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Chapter 1

Motivation, Motivation, Motivation ..........

In these notes we will develop a theory, which is deeply rooted in experiment
and can only be understood using a new mathematical language. It not only
describes how nature works in all microscopic physical systems, but also in
macroscopic physical systems.

It is most important, however, when the characteristic length scale of the phys-
ical system is smaller than 107 m.

This theory is called quantum mechanics.

The physical world we will discover in our studies is a strange and fascinating
place where nature operates in a way that seems to defy the intuition we have
built up living among macroscopic systems. We will not endeavor to explain
why nature works in this particular way since it is my strong belief, as we will
see in this book, that it is not possible to do so within the context of this theory.
We will, however, be able to correctly predict the outcomes of an amazingly wide
range of experiments in many different fields of physics, chemistry and biology.

Let me emphasize my strong belief that theories in physics should only endeavor
to make predictions about experimental measurements and not attempt to pro-
vide reasons for why nature works in these particular ways, that is, why we must
choose to start with certain postulates.

Feynman put it best......

We know how the electrons and light behave. But what
can I call it? If I say they behave like particles I
give the wrong impression; also if I say they behave
like waves. They behave in their own inimitable way,
which technically could be called a quantum mechanical
way. They behave in a way that is like nothing that you



have seen before. Your experience with things that you
have seen before is incomplete. The behavior of things
on a very small scale is simply different. An atom

does not behave like a miniature representation of the
solar system with little planets going around in orbits.
Nor does it appear like a cloud or fog of some sort
surrounding the nucleus. It behaves like nothing you
have ever seen before.

There is one simplification at least. Electrons behave
in this respect exactly the same way as photons; they
are both screwy, but in exactly the same way.

The difficulty really is psychological and exists in
the perpetual torment that results from your saying to
yourself "but how can it really be like that?", which
is a reflection of an uncontrolled but vain desire to
see it in terms of something familiar. I will not
describe it in terms of an analogy with something
familiar; I will simply describe it...

I am going to tell you what nature behaves like. If
you will simply admit that maybe she does behave like
this, you will find her a delightful and entrancing
thing. Do not keep saying to yourself, if you can
avoid it, 0 but how can it really be like that?"
because you will get "down the drain", into a blind
alley from which nobody has yet escaped.

Nobody knows how it can be like that.
and we can add an addendum ........
and "nobody knows why it is like that"

We will not be able to reduce the quantum universe to everyday ways of think-
ing(usually called common sense). In fact, in order to understand the ideas and
implications of the theory we will have to adjust all of our ways of thinking at
the most fundamental level.

Imagine, for a moment, that you are attempting to understand a new culture.
If you are serious about it, the first thing you would do is to learn the language
appropriate to that culture so that you can put your experiences in the proper
context. Understanding the universe of quantum phenomena is much like a un-
derstanding a new culture where the appropriate language is mathematics and
the experiences we are attempting to put into context are experiments.

As we shall see, we will have to use a mathematical language to describe the
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quantum world since ordinary language, which was developed to explain every-
day occurrences(experiments on macroscopic objects), will turn out to be totally
inadequate.

Since it makes no sense to attempt any understanding of the nature of quantum
phenomena without first learning to speak and use the language of the quantum
world, we will spend the first several chapters of this book learning the appro-
priate mathematics, in particular, the subject of linear vector spaces.

The adjustment of our ways of thinking at the fundamental level that will be
needed is not simply a mathematical matter, however. The development of the
necessary mathematical language will not come into conflict with our everyday
modes of thinking in any major way. Although, the mathematics of linear vector
spaces is very elegant, you will be able to understand it without much difficulty
and without having your basic view of the world changed at any fundamental
level.

You will be troubled, however, when we apply the mathematics to physical sys-
tems that develop according to quantum ideas. We will attach physical mean-
ing to the mathematical formalism in ways that will conflict with your well-
developed views(I will call these classical views) about how the world works.

After studying wave mechanics in these notes, we will rethink(more advanced
notes covering full quantum thoery) the mathematics and the quantum theory
using the Dirac language, which, as we shall see, incorporates the very nature
of the quantum world in an intrinsic and natural way. Since we are attempting
to develop a physical theory, we will link all the mathematical concepts that we
introduce to physical concepts as we proceed.

Dirac was able to link the physical structure of quantum mechanics with the
mathematical structure in a unique way. His mathematical language incorpo-
rates the physical meaning directly into the formalism and the calculational
methods. The language explicitly exhibits the physics and clearly exposes the
internal logic of quantum mechanics. Once we understand the language, every
equation will directly convey its physical meaning without the need for further
explanation or any need for inadequate models.

It is very important to understand that the Dirac language is not simply a new
notation for quantum mechanics(as many physicists seem to think). It is a way
of thinking about quantum mechanics. It will allow us to use the physical ideas
of quantum mechanics to develop the appropriate mathematical language rather
than the other way around. This will allow the very mathematical quantum the-
ory to be more closely connected to experiment than any other physical theory.

These statements about the importance of understanding the mathematical lan-
guage appropriate to the physics under consideration do not only apply to the



quantum world. It is true for all areas of physics and other sciences. One should
always learn the appropriate language before studying any field that relies on
that language for its understanding.

As I stated above, these notes will cover various aspects of the original formu-
lations of quantum mechanics. We will concentrate on the development of the
theory in terms of the position and the momentum, namely, wave mechanics.

1.1. Basic Principles and Concepts of Quantum The-
ory

There are many equivalent formulations of quantum mechanics, namely,
1. Schrodinger wave mechanics
2. Heisenberg matrix mechanics

Dirac developed a general formalism for the quantum theory, which includes
wave mechanics, matrix mechanics, and other formulations as special cases. We
shall first develop Schrodinger wave mechanics and then generalize it to the
Dirac formalism, which is very abstract, in later chapters of this book.

In these notes, the quantum formalism will be applied mainly to non-relativistic
systems (v < c¢=3x10cm/s).

1.1.1. Mathematical Methods

We will have to use various mathematical techniques in order to formulate quan-
tum mechanics and in order to solve the resulting equations. Some of these tech-
niques you have learned in a Mathematical Methods in Physics course, some you
have learned in Mathematics courses such as Linear Algebra, and Multivariable
Calculus and some we will develop in this book.

The techniques we will need are linear operators in Hilbert space (an extension of
linear algebra), partial differential equations, special functions of mathematical
physics (Legendre polynomials, spherical harmonics, Bessel functions), Fourier
transforms, use of Green’s functions, integral equations, contour integration in
the complex plane, group theory and group representations, etc. We will cover
many of these techniques in detail as we proceed.

As we proceed we will cover many applications of quantum theory to physical
systems in the areas of atomic and molecular physics.

We will use the following two definitions:

1. macroscopic phenomena - observable with the naked eye or with an ordi-
nary microscope; length scale > 107 ¢m/(1 micron).
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2. microscopic phenomena - atomic and subatomic; length scale < 1078 ¢m =
0.1nm.

1.1.2. Classical Concepts

We cannot throw out all of classical physics for it works well when dealing
with macroscopic phenomena. Furthermore, quantum theory relies on various
formulations of classical physics, namely,

1. Classical mechanics (action principle, Lagrangian formulation, Hamilto-
nian formulation)

2. Classical electromagnetism (Maxwell’s equations, Lorentz force law

3. Thermodynamics and Statistical Mechanics

4. Special Relativity (important when speed comparable to ¢)
Classical physics accurately describes macroscopic phenomena.

1. Classical mechanics:

p = linear momentum , p=md , non-relativistic
- dp
F=—

dt
. mo C .
P=—F— relativistically correct

v
Tz

2. Types of forces and how they are produced:

(a) Electromagnetism (Maxwell’s equations, Lorentz force law)
(b) Gravitation (Newton’s law of gravitation for weak gravitational fields,
Einstein’s general theory of relativity)

3. Thermodynamics and Statistical Mechanics - describes average properties
of systems containing many particles.

There are no logical inconsistencies in classical physics, however, microscopic

phenomena do not obey the laws of classical physics.

Quantum physics is the theory describing microscopic phenomena and macro-
scopic phenomena. It approaches the laws of classical physics for non-quantum
macroscopic phenomena.

1. Quantum mechanics - gives the equations of motion for a system (new
non-classical concepts are needed).

2. Types of interactions among microscopic particles:



(a) range of interaction extends to macroscopic distances
i. electromagnetism
ii. gravitation
(b) interactions that are negligible at macroscopic distances or they act
only when particles are microscopically separated
i. strong interactions (holds the protons and neutrons of a nucleus
together)
ii. weak interactions (responsible for the beta-decay of nuclei)

These are the only interactions known today. In the 1970s electromag-
netism and weak interactions were unified into the electroweak interac-
tions. In the 1980s, the electroweak interaction and the strong interaction
were unified as part of the standard model.

3. Quantum Statistical Mechanics - approaches classical statistical mechanics
at sufficiently high temperatures.

1.1.3. The Fundamental Principle of Quantum Mechanics

To introduce this principle, let us consider the experimentally observed alpha-
decay of certain nuclei. We crudely describe an atom in this way:

1. radius of volume occupied by orbiting electrons = 1078 em
2. radius of volume occupied by nucleus = 10713 em

where 1=10"%cm and 1 fermi = 10713 em.

As we shall see, we have no idea what is meant by the words orbiting in this
context. Such occurrences will be in emphasis font.

The nucleus contains nucleons (protons and neutrons) bound together by the
strong interaction, which overcomes the electrostatic repulsion of the protons
(the gravitational attraction is negligible).

We also have the following data and definitions:

electron charge = —1.60 x 10719 coul = —-4.80 x 10719 esu

proton charge = -(electron charge)

neutron charge = 0

electron mass = 9.11 x 10728 gm

proton mass ~ neutron mass = 1.67 x 10724 gm

(the neutron is slightly more massive than the proton)

Z = atomic number of the nucleus = number of protons
= number of electrons in a neutral atom

A = mass number of the nucleus = number of nucleons



Notation:
7 (chemical symbol)A o 9oU?? = wranium 232 < ooU?*® = thorium 228

An a-particle is a helium-4 nucleus or s He*. Certain nuclei spontaneously emit
an a-particle (a-decay)

02U?% 5 goTh*® + 0 > A=232=228+4 Z =92=90+2 (1.2)

or we have the setup shown in Figure 1.1 below.

before decay after decay
at rest or zero total linear momentum
linear momentum must remain zero

Figure 1.1: Decay Picture 1

Experimental Observation: Let Ny (very large number ~ 10?3) identical
U?3% nuclei be observed at t = 0. Then, the a-decays of these nuclei will not
occur at the same time. Furthermore, the alpha particles emitted in the decays
will not go in the same direction as in Figure 1.2 below.

decaY at tl / decay at t2

Figure 1.2: Decay Picture 2

Let N(t) be the number of U235 nuclei (not yet decayed) present at time ¢. It
is observed that

N(t) = Noe ™ |~ = constant(dimensions 1/time) (1.3)

as shown in Figure 1.3 below.
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half-life (T 1/2)
T,,» = 70 years for U 2%
Figure 1.3: Decay Data
Therefore,
dN(t
di ) . ~yNoe " = —yN(t) (1.4)
(=dN)
= ydt 1.5
N =7 (1.5)

# decays in dt
# present at time t

= probability of a decay between t and t + dt

Therefore, v = probability of decay per unit time. Note that

N
N(r1/2) = 70 = Noe 7712 (1.6)
n(2)
Y

Thus, systems in the same initial state will, in general, develop differently in
time, that is, U?3° nuclei live for different lengths of time. Since the initial states
are identical (there does not exist any way to distinguish the initial states), it
is impossible to predict when a given nucleus will decay.

e 2 - e =Ty =

(1.7)

However, there does exist a definite probability of a decay per unit time. This
means that we should be able to predict how many decays will occur in a given
time interval when we observe a sample of many U?3® nuclei.

This decay process may be viewed in another way. Before the decay, the



a-particle is located in the U?3® nucleus. After the decay, the a—particle is
separated from the residual nucleus and is traveling in a certain direction. It is
impossible to predict the a—particle’s position (inside U?3® or separated from
Th??8 as a function of time, and it is impossible to predict the a—particle’s ve-
locity direction as a function of time. One may only hope to find the probability
that the a—particle will be at a given position at a given time and the probability
that the a—particle will be traveling at a given velocity at a given time.

This leads us to the Basic Principle of Quantum Mechanics:

One can only predict the probability of finding a
particle at a given position at a given time and

the probability of finding a particle with given
momentum (momentum is easier to deal with than
velocity) at a given time. The result of measuring

a given particle’s position or momentum at a certain
time cannot be predicted in general - only the
results of measuring the position or momentum of
many tdentically-prepared particles at a certain

time can be predicted.

Note that this is contrary to the Classical Doctrine, which states that a particle’s
position and momentum at any time is completely determined by the particle’s
initial state (specified by the initial position and momentum). In quantum me-
chanics, a complete specification of the particle’s initial state (we will discuss
later exactly what must be given for a complete quantum mechanical specifica-
tion of a state) does not determine a particle’s position and momentum at all
later times - only the probability that the particle will have a certain position
and momentum can be predicted for observations made at later times.

Note (1): You might argue that if the U?*> nuclei (which we have stated to be
in identical initial states so that there does not exist any way to distinguish the
states) decay at different times, then there must be some difference in the initial
states. You might argue that there exists some hidden variable (which we have
not as yet succeeded in determining) which has different values in the different
nuclei and which determine when a given nucleus will decay. This certainly a
possibility. However, no one has ever found such a variable so that the time at
which the decay will occur can be predicted with certainty. In these notes, we
will take the point of view (standard quantum theory) that such hidden vari-
ables do not exist. In fact, there now exists much experimental evidence that
hidden variables cannot exist (more about this later).

Note (2): How does classical physics fit into this description? How is classical
determinism (observed in macroscopic phenomena) compatible with this prob-



abilistic interpretation of nature? This is easy to deal with. For macroscopic
objects, the probability of observing the classical trajectory (position and momen-
tum as a function of time) to an accuracy of better than ~ 10~ c¢m is almost
unity (negligible uncertainty). This is known as the Correspondence Principle,
which implies that quantum physics approaches classical physics for macroscopic
objects (more about this later).

The central problem in quantum mechanics is therefore the following:

Given a particle with known interactions: in terms of the
initial state of the particle, find the probability of
observing the particle at a given position as a function
of time and find the probability of observing the particle

with a given momentum as a function of time.

Before giving rules for determining these probabilities for physical systems, let
us review some simple probability concepts.

1.2. Simple Ideas about Probability

1.2.1. Discrete Distributions

Let a variable take on certain discrete values u1,us, us,. ... Suppose N measure-
ments of the variable are made. Let IV; = of measurements in which the result
u; was obtained.

1.2.1.1. Definition
The probability of observing u; is

o) = > (1)

in the limit as N — oo (N; also — oo unless wp(u;) = 0). We must also have

p(u;) 2 0.

The probability of observing ug or ugsyr or ......... OT Upyp = Zf:,fp(ul) The
probability of observing some value is given by
N, 1 N
=) === ,=—=1 1.9
Yelw)= 2 =5 N (1.9)

all i all i all i

which is called the normalization condition.
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1.2.2. Continuous Distributions

Let the variable u be capable of taking on any value in the interval [a, b]. Sup-
pose N measurements of the variable are made. Let dN(u) = # of measure-
ments in which the variable was in the interval [u,u +du]. dN(u) is not meant
to represent the differential of some function N (u).

1.2.2.1. Definition

The probability of observing the variable in the interval [u,u + du] is given by

J\IIIEEO p(u)du = %(u) (1.10)
p(u) = unilt)l;(r)ll‘;::)xi:lt }; T probability density (1.11)
The probability of measuring u in the interval [u;,us] is
u2
prob([u, uz]) = / p(u)du (1.12)

Since all measurements yield values in [a,b], we have the normalization condi-

tion
b

f p(uw)du = 1 (1.13)

a

1.2.2.2. Example A

It is equally probable to measure u anywhere in the interval [0,a]. Therefore,
p(u)du=Adu forue[0,a] , A= constant

But

/p(u)duzle/du:AaeA:l—>p(u):lforue[O,a]
a a
0 0

P(u)

-

0 a u

Figure 1.4: Example A Probability Distribution
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1.2.2.3. Example B

Consider the Gaussian distribution in the interval (u € [-o0, 00]) given by
p(u) = Ae~(um0)* /207 (1.14)

where ug, o, A are constants and ¢ > 0. This looks like Figure 1.5 below.

u)=max at u =u,

u=u,-\2c 213o

measures the spread
in u values

Figure 1.5: Example B Probability Distribution

We then have

/ p(u)du=1= Af e~ (wmu0)*/20% g (1.15)
If we let J
U — Ug U
v = - dv=— 1.16
\/§O' \/50 ( )
we get

1 :Aax/ﬁf e dv (1.17)

Trick for doing the integral:

oo 2 (o] (o] [ee] oo
([ e_”2dv) = e‘x2dxfe"dey:fdwfdye_(x2+y2)

= f??TTG_TQd’I“: —Wfd(e_rz) =7

0 0

- fe_”2dv:ﬁ (1.18)
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A
U

Figure 1.6: Integration Region

where we have done the integral by integrating over the entire x —y plane using
circular rings 72 = 22 + y? as shown in Figure 1.6 below:

Therefore,
1
1=AoV2r—> A= (1.19)
2mo
1 2 2
_ —(u-ug)*/20
u) = e 1.20
p(u) N (1.20)
The probability of measuring v between a and b is
b
f p(u)du = area under Gaussian curve between a and b (1.21)
This can be evaluated numerically.
We now return to considerations of general distributions p(u).
1.2.2.4. Definition
The average value (or expectation value) of u = (u):
Discrete Continuous
1 1
(u) == > wiN; = > uip(u;) (u) = — f udN (u) = [ up (u)du
Nalli all i Nallu allw

In general, the average value (expectation value) of some function of u, f(u), is
given by

Discrete Continuous
(F) =¥ fwp(w) (@)= [ fap(w)du
all i allw
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The values measured for u will, of course, not all be equal to (u). One would
like a measure of the spread in observed u values around (u). Such a measure
is the root-mean-square (rms) or standard deviation given by

A =/((u=(u))?)
= (Au)? = (u?) = 2((u(u)) + ((u)*) - (u?) - (u)®

Clearly, if Au =0, then the only value measurements of u will yield is u = (u)
since we have

(Au)? = ((u = (u)*) = Yo (us) (ui - (u))* =0

which, because every term in the sum is positive, says that u; = (u) for all i.

1.2.2.5. Example A

Equally probable anywhere in [0, a].

1
p(u)== foruel0,a] , p(u)=0eclsewhere
a
a a 2
(u)=[uldu=g , <u2>=fuzldu=£
; @ 2 J a 3

Au=y/(u2) - (u)’ =

~E
[\

1.2.2.6. Example B

Gaussian distribution.

[}

1 25 2 r 1 20 2
(u) = /uie’(“’“") 1297 qu, = [ (v +up) eV 27 dy
V2

2ro 2ro

oo o)

1 —1)2/202 1 —v2/20'2
= [ v—e dv+uof e dv=0+wug =ug
_f 2mo < V2o

e—(u—u0)2/202du: [UQ

—o00

r 1 1 2,5 2
Auzzf u—up)?—— — VP gy
(Au) . ( o) V2no Varo

202 r 2 2
=— [ we™ dw
\/E_f
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Another trick:

I- f**wd ff e du =

S

dl “Aw? 2 -Aw?
ax 2)\3/2 fd)\ o= _fwe dw
r 2 —aw? lﬁ
fw e d 5372
Putting A =1 we get
oo 2 [eo)
[wze_wgdw \/2_ = (Au)? = 20 fw2e_“’2dw = o?
NS

These probability distributions can be generalized to several variables.

In quantum mechanics (where we will focus on one particle systems) we want
to find expressions for the following:

1. p(x,y,z;t)d*x = p(x,y,2;t)dedydz = probability of observing particle
with coordinates in (z,x + dx), (y,y + dy), (2,2 + dz) at time ¢

2. (P, Dy, P2 )P = @(Puy Py, P23 t)dprdpydp, = probability of observing
particle with momentum in (py,ps + dpz), (Py, Py + dpy), (P2, p- + dp,) at
time t

Finding these expressions is the central problem of quantum (wave) mechanics.

1.2.2.7. Additional note

We use continuous distributions for definiteness. The nt" (n=0,1,2,3,...)
moment of the probability distribution g(u) is defined to be

"= [ duuto(w) (1.22)

1.2.2.8. Theorem (without proof)

If 2 distributions g1 (u) and g2 (1) have the same moments for all n, then pq (u) =
p2(u), that is, the moments uniquely determine the distribution.

Experimental evidence of the so-called Wave-Particle Duality suggests how to
calculate these probabilities. This duality refers to the observation that what
we usually regard as a wave phenomenon (for example, the propagation of light)
sometimes exhibits wave properties and sometimes exhibits particle properties
while what we usually regard as a particle(for example, an electron) sometimes
exhibits particle properties and sometimes exhibits wave properties!!!
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1.2.3. Review of Waves and Diffraction

Let & = (x,y,2),|%| = r locate a point in space with respect to some origin
(position vector) (see Figure 1.7 below). Let 7 = a unit vector (|ii| = 1 pointing
in a fized direction. 7 is dimensionless (it has no units). Let n(Z,t) be some
physical quantity defined at each point Z at some time ¢t. We refer to n(z,t)
as a disturbance. In this discussion, we will generalize slightly and let n(Z,t)
take on complex values. For example, n(Z,t) can refer to one of the Cartesian
components of the electric field E(#,t) or the magnetic field B(Z,t).

N\

N\ 7/
\ /
/
]‘\ /
N /
N . /
N, o
- \
X N
7/
N\
A7 \
n - moves at v
N N\
origin N\
N\
N
N
(X-n) plane surface of constantn

Figure 1.7: Plane Wave Relationships

1.2.3.1. Definition
n(Z,t) is a plane wave if it can be written in the form
n(z,t) = F(Z-h - vt) (1.23)

where F' is some arbitrary function of one variable, where 7 is some fixed unit
vector and v = a real constant, v > 0. Clearly, v has units

% — units of velocity (1.24)

Consider the points in space for which Z-7n—vt = a constant (7 remains constant
at these points). Therefore

Z-n = constant +wvt= projection of ¥ onto the n direction (1.25)

This projection moves with constant speed v. All points on the plane perpen-
dicular to 7 have the same value of Z-n. These relationships are shown in Figure
1.7 above.
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Thus, the surfaces on which n(Z,t) has a fixed value are plane surfaces perpen-
dicular to 7 which move at speed v in the 7 direction (hence the name plane
wave).

v = phase velocity of the plane wave, i.e., the velocity
of the planes of constant phase(Z - 7)
n = direction of propagation

That is what a wave is!!

Now
on ,0(Z -1 —ot) '
—=F'— = F
ot ot !
Similarly,
an _ F,a(f.ﬁ—vt) _ F,a(:cnm+yny+znz - ot) I
ox ox ox
9% A& - vt)
Z 0 zF " — 2F//
oz " Ox N
and
0°n 2 0 277 21
87y2 = nyF s @ = nZF
Therefore,
8277 8277 8277 2 2 2 " A A " " 1 8277
@+87y2+@=(nw+ny+nz)}7 :(TL n)F —F _UQ@

672+872+872_i872 = V2_i872 —O
0x2  Oy? 022 02012 = v =

which is the classical wave equation. It is obeyed by any plane wave of the form
n(Z,t) = F(Z -7 — vt) where v = phase velocity of the plane wave.

Note that:

1. The classical wave equation is linear, that is, if 71(Z,t) and 72(Z,t) are
separately solutions of the wave equation, then any linear superposition
(combination)

a1y (Z,1) + azna(,t) (1.26)
where a; and ao are constants, is also a solution.
2. If n(Z,t) is a complex solution of the wave equation, then Real(n(Z,t))

and I'mag(n(&,t)) separately satisfy the wave equation (because 1/v? is
real).
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3. The classical wave equation has solutions other than plane wave solutions,
for example, the linear superposition of 2 plane waves traveling in different
directions

’I](f,t)=F1(f'fll—’0t)+F2(.f‘ﬁ2—’Ut) (127)

is a solution.

1.2.3.2. Definition

n(Z,t) is a spherical wave if it can be written in the form

%G (r—wvt) — spherical outgoing wave

n(i,t) = { (1.28)

%G (r+wvt) — spherical incoming wave

where, r = |Z|, G is some arbitrary function of one variable and where v is a real
constant (v >0) abd v has dimensions of velocity.

Now consider the points in space for which rFuvt = constant (G remains constant
at these points). We consider r — vt and r + vt as 2 separate cases. Therefore,
r = constant +uvt — a sphere(centered at r = 0 that moves (outward or inward)
with speed v. Thus the constant phase surfaces on which (n(Z,t)) has a fixed
value are spheres (with center at the origin) which move (outward or inward)
with speed v. v = phase velocity of the spherical wave. The 1/r factor was used
in the definition of 1(Z,t) so that n(Z,t) obeys the classical wave equation for
r#0.

We prove this as follows. First consider a function f(r). We need to calculate
VQf(T) where r = |Z| = /22 + y? + 22. We have

or
o dy
of dfor dfx
0x  drdx drr
of dfor dfy
Ay drdy drr
of dfor df z
8z drdz drr

ar vy or =z

dz v

=218

)

and

wza(ﬁx)z@clmﬁa(l%a(df)x
0r?2 Ox \drr drr dr Oz \r Or \dr/r
:ﬁ1+zﬁﬁ(l)ﬁ+fﬁ(ﬁ)ﬁ
drr drOr\r) O0x rOr\dr) Oz
_gl_k ﬁ( 1)x+x8(d2f)x

Cdrr xdr r2)r  ror r

72 dr?
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and similarly for 9 f/0y* and 02 f/0z%. We then obtain

N AW T
drz \r2 "2 2 dr ro o3 3 3

d’f 2df
_df 2df 1.2
a? " rdr (1.29)
But ) )
1 d 1d af\ _1(.@f df
=—= L)==(r=2d 422 1.30
a2 ) =T ( +rdr) T(Tdr2+ dr) (1.30)
Therefore,
Vif=-—s (Tf(f)) (1.31)
for r # 0 since things are not deﬁned at r=0. Now for
1
n(Z,t) = =G(r F vt) (1.32)
r

and

1 1
on _ ;G( v) > J fG"(xv)2:v2;G"

ot ot?
2 1 "
Vn—ff(n( ) = 2(Cv'(7”4ﬂwt))=;G
2 _i@_
V-5 om =0 (1.33)

so that spherical waves also obey the classical wave equation (for r # 0). The
1/r factor is required physically of course to account for the 1/r? decrease in the
intensity of the spherical wave with distance.

1.2.3.3. Definition

A function 7n(Z,t) has a definite frequency if it is of the form
0@, 1) = fo(2)e" + f(7)e " (1.34)

where f,(Z) are arbitrary functions of Z and where w is a real number such that
w > 0. w = an angular frequency. Now

e*™t = coswt + isinwt (1.35)

so that this n(Z,t) is a linear superposition of coswt and sinwt.

In addition, since e*?>™ = +1, at any point Z, this function n(Z,t) repeats itself

in time after a time interval T' (period of n(Z,t)), where wT = 27 or
27

7= (1.36)
w
independent of Z. The frequency of n(Z,t) is then
1 w
=—=— 1.37
f=5=5" (1.37)
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1.2.3.4. Plane Wave of Definite Frequency

We have
n(z,t) = fo(2)e™" + f_(2)e ™" = F(Z -7 —vt) (1.38)

Therefore, we can write
fi(f)eiiwt _ fi(j)eﬂ%vt _ Aieii%(vt—i-ﬁ) _ Aieii(wt—%a’c»ﬁ) (139)

where A, are constants so that it fits the standgrd functional form. If we let
w/v =k and k = kn = propagation vector so that k is parallel to 7 = direction of
wave propagation, then

0(,t) = At @R 4 g milwi-RE) (1.40)
Now let 71 = 2 (propagation in the z—direction) for definiteness. Therefore,
n(‘%a t) _ A+e+i(wt—kz) n A_e—i(wt—kz) (141)

At a given time, 7n(Z,t) repeats itself in z after a distance A (wavelength of
n(Z,t)) where kX = 2w or

2
k= 7” , X independent of ¢ (1.42)
Now 5 5
kz%:gzﬂe)\f:v (1.43)
or
wavelength x frequency = phase velocity (1.44)

Note: e*(“t=k2) has phase (wt — kz). This phase is constant when

wt — kz = constant (1.45)
or when tant tant
_ _constant ~w _ comstant . (1.46)
k k k

Therefore, the planes of constant phase move with velocity w/k = v in the +z
direction; hence the name phase velocity for v.

1.2.3.5. Spherical Waves of Definite Frequency

Spherical waves of definite frequency are given by

n(Z,t) = f+(:i)ei“’t + J"_(i)zf“"26 = %G(T Fot)

_ 1 [A+e+i%('ut¥r) + Aie*i%(”tﬂ")]
r

e+i(wt:Fkr) e—i(wt?kr)

=A, + A (1.47)
r r
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where

Yop=2 (1.48)
as in the plane wave case.

There exists a relationship between plane waves of definite frequency and spher-
ical waves of definite frequency.

Consider the functions defined by the integrals

e:{:ikR
I, = / dA 7 et (a definition!) (1.49)
infinite
plane

where e~ is a convergence factor and we will take the limit € — 0" after the

integration has been done. If we were to take £ — 0% inside the integral, then
e*F - 1 and the resulting integral is undefined or so it seems (as will be seen
below).

Since all area elements on the circular ring shown in Figure 1.8 below have the
same R

/ element of area dA

“\
- = =™ fixed point

Z (assumed positive)

\nnq of thickness dr

nfnite plane

Figure 1.8: Integration Details

we can write (using Figure 1.8)

e ctikR
I, = f27rrd7“ 7 et (1.50)
r=0

which is just integrating over the rings.
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Now R =+/22 + y? with z fixed during the integration. Therefore,

dR = z—fdr = %rdr (1.51)

with R going from R =z (when r = 0) to R = oo (when r = c0). Therefore

r=00 ‘ 9 ‘
L= [ omdRe*ih-R = T (xik-o)R (1.52)
2o +ik —¢ R=2

The value at the upper limit vanishes because e*™*()¢e=¢() = v for ¢ > 0. If
we had let £ = 0 at the beginning of the calculation, then the value at the upper
limit would have been e**(®) which is undefined (it just keeps on oscillating).
Thus,

I, = lim

.27‘- e(iik—s)z — i%eiikz (153)
e—~0* ik —€

so that we get the amazing result (limit e - 0" understood)

) k 6:kikR
et f dAS R (1.54)
infinite
plane

where R = distance from dA to a fixed point located a distance z from the plane.
This then implies that

C+e+i(wt—kz) i C,e_i(“)t_kz)

k 6+1(wt—kR) 6—1(wt—kR)
= dAe=R|C +C_ 1.55
omi / TR R (1.55)
entire plane
lLtoz—-axis
at z=0

Thus, a plane wave propagating in the +z direction is equal to a linear su-
perposition of spherical outgoing waves emanating from each point on a plane
perpendicular to the z—axis, that is,

. k e+i(wt—kR)
etilwitkz) - 2 f dA e_ER[ (1.56)
21 R
™ entire plane
1toz—axis
at z=0

1.2.3.6. Note A

A classical physical quantity(for example, E or B) is a real quantity. Therefore,
Nphysical (Z,t) = real linear superposition of cos(wt —k-Z) and sin(wt - k- Z) is a
plane wave of definite frequency, and Npnysical(Z,t) = real linear superposition of
cos (wt — k- Z)/r and sin (wt — k - #)/r is a spherical wave of definite frequency.

For definiteness, let us consider plane waves (similar results hold for spherical
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waves).

A real linear superposition of cos(wt —k-#) and sin(wt — k- Z) can be written as
Nphysical (T,1) = Acos(l;: ‘T-wt+d) , A, ¢ real (1.57)

We let
n(Z,t) = AeideilRa-wt) _ goi(ke-wt) , Z = complex number (1.58)

so that B
Nphysical (T,1) = Acos(k - T —wt + ¢) = Real(n(Z,t)) (1.59)

Therefore, it is sufficient that we consider n(Z,t) = Z e!(F3-1) in our discussions.
When 9physicai (Z,1) is required, we need only take the real part of n(Z,t). We do
this because 7(Z,t) is simpler than 7,hysicai(Z,t) to manipulate in calculations.

The analogous result for a spherical wave is obvious:

ei(krfwt)
n(&,t) = Z——— outgoing wave (1.60)
r
e—z(krfwt)
7(Z,t) = Z——— incoming wave (1.61)
r
with
Tlphysical = Real(n) (162)

The linear superposition of spherical outgoing waves which gives a plane wave
can therefore be used in the earlier form(1.55) with C, =1 and C_ =0

) k +i(wt—kR)
e+z(wt—kz) _ % / dA e—eR |:€ - (1.63)
entireplane
g ags

As I'said, we shall do our calculations with 7(Z,t) and npnysicai (Z,t) is recovered
at any stage of the calculation simply by taking the real part.

1.2.3.7. Note B

If 7(Z,t) = F(Z)e ™! has definite frequency, where F(z) = A(z)e™®) and A,
are real, then we have

Tphysical (Z,1) = Real(n(Z,t)) = A(%) cos (wt = 1(Z)) (1.64)

The intensity of a wave = magnitude of energy flow per unit time per unit area.
This means that

intensity o< (nphysical(ﬁc,t))z = intensity at Z and ¢ (1.65)
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For example, the Poynting vector S = C(E’ x B ) /4w gives the energy flow per
unit time per unit area or the intensity. For a plane wave of definite frequency
propagating in free space (vacuum), |E| = |B| and E1B with ExB n the direction
of propagation.

Therefore,
1 1
intensity o< f[dt(nphysical(i,t))z :f/dt(A(;?)cos((,ut—1/1(‘%)))2
0 0

wT
- ﬁ (A(;T;))2 f d(wt) cos? (wt —(Z))

2 27

(A(m) fducos u-(z)) =

(A(””” - ShGOF (166)

Thus,

T 2 1 N

(nphysical(xat)) = 5 |77($?t)| (167)
which is independent of ¢ since 7 o< 7!, Clearly we have the result

intensity o< [n(z,t)[* (1.68)

1.2.4. Diffraction of Waves

Referring to Figure 1.9 below, we choose the origin of the coordinate system to
lie in the region containing the aperture.

scattered

\ f g ‘,, - P
|
‘L4 ) ‘,// diffracted
1 P —

incident

i .
21
-— diffracted
P
A/’/ 1.5
LA
scattered large opaque plane screen (in

z=0 plane) with openings in it

Figure 1.9: Opaque Screen with Holes

We assume a wave incident from the z < 0 region given by
Tincident (f; t) = ei(kz—wt) (169)
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In general, the screen will affect the incident wave so that there will be scattered
waves (back into the z < 0 region) and diffracted waves (waves in the z > 0
region).

Now

) k e+i(wt—kR)
Nincident (T,1) = eti(wi=hz) - — f dAe R [] (1.70)
2mi ‘ R
=<0 plane

This would be the wave for z > 0 if no screen were present. This plane wave is a
linear superposition of spherical outgoing waves emanating from each point in
the z = 0 plane. The Kirchhoff approzimation for the diffracted wave is simply
a linear superposition of spherical outgoing waves emanating from each point in
the openings in the screen with each of these spherical waves having a coefficient
equal to the coefficient in the expansion of Nincident(Z,t) = et(kz=wt)  Note that
the diffracted wave contains no spherical waves emanating from points on the
opaque screen itself.

k R e+i(wt—kR)
if fracte ﬁut = [ dAe™® —— 1.71
Ndif fracted(Z;1) o _ € [ R ] ( )
openings
inthe
opaque

sScreen

where R is the distance from dA to the point Z.

This result seems reasonable, but note that we have proved nothing!!! To prove
that this gives a good approximation for 14; s fracted(Z, t) requires an analysis of
the solutions to the classical wave equation and the boundary values of these
solutions at the screen and in the openings. The Kirchhoff approximation is a
good one under the following conditions:

1. 7>> X - kr >> 1 and r >> linear dimensions of the region containing
the apertures. Thus, we must be far from the apertures for the above
expression for 7g; ¢ fracted(Z,t) to be valid.

2. 0 << 1, that is 14if fractea(Z, t) should be evaluated with the above expres-
sions only when Z makes a small angle with the z—axis.

3. A << linear dimensions of the region containing the apertures (high fre-
quency limit). We will apply the above expression to situations in which
this condition is sometimes violated - in such cases our results will only
be qualitatively accurate.

4. If the wave is described by a vector field (E and B), then there exist
relationships among the various components. These relationships have
not been taken into account in the Kirchhoff approximation and therefore
this approximation has neglected all polarization effects.
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Note: When the apertures on the screen are finite, the integral is over a finite
area and the limit ¢ — 0¥ may be taken inside the integral (with e™*% — 1)
because the resulting integral will be well-defined and exist.

One must do the integral before letting ¢ -~ 0" only when the integration extends
over an infinite area(which is unphysical anyway!).

1.2.4.1. Application

We now discuss diffraction by two small holes in the opaque screen. The exper-
imental configuration is shown in Figure 1.10 below.

We shall calculatel,,, only on this line (the
line through the geometrical projection of the
two given holes as shown by the arrow) in order
to simplify the calculation

|

|

Incident |
- (CEEE 9
. L
|

]

— o= i
|

|

opaque screen with 2 very screen for viewing

very small holes of area Ad 0

Figure 1.10: Two Small Holes

Looking from the side we get the diagram in Figure 1.11:

v
A — -2
R ' \‘ approx r
(r>>a)
asing

Figure 1.11: Side View
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We have

k ei(kR—wt)
if fracted (T, 1) = +— [ dA R
Naifracted &) =455 ‘ R
openings
z(kR wt)
= +— dA (1.72)
271,
openings

where we have taken the limit inside the integral. For small openings this gives

k ei(k:wat) AL ei(k(r+a sin 0)-wt) AA
2 racte t + + .
Tdif fractea(®, ) = 271 r r+asinf
i(kR-wt) ikasin@
LWL 1+ (1.73)
271 r 1+ %sinf
Since r >> asinf we have
k AA .
|nd2ff| v =ea |1+ ikasin 6 (174)
and
—_— AA
intensity o< |77diff|2 = 4—2 ? (a4)° (2 +2cos (kasin®)
intensity oc 1+ cos (kasin 6) (1.75)

A typical interference pattern is shown below in Figure 1.12.

Intensity

AR

T biq
ka ka

Figure 1.12: Interference Pattern
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Note(as shown) that the first zero of the intensity occurs at sin 6 = 7/ka. There-
fore,

kasin@z?asin@zﬂaasinezg (1.76)

for the first zero.

1.3. Review of Particle Dynamics

The following discussion is relativistically valid, that is, it holds for particles
traveling at any speed v < c.

1.3.1. Relativistic Dynamics

. dp 1
F:—pwithﬁ:mfyﬁandfy:

dt V1-v?2/c2

where m = particle’s rest mass (it is constant and does not change with v).

(1.77)

Non-relativistically (v « ¢) implies that v ~ 1 and p ~ mu. The kinetic energy
(KE) of a particle is defined such that the work done by F' on the particle equals
the change in KE. Thus, the definition of kinetic energy is

7 7
. di

AK:K—KO:fF-dF:fd—f~dF (1.78)

70 0
Now, we have that 7 = m~y(v)?d where v(v) = (1 - %)%, 8 = v/c. Therefore we

have
T d o v ) )
K- K= f S (mo (1)7) -vdt:mofwd(fy(v)v) (1.79)
o 0

Since the kinetic energy is zero when the velocity is zero we finally have

v

K- mofﬁ-d(y(v)ﬁ) (1.80)

0

Now since

d(y0?) = d(y5-0) = 0 - d(yD) + 70 - dv (1.81)
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we can write
v v 1 v
K =mo [ (dow?)=75-dv) =mo [ d(70) = Smo [ d(?)
0 0 0
v?/c?

1
= moyv? - 5moc2 / ydu
0

du
Vii-u
1

1
= moyv? + moc? (; - 1) =moc? [yB8% + ;) - moc

2

=moc®(y-1) (1.82)

The first thing we should do is check that this makes sense. What is the low
velocity limit of this expression?

Using
-1/2 1 5 102
=(1-p32 1+=B3“=1+=-— 1.83
y=(1-8) " -1+38 53 (1.83)
we have
2 10 1,
K =moc*(y-1) > moc”=— = =mgv (1.84)
2¢2 2
as expected.
If we rearrange this result we have
ymoc? = K +moc? (1.85)

= Energy(motion) + Energy(rest)
= Total Energy = F

The total energy is conserved.

What is the connection to momentum? Some algebra gives the following results:

pe _ ymove _ vV _ 3 (1.86)

E  ymoc? ¢

and
2
EN° 5 9o . :
P~ =mgyc” = invariant (1.87)

c
We now turn our attention to the so-called wave-particle duality exhibited by
physical systems - a given physical system sometimes exhibits wave-like prop-
erties and sometime exhibits particle-like properties. This experimentally ob-
served duality will suggest how to calculate the probabilities p(%,t)d*z and

o (p, t)d’p.
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1.4. Wave-Particle Duality of Light

These results actually apply to all electromagnetic radiation.

1. The wave nature of light is manifest in the diffraction (interference) pat-
terns observed when light passes through apertures in an opaque screen.

