NI

o *
up(z)=2§—101 +485! 3 12 5

General solution is

u(z) = crus (2) + coua(z) + up(z)
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Problem 5-9

For the equation

d?y . dy oy
ﬁ+2£+y-2t y(0) =0,y'(0) =0

using the Laplace transform method gives

s2Y () - sy(0) - y'(0) +25Y () — 2y(0) + Y (s) = %
%Y (s) +2sY(s) +Y(s) = j_z
Therefore ) \

Y(s)=

s2(s2+2s+1) - s2(s+1)?
or (using partial fractions)

2 2 2

-4
A i s A FS 1

so that
y(t) =—-4+2t+2(1+t)e
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Problem 5-10

We have the equation
u” +9u = 22 +sin 2z
The solution is u(x) = uy(x) +u,x where uy(z) solves
uy, +9up =0
and u,(z) is any solution of full equation. Now exponential substitution

up(z) = e gives
?+9=0->a==+3

so that the homogeneous solution is
up(z) = (C cos 3z + Cy sin 3z)
and we let u,(z) = Az? + Bz + C + Dsin 2z so that we get by substitution
2A-4Dsin2z + 9Az? + 9Bz + 9C + 9D sin 2z = 22 +sin 2z
or
2A+9C =0; 9A=1; -4D+9D =1;9B=0-> A=1/9,B=0,C =-2/81,D =1/5
Therefore

u(z) = Cy cos 3z + Cysin 3z + 81—1(922 -2)+ %sin 2z
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Problem 5-11

‘We have the equation
u” +6u +10u=cos2z u(0=u'(0)=0
The solution is u(z) = uy(x) + u,z where u,(z) solves
uy, + 6uy, + 10up =0
and u,(z) is any solution of full equation. Now exponential substitution

up(z) = e>* gives
?+6a+10=0->a=-3+i

so that the homogeneous solution is
up(z) = e (C cosz + Casinz)
and we let u,(z) = Acos2z + Bsin 2z so that we get by substitution

—4Acos2z-4Bsin2z-12Asin22+12B cos 2z+10A cos 2z+10B sin 2z = cos2z

or
-4A+12B+10A=1 and -4B-12A+10B=0- A=1/30,B=1/15
Therefore
u(z) = €3 (Cy cosz + Cosinz) — 31—0(cos2z +25in2z)
This gives

u(0) =0 = C,+1/30 and w/(0) = 0 = ~3C; +C,+4/30 - Cy = =1/30,C; = —7/30

Thus,
1
u(zx) = “% [e73(cosz + Tsinz) - cos 2z - 2sin 2z]
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Problem 5-12

‘We have the equation
J+2y+ 10y = 26sin2t
The solution is y(zt) = yx(t) + uy,t where uy,(t) solves
Bp +29p + 10y, = 0
and y,(t) is any solution of full equation. Now exponential substitution

yr(t) = et gives
a?+20+10=0->a=-1+3i

so that the homogeneous solution is
yn(t) = e*(Cy cos 3t + Cysin 3t)
and we let y,(t) = Acos2t + Bsin2t so that we get by substitution
-4A+-4B+10A=26 and -4B+4A+10B=0->A=3,B=-2
Therefore
y(t) = e*(Cy cos 3t + Cpsin3t) + 3sin 2t — 2 cos 2t

The initial conditions then give

y(0)=1=C1+2->C1=3;9(0)=0=3C,-3C1 +6 > Cy =1

Thus,
y(t) = e*(C3cos 3t +sin 3t) + 3sin 2t — 2 cos 2t

62



Problem 5-13 p1

We have the equation
220" +au —u=9

We use the "variation of parameters" method involving the Wronskian. Let
me review the method. Consider the equation

u” + Py(z)u' + Pi(z)u = g(z) (A)

A general solution is found by adding a particular solution u,(z) to a general
solution of the homogeneous equation, to obtain

u(z) = crur(z) + coun(x) + up(z)

where u;(z) and us(z) are solutions to the homogeneous equation.
u” + Py(z)u' + Py (z)u=0

To find a particular solution, assume that the solution has the form

up(z) = vi(2)ur(z) + v2(7)u2(2)
If we differentiate we get

Uy, = V1 + Vgt + ULV + Ug
We seek a solution such that
wv] + upvy =0 (B)

We are free to impose this one restriction on v; () and va(z) without loss of
generality as the following analysis shows. We have

/ / /
Uy, = VU] + Vo
Differentiating we get
P Il s
uy = viuf +vauy + viug + vyuh
Substituting into (A) we get

vy (ug + Poup + Pyuy) +vs (ug + Pous + Prug) +vjug +vaus = g(z) (1)
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Problem 5-13 p2

The quantities in parentheses are both zero since u; and uy are solutions of
the homogeneous equation. Hence,

viuy + vpup = g(x) (©)
(B) and (C) are now solved simultaneously to find

uzg(z)
U Uh — UgU]

u1g(x) (D)

/
vy =
U Uh — UgUl]

o=

The quantity in the denominator is the Wronskian W of u;(z) and us(z),
W (z) = uyuh — uguf
We now integrate (D) and obtain
vi(z) = - / 1;}2[/—‘{1111 , va(z) = f %dr
A particular solution is then
up(z) = —ulf 1{;—gdz+u2_/- %}qdz (E)

and adding the homogeneous solution gives a general solution.

Now returning to the problem, this equation has basic solutions
u =z,up =1/z

Therefore the Wronskian is given by

u ue| |z 1z _2
i s

We get g(z) from (A)
1 1
zzu”+zu’—u=9—>u”+;u’—;u: % =g(z)

Hence, using (E) we have
9

19
z2? 1 raz 9 9
ul,(x)=—zf¥dz+ / 7%111:—5—5:—9

T

Fi
inally, o
u(z) =z + ;—9
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Assignment 6

Problem 6-1

If the equation is imagined divided through by (1 — z2) it is straightforward to
see that, although z = +1 are singular points of the equation, the point z =0 is
an ordinary point. We therefore expect two (uncomplicated!) series solutions with
indicial values 6 = 0 and o = 1.

(a) ¢ =0 and y(z) = 3" a,z" with ag # 0.
Substituting and equating the coefficients of z",
@ w @
(1— zz)Zn(n - l)a,,z"’z -3 Znanz" + /".Za,,z" =0,
n=0 =0 n=0
(m+2)(m + )ams2 — m(m — 1)a, — 3ma, + Aa, =0,
gives as the recurrence relation

mm—1)+3m—2  mm+2)—2
m+2)m+1) "

G2 = T m+)m+2) ™™

Since this recurrence relation connects alternate coefficients a,,, and ay # 0,
only the coefficients with even indices are generated. All such coefficients with
index higher than m will become zero, and the series will become an Nth-degree
polynomial Un(z), if 2 = m(m + 2) = N(N + 2) for some (even) m appearing in
the series; here, this means any positive even integer N.

o

To construct U,(z) we need to take 4 = 2(2 + 2) = 8. The recurrence relation

gives a, as
_ 0—38 @

0+1)(0+2)

(b) o =1and y(z) =z, a,z" with ag # 0.

Substituting and equating the coefficients of z+!,

a =—day = Us(z)=ap(l—4z?).

B B «
1=z (n+Dna,z"" =33 (n+ Da2"™' + 1Y a2 =0,
n=0 =0

n=0
(m =+ 3)(m + 2)ams2 — (m + )may, — 3(m + 1)am + Aam =0,
gives as the recurrence relation
m(m+ 1) + 3(m + 1)—}.a _(m+1)(m+3)—2
(m+2)(m+3) " (m+2)(m+3)
Again, all coefficients with index higher than m will become zero, and the series
will become an Nth-degree polynomial Uy(z), if 2 = (m+ 1)(m+ 3) = N(N +2)
for some (even) m appearing in the series; here, this means any positive odd
integer N.

am+2 = Am-

To construct Us(z) we need to take 4 = 3(3 + 2) = 15. The recurrence relation
gives az as
3—-15

RSO E R——

a

Thus,
Us(z) = ao(z — 22°).
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Problem 6-2

Putting the equation in its standard form shows that z = 0 is a singular point of
the equation but, as 2z(1 — z)/4z and —z%/4z are finite as z — 0, it is a regular
singular point. We therefore substitute a Frobenius type solution,

@
yz)=12" z anz" with ag # 0,
n=0
and obtain

©
43 (n+0)n+o—Daz"!
n=0

@ o
+2(1—2z) Z(n +0)anz" T — Z a,z"t" = 0.
n=0 n=0
Equating the coefficient of z°~! to zero gives the indicial equation as
4o(c —1)ag+20a0=0 = =0, 1
These two indicial values do not differ by an integer and so we expect both to
yield (independent) series solutions.

(a) o =0.
Equating the general coefficient of z™ to zero (with o = 0),

4(m + 1)mayy + 2(m + 1)ay41 — 2ma,, — a, =0,
gives the recurrence relation as

_ 2m+1 _ ap,
= Y m+ DEm+ 1) 2m+ 1)
= ap=

%
2mm!’

@ n
z
= yx)= apz’ E i ape’?.
n=0 <"

Substituting this into the original equation yields
&2 &2
4aozT +2a(1 — Z)T —age’? =0,
which is a valid equation and thus verifies the solution.
o=}
Equating the general coefficient of 2"} to zero (with ¢ = %),
Am+ 3)m+ Dyt +2(m + s — 20m+ Day — a, =0,

gives the recurrence relation as

@ _ 2m+2 P ay,
T Cm+ 3)2m+2) " 2m+ 3
aog 2"m!ay

= ay

TI135@m+l) @m+r
and the second series solution as

1
= 2"n! "2
Y =a0d o
n=0
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Problem 6-3 pl

‘We have the equation
362%y" + (5-92%)y =0

We use the method of Frobenius. We assume a solution of the form

y=z° z a,T" = Z apx™ts (A)
n=0 n=0
This gives
y'= Y (n+s)ae™ (B)
n=0
Y=Y (n+s)(n+s-1)a,z"*? ©)

=

We substitute (B) and (C) into (A) to obtain
36) (n+s)(n+s5-1)a,z™* +5) anz™* -9 a,a™**? =0

n=0 n=0 n=0
Expanding out we have
(36s(s—1) +5)aoz® + (365(s +1) +5)arz°* + [(36(s +2)(s + 1) +5)az — 9ap|z**?

+..+[(86(n+s)(n+s-1)+5)an, - 9a,2]z" +....=0

Now the total coefficient of each power must be zero. From the coefficient of
z° we get

(36s(s—1) +5)ag=0-36s2-36s+5=0->5=1/6,5/6
This equation for s is called the indicial equation. From here on we solve two

problems, one for each s value. A linear combinations of the two solutions
so obtained is the general solution of the problem.

For s =1/6, the coefficient of a, gives
(36s(s+1) +5)ay = (6(7/6) +5)ay =12a; =0 > a; =0

The relationship among the rest (n > 2) of the coefficients is given by the
™% term, i.e.,
9

[(36(n+1/6)(n-2+1/6)+5]ay~9an-2] =0 > a, = 360+ 1/6)(n -2+ 1/6) Fdn-2
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Problem 6-3 p2

or
9 9

T36(2+1/6)(1+1/6)+5° 96

3
as ap = 2—5(1,0

and similarly
3 o
M5 pgn™
and so on.

Using the same process for s = 5/6, we get

3
32
by= Wbo
and so on. The general solution is then

y=Azl/ﬁ(1+iz'2+ 144....)4.315/6(14.3124_ifh_...)
25 26 721

32
5-210
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Problem 6-4 p1l

We have the equation

2%y -6y =0 (A)
We use the method of Frobenius. We assume a solution of the form
Y=2°Y a2" = Y, apz"** (A)
n=0 n=0
This gives
Y= 3+ )aant (B)
n=0
Y=Y (n+s)(n+s-1)a,z"*? (C)
n=0

We substitute (B) and (C) into (A) to obtain
Y l(n+s)(n+s-1)-6lag™* =0
n=0

Expanding out we have
(s(s —1) = 6)agz® + (s(s + 1) —6)as + [((s +2)(s + 1) — 6)agz**?
+o.+[(n+s)(n+s-1)-6)a,lz"*+...=0

Now the total coefficient of each power must be zero. From the coefficient of
z° we get
s(s-1)-6)ag=0->s"-s-6=0->5=3,-2

This equation for s is called the ¢ndicial equation. From here on we solve two
problems, one for each s value. A linear combinations of the two solutions
so obtained is the general solution of the problem.

For s =3, the coefficient of a, gives
(s(s+1)-6)a;=6a;=0->a;=0

The relationship among the rest (n > 2) of the coefficients is given by the
™S term, i.e.,

[(n+s)(n+s-1)-6)a,] =0=[(n?+5n)a,

This says that a, = 0 for all n # 0. Thus, the solution that corresponds to
s =3 1is just apz® = apx® or y = Ax3.
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Problem 6-4 p2

In a similar manner, for s = -2 we also find a, = 0 for all n # 0, so the
corresponding solution if y = Bz=2.

The general solution to the differential equations is
y = Az® + Bx~?

We note that the differential equation is an Euler or Cauchy equations and
can also be solved by other methods.
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Problem 6-5 pl

We start with f”+2(z-a)f'+4f =0 and set f(z) = g(z) wherez=z-a.
The differential operators are interchanged, i.e.,

d _d a2 d?

dz~dz a4
The resulting equation for g(z) is
9" +2zg' +49=0

‘We assume a solution of the form

g9(z) = X;]anz"

Sn(n-1)a,z"2+2Y naa"+4) a,z" =0
70 70

n=0
Equating coefficients of 2™ to zero then gives
e 2m +4 2
T T e 2)(mA1) " mA1 ™

Since this recirrence relation relates indices differing by 2, we can obtain
the two linearly independent solutions by taking (i) ag = 1,a; = 0 and (ii)
ap=0,a; =1.

