
This study of OPTICS will cover a lot of material that you probably never thought was part of the 
subject.

There will be all the ordinary stuff that many of you have probably seen before, but there will now be a 
lot of mathematics to enable us to present the theory behind the standard optics rules.

We begin this study with standard geometrical optics and then go to a mathematical approach to apply 
the standard rules of optics and then step back to go deeper into the mathematics and the physics theory 
to build up the rules from a set of assumptions.
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Now for Basic Geometrical Optics - Now How to Calculate in Detail

Optics is the cornerstone of photonics systems and applications. 

Now we will learn about one of the two main divisions of basic optics—geometrical (ray) optics. 

We will learn about the other—physical (wave) optics after this Part. 

Geometrical optics helps you understand the basics of light reflection and refraction and the use of 
simple optical elements such as mirrors, prisms, lenses, and fibers. 

Physical opticsz(later) will help you understand the phenomena of light wave interference, diffraction, 
and polarization; the use of thin film coatings on mirrors to enhance or suppress reflection; and the 
operation of such devices as gratings and quarter-wave plates.

Basic Concepts

1. THE LAWS OF REFLECTION AND REFRACTION

We begin our study of basic geometrical optics by examining how light reflects and refracts at smooth, 
plane interfaces. 

Figure 1a shows ordinary reflection of light at a plane surface, and Figure 1b shows refraction of light at 
two successive plane surfaces. In each instance, light is pictured simply in terms of straight lines, which 
we refer to as light rays.

We now begin multiple passes through these ideas with the math levels always increasing.



After a study of how light reflects and refracts at plane surfaces, we extend our analysis to smooth, 
curved surfaces, thereby setting the stage for light interaction with mirrors and lenses— the basic 
elements in many optical systems.

Figure 1 Light rays undergoing 
reflection and refraction at 
plane surfaces

The analysis of how light interacts with plane and curved surfaces is carried out with light rays. 

A light ray is nothing more than an imaginary line directed along the path that the light follows. 

It is helpful to think of a light ray as a narrow pencil of light, very much like a narrow, well-defined laser 
beam. 

A. Light rays and light waves

Before we look more closely at the use of light rays in geometrical optics, we need to say a brief word 
about light waves and the geometrical connection between light rays and light waves. 

For most of us, wave motion is easily visualized in terms of water waves—such as those created on a 
quiet pond by a bobbing cork. See Figure 2a.



In Figure 2b, circular wave fronts are shown with radial lines drawn perpendicular to them along several 
directions. 

Figure 2 Waves and rays

The successive high points (crests) and low points (troughs) occur as a train of circular waves moving 
radially outward from the bobbing cork. 

Each of the circular waves represents a wave front. 

A wave front is defined here as a locus of points that connect identical wave displacements—that is, 
identical positions above or below the normal surface of the quiet pond.



Each of the rays describes the motion of a restricted part of the wave front along a particular direction. 

Geometrically then, a ray is a line perpendicular to a series of successive wave fronts specifying the 
direction of energy flow in the wave.

Figure 2c shows plane wave fronts of light bent by a lens into circular (spherical in three dimensions) 
wave fronts that then converge onto a focal point F. 

The same diagram shows the light rays corresponding to these wave fronts, bent by the lens to pass 
through the same focal point F. 

Figure 2c shows clearly the connection between actual waves and the rays used to represent them. 

In the study of geometrical optics, we find it acceptable to represent the  interaction of light waves with 
plane and spherical surfaces—with mirrors and lenses—in terms of light rays.

With the useful geometric construct of a light ray we can illustrate propagation, reflection, and refraction 
of light in clear, uncomplicated drawings. 

For example, in Figure 3a, the propagation of light from a “point source” is represented by equally 
spaced light rays emanating from the source. 

Each ray indicates the geometrical path along which the light moves as it leaves the source. Figure 3b 
shows the reflection of several light rays at a curved mirror surface, and Figure 3c shows the refraction 
of a single light ray passing through a prism



B. Reflection of light from optical surfaces

Figure 3 Typical light rays in (a) propagation, (b) reflection, and (c) refraction

When light is incident on an interface between two transparent optical media—such as between air and 
glass or between water and glass—four things can happen to the incident light.

In our study of geometrical optics we shall consider only smooth surfaces that give rise to specular 
(regular, geometric) reflections (Figure 4a) and ignore ragged, uneven surfaces that give rise to diffuse 
(irregular) reflections (Figure 4b).



Figure 4 Specular and 
diffuse reflection

In addition, we shall ignore absorption of light energy along the path of travel, even though absorption is 
an important consideration when percentage of light transmitted from source to receiver is a factor of 
concern in optical systems.

1. The law of reflection: plane surface. 

When light reflects from a plane surface as 
shown in Figure 5, the angle that the 
reflected ray makes with the normal (line 
perpendicular to the surface) at the point of 
incidence is always equal to the angle the 
incident ray makes with the same normal. 

Note carefully that the incident ray, 
reflected ray, and normal always lie in the 
same plane.

Figure 5 Law of reflection: Angle B equals angle A.



With the law of reflection in mind, we can see that, for the specular reflection shown earlier in Figure 4a, 
each of the incident, parallel rays reflects off the surface at the same angle, thereby remaining parallel in 
reflection as a group. 

In Figure 4b, where the surface is made up of many small, randomly oriented plane surfaces, each ray 
reflects in a direction different from its neighbor, even though each ray does obey the law of reflection at 
its own small surface segment.

2. Reflection from a curved surface. 

With spherical mirrors, reflection of light occurs at a curved surface. 

The law of reflection holds, since at each point on the curved surface one can draw a surface tangent and 
erect a normal to a point P on the surface where the light is incident, as shown in Figure 6.

Figure 6 Reflection at a curved 
surface: Angle B equals angle A.



Since point P can be moved anywhere along the curved surface and a normal drawn there, we can always 
find the direction of the reflected ray by applying the law of reflection. 

We shall apply this technique when studying the way mirrors reflect light to form images.

Example 1 - I  will use examples in this part to illustrate the phenomena.

Using the law of reflection, complete the ray-trace diagram for the four rays (a, b, c, d) incident on the 
curved surface shown at the left below, given the center of the curved surface is at point C.

Solution: Draw a normal (shown 
dashed) from point C to each of the 
points P1, P2, P3, and P3, as
shown above in the drawing at the 
right. At each point, draw the 
appropriate reflected ray (a ′,b′,c′,d ′) 
so that it makes an angle with its 
normal equal to the angle made by 
the incident ray (a,b,c,d) at that 
point. Note that ray d reflects back 
along itself since it is incident along 
the line of the normal from C to 
point P4.

One then applies the law of reflection at point P just as was illustrated in Figure 3-5, with the incident 
and reflected rays making the same angles (A and B) with the normal to the surface at P. 

Note that successive surface tangents along the curved surface in Figure 3-6 are ordered (not random) 
sections of “plane mirrors” and serve—when smoothly connected—as a spherical surface mirror, capable 
of forming distinct images.



C. Refraction of light from optical interfaces

When light is incident at an interface—the geometrical plane that separates one optical medium from 
another—it will be partly reflected and partly transmitted. 

Figure 7 shows a three-dimensional view of light incident on a partially reflecting surface (interface), 
being reflected there (according to the law of reflection) and refracted into the second medium. 

The bending of light rays at an interface between two optical media is called refraction. 

Before we examine in detail the process of refraction, we need to describe optical media in terms of an 
index of refraction.

Figure 7 Reflection and 
refraction at an interface



1. Index of refraction.  

The two transparent optical media that form an interface are distinguished from one another by a 
constant called the index of refraction, generally labeled with the symbol n. 

The index of refraction for any transparent optical medium is defined as the ratio of the speed of light in 
a vacuum to the speed of light in the medium, as given in Equation 1.

(1)

where

The index of refraction for free space is exactly one. 

For air and most gases it is very nearly one, so in most calculations it is taken to be 1.0. 

For other materials it has values greater than one.

Table 3-1 lists indexes of refraction for common materials.



Table 1 Indexes of Refraction for Various Materials at 589 nm

The greater the index of refraction of a medium, the lower the speed of light in that medium and the 
more light is bent in going from air into the medium. 

Figure 8 shows two general cases, one for light passing from a medium of lower index to higher index,
the other from higher index to lower index. 

Note that in the first case (lower-to-higher) the light ray is bent toward the normal. 

In the second case (higher-to-lower) the light ray is bent away from the normal. 

It is helpful to memorize these effects since they often help one trace light through optical media in a 
generally correct manner.



Figure 8 Refraction at an interface between media of refractive indexes n1 and n2

2. Snell’s law. 

Snell’s law of refraction relates the sines of the angles of incidence and refraction at an interface between 
two optical media to the indexes of refraction of the two media. 

The law is named after a Dutch astronomer, Willebrord Snell, who formulated the law in the 17th 
century. 

Snell’s law enables us to calculate the direction of the refracted ray if we know the refractive indexes of 
the two media and the direction of the incident ray. 

The mathematical expression of Snell’s law and an accompanying drawing are given in Figure 9.



Figure 3-9 Snell’s law: 
formula and geometry

Note carefully that both the angle of incidence (i) and refraction (r) are measured with respect to the 
surface normal. 

Note also that the incident ray, normal, and refracted ray all lie in the same geometrical plane.

In practice Snell’s law is often written simply as

Now let’s look at an example that make use of Snell’s law

(2)

Example 2

In a handheld optical instrument used under water, light is incident from water onto the plane
surface of flint glass at an angle of incidence of 45°.



Solution:

From the law of reflection, the reflected light must head off at an angle of 45° with the normal. 
(Note: the angle of reflection is not dependent on the refractive indexes of the two media.)

(a)

From Table 3-1, the index of refraction is 1.33 for water and 1.63 for flint glass. 

Thus, light is moving from a lower to a higher index of refraction and will bend 
toward the normal.

We know then that the angle of refraction r should be less than 45°.

From Snell’s law, Equation 2, we have:

(b)

(c)



3. Critical angle and total internal reflection. 

When light travels from a medium of higher index to one of lower index, we encounter some interesting 
results. 

Refer to Figure 10, where we see four rays of light originating from point O in the higher-index medium, 
each incident on the interface at a different angle of incidence. 

Ray 1 is incident on the interface at 90° (normal incidence) so there is no bending

Figure 10 Critical angle and total internal reflection

The light in this direction simply speeds up in the second medium (why?) but continues along the same 
direction. 

Ray 2 is incident at angle i and refracts (bends away from the normal) at angle r. 

Ray 3 is incident at the critical angle ic, large enough to cause the refracted ray bending away from the 
normal (N) to bend by 90°, thereby traveling along the interface between the two media. (This ray is 
trapped in the interface.) 



Ray 4 is incident on the interface at an angle greater than the critical angle, and is totally reflected into 
the same medium from which it came. 

Ray 4 obeys the law of reflection so that its angle of reflection is exactly equal to its angle of incidence. 

We exploit the phenomenon of total internal reflection when designing light propagation in fibers by 
trapping the light in the fiber through successive internal reflections along the fiber. 

We do this also when designing “retroreflecting” prisms. 