2. The particle nature of light is exhibited in the photoelectric effect (as well
as many other experiments).

In the experiment shown in Figure 1.13 below, the incident light causes pho-
toelectrons to be emitted at the cathode (alkali metal plate held at negative
potential). The voltage V gives rise to a current I as the photoelectrons are
collected at the surrounding anode.

evacuated chamber ]
alkall metal

NNANNNNN ey

incident light
of definite
frequency

emitted photoelectrons

Figure 1.13: Experimental Setup

For a given metal and fized frequency v, the dependence of I on V is observed
to be as shown in Figure 1.14 below:

higher intensity
Incident beam

lower intensity
Incident beam

Vo f/ v
cutoff potential - depends on
the incident frequency and the current saturates at
metal used, but is independent sufficiently high v
of the incident intensity

Figure 1.14: Experimental Data

The photoelectrons leaving the metal have different kinetic energies. When V/
is sufficiently high, all electrons leaving the metal will be collected at the anode.
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A further increase in V' will not, therefore, increase I because the number of
electrons leaving the metal per unit time is determined by the incident inten-
sity.

As V is lowered (but still positive), the slower electrons emitted from the metal
will not reach the anode (ordinarily all the electrons would be attracted to the
anode for V > 0, however, the electrons already traveling to the anode tend to
repel newly emitted photoelectrons.

As V is made negative, still fewer photoelectrons reach the surrounding conduc-
tor. However, a non-zero current can still flow because those electrons emitted
with very high kinetic energy can overcome the negative potential difference.

At V = -V}, those electrons emitted with the maximum kinetic energy will
barely be able to overcome the negative potential difference and then V < -V}
will therefore give zero current.

Thus, Vj is a measure of the maximum kinetic energy of the emitted photoelec-
trons (charge g = —e,e > 0) so that

(KE)at metal T ant metal = (KE)at surrounding conductor + ant surrounding conductor
(KE)at metal = (KE)at surrounding conductor + q(vat surrounding conductor — Vat metal)
(KE)at metal = (KE)at surrounding conductor + qV

When photoelectrons barely get to anode (K E)at surrounding conductor = 0 S0 that

(KE)atmetal =-eV (188)

and we have
(KE)max = Vo (1.89)

Vo versus frequency v (for a given metal) is shown in Figure 1.15 below.

A
VO

linear

Vo v
depends on
metal used

Figure 1.15: Vy versus v
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For v < 1y, no current flows (regardless of how intense the incident light beam
is).

The classical wave theory of light cannot explain these observations. Indeed, the
classical theory requires that the electric field |E‘| increases as the intensity of
the light increases (intensity oc |E|?). Since the light’s electric force on an elec-
tron in the metal is qE7 the maximum kinetic energy of emitted photoelectrons
should increase as the light beam is made more intense. Furthermore, since
|E| is independent of v, the photoelectron’s maximum kinetic energy should
not depend on v. In particular, a current should flow for any frequency of the
light, provided the light beam is intense enough. But the observations show
that (KE)max = €Vy is independent of the intensity but depends on v current
flowing for v < 1!

One additional point: Since the energy of the classical wave is distributed over
the entire wave front, a single localized electron in the metal should absorb
only a small part of this energy (the energy incident on the effective area of the
electron). Thus, for a beam of very low intensity, there should be a time lag
between the time the light first impinges on the metal and the time the pho-
toelectrons are emitted (a time interval during which an electron in the metal
can absorb enough energy to escape from the metal). No such time lag has ever
been observed!

To explain the photoelectric effect, Finstein, in 1905, proposed the photon con-
cept - a concept which attributes particle-like properties to light.

1.4.1. Einstein’s Photon Hypothesis

1. The energy in a light beam is not continuously distributed over space but
is localized in small bundles called photons. The energy of each photon is
proportional to the light wave’s frequency

Ephoton = hv (190)

where h is a proportionality constant, called Planck’s constant (introduced
in 1900 by Planck to describe black body radiation).

2. The intensity of the light beam is proportional to the mean number of
photons traveling per unit area per unit time.

3. An electron bound in the metal can absorb a photon and thereby gain
its energy. The probability that a single electron absorb 2 photons is
negligible, and an electron bound in the metal can only absorb a whole
photon, never part of a photon.

It is easy to see that these 3 assumptions explain the photoelectric effect com-
pletely.
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energy absorbed | | energy forelectron
by one electron "] togettometal surface

hv

energy for electron electron’s KE
to leave metal surface after leaving metal

Wo (work function of metal)>0

The electrons which absorb a photon at the metal’s surface(none wasted) have
the maximum possible kinetic energy

hv = Wo + (KE)max = €Vo = (KE)max = hv = Wy (1.91)

This gives the required linear relationship between (K E)pa.x and v. It also
shows that (K F)max is independent of the incident intensity. Note that for
v < Wy/h no electron will absorb enough energy to leave the surface. Thus,
the cutoff frequency vy = Wy/h and v < vy imply that no photoelectrons will
be emitted. When the light beam’s intensity is increased, more photons hit the
surface of the metal per unit time and therefore more electrons will leave the
surface per unit time when v > vy.

Also note that the emission of photoelectrons with no time delay is an immediate
consequence of the localization of the photon and its energy.

By measuring the slope of the V) versus v curve and by knowing the electron
charge ¢ = —e one finds the experimental result

h=6.63x10"*"erg - sec (1.92)

It is interesting to note that the human eye can detect a single photon in the
visible range (v ~ 10'°sec™) or

E=hvs7x102erg=4.4eV (1.93)

Now since light waves propagate at ¢, photons must travel at speed c¢. Two
relations we wrote down earlier, namely,

2
pc v E

then say that the rest mass of the photon is zero and E = pc. We then have

E
B )

p c c A

where p is the magnitude of photon momentum.
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E = hv and p = h/ ) relate the particle properties E and p to the wave properties
v and A.

There are situations in which the wave properties and the particle properties of
light are manifest in different aspects of the same experiment.

Consider the double slit experiment in Figure 1.16 below.

we detect the number of
photoelectrons emitted at
each point on the viewing

screen \

e
—

incident
light beam

opaque screen with

2 openings In it viewing screen is

a photoelectron
emitter

Figure 1.16: Double Slit Experiment

If the incident beam is of very low intensity (say 1 photon per minute), then
one can observe individual photoelectrons being emitted from different points
on the screen. Each photoelectron is emitted at a point where the photon has
struck the screen.

The number of photoelectrons emitted over a period of time at various points
on the viewing screen is observed to be given by the wave diffraction pattern.
Thus, the probability of a given photon hitting the viewing screen at a given
point (this probability is proportional to the number of photons which hit the
screen at the given point over some time interval) is given by the wave diffraction
pattern.

This is the key point!

The probability of observing the particle(photon) in a
given region is given by the intensity of the wave
(diffraction pattern) in that region.

34



Thus, we have a statistical connection between the wave properties and the
particle properties!

Is light a wave or a particle? It is really neither! It is a physical system in
which the probability of observing a photon is determined by the intensity of a
wave. Indeed, if light propagation were just a wave phenomenon, then one could
not explain the photoelectric effect. On the other hand, if a light beam were
actually composed of well-defined localized particles (photons), one could not
explain diffraction patterns. For example, consider the two experiments shown
in Figure 1.17 below:

one opening
covered with both opening
opague material are present

e
s

/ /

photons hit the
screen with a
diffraction pattern
distribution

B<<l

photons hit the
screen with a
fairly uniform
distribution
B<<l

Figure 1.17: Which Slit?

If the light beam were actually composed of localized photons, one could not
explain why one opening leads to a uniform distribution while adding another
opening (which increases the number of ways a photon can get to any point on
the viewing screen) yields certain regions of the screen in which the probability
of observing a photon decreases.

1.4.2. Wave-Particle Duality of Electrons

1. The particle-like properties of an electron are well-known. For example,
one can view the trajectory of an electron in a bubble chamber. If the
chamber is placed in E and B fields, then the observed trajectory is just
the one determined by Newton’s second law with the Lorentz force

di - . .
P_pogE+YxB) , f=myp (1.96)
C

dt
2. The wave-like properties of an electron are exhibited in the diffraction of

electrons by a crystal (Davisson and Germer, Phys Rev. 30, 705 (1927)).
The experiment is shown in Figure 1.18 below:
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incident electons of
given momentum p

atoms in crystal
structure

Figure 1.18: Electron Diffraction

The experimental distribution of electrons )shown on the right) is a typical
diffraction pattern of a wave having wavelength

h

A= (1.97)

which is called the deBroglie wavelength . The probability of observing
the particle (electron) is determined (in this experiment) by the intensity
distribution of a wave.

This relationship A = h/p or matter waves (whatever they might be!) was
predicted in 1923 by Louis deBroglie. He argued that matter should exhibit a
wave-particle duality just the way light exhibits such a duality - he argued that
the relation A = h/p should relate the wave and particle properties for matter as
well as for light.

Davisson and Germer confirmed this hypothesis in 1927 when they scattered
electrons from a nickel crystal and observed a diffraction pattern distribution.

1.4.2.1. Why isn’t the diffraction of macroscopic objects observed?

Consider the experiment shown in Figure 1.19 below. The first minimum occurs
for

A 1
dsin9=§—>sin9=§3 (1.98)
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first
minimum
‘/ inimu:

Figure 1.19: Macroscopic Diffraction?

Assume that the incident particles are macroscopic, that is,
m=1gm , v=1cm/sec

h
—>pzlgm-cm/sec—>z\:;m7x10_27cm

so that the first minimum occurs at

_ 1A 710%em
sinf = 543 4 (1.99)
For any realistic d, this yields a 6 so small that the oscillations in the diffraction
pattern cannot be observed. Thus, A\ << d for macroscopic objects and diffrac-
tion patterns cannot be resolved - in this short deBroglie wavelength limit, one
obtains classical mechanics. The wave-particle duality is present. It is just that
the wave patterns are too fine to be resolved.

In addition, if v were as small as 1078 ¢cm/sec (an atomic distance per second)
for macroscopic particles,

mw~1gm, p~10~8gm-cm/sec, A~ 7x 10" %em (1.100)
Again, for any realistic d, the diffraction pattern still cannot be seen.

All physical systems (light, electrons, neutrons, baseballs, etc) exhibit a so-
called wave-particle duality! The connection between the wave properties and
the particle properties is statistical - the intensity of the wave in a given region
determines the probability of observing the particle in that region. Wave and
particle properties are related by the de Broglie relation A = h/p.
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Chapter 2

Formulation of Wave Mechanics - Part 1

Using the ideas from Chapter 1, we can now set up a version of quantum theory
called Wave Mechanics.

2.1. Basic Theory

2.1.1. Postulate 1a

Motivation: probability o< |n|?

Given the initial conditions (to be specified later) and the particle interactions
(forces acting on the particle), there exists a complex-valued function ¢ (%,t),

called the wave function or the probability amplitude, such that

1. The quantity

Pz | (z,t)) (2.1)
all space
is finite and non-zero.
2. The probability is given by
. w(@, )

p(Z,t) = W@, )] —— (2.2)

[ dxy(d, )
all space

Note that no time averages are taken.

Fromnow on [  d*z(....... ) means an integration over all space.
all space
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2.1.1.1. Additional Notes
1. The condition

/ x|y (Z,t)[° is finite and non-zero

is referred to by saying that ¢ (&,t) is normalizable.

2. p(Z,t) = probability of observing the particle in (z,x +dz), (y,y+dy) and
(2,2 +dz) at time t.

PO (G0l
S TN TG

all space

satisfies the required conditions for a probability density:
p(Z,t) >0
f d*zp(Z,t) = 1 for all ¢

4. (Z,t) need not be a continuous function of Z. The only requirement is
that it be normalizable. We will, however, assume continuity for physical
reasons.

5. A plane wave of definite frequency is not normalizable.
(@, 1) = FT0 = (@, 1) = 1
= [ dalp@ ) =

6. ¥ (Z,t) must be allowed to take on complex values. If ¢ (Z,t = 0) is real,
then the time dependence that will be postulated later will usually yield
a 1 (Z,t > 0) that is complex.

7. (&,t) and (%,t) = Z(Z,t), Z complex, determines the same @ (Z,1).

()
[l )
all space
zP wEn?
CzP S d%w(f,tn?‘p(x’t)

all space

@(5:775) =

8. ¥(Z,t) should be thought of as a construct of the mind to facilitate the
prediction of probabilities. It is meaningless to ask whether 9 (Z,t) re-
ally exists as a physical quantity. p(Z,t) is the measurable quantity, and

40



¥(Z,t) only helps us to calculate p(Z,t). It is analogous to the situation
with E and B fields - E and B are mental concepts which allow us to
calculate the force exerted on one charge by another charge (we think of
one charge producing E and B fields which propagate to another charge
and which then give rise to a force on the other charge).

. One wave function ¥ (Z,t) is adequate to describe certain particles, called
spinless particles (for example, an alpha particle). However, other parti-
cles (particles with spin, for example, electrons, photons) require a wave
function with several components for an accurate description (for exam-
ple, a photon requires a vector wave function [3 components| to describe it
because of its various modes of polarization). For non-relativistic speeds,
an electron is approximately described by one wave function [one compo-
nent|. We shall restrict our attention to one-component wave functions
during most of chapters 2 and 3.

Let f(2) be an arbitrary function of Z. Then the average (or expectation) value
of f(z) is defined by

[ B [0 £(#)
[ d3z (7, 1))

(@) = [ dzp /(@) -

which may change with time. Therefore,

= [ P @0 f (@)@, )
<f( )) = f B p* (7, 1) (F, 1) (2.4)

2.1.1.2. Definition

Y(Z,t) is said to be normalized if

f Pl ) =1 (2.5)

Let 9(Z,t) be a normalizable wave function. Then

¥(2,t) = ). (2.6)

b (,t)[

is obviously normalized and determines the same p(Z, ) as 1 (Z, ).

If ¢(Z,t) is normalized, then

p(,0) = [0(@ D and (f@) = [ dap’ @O @D @)
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2.1.1.3. Definition

A function ¢(Z) (may also depend on t) is square-integrable if [ d®z lp(3)| is
finite.

A normalizable function is square-integrable and satisfies [ d®z l6(2)| 0.

2.1.1.4. Theorem

If $1(Z) and ¢2(Z) are square-integrable, then A1 (Z)+Aad2(Z) is also square-
integrable for any complex A; and As.

Proof:
[ 2 xi61(@) + daa (@)
= [ [P 6@ + Dal’ [92(@)F + A0} (2)02(3) + MNson ()3 (3)]
= [ @ [P o1@F + aP 1022 + 2Re (3 Aot} ()62(5))]

Now let uj = AJ¢7(Z) and ug = Aagpa(Z). Then

juiuz] = /[Re (uiuz)]? + [Im (ujuz)]? 2 Re (ujuz)

Also,
1
(| = a1 = fen* + fuaf? = 2 uua] 2 0~ fufual < 5 [Jur* + Juaf?]
Therefore,
1
Re (ujuz) < |ujus| < 5 [|u1\2 + |u2|2]
and

[ daRe(Aideoi (@)62(3) < [ da{ I 61@)F + Al l02(0))
so that
[ @2 ni01@) + 2ata@F < [ de {0 01@)F + Pl [62(#)F } = finite

Therefore, [ d®z |A\11(F) + Ao (2|7 is finite and Ay ¢y (Z) + Aacha(Z) is square-
integrable.

This theorem implies that the set of all square-integrable functions forms a linear
vector space (with the usual addition of functions and the usual multiplication

of a function by a complex constant) - this space is designated L?.
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2.1.2. Postulate 1b

Motivation: Linear superposition of classical waves.

If 1(Z,t) and 9(Z,t) are possible wave functions for a particle under the
influence of given forces, that is, 11 (Z,t) and 9(Z,t) could correspond to dif-
ferent initial conditions), then, for any complex constants A\; and Ao, A\1¢1(Z) +
A2 (Z), which is necessarily square-integrable by the previous theorem, is a
possible wave function for the particle under the influence of the given forces,
provided that A\1¢1(Z) + Aag2(Z) is not identically zero at any time, where a
function f(Z,t) is identically zero at time ¢ if f(Z,¢) = 0 for all Z.

Let ¢1(2) and ¢2(Z) € L?, that is, they are square-integrable. Then,

| [ dw01@s2(@)

< [ dalsi(@)ou()
<5 [ @ [161@)F + 102D = Finite
so that [ d®x ¢}(Z)¢a(Z) is finite.

2.1.2.1. Definition
Let ¢1(%) and ¢o(%) € L2 The scalar product(inner product) of ¢1(#) and
¢2(Z) is defined to be

(01162) = (61,02) = [ 00} (@)0 (@) (2:8)

where the 2"¢ expression is the standard scalar product notation, the 15 ex-
pression is a different notation (due to Dirac) for the same thing and the 3"¢
expression is the actual definition. The scalar product is finite for ¢ (&) and
¢2(fﬁ) e L2
2.1.2.2. Properties of this Inner Product
(obvious by inspection)

L (g1 | ¢2)" = (d2 ] o1)

2.

(b1 ] Xap2 + A33) = A2 (@1 | d2) + A3 (91 | #3)

(A2g2 + X33 | 1) = A3 (92 | @1) + A3 (93 | ¢1)
3. (@] @) is real with (¢| @) > 0, where equality occurs if and only if ¢(Z =0
almost everywhere(a.e.), that is, ¢(Z at all Z with the possible exception

of some isolated points.
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Definition: ¢(Z is normalized if (¢| o) =1
Definition: ¢, (Z) and ¢o(Z) are orthogonal if (¢1|p2) =0

Definition: Let f(Z) be an arbitrary function of Z. The matriz element of
f(Z) between ¢1(2) and ¢2(Z) is defined to be:

(1] £(2)[62) = {01, F(2)02) = [ 26t (2)1(2)62(3) (2:9)

where the 2% expression is the standard scalar product notation, the 15 ex-

pression is a different notation (due to Dirac) for the same thing and the 37¢
expression is the actual definition.

In the Dirac notation, we have (¢1] f(Z) |¢2), where
(¢1] = bra vector , |p2) = ket vector (2.10)

and
(¢1] f(Z) |p2) = bracket f(Z) (2.11)

In Dirac notation, postulate 1a takes the following form:

1. {¢|¢) is finite and non-zero

Z.4)[2
2. p(2.0) = 24

Also

vy @) 1Y)
(£(2)) = W) (2.12)

If ¢ (Z,t) is normalized, then we have

Wlo)=1 . p@0=p@nO" , (f@)=@f@W) (213
2.1.2.3. Theorem: Schwarz Inequality
Let ¢1(2) and ¢o(2) € L?. Then

(b1 | p2)* < (b1 | 61) (D2 | ¢o) (2.14)

where the equality occurs if and only if ¢o(Z) = A¢1(Z) a.e. for A\ a complex
constant.

Proof

Consider ¢o(Z)-A¢1 (&) with X arbitrary. Then we must have (¢2 — A@1 | o — A1) >
0 for any A. Again, equality occurs if and only if ¢2(Z) = A1 (Z) a.e. We then
find

(62 = Ad1 | d2 = Ad1) = (62 | d2) + A" (61 [ d1) = M2 | 61) = A" (d1 | 62) 20
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This must be true for all A. In particular, it is true for

(1] 92)
A= o o) (2.15)

Note that if {¢1|¢1) =0, then the theorem is trivially true since

(61| 62)" = 0= (61| 61) (92| 52)
Using the choice for A in (2.15) we have

(¢102)|” (911 ¢2) (61 ] d2)"
(#2162} + ’<¢ lony| (O (g (21O g gy (ol 2
(62| 2) - "(‘f;'ﬁ)j = l(r | 622 < (61 | 61) {62 | )

with equality if and only if ¢o(Z) = Ap1(Z) a.e.

Note: The above inner product, its properties, and the Schwarz inequality can
be generalized in an obvious manner to functions of n variables as shown below:

1o d(2, e , Tp) is square-integrable if [ d"x ¢* (z1, ..., 21 ) P(T1, cevvevene.
is finite, where d"x = dxidzs......... dx,,.

2. (o1 | p2) = [ d"x b7 (21, ey ) P2(1, ooy )
3. (D1 f(x1y oo mn) |P2) = [ d™@ (21 ey @) (@1 ooy T ) P2 (T ey T
2.1.2.4. Examples

Let ¢1(%) = e™/? and ¢o(Z) = re”"/2, then

(011 61) = [ a7 (r,0,0)61(r,0,9)

fr e Tdebln@d@fd(p 47Tf’l“ e "dr =8m
0 0 0

where we have used

oo

f duue ™ =n! for n=0,1,2,.... (2.16)
0

Similarly,

(021 62) = [ d203(1.0.)02(1,0,9)

/re%irfsm@d&fdgp 47rf7" e "dr =967

0 0 0
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and
(01162) = [ d267(.0.0)0(r,0.9)

/T3€ Td’l“fbln@d@fd(p 47rfr e "dr =24m
0 0

‘We then have

(b1 | d2)* =5767% (o1 ] d1) (¢ | h2) = 7687 (2.17)
so that

(b1 | d2)| < (1| d1) (D2 | 92) (2.18)

as required by the Schwarz inequality.

Now let k be some fixed vector. Then we have
(0ol b-210n) = [ a0 65(@) (k- 2)0(2) (2.19)

Now we are free to choose our coordinate system for specifying the spherical
polar coordinates of Z so that the z—axis is along k (remember that & is fixed
during the integration) as shown in Figure 2.1below.

Figure 2.1: Vector Orientations

‘We then have

k-Z=kz=krcosl , d°x=r?sinfdrdddy
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and we get
(@al - 2lon) = [ a2 03()(k-2)01 (@)

oo by 2m
:/r2dr/sin9d0/dgo(krcos@)(re"’)
0 0 0

:k(ofr4e_rdr)(OfsinH(:os@dH) (O[dcp)
= k(41)(0)(27) = 0

Now let ¢(Z) = 1/r, then we have
(010)= [ d26"(1,6,2)0(r.0.)

o ™ 2 oo
1
:fT'er[SinedHfdgo—z:47r/dr:oo
0 0 0 "

0

The integrand diverges at 7 = co. Therefore, ¢(#) = 1/r is not in L?.

Now let ¢(z) = 1/r?, then we have
(@16) = [ da6" (r,6,9)6(r.0,)
o g 2m oo
1
=fT2dT[Sin9d9[d<p—4:47rfd—2200
T T
0 0 0 0

The integrand diverges at 7 = 0. Therefore, ¢(Z) = 1/r? is not in L%

Note: Now

T

(¢|¢>):erdrfsianQ/ZZTd<p|¢(i)|2 (2.20)
0 0

0

Therefore, for the integration over r to converge, it is clearly necessary for
|#(Z)] = 0 sufficiently fast as r — co. Thus, square-integrable functions must
vanish as r - oo.

If the wave function ¥ (Z,t) for a particle is given, we can calculate p(Z,t) from
postulate 1. Postulate 2 will tell us how to calculate (p,t) (the momentum
probability distribution) from (Z,t). For this, we must introduce the Fourier
transform of ¢ (Z,t).
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2.1.3. Fourier Series and Transforms and Dirac Delta Func-
tion

2.1.3.1. Fourier Series

Let f(Z) be a square-integrable function of one variable on the interval [-a/2, a/2],
that is,

al2
fdx|f(at)|2 is finite (2.21)
-a/2
Then
o) ei27rnz
fx)="3 e (2.22)
with convergence a.e.
Let
S2mnae
e'a 1 2mnx 2mnx
n == =—F + i si 2.23
un () NG \/E(COS - isin " ) ( )
= f(x)= ) caun() (2.24)
Now,
al2 1 a/2
(un [ um) = [ dww (@) (@) = = [ dwel*0nm
-a/2 a—a/2
1 im(m-n —im(m-n
- m(e (m=n) _ g-in(m-n))
1
- = ((=1)m) _ (_1)(m-n)
2mi(m -n) (( ) (-1) )
=0nm ={ (1) ﬁi Z;z = Kronecker delta
Therefore, multiplying
@)= caun(x) (2.25)
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by w’,(z) and integrating over z, we get

a/2 a2
f/ druy, () f(z) = i Cn f dxu), (x)un(z)
~a/2 eI a2
= i CnOnm = Cm
"lw 2
Cm = \/E_(!; dx f(z)e™ (2.26)

Note that the Fourier series gives rise to an expansion of f(z) on [-a/2,a/2] in

terms of the functions e?2™%/@ = ¢"k* where
2 2
o2 2T (2.27)
a A n

We are therefore expanding f(z) in terms of sines and cosines with wavelengths
a,af2,a/3, .......

Now we let @ = oo, which will give us a heuristic proof of the Fourier integral
theorem. We have

;2mnx a/2

ad e’L a ]. S2Tnx
f(z) = Ch—F—=— , Cn=—= [ do f(z)e " e (2.28)
n;w \/a \/afa/2
Let )
k=" ok (2.29)
a

varies from —oo to + oo in steps of Ak =27n/a , (An=1). Then a > co = Ak -

0. Therefore,
f(z) = i cnejf[a(?k)] since [a(?k)]:l (2.30)
k=—o00 a ™ s

Flk) - cn\/g (2.31)
Ak
V2r

Now let

so that

f(z) = ki ¢ B (k) (2.32)

Then as a — oo = Ak — 0, we have
rodk
)= | —e"""F(k 2.33
/() lﬁ (k) (2.33)
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and

—-a

e JE [ A ke
) = ey [ o = [ et (@) (2.34)

which is the Fourier Transform of f(x). Thus, we have the Fourier Integral
Theorem (heuristically proved):

If f(x) is square-integrable, the Fourier transform

al2
dx -
F(k)= [ —=f(x)e ™ (2.35)
—&/[2 V2T

exists a.e. and is also square-integrable. Furthermore,
rodk
)= | —e""F(k 2.36
S@)= [ e r® (2.36)
For a more rigorous derivation see Mathematical Methods notes.

2.1.3.2. Example

Let f(x) be a Gaussian f(z) = Ne’("”’””")z/‘l"z, where xp,0 and NN are real and
o>0,N >0. First we determine N so that f(z) is normalized.

1= [ dalf(@)f = N? [ dpertemeorrart

:Ngfdue_“Q/Q"2 :Nga\/gf dve"”2

1

1=N2%6V2r > N =
\V2mo

so that the normalized f(z) is

F@) = /ﬁe*“%w‘*”? (2.37)

as shown in Figure 2.2 below.

50



r f(x)

of order o

o X

b S S

Figure 2.2: Gaussian Function

Now let us calculate the Fourier transform. We have

F(k) [ ef(:r—mo)z/éla2 e—ikz

2ro

f dx 6—(z—z0)2/4026—ik1

1
- V2T 2mo

due™ 2/402 —zk(u+xg)
\/ 27T 2mo - [

]' —tkxo —(u+2iko 40 —40 k 40
\/ ’]T T l / du (u ) / /
2 g

1 1 —ikzo — k2f —(u+2iko?)? [40>
— ¢ 3 ZEO ag due U 1RO {o8
\/ 2no

where the last two steps follow from completing the square. We then have

oco+ick
1 2
F(k ——_ —— gikwogmotk [ dZ e ? 2.38
( ) 2mo —oo+ick ( )

This last integral can be done using complex integration methods (again see
Mathematical Methods notes), which would show that it does not matter whether
we integrate over the path in the complex plane as indicated (kO) or along the
real axis (k =0).

We will now show this property another way. We define

ocot+ick
(k) = / Az e (2.39)

—oo+ick

We now show that dI/dk =0, so that I(k) is independent of k. Let Z = v +ick.
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Then -
I(k) = f dve™(vioh)” (2.40)

so that

Al d (ot o [ G (erioky?
dk‘:_[dvdk(e(Jr k)):w_ldvd(wk)(e(Jr k))

[}

= igf dv% (e*(vﬂ'ak)z) —io f d(e—(v+iok)2)
= ia_[:(”*iffk)z]:i : -0 h

Therefore, I(k) = constant = I(0) and

1(0) = fdve_”2 = (2.41)

Therefore,

20 L ikzo -o2k?
— e e NZs
Var \V V2o

‘ 2
= \/70'6_“”0 ek (2.42)
™

as shown in Figure 2.3 below.

F(k) =

[F(k)| 4

of order 1/o

Figure 2.3: Gaussian Fourier Transform

Note that

fdk:|F(k;)|2:\/Eafdke‘2"2k2
T
:\/Eo\/ﬂﬂ: [ dwip@)P
T 20 R
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This will be seen to be Parseval’s relation, which we derive shortly.
Now we generalize to 3 dimensions. Let f(Z) = f(z,y, z) be a square-integrable
function of 3 variables. We can Fourier transform in z first, then in y and finally

in x.

F(k) = F(ky, ky, k)

oo d 7k f 7k‘y oo dZ 7}@
- 2 x 1Ry K2 Z (xy’z)
_l- \/_ \/_

where d3z = dxdydz and k-7 =kyx+ kyy + k.z. Similarly, we have
f(&) = f(z,y,2)

rodky f‘”dk ey [""dkz .k
= [ Lz ke [ Ty ik, %2 F(ky, ky, ks
e V2 . V2 ( Y )

= /oo ﬂemzﬁ(m (2.44)

which is obtained by Fourier inverting first in z, then in y and finally in 2. It is
the inverse Fourier transform.

Thus, if f(Z) is square-integrable, the Fourier transform

Fi) = f o )3/2 ) (2.45)

exists a.e. and is also square-integrable. Furthermore

o0 3 o R
@)= [ (;fr)lzpeik'”F(k) (2.46)

2.1.3.3. Parseval’s Relation

Let F(k) and G(k) be the Fourier transforms of f(Z) and ¢(z) respectively.
Then

(flg)=(F|G) (2.47)

that is,
fd%f*(z)g(:z):fd%F*(l%)G(i%) (2.48)

Proof
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fd3xf (2)g(%) = fd?’ [Oo( )3/2 iF*(fi’)]g(f)

* (7. r d3 —z T
:fd3kF (k) l " Fag(a )]
- f &k F*(B)G(E) (2.49)

Note: For f =g we obtain (f| f) = (F'| F), that is,
f B |f (@) = f &k |F(R)[ (2.50)

which will be very useful.

2.1.3.4. The Dirac Delta Function(a generalized function)

We define the function d.(z) as shown in Figure 2.4 below.

fBE(X)
1 |
€ | area = 1
/
|
|
- - L - o
“ele g
2'2

Figure 2.4: Delta Function Definition

by the relation

0  for|x|>¢/2
) = 2.51
-(@) {1/5 for |z| < g/2 (2:51)
Taking the limit e - 0" we get
f 0
lim 6. (z) = o (2.52)
e—0+ oo forz=0

such that the area under curve remains = 1.

The problem is that such a limit does not exist as an ordinary function. Instead,
consider

Tim f dz f(x)8.(x - o) (2.53)
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where the function d.(z — ) is as shown in Figure 2.5 below:

?SE(X-XO)
|
1 €
- b -
€ | /
| V'
|
| Xo X

Figure 2.5: Another Delta Function Definition

and f(x) is some arbitrary function continuous at x = zp. One takes the limit

after the integral has been done. We then have the result (which is the correct
defining relation)

+5+x0

Eli%a/dazf(x)dg(:z:—xg) = lim ! f dz f(x)

e—>0*t £

= Jim * 7o)z = £(20) (2.54)
[Shd €

where we have used the continuity of f(z) at x = zo to take the term f(xq)
outside the integral.

2.1.3.5. Definition

Let d.(x — z¢) be any function of the type described above and depending on
some parameter €. Then, liI(I)l 0c(x —x0) = d(x — z¢), which is the Dirac delta
e—0*

function, means, for any function f(z) continuous at z,

lim [ do f(@)6.(0-20) = f(w0) = [ da f(@)o(w-z0)  (255)

where the last form is just a motation because li%l cannot be brought inside
E—
the integral to give

foodxf(x) Lli%i 65(33—330)] (2.56)
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since
[ lim 6. (z - xo)] (2.57)
-0t
does not exist.

Note: Compare the delta function with the Kronecker delta:

> ¢jdij = ¢; picks out j =1
J

f dz f(x)d(x —x0) = f(xo) picks out x = xq

There are many different functions . (x—x¢) such that 1ir(r)1 dc(x—20) =0 (x—120)
e—0*

in the above sense.

2.1.3.6. Properties of the Delta Function

1. In a non-rigorous way,

0 f 0
lim 6. (z) = ez (2.58)
e—0* oo forx=0

2. For f(x) continuous at x =0
[ do £@)3(@) = £(0) (2.59)

3. In particular

/ dxd(x —x0) =1 (2.60)
4. Let
_ | f(x) for xe(a,b)
9(x) = {0 for x ¢ [a,b]
then

fdxf(x)5(x—xo):]fdxg(x)d(z—zo)

f(z) for ze(a,b)

0 for x ¢ [a,b] (2.61)

=g(wo) = {
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5. For any real constant a0

d(ax) = |1|(5(x) (2.62)
a
Proof
For a >0
[ dw i@stan) = 1 [ F(ufa)i() = 1 0)
For a <0
[ ar F(x)d(az) = - f du f(u)a)s(u)
a
1 r 1
i f duf(ufa)d(w) = 7 £(0)
But,
o(x
] o )5 = 2 5(0)
Therefore,
d(ax) = i(F(x)
lal
6. It follows from (5) that
0(-x) =d(x) (2.63)
2.1.3.7. Fourier Transform of a j-function
Heuristic: Fourier transform(this is well-defined)
rode 1
Ak :[—e‘”mé T) = — 2.64
(k) J V= () Ner (2.64)
Therefore,
rodk rdk
5 :f—”“”Ak:f—““ 2.65
()= [ een= [ 5o (265)
where this integral is really not defined!
Rigorous: Let
b.(x) = f I it g-et? (2.66)
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_ 2
where e~¢¥

is a convergence factor which gives a well-defined integral for € # 0.

We ask the question: does liron de(xz) = 0(x) in the same sense as the earlier
e—0*

definition?

Lim fm dz f(x)d:(x) = lim f dz f() f etk omek?

e—0*

dk_ o rde
=0 Vor  J o

Il
E.

e:tik’x f(Jf)

1]
é.

Kk pak)
T

We can now take the limit inside the integral if and only if the resulting integral

is well-defined. We have

hm fdxf(x)5 (x) = h 7sk2F(¢k)

fr

() - [ TR = (0)

Therefore,
o0
dk ... _..2
7€izkze ek
s 2

which we will write as

with the above limit in mind.

2.1.3.8. Derivatives of a §-function

Let lir[r)1+ d:(x) =d(x). Then

lim dé-(x —xq) _ do(x — xq)
e—>0* dzx dx

which means
fdxf(z)M = lim /dxf(x)M
- dz e=0°* . dx

df ()

= lir(r)l+ [f(2)0(z - 20)]00, — lir[r)hfdx

——h fd df(xé(—a:)—— (3:)
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0c(x -
dx (@

(2.67)

(2.68)

(2.69)
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where we have used integration by parts and . (xo0) = 0. Therefore,

/ dxf(m)dé(a;; Zo) _ —dfc(li()) (2.70)

when df ()/dz is continuous at = = z¢. Similar results hold for higher derivatives
of §(x — zg) (just keep on integrating by parts).

2.1.3.9. Three-Dimensional Delta Function

We will write all integrals with the limiting process understood where appropri-
ate.

[ @2 f@)8% @ - i) = (o) = lim [ daf(@)03( - 7o) (2.71)
for all functions f(&) continuous at & = Zy. But

J(@0) = [ dedydz f(a,,2)8(2 - 20)0(y - 9o)o(z =) (272)

or

§%(& - 9) = 6(x —20)8(y — Y0)d(2 — 20)

d*k ik-(E—&o)
- an) e* (2.73)

2.1.4. Postulate 2

2.1.4.1. Motivation

¥(Z,t) is square-integrable which implies that we can Fourier analyze it in Z (¢
fixed)
= &’k +ik@ | (7.
V() = f We o(k,t) (2.74)
This is just a superposition of sines and cosines with wavelengths A = 27/k. But

A = h/p (deBroglie) relates this wave property (\) to the particle property (p)
by

2r 27 p
k=—=—p== 2.75
=P (2.75)
where we have defined i = h/27. Then we have [= hk. Since the spatial variation
of et occurs in the k direction, we expect § to be along E’s direction, that

is, p = hk, that is, Y(Z,t) is a weighted (weighted by something related to
probabilities) superposition of states of different momentum. Now, Parseval’s
relation gives

Wl =(olo)= [ dkloth0)f (2.76)
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Therefore, ,
d*p |o(k, )

Pk |p(k 2.77
Jarlotol =1= |5 ey 270
But p(p,t) must satisfy
[ dvs.n=1 (2.78)
We are therefore led to the conjecture that
-2
o 1 |o(k,t
p(p,t) = h3| (fbld)))| (2.79)
Let ) 1
with § = hk. Therefore
o [P
) 2.81
p(p.1) Wi (2.81)
where
- 1 d3 o
Y(p;t) = 72 f (271_)3;/2 e F (3, 1)
—i%i -

which is the Fourier transform of ¢(%,t) in momentum space. We also have
PP d3p B -
+zk~:c _ +iL223/2 7 >
0= [ ok )3,2 ok t) = [ —(2 )S/the RER3240(p, )

i@ = [ Gt
Note that Parseval’s relation becomes:
(1 [h2) = (1, 902) = (v1, $2) = (01 | ¢2)
- [ kot )on(kt) = [ dpdi(h )bk 1)
= {1 92) = (i1, )

ey
:\'m

Toh(p, t) (2.83)

Therefore,
(Y1 [ 2) = (1/11 | 1/)2) (Y ]) = <1/) ’ TZJ) (2.84)
Postulate 2

Let 1 (Z,t) be the wave function for a particle under the influence of given forces.
Then,

(5, 1)

B0 =0T

(2.85)
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where ¢(Z,t) and 1 (p,t) are related as in (2.83).

Recall that postulate 1 says that

(2.86)

Thus, the position distribution and the momentum distribution are related!!!
The relationship is somewhat complicated because ¥ (2, t) and ¥ (p, t) are related
by Fourier transformation in momentum space.

We recall that the average value of f(Z) is given by

(f(@)) = W

xp* (2,1) f(2)(Z,1)

"W | ) (d}lf(ff) [¥) (2.87)

Now consider the function g(5). We have for the average value of g(p)

(9(p)) = f d*pp(p,t)g(p) = f d’p Izbz(bp'? 1/)))|

_ W [ dPpd* (5, ) g(P) (P, t) =

9(p)

WW (¥]9(®)|¥)

It would be somewhat simpler if we could calculate (g(p)) in terms of ¥(Z,t),
so that we would not have to Fourier transform v (Z,t) explicitly.

Consider (p;) where

P1 =Pz, P2 =Py, P3 =Pz, L1 =T, T2 =Y, T3 =%

We have
1 - -
il T T N d3 ¥ 47 % 45
(pi) (¢|¢)f Y™ (B, t)pip (P, 1)
1 - -
_ P (B (P, 2.88
I R ECR) (2.88)
Using Parseval’s relation we have

(pi) = W | 7 /d?’xw (Z,1) (IrwerseFoumerTransform[pﬂ/J(p,t)]) (2.89)
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Now
Z,t)

[Pil/;(@t)]:pifwe_i%iw(
M LCR

:/‘W{_;axi
hr _iza - —zp*af/f
_Z [e 0 Q/J(x,t)]swfaceatw /(27Th 32°€ g;it)
(2.90)

i85 0Y(Z,1)

_h / d3x .
i J (2wh)3/2 ox;
where we have integrated by parts in dz; and used the fact that (Z,t) =0 at

r = oo so that all surface terms vanish. Therefore
0
w(i", t) (2.91)

4:L S (T Ei
)= oy [ P @0

Consider now

)= wlw /dBW (B, t)pEp) P (p,1)

{pepy'pY
w| o ] P e PN 0)
<¢ | ) / d>axyp* (Z,1) (InverseFoumerTransform[pajjpypivi/;(ﬁ,t)])

As before
ho( ho\M( ho ;
LpM N _ro _ho _ho —iB.g ;
Py P (D1) = / (27rh)3/2 {( ié)x) ( iay) ( i 32) }w(x )
Integrating by parts L + M + N times where all surface terms vanish, we get
s [(h O\ (RO ho\Y
iR - it
' {(z 83:) (z@y) (z 82) Vi, )}

d3
L M N7/
Py P2 (5, 1) =f (anh)y®
Therefore Im)erseFourierTransform[prpy DS w(p,t)]
h o h o h o .
(z ax) (z 8y) (?@) (@)

and we obtain

pery v) w|w fd?”“ t)( 8:6) (zay i 0z

Thus, if g(p) has a Taylor expansion about p = 0, g(p) = a sum of terms of the

form pﬁpy p;, . Since the average of a sum is the sum of the averages, we have
ho ho ho

=)ean oy

3
{9(p)) = wy; fdw “)g(zax G0y’ 70z
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where

i0x’ 10y i0z
(5 30 37)
(9(9)) - ww [ v @09 (5v) v
(Wl (39) 1)

(ha h 0 ha)

acts on ¥(Z,t). If we use

we have

(W | V)
We now define the momentum operator
. h
pop - ;v
that is,
ko
Pisep = 1 0x;
Then 1
(9(P)) = Wi (¥l g(Bop) 1)
and
(f(2)) = Wi | ) (W1 f (@) [¥)

and we are able to do everything using ¢ (Z,1).
Example: Kinetic Energy
kinetic energy = %m (Ui + vj + v?)
= ﬁ (0% +py +12) = ﬁ (- P)
Therefore, the operator for the non-relativistic kinetic energy is

L[, 00,
(KE)op =5~ ( 922 haiyg_ 9.2
_ h? 2
T 2m
and
1 h2
KFE) = - —
(KE) <w|w>(¢' V2 [i)
1

Ty z%f Bt (£.0)776(2.)

(2.93)

(2.94)

(2.95)

(2.96)

(2.97)

(2.98)

(2.99)

(2.100)

(2.101)

(2.102)

Operators will play a fundamental role in our development of quantum theory.

63



2.1.5. Operator Formalism

An operator maps functions into functions. Consider an operator A (" signifies
an operator). We have

Ay (Z) = ¢2(2) = Ady = ¢ (2.103)

where the last form is standard and the variable(position)dependence is under-
stood.