(i) ap=1,a,=0
Here, only even powers of z appear and we can write m = 2p. The
expansion coefficients are then given by

2 _ (~1)r2eoepl
2p-1 2177 (2p)!

agy =

ao

and the solution is

fo(2) = go(z) = ao > MIQ" =ap i 4yl

>, an)! 2y G

(z-a

(ii) Here only odd powers of z appear and we can write m = 2p+1. Expan-
sion coefficients are then given by

A2ps1 = — 5 A2p-1 = —

2p
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Problem 6-5 p2

and the second solution is

f1(l) - 91(2) = 2%9:2"“ =a 2%(2_0[)%” = al(z_a)e*(zfah

The general solution is any linear combination of fy(z) and fi(z).
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Problem 6-6 pl

We have the equation

22y~ 32—zy’ +(1+2)y=0

‘We assume a solution of the form

oo

y= Z an:rvﬂo
n=0
Substituting gives
— n+o 3 - n+o - n+o
¥ a2 ==Y an 2+ (L+2) D) ap 2™ =0
n=0 2.5 n=0

The indicial equation is
3 , O
[0(0—1)—§0+1]ag=0—>0 —§0+1=0—>0=2,1/2
(a) Setting o =2 and equating coefficients of z+2 to zero gives

(2+m)(L+m)am, - ;(2 + M)A, + G+ A1 =0

—>am(2+3m+m2—3—gm+1] P

5 am[m(g +m)] = ~am 1

Repeated application of this relation gives

Ay = 2 a, = (_l)QO ay
T T mEm+3) ™ ml[(2m+3)(2m+ 1)-5]

_ C)m2mgmi(ma 1)l

"o m!(2m +3)! 0

_6(-1)m22m(m +1)
Y= T megy @
leading to
o0 _1)ym92m
y1(Z) =A22 Z 6( 1) 2 (m+1)zn

(2m +3)!

m=0
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Problem 6-6 p2

(b) Setting o =1/2 and equating coefficients of 2*1/2 to zero(same proce-
dure as above) gives

(% +m)(—% + M)A, — g(% + M)A, + A + A1 =0

an(4m? -1-3 - 6m +4) = ~da,,

which reduces to

2
i T
In particular, for m=1,
2
ay = —ﬁﬂ.g =2ay
For m > 2,
o = (-1)migm-igm=2(m-2)!  (-1)m122m2q,
™ ml(2m - 3)! o7 8m(m—-1)(2m - 3)!

and the second solution is

_ R,1/2 1.8 (-1)m-122m
ba(z) = B2 (1+2”'Z,§0m(m—1><2m—3>!)

The general solution is

y(2) = Ay (2) + Bya(2)
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Problem 6-7 pl

(a) We have the equation (1 - z)u’ +u = 0. We assume a solution of the
form

u(z) = Y bpz"
n=0
Substituting we get
Y bzt = Y nba™ + Y bz =0
n=1 n=1 n=0

or

i(n +1)bpz” - i n(b,z™ + i bz =0
n=0 n=0 n=0
or

M+ 1)bpsy - (n-1)b,]z" =0
n=0
This says that
by==by, bp=0 and b,=0,n>2

Hence,
u=by(l-z)

®

We have the equation (z? - 1)u” —4u = 0. We assume a solution of the
form

u(z) = ibnx”

Substituting we get

(22-1) Y n(n-1)bz" 2 -4 buz" =0
n=2 n=0

or
Yon(n-1)baz" - Y. n(n-1)b,z" 2 -4y buz" =0
p= =2 70
Therefore

~2by — 4bo — (63 +4b1)z + Y. [n(n—1)by — (n+2)(n+ 1)npea —4by]z" = 0
n=2

This says that
—2by +by =0, 6bg+4b; =0
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Problem 6-7 p2

and (n-1)-4
n(n-1)-
bpi2=
2= ey 20
Therefore,
-4 -2 2k(2k-1) -4
by=— , by=— s bok = — b
2557 T , Dok 2h(2k—1 2k-2
or b
ba = (~4)(=2)-~[2k(2k ~ 1) — 4] o=
o= (-0)(-2)-[2k(2k - 1) - 4]
For the odd subscripted coefficients we similarly get
-4 2 2%(2k+1) -4
by=o—=br , bs=——bg ,ceiinn boksr =~
3= 390 0 b5 = pabs y Doksr (2k+ )2k
or
—4.2-[2k(2k + 1) - 4]
boki1 = by

(2k+1)!

Finally the general solution is

u(z) =bo [1 +§:ﬂ (-4)(-2)--[2k(2k - 1) - 4]]

(2k)!
2 —4:2.[2k(2k +1) - 4] oy
+by [ﬂ“k;%x ]

—
o
~

We have the equation (4 - z2)u” +2u =0 u(0) = 0,/(0) = 1. We
assume a solution of the form

u(z) = Y bya”
n=0
We note that the initial conditions give
bp=0,b, =1

Substituting we get

(4- zz) Zzn(n - l)bnac"’2 +2 Z;)bnz” =0
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Problem 6-7 p3

Therefore,

oo

Yo[4(n +2)(n+1)bnse + 2b,]a™ - Y. n(n - 1)b,z™ =0
n=0 n=2
Hence,
4.2, 4200 =0, 4-3-2b3+2b; =0
and
A4(n+2)(n+1)bpo=(n-2)(n+1)b, n>2

Since by = 0 we have by, = 0 for all k.

Therefore,

-1 1 2k-3

bs = ﬁbl , bs= 5%453 - bogs1 = 74(2’“_1)

bZk—l

This implies that (using b; = 1)

-1-1-3-5(2k-3) _ 1
45.1-3.5-(2k+1)  4F(2k-1)(2k+1)

bags1 =

Therefore the general solution is
o p2ke2
UD) == k- D@+ )

d

=

We have the equation u” — 22w’ +sinzu =0 u(0) = 0,/ (0) = 1. We
assume a solution of the form

u(z) = iﬂbnz”

We use
. 3
smx=w—§+---
We note that the initial conditions give
by=0,b;=1

Then substitution gives

oo 3
Y n(n-1)ba" 2 -2 Y nb,a™ + (w T ) bzt =0

n=2 fovec} 3!
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Problem 6-7 p4

As in parts (a) - (c) we get

2b;=0, 6b3=0, 12b4+1=0, 20b5—-1=0---

and the general solution is

u(z)=z- %1‘4 + %15 + o
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Problem 6-8

pl

We are considering general equations of the form
(a) We have the equation
2z(1-z)u” +u' —u=0

We assume a solution of the form
u(z) = Y anz™"
n=0

so that

u'(z) = Y (n+7)az™ "t
n=0

u'(z) = i;(n +7)(n+7r-1)az™?

Substituting we get

2z(1-2) ) (n+r)(n+r-1)a,z™" 2+ Y (n+r)az™ ' = Y a,z™ =0
n=0 n=0

n=0

or
i [2(n+r) (n+r-1)+(n+r)]a,z™ 1= i [2(n+7r)(n+r-1)+1]a,z™" =0
n=0 n=0

Therefore we get
[2r(r - 1) +7]agz"™*

+ i[[2(n +r+1)(n+r)+(n+7+1)]ap - [2(n+7)(n+r-1)+1]a,]z™" =0

which says

2n+r)(n+r-1)+1

an , n20
2n+r+1)(n+7r)+(n+r+1) "

22 r=0->7r=0,1/2, =, Q1=

Now for r =0,

2n(n-1)+1

QAnys1 =
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Problem 6-8 p2

leads to 1 1
a=1, @=5, G5
and 1 1
ul(z)=1+z+ézz+ﬁz3+-~
For r=1/2,
202n+1)(2n-1) +4
ntl = " o enTa oy On =1
S T onr2)(2n+3) 0 Y
leads to
al—l s a2—i »
3 2-3
and
1 2 1/2
uy(z) =1+ z+ -2+ |z
and

1 1 1 1
u(@)=e[l+z+ 812 + Ezs o]+ e[l + 3o+ 512 + o]zl

(b) Same approach as (a). We have the equation
422(1-z)u" - zu' + (1-2)u=0
We assume a solution of the form
u(z) = Z a, ™"
n=0
so that -
u'(z) = Y. (n+7)aa™" !
n=0
u’(z) = 3 (n+r)(n+r-1)az™"?
n=0

Substituting we get
(4r(r-1) —r+1)apz"

+i{[4(n+r)(n+r—1)—(n+r)+1]a7,+[4(n+r—1)(n+r—2)+1]an,1}:0

n=1
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Problem 6-8 p3

Now 4r(r-1)-r+1=0-r=1,1

Forr=1

(2n-1)2
anzman,l ,a=1
S0
1 9 1
wig ety
and
ul(z)=x[1+%z+%x2+---]
Forr=1/4 ( y
4n -5
= 471(4‘n—3)am1 » G0=0
4’ 854"
and
uz(z)zl/4[1+lz+izz+---]
4 160
and

u(z) = czfz [1 + lz + izz + ] ezt 1+ lz + ixz + ]
7 154 4 160

o
N>

Same approach as (a). We have the equation
222" + 2’ + (4/9)u =0

We assume a solution of the form
u(z) = Z ap ™"
n=0

so that

oo
u'(z) = Z(n +7)a,z™ !
n=0

u'(z) = Y (n+r)(n+r-1)a,a™"2
n=0
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Problem 6-8 p4

Substituting we get
[2r(r-1) +4/9]a + 022
+ i {2(n+r)(n+r-1)+4/9]a,+(n+7-1)a, 1} 2™ =0
n=1

Therefore

2r(r—1)+4/9=0- (3r-2)93r - 1) =0 > r=2/3,1/3

For r=2/3
2 (3n-1)
A L S N |
BT AT T i
Then
ORI S R
R T U ¥ ST
50 1 5
ul(z)=zz/3[1—§z+m12+---]
Forr=1/3
2 (3n-1)
= o Ta v a3 0n-1 , G0 =1
T Bn-2)Bn-n " P
Then
o L4
R T U P TP
SO 1 4
u2(1)=11/3[1—§.’r+m12+---]
and

u(x) = 2?3 [1 - La: +

o %124,...]4,0211/3 [1—8%1+ 4 +]

2
532"

C

Rawd

Same approach as (a). We have the equation
3zu”" +2(1-z)u' -4du=0

‘We assume a solution of the form

o
u(z) = Z apx™"

n=0
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Problem 6-8 p5

so that .
U(z) =Y (n+r)a.g™ "t
"0
u(z) =Y (n+r)(n+r-1)a,z™ >
"0
Substituting we get

Y[B(n+r)(n+7-1)+2(n+71)]a,z™" !

n=0

=23 (n+71+2)a,z™" =0
n=0

Therefore
2(n+r+1
r(3r-1)=0-r=0,1/3 , aN:W%J
Forr=0 a(n+ 1)
n+
an_man—l , a0=1
Then
2 Bt TR T k-
50
o - 2k(k+1)
b 9.5.8(3k-1)
and P(k+1)
+
ul(m)=[1+21+---+mz’c+m]
For r=1/3
g o2 Sn+d an=1
" 3nGn+1) vt 0T
Then
=2l g o210 2 3k+d
1T31.4 0 P32 T 3kBk+1)
SO
a _(g)k3k+4
*"\3) k!
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Problem 6-8 p6

and .
uy(z) = o131 + gz et (%) 3k];!'4zk +0]
and
k k
u(z) :Cl[1+21+«-~+%1k+“‘]+CzII/3[1+gz+--~+(§) 3kk?4z"+~-‘]
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Problem 6-9 p1l

‘We have the equation
22 —z(l+z)u +u=0
where one solution is given as u;(z) = ze®.

The solution method for the second solution will use the Wronskian as follows.
An equation of the type

2" + zpo(z)u +pr(z)u =0

always has a solution in the form
uy(z) =™ Y @z, ag#0
n=0

for some 7;. We know from general principles that there exists an indepen-
dent solution u,(z) in some interval a < < b. The Wronskian W (z) of u;(z)
and uy(z) is defined as

W(z) = ua(z)us(2) - ui(z)uz(z)
Now, in general, we have
W'(x) = uyufy + ujuh — uhu] — uguf = uyuf — uguf
= ur[~potth — pruuz] — ua[-potsf - prus] = —polurts — ujuz]
=-poW(z)

so that
W(z) = Ke /po(@)/z)d=
Setting the two expression for W (z) equal to each other we get

w@u@) - @@ K e d (uz(z))

u(z) o) iz \u(z)

Thus,

u(x) 'Kf 1 )e‘/[Pn(I)/I]dz-

u(z) ui(e

so that we can obtain a second solution if we know the first solution. We get

-2 . = e
Up = Uy f > e (D)f2)dz gy - por f —e" T = ge® f —dz
z z T
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Problem 6-9 p2

or
2 1 2 2
Uy :z(1+z+%+m) f (; -1+ g +~~~)dz = z(1+z+%+~~~)(lnz—z+%+m)

or
up = ze*lnz — 2% + -
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Assignment 7

Problem 7-1 p1

Wave equation

%y 109%

dz2 v ot?
Assume

y=X(2)T(t)

which gives .
X"+k*X =0 , T+k%*T=0
Basic solutions are
sin kz sinwt
sin kz coswt
coskz sinwt
cos kx coswt

where k=27/\,w=2mv , A=v[v ,w = kv Since string is fastened at z =0
and z = L, we must have y = 0 for these values of z and all ¢t. This means
that we only want terms with sinkz and we must also select kL = nw. The
basic solution then become

o nmz nrz
SIn =7~ COS ~7°

_ {Sin I gin Movt
The particular combination of these solutions that we should take to solve
the problem depends on the initial conditions. In this problem we are given
that the initial displacement of the string is yo = f(z) and the initial velocity
of points of the string is V' = (9y/0t).-o = 0. This means we must assume a
solution of the form

& . nmx nmut
y =) bysin — cos
,LZ;; " L L

The coefficients b, are determined so that at ¢ = 0 we have yo = f(z), that is

i . nrx
Yo = ansmT = f(z)
n=1

where
Sy O<z<k
f@)={% (5-z) Eeack
0 Leg<l

4
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Problem 7-1 p2

Then

b, :2[/-”8 &zsinmdz+fL/4%(é—z)sinmdz]
" LlJo L L L;s L \4 L
=ﬂ(2sinﬂ—sinﬂ)
n?n? 8 4

We then have a solution for the vibrating string

16h i 1 " nrr smrvt
=—- ) —sin—co
L) “n? L L
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Problem 7-2 p1

The wave equation in two-dimensional rectangular coordinates is

2 Pz 10z, XY'T _1XYT X" Y"_

17 o,
o v T Xy Tuxyr C x v et XD

Each of the three terms is a function of only one variable; therefore each of
the terms must be constant. We put

X , Y ) T
=k, =k, o

e, Y -2+ B

7=
The solutions are

X {sinkzz y - {sinkyy Tz{sinut\/k§+k§

cos kz T " | coskyy cosvty/kZ + k2
Since the membrane is attached to supports along the sides, we must have
X=0atrx=0andz=a , Y=0aty=0andy=0>

‘We use the sine solution to make X = 0 when z = 0. At z = a we want
sink,a = 0 so k, = n7/a, and X = sin "2, Similarly ¥ = sin ™¥, and

a

_ {sin (vtm/(n/u)2 + (m/b)z)
cos ('utrr\/ (nfa)?+ (m/b)z)

Thus the frequencies are given by

i = 5/ (nfa)? + (mfb)?