Compared with ordinary reflection from mirrors, the sharpness and brightness of totally internally 
reflected light beams is enhanced considerably

The calculation of the critical angle of incidence for any two optical media—whenever light is incident 
from the medium of higher index—is accomplished with Snell’s law. 

Referring to Ray 3 in Figure10 and using Snell’s law in Equation 2 appropriately, we have

where ni is the index for the incident medium, ic is the critical angle of incidence, nr  is the index for the 
medium of lower index, and r = 90° is the angle of refraction at the critical angle. 

Then, since sin 90° = 1, we obtain for the critical angle,

(3)



Let’s use this result and Snell’s law to determine the entrance cone for light rays incident on the face of a 
clad fiber if the light is to be trapped by total internal reflection at the core-cladding interface in the fiber.

Example 3
A step-index fiber 0.0025 inch in diameter has a core index of 1.53 and a cladding index of 1.39.

See drawing. 

Such clad fibers are used frequently in applications involving communication, sensing, and imaging.

What is the maximum acceptance angle 𝜃m  for a cone of light rays incident on the fiber face such that the 
refracted ray in the core of the fiber is incident on the cladding at the critical angle?

Solution: First find the critical angle 𝜃c  in the core, at the core-cladding interface. 

Then, from geometry, identify 𝜃r  and use Snell’s law to find 𝜃m.



Thus, the maximum acceptance angle is 39.7° and the acceptance cone is twice that, or 2θm = 79.4°.

The acceptance cone indicates that any light ray incident on the fiber face within the acceptance angle 
will undergo total internal reflection at the core-cladding face and remain trapped in the fiber as it 
propagates along the fiber.

D. Refraction in prisms

Glass prisms are often used to bend light in a given direction as well as to bend it back again 
(retroreflection).



The process of refraction in prisms is understood easily with the use of light rays and Snell’s law. 

Look at Figure 11a. 

Figure 11 Refraction of light through a prism

When a light ray enters a prism at one face and exits,at another, the exiting ray is deviated from its 
original direction. 

The prism shown is isosceles in cross section with apex angle A = 30° and refractive index n = 1.50. 

The incident angle θ and the angle of deviation δ are shown on the diagram.

Figure 11b shows how the angle of deviation δ changes as the angle θ of the incident ray changes. 

The specific curve shown is for the prism described in Figure 11a. 

Note that δ goes through a minimum value, about 23° for this specific prism. 

Each prism material has its own unique minimum angle of deviation.



1. Minimum angle of deviation. 

It turns out that we can determine the refractive index of a transparent material by shaping it in the form 
of an isosceles prism and then measuring its minimum angle of deviation. 

With reference to Figure 11a, the relationship between the refractive index n, the prism apex angle A, 
and the minimum angle of deviation δm is given by

where both A and δm are measured in degrees.

The derivation of Equation 4 is straightforward, but a bit tedious. 

Details of the derivation — making use of Snell’s law and geometric relations between angles at each 
refracting surface — can be found in most standard texts on geometrical optics. 

Let’s show how one can use Equation 4 in Example 4 to determine the index of refraction of an unknown 
glass shaped in the form of a prism.

(4)



Example 4

A glass of unknown index of refraction is shaped in the form of an isosceles prism with an apex angle of 
25°. 

In the laboratory, with the help of a laser beam and a prism table, the minimum angle of deviation for 
this prism is measured carefully to be 15.8°. 

What is the refractive index of this glass material?

Solution: Given that δm = 15.8° and A = 25°, we use Equation 4 to calculate the refractive index.

2. Dispersion of light. 

Table 3-1 lists indexes of refraction for various substances independent of the wavelength of the light. 

In fact, the refractive index is slightly wavelength dependent. 

For example, the index of refraction for flint glass is about 1% higher for blue light than for red light. 

The variation of refractive index n with wavelength λ is called dispersion.



Figure 12a shows a normal dispersion curve of n𝜆 versus λ for different types of optical glass.

Figure 12b shows the separation of the individual colors in white light—400 nm to 700 nm—after 
passing through a prism. 

Figure 12 Typical dispersion curves and separation of white light after refraction by a prism

Note that n𝜆 decreases from short to long wavelengths, thus causing the red light to be less deviated than 
the blue light as it passes through a prism. 

This type of dispersion that accounts for the colors seen in a rainbow, the “prism” there being the 
individual raindrops.



3. Special applications of prisms. 

Prisms that depend on total internal reflection are commonly used in optical systems, both to change 
direction of light travel and to change the orientation of an image. 

While mirrors can be used to achieve similar ends, the reflecting faces of a prism are easier to keep free 
of contamination and the process of total internal reflection is capable of higher reflectivity. 

Some common prisms in use today are shown in Figure 13, with details of light redirection and image 
reorientation shown for each one. 

If, for example, the Dove prism in Figure 13b is rotated about its long axis, the image will also be 
rotated.

Figure 13 Image 
manipulation with 
refracting prisms



The Porro prism, consisting of two right-angle prisms, is used in binoculars, for example, to produce 
erect final images and, at the same time, permit the distance between the object-viewing lenses to be 
greater than the normal eye-to-eye distance, thereby enhancing the stereoscopic effect produced by 
ordinary binocular vision

II. IMAGE FORMATION WITH MIRRORS

Mirrors, of course, are everywhere—in homes, auto headlamps, astronomical telescopes, and laser 
cavities, and many other places. 

Plane and spherical mirrors are used to form three-dimensional images of three-dimensional objects. 

If the size, orientation, and location of an object relative to a mirror are known, the law of reflection and 
ray tracing can be used to locate the image graphically. 

Appropriate mathematical formulas can also be used to calculate the locations and sizes of the images 
formed by mirrors. 

In this section we shall use both graphical ray tracing and formulas

A. Images formed with plane mirrors

Images with mirrors are formed when many nonparallel rays from a given point on a source are reflected 
from the mirror surface, converge, and form a corresponding image point. 

When this happens, point by point for an extended object, an image of the object, point by point, is 
formed.

Image formation in a plane mirror is illustrated in several sketches shown in Figure 14.



In Figure 14a, point object S sends nonparallel rays toward a plane mirror, which reflects them as shown. 

The law of reflection ensures that pairs of triangles like SNP and S′NP are equal, so that all reflected rays 
appear to originate at the image point S′ , which lies along the normal line SN, and at such depth that the 
image distance S′N equals the object distance SN.

The eye sees a point image at S′ in exactly the same way it would see a real point object placed there. 

Since the actual rays do not exist below the mirror surface, the image is said to be a virtual image. 

The image S′ cannot be projected on a screen as in the case of a real image. An extended object, such as 
the arrow in Figure 14b, is imaged point by point by a plane mirror surface in similar fashion. 

Each object point has its image point along its normal to the mirror surface and as far below the 
reflecting surface as the object point lies above the surface. 

Note that image position does not depend on the position of the eye.

The construction in Figure 14b also 
makes clear that the image size is 
identical to the object size, giving a 
magnification of unity. 

In addition, the transverse 
orientations of object and image
are the same. 

A right-handed object, however, appears left-handed in its image.



In Figure 14c, where the mirror does not lie directly below the object, the mirror plane may be extended 
to determine the position of the image as seen by an eye positioned to receive reflected rays originating 
at the object. 

Figure 14d illustrates multiple images of a point object O formed by two perpendicular mirrors. 

Each image, I1 and I2, results from a single reflection in one of the two mirrors, but a third image I3 is 
also present, formed by sequential reflections from both mirrors. 

All parts of Figure 14 and the related discussion above should be understood clearly because they are 
fundamental to the optics of images. 

Example 5

Making use of the law of reflection and the 
conclusions drawn from Figure 14, draw the 
image of the letter L positioned above a plane 
mirror as shown below in (a).



Solution: Make use of the fact that each point on the 
image is as far below the mirror—along a line 
perpendicular to the mirror—as the actual object point is 
above the mirror. 

Indicate key points on the object and locate 
corresponding points on the image. 

Sketch in the image as shown in (b).

B. Images formed with spherical mirrors
As we showed earlier in Figure 6, the law of reflection can be used to determine the direction along 
which any ray incident on a spherical mirror surface will be reflected. 

Using the law of reflection, we can trace rays from any point on an object to the mirror, and from there 
on to the corresponding image point. 

This is the method of graphical ray tracing.

1. Graphical ray-trace method.

To employ the method of ray tracing, we agree on the following:



To locate an image we use two points common to each mirror surface, the center of curvature C and the 
focal point F. 

They are shown in Figure 15, with the mirror vertex V, for both a concave and a convex spherical mirror.

Figure 15 Defining points for 
concave and convex mirrors

The edges of concave mirrors always bend toward the oncoming light. 

Such mirrors have their center of curvature C and focal point F located to the left of the vertex as seen in 
Figure 15a.

The edges of convex mirrors always bend away from the oncoming light, and their center of curvature C 
and focal point F are located to the right of the vertex as seen in Figure 15b.

The important connection between parallel rays and the focal points for mirror surfaces is shown in 
Figure 16 a, b.



Parallel rays are light rays coming from a very distant source (such as the sun) or from a collimated laser 
beam. 

The law of reflection, applied at each point on the mirror surface where a ray is incident, requires that the 
ray be reflected so as to pass through a focal point F in front of the mirror (Figure 16a) or be reflected to 
appear to come from a focal point F behind the mirror (Figure 16b). 

Notice that a line drawn from the center of curvature C to any point on the mirror is a normal line and 
thus bisects the angle between the incident and reflected rays. 

As long as the transverse dimension of the mirror is not too large, simple geometry shows that the point 
F, for either mirror, is located at the midpoint between C and F, so that the distance FV is one-half the 
radius of curvature CV. The distance FV is called the focal length and is commonly labeled as f.

Figure 16 Parallel 
rays and focal points



2. Key rays used in ray tracing. 

Figure 17 shows three key rays—for each mirror—that are used to locate an image point corresponding 
to a given object point. 

They are labeled 1, 2, and 3. 

Any two, drawn from object point P, will locate the corresponding image point P′. 

In most cases it is sufficient to locate one point, like P′, to be able to draw the entire image. 

Figure 17 Key rays for graphical 
ray tracing with spherical mirrors

Note carefully, with reference to Figure 17a, b, the following facts:



For a concave mirror:

For a convex mirror:



Example 6

The passenger-side mirror on an automobile is 
a convex mirror. 

It provides the driver with a wide field of 
view, but significantly reduced images. 

Assume that object OP is part of an 
automobile trailing the driver’s car. 

See diagram below. 

Use three key rays to locate the reduced, 
virtual image of the trailing auto.

Solution: Using key rays 1, 2, and 3 incident on the mirror from point P on object OP, in conjunction 
with points C and F, draw the appropriate reflected rays, as show below, to locate P′ on image IP′
.

The three reflected rays 1′, 2′, and 3′ diverge after reflection. 

They appear to come from a common point P′ behind the mirror. 

This locates virtual image IP′, reduced in size, about one-third as large as object OP. 

As a result, drivers are always cautioned that images seen in the passenger-side mirror are actually 
NEARER than they appear to be.



In place of the graphical ray-tracing methods described above, we can use formulas to calculate the 
image location. 

We shall derive below a “mirror formula” and then use the formula to determine image location. 