In words, the operator A acts on the function ¢1(Z) to produce the function
$2(2).
2.1.5.1. Examples

1. [1(/) = x;¢ = multiplication by x;

2. Agb = %%(ﬁ = momentum operator

3. A¢:xj¢+%%¢or A:xj+%%

4. Agb(:ﬁ) = [ &Py K(&,4)¢(y) or A = an integral operator

5. Ag = p 22

a.'L'j

Definition: An operator is linear if fl()\lgbl + Aogpo) = )\1A¢1 + )\214¢)2 for all
complex constants A; and Ao and for all ¢ and ¢s.

In the examples above (1), (2), (3) and (4) are linear operators and (5) is not
linear. From now on, all our operators will be linear.

The momentum operator and the kinetic energy operator are both linear!

2.1.5.2. Example

Consider 5
A== B=
or '’ o
First 9
AB+ —z=1 (2.104)
ox

To calculate AB correctly, we must compute (AB ) = A(B’qﬁ) with an arbitrary
¢. We have

(AB)o = A(Bg) = 5 (x0)

8¢>:

:¢+$67x

(1 + xa%) ¢ = A(Bo) (2.105)
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so that

AB-1+22 (2.106)
ox

Definition: The commutator of 2 linear operators A and B is defined to be
[A,B] = AB - BA (unlike numbers, operators do not necessarily commute).

2.1.5.3. Example

(@, pj,op] &
hx 9¢ ha(m)h %_g 9 _howi,
81'] i Ox;j 8% 8:5] i Ox;
h ox; h
S ax]“ﬁ - _25”(25
so that
[2i:Pjop] = ihdyj (2.107)

Using similar algebra, we find
0? 0?
8l‘i8l‘j - 895]8331

These commutators will be of fundamental importance in our development of
quantum theory.

(2,251 =0, [Piop,Pjop] =0 using (2.108)

Now, recall the definition of the inner product

(01162) = [ &z 67(2)0a () (2.109)
Thus,

(61| Ags) = (01 | 0) = [ daoi@)i(@) = [ daoi(@)Aga()  (2110)
(Aor | 62) = (1 62) = [ s (@)62@) = [ do[An] oa(@)  (2111)

where [Aqbl]* means that the operator A acts on ¢1 to produce & and then it is
complex-conjugated.

Definition: A linear operator is hermitian if

(0] Ag) = (A0 ]0) (2.112)
for all ¢(Z) on which A is defined. Note that
(0] Ag) = (Ao | o) (2.113)

implies that an operator A is hermitian if (¢ | A¢) is real for all ¢(Z) . z; and

Diop = zh@/@x] are hermitian. If AB is hermitian, then BA is hermitian only
if [A,B] =
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2.1.6. Heisenberg’s Uncertainty Principle

We have seen that the probability distribution in Z (position) and the probability
distribution in p (momentum) are related, The relationship involves the Fourier
transform. For p = hk we found earlier that

B3z
(27)3/2

3 o N N 7o
w(@.0)= [ e o) o ok - ()

~ d3p +il.z 7o ~o dSJ} _iZ.z -
@0 = [ Gt TE) <900 = [ GoSmeF e
B PN 0.0 W G0 )
OO Ty TP T Ty TR (el

In wave mechanics, Heisenberg’s Uncertainty Principle relates the rms deviation
of the position distribution to the rms deviation of the momentum distribution.
Such a relationship follows from the above Fourier transform relationship.

Heuristic Argument: We have

3 7 = -
w(i,t):f(;lrﬁme”k“qﬁ(k,t) (2.114)

Let y = 2 = 0 and consider the dependence on the x—coordinate. Let gb(l%,t) be
real for simplicity and consider Real(y(%Z,t)). Therefore,

3
Re(u(#,1) = [ (2(;)12/2 cos(kaz) b (k. 1) (2.115)

that is, Real((Z,t)) = sum of cosine terms, each with a different wavelength
Ae = 27/ky. As shown in Figure 2.6 below for two such cosine terms with
different wavelengths, we have regions where the waves are in phase and regions
where the waves are out of phase.

waves in phase — constructive interference

waves out of phase — destructive interference

Real(¢(Z,t)) will be negligible in the regions where the cosine terms interfere
destructively. In the z-region where the cosine terms interfere constructively,
Real(y(Z,t)) will be non-negligible (similarly for Imag(y(Z,t))).

Now consider the more general case: ¢(15,t) is complex and x, y, and z are
arbitrary. Let Az be the z—region in which ¢ (Z,t) is non-negligible (¢ fixed, y
and z fixed). Let Ak, be the k, integration region over which gb(l::,t) is non-
negligible. 1(Z,t) is a superposition of terms e**=% of wavelength \, = 27/k,.
For ¢ (Z,t) to a certain region Az, there must be constructive interference of
the e™*+% terms in this region and destructive interference everywhere else. Let
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Ar Rey
waves out of phase
in this region

/

\

waves in phase

in this region
@(k,.1)cos(k,,x) @(k,.1)cos(k, x)
wvaelength = A, wvaelengih = A,

Figure 2.6: Wave Interference

#(k,t) be non-negligible only when kq < kg < ks (¢, ky, k. fized) so that Ak, =
ky — kq. There are

Az k,Ax

= _ 2.116

Ao 2w ( )
number of wavelengths in the region Ax when k, = k, and

Az kyAz

— = 2.117

)\b 2w ( )

number of wavelengths in the region Az when k, = k. For the e”** terms
(ko < kg < kp) to interfere destructively at the limits of (and beyond) the interval

A Az koA
b2l a2t (2.118)
21 2w
must be at least one, that is,
Ak A
Tx1 (2.119)
2w

(similar arguments hold for the localization in the y and z directions). Therefore
we have

Ak, Az >2n , Ak,Ay>2n , Ak, Az>2rm (2.120)
or using k = p/h, h = h/21 we have
Ap,Axz>h , Ap,Ay>h , Ap,Az>h (2.121)

These are the so-called Heisenberg Uncertainty Relations. If a particle has non-
negligible probability to be found in a region (Ax,Ay,Az) of Z, that is, the par-
ticle is said to be localized within this region, then the probability of measuring
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the particle’s linear momentum is non-negligible in the range (Apg, Apy, Ap.)
of p with the Heisenberg Uncertainty Relations a necessary constraint on the
position spread and the momentum range. For example, if we prepare a particle
at ty so that it has non-negligible probability to be found with x-coordinate
in the interval (zg,xo + Az) and negligible probability to be found elsewhere,
then any measurement of p, at ¢y will yield a value somewhere in the range
(P20, Pzo + Apz) where Ap, > h/Ax (z¢ and py are arbitrary).

Classically, one specifies the precise position and momentum (or velocity) of
a particle at some initial time. One then finds the position of the particle as
a function of time by solving the classical equations of motion with the above
initial conditions. We now see that this formulation of a particle’s time develop-
ment is impossible quantum mechanically: the Uncertainty Principle prohibits
the precise specification of both the particle’s position and its momentum at
some initial time.

Indeed, Az = 0 (particle localized at a point) - Ap, = oo, in some sense, (par-
ticle’s momentum is completely uncertain).

The spread in momentum necessitated by a spatial localization can be illus-
trated in an electron diffraction experiment as shown Figure 2.7 below.

T—y>
beam of X
electrons _ -
_’ - —
{/ - ’160
> — — - —_——
\
I Ay
diffraction
pattern
p=h/A
first second
screen screen

Figure 2.7: Electron Diffraction

Electrons which pass through the slit have a y—localization Ay at the first screen.
Most of these electrons arrive at the second screen with 8 < 6y where 6, locates
the first diffraction minimum

dsinfy = (Ay)sinfg = A = h = (Ay)(psinby) = h (2.122)
p

But psinfy = y—component of momentum of an electron (with total momentum
of magnitude p) arriving very near the first diffraction minimum. Of course,
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no electrons arrive exactly at 6y. Thus, most of the electrons(in first or central
bump) arriving at the second screen have a y—component of momentum in
the range [-psinfy, +psinfy] so that Ap, ~ psinfy and thus Ap,Ay > h in
agreement with the Uncertainty Principle.

2.1.6.1. Discussion

When electrons are to the left of the first screen, (Apy)incident = 0. Therefore,
(AY)incident = o0 (so that Ap,Ay ~ h) and the incident beam is uniformly dis-
tributed over all y. Thus, the wave function ¥ipcident (%,t) for an electron to
the left of the first screen is independent of y (so that @incidgent (Z,t) is indepen-
dent of y). That is the meaning of an infinite plane wave. An electron which
passes through the slit (and eventually reaches the second screen) necessarily
has a new Ay = linear dimension of the slit. The electron’s passage through
the slit constitutes a measurement of the electron’s coordinate to an accuracy
Ay. This measurement has necessarily changed the electron’s wave function
because (AY)incident * (AY)siit- In general, a measurement made on a particle
will change the particle’s wave function. In this example, Yincident(Z,t) is in-
dependent of y. Right after the electron passes through the slit (corresponding
to a measurement of the electron’s y—coordinate), the electron has a new wave
function e (Z,t) which is non-negligible only in a dy range (the slit’s width).
Detection of the electron at the second screen allows us to determine p, of the
electron which passed through the slit. As we have seen, the spread in such p,
values is Ap, » h/Ay. It seems at this point that The HUP is implied by the
fundamental properties of the x and p bases and also the Fourier transform.
This latter dependence is deceiving and only appears to be true when using the
x and p bases.

2.1.6.2. Rigorous Argument

Let A and B be two hermitian operators. For example, A and B can be chosen
from the operators z, y, 2, Da.op, Dy,ops Pz,0p- Let ¥(Z,t) be the wave function

at time ¢ and let AA and AB be the rms deviations of measurements of A and
B at time t, defined by

(AA)? = (A~ (4))°) = (42) - (A) (2.123)
(AB)? = ((B-(B))’) = (%) - (B)’ (2.124)
Now 1etACA’ = A—(A) and D = B—(B). Because (A) and (B) are real (hermiticity),

C' and D are also hermitian. Now we assume that ¢(Z,t) is normalized so that

(¢ ]9) = 1. Then
(AA)*(AB)? = (C?)(D?)
= (| CCy) (v | DDY) = (C | C) (Do | Dy)
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where we have used hermiticity in the last step. Then using the Schwarz in-
equality we have

|2

(AAX(AB)? 2 |(Cy | Dy)|” =|(w | ¢ DY)’ (2.125)
where equality holds if and only if (Ctp) = A(Dy) where A = some constant.
Now we can always write

CD=(CD+DC)+ 2 (CD-DO) (2.126)
and since C' and D are hermitian, we have

(CD + DC) = hermitian (2.127)

(éﬁ - Dé) = anti — hermitian (2.128)

NN CR

so that

<w ’ 1 (C’ﬁ + ﬁé’) z/J> = pure real (2.129)

= pure imaginary (2.130)

<
| =
Q
@)
|

>
)
=

Proof

Continuing, we then have

(AA)2(AB)? > (zb

pure real pure imaginary
2 < 2

1,4 A A
5(CD+Dc)¢) +

S (CD- be)u)

v
—
<

2

DN | =

(¢D —Dé)zp)

v
—
<
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where equality holds if

(¢ ‘ %(ébd)é)w) =0 (2.131)
Finally, we have
(AA)(AB)? > i|(w [, D)) (2.132)
However,
[C.D]=(A-(A)) (B-(B)) - (B-(B))(A-{4))
- AB-BA-[AB]
so that 1 ,
(A)*(AB)* 2 - |(v | [4, B] )| (2.133)
or our final result is
(AA)(AB) > % (v | [A, B]v)| (2.134)

where equality holds if 2 conditions are simultaneously satisfied:
1. (C) = AM(Dv) for some constant A
2. (¢| 3(CD+DC)4) =0

This result is the Uncertainty Principle. It is a necessary constraint on the rms
deviations of measurements of A and B when a particle has the wave function

(i, ).

This result holds for any hermitian operators Aand B. Aand B may be chosen
from the operators x, y, 2, Pz op, Dy,ops Pz,0p; hOWever, in later applications we
will use other operators.

We note that AA, AB and (¢|[A, B]|[¢)) refer to quantities evaluated at the
same time ¢ because each has been expressed in terms of ¢ (Z,t) evaluated at
one fixed time t.

2.1.6.3. Examples
Using (24, pj,op) = thdij, [2i,2;] =0 and [p; op, Pj,op] = 0 we have
(Az;)(Az;) 20, (Ap;)(Apj) 20 (2.135)

and

(Az;)(Apj) 2

h
2% (2.136)

which agree with the results of our heuristic arguments.
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Let us find ¢(Z,t) such that the equalities hold in the equations

>
>

AzxzAp, > g . AyAp, > 5 AzAp, > 3 (2.137)

For simplicity we work with the x equation. Similar results follow for the other
equations. Now

AzAp, = g (2.138)
If
1. (Cy) = A(De) for some constant A
2. (¢ | 3(CD+DC)) =0
where C' = A = (A) = py.op — (Pr.op) and D = B - (B) = x - (z). Substituting
condition (1) into condition (2) we get
(v] %(é[uﬁé)w}:o:(¢|éﬁw)+(wlbéw>
(Cv [ D)+ (v | D(Cw))
(ADy | DY) + (¢ | \DDv)
A (¢ | DY)+ X (v | ADDv)
=0=(\"+)) (¢ | DDv)

Since (1/1 | 1515¢) nel, we have \* + A =0 - \* = -\ > X = i« is pure imaginary;
« real. The case (1/1|DD1/}) = 0, which implies that ((x— (:c))2> =0= Az is
not considered here because Ax =0 — Ap, = co. Now

(C¥) = XDV) = (Paop = (p2)) ¥ =2 (@ = (2)) ¥
(32~ ) w=ia et v
i

)= S (@ - ()Y

h
This has solution
$(#,t) = F(y, 2, t)er P sh (o=(a))? (2.139)

Note that o must be positive for 1(Z,t) to be normalizable. To see the signifi-
cance of a, let us calculate

v | (@ (@))*v)
(v )

(Az)° = ( (2.140)
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We have

[ dy [ dz|F(y,2,t)]* [ dee ® @D (2~ (z))?
(Az)? === —

[ dy [ dz|F(y,z,t)|2 / dpe— 5 @—(x)?

[ dae % @) (2 - (2))?

[ dae#(a=ta)?

oo o 2
[ due™®" o>

VT (032
e T @)T A
o = 1/2
[ duzezer S (2)'7 20
so that )
; I C=))
W(@,t) = F(y, z,t)en Pa)7e 1an)?2 (2.141)

F(y,z,t) is determined similarly from AyAp, = h/2 and AzAp, = h/2. There-
fore,

o—(x))? y—(y)? 2=(z))?
w(i‘,t) — N(t)e%[(pm)x*'(Py)y‘*'(Pz)Z]e_[(4(A(z)>)2 +(4(A<y>))2 +(4(A<z)))2 ] (2.142)
i h h h
AzxzAp, = 3 AyAp, = 3 AzAp, = 5 (2.143)
In the above expression (z), (y), (2}, (pz), (Py), (Pz), Az, Ay, Az are arbi-
trary real numbers. The above expression gives a Gaussian distribution for

p(z,t) = (. HF (2.144)

(¢ [9)

For any arbitrary(non-Gaussian) wave function ¢(Z,t), we must have

h

(Azi)(Api) 2 5 (2.145)

2.1.6.4. Application of the Uncertainty Principle

Consider a particle constrained to move on the x—axis (idealized one-dimensional
problem). F, = F,(x) is the x—component of the force acting on the particle.
This force depends on the position of the particle. Let = 0 be an equilibrium
point, that is, F,(z = 0) = 0. Taylor expanding F,(x) about z = 0 we have

dF, 1 [d?F, 9
F,(z)=F, L L e T 2.14
(x) (0)+[dx LO“Q![W] kS (2.146)

=0
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For sufficiently small x, we can use

F.
F.(x)~ [d z] x (2.147)
dx lz=0
For JF
[ ] >0 (2.148)
dx z=0

we have unstable equilibrium (F, is directed away from the origin when the
particle is slightly displaced from the equilibrium position).

For

[ dF,
dx

we have stable equilibrium (F}, is directed toward the origin when the particle
is slightly displaced from the equilibrium position).

] <0 (2.149)
=0

Considering small displacements from a stable equilibrium point at x = 0O:

F.(z)=-kz , k>0 (2.150)
Classically, we have
d*x d*r  k
mﬁ:Fx=—kx—>ﬁ+ax=O (2151)

so that

[k
x=Acoswt+ Bsinwt , w=y\/— (2.152)
m

The total energy of such a particle is given by
1 1 201
E = —muv?+ ~ka’ = Dr oy e (2.153)
2 2 2m 2

Quantum mechanically,

(E) = %( 2) 4 L (22) (2.154)

when the particle is described by the wave function ¢ (Z,t).
Note that this is really an assumption because, up to now, we have only con-
sidered (f(Z)) and (g(p)). We have not yet discussed the quantum mechanical

computation of (f(Z) + g(p)). This is not obvious since x and p cannot be si-
multaneously measured and will be discussed in detail later.

Now
(Apo)* = (p2) - (pa)* . (Aw)?=(2?) - (x)? (2.155)
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Therefore,

1 1 (Apz)2 1 2
E)y=— (P2 + =mw? (2?) > =222 4 “mw? (A 2.1
(E) 5 (pz)+2mw <x >2 By +2mw (Az) (2.156)
But,
h 1
Ap, > —— 2.157
Pa2 5 ( )

from the uncertainty principle. Therefore,

h? 1 1 2 2
> %@ + imw2 (Az)” = G((Azx)7) (2.158)

(E)

This result holds for any wave function ¢ (Z, t) since ¥ (Z,t) determines both (F)
and Az. Therefore, (E) for any ¢ (Z,t) is > the minimum value of G((Az)?).
A sketch of G((Az)?) is shown in Figure 2.8 below.

Gax)t

(ax)?

Figure 2.8: G((Ax)?) versus (Ax)?

We find the minimum using

dG 2 1

:Oz_i +7mw2 — AI‘ 4: 2159
d((Az)*) 8m [(Ax)’]? 2 (B0 = (2159
at the minimum. Therefore,
2 hw
(E) 2 Guin((A2)7) = — (2.160)

for any wave function (7, 1).

hw/2 is called the zero-point energy of the particle. Classically, the particle
could be located at x = 0 with zero velocity so that its energy would be zero.

Quantum mechanically, the uncertainty principle prohibits the particle from
having a precise position at z = 0 and, at the same time a precise momentum

of p, = 0. The required spreads Az and Ap, satisfying AzAp, > h/2 imply

(0]



that the average energy of the particle can never be zero. This has striking con-
sequences when the particle happens to be charged. Classically, an oscillating
charge would radiate energy and thereby lose energy until it had no remaining
energy. Quantum mechanically, the particle can radiate energy, but its (average)
energy can never go below hAw/2. Thus, if the particle has (E) = hw/2 it cannot
radiate any energy (even though the particle will, in some sense, be oscillating
about x = 0). Clearly, the classical Maxwell equations must be modified and
reinterpreted so that an oscillating charge in its ground state (which necessarily
has (F) > 0 for a harmonic oscillator) will not radiate!

I should also like to mention that this zero-point energy phenomenon is re-
sponsible for the stability of matter. One may think of the hydrogen atom, for
example, as a proton with an electron circling about it. Classically, this accel-
erating electron would spiral into the proton as it continually radiated away its
energy. The hydrogen atom would collapse! Such a fate is prevented by the
uncertainty principle, which implies that the electron will have a ground-state
energy where the electron and the proton have a non-zero separation - the elec-
tron cannot be precisely at the proton’s position with precisely zero momentum.

In this case, we have

= 2
E=2Piyvey | ve)=-S (2.161)
2m r
and e = electron charge, r = distance between electron and proton. Classically,
Ejowest = —0o(r = 0,5 =0). We can obtain a rough estimate of E,,;, quantum
mechanically. We have

(E) = %(ﬁﬁ)—ez(%) (2.162)

where m = electron mass. As a rough order of magnitude estimate we use

(p-p) (p?“adial) N (Apmdial)2
<1> ML
rl (r) T Ar
so that ) ,
(Apradial) € h
E) n ~—tradial) = Apradgial) AT > = ~ b 2.163
(E) 5 ~, 0 (Apragia) Ar> 3 ( )
Therefore,
RZ 1 e?
(E> 2 % (AT)2 - E = G(AT’) - <E> > Gmimimum (2164)
Minimizing G we have
dG Rz 1 €2 h?

0=

- (2.165)

aan T T @ A A e
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at the minimum. We get

1 4
(E> 2 Gminimum = _5 Tr;; (2.166)
and
h2
{ry~Ar=—y (2.167)
as a rough estimate of the hydrogen atom size.
Some numbers are: 5
h
(ry~ Ar=— ~10"%cm =1 (2.168)

me
or the uncertainty principle tells us that the hydrogen atom has a radius of
roughly 1 Angstrom!!! (verified experimentally). We also have

1 me
Eoin = —5% ~107Mergn 6eV (2.169)

which is very different from the classical Ejyyest = —0o!!

We now return to our development of the quantum theory.

So far, we have considered the average values of functions of position

(f(@)) = W (2.170)
and the average values of functions of momentum,
o Wle@a)) b
(9(p)) = W » Pop==V (2.171)

Of course, there are other kinds of functions where the average values are phys-
ically important, namely, functions of both position and momentum A(Z,p).
For example, the angular momentum of a particle is given by L = 7 x § and the
total energy of a particle with potential energy V(&) is given by

=P v@&) (2.172)
2m

Postulate 3 is an obvious generalization of the above expressions for (f(Z)) and
(9(p)) to functions A(Z,p).

2.1.7. Postulate 3a

For every physical quantity A(Z,p) [ A(Z,p) is a real function of Z and p|, there
exists a linear operator

Lo . h -
Aop = A(xapop) y Dop = ;V (2173>
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such that for a particle with wave function ¥ (Z,t)

Loy (U Agpt)
(A(Z,p)) = W10 (2.174)
is the average value of A(Z,p) at time ¢ and
(F(A,p))) = LT Aan)V) (2.175)

(¥ ]9)

is the average value of f(A(Z,p)) at time ¢, where f(A(Z,p)) is an arbitrary
function of A(Z,p).

2.1.7.1. Comments

1. Postulate 3a agrees with our previous results for (f(Z)) and (g(p)) ex-
pressed in terms of the operators f(Z) and g(Pop)-

2. Consider A(Z,p) = f(Z) + g(p). Then (A(Z,p)) is given by

(Y 1 (f(#) +9(Pop))¥)

M@= 0T
_ @1 f@)Y) + (& ] 9(Bop) )
(W)
=(f(2)) + (9(p)) (2.176)
which we assumed to be true earlier. This result
(£(@) +9(Bop)) = (f(2)) +{(9(Pop)) (2.177)

is not a trivial result. Consider an ensemble of identically-prepared parti-
cles. (f(Z)) is the average value of the measurements of f(Z) performed
on many of these particles, while (g(p,p)) is the average value of mea-
surements of g(P,p) performed on many of the particles. To measure
(f(Z)+ g(Pop)) we must do repeated measurements of the one physical
quantity f(Z) + g(Pop), that is, for each particle in the ensemble we
must somehow perform a single measurement of the physical quantity
f(Z) + g(Pop) and then we must find the average value of such measure-
ments. We cannot perform 2 measurements on each particle, the first to
measure f(Z) and the second to measure g(Pop), because the first mea-
surement of f(Z) involves a position measurement which, according to the
Uncertainty Principle, will change the particle’s momentum distribution

h 1
(Api)afterfirst (2178)

2 —_
measurement 2 AT;

where Ax; is the accuracy of the first position measurement, so that the
second measurement of g(p,,) does not measure g(p,p) for the particle in
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its original state.

Thus, it is not a priori obvious that (f(Z) + g(Fop)), calculated from re-
peated measurements of the single physical quantity f(Z) + g(Fop) will
equal (f(Z)) + (9(Pop)). While postulate 3a, however, asserts that this
equality does hold - the above discussion implies that this is not a trivial
result.

3. Postulate 3a as it stands, is ambiguous. For example, consider the physical
quantities A1 (Z,p) = xp, and As(Z,p) = pyx. Classically, A1(Z,p) = xp, =
pex = Ao(Z,p) because x and p, are just measured numbers. However,
the quantum operators A; and A, differ:

AlOP = TPzop A2op = Pzop® (2179)
where
Atop = Azop = (@, Prop] = ih 0 (2.180)

We, therefore, do not know what operator is associated with the classical
quantity zp, = p,z. However, we must require that (xp,) be real (because
each of the repeated measurements of xp, will be real). Thus, the operator
A,p corresponding to xp, must be such that

(vps) = Wl Awv) (2.181)

(v [4)
is real for any (%,t). This means that (¢|Ayp1) must be real for all
1(Z,t). This requires that A,, be hermitian. Neither Aj,, nor Ag,, is
hermitian, that is, we have
(V| 2pat) = (20 | pat)) = (paaip | )
> (¢ | Aroph) = (A2opt | ) Atop # Azop

However, we can write

TPy + Pa®

A(&,P) = aps = pat = —— (2.182)
for the classical physical quantity. The operator
A, = Prop T Propt (2.183)

op — 2
is hermitian and is therefore an acceptable operator to be associated with
A(Z, 7). Atop = TDyop and Aggp = Pop® are not hermitian and are therefore
not acceptable. In general, we must require that the operator A,, correspond-
ing to some physical quantity A(Z,p) be hermitian so that

(4) = Wl Aop) (2.184)

(¥ 14)
is real for any 9 (Z,t).
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2.1.8. Postulate 3b

Let A(Z,p) be some physical quantity (a real function of Z and p). The order
of the classical variables z; and p; in A(Z,p) is immaterial. The corresponding
quantum operator A,, = A(Z,P,p), however, depends on the ordering of the
non-commuting factors of z; and p;,p,. This ambiguity in ordering is (partially)
removed by requiring A,, to be hermitian (so that (A) is real).

Note: The hermiticity requirement does not completely remove the ambiguity.
Indeed, hermitian operators differing only by the ordering of x; and p;,p in a
term correspond to the same classical quantity A(Z,p) but represent different
quantum mechanical quantities. For example, let A(Z,5) = z%p? classically.
Then

Avop = % (priop +piopx2) and  Agyp = mpiopa: (2.185)
are two possible hermitian operators. However, they represent different quan-
tum mechanical quantities even though they correspond to the same classical
quantity. Only experiment can determine which ordering of non-commuting fac-
tors yields the hermitian operator A,, that corresponds to a physical quantity
A(Z,p) measured in a specified way. We will not have to worry about such
problems at this level since there will be no ordering ambiguity in the operators
we will use.

2.1.8.1. Examples

1. Energy of a particle in a conservative force field

Definition: The force on a particle is conservative if there exists a func-
tion V' (&), called the particle’s potential energy, such that F' = -vVV.

Let W1~2 be the work done on the particle by F as the particle moves
from Z; to Zo along some path

wi=2 = fﬁ ds , d§=dxd+dyj+dzz (2.186)
1
Therefore,
w2 = - jQVV-d§: - 72(de + 8—de+ a—de)
7 ;7 or oy 0z

- f AV = —[V(i2) - V(i1)] (2.187)



which is independent of the particular path connecting &1 and Zs. We can
calculate W!~?2 in another way:

2
Wl_’Q:fF-d
1

Y
1]
H\)w
3
& &
ISH
Y

2
1 - o 1
= 2m1f d(v-0) = imvg - imvf (2.188)
Therefore,

1 5 1 5 R R
oMz = 5moy =~ [(V(Z2) -V (Z1)] (2.189)
1 1
5m@§ + V(%)) = §ma§ + V(%) (2.190)

The total energy of the particle is then defined to be
1 5 .
E = S V(%) (2.191)
and the previous argument shows that Es = E; (conservation of energy).

Since p = mv, we have

p'2

E=—+V(Z)=H(Z p)= Hamiltonian (2.192)
m
Therefore,
— . — hz
Hyp =22l yay = -2 921 v (z) (2.193)
2m 2m

Clearly, in this case, there is no ambiguity in the ordering of factors.

. Angular momentum of a particle

We have
) Ly =yp. - zpy
L=7%xp= (L, =2p, —ap, (2.194)
L,= TPy = YPx
Therefore,
h( O 0
Lmop = YPzop — ZPyop = ; (y% - Zaiy) (2195)
h( O 0
Lyop = 2Py — XD, = - (z% - I%) (2.196)
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h 0 0
Lzo = - = - - 2.197
p = TPy ~YP (ay y&r) (2.197)

Again, there is no ambiguity in the ordering of factors because [z;, pjop] =
ihéij =0 fori+j.

Note: The uncertainty principle
1
(AA) (AB) > 5 [([Aop, Bop])l (2.198)
holds for any hermitian operators A,, and B,,. We may therefore apply

it to any physical quantities A(#,p) and B(Z,p) (AA and AB represent
rms deviations in the measurements of A and B).

The evaluation of commutators [A,y, Bop] will be very important throughout
our discussions.

2.1.8.2. Some general rules for commutators

1.

2.

3.

[4,A]=0
B]=-[B,A]
A,B+C]=[A,B]+[A,C]

A,BC]=[A,B]C+B[A,C]

(A,
[
[A+B,C]=[A,C]+[B,C]
[
[AB,C]=[A,C]B+A[B,C]
[

A, [B,C]]=[B,[C,A]]+[C,[A, B]] — Jacobi Identity

2.1.9. Important Question

Can we find a wave function ¥ (Z,t) for a particle such that a measurement of
the quantity A(Z,p) performed at time ¢y on identically-prepared particles (each
particle is described by the same wave function) will always yield the value will

yield the value

Let (Z,t0) = ¥o(Z). A measurement of A at time ¢y will yield the value

2 ’7

9, 77

with certainty if A4 =0= (A?) = (A)? at ty. Now

<A2) _ (¢0 | A2¢0) _ (Ao | Avg)
(%0 | 10) (%0 | %0)

_ (At | Adho) (¢o | 1/’0) (3o | Ao)|?
(¥ | o)’ T (o | vo)?

(hermiticity)

(Schwarz inequality)
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Therefore,
Yo | Ago)
L2y » o At
{tho | o)
with (g | Ag) real. The equality occurs when Aypto(Z) = Mpo(Z) a.e. with
A = a constant. Therefore, (AA)? = <A2) —(A)?=0if Aopto(Z) = Mpo(Z) where

= (A)? (2.199)

a= <A) _ Wo | A¢0> _ /\<¢0 | ¢0) =\ (2200)

(Yo | o) (o | o)

2.1.9.1. Important Result

A measurement of A(Z,p) performed at time tg yields the value "a” with certainty
((A) = a and AA =0) if P(Z,to) = Yo(Z) is a normalizable wave function such
that Agptho(Z) = Apo(Z) for all Z (a.e.).

This is an eigenvalue equation for the operator A,,. The constant a is an
eigenvalue and Yo (Z) is an eigenfunction belonging to the eigenvalue a.

2.1.9.2. Comments

1. The eigenvalue equation possesses solutions ¢g(Z) that are normalizable
(square-integrable and not identically zero) only for certain values of a.

2. o(Z) = 0 satisfies the eigenvalue equation for any a; however, this (%)
is not normalizable.

3. Aopto(Z) = Mpo(Z) = NAyptho(Z) = NApo(Z), N = constant. Therefore,
by linearity,
Aop(Ntho()) = MNtho(Z)) (2.201)
Therefore, any non-zero constant multiple of an eigenfunction belonging
to eigenvalue a is also an eigenfunction belonging to eigenvalue a.

4. We have A2p¢0(5j) = AopAopto(Z) = aAoptho(Z) = a®1ho(Z) explicitly. In
general, we have Aé\;ﬂ/)(] (2) = aNapo(2).

5. The wave function for a particle will develop in time according to the forces
present (we will discuss the exact time dependence later). In general, if
¥(Z,t) is an eigenfunction of A,, with eigenvalue a at time ¢, it will not
be an eigenfunction of A,, at some other time ¢;.

2.1.9.3. Theorem

The eigenvalues of a hermitian operator are real.

Proof: We have

Aop'(/)O = >\'¢)0
= (1o | Avo) = (Yo | avo) = a{vo | o) = (Atho | Yo) = (avho | o) = a* (o | o)

83



so that a = a* or a is real.

2.1.10. Time-Independent Schrodinger Equation
Assume A,, = Hamiltonian operator is given by
H,, = PerPer |y (z) ——v LV (3) (2.202)
2m

for a particle in a conservative force field. The eigenvalue equation for the energy
is

Hoptho () = Evo (%) (2.203)
with F the eigenvalue. This corresponds to the partial differential equation
h2
“5V 29o(&) + V(2)1ho(Z) = Bibo(2) (2.204)

which is the time-independent Schrodinger equation.

A normalizable wave function satisfying this equation at time to (¢¥(&,t0) =
¥o(Z)) describes a particle whose energy at time tq is precisely the eigenvalue
E (AFE =0 - there is no spread in the possible energy values). This equation
can be solved once the potential energy V(%) is specified, that is, once the force
F=-vV acting on the particle is specified.

We postpone solving this equation for various possible forces at the moment
and, instead, consider the eigenvalue equations for linear momentum, position,
and angular momentum.

2.1.11. Some Operator Eigenvalue/Eigenfunction Equations

2.1.11.1. Linear Momentum

Consider b o
z > Pxop = T 7 2.205
Pe = Prop = - 5 (2.205)
The eigenvalue equation is
h 0o (Z -
ROV _ p (@) (2:206)
i Oz
where p, = eigenvalue. Therefore,
Oo(Z)  ipy
LI NG (2.207)
fi
with p, a constant to be determined. The solution is obviously
Yo(@) = Ny, 2)e *° (2:208)
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This is the solution for any complex p,. However, we must find only those values
of p, for which t¢(Z) is normalizable (this condition should, at least, restrict
ps to real values according to our earlier results).

Let p, =a+i8, a,f real. Then

28z

2 3 2 _2Bz
:/d z|N(y,z)|"e " (2.209)

ippx

(o b0 = [ dwIN(y, )P |e ™

Therefore,

[eS)
2Bx

(Wolvo) = [ dy [ dzIN(,2) [ dwe ™ = o0 (2:210)
that is, there exists no real 8 for which this integral is finite. Thus, there are
no physical (normalizable) solutions(in L?) to the eigenvalue equations for p,
(and similary for p, and p,). A measurement of p;, on a physical system will
never yield a specified value with certainty. Measurements of linear momentum
performed on identically-prepared particles will always yield a spread in results.
Recall that AzAp, > h/2. If Ap, =0, then Ax = oo, which is a rather unphysical
situation. However, we can make Ap, # 0 as small as we want, but we cannot
make Ap, exactly zero in any physical system.

2.1.11.2. Position

Consider x3 = z, (Z = (z,y,2)). Here x3 = z is the operator which multiplies
functions by z. The eigenvalue equation is

20(Z) = Zpo(Z) (2.211)
where Z = eigenvalue(constant). Therefore,
(2= Z)ho(%) = 0 = (%) = 0 (2.212)

for all z + Z. We claim that ¢o(Z) = N(z,y)d(z — Z)?. To prove this we must
show that (z - Z)dé(z - Z) = 0.

Let f(z) be a function continuous at z = Z. Then
[ a8 2)8(: - 2) = [£(2) (2= 2)].oy =0 (2.213)
for all f(z) continuous at z = Z. This says that (2 — Z)d(z - Z) = 0.

Is 1o(%) = N(z,y)d(z — Z) normalizable?

(to | ¢o) = f da fw dy [N (z, )" f dzo(z - 2)3(2 - 2)

=]odxjody|N(x,y)|2[6(z—Z)]Z=Z:oo
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since §(0) = oo.

Thus, there are no physical (normalizable) solutions (in L?) to the eigenvalue
equation for z (and similarly for  and y). This says that measurements of the
position of identically-prepared particles will always yield a spread in results.

2.1.11.3. Angular Momentum

Consider " 5 5
L, L.op=Tpy —Yps = — (ﬁf - y—) (2.214)
¢ Y

The eigenvalue equations is

1

(o5 v ) (@) - (@) (2215

x
where a = the eigenvalue.

Consider now a switch to spherical-polar coordinates as shown in Figure 2.9
below.

Figure 2.9: Spherical Polar Coordinates

We express ¥o(Z) = 1o(r,0,$) and use the chain rule to find

o 9o
or = Oy
29 i_x(@2+@2+3£2)_ (ﬁ2+%2+5£2)
oy Yor Noyor “ayoe  ayos) \ozar T orae " or oo
Now 5 o
r=\atipilosL¥ T2 (2.216)
dy r dr r
and . ;
cosf="=— (2.217)

T2+ y?+ 22
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so that

I N

oy  r2dy r3  dy r3sind

. 00 z Or zx 00 zx
—-sinf— = = — =

oz r20r 1B 0r rismf
and
tan ¢ = J
x
so that
SeC2 gj: ; 2g(§:ic052
99 y 99y
2,00 _ Y __Y 2
sec ¢8x o = 9y e cos
Thus,
9 0 _(wd  _zpz 0 23)
xay Yor ( v or  smeog (b@(b
(w0, w0 P a0
( r Or " r3sinf 00 x2 o8 ¢8¢)
2
= cos? ¢88¢ + % cos? gb(% = cos” d)aa(b +tan? ¢ cos” (’baaqb
= cos? ¢38¢ + sin? ¢88¢ = 38¢
Therefore,
h 0
L.=- 2.218
7 90 (2.218)
and the eigenvalue equation is
h 0o (2) . o ()  ia
- = - =— 2.21
i 0 ato () % " h Yo (%) (2:219)
The solution is ‘
Yo(#) = f(r,0)e'"? (2.220)

for any complex value of the eigenvalue a.

2.1.11.4. Important observation

¢ =0 and ¢ = 27 for the same r and 6 correspond to the same point in space. If
Yo(r, 8,0 =0) = o(r,0,¢ = 2m) then 1po(2) will be discontinuous at this point
and

h 0 0
L =—|le— -y— 2.221
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would not be defined on 1 (Z). We must, therefore, require that
Po(r,0,¢=0) =o(r,0,¢=2m) (2.222)
This is often called the single-valuedness assumption.
This means that
f(r,0)e’ = f(r,0)e™ 7 - 7R =1

2ma

— =2l , £=0,£1,£2,........
h

Therefore, a = (h, that is, the eigenvalues of L,,, can take on only certain
discrete values!

L.optbo(2) = thipo(Z) ,  wo(&) = f(r,0)e™® | £=0,+1,42,........ (2.223)

Is 1o (Z) normalizable? We have

x® T 2
<w0|'¢)0):fT2deSin9d9|f(r,9)|2fd¢|ei£¢|2
0 0 0

W[Terfsin9d9|f(r,9)|2
0

0

[\

Clearly, this can be made to be finite and non-zero with a suitable f(r,8). Thus,
there are physical (normalizable) wave functions such that a measurement of L,
will yield the value "a” with certainty. Furthermore, the measured value of L, in
such a system must be one of the values 0, A, +2h, ......... L, is said to be quan-
tized. Classically, we expect L, to be capable of taking on any definite value.
However, we now see that L, can only have the precise values 0, £h, +2A, ........
when this particle has a definite angular momentum (AL, = 0). Macroscopi-
cally, this discreteness cannot be observed because h ~ 10727 erg — sec is so small
that L, appears continuous with macroscopic measurements.

2.1.11.5. Notes

1. Let 9(&,t0) be an eigenfunction of L, with eigenvalue ¢h. What is the
probability of finding the particle in a region of space at time t¢?

@) PR o)
e 10) = Ty~ (o lo) (g0 Vo) (2.224)

which is independent of ¢7. Thus, the particle is equally likely to be found
at any ¢.
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2. Let 9(Z,tp) be an eigenfunction of L, with eigenvalue ¢h. ({(L,) =¢h, AL, =
0). What are (L,) and (L,)? Since

LyL, - L.Ly = (2ps — zp)(xpy — Ypz) — (xDy — Ypz ) (2P2 — TP2)
= ZDyDe = ZPelYPax — TPTPy + P2YTPy
— PyZIPy + TPYIP: + YPoZDe — YDzPa L
= (2py —Ypz)p2® + (P2y — Py2)Tpe = L2, pe] = ihL,

we have

= <1/)0 | Lyghd@) - (szO | Ly'IZJO)
= Ch (o | Lyvo) — (€hg | Lyto)
= Lh ({(Yo | Lyvho) = (Yo | Lytho)) =

so that (o |Lyto) = (L) = 0 and similarly (L,) = 0.

ih (o | Latbo) = (o | LyLztbo) = (vo | Lz Lytbo)
(

0

Our basic result was the following:

A measurement of the physical quantity A(Z,p) performed
at the time tg yields the value ”a” with certainty if, and only
if, ¥(Z,t0) = ¥o(Z) is a normalizable wave function such that

Aopto(T) = arho(Z)

Suppose that ¥ (Z,to) is not an eigenfunction of A,,. Then, a measurement of
A(Z,p) at time to will necessarily have AA # 0, that is, there will be a non-zero
spread in the possible results of the measurement. Two important questions
must then be answered:

1. If a measurement of A(Z,p) is performed at ¢y on such a particle, what
are the possible results of such a measurement?

2. What is the probability of obtaining each of these possible results?

To answer these questions, it is necessary to develop some more operator con-
cepts. The functions used in the following discussion will be square-integrable
(they € L?).

Consider the linear operator A = A(Z,p). It need not be hermitian for this
discussion.

A = sum of terms of the form

oN oM ot
n, m_~{
i (2.225)
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with other possible orderings of the non-commuting operators

x; and (2.226)
8.’Ei
also present, for example
] aN—l
— ... 2.227
9z 9rN-1 ( )

A usually cannot be defined on all square-integrable functions. For example,
0/0z; cannot be defined on discontinuous functions.