The first few normal modes of vibration are:
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Problem 7-2 p2

. — ——

For a square membrane of side a, the frequencies are
Vo = Xt em?
2a
The 5.5 and 7,1 modes both have the frequency

v
Uss = U7 = EV 50
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Problem 7-3

We know the procedure now from problems 1 and 2 in Assignment 7, therefore
we can write.

If u(0,t) = 0 and u(z,0) =0, then
u(z,t) = Asinkz sinwt

where u(L = 7,0) = 0 implies that kL = nm or k = n and using v = 60, we
have w = nv = 60n, so that

un(z,t) = A, sinnz sin 60nt

and general solution is
u(z,t) = ), Ansinnzsin60nt
n=l

Now the initial condition is

P 0 O<z<m/4
a"(z,o) =120 n/4<z<3n/d
0 3mfd<z<m

Then we get

20 nm 3nm
~——(cos — —cos ——)

A 3r/d i
-z 20si -
" fm Osinnedz = G50 1 1

and thus solution is

2 nmw 3nm, . .
t) = —_— = - +
u(z,t) nE:1 T (cos 1 s ) sin nz sin 60n
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Problem 7-4 p1

The heat flow or diffusion equation is
Viu=—— (A)

where u is the temperature and o2 is a constant characteristic of the material.
Let is separate (A) in stages First, we assume

u=F(z,y,2)T(t)

Substitution into (A) gives

1 0T
TV*F=—F—
v a? 0Ot
Now dividing by FT gives
loep_11dT
F' " oTdt

The left hand side is a function only of the space variables z,y, z, and the
right-hand side is a function only of time. Therefore both sides are the same
constant and we have

%VQF = k2> VF+ K F=0
and 11dr T

777=_2 7:_2 2

ETa - g e

The time equation can be integrated to give
T = ko’

We can now see a physical reason for choosing the separation constant (-k2)
to be negative. With this choice, as ¢ increases the temperature of the body
decreases to 0.

The space equation is the Helmholtz equation. We are considering a bar 10
cm long with insulated sides, initially at 100° Starting at ¢ = 0, the ends are
held at 0°. Because of the insulated sides, the heat flow is in one direction
only (say z). Thus, our boundary conditions are u(0,t) = 0 = u(L = 10,t) We
also have u(z,0) = 100.
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Problem 7-4 p2

The space equation is then

&>?F
ﬁ+k2F=0

with possible solutions
sinkz
coskz

F(z)= {
and the possible complete solutions are

e ek ot gin kx
ekt cos k.

We discard the coskz solution since u =0 at z = 0. We also want u = 0 at
z = L =10 which implies that 10k, = nm. Thus the possible solutions are

nra)2 nmwx
Uy, = e (o) tsin ——
" 10
and the general solution is

o)l . NTE

)= $ Ape (") tsin =
u(z,t) nz::l e T
Finally, we impose the initial condition
w(z,0)=100= Y A, sin T2
i 10

so that

10 10
a4,-2 f 100sin 2% 4z = 20 f sin 778 g
10 Jo 10 0

10
10 nrz\[** 200 . 40 bdd n
_zoE(-cosW)L S () -1]_{0 oddn
Thus we have a solution
400 & 1 _(nmay2 nrT
== e (%)t gip 2TE
u(z,t) - ngdne ) sin =
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Problem 7-5 p1

The heat flow or diffusion equation is
Viu=——— (A)

where u is the temperature and o? is a constant characteristic of the material.
Let is separate (A) in stages First, we assume

u=F(z,y,2)T(t)

Substitution into (A) gives

1 0T
2p -
v F‘azFat
Now dividing by FT gives
lpp_ 11dl
F' 7 oa?Tdt

The left hand side is a function only of the space variables z,y, z, and the
right-hand side is a function only of time. Therefore both sides are the same
constant and we have

1
szF =k’ > V*F+k*F=0
and 11dT T
S8 g2 8 g202
aTa - F el
The time equation can be integrated to give
T = ¢ Kot

We are considering an infinite bar of thickness d. Because of infinite size in
directions other than z, the heat flow is in the z direction only. Initially at
t =0, the end z =0 is held at 0 and the end z = d is at 100. Thus, the initial
steady-state temperature distribution uy whiuch satisfies Laplace’s equation,
which in one dimension if

d?uy

~—9%_9
dz?
This has a solution ug = az + b, where a and b must be chosen to satisfy the
initial steady-state situation. Thus we have

10(0,0) =0 - b =0 and uy(d,0) = 100 - a = 100/d
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Problem 7-5 p2

or
w0,
0T

The boundary conditions are u(0,t) = 100 and u(d,t) = 0.

The space equation is then

&2F
E+k F=0

with possible solutions
sinkz k>0
F(z)={coskz k>0
mx+p k=0
and the possible complete solutions are

ek et gin kx
w=
ek’ coskx

and the general solution is
u(z,t) = Ze’kz"z‘(bk sinkz + ax coskz) + mz +p (B)
B
As t - oo we see from (B) the u = mz + p which must be the final steady
state uy. We solve for u; in the same way we solved for uy, i.e.,

d?uy
dz? 0

This has a solution u; = mz + p, where m and p must be chosen to satisfy
the final steady-state situation. Thus we have

up(0,0) = 100 - p = 100 and u(d,0) = 100 - m = -100/d

or

us = —%z +100
so we have
et 100
u(z,t)=Y e (b sinkz + ay, coskzx) +100 - =t (B)
k
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Problem 7-5 p3

Now we must satisfy the conditions w =100 at z =0 and v = 0 at = = d for
all ¢. From (B)
100=Y a;+100 > a, =0
B
0= bysinkd > k=nr/d
k

So finally we have

u(z,t) = ¥ e (5 1, sin ? +100- %z (©)
Finally, we impose the initial conditions
Ug = %x = ;(b71 sin ? +100 - %z
so that 200
. nmz
ansmT =T 100

n

We then have

2 e (200 . NTT

bn_&.[n 1(71—100)&117@
_400-/‘d . mrzd 200 LI mrmd
= J, vsin—de-—= | sin—r—ds

o 400 200\ 200 n 200
e B S (G R
400

nm
=——— n even (otherwise =0)
nm

nm nm

Thus we have a solution
u(z,t) =100 - @z - @ Z 16’(%)2‘ sin?

d T p&en T
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Problem 7-6 pl

Initially the temperatures are
u(0,9) =0, u(l,y) =100 , u(2,y)=0

For each slab, the temperature is linear, uy = ax + b , where a and b must be
found for each slab.

For the first slab:

up =0 when z =0 and uy = 100 when z = 1.
For the second slab:

ug = 100 when z =1 and 4y =0 when z = 2.
Thus, the initial temperature distribution is

100z O<z<l
Uy =
100(2-z) 1l<z<2

The final temperature is uy = 100 The temperature distribution as a function
of z and ¢ must be some linear combination of the basic solutions of the
heat flow equation (as we have already seen in problems 4 and 5 of this
assignment). When % > 0 these solutions are

2,2
we e+ e’tgin ky

= 2,2
e F et coskx

When £ =0, we have the equations

2
V2F=Oor%=0—>F=ax+b
ar
@ =0->T = constant

Thus, the basic solutions are

e R’ coskr k>0

eko’tsinkr k>0
w=
ar+b k=0
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Problem 7-6 p2

and we can write the solution to the problem in the form

w=3 e (b sinka + ay coskx) + az +b (A)
%

As t — oo, we can see from (A) that u = az + b; this must be the final steady
state uy, which is uy = 100 here. So we can write (A) as

w= S e ¥ (b sinka + ag coskz) + 100 (B)
G

Now we must satisfy the conditions u = 100 at « = 0 and = = 2 for all ¢. From
(B) we see that u = 100 if the terms in the series are zero. This will be true
for all t if we keep only the sine terms and take k& = nw/2. Thus, we write
(B) as
u=100+Y bpe~ (/) gin % (©)
n=1

When t =0, (C) becomes

uo =100 + ansin?

n=1
or
- nnx
-100= ) bysin —— D
g — 100 7;1 n sin — (D)

Equation (D) says to expand in a Fourier sine series, the function

_{1001'—100=100(z—1) 0<z<1

Uy = ug =
100(2- ) -100=-100(z -1) 1<z <2
We find
b, 2 1 . nmx 2 . nmx
ﬁ_i[_/; (a:—l)sdenc—_[1 (z—l)sdez]
2\2  nrz 2 v
+ [(H) sin ==~ E(z -1)cos T]o — [integral];
2\ (. . nr 2
_(E) (2s1n7+ﬂ(—1+cosn7r))
and thus
0, even n 0, even n
by =1007 £ - L n=1+4k 1 =400{ 2 -1, n=1+4k
SE A =34k S T A Y1

and the solution is (C) with these values for the b,.
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Problem 7-7

When the ends of the bar are insulated, we want g—; =0 at the ends. In
this case we use the basic solution as outlined in earlier problem solutions
containing cos kz, since then % = —ksinkz is zero at z = 0 and, with
k = nw/L it is also zero at = L. When k = 0, The equation is F”" = 0, so
the k = 0 solutions are = and constant. Since % = 0 at the ends, we use
only the constant which is already contained in cos kz with k = 0. Thus, the
temperature distribution in the bar is given by

u(z,t) = Y ane” /D% cog nre
270 L

We are given u(z,0) = z so the a,’s are determined by
& nrx
,0)=2= 1 COS ——
u(z,0) =z ;}a T

This says to expand z on (0, L) in a Fourier cosine series. We find

tn=2 [ roos ™= 2 (L) (con ™7 7 g 77
" LJo L L\nm L L L/
2L 0 even n
n?mr? (cosnm—1) = {—n%,z odd n

The constant term is called ay in the series instead of ag/2 as in standard
Fourier series; this mean that the integral for aq is given by’

a —lszalz—lL:—é
°"LJo L2 2
Thus,
L 4L 1 2 nnT
_L 4L 1 ey, OTT
w(z,t) 5~ o3 o%:n e cos —
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Problem 7-8

The equation governing the heat flow is
u _ ou

AT
which is the diffusion equation with diffusion constant x = k/s = 3.8 x 10%/3.4 x
106 = 1.12 x 10~ m?s~".
Making the usual separation of variables substitution shows that the time vari-
ation is of the form T(¢) = T(O)e""‘zf when the spatial solution is a sinusoidal
function of Ax. The final common temperature is 50 °C and we make this explicit
by writing the general solution as

u(x,t) = 50 + Z(A; sin x + B; cos Ax)e .
7

This term having been taken out, the summation must be antisymmetric about
x = 0 and therefore contain no cosine terms, i.e. B, = 0.
The boundary condition is that there is no heat flow at x = +a; this means that
0u/dx = 0 at these points and requires
2n+1)n

2a
where n is an integer. This corresponds to a fundamental Fourier period of 4a.
The solution thus takes the form

AA;COSAX|x=4a =0 = la=(n+%)ﬂ: = A=

®
u(x,) =50+ Y Aysin
n=0

(2n+ Dnx _(@n+1)’n?kt
a p 4a2 ’

At t = 0, the sum must take the values +50 for 0 < x < 2a and —50 for —2a <
x < 0. This is (yet) another square-wave function — one that is antisymmetric
about x = 0 and has amplitude 50. The calculation will not be repeated here but
gives A, =200/[(2n + 1)n ], making the complete solution
200~ 1 . (n+Dax ( (2n+ 1)2n2Kt>

in exp | —

u(x,t)=50+7n:0 i’ 2a 4a?

For a free end, where x = a and sin[(2n + 1)nx/2a] = (—1)", to attain 55°C
needs

L (=1 _(2n+l)2n21.12x10“'l _ 5m
& = 200

Zaom+1 4% 025 200 = 00785

In principle this is an insoluble equation but, because the RHS <« 1, the n = 0
term alone will give a good approximation to ¢:

exp(—1.105 x 1073t) ~ 0.0785 = t~2300s.
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Assignment 8

Problem 8-1

‘We have now solved several diffusion or heat equation equation problems, so
the procedure to use is clearly specified in early problems. In this problem,
I will assume that you have read the other problems and just put down the
bare minimum necessary to produce a solution here.