The derivation is typical of those found in geometrical optics, and is instructive in its combined use of 
algebra, geometry, and trigonometry.

C. Mirror formulas for image location

1. Derivation of the mirror formula. 

The drawing we need to carry out the derivation is shown in Figure 18. 

The important quantities are the object distance p, the image distance q, and the radius of curvature r.

Both p and q are measured relative to the mirror vertex, as shown, and the sign on r will indicate whether 
the mirror is concave or convex. 

All other quantities in Figure 18 are used in the derivation but will not show up in the final “mirror 
formula.”

Figure 18 Basic drawing for deriving the mirror formula



The mirror shown in Figure 18 is convex with center of curvature C 
on the right. 

Two rays of light originating at object point O are drawn, one 
normal to the convex surface at its vertex V and the other an 
arbitrary ray incident at P. 

The first ray reflects back along itself; the second reflects at P as if 
incident on a plane tangent at P, according to the law of reflection. 

Relative to each other, the two reflected rays diverge as they leave 
the mirror. 

Object and image distances measured from the vertex V are shown as p and q, respectively.

A perpendicular of height h is drawn from P to the axis at Q. 

We seek a relationship between p and q that depends on only the radius of curvature r of the mirror. 

As we shall see, such a relation is possible only to a first-order approximation of the sines and cosines of 
angles such as α and ϕ made by the object and image rays at various points on the spherical surface. 

This means that, in place of expansions of sin ϕ and cos ϕ in series as shown here,

The intersection of the two rays (extended backward) determines the image point I corresponding to 
object point O. 

The image is virtual and located behind the mirror surface.



we consider the first terms only and write

which combine to give

These relations are accurate to 1% or less if the angle ϕ is 10° or smaller. 

This approximation leads to first-order (or Gaussian) optics, after Karl Friedrich Gauss, who in 1841 
developed the foundations of this subject. 

Returning now to the problem at hand—that of relating p, q, and r—notice that two angular relationships 
may be obtained from Figure 18, because the exterior angle of a triangle equals the sum of its interior 
angles. 

Thus,



Using the small-angle approximation, the angles α, α′, and ϕ above can be replaced by their tangents, 
yielding

Note that we have neglected the axial distance VQ, small when ϕ is small. 

Cancellation of h produces the desired relationship,

(5)

If the spherical surface is chosen to be concave instead, the center of curvature will be to the left. 

For certain positions of the object point O, it is then possible to find a real image point, also to the left of 
the mirror. 

In these cases, the resulting geometric relationship analogous to Equation 3-5 consists of the same terms, 
but with different algebraic signs, depending on the sign convention employed. 

We can choose a sign convention that leads to a single equation, the mirror equation, valid for both types 
of mirrors. 

It is Equation 6.
(6)



2. Sign convention. 

The sign convention to be used in conjunction with Equation 6 and Figure 18 is as follows.

In the application of these rules, light is assumed to be directed initially, as we mentioned earlier, from 
left to right. 

According to this sign convention, positive object and image distances correspond to real objects and 
images, and negative object and image distances correspond to virtual objects and images. 

Virtual objects occur only with a sequence of two or more reflecting or refracting elements.

3. Magnification of a mirror image. 

Figure 19 shows a drawing from which the magnification—ratio of image height hi to object height ho—
can be determined. 

Since angles θi, θr, and α are equal, it follows that triangles VOP and VIP′ are similar. 

Thus, the sides of the two triangles are proportional and one can write



This gives at once the magnification m to be

When the sign convention is taken into account, one has, 
for the general case, a single equation, Equation 7, valid for 
both convex and concave mirrors.

If, after calculation, the value of m is positive, the image is erect. 

If the value is negative, the image is inverted.

(7)

Figure 19 Construction for derivation 
of mirror magnification formula

Let us now use the mirror formulas in Equations 6 and 7, and the sign convention, to locate an image and 
determine its size.



Example 7

A meterstick lies along the optical axis of a convex mirror of focal length 40 cm, with its near end 60 cm 
from the mirror surface. 

Five-centimeter toy figures stand erect on both the near and far ends of the meterstick. 

(a) How long is the virtual image of the meterstick? 

(b) How tall are the toy figures in the image, and are they erect or inverted?

Solution: Use the mirror equation                            twice, once for the near end and once for the far end 
of the meterstick. 

Use the magnification equation                       for each toy figure.



III. IMAGE FORMATION WITH LENSES

Lenses are at the heart of many optical devices, not the least of which are cameras, microscopes, 
binoculars, and telescopes. 

Just as the law of reflection determines the imaging properties of mirrors, so Snell’s law of refraction 
determines the imaging properties of lenses. 

Lenses are essentially light-controlling elements, used primarily for image formation with visible light, 
but also for ultraviolet and infrared light.



In this section we shall look first at the types and properties of lenses, then use graphical ray-tracing 
techniques to locate images, and finally use mathematical formulas to locate the size, orientation, and 
position of images in simple lens systems.

A. Function of a lens

A lens is made up of a transparent refracting medium, generally of some type of glass, with spherically 
shaped surfaces on the front and back. 

A ray incident on the lens refracts at the front surface (according to Snell’s law) propagates through the 
lens, and refracts again at the rear surface. 

Figure 20 shows a rather thick lens refracting rays from an object OP to form an image O′P′. 

The ray-tracing techniques and lens formulas we shall use here are based again on Gaussian optics, just 
as they were for mirrors.

Figure 20 Refraction of 
light rays by a lens

As we have seen, Gaussian optics—sometimes called paraxial optics—arises from the basic 
approximations sin ϕ ≅ φ, tan ϕ ≅ φ, and cos ϕ ≅ 1. 

These approximations greatly simplify ray tracing and lens formulas, but they do restrict the angles the 
light rays make with the optical axis to rather small values of 20° or less.



B. Types of lenses

If the axial thickness of a lens is small compared with the radii of curvature of its surfaces, it can be 
treated as a thin lens. 

Ray-tracing techniques and lens formulas are relatively simple for thin lenses. 

If the thickness of a lens is not negligible compared with the radii of curvature of its faces, it must be 
treated as a thick lens. 

Ray-tracing techniques and lens-imaging formulas are more complicated for thick lenses, where 
computer programs are often developed to trace the rays through the lenses or make surface-by-surface 
calculations. 

In this basic introduction of geometrical optics, we shall deal with only thin lenses.

1. Converging and diverging thin lenses. 

In Figure 21, we show the shapes of several common “thin” lenses. 

Even though a “thickness” is shown, the use of thin lenses assumes that the rays simply refract at the 
front and rear faces without a translation through the lens medium. 

The first three lenses are thicker in the middle than at the edges and are described as converging or 
positive lenses

They are converging because they cause parallel rays passing through them to  bend toward one another. 



Figure 21 Shapes of common thin lenses

Such lenses give rise to positive focal lengths. 

The last three lenses are thinner in the middle than at the edges and are described as diverging or 
negative lenses. 

In contrast with converging lenses, they cause parallel rays passing through them to spread as they leave 
the lens. 

These lenses give rise to negative focal lengths. 

In Figure 21, names associated with the different shapes are noted.

2. Focal points of thin lenses. 

Just as for mirrors, the focal points of lenses are defined in terms of their effect on parallel light rays and 
plane wave fronts. 

Figure 22 shows parallel light rays and their associated plane wave fronts incident on a positive lens 
(Figure 22a) and a negative lens (Figure 22b).



Figure 22 Focal points for 
positive and negative lenses

For the positive lens, refraction of the light brings it to focal point F (real image) to the right of the lens. 

For the negative lens, refraction of the light causes it to diverge as if it is coming from focal point F 
(virtual image) located to the left of the lens. 

Note how the plane wave fronts are changed to converging spherical wave fronts by the positive lens and 
to diverging spherical wave fronts by the negative lens. 

This occurs because light travels more slowly in the lens medium than in the surrounding air, so the 
thicker parts of the lens retard the light more than do the thinner parts.

Recall that, for mirrors, there is but a single focal point for each mirror surface since light remains 
always on the same side of the mirror. 

For thin lenses, there are two focal points, symmetrically located on each side of the lens, since light can 
approach from either side of the lens. 

The sketches in Figure 23 indicate the role that the two focal points play, for positive lenses (Figure 23a) 
and negative lenses (Figure 23b). 

Study these figures carefully.



Figure 23 Relationship of light rays to 
right and left focal points in thin lenses

3. f-number and numerical aperture of a lens. 

The size of a lens determines its light-gathering power and, consequently, the brightness of the image it 
forms. 

Two commonly used indicators of this special characteristic of a lens are called the f-number and the 
numerical aperture.

The f-number, also referred to as the relative aperture and the f/stop, is defined simply as the ratio of the 
focal length f of the lens, to its diameter D, as given in Equation 3-8.

(8)



For example, a lens of focal length 4 cm stopped down 
to an aperture of 0.5 cm has an f-number of    4/0.5 = 8. 

Photographers usually refer to this situation as a lens 
with an f/stop of f/8. 

Before the advent of fully automated cameras (“point 
and shoot”), a photographers would routinely select an 
aperture size for a given camera lens⎯(thereby setting 
the f/stop), a shutter speed, and a proper focus to achieve 
both the desired image brightness and sharpness. 

Table 2 lists the usual choices of f/stops (f-numbers) 
available on cameras and the corresponding image 
irradiance or “brightness”⎯in watts per square meter. 

Table 2. Relative Image Irradiance 
(Brightness) as a Function of f /stop Setting

The listing gives the irradiance E0 as the value for an f/stop of 1 and shows how the image irradiance 
decreases as the lens is “stopped down,” that is, as the adjustable aperture size behind the camera lens is 
made smaller. 

From Equation 8, it should be clear that, for a given camera lens of focal length f, the f/stop or f-number 
increases as D decreases, that is, as the aperture size decreases. 

Clearly then, increasing the f-number of a lens decreases its light-gathering power.

Since the total exposure in joules/m2 on the film is the product of the irradiance in joules/(m2-s) and the 
exposure time (shutter speed) in seconds, a desirable film exposure can be obtained in a variety of ways. 



Accordingly, if a particular film⎯whose speed is described by an ASA number⎯is perfectly exposed by 
light from a particular scene with a shutter speed of 1/50 second and an f/stop of f/8 (irradiance equals 
Eo/64 from Table 2), it will also be perfectly exposed by any other combination that gives the same total 
exposure. 

For example, by choosing a shutter speed of 1/100 second and an f/stop of f/5.6, the exposure time is cut 
in half while the irradiance (E0/32) is doubled, thereby leaving no net change in the film exposure (J/m2).

The numerical aperture is another important design parameter for a lens, related directly to how much 
light the lens gathers. 

If the focal length of a design lens increases and its diameter decreases, the solid angle (cone) of useful 
light rays from object to image for such a lens decreases. 

For example, the concept of a numerical aperture finds immediate application in the design of the 
objective lens (the lens next to the specimen under observation) for a microscope, as we show below. 

Light-gathering capability is crucial for microscopes.

Figure 24 depicts the light-gathering power of a lens 
relative to a point O on a specimen covered by a 
glass slide. 