In the following, A¢ signifies that A can be defined on this ¢. For a typical
operator term

N oM ol

_.n,.m_¥

A=Y 5N 9aM gk (2.228)
we can write

N aM aL

(01| Ad2) = [ d3$¢1xnymzé 92N 92M 9zk
oN oM o

[yt 222

OzN 9zM Pzl

:(_1)N+M+Lfd3${ aN aM 8L [xnymzf(bl]} ¢)2 (2229)

9N 9zM gL

b2

which defines the operator Af.

Note that a typical surface term occurring in one of the integrations by parts is
of the form

OxN-1 9gM 9zl

xr=+o00
X x oN-1 M gL
l/ dyfdz [x"ymzzﬂ] (;52] (2.230)

Even though the square-integrable ¢y — 0 and ¢2 — 0 as  — oo, this surface
term need not be zero because "™ ¢; need not go to zero as x - oco. Thus, the
above derivation holds for many but not all ¢; and ¢5. We shall ignore such
difficulties in the following discussions.

Thus, if A is a linear operator, there exists an operator Af (is read A-dagger)
called the adjoint operator of A, such that

(¢1 ] Ad2) = (A" 91 | ¢2) (2.231)
2.1.11.6. Notes
L (A¢1 | g2) = (p1 | Ada)" = (A% 1| d2)” = (f1 | A 2)
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2. The operator A! is unique, that is, there exists only one operator Af

satistying (¢1 | Ad2) = (A%¢1 | d2).
Proof: Suppose the operator B also satisfies (@1 | Ade) = (B | d2).
Then

(A"¢1 | p2) = (B | 62)

(B-A")p1|d2)=0 forall ¢

Let ¢2 = B¢1 - A+¢1, then

(B=-A")¢1 | (B-A")p1) =0~ (B-A")¢p1=0

B¢y =A"¢y forall ¢ = B=A"

Al is linear.

(A7) =A
(A+B)*=A"+B*
(AA)T =\ AF
(AB)* = B*A*

N v w

2.1.11.7. Definition

A is hermitian if (¢1 | Apa) = (Ady | d2) for ¢1 and ¢o on which A is defined.
This means that A is hermitian if AT = A.

2.1.11.8. Definition

The N functions ¢1, ¢o, @3, ...., on are linearly independent if

N
2 Aigi =0 (2.232)
i=1

a.e. implies that \; =0 for ¢ =1,2,...., N, that is,
N
2 Nigi =0 (2.233)
i=1

a.e. can be satisfied only if A\ = Ay =.......... =Any =0.

2.1.11.9. Notes

1. The functions ¢1, ¢2, @3, ....,¢n are linearly dependent if one of the func-
tions ¢;(Z) = 0 a.e. because

N
YA =0 (2.234)
=1
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can have \;¢; = 0 with \; arbitrary.

2. If ¢1, P2, P3, ...., o are linearly dependent, then one of these functions can
be expressed as a linear superposition of the others. Proof:

N
Z )\1(% = Owithsome)\j +0

=1
1
= Xj@j+ 2 Xii =0 =6 = —— > \io;

i%j Aj i%

3. If ¢1, 02,3, ...., ¢ are mutually orthogonal ((¢; | ¢;) = Ofori # j) and if
no ¢; is identically zero, then these N functions are linearly independent.

Proof: Let
N
Y Aigi =0 (2.235)
i=1
Therefore,
N N
0= (o5 | S = St 100
i=1 i=1

j
i (@il dj) =X =0

since ¢; is not identically zero.

2.1.11.10. Definition

1,02, P3, ..., o are orthonormal (ON) if they are mutually orthogonal and
normalized: (¢; | ;) = dji.

2.1.11.11. Theorem

We now define the so-called Gram-Schmidt Orthogonalization Procedure.

Given the linearly independent functions ¢, ¢o, ....... (finite or infinite number
of functions), one can construct an orthogonal set of non-zero (not identically
zero) functions vy, vg, ....... where vy is a linear superposition of ¢1, ¢s, ....... ,ON
( vy does not depend on Gn+1, ON+2, ... ).
Furthermore,
v
Uy, = - (2.236)
(Un | vn)

gives an ON set of uy, Uz, ..ooe...
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2.1.11.12. Construction
1. vy = ¢1 (¢1 is not identically zero).

2. Let vy = ¢p2 + an1 1 where ao; is determined by requiring that

(v1|v2) =0 =(v1 | P2+ a211) = (v1 | P2) + 21 (V1 | 1)

_ (v l¢2)
Qo = (or | 61) (2.237)

(v is not identically zero because 0 = ¢g + ag1v; is impossible when ¢
and vy = ¢ are linearly independent).

3. Let vz = ¢p3 + aizav2 + 31v1 where age and ag3; are determined by requiring

that
(v1 [v3) =0=(v1 | P35+ azov2 + a3101)
= (v1 | ¢3) + asa (v1 | v2) +asy (v1 | V1)
=0 0
so that
0=(v1 | ¢3) +azi (v |v1) = az1 = vl 9s) (2.238)
(v1 [v1)
and
(va [w3) =0 = (va | P3 + az2v2 + a3101)
= (vg | ¢3) + aza (V2 | v2) +a1 (2 | V1)
#0 =0
so that (03 | 6]
v
0=(va | ¢3) + g2 (v2 | v2) = Qg2 = ———+ (2.239)
(v2 [ v2)
4. The construction of vy, vs, ..... proceeds in a similar manner.

2.1.11.13. Note

Un (vn | Un)

AnpUn = = <Un | Uzn> = =1 (2240)
<Un ‘ Un) <U7L | Un)
implies that u,, is normalized.
2.1.11.14. Example
Consider functions of one variable ¢, () = 2™, n=0,1,2,....... defined on [-1,1]
so that
1
(0112) = [ dz 67 (@)os(x) (2.241)
]
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These functions are linearly independent by the properties of a power series,

that is,
implies that all a, are zero. If we de&gnate the orthogonal polynomials that
result from the Gram-Schmidt process, applied to ¢, (z) = 2™, n=0,1,2,.......

by Py(x), Pi(x), Ps(x),...... and require that P,(z = +1) = +1 4nstead of the
standard normalization given by

(Po | Pa) [de () Po(z) = 1 (2.243)

then the resulting functions are the standard Legendre polynomials

1
Py(z)=1, Pi(z)=2, Py(x)= 5(31'2 -1) , etc (2.244)
with
2
(P | P,) = f 2Py () Py (2) = (2.245)
4 2n+1
2.1.11.15. Definition
D1, D2y eeenenn is a complete orthonormal (CON) set in L? if it is an ON set
((¢i | #;) = 6;;) and any ¢ € L? can be expanded in terms of the ¢;:
O() = ) Xidhi(2) (2.246)
i=1
with convergence a.e.
The A;’s can be found explicitly:
071663 | Eno o)
=S N (0 | 6i) = Z)\iézj =N, =123
i=1 i=1
2.1.11.16. Theorem
Let ¢y € L? and Oy € L? so that we can write
da=D Ndi . b= pidi (2.247)
i=1 i=1
with ¢1, o, ....... a CON set. Then,
(oa ] u) = ZA% (2.248)
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Proof:

(031940 = (3 3 iw)ii 10116;)

ZA jdij = Z)‘*/‘Z

j=1

S,
I

i
—

3

2.1.11.17. Note

If ¢ € 2 with ¢ = Z Xi¢; where {¢;} is a CON set, then an immediate conse-
quence of the prev1ous theorem is

[}

§]A| (2.249)

i=1

(o] o) =

LP18
N>r~

Now let A be a linear operator (acting on functions in L?). The eigenvalue
equation for A in L? is Ap(Z) = ap(Z) for all Z, where the eigenfunction ¢(z) is
normalizable (square-integrable and not identically zero) and where the eigen-
value a is a constant. Since ¢(Z) is normalizable, the equation can be satisfied
for only certain values of a.

2.1.11.18. Theorem

The eigenvalues of a hermitian operator are real.
Proof: Let A¢ = a¢p. Therefore,

(¢ Ag) = (0| ag) =a(s]| o)
=(A¢ [ ¢) = (ag | )

=a"(p|P)=>a=a"=a isreal
where we have used A = AT and (¢|¢) # 0.

For a given eigenvalue a, there may exist several linearly independent eigenfunc-
tions: A¢1 = agy , Aps = ads , ......... with ¢1, ¢a,.... linearly independent but
having the same eigenvalue a.

2.1.11.19. Definition

The eigenvalue a is g—fold degenerate if there exist g linearly independent eigen-
functions belonging to the eigenvalue a and any (g+1) eigenfunctions belonging
to a are linearly dependent. The eigenvalue a is non-degenerate if there exists
only one linearly independent eigenfunction belonging to a.

Some of the eigenvalues of A may be non-degenerate while other eigenvalues of
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A may have differing orders of degeneracy.

Note that A¢ = adp = A(N¢) = a(N¢) for any constant N. However, ¢ and N¢
are linearly dependent and therefore, the eigenfunction N¢ does not add to the
degeneracy of the eigenvalue a.

2.1.11.20. Theorem

Let ¢1, 9, @3, ...., o be eigenfunctions of A belonging to the same eigenvalue
a. These eigenfunctions need not be linearly independent. Then, any linear
superposition

i Ci(bi (2250)
i=1

which is not identically zero is also an eigenfunction belonging to the eigenvalue
a.

Proof:
Aqbi:a(bi 5 2.21,2,37 ..... ,n

A (i Ci¢i) = iCiA¢i = icia(bi =a (i Ci¢i)
i1 i1 i1

i=1

where we have used the linearity of A.

2.1.11.21. Theorem

Let the eigenvalue a be g-fold degenerate. Then, there exists g orthonormal
eigenfunctions (u1,us, ....,u4) all belonging to the eigenvalue a such that any
eigenfunction ¢ belonging to the eigenvalue a can be written

g
¢ = Z Ciu; (ul | Uj> = 61‘]’ (2.251)

i=1
that is, {u1,us,....,uy} forms a CON set of eigenfunctions for the eigenvalue a.

Proof: g-fold degeneracy implies there exists linearly independent eigenfunc-
tions ¢1,¢2, @3, ...., ¢4 all belonging to the eigenvalue a. One can perform the
Gram-Schmidt procedure on these eigenfunctions to obtain {uq,us,....,ug}, an
ON set of (non-zero) eigenfunctions belonging to the eigenvalue a (since u,, is a
linear superposition of ¢1, @2, @3, ...., ¢4, u, must be an eigenfunction belonging
to the eigenvalue a). To show completeness for the eigenfunctions belonging to
a, let ¢ be an arbitrary eigenfunction belonging to a. g—fold degeneracy implies

(g+1) eigen functions
—_—

Uy, u2, ""7uga¢
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must be linearly dependent. Therefore,
g
i=1

with a non-zero d is possible. If d is zero, the all d; = 0 by the linear independence
of {u1,us,....,uqy}. Therefore,

1 g
= > du; (2.253)

=1

2.1.11.22. Theorem

Let A be hermitian. The eigenfunctions of A belonging to different eigenvalues
are orthogonal.

Proof: Let A¢py =a1¢1 , Aps=as¢ds , ay#as. Then

(2| A1) = (p2 | ar1) = a1 (P2 | 1)
= (Ago | p1) = (a2d2 | P1)
a3 (p2 | ¢1) = az (h2 | ¢1)

(a1 —a2){p2|$1)=0 , a1-az#0
(2] ¢1)=0

Let A be a hermitian operator with eigenvalues a1, as,as, ....... Gy veveee

Let the eigenvalue a,, be g,—fold degenerate (g, =1 if a,, is non-degenerate).
Let {ug),ug), ..... ,u%g")} be a CON set of eigenfunctions for the eigenvalue

an- Note that the eigenvalues a,, are countable, that is, they do not take on
a continuum of values. This property (called separability) will be discussed
further later. Now we have

Aul® = a,ul® | a=1,2,....,9, (2.254)

so «a labels each member of the set of degenerate functions which belong to the
eigenvalue a,, and n labels the eigenvalue a.,.

Since eigenfunctions belonging to different eigenvalues are necessarily orthogo-
nal, we have

(ul®) | ul) = 6mbas (2.255)

Let {u%a)} be an ON set of eigenfunctions of A with n taking on all possible
values, that is, with a, going through all eigenvalues of A, and with a go-
ing through a CON set of eigenfunctions for each eigenvalue a,, that is, any
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eigenfunction belonging to a, can be expressed as a linear superposition of
{uS),qu), ..... ,uﬁ,g“)}. We will call such a set {u%a)} a mazimal ON set of

eigenfunctions of A.

{uﬁla)} contains the following eigenfunctions:

ugl), uf), ..... , uggl) = CON set for eigenvalue a; (g1-fold degenerate)
ugl), uf), ..... ) ug‘”) = CON set for eigenvalue ag (go2—fold degenerate)

(going through all eigenvalues of A)

The set {u%a)} may or may not be a complete orthonormal set for all square-

integrable functions, that is, an arbitrary square-integrable function ¢(Z) may
or may not be expressible in the form

g"L
$(#) =Y Y elMul (&) (2.256)
n a=1
2.1.11.23. Example
Consider b
A= rop = T A 2.257
Paop 1 Ox; ( )

As we showed earlier, there are no normalizable eigenfunctions of p,,p,. Thus,

{usf)} contains no functions - it is not a CON set in L2.

2.1.11.24. Example

Consider
ho

i 0¢
As we showed earlier, the eigenfunctions of L., are f(r, 0)e™? with £ = 0, +1, 2, ....
and

A=L.op= (2.258)

oo T 2T

r2dr [ sin0do [ do|f(r,0)e?[ (2.259)
[ fnom |

0 0

is finite and non-zero. Let {fo (7,0)}o=1,2,.... be any CON set for square-integrable

functions of r» and 6 so that

.....

f r2dr f Sin8df f(r,0) f5(r,0) = 6us (2.260)
0 0
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and

f(Tag) = Zdafa(r70) (2261)

for any square-integrable function f(r,6). Now

WS (&) = —— fu(r,0)e? (2.262)

1
V2
is an eigenfunction of L., with eigenvalue ¢h for any «.

Since uél), uf), ......... are linearly independent, the eigenvalues ¢#i have infinite

order (all r and 6 values) of degeneracy. We also have

oo T 27
o . . b oiov
(| ") :/T2d7‘fsm@d@fa(r,&)fﬁ(r,ﬂ)f%e HE) _ 5. b
0 0 0

(2.263)
Let ®(Z) be an arbitrary square-integrable function. The we have
0 S b 0)
®(r,0, ) = r,0)—— 2.264
(r,0,9) e;w o(r,0) Ner (2.264)

which is just the Fourier series expansion of a function of ®(r,0fixed) in the
interval [0, 27]. But, we can always write

be(r,0) = " 8™ fu(r,0) (2.265)

since {fa(7,6)},-1 . is a CON set. Therefore,

&(r,0,4) = z Sl fo(r, 9) Z chf” () (z) (2.266)

—0o
that is, {uga)(f)} is a CON set in L.

Let A,, = A(Z,Pop) be the hermitian operator corresponding to some physical
quantity A = A(Z,p). Then, as we have stated earlier, a measurement of A
performed at time ¢y will yield the value a with certainty if ¢ (Z,t9) = 1o(Z) is
a (normalizable) eigenfunction of A,, with eigenvalue a.

Suppose ¥ (Z,tg) = ¥o(Z) is normalizable but it is not an eigenfunction of A.
Then, as we stated earlier, a measurement of A at time ¢y will necessarily have

AA=£0.

We first consider physical quantities A such that the mazimal set of ON eigen-
functions { (o )} of Aop is complete in L.
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Therefore,

Yo(2) = 3 Y e ui) (@) (2.267)

a.e. We then have

() o) = (482 | Tkl = STl )

= Z Zcff‘)éaﬁénm = cff)

n o

or
) = (uﬁf‘) | ¢0> = expansion coefficients (2.268)

Also,

IR
ZZC O)C( )* < (8) | u(a)>

n o

r
Z%ZZ%“)C%)* SapOnm ZZIc‘a>| (2.269)

[0

{tho | o) = ( > eDul)

Let us now calculate (AY), the so-called N** moment of the probability distri-
bution of measurements of A (N =01,2,........ ). We have

Yo | ALt 1 0), (a
<((2ﬁ|0|1;0)0)_<1/)0|¢0) (%Zc(m o [An B L ))

(4%)-

1

By ()

m

WG

T (22 B
i <1/)OT¢O> (;;C%)ufﬁ) Zn:%:cg“)(an)Nu;a)>
= (1/)0}%) ;zﬁ:;;c%)*c;a)(an)zv(u%) | ul®) = %:%:Ma)f(a )

Therefore, the N** moment of the probability distribution of measurements of
Ais

e (@) = X ) {3

22 D TE Y

W5 1

Let p(a,to) be the probability that a measurement of A will yield the value a
at time tg. Therefore, from our earlier definition,

(aM)= ¥ a"p(ato) (2.271)

all measured
values of a
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As we showed earlier, the <AN ) for N =0,1,2,...... uniquely determine the
probability distribution of measurements of A. Therefore, comparing (calcula-
tion versus definition) the above expressions for <AN ) we have a most important
result

gn Ci:,a)‘z

p(a,ty) = { a=1 (to [1ho)
0

for a = a,, [an eigenvalue of A,,| (2.272)

for a not an eigenvalue of A,,

Any measurement of A will yield a value which must be an eigenvalue of A,,.
The probability of observing a given eigenvalue is given by the above expression
(2.272).

Now
4 = {ul o) sl = (o) 2273

Therefore,

g (0w} vo)

0(a,t0) = { Zost — (Golmo) for a = a,, [an eigenvalue of A,p] (2.274)
0

for a not an eigenvalue of A,,

Thus, the only possible results of a measurement of some operator are its eigen-
values!

2.1.11.25. Notes
1. Let ¢(&,t0) = 1o(Z) be an eigenfunction of A,, with eigenvalue a, so that
Aoptho(Z) = artpo(Z). We should find that a measurement of A will yield

the result a, with certainty. Let us check this. {uﬁl), u$2)7 ..... , u,(:"f)} is a
CON set of eigenfunctions for the eigenvalue a,.. Therefore,

gr
Yo(2) = ) doul™ (2.275)
a=1
that is, only eigenfunctions for a, occur in the expansion. Therefore,
gr
(Yo [vo) = D |dal® (2.276)
a=1

and
lda|?

9n
p(a’to) = { a=1 (4o [1o)
0

=1 f =
ora=ar (2.277)
for a # a,

2. If the eigenvalues are non-degenerate, then o = 1 is the only value and we
need not write « at all

Yo(Z) = chun(f) s Aopun(Z) = anun(7)

Cn = <Un | w()) P <un | um) = 6nm

(¥o | %) = 3 lenl”
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|Cn‘2

p(a7t0) = {(wowu)
0

f =a,
ora=dr (2.278)
for a # eigenvalue of A,

3. A required condition on p(a,tp) is

> plato) =1 (2.279)

all values
or a

Let us check this. Recall that

(Yo | o) = Z |C<a)| (2.280)
so that

(a)
all\;ucsp(a tO) Z ¢ |'l/}0 2|

1
) (o | o) > |C£La)|2 =1

n,o

as required.

2.1.11.26. Example

Let A, = L.op. We have shown that the eigenvalues are fh (¢ = 0,+1,...) and
that the maximal ON set of eigenfunctions {uf) (55)} is complete in L?. Thus, a
measurement of L, at any time will yield a value which must be 0, +h, +2h, .......
L, is said to be quantized. If ¥(Z,ty) is not an eigenfunction, then there will

be a spread in possible values of L, and the previous discussion tells us how to
calculate p(£h,ty).

2.2. Energy Measurements

Let us now turn our attention to energy measurements. We must therefore con-
sider the eigenvalue equation for energy (called the time-independent Schrodinger
equation). Assume that the particle has conservative forces acting on it so that
F = -vV (%) where V(&) is the potential energy. Then

H = Hamiltonian(energy) = ]g +V(Z) (2.281)
m
and o b2
H,, = Por Por | v (3) = - v2 4 v (2) (2.282)
2m 2m

We must solve the eigenvalue equation
h2
Hop(7) = E$(3) = ~—V6(3) + V(2)$(%) = B (%) (2.283)
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The eigenvalue E is a constant (independent of 2). Only for certain values of
E will the equation have a solution ¢(Z) which is normalizable.

These normalizable eigenfunctions of H,, are said to represent bound states.
If (Z,t0) is a normalizable eigenfunction of H,, then it has a precise energy
(AE =0) and
1

(¢ [9)
which is required for normalizability. Thus, the probability of observing the
particle at a certain position is confined (non-negligible probability) to some
finite (bounded) region of space - the particle has definite energy and is bound
in this region.

o (&, o) = (2, t0)]> = 0 as r — oo (2.284)

As an example, consider the classical motion of a charge (-¢) about a fixed
charge (+¢) as shown in Figure 2.10 below.

-q

unbound orbit
(scattering) +q 0
(E>0)

bound orbit
(E<0)

Figure 2.10: Classical Orbits

Quantum mechanically, the orbit trajectories are not well-defined (even though
the energies are precise). However, one would expect the classical bound orbit
to correspond to a normalizable quantum eigenfunction (p(Z,ty) non-zero for
r — o0). The non-normalizable eigenfunctions are therefore physically interest-
ing and should play a role in the theory. Indeed, we expect that the normalizable
eigenfunctions of H,, for the above charge will not be complete in L? because
unbound motion is also possible. We will postpone discussing non-normalizable
eigenfunctions of H,, and concentrate on the normalizable eigenfunctions. Re-
member only normalizable wave functions have been incorporated in our theory
so far. We expect that the normalizable eigenfunctions of H,, will be complete
in L% if there are no unbound orbits possible for the classical H.

2.2.0.1. Note

For the differential equation

h? . N .
—%v%(x) +V(2)¢(2) = E(Z) (2.285)
if V(Z) is finite in some region (V(Z) may, however, contain discontinuities in

this region), then ¢(Z) and 0¢(Z)/0x; must be continuous in this region (so
that V2¢(Z) is finite, as required by the above equation for finite V().
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2.2.0.2. Example

We consider a particle (mass m) constrained to move along a frictionless hor-
izontal wire (dashed line in top part of Figure 2.11 below) between two rigid
(impenetrable) walls. This is one-dimensional motion. We then have

2 %
H=2 1v@) , F-=-2= (2.286)
2m dx

with
V(xz) =0 for x € (0,L) so that F, =0 for z € (0,L)

and
V(z)=Vy > oo for x <0 and for x > L

as shown in the lower part of Figure 2.11 below.

- = _O_ R ———
A v(x)
I
(@ (b) (©
—-———r
0 L

Figure 2.11: Particle in a Rigid Box

We have F, = —o00 at © = L and F,, = +o0 at z = 0. Therefore, the (classical)
particle cannot get into the regions x < 0 and x > L no matter how energetic it
is (the kinetic energy p?/2m would have to be negative to obtain a finite total
energy).

Classical Motion: The particle moves back and forth between the two walls
with constant speed. The reflections at each wall just reverses the particle’s
direction of motion. Ejussicar = mv?/2 can take on any value from 0 to co. All
motion is bound between 0 and L.

The eigenvalue equation for energy(time-independent Schrodinger equation) is

o)

Hop(w) = Boa) = -5 =0

+V(x)p(z) = Eg(x) (2.287)
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with F = constant and ¢(Z) normalizable.

Note: Because Vy — oo, it is not clear whether or not ¢(%) and d¢(z)/dx are
continuous at z =0, L (¢(Z) and d¢(Z)/dz must be continuous in regions where
V() is finite).

Let us look at this issue of boundary conditions in two ways, first for this specific
problem and then in general using the Schrodinger equation (this last approach
will then apply to all potential energy functions)

2.2.0.3. Boundary Condition for this Particular System

Claims:
1. ¢(z) =0 for z <0 (region (a)) and for x > L (region (c)).

2. ¢(& in region (b) (0 < x < L) goes to zero as x — 0 and as © - L so that
(2 is continuous for all x.

Conditions (1) and (2) will determine ¢(Z and we will then see that d¢(Z)/dx
is discontinuous at # =0 and at x = L.
2.2.0.4. Proof of conditions (1) and (2)

Let V be finite. Then ¢(Z and d¢()/dx are are necessarily continuous every-
where - in particular at =0 and x = L. After obtaining the conditions on ¢(&
for finite Vi we now let Vj — oo.

Let FE < Vj (this is no restriction since Vy — o0).

Region (a): )
‘Qth ‘ilj’: Voo = B® (2.288)
Region (b): ,
_%Cjﬁ B¢ (2.289)
Region (c): L
_2% ‘Zg +Voo© = E¢° (2.290)

where F is the same in regions (a), (b), and (c) because the eigenvalue is inde-
pendent of x.

Now, let

V2mE V2m(Vo - F

k= veamb , K= w (2.291)
h h

Note that K is a positive real number for E < V. Therefore,
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Region (a):
d2 ¢a
dx?

Since x < 0 the term e %% diverges as x — —oo.

— K297 =0 ¢ = aeT + e (2.292)

Thus, ¢ is normalizable only if 8 = 0.

Therefore, ¢* = e,

Region (b):
d2¢b
e k2 — ¢® = Asinkz + Bcos kx (2.293)
x
Region (c):
d2¢c 2 ,c c Kx -Kzx
T2 -K¢°=0-> ¢ =~ve" " +de (2.294)

Since z > L the term e %% diverges as & — +o0.
Thus, ¢ is normalizable only if « = 0.

Therefore, ¢¢ = de 52,
We note that o, A, B, may depend on V.

For finite Vp, ¢(Z and d¢(Z)/dx are continuous at z =0 and x = L.

x=0:
¢“(0) =¢"(0) = =
de®(0)  dg®(0) _
~dr C dp = aK = Ak
x=1L:

¢°(L) = ¢°(L) = AsinkL + BcoskL = de X

dg(0) _ dg?(0)
dx dzx

= AkcoskL — BksinkL = -Kde KF
The two conditions at z =0 give
(2.295)

The two conditions at x = L give

k(AcoskL - BsinklL)
-K = 2.2
AsinkL + BcoskL (2.296)

Now let Vjy — oo. This corresponds to K — oo while k, A and B stay finite.
Note also that ¢® = Asinkxz + B coskz must stay continuous with a continuous
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derivative as V;; - oo because

h2 d2 b
o dj? = B¢’ (2.297)

in region (b) for any Vp. Now

szgzoowithkAﬁnite =B -0
k(AcoskL - BsinkL)

AsinkL + BcoskL
- oo = FOOSKL b B =0 = sink - 0
sinkL
Therefore,
#° = Asinkz with sinkL -0 (2.298)

so that at ¢ -0 2 =0 and = = L when Vj; - oo.

Furthermore, ¢ = ae® — 0 as K — oo (x > L) because AsinkL + BcoskL =
de KL - 0 requires de KL - 0 for z > L.

This completes the proof of claims (1) and (2). Notice that ¢°(0) = ¢*(L) =0
with ¢*(x) = ¢°(x) = 0 means that ¢(x) is continuous at x =0 and at x = L as
V() — 00.

2.2.0.5. General Discussion of Boundary Conditions

The Schrodinger equation in 1-dimension is
1 Pop(r)
2m  da?

The solutions ¢ g(z) are the energy eigenstates (eigenfunctions). We are thus
faced with solving an ordinary differential equation with boundary conditions.

+V(2)Yp(r) = EYp(v) (2.299)

Since g (z) is physically related to a probability amplitude and hence to a
measurable probability, we assume that g (2) is continuous since a measurable
probability should not be discontinuous. This is the way physics is supposed to
interact with the mathematics.

Using this fact, we can determine the general continuity properties of diy g (x)/dx.
The continuity property at a particular point, say x = g, is derived as follows.
Integrating the equation across the point z = oy we get

IO+6d21/)E(:L') . To+e dwE(x)
J e L A550)

:_?[Ewa(x)dx— fV(x)sz(x)dx]

—€
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Taking the limit as € - 0 we have

i ( dyp(@)|  dvs()

e—0 dxr

$=I0—E)

Ehm[zbE(az)dx—lii%f V(x)d)E(m)dm]

To—€ To—€

Tr=xote

h2

or the discontinuity in the derivative is given by

A(dd);;(x)) 2m e
dz

o lim f V() p(z)de (2.300)

Tro—¢€
where we have used the continuity of ¥ g (x) to set

hr%wa(x)dx:O (2.301)

Tro—¢€

This makes it clear that whether or not diyg(x)/dx has a discontinuity at some
point depends directly on the potential energy function at that point.

If V(z) is continuous at x = zy (harmonic oscillator example), i.e., if

lim [V (20 +) = V(20 - £)] = 0 (2.302)
then .
dyg(x) 2m e B
A( 2 ) 5 lim x[ V(2)p(2)dz = 0 (2.303)

and diyg(x)/dz is continuous.
Finally, if V(z) has an infinite jump at = = zo(infinite square well and delta-
function examples), then we have two choices

1. if the potential is infinite over an extended range of x (the infinite well),
then we must force ¥g(x) = 0 in that region and use only the continuity
of Yg(x) as a boundary condition at the edge of the region.

2. if the potential is infinite at a single point, i.e., V(x) = §(x — o) then

A(CMdEJf:”)) 2—mh [V(x)¢E(x)dx

h2
) 27n/1 w0+i§ d
- im [ 80 -a0)vs(a)de
xXog—¢€
2m . 2m
=z 1_1_1}3 YE(x0) = ?"l}E(l‘O) (2.304)
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and thus dyg(z)/dz is discontinuous by an amount proportional to the
value of the wave function at that point.

These general results work for all potential energy functions, as we shall see.

2.2.0.6. One-Dimensional Infinite Square Well

Now let us start from the beginning and solve the Schrodinger equation for
Vo = oo, the so-called one-dimensional infinite square well, with the following
given:

1. forO<ax< L s o
_LM:E¢
2m dz?
2. forx>L and £ <0
¢=0

3. ¢ is continuous for all z; dé(x)/dx need not be continuous for Vj = co.

(2) and (3) are the conditions we just proved to be required when Vj = oo.

For 0 < x < L, we have

d*¢ 9 9 2mE
— =-k , kT = — 2.305
e ¢ 2 (2.305)
so that
¢ = Asinkx + Bcoskx (2.306)
Then

#(0)=0=>B=0=¢=Asinkz
¢(L)=0= AsinkL =0

Assuming that A # 0 (or the solution would be identically zero everywhere) we
have the condition

sinkL=0=k,L=nm , n=1,2.3,.... (2.307)

Note that the case n =0 =k =0 = ¢ = 0 and is not normalizable and the case n
negative implies k negative. With ¢ = Asin kz, positive and negative k do not
lead to independent solutions. Therefore, we need only consider positive k.

We have
2 En 2,2 2 2h2
k2 = ";2 :%:En:% . n=1,2,3,... (2.308)

These are the energy eigenvalues. The corresponding energy eigenfunctions are

bn(@) = Ay sinkyz = Ay sin "L—W:c (2.300)
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Notice that each energy eigenvalue is non-degenerate

. nw .on
sin—x and sin

T (2.310)

are linearly independent for n # n').

The energy levels are quantized, that is, they take on only certain discrete values.
This is to be contrasted with the classical situation, in which the particle can
have any energy in the range [0, 00).

The ground-state energy

w2h?
~ 2mL?
This is consistent with the uncertainty principle. The localization of the particle
within a range

Ey +0 (2.311)

(bp)? |2 pe

L:prz%:Em 5 _2mL2:> min = 55 (2.312)
The spacing between low-lying energy levels is of the order A%/mL2.
1. Macroscopic object
2
mw~1lgm, L~10cm or ~107%erg (2.313)

mL?

2. Electron confined to an atomic distance

2
~ 107 erg ~ 10eV

(2.314)

m~ 10727 gm , L~1 Angstrom = 108 em or
mL>2

3. Proton confined to an nuclear distance

2

m~10"4gm | L~10"2or 107 3em or ~10%erg ~ 1 MeV (2.315)

mlL?

Note: An electron-volt (eV) is the energy obtained by an electron when it is
accelerated through a potential difference of one volt:

LeV = (1.60 x 10 ?coul) (1volt) = 1.60 x 10~ joule = .60 x 10" 2erg  (2.316)

and
1 MeV =10V (2.317)

Also, visible light typically has v ~ 10'® sec™! so that

Elphoton =hvw 10_1267“9 ~leV (2318)
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Let us check that the eigenfunctions corresponding to different eigenvalues are
orthogonal. We have

L
14
(D0 | Pe) = Ofde;sinanAgsin 721‘

L

A*A< jnmx _jnmzx j e _jlmx
:(;i);fda:(ezL —e 'L )(e’L —ezL)

0

L
*
_ AnAe dx (ei (n+£)7rz + e_i (n+i)7rz B ei (n—i)wz B e_i (n—i)ﬂ'z )
-4

0

L

_ALA (n+0O)mx (n-f0)rx
——2[dx(cos(L)—cos(L))

0

Ar Ay (n+0nx (n-0)mx
B f dx (cos (L) - cos (L))

_AA L . ((n+O)mz L L . f(n-Onz g
R [(nw)wbm( L )L‘[(n—mbm( L )]

=0 , n=t (2.320)
or
L . o
<¢n | ¢Z) = 5 |An| One (2.321)
Letting
A = % s o=y (2.322)

where {u,} is an ON set of eigenfunctions, we have

2
up () = Zsin ? s Atun | wm) = Onm (2.323)

We note that du,/dz is discontinuous at 2 = 0 and x = L. Some plots of the
first three wave functions (n = 1,2,3) are shown in Figure 2.12 below:
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Figure 2.12: n =1,2,3 wave functions

Since the eigenfunctions vanish for x < 0 and x > L, the probability of find-
ing the particle (whose wave function is an energy eigenfunction) outside the
region [0, L] is zero. For a particle whose wave function is w,(x), the proba-
bility of finding the particle in [z, z + dz] is not uniform over the region [0, L]
since p(2,t) = [un(2)|*. This should be contrasted with the classical motion at
constant speed - classically the particle spends equal amounts of time in each
interval [z, x + dx] throughout the region [0, L].

Consider the ON set of all eigenfunctions {u,}. Is this complete in L?? Because
all the eigenfunctions w, (x) vanish for x < 0 and = > L, a square-integrable func-
tion which is non-zero outside [0, L] cannot be expanded in terms of the u, (z).
However, if 4y(z) is square-integrable and non-zero outside [0, L], then

- Wol Hdo) _ ! mx*x —ﬁi x] x
= (o | o) <¢0|¢o)£d Yol )[ 2mdx2+v( )| Yo(x)  (2.324)
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would be infinite because V(x) = Vj = oo outside [0,L]. Thus, a necessary
condition for (H) to be finite is for 1o (z) to vanish outside [0, L].

2 . nrz
{un(a:) = \/;sm L} (2.325)

is complete for square-integrable functions which vanish outside [0,L]. The
reasoning goes as follows. We know that

{ei2gzz }n=0,i1,¢2,... (2'326>

It is true, however, that

is complete on [-L, L] (just Fourier transform stuff). We have

eI = cos sz +isin sz - {cos sz ,sin sz} (2.327)
for n=0,1,2,.... is complete on [-L, L].

Let f(x) be an arbitrary function on [0, L]. Let

_Jf(x)  for x €[0,(]
9(x) = {—f(x) for z € [-L,0] (2.328)

g(x) can be expanded in terms of

{cos %, sin %} (2.329)
that is,
g(z) = Z A cos % L T Z B, 5111% (2.330)
But,
L
A, o< f dzx cos 7%mg(m) =0 (2.331)
L
because g(z) is an odd function of x. Thus, g(z) can be expanded in terms of
™
in — 2.332
{sm 7 } ( )
But this expansion must be valid in the subinterval [0, L], where g(x) = f(z).
Therefore,
{sin me} (2.333)
L

is complete on [0, L].
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Note: a.e. on [0, L]
f(x)=> B, sinLZx (2.334)
n=1

For example, if f(0)0, then the endpoint = 0 must be one of the points at
which the expansion doesn’t work (because each sinmnz/L =0 at x = 0). It is
of no consequence, however, that the expansion does not hold on such a set of
measure zero!

Let ¢ (x,t0) = ¥o(x) be an arbitrary wave function describing the particle con-

strained to move along a frictionless horizontal wire between two rigid walls.
Assume that ¢g(z) =0 for £ <0 and > L. Then we have

Yo(z) = i entin(2)

2
Up(x) = I sin ? (non - degenerate)
252
_ 2 Th -
- 2mL2 ) (Un | Um) = 5nm

which gives expansion coeflicients

L
en = (un | 90) = [ dz\/z sin “— 1o () (2.335)

0

and

_ |Cn|2
p(Ento) = (%o | 1) (2.336)

is the probability that an energy measurement at ty, will yield the value FE,,.
Only eigenvalues of H,, can be obtained when an energy measurement is made.

2.2.0.7. Example

Consider the wave function shown in Figure 2.13 below.
A YoX)
1 |

Vi

Figure 2.13: Wave Function
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We have
1/\/f forO<z <L

. (2.337)
0 otherwise

Yo(x) :{

A particle described by such a wave function can be found anywhere between
0 and L with equal probability. Note that 1g(«) is discontinuous at x = 0 and
x = L. That is fine since we only require that the energy eigenfunctions u,(x)
have to be continuous!

We then have

L
1 1
= [ do—=—x=-=1 2.338
{tho | o) Of JIVI ( )
or it is normalized. Then using
Po(z) = Y cntin(z) (2.339)
n=1
we have
Foo2
n = (un [ o) = Ofdx\/:sin n—zxwo(x)
F \/5 nmc\/T \/§L[ mrx]L
=fdac —sin—1\/ ==——|[-cos —
J L L L L nrm L 1o
V2 0 for n even
=—|-cosnm+1]= 2.340
nmw [ ] % for n odd ( )
Therefore
(B t)—ﬁ— 0 for n even (2.341)
PR 00 o Toa) ~ ——> for n odd '

which is the probability of measuring the energy eigenvalue E when we are
in the state described by 1g(x) at to. Note that it is essentially the absolute
square of the expansion coefficient |c,,|?.

Note: Since

> 9(En,to) =1 (2.342)
all n
we have
8 1 2
> =l — == (2.343)
n=1,3,5,.... W°T n=1,3,5,.... 8

which is a rather interesting mathematical result.
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Suppose that we want to calculate (H) for the above state. We cannot use

(H) — (7/}0|H7;[)0>

(vo | o)
L h2 d>
- (%Wo)_l dzipg () [_2mda:2 + V(x)] wolz)

because 1 (z) is discontinuous at x = 0 and = = L and therefore d?vg(z)/dz?
is not defined at these points. These two isolated points cannot be omitted
from the integral because d?v(x)/dz? is infinite at these points and can give a
non-zero contribution to the integral. The correct way to proceed in this case
is to use the definition of the average value:

(H) =Y o(Bto)Bn= Y o 0T

S5 5 o 75 = 2.344
alln ne135,.. n2m? 2mlL2 ( )

We must now consider those physical quantities whose maximal set of ON eigen-

functions {uﬁf‘)} is not complete in L2. An arbitrary square-integrable wave

function cannot be expanded in terms of the {uﬁf‘)} and therefore, the results

of previous discussions cannot be used to calculate the probability distribution
of measurements.

Let A be the hermitian operator corresponding to some physical quantity. A
must satisfy some additional, technical assumptions for the following discussion
to be valid. We will not go into such technicalities here.

Let us generalize the eigenvalue equation for A:
AP(Z) = ad() (2.345)
where we now require

1. ¢(Z) is not identically zero

2.
(@)= [ deo" (@)

is finite for almost every square-integrable function ¢ (Z).

Note: If ¢(Z) is normalizable, then (¢|1) is finite for every square-integrable
function ¥ (2). Thus, our generalized eigenvalue equation has all the normaliz-
able eigenfunctions we considered before. However, there exist non-normalizable

functions obeying condition (2). For example, f(z) = ¢'*® has:

(1= [ da

116

ei”@




and L

(f10) = [ dae )
exists a.e. by the Fourier transform theorem.
We have thus enlarged the space of functions (called a rigged Hilbert space) to
which an eigenfunction can belong. However, the wave function for a particle
must still be normalizable.
Note: ¢(Z) does not obey condition (2) if |¢(Z)| — oo as |z| = oo or |y| = oo or

|z] = oo. For simplicity, let us demonstrate this for a function of one variable
@(x). There are square-integrable functions ¢ (z) which go as 1/x as |z| - oo

and -
[ dxl@)P

converges at the limits of integration
ro1 1
.
gz x

01v) = [ dao" (@) (2:316)

does not converge at the limits of integration,

For such functions,

f da,égb* 5 (00) x (£noo) — oo (2.347)

The spectrum of A is the set of all eigenvalues of A , where the eigenfunctions
must obey conditions (1) and (2). The following results are from the spectral
theory of self-adjoint operators discussed in Chapter 4 of this book). Some of the
results we have already proved, others require detailed mathematical discussions
because the inner product of two eigenfunctions, each obeying condition (2),
may not exist, that is, (¢1|¢2) does not necessarily exist for non-normalizable

¢1 and ¢s.

2.2.0.8. Discrete Part of the Spectrum
In this case, the corresponding eigenfunctions are normalizable. Now
AG( (@) = andP (@) (2.348)

where « labels linearly independent eigenfunctions having the same eigenvalue.
The eigenvalues a,, are countable (n = 1,2,3,.....), that is, the eigenvalues do
not vary over a continuous range of values. This is the separability property of
L2,
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. Each a,, is real.

Eigenfunctions belonging to different eigenvalues are orthogonal.

a, may be degenerate. g,—fold degeneracy implies one can construct g,

orthogonal eigenfunctions belonging to a,, ( S), ces 5{6’")), such that any
eigenfunction corresponding to the eigenvalue a,, can be expressed as a
linear superposition of the (¢,(11), . 519")).