The diffusion equation is

o _oT
ot = Ox?
16 Xx”
1":(9(:5))((55)->E§:7=-52

O +kB20=0-0O(t) = e
X"+ %X =0 - X(x) = Asin Bz + B cos Bz

Therefore
T(z,t) = (Asin Bz + B cos fz)e "

The 8 = 0 solution is often of use in such problems. It leads to © = 0 and
X" =0, resulting in © = and X = azx +b. Therefore the most general solution
is
T(z,t) = az + b+ (Asin Bz + B cos fz)e "
Now
T(0,¢) =100 > b =0,B =0 - T(z,t) = az + Asin Bze "t

T(2,t)=0-a=0,8=nm/2>T(z,t) = Y Aue ™ sin HZﬂ
n=1

00 2
T(z,0) =100(20 - 2%) = 3 Ausin % S A, = fo 100(2z - 2%) sin ";r—zdz
Z
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Problem 8-2

This problem involves solving Laplace’s equation. We have a semi-infinite
plate of width 10cm where the temperature of the bottom edge [0 < z <
10,y = 0] is T = f(z) = z, the temperature of the sides [z = 0,y > 0] and
[z =10,y > 0] is 0°. The temperature T satisfies Laplace’s equation inside
the plate(no sources of heat), that is

0T N T
oz 9z
where we have used rectangular coordinates because of the shape of the

boundaries. We want T — 0 as y - oo and 7 = 0 when z = 0, so we use the
solution

VT =0

e ™ sinkx
We also want 7" =0 when z = 10 so we set
nm
sinl0k=0->k=—
7 0
Thus our basic solutions are
nnx
e /0gin % n=1,2,3,...
Any linear combination of these solutions is a solution to Laplace’s equation
satisfying the given boundary conditions on three sides of the semi-infinite
plate. We write
ad nwT
T =Y be ™™/ sin —— (A)
10
We then set T =z when y =0

ad nmT
T=x=) b,sin——
Zhn gy

This means we want to expand z in a Fourier sine series. We find
b _zfm LT _E(EY(» nre e m)
"T10d 0T 0 \nr) P00 "0 P10

20

n?m?

10

0

20
(—nmcosnm) = W(—l)"
The final solution is then

0o (_1\n+l
-2 5 D™ o g, T
TS N 10
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Problem 8-3

This problem involves solving Laplace’s equation. We have a semi-infinite
plate of width 20cm where the temperature of the bottom edge [0 < z <
10,y = 0] is T = 0 and [10 < z < 20,y = 0] is T = 100, the temperature of
the sides [z =0,y > 0] and [z = 20,y > 0] is 0°. The temperature T satisfies
Laplace’s equation inside the plate(no sources of heat), that is
8T  9°T
V=0 = +——=
~ 022 or2
where we have used rectangular coordinates because of the shape of the
boundaries. We want 7' — 0 as y - o0 and T =0 when z = 0, so we use the
solution
e sinkx
We also want 7" = 0 when z = 20 so we set
nm
in20k=0->k=——
sin - %
Thus our basic solutions are
. . nTT
e /20 gin 5 "C 1,2,3,.....
Any linear combination of these solutions is a solution to Laplace’s equation
satisfying the given boundary conditions on three sides of the semi-infinite

plate. We write
nn

T= "Z::l bpe "™/ sin 50 (A)
We then set
T-G(z) = 0 0<z<10
100 10<z <20
when y =0

nwz
20
This means we want to expand z in a Fourier sine series. We find

20
b, = 1 / 100sin ML e = @ (ﬁ) (—cosm)
20 Jio 20 10 \nm 20
400

—@(cosmr cosn—ﬂ)- Tam TOVER
T onw 27" 20 podd

T=G(z) =Y, basin
el

20

10

The final solution is then given by (A) with these b, values.
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Problem 8-4

The only change from problem 3 of assignment 8 is we cut of at y = 10
and keep the top edge at 0°.

The only change is to replace equation (A) in that problem with
ad nmw nwe
T =Y b,sinh —(10 - y) sin —— A
nz::l sinl 20( y) sin 50 (A)

so that T = 0 at y = 10. Everything else remains the same. What has
been done here goes as follows: we no longer have any reason to discard
the ek¥ solution since y does not become infinite. So we replace the linear
combination e~*¥ by ae* +be*¥ which is zero at y = 10. The most convenient
way is to use the combination

1, 1 1 1
Z pk(10-y) _ — ,—k(10-y) — —pl0k = __p 10k
28 29 —a 26 and b 28

which is zero at y = 10. This combination is exactly sinh k(10 - y) which is
what we used.

Then at y = 0 we want

oo

= nm nwe nwT
T=G(z)=) b,sinh—sin——= ) B,sin——
@) nzl 2720 & 20
where B, = sinh %'b,,. The Fourier coefficients B, are the same as the earlier
problem. Therefore we can write

40 1 neven
b o | nm R
=

200 __1 n odd

n sinh
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Problem 8-5 p1

We solve this problem by solving two problems(that we can do easily) and
adding them together. This works because the sum of solutions of Laplace’s
equation is also a solution and the sum of these two problems corresponds
to the problem we are trying to solve.

We have

Problem X: T =0 for [z = 0,0 < y < 30] and [z = 10,0 < y < 30] and
[0 <z <10,y =30]; T =100 for [0 <z <10,y =0]

Problem Y: T =0 for [z = 10,0 < y < 30] and [0 < z < 10,y = 30]and
[0 <z <10,y =0]; T =100 for [z=0,0 <y < 30]

Problem X+Y: T =100 for [z=0,0<y<30] and [0<2<10,y=0]; T=0
for [0 <z <10,y =30] and [z =10,0<y < 30]

Solve problem X: As indicated in problem 4 in this assignment, we now
assume the form
(ae*¥ + be ™) (Bsinkz + A cos kz)

We then have T' = 0 when z = 0 so we drop the cosine terms. We also have
T =0 when z = 10, so k = 5. We have T'= 0 when y = 30 and this can be
handled as earlier by writing

ae™ + be ™ = sinh %(30 -y)

So we have -
T= ;aninh %(30—;,) sin%
The B, are found from boundary condition at y =0, i.e., T'= 100
Nad nmT
1 b, sin ——
OOHZ:1 sin 0

where b,, = B, sinh 3nm. We find, using Fourier series

b, = @ n odd;b, =0 n even
nm

so that 400
nw nr
Ty = 20 sinh 25 (30 - y) sin -
X sinh 7o (30 -y) sin 0

n'oda v sinh 3nm
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Problem 8-5 p2

Solve problem Y: Here the solution are of the form
(ae® + be™®) (Bsin ky + Acos ky)

Since we want 7' = 0 when y = 0, we drop the cosine parts. We also want
T =0 when y = 30, so sin30k = 0 > k = nm/30. For the z part of the solution,
we need a linear combination of ek and e** which is 0 when = = 10. We use

sinh k(10 - z) = %(ek(m’z) — gk(10-2)

Then the series

Ty = ;aninh %(10—z)sin%

We want 7" =100 when z =0, that is
T =100 = Zaninhn s,mm Zb sin 7Y
n=1 n=1

where
bn
sinh %*
We expand in a Fourier sine series on (0,30) to find

30
bn 3()] 10()smmryd —@ECOSW

=

30 nm 30 lo
@(l—cosmr) OD neven
o nodd
Then for odd n,
_ 400
"~ nrsinh o
and thus . 100
Ty = —_— h 1 —
v n%;ld nsinh % sin ( 0- r)sm 30

Now the final solution (adding X and Y) is

T(z,y) =Tx + Ty
_ 400 1(

T n'odd ™

nm nmr
b ™7 (30 - ) sin "2
sinh 3 S0 79 (B0 - w)sin T

1 Yy
i = sinh —(10 z)sin %)
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Problem 8-6

From steady-state heat equation we have

Xll Ylf 5
X v ?
Therefore
T(z,y) = ¢, sin Bz + ¢y cos Bz) (czePY + cye™PY)
Now

T(0,y)=0-c,=0
Z—Z(m,o) =0->c3=¢4
Let coca = A. Then

2n-1
2

g—f(z,l)=0=A5cosﬂ(eﬁy+e’ﬁy)—>[3= T ,n=123 ..

‘We then have

T(z,y) = Z A, sin 271.2— lwz(e¥"’v‘ + e’¥”y)
n=1
Now
= . 2n-1 2n-1 _2n-1
T(z,1)=100= ) A,sin nz(e”r "+e T ")
n=1
and
1 -
Ap = % f Sinﬂﬂmdf = 3?9 Ty
ez "+e 2 " Jo 2 2n-Dm(es "+e 5 )
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Problem 8-7 p1

We have a solid semi-infinite cylinder with boundary temperatures u = 0
at r =1 and u =y =rsinf at z = 0. To find the steady state temperature
distribution we must solve Laplace’s equation in cylindrical-polar coordinates

D (0 10w By,
“ror\” 2962 " 922

To separate the variables, we assume a solution of the form

u=R(r)0(0)Z(z)

viu

or

Substitution and dividing by ROZ gives
11d(dR)+11d2u 1d2Z _

— - 77

Rrdr

147 A
6rd?  7d2 *)

The last term is a function of z only, while the other two terms do not contain
z. Therefore, the last term is a constant and ther sum of the first two terms
is minus the same constant. Thus we have

1d*Z ekz
e A

Z dz? - {
Since we want the temperature u - 0 as z - oo (semi-infinite cylinder) we

call the separation constant +k?(k >0 and then only use the e~** solution.

Next write (A) with the last term replaced by k?
11d (dR\y 11d*uv ,
rar U ) o = ®)

‘We can separate the variables by multiplying by r2
11( ﬂ) L Lldu

Rdr O do?

2,2 _
o +k*r?=0 (©)

The second term is a function of § only and the other terms are independent

of 6. Thus we have
1d*u _ O sinnd
0dez =" 777 \cosnd

Here we must use —n? as the separation constant and then require n to be an
integer. Why? When we locate a point in polar coordinates, we can choose
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Problem 8-7 p2

the angle as 6 or as 6 + 2mm where m is an integer. But remember there is
only one temperature at that point and therefore the mathematical formula
for the temperature must give the same value for the two points. This says
the temperature must be a periodic function of § with period 27. They say
we must use sines and cosines.

Finally, the r equation is

rd(dRY s o _
Rdr(rdr) mr k=0
o d( dR
2 2,2 _ . 2\p_
Tdr(rdr)+(kr n*)R=0

which is Bessel’ equation with solutions J,(kr) and N, (kr). Since the base
of the cylinder we are considering contains the origin we can only use the J,

functions. Hence we have
R(r) = J,.(kr)

Now since we need a solution containing sintheta we let n =1 and use the
basic solution
Ji(kr) sinfer?

The condition u = 0 when r = 1 gives J;(k) = 0 Thus, the possible values of
k are the zeroes of Jy; call these k,,. Then we try to find a solution of the
problem in the form

u(r,8,z) = Z cmdi (kmt) sin e *m? (A)
m=1
We want u = rsiné when z = 0:

u(r,0,0) =rsind =Y cnJi(knr)sing

m=1

or cancelling sin theta we have
r= cndi(kmr) (B)
m=1

To expand r in a Bessel series, we multiply both sides of the equation (B)
by rJi(ker) and integrate from 0 to 1. By orthogonality , all terms drop out
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Problem 8-7 p3

except the m = £ term; using the properties of Bessel functions we get
1 0 1
_[0 erl(kgr)dr = Z c‘m[0 rJi(ker)Jy(kmr)dr
m=1
1
=co [ Tl (ker)Pr = cq- 3 B (ko) ©

To integrate r2J; we use properties of Bessel function to get

_d_

Ckery [ker)? Tolher)] = (ker)2 s (ker)

Cancelling k7 and integrating gives
1, T2 11
[ ey = = Bkl = - da(ke) (D)
0 ke ke

Combining equations (C) and (D) we get

21, 2
ke keda(ke)

Ce
Substituting into (A) gives the solution to the problem
u(r,0,2) = i #Jl(kmr) sin feFm*
m=1 kaZ(km)

where k,, = zeroes of J;
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Problem 8-8 pl

We need the basic solutions of the heat flow equation

1 0u

a? ot

in polar coordinates. We just discussed these in the previous problem. The
solutions are of the form F(r,8)T(t) where

Viu =

T(t) = e~ ko)t
and F satisfies the Helmholtz equation V2F + k2F = 0. As in last problem,

this equation in polar coordinates has solutions

cosnf

R(r)0(8) = Ju(kr) {sinna}

We consider a circular cross-section of the pipe. The temperature is a func-
tion only of 7 (no 6 dependence) so we use the cosnf solution with n =0 .
Thus the basic solutions are

Jo(kr)e k't (4)
These solutions tend to zero as t - oo
The problem states there is a final steady state distribution of temperature,
namely us = 40. The solution u; must be added to any solutions of the form
(A). .
Then we want solutions of the form (A) to be zero when r =1 for any ¢ > 0.