Figure 3-24 Light-gathering power of oil-
immersion and air-immersion lens, 
showing that αoil is greater than αair

Lens L is the objective lens of a microscope focused 
on the specimen.



On the left side, by contrast, the increased light-
gathering power of the lens⎯with oil situated between 
the cover slide and the lens⎯is shown in terms of the 
larger half-angle αoil. 

The oil is chosen so as to have an index of refraction (n0) 
very near that of the cover slide (ng) so that little or no 
refraction occurs for limiting ray 2 at the glass-oil 
interface. 

Consequently the half-angle αoil is greater than the half-
angle αair. 

As Figure 24 shows, ray 1 suffers refraction at the glass-
air interface, thereby restricting the cone of rays 
accepted by the lens to the smaller half-angle αair.

The numerical aperture of a lens is defined so as to exhibit the difference in solid angles (cones) of light 
accepted, for example, by an “oil-immersion” arrangement versus an air-immersion setup.

The definition of numerical aperture (N.A.) is given in Equation 9 as

(9)

On the right side of the symmetry axis of the lens, the light-gathering power of the lens⎯with air 
between the cover slide and the lens⎯is depicted in terms of half-angle αair. 



where n is the index of refraction of the intervening medium between object and lens and α is the           
half-angle defined by the limiting ray (αair or αoil in Figure 24). 

The “light-gathering” power of the microscope’s objective lens is thus increased by increasing the 
refractive index of the intervening medium.

In addition, the numerical aperture is closely related to the acceptance angle discussed in Example 3 for 
both graded-index and step-index optical fibers. 

Since the rays entering the fiber face are in air, the numerical aperture N.A. is equal simply to                     
N.A. = sin α.

It is shown in most basic books on optics that image brightness is dependent on values of the f-number  
or numerical aperture, in accordance with the following proportionalities:

In summary, one can increase the light-gathering power of a lens and the brightness of the image formed 
by a lens by decreasing the f-number of the lens (increasing lens diameter) or by increasing the 
numerical aperture of the lens (increasing the refraction index and thus making possible a larger 
acceptance angle).



To locate the image of an object formed by a thin lens, we make use of three key points for the lens and 
associate each of them with a defining ray. 

The three points are the left focal point F, the right focal point F′, and the lens vertex (center) V. 

In Figure 25 the three rays are shown locating an image point P′ corresponding to a given object point P, 
for both a positive and a negative lens. 

The object is labeled OP and the corresponding image IP′. 

The defining rays are labeled to show clearly their connection to the points F, F′, and V. 

In practice, of course, only two of the three rays are needed to locate the desired image point. 

Note also that the location of image point P′ is generally sufficient to sketch in the rest of the image IP′, 
to correspond with the given object OP.

C. Image location by ray tracing

Figure 25 Ray diagrams for image 
formation by positive and negative lenses



The behavior of rays 1 and 2—connected with the left and right focal points for both the positive and 
negative lenses—should be apparent from another look at Figure  23. 

The behavior of ray 3—going straight through the lens at its center V—is a consequence of assuming 
that the lens has zero thickness. 

Note, in fact, that, for both Figures 23 and 25, all the bending is assumed to take place at the dashed 
vertical line that splits the drawn lenses in half.

Also, it should be clear in Figure 25 that the positive lens forms a real image while the negative lens 
forms a virtual image.

Figure 23
Figure 25



One can apply the principles of ray tracing illustrated in Figure 25 to a train of thin lenses.

Figure 26 shows a ray trace through an “optical system” made up of a positive and a negative lens. 

For accuracy in drawing, a common practice used here is to show the positive lens as a vertical line with 
normal arrowheads and the negative lens as a vertical line with inverted arrowheads, and to show all ray 
bending at these lines. 

Figure 3-26 Ray diagram for image 
formation through two lenses

Note that the primary object is labeled RO1 (real object 1) and its image formed by the positive lens is 
labeled RI1 (real image 1).

The image RI1 then serves as a real object (RO2) for the negative lens, leading finally to a virtual image 
VI2. 

Test your understanding of ray tracing through thin lenses by accounting for each numbered ray drawn in 
the figure. 

What happens to rays 1 and 3 relative to the negative lens? 

Why are rays 4 and 5 introduced? Is this a “fair” practice?



D. Lens formulas for thin lenses

As with mirrors, convenient formulas can be used to locate the image mathematically. 

The derivation of such formulas—as was carried out for spherical mirrors in the previous section—can 
be found in most texts on geometrical optics. 

The derivation essentially traces an arbitrary ray geometrically and mathematically from an object point 
through the two surfaces of a thin lens to the corresponding image point. 

Snell’s law is applied for the ray at each spherical refracting surface. 

The details of the derivation involve the geometry of triangles and the approximations mentioned earlier
—sin ϕ ≅ φ, tan ϕ ≅ φ, and cos ϕ ≅ 1—to simplify the final results. 

Figure 27 shows the essential elements that show up in the final equations, relating object distance p to 
image distance q, for a lens of focal length f with radii of curvature r1 and r2 and refractive index ng. 

For generality, the lens is shown situated in an arbitrary medium of refractive index n. 

If the medium is air, then, of course, n = 1.

Figure 27 Defining quantities for 
image formation with a thin lens



1. Equations for thin lens calculations. 

The thin lens equation is given by Equation 10.

where

For a lens of refractive index ng situated in a medium of refractive index n, the relationship between the 
parameters n, ng, r1, r2 and the focal length f is given by the lensmaker’s equation in Equation 11.

(10)

where

and

(11)



The magnification m produced by a thin lens is given in Equation 12.

(12)

where

2. Sign convention for thin lens formulas. 

Just as for mirrors, we must agree on a sign convention to be used in the application of Equations 10, 11, 
and 12. 

It is:



Now let’s apply Equations 10, 11, and 12 in several examples, where the use of the sign convention is 
illustrated and where the size, orientation, and location of a final image are determined.

Example 8

A double-convex thin lens such as that shown in Figure 21 can be used as a simple “magnifier.”

It has a front surface with a radius of curvature of 20 cm and a rear surface with a radius of curvature of 
15 cm. 

The lens material has a refractive index of 1.52. 

Solution:

Answer the following questions to learn more about this simple magnifying lens.



the the the the the



Example 9

A two-lens system is made up of aconverging lens followed by a diverging lens, each of focal length    
15 cm. 

The system is used to form an image of a short nail, 1.5 cm high, standing erect, 25 cm from the            
first lens. 

The two lenses are separated by a distance of 60 cm. 

See accompanying diagram. 

Locate the final image, determine its size, and state whether it is real or virtual, erect or inverted.

Refer to Figure 26 for a ray-trace diagram of what’s going on in this problem.



Solution: We apply the thin lens equations to each lens in turn, making use of the correct sign
convention at each step.

See Figure 26.



Construction of the ray path in a thick lens - just present some examples - you should be able to 
figure out the method.

Addendum





Matrices and Matrix Operations 

The idea of a matrix arises in this way.

Suppose we have a pair of linear equations

Section 1

where A,B,C and D are known constants and x and y are variables. 

We can write this pair of equations as:

Having now covered the basics of geometrical optics, the rest of the class will delve more deeply 
and more mathematically in the subject of optics.

where [..] is called a matrix.



are 2x1 matrices or column matrices or column vectors.

is a 2x2 matrix. 

We can have n x n matrices, n x 1 column vectors and 1 x n row vectors. 

We can then write



so that we can write the matrix equation as

where 

or

Equation (2) clearly defines the operation of matrix multiplication. 

We also have the equations

or using matrices



Continuing the algebra…..

or

Thus, we obtain the general rule for matrix multiplication

or

where



Matrix Addition/Subtraction

Unit or identity matrix I :

Generalizing to arbitrary size we have

Null matrix:

Special Matrices

Diagonal matrix:

Matrix Transpose:



Determinants (we are interested in 2x2 matrices only)

Matrix Diagonalization - Suppose we have the relation

where Λ is a diagonal matrix. 

This implies that

Note that det(P) = 1 (unimodular) for matrices of interest to us.

Matrix Inversion (interested in 2x2 matrices only)

where



Thus, once the diagonalizing transformation F has been found, the Nth power of the original matrix is 
found by taking the diagonal matrix to the Nth power, which is easy since all we have to do is replace 
each diagonal element by its Nth power.

For a 2x2 unimodular matrix, we have

The diagonal elements of the matrix Λ are the eigenvalues of M and the columns of the diagonalizing 
matrix are its eigenvectors.

This is shown below:

Eigenvalues and Eigenvectors for 2x2 Unimodular Matrices - In general, eigenvalues are determined 
using the characteristic  equation



or

and we find

so that we have two eigenvalues satisfying

Tr(...) = sum of diagonal elements



If Tr(M) = A+D lies between 2 and -2 in value, then the two eigenvalues can be written conveniently in 
terms of an angle θ, chosen so that it lies between 0 and π and such that A+D = 2cosθ. 

We then find (a general property of unitary matrices)

where AD-BC=1 since det(M)=1.

If Tr(M) = A+D is greater than 2 or less than -2, we can choose a positive quantity t such that                  
A+D = 2cosh(t) (or -2cosh(-t) if A+D is negative). 

The eigenvalues then take the form

We determine the diagonalizing matrix F as follows.



which gives

We will use all these ideas at some point.

twhere the eigenvectors are

One possible solution has the form:

On multiplying we get



Matrix methods in Paraxial(Gaussian) Optics

The second approximation is that we only consider paraxial rays - those that remain close to the axis and 
almost parallel to it so that we can use the first-order approximations for sines or tangents of any angles.

Let us discuss how matrices can be used to describe the geometric formation of images by a centered 
lens system - a succession of spherical refracting surfaces all centered on the same optical axis.

The results are valid within two approximations. 

First, the basic assumption of all geometric optics is that the wavelength of light is small and the 
propagation of light can be explained in terms of individual rays instead of wavefronts. 

As can be shown by means of Huygens' construction(proved later), if light waves are allowed to travel 
without encountering any obstacles, they are propagated along a direction which is normal to the 
wavefronts. 

The concept of a geometric ray is a idealization of this wave-normal. 

Each ray obeys Fermat's principle of least time(proved later) - if we consider the neighborhood of any 
short section of the ray path, the path which the ray chooses between a given entry point and a given exit 
point is that which minimizes the time taken(proof later).



Ray-Transfer Matrices - Now consider the propagation of a paraxial ray through a system of centered 
lenses. 

We use a Cartesian coordinate system where the z-axis (horizontal) represents the optical axis. 

The y-axis is orthogonal to the optical axis. 

All rays will lie in the yz-plane and close to the z-axis.

The trajectory of a ray as it passes through the various refracting surfaces of the system will consist of a 
series of straight lines.

We specify a ray by the height y of a point on the ray and the angle (anticlockwise from z-axis is positive 
direction) the ray makes with the z-axis as shown in figure 1.

Figure 1



Later calculations are made more convenient by replacing the ray angle v with the corresponding optical 
direction-cosine V = nv (or strictly, V = nsin(v)) where n is the refractive index of the medium in which 
the ray is traveling. 

The optical direction-cosine has the property that, by Snell's law(will derive later),

(b)

(a) A translation during which the ray simply moves in a straight line to the next refracting 
surface. 