( (o) | ¢£ff ) ) = ,(na), which is a finite, non-zero constant (this follows from

the normalizability of the ¢§,a). Therefore,

(05 [67) = N\ byndagp (2:349)
Let )
ulp) = ——¢l) (2.350)
N(a)
Therefore, ( () | > = dmnlap, that is, the {usy?)} are ON eigenfunc-

tions (normalizable) and we have

Aul) = q,,ul) (2.351)

2.2.0.9. Continuous Part of the Spectrum

In this case, the corresponding eigenfunctions are not normalizable, but obey
the conditions (1) and (2) stated earlier. Now

AP (Z) = a ¢l () (2.352)

where the subscript ¢ stands for continuum. « labels linearly independent eigen-
functions having the same eigenvalue. The eigenvalues a., vary over a continu-
ous range of values (v s a continuous variable).

1.
2.
3.

4.

Each a., is real.
Eigenfunctions belonging to different eigenvalues are orthogonal.

ac, may be degenerate. g,—fold degeneracy implies one can construct g,

orthogonal eigenfunctions belonging to a,, (¢§i>, - 25")), such that any

eigenfunction corresponding to the eigenvalue a., can be expressed as a

linear superposition of the (gzﬁgi), 9 ).

(gb((flf) | qb(a) ) = oo because £‘3) is not normalizable. We therefore expect
(¢£ﬁ) | (b(ﬁ)) to be proportional to the Dirac delta function §(p —v)dag.
0 forp+v,a+p

(2.353)
oo for p=v,anda =0

( () | ¢(5)> — N,S“)(S(u—l/)%@ :{
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Let )
gﬁ ﬁd)gj) (2.354)
"

a) ‘ (8) (o)

Therefore, <ucu Ueh ) =6(p —v)dap where Au£ = Qeplicy -

5. Continuum eigenfunctions are orthogonal to discrete eigenfunctions

(ul [ u{P) =0 (2.355)

2.2.0.10. Theorem(proof omitted)

Let {ugf‘) ugj)} be a maximal ON set of discrete and continuum eigenfunctions

of the hermitian operator A. Here, maximal means that the set contains eigen-

functions for all eigenvalues with o and 8 going through their full set of values for
each eigenvalue (a =1,..,g, for a, and 8 =1,...,g, for a.,). Then { %a) uffﬁ)}

is complete in L2, that is, any square-integrable v(Z) can be written:

dn gv
(@)= ) ™ (@) + f dv > dSPulD (7) (2.356)
n oasl entire p=1

continuum

Note: The continuum eigenvalues may require labeling by more than one con-
tinuous index v = (v1,va,....). In such a case, dv = dv; dvs...... and

0(v—p)=6(r1 —p1)o(ve — pu2)..... (2.357)

One can easily solve for the coefficients in the expansion.

(910 = £ 8 el [u) e [ v 52 (D o)

n a=1 entire p=1
continuum
gn gv
) ECOF I f dv Y dP(0) =) (2.358)
noa=1 entire p=1
continuum

which is finite by earlier condition (2) and

(P [9)= 5 5l ) e [ a0 () o)
=1

n a=1

entire
continuum
dn gv
=3 X A0 0) [ Y dPDs(u-v)s = d (2.359)
noa=l entire p=1
continuum

which is finite by earlier condition (2).
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Note: The wave function for a particle must be normalizable (so that a prob-
ability interpretation is possible). However, the CON set {uif‘), ugf)}, in terms
of which the wave function can be expanded, may contain non-normalizable

eigenfunctions. Let ¢(Z,ty) be the wave function for the particle at tg.

V(Z,t) = ul®(Z) is possible (u{*) normalizable)

(@, 1) = ul(Z) is not allowed (u{® not normalizable)
However,

w@m{;fpfdmyﬁ (2.360)

Av
region

with a fixed and Av some region in the continuum, is a normalizable wave
function for any Av # 0 (no matter how small but non-zero). Then

Ww:@ﬁfwf@@gug)
Av Av
:(Aly)&[dl/ldv'é(u—l/)

()

which is thus normalizable. The spread of values produces a normalizable wave
function.

2.2.0.11. Basic Problem

Suppose we are given a physical quantity A (hermitian). We then solve the
eigenvalue equation as described earlier and form the CON set of eigenfunctions

{u%a), ugf)}. Let 1(,t0) = ¥o(Z) be the wave function for the particle at time
to. A measurement of A is made at time ¢g.

What values can be obtained from the measurement and with what probability?
We have

bo(@) = ¥ @)+ [ vy dPul (@) (2.361)
n,o B
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so that

Y Pu (@) z oSul (2)
ANapo) = { ™ AN
<1/J0 | ¢0> +f dz/Zd(’B)ugg)(a:) +f duZd(B)ugj)(:v) )
B
Z c(a)ugf‘)(f) Z c(a)aNuSla)(f)
+f dVZd(ﬂ)ugg)(i”) +deZd(’8)aNu£f)(:zr) >

-3 a2 |l +[d1/Za P (2.362)

where we have used orthonormality. Therefore, the N** moment of the proba-
bility distribution of measurements of A is:

~ (0 | AN o)
)= o)
| | d(ﬁ)|

; %Wo /dmw (o | o) (2.363)

The moments <AN ) for N=0,1,2,....... uniquely determine the probability dis-
tribution of measurements of A. Therefore, we need only construct a probability
distribution which gives the above moments.

1. Let g(an,to) be the probability that a measurement of A at to will yield
the discrete eigenvalue a,.

2. Let p(acy,to) be the probability that a measurement of A at to will yield
a value in the continuum between a., and acyiay. (@(ae,to) is actually
the probability density).

1 2
o(acw, = d(B) 2.
$(ac, to) Ga o) 2ﬁ)| e (2.365)

3. The probability a measurement of A at ¢ty will yield a value not in the
spectrum of A is zero.

For non-degenerate eigenvalues, the sums over a and 8 do not appear.

Example: Consider one-dimensional motion (x—axis). Let

h d

2.366
i dx ( )

A= Pzop =
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Then

hdg
A¢p = Propdp = ——— = 2.367
Pp = DaopPp i dr Py ( )
where p = constant eigenvalue. Therefore,
do p ; P
T; = E@J = ¢p(x) = Npe'™» (2.368)
First we show that p must be real. Let p = a+i8. Then
dp(x) = Npe! e (2.369)

The term e ?*/" goes to oo for 2 - +00 when < 0 and goes to oo for z - —oo
when S > 0. Therefore, we must have 8 = 0 for condition (2) to be satisfied.
Thus, ,

dp() = Nyel'® (2.370)

with p any real number in the interval [—oo, +00], which is therefore the spectrum
of p. Note that the spectrum of p is entirely a continuum. Contrast this with
the spectrum of L,,,, which is entirely discrete.

12pt] Now,

(6 | dp) = NN, f dwe™"% % = N Nyh f dye V@)

= N N,h(2m)o(p - p') = (27h) [N 6(p - p') (2.371)

since the expression vanishes for p # p’. Letting N, = 1/\/2wh, we obtain ON
eigenfunctions

e with (uy | u,) =86(p-p') (2.372)

1
up(m) = \/ﬁ

Notice that we are using p for the eigenvalue a., as well as for the continuous
index v.

Now let 9(Z,t9) be a square-integrable wave function. The completeness of
{up(z)} implies that

%/J(lf,to):fdpi/;(pio)up(z) (2.373)
so that -
Uato) = [ 2 i to) (2374)
, JV2rmh ’
ON implies that the expansion coefficient is
F0nt0) =l 191 = [ e (ot (2375)
) L0 P J \/% > L0 .
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which agrees with the Fourier transform theorem. Furthermore,

p(p.to) = |¢(p7 to)| (2.376)

(vo | o) |w

using the recipe we developed earlier for @(p,to). This result agrees with Postu-
late 2 with g(p,tg) a new notation for the momentum probability distribution.

2.2.0.12. Notes

1. Let me stress that the above derivations of p(a,,to) and @(ae,,to) are

valid only if the eigenfunctions { ﬁla) uﬁﬁ)} are orthonormal:

(ul? [ul) = urnbara (ull)

Uy

ugf)> =0(v -v)dpp, < (o) |u(5)) 0

Although the eigenfunctions {u( ) u%)} must be normalized (the contin-

uum eigenfunctions are normalized to a Dirac delta function), 1 (Z,ty) =
1¥0(Z) need not be normalized ({tg|tg) is only required to be finite and
non-zero).

2. Consider the 2 wave functions 1o(Z) and ¥o(&) = Z1o(Z), where Z is
some complex constant. ¢ (Z) and 1g(Z) determine the same probability
distributions p(an,to) and @(acy,to).

2.2.0.13. Proof

Wo | %) Z1? (4o | o)
& = (ul™ o) = Z (ul | o) = Zel

Similarly,
d® = zd® (2.377)
Therefore,
B (an to) = ——|¢ | OF Zp(ante) (2378
(o ) " (%o | Yo)

If the wave function at o is known, then the probability distribution of
measurements of any physical quantity at time ¢y can be determined.

2.3. Collapse

2.3.0.1. A Question

A natural question now arises: How can one prepare a particle so that its wave
function at to is completely determined (up to an arbitrary multiplicative con-
stant, which has no physical significance according to note (2) above)?
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Experimental Result: If a measurement of A at time ¢ yields the value a,, (or
a continuum value in the range a., t0 acy+4r), then a subsequent measurement
of A performed immediately after the first measurement will yield the value a,,
(or a continuum value in the same range as before) with certainty. The second
measurement must be made immediately after the first so that the forces acting
on the particle do not have time enough to alter the state of the particle. Thus,
a measurement tells us something about a particle right after the measurement
- an immediate repetition of the measurement will yield the same result as did
the first measurement. We note here that this assumption of repeatable mea-
surements is an assumption which is it is not always possible to accomplish in
the laboratory.

This experimental result motivates the following postulate.

2.3.1. Postulate 4: Collapse of the Wave Function

Let {u%a), uﬁf)} be a CON set of eigenfunctions of the physical quantity A. Let

W(Z,to) = ¥o(Z) so that

bo(@) = ¥ @)+ [ vy dPul (@) (2.379)
n,o Ié]

1. If a measurement of A at tg yields the value a,, (we are assuming that this
measurement is made with sufficient accuracy so that no other discrete
eigenvalue lies within the experimental uncertainty), then the particle’s
wave function right after this measurement is

U6(2) = Y clMul™ (2) (2.380)

that is, the wave function collapses to that part of o(Z) which is an
eigenfunction of A with eigenvalue a,, (linear superposition of degenerate
states or a single state if eigenvalue is non-degenerate). A measurement
of A for the state ¢((Z) will yield the result a,, with certainty. Note that
¥, (Z) cannot be identically zero because a, can be obtained from the
measurement only if

_ 1 ()2
p(an,to) 7@0'%);]% %0 (2.381)

2. If a measurement of A at ¢y yields a continuum value measured to an
accuracy such that this value lies in the range a., to aGcp.q,, then the
particle’s wave function right after this measurement is

v+dv

%@:[W§WMMm (2.382)

14
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that is, the wave function collapses to that part of ¥y (&) which is an eigen-
function of A with eigenvalues in the range ac, t0 aepidr (With certainty).
Note that {(Z) cannot be identically zero because a measurement will
yield a value in the range a., to acpiq, only if

v+dv v+dv

f dvp(acy,to) = M f dy%:|d£5)|2 +0 (2.383)

The collapse of the wave function has a simple geometric interpretation when
the spectrum of A is entirely discrete, that is

Yo(#) = Y lul™(z) (2.384)

with no continuum eigenfunctions present. 1y belongs to the vector space of

square-integrable functions and {usla)} is a CON set of basis vectors in this

infinite-dimensional vector space. I will draw only three of the orthogonal basis
vectors - the other basis vectors are in orthogonal directions. In general, the

. « . .
coefficients c% ) are complex; however, my diagrams below are necessarily of a

real vector space, cgf) real. The superscript « is not needed for eigenfunctions

corresponding to non-degenerate eigenvalues.

Case #1: All non-degenerate eigenvalues. Eigenfunctions and corresponding
eigenvalues are:

Uy < a; , Uy < as , U3 <> ag (2.385)

as shown in Figure 2.14 below.

!
Figure 2.14: Vectors in Hilbert Space
Let (1o | ¥o) =1 and g = ciug +coug +csug +...... as shown above. We then have

p(a,to) = |cl|2. If a measurement of A yields a;, the wave function collapses
to the vector cijuy, which is physically equivalent to u; and similarly for as
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and a3. Case #2: 2-fold degenerate eigenvalue and non-degenerate eigenvalue.
Eigenfunctions and corresponding eigenvalues are:
ugl) —a , u§2) “<a; , Uy <> as (2.386)

as shown in Figure 2.15 below:

/
éll)dll) + C(i]u'f)
Figure 2.15: Vectors in Hilbert Space

Let (o | o) =1 and g = cgl)ugl) + CEQ)UEQ) + CoUg + .. as shown above. We
2 2
then have p(a1,tp) = |c§1)‘ + ciQ)‘ . If a measurement of A yields a1, the wave

function collapses to the vector cgl)uﬁl) +c§2)u§2). We also have p(ag,to) = |cz|2.
If a measurement of A yields as, the wave function collapses to the vector cous,
which is physically equivalent to us.

This simple geometrical picture does not hold when the spectrum of A has a
continuum part because the continuum eigenfunctions are not square-integrable
and therefore do not belong to L2, the space in which v lies. The collapse of
the wave function onto continuum eigenfunctions cannot be pictured as a simple
projection onto basis vectors in L?.

For the following discussion, I will assume that the spectrum of A is entirely

discrete so that {ugf")} is a CON set of eigenfunctions. This is done only for

simplicity of notation; all of the following results generalize in an obvious manner
when A has both discrete and continuum parts to its spectrum.

I would like to make a set of measurements on a particle so that, from the results
of these measurements, I will know what the particle’s wave function is (up to
an unimportant multiplicative constant) immediately after the measurements,
that is, I would like to prepare the particle (by making certain measurements)
so that its wave function is known at a specified time.

Suppose we write

D@ t0) = Po() = ) e ul (&) (2.387)

n,o
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(@)

In this situation, the eigenfunctions {un } are known from solving the eigen-

value equation for A. However, 1 (Z) and the cfla) have not yet been determined.

A measurement of A at ¢y yields the value ay. If ay is non-degenerate (eigen-
function ug\})), the wave function collapses to ((Z) = cg\}) ug\}) and the wave
function right after the measurement is known up to the multiplicative constant
cg\}). If an is degenerate (eigenfunctions ug\}),uﬁ), ....,ug\?)), the wave function

collapses to
) = S ) (@)
Yo(2) = Y e uy’ () (2.388)
a=1

and the wave function right after the measurement is not known up to a multi-
plicative constant because just knowing the eigenvalue ay does not tell us the

particular linear superposition of ug\%ug\?), e ug\?) that results, that is, the co-
efficients cg\}),cg\?), ....,cg\?) have not yet been determined. More measurements

must be performed on the particle in order to collapse the wave function fur-
ther.

However, one must be careful in choosing which subsequent measurements to
make. A measurement of another physical quantity B will usually disturb the
wave function ¢ (Z), that is, collapse {(Z) to ¥{(Z), an eigenfunction of B
such that the wave function ¢ (Z) after this second measurement is no longer
an eigenfunction of A with eigenvalue an. That means that the subsequent
measurement of B will usually disturb the particle so that we destroy any prepa-
ration of the particle accomplished by the first measurement (of A).

An outline of this argument is as follows:

»(Z,t0) = Yo ()

Measurement of A yields an

Wave function collapses to ¢ (%) where AY{(Z) = an((Z)
Subsequent measurement of B yields by

Wave function collapses to 9{(Z) where By (Z) = bys( (Z)
Is ¢y (Z) still an eigenfunction of A with eigenvalue an?

Assume that it is. Then we have

Ay (2) = an (7)

BAY () = Bany (%) = an By (2) = anbariy (2)
ABYq (2) = Abarig () = bar AV (2) = byranty (2)
[A, Bl¢g(2) =0

Therefore, for ¢ (Z) to be an eigenfunction of both A and B, we must have
[A,B]¢{(Z) =0 or [A,B] = 0. For arbitrary observable quantities A and B,
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this is usually not true, because [A, B] is not necessarily zero. Thus, ¢ (%) will
usually not remain an eigenfunction of A.

Definition: Let A and B be the hermitian operators corresponding to two
physical quantities. A and B are said to be compatible if one can find a CON
set of functions which are simultaneously eigenfunctions of A and B. We say
there exists a CON set of simultaneous eigenfunctions of A and B if A and B
are compatible.

Note that 2 operators need not be compatible for them to possess some simul-
taneous eigenfunctions. Compatibility requires that the 2 operators possess a
complete set of simultaneous eigenfunctions.

Therefore, if {Uﬁ,? %(:E)} = CON set of simultaneous eigenfunction of A and B,
then
Aquf) (%) = amv(a) (%) , Bv,(,f‘) (%) =by, v(a) ) () (2.389)

where « labels the linearly independent eigenfunctions having the same ay and
bar.

2.3.1.1. Comments

. {vm n(Z )} is a CON set of wave functions for which both A and B have

precise values, that is, AA =0 = AB for each wave function ol ( ).

2. Let
(@, t0) =o(@) = Y, @08 (&) (2.390)

m,n,x

Note that the eigenfunctions {v (:c)} are known from solving the eigen-

value equations for A and B. However, ¢o(Z) and c( ) have not yet been
determined.

Suppose that we measure A and obtain the value ap;. The wave function
collapses to

0(i) = z PP (@) (2.391)

Suppose that we measure B and obtain the value by. The wave function
collapses to

U(@) = 3P ol (@) (2.392)

[e%
Notice that ¥ (%) is still an eigenfunction of A with eigenvalue aps. The
measurement of B has not disturbed the value of A (when A and B are

compatible). In this sense A and B are truly compatible.
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3. Let A and B be compatible. Let {u(ﬁ)(x)} be any CON set of eigenfunc-
tions of A. This is not the only CON set of eigenfunctions of A if some of
the eigenvalues are degenerate - there are different possible choices for the
linearly independent eigenfunctions belonging to a degenerate eigenvalue.
The given eigenfunctions {u,(ff )(i:)} need not be simultaneous eigenfunc-
tions of B. The compatibility of A and B implies only that there exists
some CON set of eigenfunctions of both A and B simultaneously.

Suppose A and B are compatible. Suppose we measure A (obtaining the value
apr) and then B (obtaining the value by). As in comment (2) above, the wave
function right after these compatible measurements is

u(E) = Zcﬁzévv% () (2.393)

If there are two or more ON eigenfunctions corresponding to aps and by, ¥ (Z)
is still not completely known (up to a multiplicative constant) because we do
not yet know the individual coefficients ng) N cgé) N3 eeree For such a case, other
compatible measurements must be made on the partlcle until the wave function
has collapsed to a function that is completely known (up to a multiplicative

constant).

Definition: Let A, B, C, ..... , @ be the hermitian operators corresponding
to some physical quantities. A, B, C, ..... , @Q are said to from a complete
set of compatible observables if there exists one, and only one, CON set of
simultaneous eigenfunctions of A, B, C, ..... , Q. (2 CON sets are not considered
different if the functions of one set differ from the functions of the other set
by multiplicative constants of modulus unity). One can prove the existence of
complete sets of compatible observables, but we will not do that here.

Therefore, if {vgmn.... (%)} = CON set of simultaneous eigenfunction of A, B, C,

Avimn(f) = a@”émn..“(f)
Bvémn(i‘) = bmvfmn(j)
C’Uﬁmn(-i‘) = cnvfmn..“(:z)

Note that we have used the fact that if A, B, C, ..... , @ form a complete set of
compatible observables, then that implies that there is only one eigenfunction
(determined up to an arbitrary multiplicative constant) corresponding to given
eigenvalues ag, by, Cryoeeeeene

1. It is possible for a single operator A by itself to form a complete set of
compatible observables. The operator A need only have eigenvalues which
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are all non-degenerate: if the eigenvalues of A are all non-degenerate,
then a given eigenvalue has only one linearly independent corresponding
eigenfunction and there exists only one CON set of eigenfunctions of A.

Two different complete sets of compatible observables A, B, C, ..... and
A, B, C, ... need not have the same number of operators.
2. For
w(j7t0) = ’@[JO(‘%) = Z Kfmnvfmn(f) (2394)
lmymn,....

Note that the eigenfunctions {vgm,,. (%)} are known from solving the
eigenvalue equations for A, B, C, ..... However, 1o(Z) and the expan-
sion coefficients Kyp,.,... have not yet been determined.

Suppose we measure A and obtain ar. The wave function then collapses
to

m,n,....

Suppose we measure B and obtain by;. The wave function then collapses

to
0 (@)= > Kiavm..vomn... (%) (2.396)
n,....
Suppose we measure all the remaining quantities C,.... in the complete
set of compatible observables A, B, C, .... and obtain the values ¢y, ........

The wave function will finally collapse to

n....

o (%) = Kpun..vimn... (Z) (2.397)

where no sum is present now.

Notice that ¢’ (%) is now completely known (up to a multiplicative constant
Kiymn....). Thus, measurements made of a complete set of compatible observ-
ables collapse the wave function to a simultaneous eigenfunction of all these
observables - the experimental results ar,,byr,cny ...... completely determine this
simultaneous eigenfunction vr .. (Z). Thus, the wave function of the particle
immediately after the measurements has been experimentally determined (up to
a multiplicative constant), that is, the measurements have prepared the particle
so that its wave function is known at a specified time.
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Chapter 3

Formulation of Wave Mechanics - Part 2

3.1. Complete Orthonormal Sets

Our earlier discussions give a simple criterion for observables to be compatible.
In particular, we showed that

A and B are compatible implies that [A, B] =0
In addition we have the following theorem:
[A, B] =0 implies that A and B are compatible

The proof of this theorem provides a practical way to construct a CON set of
simultaneous eigenfunctions of two compatible observables.

Proof: Let {ufﬁ)(;ﬁ)} be any CON set of eigenfunctions of A.

AuP(3) = anulP (2) (3.1)

and assume that [A, B] = 0. The above eigenfunctions of A need not be eigen-
functions of B. We will now show how to construct from the {US{B )(f)} a CON

set of simultaneous eigenfunctions of A and B - this will prove that A and B
are compatible.

(a) Consider a particular eigenvalue a,,. If it is non-degenerate, then the follow-
ing is valid:
ug) is the only linearly independent

eigenfunction corresponding to a.,

Claim: uﬁf) is necessarily an eigenfunction of B also.
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Proof: We have
ABuM = BAuY = Ba,ulV = a, BulV (3.2)

Therefore, Bug) is an eigenfunction of A with eigenvalue a, and since a,, is
non-degenerate, we must have Bug) = (constant)u . But this says that u(l)
is an eigenfunction of B.

Therefore, eigenfunctions of A corresponding to non-degenerate eigenvalues are
necessarily eigenfunctions of B also.

(b) Consider a particular eigenvalue a,. If it is degenerate, then the following
is valid:

g-fold degeneracy implies that ug), uﬁlz), uﬁlg )

are ON eigenfunctions of A with eigenvalue a,,
and any eigenfunction of A with eigenvalue a,,
can be expressed as a linear superposition of
these g eigenfucntions.

(8)

Now, consider the case where u,, ’ is not necessarily an eigenfunction of B. We

have
ABu!® = BAu”) = Ba,u!® = a,, Bul® (3.3)
so that Bugf ) is an eigenfunction of A with eigenvalue a,, and can be expressed
as a linear superposition of u$”, u'?, ..., ul?:
g
Bul® (&) = Z b( ") ul® (z)forf =1,2,.....g (3.4)

Relabeling indices: b;nﬁ) = <u§{l) ‘ Bul? )). Note that « is the first index and 3 is
the second index on both sides of this equation.

b(") is a ¢ x ¢ matrix where the matrix elements of 5™ are computed from the
given ON eigenfunctions of A corresponding to the eigenvalue ay,.
b

n n
byr” Dy

b = (3.5)

The matrix b is hermitian, that is, the matrix is equal to the complex conju-
gate of its transposed matrix:

by = (ul | Bul?) = (Bul™ | u?) = (ul? | Bul)" =05 (3.6)
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Claim: We can find g linearly independent functions, each of the form
g
> cqul® (3.7)
a=1

which are eigenfunctions of B (they are obviously eigenfunctions of A corre-
sponding to eigenvalue a,,).

Proof: Let us show how to find the ¢, such that

g
> Cqul®
a=1

is an eigenfunction of B. We have

g g
> cqul® = b > caul® where b = yet to be determined eigenvalue
a=1 a=1

g g g g g g

BY coul® =Y coBul® = Z Z (") ul® =6 coul® =0 cpul®

a=1 B=1 a=1 B=1

a=1 a=1

g g
Z_: ¢ béz)ugf) = b/; clgugf)

g
(ﬁ)(Z b )c —bcﬁ) :(Z bg;)ca)—bcﬂzo
B=1 =1 a=1

Mm i Mm

for B =1,2,....,g9. This result is true because the ug), qu), ....,uﬁf) are linearly

independent.

Using the notation

C1
- C2
¢= = column vector (3.8)
Cg
this equation becomes
b("Mé = be (3.9)

which is an eigenvalue equation for the g x g hermitian matrix (™). Now (b("™) -
b)é = 0 has a non-trivial solution for ¢ provided that (b(™ —b) is not invertible,
that is,
det(b(™ —b) =0 (3.10)
or
by —b by
by b b

det =0 (3.11)
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The various possible eigenvalues b can be found by solving this algebraic equa-
tion for b. For each b found, we can then find at least one non-trivial ¢ satisfying
b(Mé = bé (just solve this equation for & with b given). It is a basic result of
linear algebra that the eigenfunctions of a hermitian matrix are complete (the
spectral theorem we stated in Chapter 2 is a generalization of this theorem to
hermitian operators on the infinite-dimensional space L?). This means that,
for the g x g hermitian matrix b, one can find g linearly independent column
vectors ¢,

(1) (2) (9)

€1 ¢y
1 2

| o | | co |
o C§2> oo

Several of these column vectors may correspond to the same eigenvalue b, while
others correspond to different eigenvalues. We have thus shown how to find g
linearly independent functions, each of the form

g
3 cqul® (3.12)
a=1

which are eigenfunctions of B (the eigenvalue is the value of b which determined
this é) and of A (the eigenvalue is ay,).

Let me summarize the results (a) and (b) obtained so far in the proof of the
theorem.

[A,B] =0 and {uff)(f)} is any CON set of eigenfunctions of A

(a) If a, is non-degenerate, then the only eigenfunction corresponding to a,

(1) (1) .

is uy, 7 and wuy, ’ is automatically a simultaneous eigenfunction of B.

b) If a,, is degenerate(g-fold degeneracy), then ug),ug) ufzg) are the cor-
( g g g y), ey

responding ON eigenfunctions and u(ﬂ ) is not necessarily an eigenfunction

of B. Now form the g x g hermitian matrix ("), whose matrix elements
are bgg) = (uff‘) ‘Buﬁfﬁ, a,f=1,2,....,g. Solve the equation b(")¢ = bé.
The eigenvalues b are obtained by solving det(b(™ —b) = 0. Knowing
the eigenvalues b, we can then find g linearly independent column vec-

tors ¢, &) . ,¢9) which solve the eigenvalue equation. The g linearly
independent functions

g
o9 (z) = Z Aul (@) . B=1,2,....g (3.13)

are eigenfunctions of B (the eigenvalue is the value of b which determined
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this

dP =1 “ (3.14)

and of A (the eigenvalue is a,). The ¢$f )’s which correspond to differ-
ent eigenvalues b are necessarily orthogonal; the gb%ﬁ ) which belong to
the same eigenvalue b can be constructed to be orthogonal by the Gram-
Schmidt process. All the (bff )5 can be normalized. Thus, one can always
find ¢*)’s satisfying <¢£La) | (bflﬁ)) = 0ag-

We now have a method for constructing a CON set of simultaneous eigenfunc-
tions of A and B. For each eigenvalue of A, we can find g CON simultaneous
eigenfunctions of A and B when the eigenvalue is g-fold degenerate (g = 1 means
a non-degenerate eigenvalue). Doing this for all the eigenvalues of A yields a
CON set of simultaneous eigenfunctions of A and B. The existence of a CON
set of simultaneous eigenfunctions implies that A and B are compatible.

Example: Construction of a CON set of simultaneous eigenfunctions of two
commuting hermitian operators.

Let the functions ugl)(f),uf)(zfc),uﬂf),u;;(f),u;;(f), ...... be a CON set in L2.
Define the linear operators A and B by their action on this CON set:

A B
Auil) = u§1) Bugl) = uiQ)
Auf) = u§2) Bugz) = ugl)

AUQ = 2’(1,2 B'LLQ = 2U2
AU3 = SU3 BU3 = 3U3
Au,, = nuy, Bu,, = nu,

Table 3.1: Definition of A and B

Note that us(Z), us(Z),us(Z), ...... are simultaneous eigenfunctions of A and B,

while ugl) (2), ugz)(i:) are degenerate eigenfunctions of A (eigenvalue = +1), but
are not eigenfunctions of B.

Notes:

1. A linear operator A is completely defined by specifying its action on some
CON set {vﬁa)(f)}: AvT(La)(JE) given for all n,«. This is true because an
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arbitrary ¢(Z) can be written as

$(3) = Y Mo (@) (3.15)
Therefore,
Ap(E) = 3 e Aol (2) (3.16)
n,x %z—’
given

and thus, the action of A on any ¢(Z) is determined. For example,
[A,B]=0if [A,B]v{®(Z) =0 for all n,a

2. A linear operator A is hermitian if (¢ | Ap) = (A | ¢) for all ¢(Z). But an
arbitrary ¢(Z) can be written

$(3) = Y M (@) (3.17)

n,o

when {vﬁa)(:ﬁ)} is some CON set. Therefore, A is hermitian if

(Z @y (z) | A D cgf)v,(f)(f)> (A 3 () (7) z Py (ﬂ)(m)
n,o m,3

A D ) | AP @) T S 2 A @) ) o)
n,x m,3 n,o m,[3

Because this must hold for arbitrary coeflicients cﬁl ), we conclude that A is

S,P(:Ts)) (Av(a)(at) ‘ v(B)(x)> for all n,m.a, 3. This
is a simple test for hermiticity when the action of A on a CON set is known.

hermitian if (v

Because A and B commute, we can find a CON set of simultaneous eigenfunc-
tions.

A’s eigenvalues 2,3,4,.... are non-degenerate and therefore the corresponding
eigenfunctions us (%), us(Z), us(Z), ...... are necessarily eigenfunctions of B also.

A’s eigenvalue 1 is 2—fold degenerate. ugl)(i’), uf)(is) are not eigenfunctions of
B. We form the 2 x 2 matrix b= where

o) = (ul™ | Bu{”) (3.18)
so that
B0 = {ul | Buf™) = (u | f?) =0
B = (1 | Bu®) = (u? | uf®) <0
8 = {ul | Bu?) = (u | uf®) =1
B0 = (1 | Buf) = (u? | f?) =1
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Therefore

and we have
det(b® —p) =0 = det( -

Case #1: b=+1

+ +
b(”a*:a*:(? é)(%):(%):c;:q (3.21)

Case #2: b=-1

(1) 2— _ 2 0 1 ca)\_ [ a - -
b'éT=¢ :>(1 0)(02)_ (02)302— ) (3.22)

51) + c§u§2) =ct (ugl) + u§2)) is a simultaneous eigenfunction of A

(eigenvalue = +1) and of B (eigenvalue = +1) and c{ugl) +c§u§2) = c{(ugl) —u§2))
is a simultaneous eigenfunction of A (eigenvalue = +1) and of B (eigenvalue

- -1).

Therefore, ciu

To normalize these functions we note that

(ugl) + u§2) ‘ u§1) + u§2)> =2=c] = % (3.23)
Thus,
%(u?) +ul?), %(u?) —ul?), ug, us, g, o (3.24)
with eigenvalues
+1(A4),+1(B) +1(A4),-1(B) 2(A,B) 3(A,B) 4(A,B) ....... (3.25)

form a CON set of simultaneous eigenfunctions of A and B.

Summarizing our results: Two hermitian operators are compatible if, and
only if, they commute: compatibility is equivalent to commutativity. Compatible
physical quantities are important when one wants to prepare a particle so that
its wave function is known (up to a multiplicative constant) at a specified time:
measurements made of a complete set of compatible observables collapse the
wave function to a simultaneous eigenfunction of all these observables and the
experimental results from these measurements uniquely determine the simulta-
neous eigenfunction to which the wave function collapsed.

There is another important use of commuting observables. Suppose we want
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to find the eigenfunctions and eigenvalues of some physical quantity A. If we
already know the eigenfunctions of a physical quantity B which commutes with
A, then our task is greatly simplified because there must exist a CON set of
eigenfunctions of B which are simultaneous eigenfunctions of A.

Example: Free Particle in Three Dimensions(no forces present): We
have

2 2 2
H. - pm)p +pyop +pzop
op ~

(3.26)

2m
Let us find the eigenfunctions and eigenvalues of H,, (discrete and continuum
parts) using the eigenvalue equation

HO;D(b(f) = E¢(i') (3-27)

Method #1: pzop, Pyops Pzop, Hop are obviously mutually commuting operators,
that is, any pair of these operators commute. Therefore, we can find a CON set
of simultaneous eigenfunctions of these 4 operators. Now, the eigenfunctions of
Dazops Pyop, Pzop have already been derived.

eigenfunctions of pyep = Ny (v, z)e % with eigenvalues py € (—00, +00)
eigenfunctions of py., - Ny(z, z)e$ with eigenvalues p, € (-0, +00)
eigenfunctions of o, — Nz(x,y)e% with eigenvalues p, € (=00, +00)

Clearly, the simultaneous eigenfunctions of pzop, Pyops Pzop are

ippx  PyY  ipyz

Up,p,p.(Z)=Ne h e h e n = Nen (Pew+pyy+p:2) (3.28)

where N is independent of z,y, z, form a complete set. Given p,,py,p., there
exists (no degeneracy remains after p,,p,,p. given) only one linearly indepen-
dent eigenfunction. Therefore, the functions u,,,, . (%) are also eigenfunctions
of H,,. Finding the eigenvalues of H,, is simple:

2 2 2
H _ p:z:op +pyop + pzop
opUp.pyp. = om PrPyD=

2 .2, 2

~ (pw +py, + D2

2m ) upmpypz = Eupmpypz (329)

so that ) ) )
+p2+

E=(px §y pz) , DayDys Dz € (—00,+00) (3.30)
m

Thus, the spectrum of H,, has only a continuum part, with the eigenvalue E
anywhere in [0, +o0].

Method #2: Separation of variables(SOV): This is the method used to
solve certain partial differential equations. We have

Hopp(Z) = E¢() (3.31)
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We look for eigenfunctions satisfying earlier conditions (a) and (b) so that the
eigenfunctions must not become infinite as || - oo.

Now, inserting differential operators, the eigenvalue equation becomes

2 2 2
pwop + pyop + pzop

Hoyo(@) - (Tt o

h? (0%¢ 0%°¢ 0%¢
==+ —
2m \ 0x2 0Oy? Ox2

- E¢ (3.32)

for fixed E. The allowed values of E are then determined by requiring that ¢(z)
does not become infinite as |Z| - co. This is called a boundary condition.

In this SOV method, we look for solutions of the form ¢(Z) = X (2)Y (y)Z(z),
i.e., separated variables. Substituting into the partial differential equation we
have )
Z
Y@

0x2

+ X

2 2 2
h( 8X+XZ5'Y

0x? Oy?

) =FE(XYZ) (3.33)
Dividing by XY Z (recall that ¢(Z) is not identically zero) we get

2 2 2 2 2 2
(_Qh)lfaa)?() + ( h” 10 Y) + (_hlBZ) = FE = constant  (3.34)
m x

2mY 0y?

function of x only  function of yonly  function of z only
=Fi(z) =F2(y) =F3(z)

This equation must be true for all x,y, z where z,y, z are independent variables.
In particular, the equation must be valid as x varies while y and z are kept fixed.
Thus, Fi(x) must be independent of x. In a similar manner, we arrive at the
conclusion that F5(y) must be independent of y and F5(z) must be independent
of z. Therefore,

Fi(x) = constant , Fy(y) = constant , F3(z) = constant (3.35)

We let
%2 h2k2 h2k2
T oom om om

where k1, ko, ks are constants (in principle, complex constants). The quantities

Fl(.’E)

Fy(y) =

F3(z) =

(3.36)

K22 h2k2 h2k3

)

(3.37)

)

2m 2m 2m

are called separation constants. We then obtain the eigenvalues in terms of these
three unknown constants as

_RR WK RK

2m 2m 2m

E

(3.38)
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and the three equations

0?°X :
oz~ hiX o X = et (3.39)
2
Y )
%z =-k3Y > Y = ety (3.40)
2
7 )
88—2 = k27 » 7 = ¢*ika* (3.41)
X

Since X,Y,Z must not become infinite as |z| - oo, |y| = o0,|2| = oo, the con-
stants ki, ka, k3 must be pure real (positive or negative).

It is sufficient to write
X — eJrik‘lCE ’ Y _ €+ik2y , Z — eJrik‘gz (342)

because k1, ko, ks may be positive or negative.

Therefore,

¢((f) _ Ne+i(k1x+k2y+kgz)

hQ
E-= %(k%kgwg) € [0, +o0]

k1, ko, k3 pure real

With k; = p;/h these results agree with those from Method #1. One might ask
how we know that the eigenfunctions of the form ¢(%) = X (z)Y (y)Z(z) give a
complete set of eigenfunctions. Method #2 does not tell us. Only Method #1
really shows that the eigenfunctions we have obtained are complete.

3.2. Time Development

We have discussed in detail how a measurement collapses the wave function in
Chapter 2. By measuring a complete set of compatible observables, one prepares
a particle so that its wave function immediately after the measurements (at time
to) is known (up to a multiplicative constant). ¥ (Z, o) is therefore known (up
to a normalization factor). Suppose another measurement is made at some later
time ¢ (t1 > tg). The probability distribution of results of such a measurement
can be determined if one knows the wave function ¢(Z,t;) right before this
measurement is made. We must therefore specify the time-development of the
wave function between measurements, that is, between tg and ¢y, so that ¥ (Z, ;)
can be calculated in terms of ¥(Z, tp). Naturally, the time-development depends
on the forces acting on the particle.

3.2.1. Mathematical Preliminaries

1. Let A and B be linear operators. If (¢1 | Apa) = (¢1 | Bop2) for all ¢, ¢a,
then A = B.
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Proof: We have 0 = (¢1 | Aga)—(¢1 | Bp2) = (¢1 | (A - B)¢p2). Now choose
¢1 = (A= B)go. Then 0= ((A- B)ds | (A~ B)go) = (A B)s for all ¢
orA-B=0.

. Let A and B be linear operators. If (¢ | Ap) = (¢ | Bo) for all ¢, that is,
if (A) = (B) for all states, then A = B.

Proof: Let ¢ = ¢1 + A¢2, where A is an arbitrary complex constant.
Therefore,

(0] Ag)

(d1+ A2 | A1+ Ag2))

= (01| Apr) + A (d2 | Aga) + (b1 | Apo) + A (2| Ar)
(¢1+ A2 | B(¢1 + Ad2))
(611 Bor) + A7 (d2 | Boz) + A (o1 | Ba) + A" (¢ | Ber)

(¢] Bo)

But (¢1 | Ap1) = (¢1 | Bo1) and (¢ | Ade) = (¢2 | Bo2). Therefore,
A(@1 | Aga) + X (2 | Apr) = X(1 | Ba) + X (¢ | By) for all X (3.43)

and

A=1- (01| Ag2) + (2| Ap1) = (¢1 | Boa2) + (¢2 | Bo1) (3.44)
A=i— (¢ | Apa) — (P2 | Ad1) = (¢1 | Boa) — (d2 | Bér) (3.45)

Therefore, (¢1 | Apa) = (¢1 | Boa) for all ¢1, ¢o so that A= B.

. We have
[zhpj] = Zh’(S’L] ) [xivxj] =0 ) [p“pj] =0 (346)

We can cleverly rewrite these equations by letting A be one of the operators
T,Y,%,Pxy Py OF Pzt

., 0A ., 0A
[xi,A]—zhapi ) [A,pj]—zh%j (3.47)

where
8xi 5pj

= 0 s
Op; Op;

Ip; -0 Op;

= 62 ) - 9
J 633]‘ 81‘]‘

=0 (3.48)

Let f = f(Z,p) = X (ABCD...) = sum of terms of the form (ABCD...),
where each operator A, B,C.D, ..... is one of the operators x,y, 2, Pz, py Or
p.. For example,

f(Z,P) = xprxz +p§x (3.49)
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Now,

[2i, f(%,5)] = [2:, Y. (ABCD...)| = ¥ [25, ABCD...]
—Z(ml, 1BCD...+ A[z;, B]CD...+ AB[x;,C] D...+)

= Z( AihgpiC’D...+ABithD...+)
—th( gBC’D...+ABgZD...+)

L 0 af( p)
=ih ABCD.. 3.50

' 6})1 Z( ) apz ( )

and in a similar manner we have
oL L Of(Z,p
[£(2.5),p,] = m% (3.51)
€L

Note: When differentiating an operator of the form ABCD...., one must
maintain the order of the operators A, B,C, D, ... because the operators
do not necessarily commute.

Example: Let

f(#,P) = xpyxz + pya (3.52)
Then
o Of L
[x,f(rmp)]:ma = ih (z(1)xz +0) = iha’z (3.53)

x

We now proceed to consider the time-development of the wave function between
measurements. This time-development will be our final postulate. We will mo-
tivate this postulate by deriving it from several rather reasonable assumptions.