Thus we must have Jy(k) = 0 so k = k,, are the zeroes of J,. We write the
solution to the problem in the form

u(r,t) =40+ Y cmdo(kmr)e Fme)t (B)
m=1
and find the coefficients c,, so that u =100 when ¢t =0

u(r,0) =100 =40+ Y. cmdo(kmr)
m=1

3 emdo(kmr) = 60
m=1
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Problem 8-8 p2

We find the coefficients as follows:
1 oa 1
60_/; rdo(kur)dr = ";lgn A rdo(kur)Jo(kmr)dr

Because of orthogonality all terms of the series drop out except the term with
m =y and we have

1 1
60 /D rdo(kur)dr = ¢, /0 [ Jo(kr)Pdr p=1,2,3, ... ©)
Now L 1
[ ) P 5 7 i)
We also have 4
@ (@)] = 2Jo(2)

Putting z = k,,r we get

L R (knr)] = knr Jo(knr)

&y, dr Lol LT = KT JoUem
Cancelling on k,, factor and integrating, we have
1

)

1
[J rdo(kmr)dr = ki rJo(kmr)|é =

Now equation (C) gives

_ 260 120
AU A

Cm

Now equation (B) gives the solution

u(r,t)=40+ )" 120

— = Jo(k,r)e kme)’t
P AR
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Assignment 9

Problem 9-1 pl

‘We need the solution of Laplace’s equation in polar coordinates. Follow
work in other problems we write

Li( ‘LR) L1860
Rar\"dar) @ as ~
We then separate the variables to get the 6 equation/solutions

1d*© 5 sinnf
edr -~ 0(0) = {cosnﬂ

and the r equation
rd(dRy_ ., d(dRY_ ,
Rdr(rdr)_n or rdr(rdr)_nR

This equation is solved by 7™ and . We only use the r™ solutions with
n >0 since r = 0 is a point on the plate. The basic solutions are then

ny | sinné
G {cos n9}

There are also n = 0 solutions possible here, i.e., for n = 0 we have a possible
solution alnr+b. We cannot use the Inr solution because it diverges at r = 0
but the constant solution is allowed. We now have T' = 0 when 6 = 0 so that
we only use the sinnf solutions. We also have T'(a, ) = 0 so that sinnm = 0
so that n = integer. Finally we have the general solution for the temperature
of the plate

T(r,0) = Y Bur"sinnf + H
n=1

Now is is clear that H = average temperature on the circle r = a since the
sinnf terms have zero average. Thus H = 50. The B,’s are determined by

50 0<f<m & oo ST
T(a,0)={_50 7r<9<27r}="2=13"a 51nn0="2=:1b"s1nn9

where b, = B,a®. We now expand this function in a Fourier sine series to get

o . [ 50 O0<f<m |..
-/0 b, sinmf sinnfdf = _/0- {_50 7r<9<21r} sin mfdh
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Problem 9-1 p2

4 27
b = 50 f sinmbdo - 50 f sinmédy
0 k4

50

mm 2
T sin zdz - @f sinzdz = —@(cosmw—l)+ @(l—cosmw)
0 m Jx m m

Thus,

b = 200 for n odd and 0 otherwise
mm

The solution is then

T(r,0) =50+, 200 i innf = 50 + 20 > (i) sinnf
sl RTan T n'odd \@ n
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Problem 9-2 p1

Laplace’s equation in plane polar coordinates is

) _16(3u)+i@
2062

“rar\"or

If we separate variables by assuming u(r,0) = R(r)©(6), see earlier problems,

we have 26
20 .
T ©=0 m= integer
and
L)
rdr\ dr)"
The solutions are
o) - {sin mé
cosmb
and
R(r) = MM m>0
Inr, constant m =0

We have a circular annulus of inner radius r = 1 and outer radius r = 2.
Since r = 0 is not a point on the annulus we must use all possible solutions.
Therefore, basic solutions are then

{'r'" } {sme} for m >0 and {constant} form=0

[ | cosmé Inr
Now for any 6, the temperature is zero when r = 1. Thus we use a combination
of r solutions which is zero when r = 1, namely, (r™-r-™). The combination

(a+blnr also must be zero when r =1, so a = 0. Thus we write the solution
to the problem in the form

u(r,0) =blnr + Y. (r™ = 17™)(am cosmh + by, sinme)
m=1

This satisfies u = 0 when 7 = 1. When r = 2, we have

100 0<f<m

20) =bIln2 2m-2"")(am, 0+b,, sinmf) =
u(2) " +1-,12::1( )(@n cos mf+by, sinmf) {0 T<f<2mor —m<0<0
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Problem 9-2 p2

We can simplify the evaluation of the Fourier coefficients by observing that
the given function is 50 + and odd function, namely

50+ 50 0<f<m
-50 -m<60<0

Thus,
bln2=50 , apy=0

(m—9mp = 50. 2 f”smmade _ 100 cosmé
mwJo s

~ {fnﬁ m odd

n o

3

0  meven

Then the temperature in the annular ring is

50ln7 200 rm—pom
+— ———————sinmb
In2 T S n(2m-2"m)

u(r,0) =
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Problem 9-3 p1

Heat transfer in a cylindrical body is governed by the equation

or
— =kV’T
ot
For steady state using cylindrical coordinates this becomes
o?T 10T 8°T
o 2
or?2 rdr 022

where considering the boundary condition given in the problem, we have as-
sumed that the temperature is independent of §. We then assume a separated
solution of the form
T(r,z) =R(r)Z(z)

which leads to the equations

L(pn, 1 ,) z" 2

— + = ==

R (R T R Z #

where a negative sign is chosen on the separation constant since we anticipate
an exponential variation with z. We are thus confronted with solving two
ordinary differential equations:

R" + }R’ +p’R=0 (A)
r
Z"- 122 =0 (B)
The solution to (B) is
Z(z) = c1e€™ + e >0

and
Z(z)=ciz+cy, p=0

which may be of use. We note that equation (A) is close to being Bessel’s

equation )
v du
2 2 _\2),, =
z E+z@+(z -X)u=0
with A = 0. By substituting = = pr, (A) becomes
12%4-1:%4-121%:0
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Problem 9-3 p2

which is Bessel’s equation with A = 0. It possesses the general solution
R(z) = c3Jo(x) + caYo(z)
Since r =0 is on the body we must choose ¢, = 0 so that the solution is
T(r,z) = Jo(ur)[Ae!* + Be™#]

The temperature on the surface z = 0 is maintained at T" = 0. This give
B =-A. The temperature at r =1 is also maintained at 7' = 0: that is,

T(ro,z) = Ado(p)[e** -] =0 (@)

The Bessel function Jy(x) has infinitely many roots none of which are zero.
Let p,, be the roots of Jo(y) = 0. Then we have

T(r, 2) = iy;(r, 2= fj Jo(tinr) An[en* = ]

This solution must allow the initial and final end conditions to be satisfied.
It is
T(r,1) =100 = Y. ApJo(par[e’ - e#"]
n=1

We assume that the series converges. We use the property that

n#m

b 0
Ji () J5 (pme)dz = 1 2
[ (02 5o {% Pant) mem

where as stated earlier the p, are the roots of Jy(ur) = 0. The allows us to
determine the coeflicients

_ 2(epn —emin)t
" It (k)

The roots of Jy are

1
[D 1007Jo (pur)dr

1 =24, pio = 5.52, ji3 = 8.65, .......

and
J1(2.4) = 0.52, J(5.52) = -0.339, J1(8.65) = 0.271, .......
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Problem 9-3 p3

Then

A= 67.7f01rJ0(2‘4r)dr - (2.7;1;2 fou edo(z)dz = %.2.4.&(2‘4) - 147

Ay =6.97 ﬁ 7 Jo(5.52r)dr = % joa'szzJo(z)dz - %-5.52%(552) =043
Ay=0.48 ful 7Jo(8.65r)dr = % fog'sszJo(z)dz - %»8.65%(865) =0.015

Thus,

T(r,z) = 29.4Jo(2.4r) sinh (2.42)-0.86Jy(5.52r) sinh (5.522)+0.03.Jo(8.65r) sinh (8.65z)+---
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Problem 9-4 p1

These problem requires Laplace’s equation in spherical coordinates.

(a) The solution is independent of ¢ so m = 0 and the solutions of the 6
equation are P;(cosf). Since r =0 is in the body and the temperature
remain finite, the r solution is r¢ (see other problems for details). Thus
we are looking for solutions of the form

u(r,0) = iczrng(cos 0)( (A)
=0
When 7 =1 (surface of sphere), (A) becomes
u(1,0) = ic[P[(cos 6) = 35(cosf)*
=0

We use orthogonality of the Legendre polynomials to determine the ¢,

as follows:
' d 2 S, 0
[1 P, (z)P,(z)dx = 21 0mn T = cos
Then -
352 = 3" ¢ Py(x)
=0
or

1 i 1 2
35 .[1 2P, (z)dr = lz:(:)c[ [1 P, (z)Py(z)dz = mg—7

_3B(2m+1) 1,
Cm =y .[1 ' P (z)dz

or

This produces
cy=8,c0=20,c9="7

all others are zero. Therefore solution is

u(r,0) = 8r*Py(cos0) +20r2 Py (cos 0) + 7Py (cos )
(b) This is similar to Part (a). Once again the solution is

u(r,0) = ic[rlP[(cosé‘)( (B)

£=0
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Problem 9-4 p2

and again when r = 1 (surface of sphere), (B) becomes

cosf 0<@<mf2

1,0) = P, 9) =
ulL,f) ZE)CZ (cost) {O w[2<f<m

We use orthogonality of the Legendre polynomials to determine the ¢,

as follows: L )
_[1 P (2)Po(2)dz = ﬁ‘sm" z =cosf
Then
& z O<z<l1
P, =
Z;JCZ ") {0 -1<z<0
or
> dr= g = [ oPa(e)d
Z;Czpm(w)ﬁ(w) T=Cng— = | TPn(2)dz
so that X L
tn =" [P (o)da
2 0
This produces
N .
60_47 1_2, 1—16, 444444

Therefore solution is

u(r,0) = iPD(COSQ) + %Pl(cos 0) + 1—EZiJPQ((:«'_)M) + oo
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Problem 9-5 p1

The equation satisfied by the temperature inside the sphere(potato) is

the heat flow equation
viu- 10u
a? ot
We want V2 in spherical coordinates. First we separate the space-dependent
and time-dependent parts as we have done in several problems. We have

u=F(r,0,¢)e k"
and
F =R(r)0(6)2(¢)
so that
VZF +k*F =0

As before, we thern get

+kr?=0

O sinf df

Ld () 11 d (o d0)
Rdr\'" dr do) sin’¢

where the ¢ dependence has already been taken out (that is where separation
constant m? came from) such that

&(p) = Acosme + Bsinm¢

The first and last terms are functions of r only; the middle terms are functions
of 6 only. Thus, we can separate the rgw r and 6 equations (as we have done
before) to get

1i(rid3)+k2 22 g0+1)

Rdr dr
11 d(. ,d© m?
Osmodd (smﬁﬁ) ~ e +0(£+1)=0

where we have called the separation constant £(¢+1).

The solutions of the 6 equation are P;"(cos ). The solutions of the 7 equation
are R =r"12J,(kr) where p=£+1/2. Then

cosmeo

u =12 J,(kr) P (cos 0) {sin m(b} et
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Problem 9-5 p2

Since there is no 6 or ¢ dependence in this problem, we take m =0,£=0,p =

1/2. Thus,
w =12,y (kr)e R
or o
u = jo(kr)e et
or

- . k202
w=r"tsinkre ¥t

Following the hint, we want u = 0 for all ¢ > 0 when 7 = a, and u = -100 for

t=0.
Jo(ka) = isinka =0->k=nr/a
Therefore
. (n7r 1 . nmr
u= Zn: Cnlo (T) e~(nmafa)’t or u=— ;bn sin Te’("’”‘/")z‘
-100:2%]‘0(?) or  —1007 = S bysin " A)

Fourier series solution: Expand —100r in a Fourier sine sweries on (0,a).

You should find 200
b= (-1
nm

Substitute these cofficients back into (A) and add back the 100° we subtracted
to get the answer as a Fourier series.

Bessel series solution:

. nwr Ta nnr
100- Lo ("5") = Sen/ gz e ()

Let z =r/a to get

-100/z =Y \/C;_nJm(mrz)

Multiply by 2Ji/2(mmz) and integrate from 0 to 1.

1 em 1
_100f0 23/2J1/2(mﬂz)dz=ﬁj; 2J12/2(m7rx)dz (B)

Using properties of Bessel functions we have:
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Problem 9-5 p3

Right-hand side:
1 1
_/0 .Tle/z(mTl'.’Z)d.T = §J§/2(m7r)
Left-hand side:
Lo mm (o \3/2 du
_/; z/Jl/g(mmc)dz=/0 (—) Jl/g(u)ﬁ

mm

mm

u3/2J3/2(u)

_ 1
- (mﬂ.)a/z o

1
-—J
312 (m)
Substituting into (B) we get

1 _em 1o,
—IOOEJg/g(mﬂ') = \/ﬁéf:sﬂ(mﬂ')

or
_=200v2m
™ mm Jyya(mim)
Now we have the following relations:

i 1d\sinx _ 2z zcosz —sinx
@\l m) T TN e

Jya(mr) = - /2m77rm7rcos mm —sinmm _ _mﬂ
™ (mm)? mr
Thus from (C)
Cm = 200(=1)™
and (A) plus 100° gives the result as a Bessel series
w =200 Y(=1)"o (n7r[a)e-(Pmela)*t 1 100

If we use .
io(z) = sinz
Jo z
ie.,
. a .
Jo(nmrfa) = oy sin (n7rfa)
we find

u= 200 i (G sin 2L g~(vmela)’t 4 100
i on a

(©

which is the Fourier series solution that you should have obtained earlier

124



Problem 9-6 p1

‘We consider concentric spherical surfaces each held at a fixed potential.
The boundary potentials in this problem depends only on r, i.e., at r =1 we
have V =0 and at r = 2 we have V = 100. That means there is no 6 or ¢
dependence in the solution to the problem.

Let us review the solution of Laplace’s equation in 3-dimension with spherical-
polar coordinate. We have

2
VZV_IB(ZZW) 1 v 1 a(siné‘av)=0

"o\ or +rzsin293f¢>2+'r‘2sin€% 80

This potential has no ¢ dependence so we can write

é(zﬂ%Lﬁ( 9ﬂ)_0
ar\" ar ) smoaa\*"50) "

Let us assume for the moment that there is some 6 dependence in the poten-
tial, it is some function f(@) instead of a constant as in the actual problem.