We need to know the distance translated (thickness of material) and the corresponding 
refractive index n.

it will remain unchanged as it crosses a plane boundary between two different media. 

It will also make all matrices involved unimodular (unitary with determinant = 1), which will be very 
useful.

As a ray passes through a refracting lens system, there are only two basic types of process that we need 
to consider in order to determine its progress:

Refraction at the boundary surface between two regions of different refractive index. 

To determine how much bending the ray undergoes, we need to know the radius of 
curvature of the refracting surface and the two values of refractive index.



We now investigate the effect that each of these two basic elements has on the y-value and the V-value of 
a ray passing between two so-called reference planes (one on either side of the element), namely RP1 and 
RP2 (ses Figure 2), orthogonal to the optical axis(z-axis).

Figure 2



The ray first passes through RP1 with value y1 and V1, then through the optical element and then through 
RP2, with values y2 and V2. 

We want equations expressing y2 and V2 in terms of y1 and V1 and the properties of the optical element. 

We will find that for both types of elements (translation and refraction) the equations are linear and thus 
their effect can be written using 2x2 matrices as

where the determinant of the transformation matrix(ray-transfer matrix) is equal to 1, i.e., AD-BC=1. 

Alternatively, if we want to trace a ray backwards, the matrix equation can be inverted to give

The ray-transfer matrix representing a complex optical element is the matrix product of all the                 
ray-transfer matrices of which it is composed.



The Translation Matrix

The figures 2(a) and 2(b) below show two examples of a ray which travels a distance t to the right 
between the reference planes.

Clearly the angle of the ray will remain unchanged during the translation, but not the distance y from the 
optical axis. 

Figure 2(a) illustrates the case where both y- and V-values remain positive and Figure 2(b) illustrates the 
case where the V-value is negative.



In both figures the angles v are greatly exaggerated(generally less than 0.1 rad or 6∘)

where

This pair of equations can be written using matrices as

If n is the refractive index of the medium between RP1 and RP2, we can write

It is clear from the diagrams that v1 = v2 so that we can write



Thus, the matrix representing a translation to the right through a reduced distance T is

Clearly                        . 

and we note that

If we imagine that we divide the distance t into two segments t1 and t2, both with index of refraction n, 
we can write two successive translation matrices

Compound Layers and Plane-Parallel Plates



According to our rules above we should write ℑ = ℑ1ℜℑ2 where ℜ is the refraction matrix at the 
boundary between the two segments.

Clearly, ℜ = I = identity matrix in this case(same medium on both sides of boundary). 

We will prove this shortly. 

A similar situation applies if we divide into many segments. 

We have

Clearly, the order of the segments in this case is irrelevant.

When we say that a plane-parallel glass plate of refractive index n and thickness t has a                     
reduced-thickness t/n we are using very appropriate language. 

If we are looking at an object on the far side of the plate the light actually takes longer to reach us then if 
the plate were absent, but the object certainly looks closer. 

Replacing a layer of air by the same thickness of glass makes the world seem closer to the observer by a 
distance



which is about 1/3 the thickness of the plate. 

For an object submerged in water, the factor (n-1)/n is only about 1/4, but the depth t may be very large - 
even a bear fishing with his paw needs to know about reduced thickness!

The angles are again greatly exaggerated. 

As a consequence, RP1 appears well separated from RP2. 

The Refraction Matrix  ℜ

We now consider the action of a curved surface separating two regions of refractive index n1 and n2. 

The radius of curvature of the surface will be taken to be positive if the center of curvature lies to the 
right of the surface. 

This situation is shown in Figure 3 below, which shows a surface of positive curvature with the refractive 
index n2 on the right of the surface greater than that on the left (n1). 

The ray also shows that we have positive y- and V-values on both sides of the surface.



Applying Snell's law in the diagram, we have

in the paraxial approximation.

Figure 3

But for paraxial rays, the separation between these two planes will be r(1-cosα) and is very small since 
α (like v1 and v2) is very small. 

We therefore have y1 = y2.



But simple geometry says

Hence,

The quantity (n2-n1)/r is the refractive power of the surface. 

We thus have the refraction matrix

or

Thus, rearranging the equations in matrix form, we get



Even though this was derived for a special case (all quantities positive), it turns out to be general and 
works in all other cases.

Two special cases are:

that is, the transfer matrix for the system is just the matrix product of refraction matrices.

If the ith refracting surface has a curvature ri and refractive indices ni and ni+1, we are able to represent its 
refracting power by

We used this result earlier when discussing plane-parallel plates.

and r → ∞ (a plane surface) which also says that  ℜ = I

Thin Lens Approximation

When several refracting surfaces are so close together that the intervening gaps are very small, the 
translation matrices for the gaps reduce to identity matrices. 

Thus we have the situation where



where

The thin lens system is represented by

so we are interested in the matrix product



In general, if calculations are to be made with a series of thin lenses whose focal lengths are given, it is 
convenient to replace each focal length fi by its corresponding refracting power or focal power Pi = 1/fi. 

The refraction matrix for the ith lens is then

The refracting power P is measured in diopters, the focal length f and radii of curvature r1 and r2 in 
meters.

With these simple matrices we can do all of geometrical optics

Clearly, it is simple to collapse a succession of ℜ -matrices or a succession of ℑ - matrices and be 
careful about the order in which they arise. 

For any refraction-translation product, matrix multiplication is non-commutative.



The Ray-Transfer Matrix for a System

Our final "output" reference plane RP2n+2 will then be taken to lie a distance db to the right of this last 
refracting surface. 

We now want to find an overall ray-transfer matrix M that will enable us to directly convert an input ray 
vector 

We consider the propagation of a paraxial ray through an optical system containing n refracting surfaces 
separated by (n-1) gaps. 

We choose the first "input" reference plane RP1  at distance da to the left of the first refraction surface. 
RP2 and RP3 will then lie immediately to the left and to the right of the first refracting surface; RP4 and 
RP5 will lie on either side of the second surface, and so on until we reach RP2n and RP2n+1 on either side 
of the nth surface.

For example, we have



into an output ray vector 

(see Figure 4 below)

 Figure 4



The next step is to write down translation or refraction matrices that represent each of the elements 
between the various reference planes. 

Working from left to right across the diagram, we number these matrices M1M2 M3M4..........M2n +1 , the 
rule being that the number assigned to each matrix is the same as for the reference plane on its left. 

If we use the symbol Kr to denote the ray vector

for a ray traversing the rth reference plane, then for transfer of ray data from RPr to RPr+1 we have the 
basic recurrence relation Kr +1 = M r Kr and similarly Kr = M r−1Kr−1 etc.

Calculation of Output Ray Produced by a Given Input Ray

By repeatedly using this recurrence relation, and also the associative property of matrix multiplication, 
we now find

Hence K2n+2 = MK1 where M represents the complete matrix product taken in descending order         
M= (                                                     ).



Derivation of Properties of a System from its Matrix

Let us suppose that we have numerically evaluated the matrix M for a complete optical system, and that 
the equation K2 = MK1 when written out fully reads

Calculation of Input Ray Required to produce Given Output Ray

We then get

where AD-BC=1. 

In order to understand better the significance of these four quantities A, B, C, and D, let us consider what 
happens if one of them vanishes.

If we want to proceed from first principles, then we can invert each of the individual matrices and use the 
inverted recurrence relation 



(a)

If B = 0, the equation for y2 reads y2 = (A)y1+(0)V1 = Ay1. 

This means O (characterized by y1) in RP1 will pass through the same point I 
(characterized by y2) in RP2. 

Thus O and I are object and image points, so that RP1 and RP2 are now conjugate 
planes.

(b)

Figure 5

If D = 0, the equation for V2 reads V2 = (C)y1+(0)V1 = Cy1. 

This means that all raysentering the input plane from the same point (characterized by y1) 
emerge at the output plane making the same angle V2 = Cy1 with the axis, no matter what 
angle V1 they entered the system. 

It follows that the input plane RP1 must be the first focal plane of the system as shown in 
Figure 5 below.



If C = 0, then V2 =DV1. 

This means that all rays which enter the system parallel to one another (V1 gives 
their direction on entry) will emerge parallel to one another in a new direction V2. 

A lens system like this, which transforms a parallel beam into a parallel beam in a 
different direction, is called an afocal or telescopic system 

In this case, n1D/n2 = v2/v1 is the angular magnification produced by the system as 
shown in Figure 7.

(c)

Figure 6

In addition, A = y2/y1 gives the magnification produced by the system in this case as
shown in Figure 6 below.



(d) If A = 0, the equation for y2 reads y2 = BV1. 

This means that all rays entering the system at the same angle (characterized by V1) will 
pass through the same point (characterized by y2) in the output plane RP2. 

Thus, the system brings bundles of parallel rays to focus at points in RP2, that is, RP2 is 
the second focal plane of the system as shown in Figure 8 below.

Figure 8

Figure 7



(e)

In general, unless the V-value of a ray is zero it will cut the axis somewhere. 

With respect to a given reference plane in which the ray height is y and the ray angle v is V/n, the              
z-position where it cuts the axis will be (-y/v) = (-ny/V). 

If y and V are both positive or both negative, the point will be to the left of the reference plane as shown 
in Figure 9 below.

It is worth remembering that, if either A or D in a ray-transfer matrix 
vanishes , the equation AD-BC=1 then requires that BC=-1. 

Likewise, if either B or C vanishes, A must be the reciprocal of D.

The fact that B vanishes when the object-image relationship holds between the first and second reference 
planes, and that A or 1/D is then the transverse magnification, leads to an experimental method for 
finding the matrix elements of an optical system without dismantling it or measuring its individual 
components. 

We will show this method after doing some examples.



Figure 9



Example 1

Find the position and size of the image inside the rod.

Solution: Using cm as the unit of length for both ℜ- and  ℑ-matrices.

The left hand of a long plastic rod of refractive index 1.56 is ground and polished to a convex (outward) 
spherical surface of radius 2.8 cm. 

An object 2 cm tall is located in the air and on the axis at a distance of 15 cm from the vertex. 

See Figure 10 below.

Figure 10



For the object-image relationship to hold, the top right element, B, must vanish:

If the image is at X cm to the right of the curved surface, the matrix chain leading from this image back 
to the object is

An easy check shows that det(M) = AD-BC = 1.

We proceed as follows. 

The ℜ-matrix of the surface is



Example 2

The image is thus 11.7 cm inside the rod. 

The lateral magnification is given by either A or 1/D and is -0.5. 

Therefore, the image is (0.5 x 2) = 1 cm tall, and is inverted.

At what point beyond the bead is the light brought to a focus?

A parallel beam of light enters a clear plastic spherical bead whose diameter is 2 cm and refractive index 
is 1.4 as shown in Figure 11 below:

Figure 11



Solution: If we choose an output reference plane RP2 X cm to the right of the bead, the matrix chain is

The condition for parallel light to come to a focus in RP2 is that element A vanishes.

Alternatively, this result could be derived directly from the matrix for the bead



For, if V1 = 0,

Figure 12

Example 3

A slide 2 inches tall is located 10.5 feet from a screen as shown in Figure 12 below.