Consider a particle under the influence of a conservative force:
H-= 2 L V(z) (3.54)

Let us try to obtain a differential equation which will determine the behavior
of ¥(Z,t) with time.

Assumption (a) 1(&,t) is completely determined by knowing the wave function at some
initial time to, that is, ¥(Z,to) at all & determines ¢ (Z,t) for all time .
In particular, we are assuming that 0v(Z,to)/0t need not be given as an
initial condition. Thus, the differential equation obeyed by ¥(Z,t) must
be first order in time:
oY 1 h
— = —[0(Z,p,t p=—-V 3.55
T AT 2 U (3.55)
where 6(Z,p,t) is some complicated operator which, in principle, might be
non-linear. The factor 1/ih has been separated out for later convenience.
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Assumption (b) If ¥ (Z,t) and ¢2(Z,t) are solutions of (3.55), then any linear superposi-
tion A1 (%, 1) + Aotbo (I, ) is also a solution. This is essentially Postulate
(1b) from earlier (linear superposition). Therefore, if we have

din_ 1 dy 1
ot = m&wl and ot = m@@bg (356)

then this implies that

%()\11/)1 +A22) = %9(/\17/11 + Aat2) (3.57)

for all constants A1, As. Therefore,

1 0
%9()‘11/)1 + Agtho) = a()\ﬂ/h + A21)2)
N SR BT
=\ 5t + Ao 5 ih)\191/11 + Z.h)\291/}2
or
O(A19h1 + Aath2) = M161 + A20yha (3.58)

which says that 6 = 6(Z,p,t) must be linear.

Assumption (¢) ¥(Z,t) must be normalizable for all ¢ in order to be a physical wave func-
tion (Postulate (1a) from earlier). The simplest way to guarantee this is
to require

[ @@ v = [ dest @ttt (359)
where the initial wave function ¥ (Z,ty) is assumed to be normalizable.
This should be regarded as a convenient choice for preserving normaliza-
tion. We note that this property fails if we were considering relativistic
quantum mechanics!

Notation: We have
(Wa(t) [v2(0) = [ dau (@, 6(a,0) (3.60)

where the variable Z has been omitted on the left hand side because it is
integrated over so that the resulting inner product depends only on ¢.

Therefore, assumption (¢) can be written

(@) [ (1) = (¥(to) [ Y (to)) (3.61)

or

d
S0 [6(1) =0 (362
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which gives

0= 0 [ @y @00
o |Ovr(@@t) e 2 OU(,1)
_fdsm[atuz(x,t)ﬂ/z (;v,t)at]

- (W” ‘ w<t>)+<¢<t) ‘ W)

ot ot
- (600 |60 + - (0D | 60(D) (3.63)
(00(0) | 6(0)) = (6(2) | 00(0)) for arbitrary G(a0) (360

Note that 1)(Z,t) can be practically any square-integrable function because
(&, to) may be chosen arbitrarily.

This result says that 6 = (2, p,t) must be hermitian.

Assumption (d) This is the important assumption. We must construct a quantum theory
which, for macroscopic phenomena, reduces to the equations of classical
physics (Newton’s laws of motion). This constraint on the quantum theory
is called the correspondence principle, and we will impose it on our theory
by assuming the following, which is experimentally verified for microscopic
and macroscopic phenomena:

Even though the results if individual measurements do
not obey the equations of classical physics in detail,
the average values of measurements obey the classical
equations of motion

Basic Assumption (will determine 6 = 6(Z,p,t)):

d

dt

oV ( d i

i) =+ (F) = (<O here 4 () - <3> (3.65)
ox; dt m

These equations correspond (are the quantum analogues) to the classical

equations of motion:

dp; oV (z) dr; p;
-Fy=- iy
dt ox; an dt m

(3.66)

The average values

WO p®) w0 5w0)
W= Tewy ™ =T 0m Ty (3.67)
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depend on time because 1(Z,t) depends on time. The operators x; and
p; = —thd/0z; do not change with time. Now we can write

d W) ) (0] 52vw)
TRTOIRIO) W@ [ 0(0)
d (@) [zi(t)) _1 () | pi (1)) (3.69)
a0 [6() ~m @0 ] o)

(3.68)

But

%(1/1(15) [(t)) =0 since (¢(t) | (t)) is constant (3.70)

implies that we cancel the factor

1

WO [o0) 37)
in these equations. Therefore
L (w0t pab(e) = ( (t) ‘ Lo )) (3.72)
%wm |20} = = (60 | pa(1) (373
so that
<¢(t> ‘ W(‘”)w(t)) 4w | pe)
81/} oY
< pﬂﬁ) (w pz’g)
== {00 | pit) + = (0 pi00)
“ = (010t} + | pit)
:—%wuemi]w— o] i)
00
Since the above equation is true for any ¥ (Z,t) we have
90(z,5.t) OV (%) 5.75)

c’)xi N &rl
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In a similar manner we can also show the following:

(1) [P () = 5 (0 (0) |20 (0)

(ool 52

1 1
== 00 [ wit) + — (0 [ 2:09)

1 1
== (V1 0z) + = (V| 2:6Y)
1 1 .00
-l = o (o] in22 )
00
i

Since the above equation is true for any ¥ (Z,t) we have

39(;‘]73” _ % (3.77)
We can now determine the operator 6(Z, p, t):
80(;;5’“ - % — 0(2,p,t) = % +01(py, Pz, T, Y, 2, 1) (3.78)
ae(gl;f,t) i aelgi;m) ) %y 0y 1) = ;EA £ 05(ps, g, 2,t) (3.79)
69({;?2;53,15) ) aelg;,zﬁ,t) P (a0 - % fOy(z,y.2t)  (3.80)
80((;?3,3;;,:5) ) 893(32,;,@5) _ 8‘53(50 > O5(z,y,2,t) = V(Z) +c(t) (3.81)

where ¢(t) is an arbitrary function of ¢; i.e., it is independent of Z and p.
Therefore,

0(3,5.t) - %’j FV(E) +ot) (3.82)

is the solution of the partial differential equations which 6(Z,p,¢) must
obey. Note that (%, p,t) being hermitian implies that ¢(¢) must be a real
function of t.

Claim: ¢(t) has no physical significance and can be chosen to be zero.

Proof: For ¢(t) any arbitrary function, the wave function obeys

Ne(z,t) 1
at  ih

m

[? V() + c(t)] be(@ 1) (3.83)
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subject to the initial condition ¥.(Z,ty) = ¥ (&, ), which is a given square-
integrable function. Consider the function N.(¢)v.(Z,t) with

+4 f c(t")dt’
N.(t)=e o (3.84)
where c(t) real implies that |[N.(t)| = 1. Therefore N.(t =t;) = €” = 1. This
means that N.(t)v¥.(Z,t) and ¥.(Z,t) obey the same initial conditions at
t=to.

Because N.(t) is just a multiplicative factor independent of Z (it happens

to depend on time), N.(t)v¥.(Z,t) and 1).(Z,t) determine exactly the same
probability distribution and average values.

Thus, we can use N.(t)9.(Z,t) as the wave function rather than ¥.(Z,t)
and no physical values will be altered.

The differential equation obeyed by N.(t)v.(Z,t) is

8(Ncwc) _ % awc — i l
T o Vet Negy = pebNeve w GO
e _1[pp -+
- (0 - c(t)) N, = - [2m + V(x)] Nee (3.85)

Letting N.(t)v.(Z,t) = ¥(Z,t) we have

% ) % [% * V(f)] »(2,t) (3.86)

which proves that no physical values will be altered if we use
0(z,5,t) = 2L 1 v(z) (3.87)
2m

with no ¢(t) present. Thus,

0(z,5.1) - % FV() = HG, p) (3.88)

It is the Hamiltonian operator!

The partial differential equation just obtained determines the time-development
of the wave function between measurements.

Rather than postulate assumptions (a),(b),(c),(d), which went into the
above derivation, we will just postulate the result.
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3.2.2. Postulate 5: Time Development of the Wave Func-
tion

For a particle in a conservative force field, the wave function obeys the time-
dependent Schrodinger equation:

. 51/’(33»15)_ . - _ ijﬁ - N
th = H(Z,p)y(Z,t) = [% + V((E)] (T, t)

2
= _;Lmv?w(gz,t) +V(2)(2,t) (3.89)

From this equation, one can determine (%, t) at any time ¢ by knowing (%, t),
the wave function at some initial time ¢,.

We note the important fact that the wave function’s time-development is com-
pletely determined by the time-dependent Schrodinger equation during periods
of time when no measurements are made. While a measurement is being made,
the wave function does not obey the time-dependent Schrodinger equation -
instead, the wave function emphcollapses to an eigenfunction of the observable
being measured. The eigenfunction to which the wave function collapses is,
in general, unpredictable - only the probabilities for specific results of a mea-
surement can be determined. Contrast this with the completely predictable
time-development during periods of time when no measurements are made - a
time-development determined by the time-dependent Schrodinger equation.

3.3. Structure of Quantum Theory

3.3.1. Initial preparation of the wave function at ¢,

Measuring a complete set of compatible observables at ¢y determines ¢ (Z, o)
immediately after these measurements (up to a multiplicative constant).

Then time development is governed by

_ap Y
Hy = ih (3.90)

which takes (Z,ty) (given) into (Z,t) (determined).
Measurement of A at time ¢ (A need not be related to the observables measured
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at to) gives

() | ) (s | v (0))

1 0

oot = om0 O =E—mm em (3.91)
(B) 8)

N o2 (0 [ul) (D |9 0)

Placnto) = o T 2% =2 mm o) (3.92)

(sz):M (3.93)

(v (@) | 9(D))

Immediately after the measurement, the wave function collapses to a function
which depends on the result of the measurement.

Notice the conceptual difference between the time-dependent Schrodinger equa-
tion
oY

Hy = ih (3.94)

and the time-independent Schrodinger equation H1 = E1. The time-dependent
Schrodinger equation determines the time-development of any wave function
between measurements. The time-independent Schrodinger equation is just one
of many eigenvalue equations - it is the eigenvalue equation for energy and
determines the possible results of an energy measurement.

The time-dependent Schrodinger equation is motivated by the correspondence
principle - average values obey the classical equations of motion.

One can reverse our previous arguments and show that the time-dependent

Schrodinger equation implies that average values obey the classical equations of
motion.

3.3.2. Basic Problem of Quantum Mechanics
Given ¥(Z,0), find ¢ (Z,t).
Let {u%a)(ﬁc)} be a CON set of eigenfunctions of H (Husla) = Enu%a)) For

simplicity of notation, we will assume that the spectrum of H is entirely discrete.
Our results generalize in an obvious manner when a continuum is also present.

Now we can expand ¥ (Z,t) at fixed time ¢ in terms of a CON set as
Y@, 1) = 3 el (Hui) (@) (3.95)
n,a
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Therefore, we have

iny = T in 2O o) (5) - 1y

-y c;a><t>Hu;a><f> = ¥ I () Bl (#) (3.96)

n,o

The linear independence of the {u,(fl) (f)} implies that we can equate coefficients
in the expansions:

(a)
i 8cn (t)

o B, (t) for all a,n (3.97)
This equation is easily solved:
() = ) (0) e # Ent (3.98)
so that
V(@) = 3 D (O ) (@) (3.99)

This is a very important result. It represents the general result for expan-
sion of an arbitrary wave function in terms of energy eigenfunctions.

The coefficients c%a)(O) can be found from the given ¥ (Z,0) since
7,0) = 3 el (0)ul™ (&) (3.100)
n,a

so that
c§(0) = (ul™ [y (t = 0)) (3.101)

Therefore, we have determined ¢ (Z,t) in terms of ¥(Z,0).

We note that the solution just obtained for ¢ (Z,t) can also be obtained by
solving the time-dependent Schrodinger equation by the method of separation
of variables. We have

oy h .
ih=r = o=V + V(@)W (3.102)

Trying a solution of the form (Z,t) = U(Z)T(t) we get

dr h?
h—U = U +V(2)U
th— ( o —vVvU+V(Z) )
1dl 1 ( h?
T P I 2 -
=T U( 2m " U+V(I)U)
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We thus have function of ¢ = function of Z. Because Z and t are independent
variables, each side of this equation must equal a constant A (the separation
constant). We then have

L 1dT 1( »?
th——=
T dt U

A== |-—VU+ V(:E)U) ~Lhy (3.103)
2m U

or HU = AU so that U must be an energy eigenfunction with energy eigenvalue
A=FE and

ar ;
ih— = AT = T(t) = T(0)e #™ (3.104)
Therefore, for a particular value of E (one of the eigenvalues) we have
(@, t) = Tp(0)e W UR(E) (= (™ (0)e # Ertul™) (7)) (3.105)

which represents a complete set when we use all linearly independent solu-
tions for all possible E values. The general solution to the time-dependent
Schrodinger equation is obtained by summing over all such particular solutions:

Y(@,t) = Y Tp(0)e * P Up(E) = 3 e (0)e # Ertul) (i) (3.106)
E

n,o

as obtained earlier.
Some Notes:

(a) Let ¢(Z,t) be an arbitrary wave function. Its expansion in terms of energy
eigenfunctions is:

V(@) = Y e (Hul? (&) (3.107)
where _
() = LD (0)e R Ent (3.108)

The probability of measuring F,, at time ¢ is:

2| o
p(En,t) = W) [6(0) (3.109)
But ((t) | (1)) = (4:(0) | 1:(0)) and |l (1)| =[e(0)]. Therefore,
5|l O
p(En,t) = =p(En,0) (3.110)

{¥(0) [9(0))

Therefore, p(E,,t) is independent of time for any wave function (corresponds
to energy conservation).
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(b) Let 9(z,0) = uSLa)(f:), that is, the particle is in an eigenfunction of energy
at t = 0. Therefore, ‘
(7, t) = ul™ (3)e 7 Ent (3.111)

for any time ¢, that is, we just get multiplication by a phase factor! The particle
therefore remains in the same eigenfunction of energy for all ¢ if it is initially
in an eigenfunction of energy. FEigenfunctions of energy are therefore called
stationary states. In general, if ¥(Z,0) is an eigenfunction of some operator
other than energy, then ¥ (Z,t) will not remain an eigenfunction of this operator
for ¢t 0.

3.3.2.1. Properties of Stationary States
In a stationary state we have
(i) =ul (@ e P Hul® = Bul® (3.112)

1. The probability density (probability per unit volume) for position mea-
surements is given by

o @ P
o0 = 1y To ) (3:112)
and
(@) () et Bt | OPNE
Uup,  (Z)e mEn up (Z) .0
o) e weor

(@ [9@)  (£(0)[4(0))  (£(0)]4(0))

Therefore, p(Z,t) is independent of time for a stationary state.

2. Let A be any physical observable. For simplicity of notation, we will
assume that the spectrum of A is entirely discrete. Let {vff )(f)} be a
CON set of eigenfunctions of A:

Av (&) = amo'P (7) (3.114)
Therefore,

P(amvt)

O [N o0 [l o) k)
3 (¥(t) [ (1)) 5 (¥(0) [4(0))

g LN )Pt o 0}t

B %: (¥(0) [4(0)) B %: (W(t) [¥(1))

((0) | o) (o8 | 0(0))

3 (¥(t) [¥(t))

Thus, g (am,t) is independent of time for a stationary state.

=p(am,0)

N
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3. Let A be any physical observable. Then

(W(t) | Ap()  (u e r

Au%a)e_%E"t>

W= ey ($(0) [4(0))

([ 4m?) (o) | av(0)) ()
@O o) ~ (@O) [(0) ~ =

Therefore, (A) is independent of time for a stationary state.

3.3.2.2. Example of a Non-Stationary State

Let 1(%,0) be a linear combination of two non-degenerate energy eigenfunctions

Y(2,0) = crua (Z) + coua(F)
where
Hui = Eiui for i = 172,E2 > E1 s (ui | ’U,j) = (57;j for i = 1,2 (ON)

We have the energy level diagram as shown in Figure 3.1 below.

E,

EZ—El

Ey

Figure 3.1: Energy Levels

Therefore,
iBqt iEqot

W(Z,t) = crur ()e” h +coue(Z)e
with

(W) | ¥() = (¥(0) | $(0)) = [er]* + |eaf”
and

Jea | o
p(E1,t)= —5—— , p(fyt)s —5—73
le1]” + [ez] le1]” + [ea

independent of .

(3.115)

(3.116)

(3.117)

(3.118)

(3.119)

Let A be any physical observable, and let us calculate the time dependence of
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(A) for the above state.

{0(1) | Ap(t))

(4) =
{¥(@) [9(t))
Bt iBot Bt iBot
(clul(f)e’T +coug(Z)e” R | A(clul(f)e’T +coua(Z)e™ ))
= 2 2
lea]” + lea
1 x| (ur | Aun) + [eaf” (us | Aus)
= i(Eg—-Eq)t i(Bg-Ey)t
lex|” + |eaf? +chere h T (ug | Aug) + crege™ h o (uy | Aug)
1 Jeal* (ur | Aun) + [eaf” (us | Aus)
= i(BEq-Eq)t i(Eg-Eq)t *
leaf* +lea? \ #esere”m T (s | Aw) +efese m o (Aug | un)
1 Jeal (ur | Aun) + [ea]” (us | Aus)
=7 i(Eq-Eq)t i(Eg—Eq)t .
el +leal \ #cere” T | Aw) +cfeae” m T (uz | Aun)
Now let ) )
A A
o lal (u] U12) + |02|2 {ug | Aup) (3.120)
lea|” + ezl
(this is a real number (because A is hermitian)) and
* A .
gz = 2a\lau) <2“2 | 7“2“) =|Z] e (3.121)
lea]” + ez
which is a complex number. Therefore,
(A)= R+ Ze 5 4 gre
- R+|Z| [ei[(EThEl)”&] + e‘i[(Er"Elmg]]
Ey-Ey)t
:R+2|Z|cos[(2hl) +§] (3.122)

so that (A) oscillates in time with a frequency w = (E2 — E1)/h when |Z]| # 0,
which requires (uz | Auy) # 0.

If A =2 (position operator), then (Z) is harmonic in time with frequency w =
(F3-E1)/h. If the particle is charged (for example, an electron), then its average
position will oscillate harmonically in time and the particle will therefore radiate
at angular frequency w = (E2 — E1)/h when cjeq {uz | Aug) # 0. Suppose an
electron in an atom makes a transition from energy level Fs to energy level
FE,. We will show later in this chapter that the wave function for such an
electron is a linear combination of us and u; with neither cs or ¢; zero. Thus,
the electron will radiate at angular frequency w such that Aw = (Fy — E1) when
(ugz | Zuy) # 0.This requirement for the radiation to occur is known as a selection
rule - it is a condition on the states us and uq for a radiative transition to be
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possible.

Of course, the electron does not radiate forever as it goes from level E5 to
level E1. We will show later in this chapter that co eventually becomes zero
so that the electron is eventually in the lower energy state completely and no
radiation is emitted thereafter (the transition is then over). If we assume one
photon is emitted during the transition, energy conservation implies Ei photon =
FE5 - Fq = hw where w = angular frequency of the radiation. We therefore obtain
the Einstein relation Eppoton = Aw!

3.4. Free Particle in One Dimension (motion along
the x-axis)

We have

p2
H = # (3.123)
m

We will use p to denote the eigenvalues of the operator psop.

Now, [H,pzop] = 0 implies that there exists a CON set of simultaneous eigen-
functions of H and p,ep. The eigenfunctions of py,p are (from earlier)

1 e
h

2mh

up(z) = e , pe[-00,+00] (3.124)

Thus, {u,(z)} is a CON set of simultaneous eigenfunctions of H and pyp-
Suppose we are given Y (Z,0). The problem is then to find ¥(Z,t) for all t. We
may expand ¢(Z,t) in terms of {u,(z)}:

W) = [ dpb(p.Hyuy(@) (3.125)
where the z/;(p, t) are expansion coefficients which depend on the time at which
the expansion is made.

Because u,(x) is an energy eigenfunction, the time dependence of 77Z~J(p, t) is
given by

= (3.126)

~ ~ . p2t
U(p,t) =¢(p,0)e 2" E
Therefore,

vty [ ijr_h&(p,mei(pf‘%) (3.127)
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1/~J(p7 0) may be expressed in terms of the given ¢ (z,0) as

0(@,0) = [ dpi(p,0)uy(x) (3.128)

so that

(e [t =0)) = [ dpb(p,0) (s | )

= [ dpdp. 0o - p) = ¥'.0) (3.129)

Thus,
(,0) = (up | (¢ =0)) = [ dws(2)(a,0) (3.130)

that is,
¥ (p, e~ p(,0) (3.131)

Thus, given ¢¥(x,0) we can calculate 1[)(p, 0) and then ¥(z,t).

The probability distribution of momentum measurements is given by:

(@) | up) (up [ (1))

0w Tew) (8182
where
(| 9(D) = $(p, ) = (p, )~ B
= 1/3(p, 0) x (a phase factor) (3.133)
Therefore,
a(p.t) = WD [d(,0)| _5(p.0) (3134

(@) [0(@)  (¥(t) [¥(t))

For a free particle, the momentum probability distribution does not change with
time. This is momentum conservation for a particle with no forces acting on it.
In general, the spatial probability distribution changes with time.

Now,

P(a,t) = f w(p, 0)e' (- 4) (3.135)
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pz _ p2t ) 2
el( " 2’"”) = ¢'ke=w) — plane wave with k = Poandw=-L— (3.136)
h 2mh
W(x,t) is a superposition of plane waves and is called a wave packet.
For each plane wave:
2 2rh  h
ST P o (3.137)
A h P P
2 2 2
p p p
My =w = = = 3.138
e 2mh - dmmh  2mh ( )
The planes of constant phase move at the phase velocity
p
hase = AV = — 3.139
Uph v om ( )

The phase velocity has a different value for each p in the superposition. The

factor 1/2 in the expression
p

Uphase = % (3140)
may seem surprising because, for classical particles,
Vclassical = M (3141)
m

However, one must remember that the entire wave packet ¥ (x,t) describes
the particle. The pertinent quantity is the so-called group velocity of the wave
packet:

Vgroup = % (z) = (%) (3.142)

where the averages are for the entire wave packet. The group velocity character-
izes the entire wave function and is the quantity that corresponds to veiassical-

Often, one would like to estimate the behavior of ¢(z,t) without explicitly do-

ing the integral over the plane waves. The following very general method of
approximation is useful for such estimates.

3.4.1. The Method of Stationary Phase
Let

Y(z,t) = f dpg(p,z,t) (3.143)
where g(p,z,t) is a complex function such that
9(p,z.t) = G(p, )" P™") (3.144)
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with

0<G(p,z,t) = real amplitude of g(p,x,t)
v(p,z,t) = phase angle of g(p, x,t)

Therefore,

) = [ dpGp,a e @ (3.145)

Now we assume that G(p,x,t) is sharply peaked at p = pp and is appreciable
only in a small range Ap about py as shown in Figure 3.2 below.

A G(p,x,t)

Figure 3.2: Weight Function

We assume that Ap and pg do not depend on x and ¢. However, the value of G
at po and the detailed behavior of G depend on z and ¢.

(a) Estimate of of (z,t) values for which [¢(z,t)| is a maximum

For given x and t, ¥ (x,t) ~ 0 if v(p, x,t) changes quite a bit as p varies over the
Ap range (for such a case, cosy(p,z,t) and sinvy(p,x,t) oscillate a great deal
over Ap and the integral ~ 0 because of cancellations - recall that G(p,z,t) > 0.
[¢p(x,t)| will be a maximum if y(p,z,t) changes a negligible amount over the

Ap range (for such a case, the entire integrand does not change sign over Ap
and there are no cancellations). Therefore we want

[dV(Pvmat)] -0 (3.146)
dp P=pPo

as the condition for (z,t) values for which |[¢)(x,t)| is a maximum. This just
says that the integrand’s phase is stationary at py.

Estimate of (x,t) values for which [¢(z,t)| is appreciable
[t (z,t)| will be appreciable, that is, non-negligible, for all (xz,t) values for which
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e (P2:) does not vary over more than one cycle in the Ap range. If ¢7(®:1)

varied over much more than one cycle in the Ap range, the integral would be ~ 0
because of cancellations. Therefore, for appreciable or non-negligible |¢(z,t)]
we must have

dy(p, x,t)

|[change in y(p,z,t) over Ap]|= Ap[ =
p

] <or (3.147)
p=po

Comment: (z,t) is certainly non-negligible when [¢(z,t)| is a maximum.
This is consistent with the above conditions because [¢(x,t)| is a maximum

when
[‘Mp’ = t)] =0 (3.148)
dp _
P=Po

and this clearly satisfies the condition for ¥ (z,t) to be non-negligible.

3.4.2. Application to a Free-Particle Wave Packet
We have

[ s ()
¥(z,1) mwmme (3.149)

Let 9 (p,0) = |@[~J(p7 0)| ¢'(®)/" he non-negligible in a Ap range about p = po. For
convenience, the phase of 1(p,0) is written as a(p)/h. Ap measures the spread
in the momentum probability distribution. We have

pT _ p3t +f’(1’)
A 2mh ' h

O 30l (3.150)

We have separated the integrand into an amplitude and a phase factor. The
values of (z,t) for which |¢)(z,t)| is a maximum are given by the stationary
phase condition

dpe pt o)) _z pt ldo(p) .
dp\'h 2mh  h ) _~h mh h dp
Therefore, ¢(x,t) is peaked at & = Zpeqr () where
t |d
Zpean(t) = 22 — [O‘(p)] (3.151)
m dp p=pPo
that is, the peak of the wave packet moves at constant velocity
Upacket = @ (3152)
m
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Notice that the phase angle of 1Z(p,0) determines the position of the peak at
t=0. ¢(x,t) is appreciable at all (x,t) satisfying

2
d«w_pt+a@w
P=po

A
Plap\ " omn T T h

ol Z - Pt L] de()
h - mh h{ dp | _.

Ap|x — Zpear (t)| < 27h

A

or we must have
2wh B h

L L 1
A " g (3.153)

[ = pear ()] <

for ¢ (x,t) appreciable as shown in Figure 3.3 below.

[p(x,0)] Y large in
4 this region
~h/Ap

Ax

X peak(t)

Figure 3.3: ¢(«,t) appreciable

The maximum value of |z — Zpeqr(t)| (with = such that ¥(z,t) is apprecia-
ble) is » h/Ap. But Az, the spread of ¥(x,t) is not less (see figure) than
max | — Tpeak (t)| for ¥ (z,t) appreciable. Therefore, Az > h/Ap, which is con-
sistent with uncertainty principle.

3.5. Constants of the Motion

The time-development of the wave function is determined by the time-dependent
Schrodinger equation:

o
Hy =ih— 3.154
y=inSt (3154)
Let A = A(Z,P) be the hermitian operator corresponding to some physical quan-
tity. We will assume that this operator does not change with time (A is inde-

pendent of t).
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The average value of A,
(v() | Ay (1))
Ay=-———"~*2° 3.155
W o) &159)
depends on time through the time dependence of ¢(x,t). Recall that (¢(t) | ¢ (t)) =
(¥(0) | ¥(0)} is independent of time. Thus,

d 1 d
au (4) = WO [90) dt ({(p(t) | Ap(t)))

= i Tow UG Lav) (e[ 457)
1 1 1
00 o) (<%Hw ‘ Aw} i (w ‘ A%Hw»
1 1

(W(t) | v(t)) ik

1

((t) | ¥(t)) ih
1

STTOIO) <¢ ‘ %[A,HW)) (3.156)

(- (Hy [ Ap) + {4 | AHY))

(= (@ | HAY) + {4 | AHY))

or

on-(

S w1 Av0) = [0 | o 14100 (3.157)

(4. 7))

Definition: The physical observable A is conserved, that is, A is a constant of
the motion, if

a
dt
Recall that d(B) /dt =0 for any observable B if the average value is taken in a

stationary state. B is conserved if d(B) /dt = 0 for all possible non-stationary
states as well.

(A) =0 for any (Z,t) (3.158)

3.5.0.1. Notes

1. Ais conserved if [A, H] = 0, which follows immediately from the definition
and the preceding results.

2. Ais conserved if A and H have a CON set of simultaneous eigenfunctions.
This follows from (1) and the fact that commutativity is equivalent to
compatibility.

3. If A is conserved, then the probability distribution of measurements of A
(p(an,t) and p(aey,t)) is constant in time for any 1 (Z,t). Recall that the
probability distribution of measurements for any observable is constant in
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time for a stationary state.

Proof: A and H possess a CON set of simultaneous eigenfunctions {u%%(i“)}
For simplicity of notation, we assume that the spectra are entirely discrete.

Then
Aul)(2) = a,ul®) (2)
nm nYnm
H“ﬁﬁrz(f) = Emu%%(f)
and o
W@t = 3 5 0)e TR uln) (@) (3.159)
TN N e’
S (t)
Thus,
2 2
|Cfm3(t)| |05m)L(O)‘
p(an,t) = = = p(an,0) (3.160)

(@) [9@)  (©(0) [4(0))

4. Let A be conserved. If (Z,0) is an eigenfunction of A with eigenvalue a,,
then ¥(Z,t) remains an eigenfunction of A with eigenvalue a,, for all time.
This follows immediately from note (3) and the fact that p(a,,t) = 1 if
Y(Z,t) = an eigenfunction of A with eigenvalue a,,.

3.5.0.2. Example

Particle in a conservative force field

H=2P ) (3.161)
2m
[H,H]=0= H conserved (energy conservation) (3.162)

3.5.0.3. Example

Free particle (no forces present)

g=L7r (3.163)
2
[pi, H] = 0= p; conserved (linear momentum conservation) (3.164)
3.5.0.4. Example
Particle in a central force field
H=22, V(r) where r = |Z| (3.165)
2m
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Consider L, = xpy — yp,. We have

2 2 2

L, H|= —YPy, — + — + = +V
[ ] [xpy yp 2m  2m  2m (7‘)]

2m

- [yp=, V(r)] + othertermswhicharezero

= |:$Epy, 5;;] + [Ipy, V(T)] - |:ypm7 py]

- % [z, 03] py + x [py, V()]
_ % (9,92 P =y [P, V()]

1 . D LoV
= %(mg)wa(—mFy)

1 LoV
- 5 (ih 2 )p, — y(=ih )
2m° m ox

ov. oV or or oV
= h —_— —r— ) = h —_——r— ) —
tha(y or x@y) ! x(yﬁm x@y or
= z'hx(yE - xg)al =0
r r’ or

Thus, [L,, H] = 0. Because

H=22 v (3.166)
2m

is unchanged when z and x are interchanged or when z and y are interchanged,
we conclude that [L,, H] =0 and [L,, H]| = 0. Therefore, [L,,H]=0or L, is
conserved (angular momentum conservation for a central force).

We now cousider a particular (solvable)physical system in great detail.

3.6. Harmonic Oscillator in One Dimension

We have
d 1
_dV(=) _ Fo=-kx , k>0 , V(z)=—ka® (3.167)
dx 2
Therefore,
2
1
H=2r 4 Zpy? (3.168)
2m 2
Classical
d? k k
e = 1=Asinwt+ Beoswt , w=\/— (3.169)
dt? m m
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Let =0 and dz/dt =vp at t =0. Then B =0 and A = vp/w so that

v = L sinwt (3.170)
w

The classical motion is therefore bounded x € [~Zmax, +Tmax ] Where Tyax = A =
vo/w. We therefore expect the spectrum of H to be entirely discrete when we
do the quantum mechanical problem.

Quantum Mechanical: We have

R R (B R e 8 R S BN CA L)
%(m) - % ([pe, H]) = %%k’([m,x?]) - %%(-m)zﬁ (@)= —k(z)  (3.172)
The time dependence of (x) is easily found:
d? 1d k
@(@ZE%(PI):—%(@ (3.173)

Therefore
k
(x) = Asinwt + Bcoswt with w =1/ — (3.174)
m

so that (z) follows the classical trajectory!

Let us now look for the stationary states of the harmonic oscillator. These are
the energy eigenfunctions and are important for two reasons:

1. The corresponding energy eigenvalues are the only possible results from
an energy measurement.

2. The time dependence of any v (x,t) describing a particle in the presence
of a harmonic oscillator force can be obtained easily.

We will find the energy eigenfunctions and eigenvalues by two very different
methods:

(a) Differential equation method
(b) Operator algebra method

Let us express the Hamiltonian in terms of the classical (angular) frequency
w=+/k/m:

2
Pl e - Bo) (3.175)
2m 2
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3.6.1. Differential Equation Method
We have

h? d2¢(m)
2m

Ho(x) = Bo(w) =~ 0

2?¢(x) = E¢(x) (3.176)
We solve the differential equation for ¢(z) with E an arbitrary constant and
find allowed values of E by requiring that ¢(z) not become infinite as |z| - oo.

This will give us the entire spectrum of H - discrete and continuum parts.

Step 1: Introduce dimensionless variables and parameters.

B2 d*¢(x)

Pt () = Bo(a)

1 d2q§() mw o 2mE
= 5 10 =

) )=o)

Define

2F
y:\/%z and ¢ = —= (3.177)

—— 4+ (e-y*)p=0 (3.178)

Step 2: Factor out the asymptotic (y — +oo) behavior of ¢. Let y — co. Then
e —y? ~ —y? so that we have the equation

d2¢>
a0 -y%0=0 (3.179)
As can be easily seen by direct substitution, this asymptotic equation is solved
by

¢ =yezV’ (3.180)

for arbitrary constant . But ¢ cannot be infinite as y - oo. Therefore, the
asymptotic solution

yoetsy’ (3.181)

must be discarded. Therefore, asymptotically the solution is
b=y Y (3.182)

We now try to find an exact solution of the form

6(z) = gb(\/ia:)—e W p(y) (3.183)
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This form is motivated by the form of the asymptotic solution.
which F(y) obeys is obtained by substituting this form into

£+(6—y2)¢=0

dy?
We have
dj = —-ye §y2F+ _%y2d7F
dy Yy
2
@ S 18 yle sv' p _ yefé?ﬁd—F
dy? d
B e_%deF _;y2d2F
Y dy dy?

so that the equation for F(y) becomes

A2F _ dF
e _2y— +(e-1)F=0
a0 ydy+(€ )

The equation

(3.184)

(3.185)

(3.186)

(3.187)

which is Hermite’s differential equation. Step 3: Solve Hermite’s differential
equation by the power series method Taylor where we expand F(y) about y = 0.

Let

F(y)=Y Awf
k=0

and substitute into the differential equation. We have

0= > k(k- DA -2 > kAyy ™+ (e -1) > Apy”

k=0 k=0 k=0

Series begins at k=2. * k
Relabeling index (k—k+2) Z 2R Aky

%kzo(k+2)(k+1)Ak+2yk

or

0= Z Y {(k+2)(k+1)Apso - 2kAg + (e - 1) Ay} for all y
k=0

Each of these coefficients must therefore be zero

Therefore
(2k-e¢+1)

Ay for £=0,1,2,3,.......
this is called a recursion relation. Using the recursion relation

Ag given = Ay, Ay, Ag, ... all determined
Ay given = Az, A5, A7, ...... all determined
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Ap and A; are arbitrary. These are the two arbitrary constants which always
appear in the most general solution of a second-order differential equation. Thus,

Fiy)= Y. A+ > Al (3.192)
k=0,2.4,6,.... k=1.3.5,....
=Feypen(y) =Foaa(y)
(determined by Ag)  (determined by A1)
Note: If Ay =0 for some N , then Ay,o=Anss=ANig=..... =0.

Step 4: F(y) given above solves Hermite’s differential equation for any given
value of €. The allowed values of

E- 5%“’ (3.193)

are determined by requiring that ¢ not become infinite as y - co. Now

6(@) =0 (\/520) = W ()

(i) If F(y) is a polynomial of finite degree (the series terminates after some
term), then ¢(x) asymptotically goes as

6_%212 [yﬁnite power] >0 (3194)
This is an acceptable ¢(z).

(ii) Suppose the series for F'(y) does not terminate. Then as y — oo, the terms
with large & dominate in

F(y) =Y Agy® (3.195)
k=0
For k — o0
Az (2k-e+1) L2k 2 (3.196)
Ay (k+2)(k+1) k> k2 k :
Therefore,
Ak+2 2
Feven(y) = Akyk = -
k=0%:4,.‘ A koo k
Ao 2
Foaay) = Ayt = M2 2
k:1;5 Ay koo k
But,
oo 2N k
A o R y
nzf) n! k=0§,4,.. (%)
B 1/ (k2 9
~» 3 Bpyfwith—=-2 = /(i) =~
large even By, 1/(5)' §+]_ k
k
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and

ye+y2 ) oo y2n+1 ) kyk
a0 n s (5!
o () 1 2
- Z Cry"with ==~ -
largeodd Ok 1/ (Tl)' % k
k
Therefore, as y — oo
2 2
Feven(y) = €™, Foaa(y) - ye'? (3.197)
if the series does not terminate. Therefore,
¢ = eiéyQF(y) = ¢even g e+%y2 and ¢odd - ye+%y2 (3198)

These solutions diverge as y — oo and therefore are unacceptable.

Conclusion: F(y) must be a polynomial of finite degree, that is, the series for
F(y) must terminate after some term! This gives us the allow values of . We

have
(2k-e+1)

(k+2)(k+1) "
Therefore, Feyen terminates if Ag =0 (= Fepen =0) or 2N; —e + 1 = 0 for some
even Np. Therefore

Apyo = (3.199)

Fopen = Ao + A2y2 + e + AleNl (3.200)

Therefore, F,qq terminates if Ay =0 (= Fogq =0) or 2N3 —e + 1 = 0 for some
odd Ns. Therefore
Foga = Ay + Agy® + oo+ An,y™? (3.201)

Now F' = F.yen+Foqq. Therefore F' terminates if both F,,.,, and F,qq terminate.
This means we need

2N; —e+1=0, even Ny AND 2Ny —e+1=0, odd No (3.202)
which CANNOT be satisfied simultaneously. Therefore

(1) Ao =0 and 2Ny — e + 1 =0 for some odd Ny =& =2N5 +1
(2) Ay =0 and 2N; —e+ 1 =0 for some even N7 =& =2N; +1
The allowed values of ¢ are therefore
en=2N+1 , N=0,1,2,3,.... (3.203)
and
hw
en="— o By=—"-(2N+1)for N=0,1,23,... (3.204)
w
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The corresponding Fy (y) is obtained from

o)

Fy(y) =3 AMyF (3.205)
k=0
where
A _ (2k —en +1) (N) _ 2(k-N) A
k2 (k+2)(k+1) (k+2)(k+1)" %
(evenN) _ ~ _ 4(oddN)
Aoddk =0= Aevenk
Therefore,
N even:
2
14+ yz 2(0-N) n y4 2°(0-N)(2-N)
F - AWM 2! 4! 3.206
() 0 +y0 23(0_N)(2!_N)(4_N) + ... +yNterm ( )
N odd:
32(1-N) 522(1-N)(3-N)
+y +y |
Fx(y) = AWM Y 31 5! 3.207
) ! +y” 23(1_N)(‘0;!_N)(5_N) + . +yNterm ( )
The energy eigenfunctions are
on (@) = e 3 Fy(y) (3.208)
where
y=1/" (3.209)
h
Then
H¢y = Enon with Ey =hw(N +1/2) , N=0,1,2,3,.... (3.210)
Notes

1. The energy spectrum is entirely discrete and there is no degeneracy.

2. Fn(y) is a polynomial in y of degree N. N even means only even powers
of y occur and N odd means only odd powers of y occur.

3. Fn(y) obeys the differential equation

2
PRy, APy e
dy? dy

which is Hermite’s differential equation.
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4. Fn(y) = Hy(y) = Hermite polynomial of order N, when the arbitrary
constants Ay and A; are chosen such that the coefficient of y™v is 2V.

Examples

Hy(y) = A(()Nzo) {1}: 4 coefficient is 2° = 1 so that A(()Nzo) =1 and thus
Ho(y) = 1.

Hy(y) = AEN:U {y}: y* coefficient is 2! = 2 so that AgNzl) =2 and thus
Hi(y) =2y.

Hy(y) = A(()N =2) {1 + y2@} = A8N=2) {1 - 2y2}: y? coefficient is 22 = 4
so that A(()N=2) = -2 and thus Hy(y) = 4y° - 2.

Note that the Hermite polynomials are real functions of y.

5. The normalized eigenfunctions of H are
un(x) = CNHN(y)e_%y2 (3.211)

where |Cy| is determined from (upy |uy) =1. We have

1= (un lun) = [ dour(@)un(@) = (OnF [ do[Hy(m)] e

y=\f "= dy =\ [ = 1= jonf [ [ ay[Hn () e
h h mw .

6. {un(2)} o1, isa CON set with (un'[un)=3dy N

yeun

Iny = (uns |un) = f dxC;f'HN'(y)e_%y CNHN(ZU)e_%yr

[h . r -
- —CN,CNfdyHN'(y)HN(y)e Y
mw o

In particular,

[ dytine @) Hy @)e =0 (3.212)

for N' # N. Thus, the Hermite polynomials are orthogonal with respect
2
to the weighting factor e™¥ .

7. Ex = hw(N +1/2)
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(a) Ey = hw/2 = ground state energy. Classically, the oscillator could
stay at = 0 with zero velocity, which would be the minimum energy
state (energy = 0). Quantum mechanically, the uncertainty princi-
ple implies that the oscillator cannot be precisely at = = 0 with p,
precisely zero. Thus, the minimum energy > 0.

(b) Ens1 — Eny = hw independent of N. The energy levels are evenly
spaced.