We separate variables as usual using V (r,0) = R(r)©(6) and get

1d ( ZdR)— L d(esin€)=u

Rar\" ar)” "@singdo
or setting cosf = z so that © = ©z we have
r?R"+2rR' - uR =0
(1-2%0"-220",0=0
The first of these equations is the Cauchy-Euler equation and has solution
R(r) = eyr~2Vislfa g gpp=12=/usif
This can be put in a better form by letting —1/2 + \/u+—1/4 =n. Then

C2

R(r)=ar"+ e

Then the equation for © becomes Legendre’s equation

(1-22)0"-2260" +n(n+1)0 =0
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Problem 9-6 p2

where n must be a positive integer for a proper solution to exist. The general
solution to Legendre’s equation is

O(z) = cs Pn(z) + ¢;Qn ()

Since Qn(z_ 00 as z — 1 we choose ¢4 = 0. Thus the solution is

V(r,z) = i (Aﬂr" + Bnr’("”)) P,(z)
n=0

Now -
V(1L,2)=0= 3 (Au+ Ba) Pa(x) = Bu = —A,
n=0
or .
V(r,z)= z A, (r" - r’("“)) P.(z)
n=0
Now

V(2,7) =100 = i A (20— 27D Py ()
n=0

Using the property

1
IRZCTCTE {02 .
-1 Inil m=n
we get
100(2n+1) !
A= Gt g [y Prl@)de
so that

Ap=200;A4,=0,n=1,2,3,...
The solution is then

V(r,0) = 200(1 . %)
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Problem 9-7 p1

‘We will solve this problem by solving a different problem, namely, having
the two halves of the sphere held at 2V and 0 instead of V and -V and then
subtracting V' from the answer.

Choose the top hemisphere to be charged to 2V and the bottom hemisphere
to be at zero potential, with the plane in which the two hemispheres meet
perpendicular to the polar axis. The boundary condition then becomes

2V for0<f<m/2 (0<cosf<1)

1
0 form/2<f<m (-1<cosf<0) W

v(a,0,¢) = {

The problem is clearly axially symmetric and so we may set m = 0 (no ¢
dependence). Also, we require the solution to be finite on the polar axis and
so it cannot contain the Q,(costheta) functions. Therefore the general form
of the solution Laplace’s equation in spherical polar coordinates is

v(r,0,¢) = f:(A[I‘Z + By~ (1)) Py(cos 0) (B)
=}

Inside the sphere (for 7 < a) we require the solution to be finite at the origin
and so B, =0 for all £ in (B). Imposing the boundary conditions at r = a, we
must then have

v(a,d,¢) = Z Aya’Py(cos )
=0

where v(a, 8, $) is given by (A). Exploiting the mutual orthogonality of the
Legendre polynomials, the coefficients in the Legendre polynomial expansion
are given by (writing p = cosf)

; 2+1 ! L
At =20 [ 0(a,0,6)Pi(wdu= 2+ DV [ P
where we have used (A). The integrals of the Legendre polynomials are easily
evaluated oV v
A=V, A=t , Ay=0, Ag=—2,
2a 8a3

so that the required solution inside the sphere is

3 r3
v(r,0,9)=V [1 + iPl(cos 0)- 8T:3P3(COS 0)+ ]
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Problem 9-7 p2

Not needed for original problem but we will show it anyway. Outside the
sphere (fro r > a) we require the solution to be bounded as r — oo and so in
(B) we must have A, = 0 for all £. In this case, by imposing the boundary
condition at r = a we require

v(a,0,8) = > By~ Py(cos)
0

where v(a, 8, ¢) is given by (A). In the same way as above, the coefficients in
the expansion

ey 2641 1 1
B = 22 [ u(a,0,0) P = 2+ )V [ Pulu)idp
so that the required solution outside the sphere is

a 3a 7a®
u(r,0,¢) = V; [1 + ZPl(cosé‘) - SFP;g(COSB) + ]

All that remains to get the original problem is to subtract V' from the solution
inside the sphere. This has the effect of removing the constant term and
giving
3r rs
Vinsiae(7, 0, 9) =V [%Pl(cos 0) - §P3(cos 0) + ]
We also note that the full solution for the coefficients (inside the sphere) is

22n+1)+1 (-1)"(2n)!
2 22+1nl(n +1)!

Agpaa®™t =

giving

o (_1)n 2n+1
Vinside (750, 0) =V z:;) % (2) Psyi1(cosf)
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Assignment 10

Problem 10-1

(a)
(-1)'/3 = (&™) = &™/* = cos /3 +isinT/3 = % + ?z
(-1)3 = (e®™)\/3 = ™ = cosm +isinm = -1
(-1)/3 = (e¥™)/3 = 57/ = cos 5 /3 +isin b /3 = % - ?z
(b) Since
a+bi=re?® where r=Va?+b?%tand=b/a
then
92— = \/BesB2
(2-14)Y2 = 51/4€29% = 1.495(c052.91 +isin2.91) = ~1.455 + 0.34314

©

(=1 -4)7i2 = WD I(-1-) _ o-§(0698143.9270) _ ,1.964-0.5466i

= €194 (c0s0.3466 — isin 0.3466) = 6.704 — 2.4214
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Problem 10-2

PR R W T
f(z)=ln(1+2z) , f(z)—1+z . f (Z)_(1+z)2 , f (z)—(1+2)3 )
Therefore

2 2, 2 28
1n(1+z)=1n(1)+z—§+gz —<~--z—3+§—--~
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Problem 10-3

sin z

3 5 1
1_z=(z—% Z——~--)(1+z+22+~-)=z+z2+gz3+ﬁz4+~--

+
120
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Problem 10-4

(a) a=1
Ll GoDe(e-1)— 0<fz-1<1
z 1=(z2-1) -
11 1 1| 1 + LS P ! 1 1<]2-1|
z z-11+% z-1 z-1 (2-1)? T2-1 (2-1)2 (2-1) -
(b) a=1
L1111 i
2+l z+iz-i z-i2i+2-i 2-il+5t
. » Y
:ﬂ[l,u,u+.“]
z-1 20 4
i 1 i z-1 (z-1)%, ] y
L SN Sl S k) A SN —il<2
sl %37 g it 0<|z—i|<
11 11 24
2+1 (z-i)21+ X (2-14)? z-i (2-1i)?
v x4 8 2<)z-i
TG G0 Geot GeiF
(c) a=2
1 113 1 [ 2-2 (2-2)? ]
[ = 1-2-°24 e
(z+1)(z-2) 2-21: 3(z-2) 3 9
1 1 2-2 (2-2)?
1 lpz=2 —9)
3eon 9t T om t 0<le-2<s
1 o1 1 1 1 3 . 9 .
(z+1)(2-2) 2-22-21-2;  (z-2)? 2-2 (2-2)%

1 3 9

:m+m+m+m 3<|z-2|
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Problem 10-5

(a) 1 1 8
z—zsinZZ: 2—2(2z—§z3+~~) -bi=2atz=0
(b)
Tt Gl D= 1= o pleos (e Doos Lasin e + i)
B (zcis;)z [ B (“21)2 +] * (zSi:lll)'z [#+1-+]~bi=sinlatz=-1
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Problem 10-6

(®) 1 )
sinz sinz
P ;s(zfgz%rm)abl:o»jg?dzzo
®) i 1, 1
sinz
m:;(z—8z3+--»)(—1—z—z2—»~)—>b1 =-latz=0
sin z sin[(z-1) +1] sin(z-1)cos1+cos(z—1)sinl

2(z-1) [(z-1)+112(z-1) (- -(z-1)2P

= %[1 —(z-1)+?[0.54[ (2 = 1) =] +0.841[1 - % ]

—>b;=0842at z=1

Therefore )
sin 2 . )
§ S da = 2mi(-1+ 0.841) = =i
(0) vl s
z°+ ¢+
z(z+1)3= P [1-z+22--]>b=1latz=0
22+1 22+1 -1 (z+12-2(2+1) +2 )
= = “)[1 1 124
e e IPl-(zeD)] e (D GHD+ )]
1 2 2
[ . S —— '} 1 1)+
Z+l Grly (z+1)3][ D et
Thus,
->b+1=-1+2-2=-1
Therefore

22+1 )
}gmdz-%m(lfl)-o
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Problem 10-7

2m

—4zidz

0

1

do _ }S‘ 422 dz _ }g
(2+cos0)?  J (22+4z+1)2iz  J (2+0.268)%(z +3.73)2

_ (2+0.268) - 0.268 1/(3.46)*

z
(2 +0.268)% [3.46 + (=

= 2 020812
+0.268)]? (z+0.268) (1+z0268)
[ 1 028 1 [1_2+0.268
“|z+0.268 ~ (z+0.268)2 | (3.46)2 346
Therefore 1 2.0.268
b= Gaoy [“ 346 ]:0'0965
and o &
jﬂ O congys = ~H0.0965)2mi =283
(b)
o sin20d) _ 5 (4 %) de 1 122 bl 3-22
o 5+4cosh 5+ﬂ{:_+lliz_2 222452+2 4 (z+2)(z+1/2)
k-2 1 1 . 2/3
G232+ (z+1)2) =2+ 1)2 {[(z+ iy —ipE [Er D -12] } v oip
2 2
__1 41+Z+1/2+,,_ 1 1_z+1/2 g[ _z+1/2+m]
Z+1)2 172 1 12 | (31 T3
2 15
bi=(-1/)z="+
and > sin20d9 115
o == =209mi=3.93i

b 5+4cosf 46
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Problem 10-8

(a) (1+2®) has zeros e™/3, e, e57i/3, Only e™/3 is in the upper half-plane.

There
L1+
2
Therefore
b (z “ﬁ’i) 1+2 L2 0.366(~1-3)
1=(2- 3 T ) (G 1w oo T
2 )™ () (o5 )
Thus,
1+ No .
1 +zsdx =-0.366(1 +)2mi = 2.3(1 -1)

(b) (1+2)? has a zero of order two at z = 4. Therefore

d (z2-1i)%*

P _i(z+i)Pe —e(z+1)2|  _i(20)%e' -e'2i(2) i
YAz -2+ 02|, (z+)* ’ (20)? T2
Therefore ) .
[t ()T
—eo (1+22)2 2e) e
Therefore
® cost

-0 (1+22)2 Te

(c) (1+2*) has zeros at z = l—jii,z St
L

\/il in the upper half-plane.
b (Z 1+i) e
L R pnpey T (1w, 1
Ve ) Lratla (L, 1)

144 iz V2
b= (z— \/’il) Tl T oy = 0.00958 - 0,123
2 =i 21( v ﬁ)

I

o
S

=-0.00958 - 0.123i

Therefore

e e . R ® cosT
Lo S = 2mi(-0.2461) = 1546 > Lo o =03
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Problem 10-9

[ dz pde lpde Lpde Lgde
24-1 (-D)(z+1)(z-i)(z+i) 4J 2-1 4J 2+1 4iJ z+i 4iJ 2-i
For the first integral let z — 1 = ee?. Then

0 ¢jeif
f ae df = —i(-m) =i

~ ee?

For the first integral let z + 1 = ee®®. Then

0 ¢jeif
/ ae df = —i(-m) =i

x eel

For the integral with a zero in the upper half-plane,

1
2441

R )
- -2(2) 4

b= (2-1)

Therefore
© dr

— (i m )
7Nm:m+m+2m(i)=—§+2m
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Assignment 11

Problem 11-1

Consider a rotation of the (unprimed) coordinate axes through an angle 0 to give
the new (primed) axes. Under this rotation,

x| = xj = xycosf + xy sin 0,
X2 — X5 = —x; sin 0 + x; cos 0,
X3 = Xj = X3,

and the transformation matrix Lj; is given by

cos) sinf 0
L=| —sinf cosf 0
0 0 1

(a) Denoting cos @ and sin 6 by ¢ and s, respectively, we compare
) = x| cos ¢ — x} sin ¢ = cx; cos ¢ + sx; cos ¢ + sx; sin ¢ — cx; sin
with
W) = cuy + suy = cx1 c0s ¢ — cx2 sin ¢ + sx1 sin ¢ + 5x2 cos .

These two are equal, showing that the first component transforms correctly.
However, this alone is not sufficient; for (uy,u2) to be the components of a first-
order tensor, all components must transform correctly. We therefore also compare
the remaining transformed component:

s = X{ sin ¢ + x} cOS P = cx; sin @ + 5x2 sin P — x| cOs ¢ + cx;3 cOs P
is to be compared with
Uy = —suj + cur = —sx1 COS ¢ + sx2 5in P + €x; sin ¢ + ¢x2 cos P.

These two are also equal, showing that both components do transform correctly
and that (u;,u,) are indeed the components of a first-order tensor.

We note, in passing, that u; + iu is the complex vector obtained by rotating the
‘base vector’ x; + ix; through an angle ¢ in the complex plane:

Uy +iuy = ew(xl +ix3)
= (cos ¢ + isin @)(x; + ix2)
= (x1 €08 ¢ — x; sin @) + i(x; sin ¢ + x; cos p).

In view of this observation, and of the definition of a first-order tensor as a set

of objects ‘that transform in the same way as a position vector’, it is perhaps not
surprising to find that the given expressions form the components of a tensor.

(b) Consider the transform of the first element u;; = x3. This becomes
Uy = (x5)F = (—sx; + ex2)? = $2x} — 2sexixz + 3.
If it transforms as a component of a tensor, then it must also be the case that
thy = Ly Lyt = ¢*x3 + csx;x; + sex;x; + s2x7.
But, these two RHSs are not equal, and it follows that the given set of expressions
cannot form the components of a tensor of order 2. It is not necessary to consider

any more u;;; failure of any one element to transform correctly rules out the
possibility of the set being a tensor.
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Problem 11-2

Since we must have x] = L;jx; and A and B have their components tranformed
into the given values, L must have the form

1 \/5 —1 a
L=§ 0o 0 b |.
1 3 ¢

We determine a, b and ¢ by requiring that L is orthogonal and has |L| = +1.