Therefore, the distance at which the           ray cuts the axis is −ny2 / V2 =−A / C to the right of the bead = 
0.429/0.571 = 0.75.

This calculation is only valid for central paraxial rays of the beam - the outer region will show an effect 
called spherical aberration.



What is the focal length of the lens which will project an image measuring 40 inches on the screen, and 
where must it be placed?

Solution: Although the object and image sizes are given in inches, it is more convenient to use feet for 
calculating the matrix elements. 

The lens will be taken to be a thin positive lens whose power P is measured in reciprocal foot units. 

Let it be placed X feet from the slide and (10.5-X) feet from the screen. 

The matrix chain from screen to slide is then

Therefore,



Example 4

The equation for D now becomes

The focal length of the lens is therefore 1/2.1 feet = 5.7 inches. 

Thus, the lens needs to have a positive focal length of 5.7 inches and it should be placed 6 inches from 
the slide.

An object is located at a distance U to the left of a thin lens and its image is formed a distance V to the 
left of the same lens as shown in Figure 13 below:

The real image produced from a real object by a single lens is always inverted, so the magnification 
specified must be -40/2 = -20. 

In the above matrix, therefore, A = 1/D = -20 and B = 0, to secure the object-image relationship. 

Since D = 1-PX = -0.05, the equation for B becomes



Figure 13

If now the object is displaced axially a small distance dU to the left, find an expression for the 
corresponding displacement dV of the image; dU/dV is called the longitudinal magnification. 

Show that it is the square of the lateral magnification. 

Note that if the image formed is a real one, V will have a negative value; but, whether the thin lens is 
positive or negative, there will be some object distance for which the image is virtual, in which case V is 
positive.

Solution: The matrix chain from image back to object is



For the object-image relationship, the top right-hand element U-V-PUV must vanish.

Hence

and differentiating

As the bottom right-hand element indicates, one expression for the lateral magnification is 1/(1-PU), 
whose square agrees with the expression for dV/dU. 

Other expressions that can be found for the lateral magnification are (1+PV) and V/U. 

We note that in obtaining this solution, we have determined a basic relationship between P, U, and V for 
a thin lens.



Example 5

Prove that the distance between the real object and real image formed by a thin positive lens cannot be 
less than four times the focal length. See Figure 14 below.

Figure 14

where f is the focal length of the lens.

Since -V+PUV = 0, we can divide by UV and rearrange to obtain the familiar lens formula



Solution: As in Example 4, the top right-hand element in the image-to-object matrix is U-V+PUV, and 
this must vanish. 

Furthermore, since U and V are both measured to the left of the lens, U must be positive, but V must be 
negative for a real image to be formed from a real object. 

If the object-image distance is K, then K = U-V and V = U-K. Substituting for V, therefore, we have

Now for the case PU = 2, the denominator is unity and the numerator is positive; so d2K/dU2 is positive 
and the value of K must be passing through a minimum. If we now substitute U = 2/P in the expression 
for K, we find

Therefore,

For dK/dU to vanish, we must have |PU-1| = 1, hence PU = 2 or PU = 0 (the trivial case). 

Since both P and U are assumed to be positive, the case PU = 2 needs to be considered further by 
considering the second derivative.



where f = 1/P is the focal length of the lens.

Alternatively, if we had used +V instead of -V

We assume initially that the system that we are dealing with is a positive lens system located in air. 

The first step is to choose two conveniently accessible planes near the first and last surfaces of the system 
- these will be the input reference plane RP1 and the output reference plane RP2. 

We want to determine elements A, B, C, and D such that

which is the same result as before.

Experimental Determination of Matrix Elements of Optical System



The procedure that we will follow is to locate an object of known size at various distances to the left of 
RP1 and then to measure the size and position of each of the resultant real images.

In the general case, let R represent the displacement in the +z-direction from the object to RP1, and let S 
represent the displacement, again in the +z-direction, from RP2 to the real image. 

We will operate so that R and S are positive.

The ray-transfer matrix chain from the plane containing the image back to the plane containing the object 
is then

For this matrix we know that its determinant is unity and that its upper right-hand element vanishes 
because of the object-image relationship. 

The upper left-hand element A+SC represents the transverse magnification and the lower right-hand 
element CR+D represents its reciprocal, which we denote by α.



The quantities that we can measure experimentally are the distances R and S and the ratio

Note that if the image is inverted, as it often is in practice, then α is negative.

If α is measured for several values of the object distances R and the results plotted as a
graph of α versus R, this graph will be a straight line whose slope is C and whose intercept
on the α-axis is D. 

Thus, C and D are determined.

From the vanishing of the upper right-hand element, we have AR+B = -S(CR+D) = -S α = β,
where β is known. 

Once again, if β is plotted versus R, the slope of the graph will be A and the intercept on the β-axis will 
be B. 

Once all four elements have been determined, a check should be made that the determinant AD-BC is 
approximately unity.



Locating the Cardinal Points of a System

Figure 15a

Consider first, as in Figure 15a 
below, a ray which enters the system 
parallel to the axis at a height y1.

(a)

We assume that, either by calculation or by experimental method we have determined, the matrix

which links the chosen output plane RP2 to a chosen input plane RP1. 

We now want to locate, with respect to these reference planes, the two focal points, the principal planes 
of unit transverse magnification and the nodal planes of unit angular magnification. 

We assume that n1 and n2 are the refractive indices to the left and to the right of the system.



The second principal plane H2 is defined as shown in the figure. 

The parallel ray arrives with the same height at the second principal plane H2 and is there effectively 
bent in such a way that it emerges through the second focal point F2.

For this ray, v1 and therefore V1 both vanish, so that at RP2 the ray-transfer matrix give
y2 = Ay1 and v2 = V2/n2 = Cy1/n2.

If t2 is the displacement measured in the +z-direction from RP2 to F2, then we must have t2 = -y2/v2 = 
-n2A/C. 

This locates the second focus.

When the ray that we have been considering emerged from the second principal plane H2, its 
y-coordinate was y1.



The displacement from RP2 to the second principal plane is therefore

Consider now the ray which enters the system at angle v1 after passing 
through the first focus F1 as shown in Figure 15b below.

(b)

Figure 15b

Therefore, if we define the second focal length f2 as the displacement from H2 to F2, its value must be f2 
= -y1/v2. 

Therefore, f2 = -n2y1/Cy1 = -n2/C, and the second focal length is determined.



It is effectively bent parallel to the axis at the first principal plane H1 and continues through RP2 with v2, 
and therefore V2, equal to zero.

We can therefore write V2 = Cy1 + Dn1v1 = 0 and y1 = -Dn1v1/C. 

From the diagram, the displacement t1 of F1 from RP1 is given by t1 = -y1/v1 = n1D/C. 

This locates the first focus.

Finally, we want to determine the two nodal points L1 and L2 such that any ray 
entering the system directed towards L1 appears on emergence as a ray coming from 
L2 and making the same angle v2 = v1 with the axis as shown in Figure 15c below.

(c)

Still considering the same ray, we recall that at the first principal plane its y-coordinate must be                      
y2 = Ay1 + Bn1v1. 

Therefore, if the first focal length f1 is defined as the displacement from F1 to H1, we must have                  
f1 = y2/v1 =-DAn1/C + Bn1 = -n1(AD-BC)/C = -n1/C for the first focal length since det(M) = AD-BC = 1.

The displacement s1 of the first principal plane H1 from RP1 is then



Figure 15c

Let the displacements of L1 and L2 from RP1 and RP2 respectively be denoted by p1 and p2 respectively. 

The matrix chain linking the second nodal point L2 back to the first nodal point L1 will then be:



Note that reduced displacements have been used and that -p1 rather than p1 is used for the ℑ-matrix from 
RP1 to L1.

But if L1 and L2 are nodal points and y0 = 0, then whatever value of v0 we must have y3 = 0 and v3 = v0. 

This will be true only if ɸ12 = 0 and ɸ22(n1/n2) = 1, that is, the matrix is an object-image matrix with 
transverse (linear) magnification 1/ɸ22 = (n1/n2).

From the equation ɸ22 = (n2/n1) we obtain p1 = (Dn1-n2)/C. 

Substituting for p1 in the equation ɸ12 = 0, we obtain eventually p2 = (n1-An2)/C.

We summarize these results in the table below:

We denote the matrix just obtained by ɸ and use y0, v0 to denote the coordinates of a ray entering the L1 
plane and y3, v3 to denote the coordinates of a ray leaving the L2 plane. 

We then have

and



The right-hand column of this table shows that, for the most frequently encountered case of an optical 
system located in air, the nodal points coincide with the principal points; this is because the conditions 
for unit angular and unit linear magnification are then the same.

Secondly, both focal lengths are given by -1/C. 

When the refractive index differs from unity, it is the reduced focal length that is given by -1/C.



To complete this treatment of paraxial refracting systems, let us see what happens to an

matrix if we transform it so that, instead of converting ray data from RP1 to RP2, it operates (a) between 
two principal planes or (b) between the two focal planes.

(a) For operation between two principle planes, the new matrix will be



Between these two planes, we have a refraction matrix which is the same as for a thin lens of power             
P = -C = 1/f. 

As we should expect, there is an object-image relationships between RP1 and RP2, with transverse 
magnification unity.

(b) For the operation between two focal planes, the new matrix will be

This matrix expresses the well-known result that the ray height in the second focal plane depends only 
on the ray angle in the first, while the ray angle in the second focal plane depends only on the ray height 
in the first. 

Furthermore, if we use y1/V1 to represent the focal distance z1 of an object point (measured to the left 
from F1) and y2/V2 to represent the focal distance z2 of a corresponding image point, we find 
immediately that



Again, as we should expect, the vanishing of the principal elements of the matrix indicates that RP1 and 
RP2 are located at the focal planes. 

Given that the equivalent focal length is unchanged by this transformation, the element C remains the 
same and the upper right-hand element has to equal -1/C for the matrix to remain unimodular.

Figure 16

Example 6

A glass hemisphere of radius r and refractive index n is used as a lens, rays through it being limited to 
those nearly coinciding with the axis. 

Show that, if the plane surface faces to the left, the second principal point coincides with the intersection 
of the convex surface with the axis (its vertex). 

Show also that the first principal point is inside the lens at a distance r/n from the plane surface and that 
the focal length of the lens is equal to r/(n-1).

See Figure 16.



Solution: If we locate the reference planes at the two surfaces of the hemisphere, the matrix chain is

The required results can be found in the right-hand column of the earlier table. 

The distance from RP2 to the second principal point is (1-A)/C, which vanishes. 

The distance from RP1 to the first principal point

Since n > 1, this distance is less than the thickness r of the hemispherical lens.

Finally, the focal length measured in air in either direction is -1/C = r/(n-1)



Example 7

From the lower left-hand element, the equivalent focal length is evidently given by

See Figure 17.

Solution: We choose the two lenses as the reference planes and obtain the system matrix

Two positive thin lenses of powers P1 and P2 are used with a lens separation t to form an eyepiece for a 
reflecting telescope. 

Show that the equivalent focal length of the eyepiece is

Figure 17



Section 2 - Fermat’s Principle of Least Time(this will show how powerful mathematics is)

Many problems in Newtonian mechanics are more easily analyzed by means of alternative statements of 
the laws, including Lagrange’s equation and Hamilton’s prinicple. 