8. Ground State (N =0):

ug(x) = COHO(y)eféy2 = C’Oeféy2 , Y

Kl (3.213)

Cy is found as in note (

1=1Col? Voo fdy [Ho(y)]

|Co\ \/ /dye v |CO| \/ \/_
\CO| _‘/ﬁ (3.214)

Choosing Cj to be a positive real number, we have

uo() = ( (3.215)

Let ¥(x,0) = uo(z) = (x,t) = uo(x)e’i% = ug(x)e™% for a particle in
the ground state for all ¢. Therefore,

_M_ mw 1/26_%#
o0 = L Tog) - e -(%) (3.216)

This is independent of time, as expected for a stationary state. Classically,
ez OCCurs when p, =0 (a turning point). Therefore,

2 1 1 2F
E=Pr | Sp?2? = —me?s? =l = 5 (3.217)
mw

2m 2 2 max max

For E = Ey = hw/2 we have 22, = h/mw. Therefore,

o(z,t) = (7:;" )1/2 (=) (3.218)

for the ground state as shown in Figure 3.4 below.
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? P(x,t)

max X max

classical motion is
confined to this
region

Figure 3.4: Probability Function

Now the classical motion is confined to the region = € [-Zmax, +Tmax]-
Notice that there is a non-zero probability to find the particle outside the
classically allowed region! This may seem strange because = > Tpax =
V(z) > En-o = KE <0!

However, if a measurement tells us that the particle is not in the classical
region (shine light over the classical region and look for the particle), then
the wave function will collapse to the wave function shown in Figure 3.5
below (measurement is made at tg).

A |w(x,t)|

after measurement

_ N

X

X

— X max max

Figure 3.5: Wave Function After Measurement

This is no longer an eigenfunction of energy. Therefore, if the particle is
known to be somewhere outside the classical region, the particle does not
have a definite energy (AFE # 0) and the statement V(z) > En— is no
longer applicable.

9. Let ¢ (x,0) be arbitrarily given. It need not be an energy eigenfunction

172



of H. What is ¢(z,t) for a harmonic oscillator?

Wart) = 3 On(0)e F uy(a)
N=0

=Y On(0)e Nty (x) (3.219)
N=0

where En = hw(N +1/2) and the Cy(0) are determined from

$(2,0) = 3 Ox(0)un () = C (0)

N=0

~(un [6(t=0)) = [ douy(@)(e,0)  (3.220)

3.6.2. Algebraic Method
Given

1
H=2Lz e’ (3.221)

where = and p, are hermitian operators satisfying [z, p,] = ith. We will now
solve the energy eigenvalue problem H¢g = E¢p by using only

(1) the hermiticity of  and p,
and
(2) the above commutation relation

We will not need the explicit representation

ho

=— 3.222
1 0z ( )

Pz
required by working in the x — p representations.

Because H is a sum of a p2 and an z? term, we will try to write H as the
product of two factors, each of which is linear in  and p,. We have

mw?2 [ 1 mw? L 1 mw? . 1, e W
T —i\ — T+ —pg|=—a°+— i —TDy — I—Pal
V 2 Vo J\V 2 Vo |~ 2 omPz TP TP

w hw

=H+i— e = H - —

+ig [,pa] 5
(3.223)
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where we must be careful to preserve the ordering of the non-commuting oper-

ators x and p,. Therefore

mw? . 1 mw? . 1 hw
=[\/ r-i\/ —p || \/ TH+i\[ —p. |+ —

2 2m 2 2m 2
= hw T i L M et L +1
- Voor " TV 2ma” )\ V 20 T TV 2mna? ] T 2

We now define a new operator

=4/ %x +1 71
N 2h V thwpm

Because = and p, are are hermitian, we have

mw . 1
=\ 550N 5 P
2h 2mhw

The Hamiltonian then becomes the simple expression

H=hw(a a+1/2)

The following commutators will be important in our discussion:

o [FW Ve W]

[pos2] - o [2.p2] = o (=ih) - (Z

2h 2h 2h 2h

or [a,a*] = 1.
[a,H] = [a,hw(a*a+1/2)] = hw[a,aa]
=hw(aa*a-a*aa) = hw ((a*a+1)a-a*aa) = hwa
or [a,H] = hwa.
[a*,H] =[a", hw(aTa+1/2)] = hw[a",a"a]

=hw(a*ata-ataa") =hw(a*ata-a (a*a+1))=-hwa*

or [a*,H]=-hwa™.

These commutation relations imply the following:

1. E > hw/2 with equality if agp =0

Proof: we have

0<(agp |adp) = (¢r|a’adp) = (d)E ‘ (E - 7)¢E>
= (% - *)<¢E | 9E)
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(3.225)

(3.226)

(3.227)

(3.228)

(3.229)

(3.230)

(3.231)



But (¢g | #r) > 0 (¢g not identically zero). Therefore,

E 1 R
(— - —) >0= E>» 2 with equality if agpp =0 (3.232)
hw 2 2

. a*¢p #0 for any F

Proof: we have
(a*op|a"¢r) = (pp|aa”dp) = (¢p | (1+a"a)dr)

~(on| (s +5) o) = (5o + 5) 0pl0m)  3239)

Now

E

(%JF%)Zl . (¢E|dE)>0

= (Cl+¢E | a+q§E) * O,thatisa+¢E #0
. a*¢g is an energy eigenfunction (a*¢g # 0) of H with eigenvalue E + hw

Proof: we have

H(a"¢p)=([H,a"]+a"H) ¢
= (hwa* +a"E) ¢g = (E + hw)(a" ¢E)

. adg =0 or agg is an energy eigenfunction (a¢g # 0) of H with eigenvalue
E-hw

Proof: we have
H(agp) = ([H,a] +aH) ¢p
= (~hwa +aFE) ¢g = (E - hw)(a*dg) (3.234)

If agp # 0, then this equation implies that a¢p is an energy eigenfunction
of H.

Note: Because a* increases the eigenvalue E by an increment hw (it creates
added energy hw), a* is called a raising operator or a creation operator. Because
a decreases the eigenvalue E by an increment hw (it annihilates added energy
hw), a is called a lowering operator or a annihilation operator.

Given a specific ¢, we can form the sequences:

2 3

¢E ) G¢E , @ ¢E , a ¢E ) eeeereeeeiinas

—_— e — — — ~——
E E-hw FE-3hw E-5hw

E E+hw E+3hw E+5hw
—_—— T /)

’;;7 a*om, () or, (a)Pg, .
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But the energy eigenvalues must be > hw/2. Therefore, the first of the above
sequences (E, E—hw, E-2hw, E-3hw, ....) must terminate (otherwise, we would
eventually obtain eigenvalues less than hw/2. This termination occurs if there
exists an n (0,1,2,...) such that a”¢g is an energy eigenfunction (and therefore
non-zero) with eigenvalue E — nhw and

an+1¢E=0, an+2¢E=0; a’ﬂ+3¢E:0’ e (3'235)

Result (1) above then implies that
hw
E -nhw = o = F =hw(n+1/2) (3.236)

This shows that if one is given an eigenvalue E, then it can be written E =
hw(n + 1/2) for some non-negative integer m. It remains to be shown that
hw(N +1/2) for any N =0,1,2,.... is an eigenvalue. But this is easy since from
above we have

E = hw(n+1/2) (3.237)
for some non-negative integer n. Forming the two sequences above, we find that
hw
hw(n -1/2), hw(n - 3/2), ..... o (3.238)
and
hw(n+3/2), hw(n +5/2), hw(n +7/2), ..... (3.239)

are also allowed energy eigenvalues. Thus,
Ey = hw(N +1/2)withN =0,1,2, ... (3.240)

yields the entire spectrum of H. The spectrum has now been obtained without
using the explicit representation

_h o
i 0z

Let ¢g(x) = uny(x) with (un/ | un) =0/ N

Px (3.241)

Claim: All the energy eigenvalues are non-degenerate if the N = 0 eigenvalue
(Ep = hw/2) is non-degenerate.

Proof: It is sufficient to show the following: If Fx for some N > 0 is degenerate,

then En_; is also degenerate, that is, Fn_; non-degenerate implies that Ey is
non-degenerate.

If Fy is degenerate, one can find at least two orthogonal eigenfunctions (ug\}) and ug\?))

with eigenvalue Ey and (u%) ‘ uﬁ?) = 0. However,

o) 8 (-2 (2 )
(1)

=0
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Therefore 0 = (ug\}) ‘a+au§3)> = (aug\}) | aug\?)>. But N > 0 implies that Eyx >

hw/2 which implies aug\}) # 0 and aug\?) #+ 0. Therefore, aug\}) and auﬁ) are
orthogonal eigenfunctions (not identically zero) corresponding to the eigenvalue
E'n_1, which is therefore degenerate.

Let us show by explicit construction that Fy-¢ = hw/2 is non-degenerate. We
can then conclude that the entire spectrum of H is non-degenerate.

Ground State: N =0, Ey=hw/2. We have
h
By = 7“ = aup =0 (3.242)

which gives all eigenfunctions for N = 0. Now

mw ) h d mw
=/ — —pr =\ — | —+— 3.243
“ 2h e \/thwpac 2mw (dac " h 3:) ( )

using
h d
i dx
Therefore,
h d mw d mw
— =+ ) up=0= [+ =) up =0 3.245
2mw(d:}3+ h I)UO :(da:Jr hx)uo (3.245)
so that
uo(z) = Coe_%g”2 where Cy = any constant (3.246)

All eigenfunctions for N = 0 have this form. Thus, the N = 0 level is non-
degenerate. This implies that the entire spectrum of H is non-degenerate. Now
from an earlier result

mw 1/4
(uo | ug) =1=Co| = (—) (3.247)
mh

Choosing Cj to be positive real we have

1/4
%) o B’ (3.248)

uo() = ( wh

One can easily obtain any energy state (uy for N > 0) by applying the raising
operator a* a sufficient number of times to the ground state.

Note: a*uy has energy En + hw = Eny1 where uy has energy Eny = hw(N +
1/2). But Epn41 is non-degenerate. Therefore, atuy = Ayuns1 where Ay is
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some constant. |Ay| can be determined from the fact that uy and un,, are

normalized.

so that

(a*un | a*un) = AN (unst | une1) = [An]? (3.249)
=1

(uny |aa*un) = (un | ([a,a™]+a*a) un)

= (N +1) {un | un) = [An[? (3.250)

|[An| =V N +1=a*uy = VN + luy (3.251)

which specifies un 41 in terms of uy. Therefore,

and

so that

aatuny = VN + laun1 (3.252)

([a7a+]+a+a)uN:(£+1)uN:(&+1)

hw 2 hw 2
=(N+1)uy = VN + launs1 (3.253)
auns1 = VN + luy = auy = VNuy_1 (3.254)

and, in particular, aug = 0.

Note that a*auny = VNa uy_1 = VNV Nuy = Nuy so that uy is also an
eigenfunction of a*a (which only differs from H by an additive constant).

We can now find uy () in terms of the ground state ug(x). We use

Thus,

or

Now

atuy = VN + luys, = a*uy_1 = VNuy (3.255)

1 1 1
atuy_1 = ——at ( a+uN_g)

un = ——
NTUN N N-1

el o)
_\/N \/N_l \/N_2 N,S = eeeeees

_ 1 +\N
uy = m(a ) ug (3.256)
at =)y L
2h b "



so that

/mw h i mw 1/4 B
2mw dx 7rh

Now, as earlier, let

3
L€

(3.257)

D‘

(a dimensionless variable). Therefore,

1 mw\ft 1 d\N .-
- | — - —2Y
UN({E) \/_'( ) 2N/2 (y y) e (3258)

which is an explicit formula for u .

Note:

R o o
Y &y = |y dy Y ) Y dy

N factors —each % acts on everything which

appearstotherightoit

—ea (polynomial of degree N) (3.259)

The coefficient of %" in this polynomial is 2.

Proof: To obtain y a factor of y must come from each (y - d/dy) term. For

each term, the y can come from one of two places (from y or from —d(e_%yz)/dy.
There are therefore, 2V possible ways to obtain 3™

We can use this result for uy (z) to obtain an explicit expression for the Hermite
polynomials Hy(y). From the differential equation method we found that

un () = CyHy(y)e 3V (3.260)

Comparing our two expressions for uy ()

1,2 1 mw 1/4 1 d N _1,2
CnHn(y)e 2" :W(ﬁ) W(y_@) e"2Y (3.261)

We can avoid doing the integral (ux | un) =1 to evaluate Cy by recalling that
Hy (y) = polynomial of degree N with 2V as the coefficient of 3. But

(y _ di) e 3V’ = 3y (3.262)
Y



(polynomial of degree N with 2% as the coefficient of 3V). Therefore,

1,2 d\N _i.-
Hy(y)=e"2Y (y - —) e 2Y (3.263)
dy
and P
1 (mw)\! 1 1,2
o= (M)t L -5y
un(z) = \/m(wh) 2N/QHJ\/(y)e 2 (3.264)

Comment on Parity: upy(z) is an even function of x for N even and an
odd function of x for N odd (because Hy(y) has this property). Thus, the
eigenfunctions of H are either even or odd functions. We could have anticipated
this result from the following discussion.

The parity operator II is defined by its action on the wave function:

My(z,t) = (-7,1) (3.265)
The parity operator IT is linear and hermitian. Since
%4 (Z,t) = (=2, t) = (Z,t) (3.266)
we have
%=1 (3.267)

and since its eigenvalue equation
Iy = M (3.268)
implies
M%) =Ml = N2 =Tp=p => N2 =1 > A = 1
or the eigenvalues of IT are +1. We then have

Hq;[}even(i'vt) = weven(_i'vt) = weven(jat) (3269)
Mepoad(Z,t) = Yoad(=7,t) = —poaa(Z, 1) (3.270)

so that any even function of Z is an eigenfunction of I with eigenvalue +1 and
any odd function of Z is an eigenfunction of II with eigenvalue —1.

Let us apply this result to the one-dimensional harmonic oscillator:

h? 4 1

o T3 + 2mw2x2] P(x,t)
2 52

:[ n d +1mw2x2]w(—x,t)

MHY(z,t) =10 [—

2mdz? 2
= HITy(x, 1)
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so that (since ¥(z,t) is arbitrary)

TIH = HI = [II, H] = 0 (3.271)
Therefore, we can find a CON set of simultaneous eigenfunctions of H and II.
But the eigenfunctions of H are non-degenerate, and therefore, each uy (z) is an

eigenfunction of IT also. This means that each uy(z) obeys Huy (x) = +un(z)
or that each uy (z) is either an even function of  or an odd function of .

3.6.3. Use of Raising and Lowering Operators

One can compute inner products of the form (un+ | A(z, py)un) without doing
any cumbersome integrals. Now

a—\/%am- : p andcf’—\/%x—#p
2h Vo2mhw 2h V2mhw

[ A 1 h
x = (a+a*) and p, = = m w(a -a") (3.272)
2mw 1 2

Thus, A(z,p,) can be expressed in terms of the raising and lowering operators,
where

imply that

auy =V Nun_1 and a*uy = VN + lun; (3.273)

Example: Consider the stationary state

Nt

D, t) = un (z)e h (3.274)
We have
(W(t) | (1)) =1 (3.275)

and

() = (0(8) | 2(2)) = (e | e F) = quy | )

=\ | (@ @) =\ 5o (G |} + (e [ @)

h
= -_— \/N<UN|UN_1)+ N+1<UN|UN+1) =0

2mw — —
=0 =0
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so that (z) = 0 for the given stationary state. Now

x2uNe_i¥> = (uN | xzuN)

() = (w(t) | a*u(1)) = (we—iW

= % <UN | (a+ a*)ZuN) = % (un | (aa +aa® +a*a+a*a")uy)
(\/N\/N— 1) <UN | UN_2)+ (\/N+ 1\/N+ 1) (’U,N | ’U,N>
h o o
" 2mw +(VNVN) (uN0| un)+(VN+1VN +2) (uy | un+a)
=1 =0
= % (N+ %) = 7552 (3.276)

Therefore,

(B0)? = () = (o) = 2% = Aw = [ (3.277)

It is quite reasonable for Az to increase with Ep. Classically,

1
E= Emw%fm (3.278)
Therefore,
2F
Tmax =\/ ——% (3.279)
mw

which increases with F. Quantum mechanically, one has (z) = 0 with a spread
in positions of the order of x,,qz.

Example: Consider the non-stationary state

¥(z,0) = %uo(l’) + \/gul(x) (3.280)

We use Huy = Enuy, Exy = hw(N +1/2), (un | uny) = dnry . These two wave
functions are shown in Figure 3.6 below.

uo(x) o< e BT up(x) o< ze FHT (3.281)
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A Uy(x) A uy(x)

/\

X X

\

i, (x) o< e i, (x) o< xe

Figure 3.6: Two wave functions making up the state

Therefore,
Y(x,t) = \/_uo(as)e 2t+\/§u1(a:)e i (3.282)
so that
1 2
(W16} =5 + 2 =1
o(Bo = 3hw/2, 1) = §  p(Enart) =0

2

(H)=(o(t) | Hy(t)) =N§::OP(EN71§)EN_;(hw)+§(3hw):7Zw

and
<x>:<guo<x>e S ‘x(;gw(x) o )>
+\/gu1(x)e"7 +\/7u1(x)e ER
=+ (o) [ 20 (2) + > {uo ) | o ()
V2 V2 i

+ 3¢ {ua (@) [auo(x)) + —=e™ {uo (@) | 2w (2))

We must calculate (un | zup).

(uns | wun) = \/ i S {un [ (a+a”)un)
\/ ( un | aun) + (uns | a*un))
=\/%(\/N<UN' |un_1)+ N+1<uNr|UN+1))
=4/ ﬁ (\/N(SN’,N—l +V N+ 15N',N+1) (3.283)
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This gives

2, : 2 [
(z)=0+0+ _h V2 (ef+e™") =2 P cosut (3.284)
3V mw

2mw 3

We have the probability distribution as shown in Figure 3.7 below.
A

"V .

2 x.0) e i,v(.\'.()_)r

Figure 3.7: Probability distribution

Now an energy measurement is made at ¢ = 0 and the value hw/2 is obtained.
The wave function collapses to

¥ (2,0) = %Uo(ﬁ?) (3.285)

and we now have the probability distribution as shown in Figure 3.8 below.

A

£2'(x,0) =< [y '(x.0)f

Figure 3.8: Probability distribution

Immediately after the energy measurement, a position measurement indicates
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that the particle is not on the negative portion of the z—axis at ¢t = 0 (for
example, one shines light on the region z < 0 at ¢ = 0 and does not see the
particle). The wave function then collapses to 9" (z,0). To calculate this new
wave function, one must expand v¥’(x,0) in terms of position eigenfunctions.

We have zvx(z) = Xvx(x), where X = constant eigenvalue of position or
(z-X)vx(xz)=0 (3.286)

This implies that vx (z) ~ 6(z — X)) is the position eigenfunction where

(vxs | vx) = f dzs(z - X')6(z - X) = 5(X' - X) (3.287)
and N
W(2,0) = [ dXCxvx() (3.288)

which is an expansion in terms of CON set {vx(z)} with
Cx = (ox |0/(t=0)) = [ dad(a - X)¢'(2,0) = ¥/(X,0) (3.289)

Because the position measurement indicates that the particle is not in the x <0
region, the wave function collapses to

V(@,0) = [ dXCxvx() (3.290)
0

which is the part of the wave function with position eigenfunctions for X > 0.
Therefore,

" T o for z <0
" (x,O)—O/de (X,0)8(z X)_{u/(x,O) PN (3.201)
where )
Y (x,0) = %uo(aj) (3.292)

We get the probability distribution shown in Figure 3.9 below.
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\

2"(x.0) o< " (x.0)

Figure 3.9: After the position measurement

A position measurement just collapses the wave function to zero in those regions
where the particle is known not to be!

Note that
(W (=0 |9 (t=0)) = [ oy (2,0)0" (2,0)

" (2,0)9' (2,0) =

Wl =

[ drug(x)ug(z)
0
1

Z1’>( ]dxuo(x uo(x)) = {ug | ug) = é

¥"(2,0) is no longer an eigenfunction of energy. The probability of now mea-
suring the energy to be Fy = hw/2 is given by

2

{¢"(t = 0) [uo) {uo [ ¢"( = 0))
(p"(t=0) [4"(t=0))

=6 Ofdxué(w)\}guo(:v)

0" (Eo = hw/2,0) =

- 175 [ duf ()" (2,0)

2

-6 f drug ()9 (x,0)

o 2
1 . 1 1
=2 2_/ daugy (z)ug(z)| = 21(1) =3

Suppose that we make no measurements after the wave function has collapsed
to 9" (x,0). The wave function will then develop in time under the action of
the harmonic oscillator force. Let us find 9" (x, 7/2) where 7 = 27 /omega is the
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classical period of the oscillator. We have

¢"(2,0) = Y Cnun(z) (3.293)
N=0
=" (z,t)= > CNuN(:v)e_i¥ =e'% 3 Cnun (z)e N (3.294)
N=0 N=0

and

O = fun | 0"(£=0)) = [ douiy(2)u" (2,0)

oo L
= [ dzuy(2)Y'(2,0) = — [ dzuy(x)ue(x) (3.295)
Josimin-3s s

This is very complicated in general (we cannot use orthogonality since that
requires the integration range [—oo, +o0]. We can do the following however.

For N even we can write

1

1 r . 1 r o,
Cy = 7 Of daruy (z)ug(z) = 32_£ daruy (z)ug(x) = 5 (3.296)

1
7 %51\70

so that Cy = 1/2\/§ and for all other even N the Cy are zero. We will not need
an explicit formula for odd N values of Cy.

We then have

oo
O (z,t) =T 3 Cyun(x)e N = e

Coug + Z CNUN(LC)G_iNWt

N=0 N=13.5,....
(3.297)
- 1 )
W (x,7[2) =2 ﬁuo + z Cyuy(z) e N7
N=1,3,5,.... ~1forodd N

1 1
=— ﬁ’d@ - (2\/§’LL0 + N_1§57““CNUN($)):|

O()U()-i- Z CNUN(J?)) :_i[\}guo_'(/)”($70):|

N=1,35,....

! W (x,0)
(3.298)
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Therefore,

” _ L i _ %[U() for x <0
(2, 7/2) Z[\/guo w(x,O)] {03 for 20 (3.299)

Therefore at 7/2, the probability distribution has oscillated to the z < 0 region
as shown in Figure 3.10 below.

A

2,7/ 2) e |yt (x,T/2)

Figure 3.10: After the position measurement

as we might expect for an oscillator!

We now discuss general potential functions.

3.7. General Potential Functions

Consider a particle with potential energy V(Z) so that

B h?
H=2L v(@@)=-v2+V(2) (3-300)
2m 2m

The particle is completely described by a wave function ¢(Z,t), where (1 (¢) | ¥(¢))
is finite and non-zero and where the time-development of the wave function be-
tween measurements is determined by the time-dependent Schrodinger equation

Op(Z,t)
ot

To study the behavior of such a particle, one begins by finding the energy
eigenfunctions and eigenvalues:

{u,(f‘)(x),u(a)(w)} - CON set of eigenfunctions of H

cv

H(%,t) = ih (3.301)

Hul® (z) = E,ul® (x) - discrete part of the spectrum

Hul®) (2) = Eo,u'® () - continuum part of the spectrum
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Knowledge of {uﬁla)(x),ugﬁ)(x),En,Ecy} not only gives the possible results
of an energy measurement but also gives a simple expression for the time-
dependence of any wave function for the particle:

V(@) = X edDul @) F v [ vy dPul) e (3.302)
no B
where
cff'> = (uff‘) | Y(t = O)> and dl(,ﬁ) = <u£’f)(x) | P(t = 0)) (3.303)

This explicitly gives ¥ (Z,t) in terms of ¢(Z,0).

Let us first consider a particle constrained to move along the z—axis (one-
dimensional problem). We have already discussed the one-dimensional harmonic
oscillator. Now, we want to discuss a particle whose potential energy is given
by:
V1 (constant) for x < g,
V(x) ={ Vg(constant) for x > xR (3.304)

V(z)(arbitrary) for xp <x<xzp

as shown in Figure 3.11 below.

Ar V(x)

[
“\/

L

Figure 3.11: General Potential Function

We have the energy eigenfunction/eigenvalue equation:

B2 2
&2 2
= gf) - hi; (V(z) - E) ¢(z) (3.306)

3.7.1. Method for Solving this Eigenvalue Equation

1. Solve the differential equation with F any arbitrary constant.
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2. Determine the allowed values of E by requiring that the solution ¢ does
not become infinite as |z| - co. This is a necessary condition for ¢ to be
an acceptable energy eigenfunction - the inner product of ¢ with almost
every square-integrable function must be finite. For some values of E, the
solution to the differential equation will become infinite as |x| - co0. Such
a solution is not an acceptable energy eigenfunction and, therefore, the
corresponding value of E is not an allowed eigenvalue.

Notes:

(a) The given differential equation implies that ¢ and d¢/dxz must be continu-
ous in regions where V(x) is finite (however, V() need not be continuous
in such regions). These are necessary conditions for d?¢(x)/dz? to be fi-
nite, where the given differential equation implies that d?¢(x)/dz? must
be finite for finite V(x) and finite E.

More General Discussion (from Chapter 2)

Since ¢(x) is physically related to a probability amplitude and hence to a
measurable probability, we assume that ¢(x) is continuous.

Using this fact, we can determine the general continuity properties of
d¢(x)/dx. The continuity property at a particular point, say x = xg, is
derived as follows:

°fd@M:]dwmm)

dx? dx
Tro—¢€ To—¢&
2 To+e To+e
m
- Ef (x)dx — f V(x)qS(x)dml
Tro—€ Tro—€

Taking the limit as € > 0

M(ww> _ dg(a) )
e=0 dx T=x0+€ dx T=T0—¢
9 To+e To+e
——h—zl EEE%[ qb(x)dx—yi%[ V(x)qs(x)dx]
or -
d 2 ote
A( Q;(;)):ggmf V(2)é(z)de (3.307)

Tro—€
where we have used the continuity of ¢(z) to set

lina f d(x)dx =0

Tro—€



This make it clear that whether or not d¢(z)/dz has a discontinuity de-
pends directly on the potential energy function.

If V(x) is continuous at = = xo (harmonic oscillator example), i.e.,

lim [V (0 + ) = V(0 — €)] = 0 (3.308)
then .
d 2 ot+e
A( ‘Z(;)) - h—Z‘ lim [ V(2)é(x)dz =0 (3.309)

and d¢(z)/dx is continuous.

If V(x) has a finite discontinuity (jump) at = =z (finite square well and
square barrier examples later), i.e.,

lir% [V(zo+e)-V(xg—e)] = finite (3.310)
and d¢(z)/dz is continuous.

Finally, if V(«) has an infinite jump at = ¢ (infinite square well and
delta-function examples later), then we have two choices

(a) if the potential is infinite over an extended range of x (the infinite
well), then we must force ¢(z) = 0 in that region and use only the
continuity of ¢(x) as a boundary condition at the edge of the region

(b) if the potential is infinite at a single point, i.e., V(x) = §(z—xq), then

A(dqb(m)):zm )

lim [V (2)(e)d

dx h?
ro—¢€
9 xro+e
m.,
Tz ll_l}é f 6(z - wo)p(z)dz
Tro—€
2m . 2m
=27 lim ¢ (o) = ﬁﬁb(xo) (3.311)

and, thus,d¢(x)/dz is discontinuous.

We will use these rules later.

(b) Because V(x) is a real function of x and because the allowed values of E
must be real (they are eigenvalues of the hermitian operator H), Re¢ and
Im¢ obey the same differential equation as does ¢ = Re¢ + ilme, i.e.,

d* (Re¢p +ilmg)  2m

dx2? = e} (V(z) - E) (Re¢ +ilmo)
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implies that
d [ R 2 R;
d{ s } ;”"(vu)—E){ s }

In any region where V(z) > E, {Re¢,Im¢} and d* {Re¢p,Im¢} /dx? have
the same sign. Thus, {Re¢,Im¢} must be concave upward if {Re¢,Im¢}
is positive and concave downward if {Re¢, Im¢} is negative - {Rep, Ime}
must curve away from the x-axis (non-oscillatory) as shown in Figure 3.12
below.

Rew or Imo
A

N
N\ \ L

Figure 3.12: Behavior for V(z) > E

Note that V(x) > E is the classically forbidden region where the kinetic
energy would be negative.

In any region where V(z) < E, {Re¢,Im¢} and d? {Re¢p,Im¢} /dz? have
the opposite signs. Thus, {Re¢, Im¢} must be concave upward if {Reg, Im¢p}
is negative and concave downward if {Re¢,Im¢} is positive - {Re¢p, Im¢}
must curve toward the x-axis (oscillatory) as shown ib Figure 3.13 below.

Rew or Imy
A

771N

N\
= o

Figure 3.13: Behavior for V(x) < F
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Note that V(z) < E is the classically allowed region where the kinetic
energy would be positive.

(d) If V(z) is equal to some constant value V4 in a region, then phi(z) can
easily be found in that region:

E >V, (oscillatory)

d*¢(z) _ 2 2
e =y -B)o(r) . k=[5 (V- B)
—

—-k2 (negative)

o(x) = Ae™*® + Be™™® = O'sinkz + D coskx

E <Vy (non - oscillatory)

d>¢(x) 2m 2m
dz2 =§(V0—E)¢>(w) , k=+ ?(VO—E)
—_—
+k2 (positive)

o(x) = Ae® + Be™® = C'sinh ka + D cosh ka

E=Y,
d2
D) 2 (Vo - 1) ()
=0
¢(x)=Ax+B

Let us now consider some properties of the spectrum of H when the potential
energy V(z) has the general form given earlier

VL (constant) for z < zy,
V(x) = { Vg(constant) for x> xR
V(z)(arbitrary) for xp <x<xzpg

For definiteness, let Vi, < Vi. For any constant F, the differential equation for
¢(z) has two linearly independent solutions (because the differential equation
is second order). However, the extra condition that ¢(x) not become infinite as
|z| = oo may limit the number of acceptable solutions for that F - for a given F,
there may exist two linearly independent acceptable solutions, only one linearly
independent acceptable solution, or no non-zero acceptable solution.

193



For E > Vg > Vi, we have

x<zp=V(x)=Vg

. ) 2
= ¢(x) = A’ + BeT*LT where kp, = +y / h—? (E-Vy) (3.312)

x>xgp=V(x)=Vg

= ¢(z) = Ce™R + D™ R where kg = +1/ fTT: (E-Vg) (3.313)

That the given differential equation has two linearly independent solutions
means that ¢(x), z € (—o0, +00) has two arbitrary constants. Choose these con-
stants to be C and D. Then A(C, D) and B(C, D) will be functions of C' and
D, which are found by solving the differential equation. The extra condition,
¢(z) does not become infinite as |x| - co puts no restrictions on the solutions
we have written. Thus, C' and D can still be arbitrary. Therefore, there ex-
ists an acceptable ¢(x) for any E > Vg > VL and it depends on two arbitrary
constants - there is 2-fold degeneracy for any E > Vi > V. The corresponding
eigenfunctions are clearly non-normalizable (continuum eigenfunctions).

For Vg > E > V;, we have

x<xp=>V(z)=V

2
= ¢(z) = Ae*L® + Be*1®  where kj = +\/ h—ﬂ; (VL - F) (3.314)

x>xr=>V(z)=Vg

knw 2m
= ¢(z) = CeFr® + De™ 7% where kg =+ / - (Vi - E) (3.315)

Choose C' and D as the two arbitrary constants which enter into the solution
of the given second-order differential equation. A(C,D) and B(C,D) will be
functions of C' and D. The extra condition, ¢(z) does not become infinite as
|z| = oo requires that C =0 and B = 0. If a non-trivial, acceptable solution to
the differential equation exists, then D must be able to take on any arbitrary
value. This follows from the fact that the given differential equation is homo-
geneous: if ¢(z) is an acceptable solution, then any constant times ¢(x) is also
an acceptable solution. Thus, C'=0 and B(C =0,D) =0 with D arbitrary can
be satisfied. These would correspond to the allowed values of F, and the cor-
responding eigenfunctions would be non-degenerate (one arbitrary constant D)
and normalizable since |¢(x)| decreases exponentially as & — oo, which implies
that (¢ | @) is finite. Whether or not these allowed values of E exist depends on
the V(z) considered.

Note: F is not allowed if E <V (x) for all z € (—o0, +00).
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Proof: We have
d? m
{ f;fl‘; }: Qsz (V(z) —E){ f‘rﬁz } (3.316)

da?
[ —
positive forall x

Therefore, d?{Re¢,Im¢} /dz? and {Re¢,Im¢} have the same sign for all x,
which implies that {Re¢,Im¢} always curves away from the x—axis. The ac-
ceptable solutions have

E<V, > { iﬁi } and ¢(x) o< ekr® for z<zxp (3.317)
E<Vg= { iﬁi } and  ¢(x) o< e R for x>up (3.318)

As can be seen from Figure 3.14 below, it is clearly impossible to join the 2 parts
of {Re¢,Im¢} at xr such that the function is continuous and has a continu-
ous first derivative. Thus, such values of E are unacceptable. For an allowed
value of E, it is therefore necessary to have some region of = in which E > V (x).

Reg }
Imep lmw
| + | ? |
| K [ |
R!
| ¢ | |
skex | | |
e L,,J/ Concave | |concavg
upward . downwgrd

\J’l\ | R

“ kx| |

e kL .

| \l - e~ kX
1

- — e
- - e — e

Figure 3.14: Impossible to join
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Summary: (these degeneracy statements apply only to one-dimensional
motion along a straight line)

E>Vp>Vy

All such F values are allowed.

Each F is 2—fold degenerate

¢(x) is oscillatory for x < zy, and for z > zR
¢(z) is non-normalizable (continuum)

VR>E>VL

All such E values are allowed.

Each E is non-degenerate

¢(x) is oscillatory for x < zy, and exponentially decreasing for x > xR
¢(x) is non-normalizable (continuum)

E<V,<Vg

Only certain E values are allowed(it is possible for no E values to be allowed
in this range)

Each E is non-degenerate

¢(x) is exponentially decreasing for x < xy, and for = > xR

¢(x) is is normalizable (discrete)

FEigenfunctions in this energy range are called bound states

Examples: Examples are shown in Figures 3.15 and 3.16 below.

V(x) Allowed E values
A

- 2-fold degenerate
continuum
P ————
Vo Vo

non-degenerate
continuum

> 0

x

Figure 3.15: Example #1
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V(x) Allowed E values
A A

2-fold degenerate
continuum

non-degenerate
V e continuum
L

possible non-degenerate
<s— bound states (these may
or may not be present)
VM

Figure 3.16: Example #2

Piecewise Constant Potential Energies

In one-dimension these are particularly simple to analyze. Consider the poten-
tial shown in Figure 3.17 below.

V(x)
$

Piecewise Constant
Vi(x)

Xy

U

Figure 3.17: Piecewise Constant Potential Energy

Given the differential equation

d? 2m
D 20y (2) - ) o) (3:319)

we have the following method:

1. Solve the differential equation with E any arbitrary constant. This is most
easily accomplished as follows:

(a) Solve the differential equation in each region for which V(z) is a

constant (discussed earlier). Special case: ¢ = 0 in a region where
V(x) = oo.
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(b) Match the solutions across each boundary: ¢ and d¢/dz are contin-
uous. Special case: only ¢ is continuous across a boundary with an
infinite jump in V(z).

2. Determine the allowed values of F by requiring that the solution ¢ to not
become infinite as |z| - oo.

The following example will illustrate the method. We consider the potential
function shown in Figure 3.18 below.

V(x)
A

>
2 1 X

Figure 3.18: Step Function Potential - Infinite Barrier

Our general results completely determine the spectrum (see earlier discussion).
However, let us calculate it explicitly.

We have F, = —=dV [dx = 0 except at 2 = 0. Classically, F < 0 is not allowed.
0 < E < V4 has unbound motion confined to z < 0. E > V[ has unbound motion
over the entire z—axis.

E<0
£<0= ¢=¢y=Ae"" + BeTh2® (3.320)
z>0= ¢=¢ =Ce" + Deh1” (3.321)

where

2mE 2m(Vo - E)
by =\ -5 and by :\/hi‘; (3.322)

¢ must not become infinite as |z| - oo, which implies that B = C' =0 so that
poe = A" andgy = De™1® (3.323)
Then

$1(0) = 2(0) =D =A

dg1(0) _ d¢2(0)
dr  dz

= —le = kQA = —kl = ]ﬂg
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which is impossible. Therefore, there are no allowed values for E < 0.

0<E<V
£ <0= ¢ =y = Ae'F2" 4 Be7th2® (3.324)
z>0=¢=¢ =Ce" + Deh1” (3.325)

where

2mE 2m(W - F
ko =\ S5 and ki =/ % (3.326)

¢ must not become infinite as |z| - oo, which implies that C' = 0 so that
$a = AT 4 Bem™*2® and ¢ = De”F1® (3.327)
Then

$1(0) =¢2(0)=D=A+B

dg1(0) _ dga(0) _

—k1D =1ko A —ikoB
dxr dzx ! 2 2

These two equations determine A and B in terms of D, which is arbitrary. This
is possible for any E. Therefore, all E values for 0 < E < V} are allowed and
they are non-degenerate (one arbitrary constant D).

E >V
£<0= ¢ =y = Ae'F2" 4 Bemh2® (3.328)
£>0= ¢=¢y = Cef1® 4 Demihi® (3.329)

where

2mkE 2m(E -V
ko =/ os and ki = TO) (3.330)

¢ must not become infinite as |z| - oo places no restrictions on A, B, C, D.
Then

¢1(0)=¢2(0)=>O+D=A+B

dg1(0) _ dga(0)
dr  dz

= —zkl(C - D) = ZkQ(A - B)

These two equations determine A and B in terms of C' and D, which are both
arbitrary. This is possible for any E. Therefore, all E values for E > V|, are
allowed and there is 2—fold degeneracy (two arbitrary constants C' and D).
These results agree with our analysis of the general V(z).

Notice that the potential energy just considered has some physical significance:
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metal

x=0
Figure 3.19: End of a wire

(a) Consider an electron constrained to move along the x—axis. See Figure
3.19 above.

The electron has no force acting on it when it is in the vacuum region.
Furthermore, the electron is essentially free in its motion through the
metal. However, an energy V; (the metal’s work function) is needed for
the electron to leave the metal’s surface and enter the vacuum region.
Thus,

V() 0 forx<0 (3.331)
x) = .
Vo forz>0

as in the example above.

(b) Consider an electron constrained to move along the z—axis. The electron
moves within 2 conducting cylindrical tubes which are separated by a
small gap and which are maintained at different potentials (the x > 0 tube
is at electrical potential —® with respect to the x > 0 tube). See Figure
3.20 below.

\/

-~
x=0 X

Figure 3.20: Gap between tubes

The potential energy is

V() 0 forx<0 (3.332)
x) = .
Vo forz>0

where Vy = —e® where e = the electron’s charge. Again, this is the same
as in the example above.

3.7.2. Symmetrical Potential Well (finite depth)

We consider the potential energy function shown in Figure 3.21 below:
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V(x)
4

o

-a/2 a/2

Figure 3.21: Finite square well

so that
Vo for x>a/f2

V(z)=40 for —a/2<xz<af2 (3.333)
Vo for z<-a/2
The energy spectrum has a 2—fold degenerate continuum for all E > V. There

are no energy eigenvalues for E < 0. The question is whether or not there are
bound states in the region 0 < E' < V.

Note: We have V(x) = V(-z). Recall that the parity operator II is defined by
IIf(z) = f(-x). The eigenvalues of II are +1 and the corresponding eigenfunc-
tions are (even, odd) functions of x.

Notice also that [II, H] = 0.

Proof: We have

d
HHf(x) =TI (mdx R v<x>) £(x)
h? d?

= (—Qm(i(_x)Q + V(—x)) f(-=)

s V@) | )

so that ITH f(z) = HIIf(«) for any f(«) or [II, H] =0.

Thus, we can find a CON set of simultaneous eigenfunctions of II and H - each
eigenfunction in this set will be either an even function of x or an odd function
of z. This observation will simplify our calculation - we need to match ¢ and
do/dx at x = af2 only. An even or odd function of z will then automatically
have ¢ and d¢/dx at x = —a/2.
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0 < E < Vy: we define

2mE 2m(Vo - E)
kQ = 7 and kl = kg = T (3334)
Peven: We have
r>a/2=¢=¢d = Aeth? +BeM® (3.335)
——
A=0for ¢
not infinite
as |z|—oo
—af2<z<af2=¢=¢s= Csinkoxr +Dcosksx (3.336)
—_—
C=0for an
even function
k
#1(a)2) = do(af2) = Be 1912 = D cos %‘L (3.337)
d 2) d 2 k
(z)l(a/ ) — d)Z(a/ ) = _lee—kla/2 — —k‘gDSln La' (3.338)
dx dx 2
Therefore, B, D # 0 implies that we can divide (3.338) by (3.337) and get
k
k1 = ks tan %a (3.339)

FE must obey the above transcendental equation for ¢¢,e, to be an eigenfunction.

Podq: wWe have

r>af2=¢=¢ = Aeh® 4+Be 1" (3.340)
—
A=0for ¢
e
—af2<z<af2=¢=¢o=Csinkex+ Dcoskox (3.341)
| —
D=0 for an
odd function
k
#1(a)2) = ¢2(a)2) = Be 192 = C'sin %a (3.342)
d 2 d 2 k
¢1(a/ ) _ ¢2(a/ ) - —le€_k1a/2 _ k'QCCOS LCL (3343)
dx dx 2

Therefore, B,C # 0 implies that we can divide (3.343) by (3.342) and get
k1 = ks cot % (3.344)

FE must obey the above transcendental equation for ¢,q4q to be an eigenfunction.

Therefore we have

a a koa

¢even : kli = k2§ tan % (3345)
a a koa

Goda —k1; = kag cot == (3.346)



We let

a 2mkE a
=ko— = — 3.347
TR TN TR g (3:347)

and then
2m (Vo — FE
klg:g M:‘/F—HQ (3.348)
2 2 h?
where )
mVpa
T= 3.349
e ( )
Thus,

Gevent VI =n? =ntann (3.350)
Goad: VI —n?=-ncotn (3.351)
These equations determine the allowed values of E for the two types of solutions.