(3 -1 a V3o
LLT=Z 0 0 b -1 0 3 | =1
1 V3 ¢ a b ¢
o

giving a = 0, b = £2 and ¢ = 0. The determinant of L is %(—3b —b+0), thus
requiring that b = —2. Hence the required orthoganal matrix L is

L[V -1 o
L= 0 o -2/
1 3 0

The third column of L could have been obtained by considering A’ x B". The
matrix product T = LTLT is given by

L[ N3 Lo 2 3o NEEN
T’=4(0 0 2)(\/5 4 0)(—1 0 ﬁ)
2

1 3 0 0 0 0 —2 0

B -1 0 V3o os
(0 0 —2)(—1 0 sﬁ)
1 3 0 0 —4 0

100
=102 0.
005

As a check, we note that Tr T/ =1+4+2+5=2+4+2=TrT.

In this new coordinate system T is diagonal — and therefore very convenient
for calculating the following invariants (tensors of order 0); their values are
independent of the frame in which they are calculated.

TyTji = T;T); =1+ 4+ 25 =30.

TiTiTij = TijTx Tri = T,’J /fka’l- =14+8+125=134.

T Ton Toi Tiem = Tt Tiom T Toi = T Ty Ton Ty = 1+ 16 + 625 = 642.

mn % ni
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Problem 11-3

To test whether the array is a second-order tensor we need to contract it with an
arbitrary known second-order tensor. By ‘arbitrary tensor’ we mean a tensor in
which any one component can be made to be the only non-zero component.

Since any second-order tensor can always be written as the sum of a symmetric
and an anti-symmetric tensor, and all operations are linear, it will be sufficient to
prove the result for one known symmetric tensor and one known antisymmetric
tensor. The simplest symmetric second-order tensor S;; is the (symmetric) outer
product of the (by definition) first-order tensor (x,y,z) with itself, ie S;; = x;x;.
Denoting the given array by B;;, we consider
By;Sij = Bijxix;
=X} 4+ 22 =)+ Y P+ 22—y + 2P+ yr =22
+ 2[xy(—2xy) + xz(—2xz) + yz(—2yz)]
S N N Y- S S R

=4y + 222 =—x*

The term in parentheses in the last line is formally x;x;, i.e the contracted product
of a first-order tensor with itself, and therefore an invariant zero-order tensor.
Squaring an invariant or multiplying it by a constant (—1) leaves it as an invariant,
leading to the conclusion that B;;S;; is a zero-order tensor.

‘We now turn to an antisymmetric tensor, where a suitable second-order tensor
Aj; is the contraction of the third-order tensor e;j with the first-order tensor x;.
Thus 4;; has the form

0 z -y
A=| —=z 0 «x
y —x 0

and the contracted tensor is
BijAij = 0 —2xyz + 2yxz + 2zyx + 0 — 2xyz — 2yzx + 2xzy + 0 = 0.
Now, 0 is an even more obvious invariant than |x|> and so Bjj4;j is also a

zero-order tensor.

Taking the results of the last two paragraphs together, it follows from the quotient
law that B;; is a second-order tensor.
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Problem 11-4

(a) The matrix equation Ab = ¢ will have the explicit form

0 —a a by —a:by + ayb;
c=Ab= a, 0 —ay by, = a,by, — axb, =axb,
0 b, —ayb, +ab,

—a, ay

ie.c=axb.
(b) The characteristic equation for A is

—A —a: a
O=A-AM=| a -4 —ax
—ay, ax —A

—2* — a2k — a.(acay + Aa;) + ay(a.ay — Aay).

Thus A = 0 or —4> —a? —a — af = 0. The second possibility gives 4 =

+i(a? + a2 + a)'/? = tila|.

Now consider Aa. From part (a) this is

0 —a a ay —aay + aya; 0
a, 0 —a, a, | = a,a, — aa, = 0 | =0a
0 a, —ayay + axay 0

—a, ax
Thus a is an eigenvector of A corresponding to eigenvalue 0. That this must be so
also follows from the general conclusion of part (a) that if c = Ab then c = axb;

if b=a,thenc=axa=0=0a.
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Problem 11-5

For the covariant derivative of the covariant components of a vector, we have
ov;
— 1k
Visj = ow rijvk’

where 1"",7 is a Christoffel symbol of the second kind. Hence,

Vi = (Vi)

ov; !
- (s -rm),

o ([ ov ! 0, !
=5k (ﬁ —l"iju,) -1 (a—u';‘ —ijv,)

i , v or'; O .
= odow Tiow "o Ui TR mit
Interchanging subscripts j and k,
0%, | Ov 61"’»,( vy !
Uik = ok kG T Gw Tk T T mn

When these two expressions are subtracted to define the Riemann tensor, the
first, second and fourth terms (the second of one with the fourth of the other and
vice versa) on the two RHSs cancel in pairs to yield
F;) K)o
Rlijky, = Uk — Uigj = ( au}k _ @u;‘J + F’;’kr'mj — l"':}l“lmk .

Now, in three-dimensional Euclidean space, one possible coordinate system is
the Cartesian one. In this system g = 1 and all of its derivatives are zero. Thus
all Christoffel symbols and their derivatives are zero, as are all components of

the Riemann tensor. As all the components vanish in this Cartesian coordinate
system, they must do so in any coordinate system in this space.
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Problem 11-6

Starting from Christoffel symbols of the second kind, we have
T = gal'y
_ 1 i (08n 08 _ Ogi
2818\ ow T ok T aur
_ 1o (08 + Ognj _ 0gjk
27\ ow  ouk ouwr
_1 (agki ogij agjk)
2

ow ' ouk ou

Next, forming the symmetric sum of two Christoffel symbols:

rue = (ot ok e ) ©2 (S ko)
= % +0+0.
To obtain the last line we have used the fact that the metric tensor is symmetric,

8ij = &ji-

Further, since F’jk = F’k/, and therefore g”F’ik = g,-,l"'kj, we have that I'jj = I'y;,
ie Christoffel symbols of the first kind are symmetric under the interchange of
the last two indices.

Finally, forming the covariant derivative of g;;:

P )
8ijk = 7,z (8¢ ®¢)

ogii : del ; ,_ 0el
= au,{ ¢ ®ef+g.-jﬁ ®e +gje® F¥a
dgii ) ) } .
= % e®e +g; (-Te)®e + gije' ® (—I',.e")
dgii . : .
= % e®e — Fj,ke’ ®e/ —Te' ®e", since gj; = gji,
= (% —Tji— l"i,-k> e’ ® e/, renaming dummy suffices,

=0(e' ® ¢/), from the previous result.

Thus the covariant derivative of the metric tensor is identically zero in all
coordinate systems.
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Problem 11-7 p1

To find a surface of constant u we eliminate v from the given relationships:
24 .2
X
X4y =uh? = 2z=u2—#4
U

This is an inverted paraboloid of revolution about the z-axis. The range of z is
—0 <z < St

Similarly, the surface of constant v is given by

This is also a paraboloid of revolution about the z-axis, but this time it is not
inverted. The range of z is —%vz <z<oo

Since every constant-u paraboloid has some part of its surface in the region z > 0
and every constant-v paraboloid has some part of its surface in the region z < 0,
it follows that every member of the first set intersects each member of the second,
and vice-versa.

The surfaces of constant ¢, y = xtan ¢, are clearly (half-) planes containing the
z-axis; each cuts the members of the other two sets in parabolic lines.

We now determine (the Cartesian components of) the tangential vectors and test
their orthogonality:

e = or = (vcos @, vsing, u),

ou

e = ﬁ = (ucos ¢, usin¢p, —v),
v
or .

e3 = % = (—uw sin ¢, uvcos ¢, 0),

e - e = uv(cos pcos @ +sin¢psing) —uv =0,

e, - 3 = u’v(—cos ¢ sin ¢ + sin ¢ cos ) = 0,
- €3 = uv’(—cos ¢ sin ¢ + sin ¢ cos ¢) = 0.

g

This shows that all pairs of tangential vectors are orthogonal and therefore that
the coordinate system is an orthogonal one. Its scale factors are given by the
magnitudes of these tangential vectors:

12 = |e)|® = (vcos ¢)* + (vsing)® +u? = u? + 07,
h? = |es)? = (ucos )? + (usin ¢)> +v* = u? +v?,

h2 = |es|* = (uvsin ¢)* + (uv cos §p)* = u*v>.
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Problem 11-7 p2

Thus

hy = hy = V2 + 02, hg = uv.

The u-component of V x a is given by

[V xad = it [ 5 o) = o au]
1
=u41) u2+v2[ (uvay) — w? +va,) ]
L (% 0% _L%
ov w ¢’

N

as stated in the question.
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Problem 11-8

pl

As K, is to be a second-order tensor, we need to construct such a tensor
from Tjj), Since the latter is of fourth order, it needs to be contracted n times
with a tensor of order 2n -2 for some positive integer n. In view of the final
stated expression for Tjjy, involving €;jm€xm, i-€. a sixth-order tensor, we try
n =4 and, starting from Tjjx; = €;jm€rin Kmn consider

€pij€qriTijil = €pij€qki€ijmEin Kmn
= (8550pm = 8jm0p;) (Oudgn = 01n0g1) Kinn
= (351% - Pm)(?"sq" - qn)Kmn
=4K,,

Clearly, K,,, = }]emijenklﬂjklha,s the required property.

(a)

(b)

Given that Tjjy is isotropic, and noting that €,;; and e, are also
isotropic, we conclude that K,,, must itself be isotropic. It must there-
fore be some multiple of &, (as this is the most general isotropic
second-order tensor), i.e., Kyn = Adpy, for one or more values of .
Thus,

Tijkt = €ijmEkinA0mn = Aijmerim = M(ixdjt — dudjk)

Now, since T};;; = 1,

1= A(‘suéﬂ' - ‘51!61'1)
= \[da - (82)7] = AB-9] » A= -
We conclude that A, and therefore also Tjji, is unique with Tjj =
$(0ubji — Gikds1).

To examine the implications of the antisymmetry indicated by Th;; =
~Tjr we interchange the pair of dummy suffices {7,j} with the pair
{k,} to obtain the third line below - and then switch them back again
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Problem 11-8 p2

in the fourth line using the antisymmetry:

1
Kon = Zemijenkln]kl

Ko = iﬁm‘ﬂﬁmuTz]kl
1 -
= ZenklfmZ]Tklz]

1 .
== ZﬁnszmZ]Ti]kl
=Ko
Thus K, is antisymmetric. It therefore has zeros on its leading diag-
onal and only three linearly independent components as non-diagonal

elements. Since Tjj; is uniquely defined in terms of K, it too has
only three linearly independent components.

Now consider
€inTiju =
—4V; = (8kmO1 — Okiim.) kin Kmn
= (€min ~ €imn) Komn
= 2€minKmn

To ?’invert’ this relationship, consider
1
€irsVi = _EewseminKmn

=2 Grnbon = Bondon) K
=LK, - K
2
=K > Kinn = €mnVp
Finally, expressing Tj; as given in the question, explicitly in terms of
the vector V;, using the result obtained above, we have
Tz]kz = Eumékznfpnmvp
= (0inbjp = Gipdjn ) ernVp
=eniVj - Vi
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Problem 11-9

ds? = Zg,]dzidz] = Zg’kldz,’gdz;
ij K
We know that dz is a contravariant vector, that is

dz; .,
dz; = ; o, dzj,

So

dx; oz
'kldx)dzx) = i Y ——dT) L dz)
%:9 £y %Zg];az; kZliazl, 1

Ox; Ox;
_ ' dr' di!
§(2916z; az;) e

i

Because this is an identity, the coefficients of dzdx] on the two sides must
be equal. hence
dx; 0z
gkl=> g
sz: “ oz, O}

This is the transformation equation for a second-order covariant tensor!

Assignment 12

Problem 12-1

We first calculate the probabilities p(x) and the corresponding gains g(x) =
p(x)x? — [1 — p(x)]x for each value of the total x. Expressing both in units of
1/16, they are as follows:

x 2 3 4 5 6 7 8
plx) 1 2 3 4 3 2 1
g(x) —26 —24 —4 40 30 0 —56

(a) If B’s guess is random in the range 2 < x < 8 then his expected return is
11 40
% 7(—26—24—4+40+30+0—56) =-1

(b) If he picks by throwing his own dice then his distribution of guesses is the
same as that of p(x) and his expected return is

= —0.36 euros.

1176 1—16 [1(—26) + 2(—24) + 3(—4) + 4(40) + 3(30) + 2(0) + 1(—56)]
108
=556 = 0.42 euros.

(c) As is clear from the tabulation, the best return of 40/16 = 2.5 euros is expected
if B always chooses ‘5’ as his guess. Of course, you should not advise him but
offer to take his place!
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Problem 12-2

Each shot has only two possible outcomes, a hit or a miss. P; is the proba-
bility that A will win when it is his turn to fire the next shot, and he is still
able to do so (event W). There are three possible outcomes of the first two
shots: Cy, A hits with his shot; Cs, A misses but B hits; Cs, both miss. Thus

Py =} Pr(Cy)Pr(W|C))
=[ax1]+[(1-a)Bx0]+[(1-a)(1-5)x P]

Therefore
B o
o B-aB
‘When B fires first but misses, the situation is the one just considered. But if
B hits with his first shot then clearly A’s chances of winning are zero. Since

these are the only two possible outcomes of B?s first shot, we can write

p,. (1=P)a
a+fB-af

When both fire at the same time there are four possible outcomes D; to the

first round: D;, A hits and B misses; D2, B hits but A misses; Ds, they

both hit; Dy, they both miss. If getting hit, even if you manage to hit your

opponent, does not count as a win, then

Py=[Bx0]+[(1-B8)x ]~

Py= ZPr(Di)Pr(W|Di)
=[a(1-8)x1]+(1-a)Bx0]+[aB x0]+(1-a)(1-p)x Ps]
This can be rearranged as

1=
o008
a+fB-af
Thus the result is the same as if B had fired first. However, we also note that
if all that matters to A is that B is hit, whether or not he is hit himself, then
the third bracket takes the value a8 x 1 and Pj takes the same value as P;.
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Problem 12-3

Since the number of tests failed by a defective chip are mutually exclusive
outcomes (0, 1 or > 2), a chip supplied by X has a probability of failing just one
test given by 0.02(1 —0.1—0.4) = 0.010. The corresponding probabilities for chips
supplied by Y and Z are 0.04(1—0.1—0.6) = 0.012 and 0.04(1—0.1—0.8) = 0.004,
respectively.
Using ‘1’ to denote failing a single test, Bayes’ theorem gives the probability that
the chip was supplied by X as

Pr(1|X) Pr(X)
Pr(1|1X) Pr(X) + Pr(1|Y) Pr(Y) + Pr(1|Z) Pr(Z)
_ 0.010 x 0.5 _ 50
70010 X 0.5+0.012 x 0.3+0.004 x 0.2 94"

Pr(X|1) =

150



Problem 12-4

(a) Out of the 36 equally likely outcomes for a single roll of each die, there are
6 in which the scores are equal and result in a win for 4. The other 30 cases, in
which the scores are unequal, provide 15 wins for 4 and 15 wins for B. Thus 4
wins in 6 + 15 = 21 of the 36 cases and B in only 15 cases, giving A favourable
odds of 7 to 5.