In order to derive these new techniques, we must consider some general principles of the techniques of
the calculus of variations.

Our primary interest(considering we are studying optics) at this point is in determining the path that 
gives extremum solutions, for example, the shortest distance or time between two points. 

A well-known example of the use of the theory of variations is Fermat’s principle that light travels on 
the path that takes the least amount of time.

Statement of the Problem

The basic problem of the calculus of variations is to determine the function y(x) such that the integral

(01)

is an extremum (i.e., either a maximum or a minimum). 

In equation (01), y′(x) = dy/dx, and the semicolon in f separates the independent variable x from the 
dependent variable y(x) and its derivative y′(x).



The functional f (f depends on the functional form of the dependent variable y(x)) is considered as given, 
and the limits of integration are fixed. 

The function y(x) is then to be varied until an extreme value of J is found. 

By this we mean that if a function y = y(x) gives the integral J a minimum value, then any neighboring 
function, no matter how close to y(x), must make J increase.

The definition of a neighboring function may be made as follows. 

We give all possible functions y a parametric representation y = y(α,x) such that, for α = 0, y = y(0,x) = 
y(x) is the function that yields an extremum for J. 

We can then write

where η(x) is some function of x that has a continuous first derivative and that vanishes at x1 and x2, 
because the varied function y(α,x) must be identical with y(x) at the endpoints of the path: 
η(x1 ) = η(x2 )= 0 . 

The situation is depicted schematically in Figure 01.

(02)



If functions of the type given by equation (02) are considered, the integral J becomes a function of the 
parameter α:

The condition that the integral have a stationary value (i.e., that an extremum results) is that J be 
independent of α in first order along the path giving the extremum (α = 0), or, equivalently, that

(03)

Figure 01



for all functions . This is only a necessary condition; it is not sufficient. 

Example: Consider the function f = (dy/dx)2, where y(x) = x. 

Add to y(x) the function η(x)=sin(x), and find J(α) between the limits of x = 0 and x = 2π. 

Show that the stationary value of J(α) occurs for α = 0.

(04)

These paths are illustrated in Figure 02 for α = 0 
and for two different non-vanishing values of α. 

Clearly, the function η(x)=sin(x) obeys the 
endpoint conditions, that is, η(0)=0=η(2π).

Solution: We can construct the neighboring varied paths by adding to y(x) = x the sinusoidal variation 
function αsin(x) so that y(α, x) = x + αsin x.

Figure 02

To determine f(y, y′;x), we first determine 



then

Euler’s Equation

Because the limits of integration are fixed, the differential operation affects only the integrand. Hence,

(06)

To determine the result of the condition expressed by equation (04), we perform the indicated 
differentiation in equation (03):

Equation 03 now becomes

Thus, we see the value of J(α) is always greater than J(0), no matter what value (positive or negative) we 
choose for α. 

The condition of equation 04 is also satisfied.

(05)



From equation (02), we have

Therefore, equation (06) becomes

The second term in the integrand can be integrated by parts:

Equation (06) becomes

(07)

(08)

(09)

(10)

The integrated term vanishes because 𝜂(x1) = 𝜂(x2) = 0.

(11)



The integral in equation(11) now appears to be independent of α. 

But the functions y and y’ with respect to which the derivatives of f are taken are still functions of α. 

Because (∂J / ∂α)α = 0 must vanish for the extremum value and because η(x) is an arbitrary function 
(subject to the conditions already stated), the integrand of equation (11) must itself vanish for α = 0:

Example: We can use the calculus of variations to solve a classic problem in the history of physics: the 
brachistochrone. 

Consider a particle moving in a constant force field starting at rest from some point (x1,y1) to some lower 
point (x2,y2). 

Find the path that allows the particle to accomplish the transit in the least possible time.

Solution: The coordinate system may be chosen so that the point (x1,y1) is at the origin.

(12)

where now y and y′ are the original functions, independent of α. 

This result is know as Euler’s equation, which is a necessary condition for J to have an extremum value.

When applied to mechanical systems, this is known as the Euler-Lagrange equation.



Further, let the force field be directed along the positive x-axis as in (Figure 03).

Because the force on the particle is constant - and if we ignore the possibility of friction - the field is 
conservative, and the total energy of the particle is T + U=constant. 

If we measure the potential from the point x = 0 (i.e., U(x = 0) = 0), then, because the particle starts from 
rest T + U = 0, the kinetic energy is T = mv2/2 and the potential energy is U = -Fx = -mgx, where g is the 
acceleration imparted by the force.

Thus,

(13)

Figure 03



where a is a new constant.

and because                      , the Euler equation (equation (12)) becomes

(14)

The time required for the particle to make the transit from the origin to (x2,y2) is

The time of transit is the quantity for which a minimum is desired. 

Because the constant (2g)-1/2 does not affect the final equation, the functional f may be identified as

or

thePerforming the differentiation              on equation (15) and squaring the result, we have

(15)

(16)

(17)



The integral in equation (19) then becomes

and the most general solution is

This may be put in the form

(18)

We now make the following change of variable:

Now the parametric equations for a cycloid passing through the origin are

(23)

(19)

(20)

(21)

(22)



which is just the solution found, with the constant of integration set equal to zero to conform with the 
requirement that (0,0) is the starting point of the motion. 

The path is then as shown in Figure 04, and the constant a must be adjusted to allow the cycloid to pass 
through the specified point (x2,y2).

Figure 04

Solving the problem of the brachistochrone does indeed yield a path the particle traverses in minimum 
time. 

The procedures of variational calculus are designed only to produced an extremum - either a minimum or 
a maximum. 

It is almost always the case in dynamics that we desire(and find) a minimum for the problem.



Also

or, substituting from equation (24) y′′∂f/∂y',

The last two terms in equation (26) may be written as

A second equation may be derived from Euler’s equation that is convenient for functions that do not 
explicitly depend on x, i.e., ∂f/∂x = 0. 

We first note that for any function f(y, y′;x) the derivative is a sum of terms

(24)

(27)

(25)

(26)



We can use this so-called “second form” of the Euler equation in cases in which f does not depend 
explicitly on x, and                     . 

Then 

Example: A geodesic is a line that represents the shortest path between two points when the path is 
restricted to a particular surface. 

Find the geodesic on a sphere.

and, if s is to be a minimum, f is identified as

Solution: The element of length on the surface of a sphere of radius R is given by

(28)

The distance between points 1 and 2 is therefore

(29)

(30)

(31)

where θ' = dθ / dφ .



Because ∂f/∂φ = 0 where equation (equation 28), which yields

(32)

Differentiating and multiplying through by f, we have

Solving for  𝜙 , we obtain

where 𝛼  is the constant of integration and β2 = (1− a2)/a2.

Rewriting equation 35 produces

This may be solved for                             with the result

(35)

(33)

(34)

(36)



To interpret this result, we convert the equation to rectangular coordinates by multiplying through by      
Rsinθ to obtain, on expanding sin(𝜙-𝛼) , 

The quantities in the parentheses are just the expressions for y, x, and z, respectively, in spherical 
coordinates, therefore equation (39) may be written as

which is the equation of a plane passing through the center of the sphere. 

Hence the geodesic on a sphere is the path that the plane forms at the intersection with the surface of the 
sphere = a great circle. 

Note that the great circle is the maximum as well as the minimum “straight line” distance between two 
points on the surface of a sphere.

Because  𝛼  and  𝛽  are constants, we may write them as

Then equation 37 becomes

(37)



Snell’s Law

Finally, we consider light passing from one medium with index of refract n1 into another medium with 
index of refraction n2 (see figure).

We now use Fermat’s principle to minimize time and derive the law of refraction.
 
Consider the expanded diagram



The time to travel the path shown is



Although we have v = v(y), we only have dv/dy≠ 0 when y = 0. 

The Euler equation tells us

or

Now we use v = c/n and y′ = -tan(θ) so that we have

which is Snell’s law of refraction.

Alternatively, we can write



We now minimize this time as function of x to determine the point on the boundary between the media 
which minimizes the travel time.

Polarized Light - Its Production and Analysis

For all electromagnetic radiation, the oscillating 
components of the electric and magnetic fields are 
directed at right angles to each other and to the direction 
of propagation. 

We assume a right-handed set of axes, with the Oz-axis 
pointing along the direction of propagation. 

In dealing with polarization, we can ignore the magnetic 
field and concentrate on how the electric field vector is 
oriented with respect to the transverse xy-plane.

Section 3 - Matrices in Polarization Optics



Most ordinary sources of light, such as the sun or an incandescent light bulb, produces light that is 
incoherent and unpolarized; light of this sort is a chaotic jumble of almost innumerable independent 
disturbances, each with their own direction of travel, its own optical frequency and its own state of 
polarization. 

Just how innumerable are these "states" or "modes" of the radiation field?

As far as transverse modes are concerned, for a source of area A radiating into a solid angle Ω

the number of distinguishable directions of travel is given by AΩ/𝜆2 - for a source of 1 cm2

area radiating into a hemisphere, this will be well over 108. 

Secondly, if we consider a source which is observed over a period of one second and ask how many 
optical frequencies, in theory at least, can be distinguished, we find approximately 1014.

By contrast with these numbers, if we consider the polarization of an electromagnetic wave field, we  
find the number of independent orthogonal states is just two.



Unpolarized light is sometimes said to be a random mixture of "all sorts" of polarization; it would be 
better to say that, whenever we try to analyze it , in terms of a chosen orthogonal pair of states, we can 
find no evidence for preference of one state over the other. 

If we could make our observations fast enough, we would find that the "instantaneous" state of 
polarization is passing very rapidly through all possible combinations of the two states we have chosen, 
in a statistically random way. 

In most cases, the rate at which these changes occur is over 1012 per second, so that what we observe is a 
smoothed average.

Unpolarized light is easy to produce but difficult to describe, whether mathematically or in terms of a 
model.

At the opposite extreme is the completely coherent light that is generated in a single mode laser. 

This light is as simple as one could specify. 

We assume that we have a plane wave of angular frequency ω which is traveling with velocity c in the 
direction Oz. 

Since we know that the vibrations of the electric field are transverse, they can be specified in terms of an 
x-component Ex, of peak amplitude H, and a y-component Ey, of peak amplitude K. 

We thus have



These functional forms satisfy the wave equation with wave propagation velocity = c, k = 2π/λ = ω/c and 
wave propagation direction along the z-axis (Poynting vector direction).

If we use Δ to represent the phase difference (𝜙y - 𝜙x), and if the symbols      and         denote unit 
vectors directed along the axes Ox and Oy, then these two equations can be combined in the space vector 
form:

There is no dependence on x or y since a plane wave of indefinite lateral extent is assumed.

A column vector or ket such as               or             is usually referred to as a Jones vector.   

The Jones vector provides a complete description of the state of polarization of any light beam that is 
fully polarized.

For the coherent plane wave described above we see that, if either H or K vanishes, the transverse 
vibrations must be vertically or horizontally polarized.



If these geometrical descriptions of the transverse vibrations are difficult to visualize, it is helpful to 
think of them in terms of a model. 