We can solve these transcendental equations graphically. We plot y = ntann
and y = —ncotn. The intersections of these curves with the curve y = /T — 1?2

yields the allowed values of
2mE a
= — 3.352
1=\ 2 3 (3.352)

and thus the allowed E values for the even and odd solutions. Now E <V =
n? < T so that y = +1/T' — 12 is one quadrant of a circle of radius I'. Note also
that n is always positive. The graphical solutionis shown in Figure 3.22 below.

Comments:

1. There always exists at least one bound state for the symmetric potential
well, regardless of the value of I'. Asymmetric wells need not have any
bound states.

2. The bound state energies are indeed discrete (separated).
3. T finite implies that there are a finite number of bound states.

4. Let Vj » oo (a fixed). Therefore, I' - oo and the circle y = +/T" - n?
has an infinite radius. In this case, the circle intersects y = ntann and
y = —ncotn at the asymptotes (dotted vertical lines in Figure 3.22). Thus,
the allowed values of i are
T 3 5T T

PN 77271—7 7737“ )
2 2 2 2

(infinite number of bound states). Therefore,

2mFE a s n?m2h?
= —=n—=F-= 3.353
" V A2 2 n2 = 2ma? ( )

which agrees with our earlier result for the potential well with impenetra-
ble walls(infinite square well).
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y

S -7

-
for 3 different —
values of I \
\

u

-ncotn

Figure 3.22: Graphical Solution

5. Let N be the number of bound states present. We then have
(N—l)g < F<Ng (3.354)

is the condition for exactly IV bound states to exist. Note that the number
of bound states present depends on the combination Vpa? - a wide and
shallow well can have as many bound states as a narrow and deep well.

6. The ground state is an even function of x. The first excited state (if it
exists) is an odd function of x. The second excited state (if it exists) is
an even function of . Obviously, this alternation between even and odd
functions of x continues to hold for all bound states.

7. The ground state is always present for 0 < E < Vj. We have, for the ground

state
a 2mkFE a ™ w2h?
ko— =1/ "= = — = FEy= 3.355
257V Rz 27T TR e (3.355)
and
T<-a)2= ¢ =3 oc e (3.356)
—af2<x<al2= ¢=¢y < coskox (3.357)
T>a)2= ¢=d e ® (3.358)

Therefore, ¢ has no zeroes. The wave function is shown in Figure 3.23:
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I 1
-a/2 a2

non-zero probability to be in
classically forbidden region

Figure 3.23: Ground state wave function

3.8. General One-Dimensional Motion

We again consider the potential

A V)
Ve
VL |
|
| |
| |
| | >
TR
Figure 3.24: General potential function
with
V1 (constant) for x < g,
V(z) ={V(z)(arbitrary) for xp <x<xpg
Vr(constant) for x> xR

and we choose Vi > V], for definiteness. We found earlier that

E >V >V -2 - fold degenerate continuum
Vi > E >Vp, - non - degenerate continuum
Vr > VL > E - non - degenerate discrete states (if they exist)

205

(3.359)

(3.360)
(3.361)
(3.362)



The following eigenfunctions of H form a CON set, where the constants A(La), B(La) , AE%O‘) , BI(;)
and Ay, B, AR, Br depend on E.

E>Vp>Vy: u(cll)s(m) with @ = 1,2 are 2 linearly independent eigenfunctions
with same E (subscript C stands for continuum). With

2m 2m
kL: ﬁ(E_VL) and kR: ﬁ(E_VR) (3.363)
we have
A(Ll)eik” + Bél)e_““” for z < xy,
ubip(z) = AW ikne for z> g (3.364)
complicated for xp <x < xR
Bf)e‘ik“’ for x < xp,
U(C?J);(@ = Ag)ei’“ﬂ + Bg)e_ik” for x> zp (3.365)
complicated for zp <x<zpR

These particular linearly independent eigenfunctions have a simple interpreta-
tion (see Figure 3.25 and Figure 3.26 below).

Dy -
u(CE(x).

BI(‘])e_ika Al(;)eikkx

\ /

reflected

- transmitted
>
—_—

incdent

\

Azl) PR

Figure 3.25: ugg(m)

and
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2
u(CE) (x):

B ik B e "
L
transmited Incidemt
—
- reflected
(2) ikgx
A'e

Figure 3.26: ugg(x)

Vr > E > VL tucg(x) - no degeneracy. With

/2m 2m
kL = W(E_VL) and kR: W(VR_E) (3366)

we have
Apettr® 4 Bre kit for x < xp
ucp(z) = { Bre *&® for z>xp (3.367)
complicated forzp <z <zp

This eigenfunction has a simple interpretation (see Figure 3.27 below).
Uep(x):
BLe_ikLX BReika
\ /
reflected J
- () non-oaciiatory
-

nCdent

\

iky x
Ae

Figure 3.27: ucg(z)

207



Ve > E >V}, :ucgp(z) - non-degenerate bound states (E,,). With

/2m 2m
kL = ﬁ(VL_E) and kRZ ﬁ(VR_E) (3368)

ApeFr for z <z,
up () = { Bre r® for x> zp (3.369)
complicated for x; <x<zp

we have

This eigenfunction has a simple interpretation (see Figure 3.28 below).

u,(x):

"N - O ory |' \  non-oscilatery
\ J

Y N

/

kpx
Ae

Figure 3.28: u,(z)

Note: Solving the time-independent Schrodinger equation for all z will relate
the A and B coeflicients appearing in a given eigenfunction.

Normalization: The following normalizations are chosen:

(un’ | un) = 6n’n
(’LLCE/ | ’I,LCE> = (S(E, - E)

(uga,;, uggg) =§(E' - E) (3.370)

that is, the continuum eigenfunctions are chosen to be normalized to d—functions
of the energy.

Let ¢ (x,t) be the wave function for a particle (¢(z,t) must be normalizable).
Now

Enpt

G(x,t) = up(x)e”" (3.371)

is a possible wave function for a bound state (we must have (¢(¢) | ¥(t)) =1).
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However,

) (x,t) ={ “?f;ﬁx% } i (3.372)
o)

is not a possible wave function because ucg and ugy, are not normalizable.

Consider, however, the wave function constructed as follows:

E0+A

w(x,t):% f dE{ Z?ﬁéx; }e—i? (3.373)
Eq

where we assume that A is small. For ucg we have Vg > Eg > V, and for
u(c?‘bl we have Fy > Vi > V. The integral corresponds to equal weighting of the
energies in the range [Ep, Eo + A].

This ¢(x,t) (using ucg, u(cg or u(CI)E) is normalizable and therefore a possible
wave function. Considering ucg for definiteness, we have

oo FEo+A Eo+A

(W) [ (1)) = / SU— f dEuCE(x)e ] dE" ucp (z)e™ Bt

1 E0+A E0+A
=X f dE 'R f dE' e % /dmuCE(x)UCEr(x)
Eo Eo
1 Eo+A e Ep+A R
=X dEe™r f dE" e " (ucp |uce)
Eo EO
1 Eo+A - Eo+A e )
- = f dE ¢*1% f dE ¢ 5 5(E' - E)
Eo EO
Eo+A Eo+A
1 f Bt Bt 1 A
== dEe”heZhr:—de:—:l
A 2 A 2 A

for all time.

Of course, there are other possible wave functions. However, these particular
wave functions have a simple physical significance and can be prepared experi-
mentally (as we will shortly see).

Note: We have

E0+A

UCE(I) i Bt
lim — / dE{ o } n =( for any x 3.374
Jm =< ) () (3.374)
Y (a,t)
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The reason for obtaining zero is that

Bt E E
i cos ?t —isin ?t (3.375)

e

oscillates very rapidly as E varies over [Ey, Ep + A] when ¢ is infinite. These
oscillations of the integrand as we integrate from Ej to Ey+A lead to alternating
positive and negative values which cancel. In addition, (¢ (t) |¥(¢)) =1 or all
t (including ¢ - +o0). Thus, in some sense, ¥(x,t = +o0) must be non-zero
somewhere. The only possibility is limy_ 10 ¥(x,t) # 0 when |z| — co. Thus,
this ¢(xz,t) represents an unbound state - the only place there is a non-zero
probability of finding the particle when ¢ — +o0 is |z| - co. Now for definiteness,

let us consider ugé We have

E0+A
1 -
V()= o [ dEul)(x)e ™ | Ey> Ve Vi (3.376)
Ey
For x < xp:
1 E0+A
. . - Et
W(x,t) = —— [ dE {A(Ll)(E)e’k” + BS)(E)e-”“LI} e (3.377)
VA
Eo
For x > xR:
1 Eo+A
W, t) = —— f dE {Aere) e R (3.378)
VA
Eyp

For xp < x < xR, ¥(x,t) is complicated and depends on the detailed form of
V(x).

Now define the following functions (the earlier Figure motivates these defini-
tions):

1 E0+A
; - Bt
1pincident(mv t) = = / dE {Ag) (E)eﬂcLI} e 'h (3379)
VA
Eo
1 E0+A
: - Bt
breprectea(t) = —= [ dE {BP(B)e e} e (3.380)
VA
Eo
1 E0+A
wtransmitted(x,t) = f dE {Ag)eikRI} 677;% (3381)
VA
Ey

We let the above equations define the functions ¥inc, ¥refi, Yerans for all z and
t.
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Then, for z < zp, ¥(z,t) = Yinc(x,t) + Yrepi(x,t) and for x > zp, Y(z,t) =

wtrans (-T, t) Now let

A(L1) _ |A(Ll) piat” 7 Bg) _ |B£1) (6" ’ Ag) _ |A§§) g

Eo+A

1
Yinel:1) = = f dE |A (E)
Ey

ei[oz(Ll)(E)HcLz—%]

1 Eo+A [ . ]
(1) i\ By, (BE)-kpz-Ht
Yrept(T,8) = —— f dE [BY (B)| 10 ;
VA 2
1 Eo+A [ . ]
. 1 Et
wt'r'ans(x;t) = — f dE ‘Ag)(E) eHor (E)+kpax—-3t
VA 2
Using the method of stationary phase we discussed earlier we have
d Et
Yine(x,t) # 0 for 1B [a(Ll)(E) +kpw - ?:IEO ~0

d 1 Et
Yrefi(z,t) 0 for 5 [B(L NEB) - kpa - ;]ED ~0

d [ Et]
rans 7t #O f E— E k R — NO
Vtrans(2,1) or — [aR (E) + krx h

Now
2m
krr= ﬁ(E -VL.r)
so that
dkpr m/h? _Lm
dE~ [am(p_y, ) hhkor
Now let hk
pr,r=hkr r and v g = LR PLE
m
so that
dkpr 1
dE  hup g
Also define
vro = (VL) peg, and vro = (VR) p_p,
Thus,

NO

1 t
’l/}mc(x,t) + Ofor dé + mx - h]E ~ 0
o
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(3.391)

(3.392)
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that is, for

da(l)
TR ULg t—h( L ) ] (3.395)
(%)

or the associated particle moves in the +x direction with speed vrg.

Similarly,
a1t
vefi(m,t) 0 fi L —x-—| =~0 3.396
Uregi(a,t) # 0 for { PR T (3.396)
Ey
that is, for
d (1)
T~ -vLg lt—h( 5}{3 ) (3.397)
0
or the particle moves in the —z direction with speed vpg.
Finally,
da'V 1 t
rans (2,t) # 0 f B —2-—| »~0 3.398
Yerans(2,1) OrldE Thor' h (3.398)
Ey
that is, for
d (1)
2~ URo lt—h( 2‘; ) (3.399)
0

or the particle moves in the +z direction with speed vpg.

3.8.1. Physical Significance of form of ¢ (x,t)

(a) The wave function has energy approximately equal to Fy with a small
spread A.

(b) Let t > —oo. Then

Yine # 0 for £ - —oo
Yrep1 #0 for x — +o0

Yirans # 0 for £ - —oo
which implies that
for x <z Y(x,t) = Yine(z,t) + Yregi(z,t) e Yine(x, 1)

forz>xr Y(x,t) = Virans(x,t) t:joo()

Thus, lim;_._e ¥(x,t) is a localized wave function located far to the left of
x5, and traveling to the right at speed vy (the incident wave).
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(c) Let t > +oco. Then

Vine # 0 for x - +00
Yrest # 0 for x - —oo

Yirans * 0 for & — +o00
which implies that

for x <z Y(x,t) = Yinc(x,t) + Yrepi(,t) Rl Yrepi(z,t)

for z > TR 1/1(%75) = winc(x7t) + ¢Tefl(xat) t—>_+)<x> 1prefl(mat)

Thus, lim;, 0 ¥(x,t) is two localized wave functions one located far to
the left of z7, and traveling to the left at speed vro (the reflected wave)
and the other located far to the right of xr and traveling to the left at
speed vgo (the transmitted wave).

As noted earlier, limy_, 00 ¥(x,t) = 0 for zp, < 2 < xg. Figure 3.29 below shows
(x,t) for t - +oo.

V(x) not constant

wlnc and forces present
PaaR
t—+-oo +—r
XL Xg X

V(x) not constant
and forces present
W refl w".\ns

t—+0 f } =
XL Xg X

Figure 3.29: Wave Packet Evolution
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The particle does not break into 2 particles when it reaches the region [z, zg].
Rather, the particle, incident from the left at ¢ - —oo, can be found at x = +o0
or at x = —oo when t - +00; Y4.qns determines the probability of transmission
to = = +o0o while 9..¢; determines the probability of reflection back to x = —oo.

The transmission coefficient J = the probability of finding the particle at
x=+00 (x>xR) as t - +oo.

The reflection coefficient R = the probability of finding the particle at x = —oco
(x<zp) as t — +oo.

[ do (o, (1) T e a0t
S O NET0) B CTO TR ) (.400)

Before calculating & and J, let us note the following useful relations:

(a) We have

9T sk k) S(K - k) (3.401)
7 21
(b) Let
1 E0+A
2t) = —— f dE e** =5 O(E 3.402
o) = () (3.402)
Eo

where A is small and dk )
— = 3.403
dE hv ( )

We will encounter integrals of the form
/dxg*(x,t)g(x,t) (3.404)

We have

[ dog (@ t)g(e,)

oo 1 FEo+A 1 Eo+A ,
:fdx ﬁ f dEe:Fikwei%C*(E) ﬁ [ dEl@iik’;;@—i%c(El)

Eg EO
Eo +A Eo +A

:% [ dE f dE'C*(E)C(E')ei%e_iET,t[dxe*i(kl_k)x
FEy FEo —oo
Eo+A Eo+A ,

=% f dE f dE' C*(E)C(E")e % e % 216 (k' — k)

Eo Eo
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Note that

[dE’F(E,E’)é(k’—k):/dk’(flg)F(EE’)é(ls’—k)

dE' , _(dE
()], ()

so that

E() +A Eo +A

[dxg*(m,t)g(w,t):% f dE [ dE' C*(E)C(E")e % e % 216 (k' - k)
—o0 Eo EO

Ey +A Ey +A
(dE’

_2m f dE f dk’ )c*(E)C(E')ei’ite-i%”a(k’—k)

A dk’
FEy Eo

or PR 4R

™ - Et - Et

A (dk:)c( JO(E)e e

orh S oh

Y s

-2 Ef dEv|C(B) » 2= (v0lC (B A) = 2hug [C(Eo)
(3.405)
Now we can calculate SR and J directly

L= (@) | 0®) = [ dav” (o,6)0 (1) (3.406)

R lim [ de v (@00 )

—o0

| S —
w:efl (zvt)wTefl (z,t)

xr o
:tEg}x’fdx¢:efl(xvt)wrefl(xvt):tginoo‘/-dxw:efl(xvt)¢refl(x’t)

where the last limit replacement xj; — +oco is valid because ,cf; # 0 only for
x — —oo(ast - +o00). Therefore

P 2
%= lim [ i}, () regi(w, t) = 2mhorg \Bgl>(E0)| (3.407)
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Similarly,

[e)

J= tlim dr  ¢*(x,t)y(x,t)
—+00
TR

Yirans (T Ytrans (2,t)

t—+oo

= hm / dx’lp:rans(w?t)wtranS(xat) = thm / dxw;rans(mvt)wtrans(‘r7t)
—+00
TR —00

where the last limit replacement xrp — —oo is valid because ¥srqns = 0 only for
x = +oo(ast - +o00). Therefore

~ 2
3= Jim [ A trans(2,) = 2mhone [AQ (Bo)| (3.408)

Note that (3.406) is valid for any ¢. We can evaluate this integral at ¢t = —co and

at t = +oo to obtain relationships obeyed by A(Ll),AE,%)7 B]EI).

1= [ dovt @ttt = [ dedh@ i)

7 2
= [ dwtge e (o, ) = 2mhose [ A5 (Eo)| (3.409)

where the last limit replacement rp — +o0 is valid because ¥;,. # 0 only for
x — —oo(ast - —o0).

1 :_f dxz/f(:c,t)z/}(x,t) tjm_/ dxqzb:efl(xvt)wrefl(xat) + f dxw;rans(xvt)wtrans(xvt)

_ f A, (2, ) et (2,1) + f At () rans (2, 1)

) 2 ) 2
= 2mhuo | Bf (Eo)|” + 2mhvro [AL (Eo)| (3.410)

where the last limit replacement xp — —oo is valid because ¥ qns # 0 only for
x — +oo(as t - +00) and the last limit replacement xj — +oc is valid because
Yrep1 # 0 only for - —oco(ast - +00).

Summarizing we have:

% = 2rhoro |BD (B[ 3.411
mhvro|By ' (Eo) (3.411)
3 = 9rhup | AD (B[ 3.412
J ThURo R( 0) (3. )
1= 2mhvge |AD (B[ 3.413

mwhuro|A}’ (Eo) (3.413)

(1) 2 1) 2

1= 2mhvpe | B (Bo)| + 2mhvro |4 (Eo)| (3.414)
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When one invokes the time-independent Schrodinger equation for u(c}};, one

obtains Bg) and Ag) in terms of A(Ll). A(Ll) is usually chosen as the arbitrary

constant one gets when solving the differential equation for ugg

We then impose

2 1
LS . — 3.415
| L ‘ 27Th7)L0 ( )

by requiring that (¢(¢) | ¥ (¢)) = 1. Then we have

2

2 B(l) E
R = 2wth0|B§1>(EO)‘ - % (3.416)
A’ (Eo)
and 5
9 A(l) E
3 = 2mhoro | AL (By)| = 22 Ap (o) (3.417)
R (1)
vrLo | A} (Ey)
where : .
ORO _ RO hecause v = — (3.418)
VLo Lo m
Thus,
2 2
AP (o) kro | ASY (Bo)
where
a _ A(Ll)eik” + Bg)e_ik” for x<zxp 3.490
Yo = AW gikre for x>z (3-420)
R R
We also have that
2 2
1=2rhvro ‘B(Ll)(EO)| + 2hwgo \Ag>(EO)|
2 2
_ By (Ey) VR0 AL (Eo)
AD(E) | vo | 4D (By)
=R+7J (3.421)

which simply says that the probability of finding the particle somewhere when
t — +o0 is unity.

One can show that SR +J = 1 directly from the time-independent Schrodinger
equation.

Proof: Let u = “81)2 Then

h? d*u
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Multiplying by u* we have
h? ,d?
—%u*d—;; +V(z)u'u=FEu*u (3.423)
The complex conjugate of this equation (V and E are real) is
s
2m  dx?

Subtracting (3.424) from (3.423) we get:

+V(x)u"u=FEu*u (3.424)

h? [ Ld*u d2u":|_0_ h? d [ L du du*]

—— U -u — U — —u
2m dz? dz? 2m dzx dz dx
so that J gt
w S —u® W = constant (3.425)
dx dx
for all z.
. 2
Forz>xp , u= Ag)e”mz = W =2ikg |Ag)|
. . 2 2
Forw<ay , u=APeRr Bk o w =2k [AD| - 20k, | B

Equating these two expressions for the constant W we get

ik ‘A;})f = 2iky, \A(L”f ~ 2iky, \Bﬂz

as we found earlier.

3.8.1.1. Summary of Important Results

1) 1) _;
A(L)elk”+Bj(;)e ke for z<ap

ubp(x) = { A eikne for z > xR (3.426)
complicated for xp <x<zpR

This solution is represented by Figure 3.30 below.

Now
1 E0+A
; Et
w(x,t):ﬁ f dEu(le)E(x)e_ZT (3.427)
Ey

represents a particle at t = —oco with the following properties:

1. It is localized at x = —o0 at t = —oo.
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Aé”e”“x AW pikex
R

(x<x U (x>xR)
incident
—_—
- transmitted
reflected

Region where
forces are present

(X Xg]

le)e—ika

Figure 3.30: ugg(x)

2. Tt has energy approximately equal to E (previously called Ey) with a small
spread A in energy values.

3. It is traveling in the +x direction with speed vy, at t = —oo.

The transmission and reflection coefficients (J and fR) are functions of energy
E and can be determined directly from ug%(x)

kr =k for transmitted wave = kipqns (3.428)
kr =k for incident and reflected waves = kine = krefi (3.429)
. N AP

52 Etrans [transmitted wave coef ficient|” k_R R (3.430)

kine  |incident wave coef ficient|” kr ‘A(Ll) ‘2 .
o | gof

_|reflected wave coef ficient|” |PL (3.431)
lincident wave coeffz'cienﬂ2 |A(L1)|2 '

N+T=1 (3.432)

Given a potential energy V (), it is simple to find the transmission and reflection
coefficients as a function of the energy E. For a particle incident from the left
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with E > Vi > Vp,, solve the time-independent Schrodinger equation for u(c}l)ﬂ(x)
This will give Bg) and Ag) in terms of A(Ll) and E. 3 and R can then
be calculated using the results just derived. For a particle incident from the
right with E > Vi > Vp,, solve the time-independent Schrodinger equation for
ug])s(:r) This will give Bf) and Ag) in terms of Bg) and E. 3® and :?®
can then be measured experimentally in the following way:
1. 3M and RM: Send a beam of N particles of approximate energy E toward
the interaction region [xr,,zgr] from the far left. If Ny are reflected and
N7 particles are transmitted, then

N; N,
R = % and 31 = WS for large N (3.433)

2. 3@ and R®: Send a beam of N particles of approximate energy E toward
the interaction region [z, zg] from the far right. If Ng are reflected and
N5 particles are transmitted, then

N, N.
R - W’ﬁ and 3@ = WS for large N (3.434)

3.8.2. General Comments

1. Consider the potential energy function in Figure 3.31 above. Let E > Vi >
Vi and let E < Viyax

Figure 3.31: General Potential Energy Function

Classically, no particles can be transmitted because a transmitted particle
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would have to pass through a region in which FE < V(z), that is, kinetic
energy < 0. This is classically impossible!

Note: Ag) # 0: The proof is simple: If Ag) = 0, then u(c}])ﬂ =0 for all

x > xr. Therefore, at a given point = > xg, “g}); =0 and du(cll)g/dx = 0.

But these two values uniquely determine u(c}])ﬂ(x) for all z € [—oo,+00]
because the Schrodinger equation is a second-order differential equation.
Thus, “(011)5 =0 for all x € [~00,+00]. But an eigenfunction must not be
identically zero.

Quantum mechanically, J # 0 because Ag) # 0. Thus, there is a non-
zero probability for a particle to be transmitted through the classically
forbidden region. This phenomenon is called tunneling.

2. Suppose that E > V.« for the potential energy shown in Figure 3.31.
Classically, all particles will be transmitted - there cannot be any reflec-
tion. Classically, a particle is reflected at a turning point, where v = 0 (v
can change sign) or where E = V(x). For E > Vi,.x, kinetic energy > 0
everywhere and there is no point where v = 0.

Quantum mechanically, B](Ll) can be non-zero (although at certain energies

Bém can be zero) and there is a non-zero probability of reflection!

3. Consider the potential energy function shown in Figure 3.32 below.

V(x)
A

xV

Figure 3.32: A potential energy function

Classically, a particle of energy Ey and initially located between a and b
will remain bound within this region for all ¢.
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Quantum mechanically, we can form a wave function

Eo+A
() = % [ aBeF {cO @) @) + e (Bl @)}
" (3.435)

with A small and such that «(x,t) is negligible outside the region [a,b]
at t = 0. However, lim; . ¢(x,t) = 0 for any fixed (finite) = (see earlier
discussion). Thus, the particle (the probability actually) eventually leaks
out (tunnels out) of the bound region [a,b]. At t — co, the probability of
finding the particle inside the bound region [a,b] is zero!

One might refer to the state described by the wave function as an unstable
bound state - at ¢ = 0 the particle is bound within [a,b]; however, after
a sufficiently long time, the particle will have completely tunneled out of
the bound region. Contrast this situation with the case of a true bound
state (well potential already discussed). This particular potential energy
function has no bound states. A bound state u,(z) is normalizable.

Thus,

Ent

Y(x,t) = up(x)e ™ r (3.436)

is a possible wave function (with no integration over energies occurring).
[¥(x,t)| = |up ()] for all t. In particular,

Jim [0, £)] = (@) (3.457)

which approaches zero as |x|] - oo and which is non-negligible in some
bounded region of the x—axis - the particle stays bound for all time!

3.9. The Symmetrical Finite Potential Well

We now consider the potential energy function shown in Figure 3.33 below.

We found the bound states for this potential earlier. In this case, we have added
a constant potential energy —Vj everywhere in space to the previous symmetrical
well in order to obtain this symmetrical well.

We have

Ve=V,=0 , E>0 (3.438)

2mE 2m(E + V)
kr=kp=k=\["5 . k=\[T— 5 (3.439)
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V(x)

A
Aelkx
——i "
(incident) Ce'ikx
(reflected) (transmitted)
Be—ikx
-a/2 a/2
X
_Vo
&) @ @®

Figure 3.33: A potential energy function

Let a particle of energy E > 0 be incident from the left. We therefore look for
the eigenfunction u(z) of the form:

uz(z) = Ae’*® + Be™™**  for x < —a/2
u(x) = uy (z) = Cetke for x > a/2 (3.440)
uz(x) = aet®2® 1 Be=*2T  for —q/2 <z < a/2

so that

_RICP _ICP o B

-l -l an 1-7 3.441
RIAP AP A )

To find J we must find C in terms of A.

Note: V(z) = V(-z) which implies that [II, H] = 0. However, the particular
u(z) we are looking for (a particle incident from the left) is not a parity eigen-
function. This does not contradict the compatibility of H and parity because the
eigenfunctions of H for F > 0 are 2—fold degenerate and a given eigenfunction of
H for E >0 need not be a simultaneous eigenfunction of parity. Compatibility
only implies that there exists 2 linearly independent simultaneous eigenfunctions
of H and parity for £ > 0. For a bound state, F,, <0, there is non-degeneracy
and the corresponding eigenfunction of H must be an eigenfunction of parity
also.
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Matching u(z) at the boundaries a/2 and —a/2 we have:

u1(af2) =uz(a/2) = Ce's = ael 3" + ﬂe’ikgTa (3.442)
d 2) d 2 ka kga kga
ui(0f2) _ dualaf2) o oeit el s ik ge s (3.443)
dz dz
us(-a/2) =uz(-a/2) = ae i 4 Bei% = Ae™'% + Be''S (3.444)
dus(-af2) = dus(-a/2) = ikgae_ik‘%a - ikgﬂei%
dz dz
= ikAe™S —ikBe!' (3.445)

We have 4 linear equation in the 5 unknowns A, B,C,«, 3. We can solve for
B,C,a,f in terms of A. A straightforward calculation gives:

—ika
% - de —— (3.446)
4cos(koa) — 2i (f + 172) sin(koa)
Thus,
- _lef 16
T 2
A" 16 cos?(koa) +4 (% + k%) sin?(kqa)
16
) 2 k 2.9
16(1 - sin?(kpa)) +4 (52 + £ ) sin® (kna)
) 16 ) 16
= 2 = 2
16 + 4((’% + k{iz) - 4) sin?(kpa) 16+4 (% - %) sin? (ksa)
1
- . (3.447)
1+1 (% - k%) sin?(kpa)
with
2mE [2m(E +Vj)
k = h2 5 kQ = T (3448)
Notes:

1. E=0=k=0,k20=>3=0
2 Eooomkok20=T-1

3. J=1for ksa=Nm, N =0,1,2,....., where we must accept only energies
FE >0, which further restricts N.

2
ToN=—2 tor3=1 (3.449)

e TN R
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N =a/()\2/2) corresponds to the number of half-wavelengths in the well
and implies that this must be an integer for J = 1. The energies at which
J =1 are called resonances.

2
J = 1forN?7? = k3a® = 72m(Eh4;V0)a (3.450)
Therefore,
h27T2 2
Eresonance = —Vo + 272f0I‘N =1,2,3,..... (3451)
ma

with the restriction that only N values occur for which E,.s >0 (N =0 is
clearly not allowed). It is interesting to note that the resonance energies
occur at the bound-state energies of the well

- for —a/2 —-af2
Viz) = Vo for —a/2<x<-af (3.452)
oo for |z| > a/2
A plot of of J(E) is shown in Figure 3.34 below.
T(E)
4
1 \_/
// N
classical value
(no reflection
for E>0)
> E
Figure 3.34: Transmission coefficient showing resonances
3.10. The Complex Energy Plane
Let
0 for x < xp,
V(xz) =40 for x > xR (3.453)

arbitrary V(z) forzp <x<zp
where V, = Vi =0 and V(«) is a real function of z.
We want to define a transmission coefficient J(E) for all complex values of E.

Such an object has physical significance only for E real and positive (where
the physical continuum states are); however, it has interesting properties for
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complex F.

The equation
d>¢ _2m
dz2 A2
has 2 linearly independent solutions for any complex E. The additional require-
ment that |¢| does not become infinite as |z| - oo restricts the allowed values of
E to the real energies in the spectrum of the hermitian H.

[V(z)-E]¢ (3.454)

To define J(E) for complex E, we simply drop this additional requirement and
look at solutions to the differential equation for complex FE.

We have
d? 2mE
for x<zp ch(fz_ 7;:2 0] (3.455)
2 2mE
for x> %:— ;"2 é (3.456)
Let

2mE
k=1/ e (3.457)

Because E is complex, we must define \/E carefully. Let E = |E|e’. Therefore,
VE = [E|"? ¢/,

Now, if ¢ > £+ 27N, then E — FE, that is, F' does not change when we change
its phase by a multiple of 27, but VE - VEe™ = (—l)N\/E. Thus, VE is
not well-defined unless we specify the range in which ¢ lies. Let & be in [0, 27].
Then VE is well-defined except when E is positive real, that is,

e=0=VE = |E["* (3.458)

but
e=2r=VE=|E|"?e™ = - B (3.459)

Thus, there is a line of discontinuity in \/E along the positive real axis (called
a cut). This situation is shown in Figure 3.35 below in a plot of complex energy
plane

For E not on the cut,
VE = |E|'? [cos% +isin g] (3.460)
with ¢ in [0, 27] implying that Im(v/E) > 0. Now if

2mE .
k= 7 :Of‘f"Lﬁ (3461)

226



e—0

\/E N |E|1/2

C |
( Epiane )

£E—2rm
\/E N _|E|1/2
Figure 3.35: Cut in Complex E Plane

then 8 > 0 for E not positive real. We note that k — positive real if we approach
the cut from above (¢ - 0).

Now,
for xz<xzp ¢=Ae*" 1+ Be kT (3.462)
for x>zr ¢=Ce* 4+ De " (3.463)

with E and k& complex.

C and D may be chosen as the 2 arbitrary constants in the solution of the
2n4_order differential equation. A and B will then depend on C and D as well
as E. Consider the solution for D =0 and C' = 1.

for z<zp ¢=A(E)e* + B(E)e " (3.464)
for xz>zp ¢=e*" (3.465)
Define )
IE)= ——— (3.466)
A
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for complex E.

For FE positive real, this is the physical transmission coefficient if k& > 0, that is,

A(E)e™ ™ s the incident wave in the + x direction (3.467)
B(E)e ™ s the wave reflected toward the — x direction (3.468)
e™™* s the transmitted wave in the + z direction (3.469)

Thus, the physical J(E) is obtained as we approach the cut from above (¢ - 0).

For positive, real E and k > 0, we have J+ R = 1 with J and R non-negative
(this is not true for complex E). Thus, J # oo as we approach the cut from
above.

Does J = oo at any complex value of E? Equivalently, does A(F) = 0 at any
complex value of E? We have

iaxr ,—fBr —iax +px £
¢(z) = {A(E)e e+ B(E)ee e (3.470)

glor e for x > xR
with > 0 except on the cut (E positive real).

For >0, A(E) =0 if and only if ¢ is normalizable because
_63/-
+Bx
-Bx

e — oo for x - —o0

e -0 for x - -0

e — 0 for x - +o0

But ¢ is normalizable if and only if F is a bound state energy eigenvalue.
Furthermore, the hermiticity of H implies that these energy eigenvalues occur
only for real E. For Vi = Vi, =0, the bound states (if they exist) have energy FE
real and negative. Thus, in the cut complex energy plane (5 > 0).

Thus, J(E) = oo (called poles in complex F plane) if and only if E = a bound-
state energy as shown in Figure 3.36 above.

We have also shown that J(F) is finite as we approach the cut from above
(e > 0).

As a check, consider the symmetrical potential well above. We have

2

2 —-ika
I(E) = ‘9 - de - 0 (3.471)
A 4 cos(kqa) — 2i (% + ,f—z) sin(koa)
if k .
4 cos(koa) = 2i (?2 + k—) sin(kqa) (3.472)
2
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Im(E)

¢

Complex E Plane

E, E, E,

o o o

7 f
Bound-State cut
Energies

& Re(E)

TEp)=00

Figure 3.36: Cut and Poles in Complex E Plane

or

k2 . ﬁ) sin(koa)

k  ko/ cos(kaa)

_ o9 (@ N ﬁ) 2sin(koa/2) cos(kaa/2)
k ko) cos?(kea/2) —sin®(kya/2)

ERi—
k ko) cot(kea/2) - tan(kea/2)

Therefore, J(E) = oo if

cot(kqa/2) — tan(kqa/2) =1 (@ n ﬁ)
ko ko
or . .
cot(kza/2) = —-2 and tan(ksaf2) = —
ik ko

Now let k = ik. We then have

kga/2

cot(kea/2) = - INfa/2 and tan(ksa/2) = - ka2

]{)2(1/2

(3.473)

(3.474)

(3.475)

for J(F) = oo. These are just the transcendental equations which determine the
bound states (look at our earlier solution and recall that -V must be added to

Vi(z).

3.11. Problems

3.11.1. Free Particle in One-Dimension - Wave Functions

Consider a free particle in one-dimension. Let

_(w—wo)?‘ . pQT

P(x,0) = Ne 22 ¢e' n
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where g, po and ¢ are real constants and IV is a normalization constant.
(a) Find (p,0)
(b) Find ¥(p,t)
(¢) Find ¢(z,t)
(d) Show that the spread in the spatial probability distribution

[z, )

o@D = L o)

increases with time.

3.11.2. Free Particle in One-Dimension - Expectation Val-
ues

For a free particle in one-dimension

(a) Show (pw) = (p:v)tzo

(b) Show (z) = [0 |1+ (),

(C> Show (pr)Q = (pr)tzzo

(d) Find (Az)? as a function of time and initial conditions. HINT: Find

< 2?)

To solve the resulting differential equation, one needs to know the time
dependence of (xp, + p,z). Find this by considering

d
o ($p3; + px'r)

dt
3.11.3. Time Dependence
Given o0
Hy = ih—
with L
=22 v)
2m

(a) Show that % (v(t) |¥(t))=0
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(b) Show that 4 (z) = (2=)
(c) Show that % (pz) = (—%)
(d) Find 4 (H)

(e) Find % (L) and compare with the corresponding classical equation (E =7 x ﬁ)

3.11.4. Continuous Probability
If p(z) = ze*/* is the probability density function over the interval 0 < z < oo,
find the mean, standard deviation and most probable value(where probability
density is maximum) of .

3.11.5. Square Wave Packet

Consider a free particle, initially with a well-defined momentum pg, whose wave
function is well approximated by a plane wave. At ¢ = 0, the particle is localized
in a region —a/2 < x < af2, so that its wave function is

Aetrorlh _q/2 <z < af2

0 otherwise

U(x) = {

(a) Find the normalization constant A and sketch Re(i(z)), Im(¢(z)) and
Jeolk

(b) Find the momentum space wave function (p) and show that it too is
normalized.

(¢) Find the uncertainties Az and Ap at this time. How close is this to the

minimum uncertainty wave function.

3.11.6. Uncertain Dart
A dart of mass 1kg is dropped from a height of 1m, with the intention to hit

a certain point on the ground. Estimate the limitation set by the uncertainty
principle of the accuracy that can be achieved.
3.11.7. Find the Potential and the Energy

Suppose that the wave function of a (spinless) particle of mass m is

ar _ e—Br

¥(r,0,0) = A
-

where A, a and 8 are constants such that 0 < @ < 3. Find the potential V (r,0, ¢)
and the energy E of the particle.
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3.11.8. Harmonic Oscillator wave Function

In a harmonic oscillator a particle of mass m and frequency w is subject to a
parabolic potential V() = mw?2?%/2. One of the energy eigenstates is u, () =
Azexp(-x?/x3), as sketched below.

Figure 3.37: A Wave Function

(a) Is this the ground state, the first excited state, second excited state, or
third?

(b) Is this an eigenstate of parity?

(c) Write an integral expression for the constant A that makes w,(z) a nor-
malized state. Evaluate the integral.

3.11.9. Spreading of a Wave Packet

A localized wave packet in free space will spread due to its initial distribution of
momenta. This wave phenomenon is known as dispersion, arising because the
relation between frequency w and wavenumber k is not linear. Let us look at
this in detail.

Consider a general wave packet in free space at time ¢ =0, ¥ (z,0).

(a) Show that the wave function at a later time is

)= [ d K(oa'iu()

- )2
K a's) =\ e | 2
2miht 2ht

is known as the propagator. [HINT: Solve the initial value problem in the
usual way - Decompose t(x,0) into stationary states (here plane waves),
add the time dependence and then re-superpose].

where

(b) Suppose the initial wave packet is a Gaussian

1 ikox —z2/4a
¢(z,0) = W@ 0T e
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Show that it is normalized.

(¢) Given the characteristic width a, find the characteristic momentum p.,
energy F. and the time scale t. associated with the packet. The time ¢,
sets the scale at which the packet will spread. Find this for a macroscopic
object of mass 1 ¢ and width a = 1 ¢m. Comment.

(d) Show that the wave packet probability density remains Gaussian with the
solution

Pat) = poa )P =
with a(t) = ay/1 +t2/t2.

3.11.10. The Uncertainty Principle says ...

1 or [_(x—hko/m)Q]
N o Ok

Show that, for the 1-dimensional wavefunction

(2a)'? |z <a
0 |z| > a

P(x) ={

the rms uncertainty in momentum is infinite (HINT: you need to Fourier trans-
form ). Comment on the relation of this result to the uncertainty principle.

3.11.11. Free Particle Schrodinger Equation

The time-independent Schrodinger equation for a free particle is given by
N (E 9
2m \ i 0%
It is customary to write E = h?k?/2m to simplify the equation to

(V2 + k) 9(3) =0

)2 ¥(@) = By (3)

Show that
(a) a plane wave 1) (Z) = e**
and
(b) a spherical wave ¥(Z) = ¥ r (r = \/m)

satisfy the equation. Note that in either case, the wavelength of the solution is
given by A = 27/k and the momentum by the de Broglie relation p = hk.

3.11.12. Double Pinhole Experiment

The double-slit experiment is often used to demonstrate how different quantum
mechanics is from its classical counterpart. To avoid mathematical complica-
tions with Bessel functions, we will discuss two pinholes rather than two slits.
Consider the setup shown below
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Figure 3.38: The Double Pinhole Setup

Suppose you send in an electron along the z—axis onto a screen at z = 0 with two
pinholes at z =0, y = +d/2. At a point (z,y) on another screen at z = L > d, A
the distance from each pinhole is given by 7. = /22 + (y ¥ d/2)2 + L2.

The spherical waves from each pinhole are added at the point on the screen and
hence the wave function is
ikry eikr-
+
Ty r_

(&

IZJ(%CU) =

where k = 27/\. Answer the following questions.

(a) Considering just the exponential factors, show that constructive interfer-
ence appears approximately at

Yopd ez (3.476)
r d

where r =/ + y% + L2,

(b) Make a plot of the intensity [1/(0,y)|* as a function of y, by choosing k = 1,
d =20 and L = 1000, Use the Mathematica Plot function. The intensity
|1(0,y)|? is interpreted as the probability distribution for the electron to
be detected on the screen, after repeating the same experiment many,
many times.

(c) Make a contour plot of the intensity [¢)(z,y)|* as a function of  and v,
for the same parameters, using the Mathematica ContourPlot function.

(d) If you place a counter at both pinholes to see if the electron has passed
one of them, all of a sudden the wave function collapses. If the electron
is observed to pass through the pinhole at y = +d/2, the wave function
becomes

eik?u

w+(x,y) =

+
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If it is oberved to pass through the pinhole at y = —d/2, the wave function

becomes )
ezk'r,

z/17(1'73/) =

After repeating this experiment many times with a 50:50 probability for
each of the pinholes, the probability on the screen will be given by

[ (2, ) + - (2, y)

instead. Plot this function on the y—axis and also show the contour plot
to compare its pattern to the case when you do not place a counter. What
is the difference from the case without the counter?

3.11.13. A Falling Pencil

Using the uncertainty principle estimate how long a time a pencil can be bal-
anced on its point.
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