(b) The probability distribution p(T) for the total T from two rolls of a die is

10 11 12

T 2 8 9
1 54 3 2 1

3456 17
36p(T) 2 3456
The probability that Tp > T¢ could be calculated for each Tp by adding all
the probabilities for T¢ up to Tp — 1 and the overall probability found by then
weighting each sum by the probability of Tp. However, it is simpler to add up
the probabilities for the two totals being equal, subtract this from unity and then

take Pr(Tp > T¢) as one-half of what is left, i.e.

Pr(Tp > Tc) = % {1— @[2(12+22+32+42+52)+62]}
1 146
=3 [ - 7(36)2} = 0.4437.

This is the chance that D wins and so C’s expected return for a £1.10 stake is
£2.10(1 —0.4437) = £1.168, i.e. a profit of about 7 pence per game.

A straightforward calculation shows that C should stake just over £1.25 to make
the game ‘fair’.
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Problem 12-5

This result is trivially true if either of x or y is zero, as no kittens need to be
removed. We therefore consider x,y > 1. It is also clear that N(a,b) must be
equal to N(b,a), as this is only a matter of labelling the litters.

Let the cage contain x kittens from the first litter and y + 1 from the second
and consider the removal of one randomly chosen kitten. With probability (y +

1)/(x +y + 1) it will be from the second litter and the expected final number of
kittens will be N(x, y). Correspondingly, with probability x/(x + y + 1) it will be
from the first litter and the expected final number of kittens will be N(x—1,y+1).
Thus we have the recurrence relation

_ v+l x —
N(x,y+1)—x+y+1N(x,y)+X+y+1N(x Ly+1).
Now suppose that
Ny =+ (%
V= T T

for all x,y such that x +y = n and apply the assumption to the RHS of the

above equation.
L( x Y )
x+y+1 \y+1 x+1
X x—1 y+1
+ +
x+y+1 <y+2 x )
2 2 _
_ 1 < Y4y x x+y+l)

T ox4y+l x+l+y+2

1 X2 —x V+y
Xyl [(X+ v+ )+(y+l+mﬂ
_ 1 (xy+x+x2+xy+x+2y+l+y2>

x+y+1 y+2 x+1
x  yx+yHy+x+y+1
y#2 T Gy 0D
x y+1
i e
_ X +(y+1)A
y+D+1 " x+1
Either by interchanging x and y in (**) to obtain N(y,x + 1) and then using
N(a,b) = N(b,a), or by a similar calculation to the above, we can also show that

(x+1) y
y+1  (x+ D+

Combining the two results then shows that the assumption that (*) is valid for
x + y = n implies that it is valid for x +y =n+1.

N(x,y+1)

(**)

N(x+1,y) =

However, it is valid by direct inspection for n = 2, since N(2,0) =2 = N(0,2) (no
kitten need be removed) and N(1,1) = 1 (one kitten must be removed). Thus (*)
is valid for all n and hence for all x and y. It is formally valid, by inspection, for
n =1, but the proof given then involves negative arguments of N, albeit with N
multiplied by zero.
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Problem 12-6

The number of winners x will follow a Poisson distribution; let its mean be . I
will keep my job provided the number of winners is 1 or 2. The probability y(u)
of this is

2
LK B
y(u)—ﬁe“ﬁ-ﬁe“.

This is maximal when y is chosen to satisfy

d
0= g0 =~ +perttper = p=y2

The corresponding value of p is ﬁ/(S x 106) and the chance that I keep my job
is

Y2 = 2+ e V2 = 0587,

ie. a 41% chance that I will be clearing my desk.
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Problem 12-7

The ‘experiment’ will end after n ‘trials’ if the previous n—1 trials have produced
either n— 2 boys and 1 girl or n— 2 girls and one boy, and the nth trial produces
the girl or boy (respectively) needed to complete the desired family. These two
situations have respective probabilities

("'Cipg")p and ("'Cirgp" ).
Thus the probability that the size of the family is n is
g+ G = = D0 + ).

Averaging this over all possible values of n (> 4) gives the expected size as

©

() =" nn—1)(P*q" 2+ ¢p" ).

n=4

Now, from the formula for the sum of a geometric series, we have
B
Sreih
n=0 r

Differentiating this (twice) with respect to r gives
— 1

2=

n=1

© . )
Zn(n— )2 = m

n=2

So, as the minimum size of their family is 4,

o

(n) = Z n(n—1)(pq" >+ 4°p"7)
n=4
22 o !
— ) [(1 5~ D0 =) ]
2
+q [W ~ @ - (3)(2)171]

2 2
2 S —2—6 ]+ 2[——2—6 ]
P [,;3 q|+4| P

1.1
=2[7+7—p2—q2—3pq(p+q)]
P
pta_ . ]
=2 P28 _ (12 —2pg) - 3p1
[pq ( pq) — 3pq(1)
1
=2|——1-pq|,
[a1-m]

as given in the question.
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Problem 12-8

With O as the centre of the unit circle and Q as the point (1,0), let OP make an
angle 0 with the x-axis 0Q. The random variable X then has the value 2sin(6/2)
with 6 uniformly distributed on (0, 27), i.e.

f(x)dx = % do.

The mean of X is given straightforwardly by

2 2 2
(X)=/ Xf(x)dx:/ 2sin 9 Ld():l —ZCOSQ =i
0 0 2)2n n 2], n

For the variance we have

21
0\ 1 16 41 16 16
2 2y _ 2 in2 (=) — _— = = —_— =2 —
0% = (X% — (X) /04sm (2)2nd9 =5y 5 =2—

When X = (X) = 4/, the angle 0 = 2sin"'(2/x) and so
21 —4sin~!
2n

QN

Pr(X > (X)) = =0.561.
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Problem 12-9

Let S mean "spade" and N mean "not spade". Then the symbol N;SS3
means: First card drawn is not a spade, second card drawn is a spade, third
card drawn is a spade. In this notation, the possible ways of discarding two
cards and then drawing a spade are:

515283 , S1NaS3 , N1S»S3 , NiN2Ss (A)
These events are mutually exclusive so by the rule
P(A+B)=P(A)+P(B) A and B mutually exclusive

we add their probabilities. Now to compute the probability of, say, S1N2S3
we use the equation

P(AB)=P(B)-P(A) A and B independent

repeatedly. The probability of S; is 13/52. Then the probability of N is
39/51 since there are now 51 cards left and 39 of them are not spades. Now
the probability of S5 is 12/50 since there are 12 spades left and 50 cards left.
Thus the probability of S; NS5 is

13 39 12

52 51 50

Similarly, we compute all four of the probabilities in (A) (verify the other
three) and add them to get

1812 11 13 39 12 39 13 12 39 35 13
52 51 50 52 51 50 52 51 50 52 51 50
_13 12(11+39)+39(12+38)] 1

“1

) 51-50
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Problem 12-10

Let A mean "nickel" and B mean "right pocket". Then we want the condi-
tional probability P4(B) = P(A|B). From Baye’s formula,

(B)

Let us find P(A) and P(AB). P(AB) is the probability that you select a
nickel from your right pocket. This is

P(AB) = probability of selecting the right pocket
and then selecting a nickel from it
13 3
T2'7T 14
since there are two equally likely pockets and then 3 nickels out of 7 coins
in your right pocket. To find P(A) we add the probabilities of the mutually
exclusive events of selecting a nickel from the right pocket or the left pocket:

13 12 23

P37 330

Then by (B) 3 93 o
BB =55 %
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Problem 12-11

The average number of misprints per page is u = 100/40 = 2.5. The Poisson
probability for getting exactly n counts or

n
P, = p’_e-u
n!

so the probability of no misprints is then given by

40
Py= ae’“ =e 2% =0.082

The expected number of pages with no misprints is
(total number of pages )P, = 40(0.082) = 3.3

Similarly, the expected number of pages with two misprints is

(2.5)%e25

40P, = 40 o

10.3

and the expected number of pages with five misprints is

2.5)5¢-25
40Py5 = 40% =27
Remember that "expected" is a technical term in probability meaning "av-
erage". Although a number of pages must be an integer,an average number
may not be.
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Assignment 13

Problem 13-1

To demonstrate the associativity we need to show that xe(y ez) is the same thing
as (x e y) e z. So consider
xe(yez)=x+(yez)+rx(yez)

=x+y+z+ryz+rx(y+z+ryz)
=x+y+z+r(yz+xy+xz)+rixyz

and (xey)ez=(xey)+z+r(xey)z
=x+y+trxy+z+rx+y+rxy)z
=x+y+z+r(xy+xz+yz)+rixyz

The two RHSs are equal, showing that the operation e is associative.

Firstly, suppose that x = —r~!. Then

1 1 1 1
xoy=7;+y+r - y=7;+y7y=7;‘

Similarly y = —r~! = xey=—rL
Secondly, suppose that x e y = —r~!, Then

X+y+rxy = —r’l,

rx+ry+rixy+1=0,
(rx+1)(ry+1) =0,
= eitherx=—rlory=—r"\
Thus xey = —r ! e= (x=—rlory=—r").
If S = {real numbers # —r~'}, then
(i) Associativity under e has already been shown.
(ii) If x and y belong to S, then x e y is a real number and, in view of the second result
above, is # —r~!. Thus x e y belongs to S and the set is closed under the operation e.

(iii) For any x belonging to S, x @0 = x + 0 4+ rx0 = x. Thus 0 is an identity element.
(iv) An inverse x~! of x must satisfy x e x~! =0, i.e.

x+xT+rmx =0 = x!l=-—

This is a real (finite) number since x # —r~! and, further, x~! # —r~!, since if it were we
could deduce that 1 = 0. Thus the set S contains an inverse for each of its elements.

These four results together show that S is a group under the operation e.
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Problem 13-2

The condition wz — xy = 1 is the same as |A| = 1; it follows that the set contains
an identity element (with w =z = 1 and x = y = 0). Moreover, each matrix in
has an inverse and, since |A~'||A| = |I| = 1 implies that [A~!| = 1, the inverses
also belong to the set.

If A and B belong to S then, since |[AB| = |A||B| =1 x 1 = 1, their product also
belongs to S, i.e. the set is closed.

These observations, together with the associativity of matrix multiplication estab-
lish that the set S is, in fact, a group under this operation.

If A is to have order 2 then
woXx wx)\_ (10
y z y z) \o0o 1)’
ie. w4xy=1, x(w4+2)=0, yw+z)=0, xy+z>=1

These imply that w? = z2 and that either z = —w or x = y = 0. If z = —w, then
both

w2+ xy =1, from the above condition,
and —wl-xy=1, from wz —xy = 1.

This is not possible and so we must have x = y = 0, implying that w and z are
either both +1 or both —1. The former gives the identity (of order 1), and so the
matrix given by the latter, A = —I, is the only element in S of order 2.

If w+z+1=0 (as well as xy = wz — 1), A? can be written as

A2 — w24 xy x(w+z2)
yw+z) xy+22

_ w2 +wz—1 —x

- —y wz — 1422

_f —w=1 —X

N -y  —z—1)
Multiplying again by A gives

A= —w—1 —X woXx
- —y —z—1 y z

__( ww+1)+xy (w+1x+xz )
- wy+y@z+1) xy+z(z+1)

_ ww+1)+wz—1 xx0

- yx0 wz—1+z(z+1)
_ [ wx0)—1 0

- 0 (zx0)—1

(41)

Thus A has order 3.
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Problem 13-3

From the given combination law
e = ac + bdp and f=ad+bc.

As a, b, ¢ and d are all rational numbers, so are e and f. The set of rational
number pairs is therefore closed. Associativity and commutativity are obvious and
the number pair I = (1,0) clearly has the property that IX = X for any rational
number pair X. The existence of inverses is the only requirement remaining to be
established in order to complete the proof that the set forms an Abelian group
under the given combination law.

Now,

1 a—b
e @h=(10) = c+dfp= s = fbiﬁ

Further, since a and b are rational (and ﬁ is not), a> # b*p. Although it is not
zero, a> — b?p is rational, and so, therefore are ¢ and d. To summarise,

(a,br‘=(c,d)=( a b )

a?—b%p’ @ —b?p
a rational number pair that is included in the set. The proof is now complete.
For the mapping (a,b) — (a,—b)
[(a,b) e (c,d)]" = (ac + bdp,ad + bc) = (ac + bdp, —ad — bc),
whilst
(a,b) e (c,d) = (a,—b)  (c,—d) = (ac + bdp,—bc — ad).
Hence
[(a,b)e(c,d)]" = (a,b) e (c,d),

showing that the mapping is a homomorphism. The mapping is clearly one-to-
one, making it an isomorphism and, finally, since the object and image sets are
the same, it is an automorphism.
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