Imagine that, in a given xy-plane, we are following the motion of a very small charged particle, which is 
simultaneously attached to the origin by a weak spring and pulled away from it by the oscillating electric 
field vector.

If the phase difference Δ vanishes, the polarization is linear and if H = K, while Δ = π/2 we have light 
that is circularly polarized. 

For the general case, the light is elliptically polarized.

Some examples are:



Each of these patterns represents the locus of the tip of the oscillating electric field vector.

In order to analyze their geometry, we must eliminate the time parameter ωt  from the above pair of 
equations.

It follows that, whenever changes through a range of 2π (which happens at least 1014 times every 
second), the test charge executes one cyclic traversal of a single Lissajous figure as shown in Figure 1 
below.

Figure 1

If we choose the time-origin so that ϕx = 0, then the instantaneous x- and y-coordinates of the test charge, 
its displacement from the origin, will vary with time according to the equations



Plane-polarized light

Plane-polarized light is obtained by passing unpolarized light through a polarizing filter.

One of the most efficient types of polarizing filters is based on the double-refraction properties of a 
uniaxial crystal such as calcite.

A Nicol prism is a type of polarizer, an optical device used to generate a beam of polarized light. 

It was the first type of polarizing prism to be invented, in 1828 by William Nicol (1770-1851) of 
Edinburgh. 

It consists of a rhombohedral crystal of calcite (Iceland spar) that has been cut at a 68° angle, split 
diagonally, and then joined again using Canada balsam (see below).

Unpolarized light enters one end of the crystal and is split into two polarized rays by birefringence. 

One of these rays (the ordinary or o-ray) experiences a refractive index of no = 1.658 and at the balsam 
layer (refractive index n = 1.55) undergoes total internal reflection at the interface, and is reflected to the 
side of the prism.



A Wollaston prism is an optical device, invented by William Hyde Wollaston, that manipulates 
polarized light. 

It separates randomly polarized or unpolarized light into two orthogonal, linearly polarized outgoing 
beams. 

The Wollaston prism consists of two orthogonal calcite prisms, cemented together on their base 
(typically with Canada balsam) to form two right triangle prisms with perpendicular optic axes. 

Outgoing light beams diverge from the prism, giving two polarized rays, with the angle of divergence 
determined by the prisms' wedge angle and the wavelength of the light (see below).

Commercial prisms are available with divergence angles from 15° to about 45°

The other ray (the extraordinary or e-ray) experiences a lower refractive index (ne = 1.486), is not 
reflected at the interface, and leaves through the second half of the prism as plane polarized light.



Also, remarkably efficient, over a wide range of wavelengths and directions, are the various polarizing 
sheets of Polaroid material.

Imagine that we have converted unpolarized light into plane-polarized light by passing it through a sheet 
polarizer. 

The vibrations of the electric field vector now lie entirely in one direction in the transverse xy-plane(the 
plane of polarization).

Suppose that the direction of polarization makes an angle θ with the horizontal x-axis.

The equations describing the transverse electric field components are then of the form:

Now consider the hypothetical small test charge once again. 

Under the influence of this synchronized pair of field vectors, its displacement will be given by

Multiplying the first equation by sinθ and the second by cosθ  we find that the locus of the transverse 
displacement is the equation - a straight line motion in the plane of polarization.



Elliptically Polarized Light

A convenient method for producing elliptically polarized light is to send a plane-polarized beam through 
a "phase plate', that is, a slice of uniaxial crystal. 

Such a slice (as we will see later) introduces a phase difference between the components of the field 
vectors parallel and perpendicular to a special direction in the crystal, which is known as the optic(fast) 
axis. 

The field vector parallel to the optic(fast) axis is called the extraordinary component (e-ray) and that 
perpendicular to the optic(fast) axis is called the ordinary component (o-ray). 

For most phase plates, the refractive index for the e-ray is smaller than for the o-ray.

We suppose that the phase plate has its optic(fast) axis parallel to the x-axis and that its thickness is such 
that it advances the o-ray by angle ∆ radians with respect to the e-ray.

The field vectors coming out of the phase plate are then given by

If we eliminate ωt between these two equations, we get an equation linking the x- and y-components of 
the field vector in the resultant beam:



or

where H= A cosθ and K= A sinθ. 

Remember, H is the component of the original field vector parallel to the x-axis and K is the component 
of the original field vector parallel to the y-axis. 

Clearly, we have H2 + K2 = A2 = I = intensity (proportional to energy flow).

Some special cases are:

If Δ= 0 or no phase plate, then cos Δ= 1, sin Δ= 0 and the equation becomes

This just describes the plane-polarized condition of the original beam.

If Δ = π or a half-wave plate cosΔ = −1, sinΔ = 0, we have



This means that the ratio of the displacement parallel to the two axes is the same as before, but with 
reversed sign, so that when x is at its maximum positive, y is at its maximum negative, and vice versa. 

We still have plane-polarized light, but its direction is now an angle θ on the other side of the optic(fast) 
axis, that is, the half-wave plate has turned the direction of polarization through and angle of 2θ.

If Δ = 𝜋/2 , or a quarter-wave plate, so that cosΔ = 0 , sinΔ = 1 so that linking x and y becomes

This is the well-known equation of an ellipse lying with its major and minor axes parallel to the x- and  
y-axes. 

The semi-major axis parallel to the x-axis is H and that parallel to the y-axis is K. 

If θ = 45°, then H and K are equal and the equation becomes

and we say that the light is circularly polarized.



If a beam of fully polarized light is viewed through a Polaroid sheet (polarizer), and the polarizer is 
gradually rotated through 360◦, it is quite easy to distinguish experimentally between light that is linearly, 
elliptically or circularly polarized.

For linear states, there will be two orientations at which the intensity of the light will be zero. 

For elliptical states, there will be two maxima and two minima of intensity, but the minima will not be 
zero. 

For circularly polarized light, the intensity will remain constant.

Any state of polarization which is elliptical or circular is called either "right-handed" or "left-handed". 

For a right-handed state, the phase angle Δ by which the y-component leads the x-component must lie 
between 0 and 𝜋/2. 

In that case, the tip of the electric field vector travels around its elliptical path in a clockwise direction as 
seen from an observer looking from the +z-direction towards the light source(see Figure 1).



Use of Jones Calculus for Transforming a Ket or Column Vector

In the Jones calculus, optical devices correspond to 2x2 matrices with complex elements.

There are no redundant elements and every Jones matrix that can be written corresponds to a device 
which, in principle at least, can be physically realized.

The Jones matrices representing devices act on the optical column vectors (kets) described earlier. 

The elements of these vectors represent the amplitudes and phases of the components of the transverse 
electric field. 

The electric field components in the beam leaving the devices are linear functions of the electric field 
components in the input beam and the matrix which connects the components in the beam leaving the 
devices with those entering the devices gives a complete(as far as polarization is concerned) 
characterization of the devices.

We saw earlier the representation of the transverse electric fields corresponding to any fully polarized 
beam can be represented by a column vector. 

For a plane wave which is being propagated in the direction +z, the electric field can be regarded as the 
real part of the complex vector



In most cases the time-dependence and the z-dependence of the beam are transferred outside the column 
as a scalar multiplier, so that we have

A useful rule for calculating the intensity of the beam is to premultiply the ket by its hermitian conjugate, 
an operation known as finding the bra(c)ket product. 

We obtain

Often the absolute amplitude is not required and can be transferred outside the column into the scalar 
multiplier. 

For a beam of unit intensity, we must have H2 + K2 = 1 so we can write H= cosθ and K= sinθ for some 𝜃. 
In terms of this “normalized" column vector, the expression for the beam becomes



This expression provides all that is needed to represent a completely coherent plane-monochromatic 
wave disturbance.

It is an experimental fact that at optical frequencies the response of the medium to an electromagnetic 
wave field is almost perfectly linear. 

We can therefore predict that, if

represents the ket of the beam entering some kind of polarizing device, the ket representing the beam 
leaving the device can be represented as

and

or in matrix form



In general, the four elements of the 2x2 matrix are complex and depend only on the device.

It will be noticed that in the equations above, we have, for the sake of generality, used two separate phase 
angles 𝜙 and 𝛹 in each of the kets. 

As far as the state of polarization is concerned, it is only the phase difference (𝜙 -𝜓) = Δ which has any 
physical significance.

But it is not always possible to ensure, even for an input for which the phase angle 𝜙1 is zero, that the 
corresponding output phase angle 𝜙2 for the x-component is also zero. 

Once and output ket has been calculated, it is very easy to multiply the whole ket by any desired phase 
factor.

Starting with the above equation, we can now develop the Jones calculus. 

The matrix consisting of the four Jij’s is called the Jones matrix J of the device, so that the matrix
equation can be written E2  = JE1. 

Suppose now we have two devices, whose Jones matrices are Ja and Jb.

We pass a beam of light through the two devices in series. 

Let the ket of the original beam of light be E1, that of the beam between the devices E2 and that after the 
second device E3. 



Then, we have E2 = Ja E1 and E3 = Jb E2 . 

Substituting the first of these equations into the second, we get

using the associativity property of matrix multiplication. 

Thus, we see that the effect of a number of devices in series on a beam of light can be obtained by 
multiplying their Jones matrices together.

Derivation of Jones Matrices - For simplicity we will work with equation of the form

which is sufficient for all examples we will consider. 

We note the connection using the form



The Polarizer (such as a sheet of Polaroid)

(a) First, we consider an ideal linear polarizer, whose pass-plane is horizontal, that is, parallel to the          
x-direction. 

This allows only electric field vectors parallel to the x-direction to pass through the device, so that in the 
general equations describing the behavior of an ideal device H2 is equal to H1 and K2 is zero, no matter 
what the values of H1 and K1 may be. 

Thus, the equations become

for all values of H1, K1, and Δ1.

Set K1=0. 

The equations become H1 = J11H1 or J11 = 1 and 0 = J21H1 for all H1, that is, J21 = 0.

Set H1=0. 

The equations become 0 = J12K1exp(iΔ1) and 0 = J22K1exp(iΔ1) for all K1 and Δ1, that is, J12 and J22 are 
both zero. 

The Jones matrix for this ideal x-polarizer is thus



In practice, of course, a sheet of Polaroid introduces some attenuation, even for the preferred direction of 
polarization and its optical thickness will be sufficient to introduce at least several hundred wavelengths 
of retardation. 

Thus, for some purposes, for example, in an interferometer calculation, the above matrix needs to be 
multiplied by a complex scalar, which represents the complex amplitude transmittance of the polarizer.

The definition of the Jones matrix is arbitrary up to an over all phase factor(intensity only). 

Thus, a general representation of the Jones matrix for this ideal polarizer is

In a similar manner we can show that, for a polarizer with its pass-plane vertical, that is, parallel to the   
y-axis, the Jones matrix can be represented by



(b) We now consider the more general case of a polarizer with its pass-plane making and angle θ with 
the x-direction as shown in Figure 2 below.

Figure 2

Suppose we have an plane-polarized electric field incident such that its polarization direction makes an 
angle α with the x-axis. 

Suppose the amplitude of this incident beam is A. 

Then, by definition X1 = Acos α and Y1 =Asin α. 

Only the component of the electric field along the direction of the pass-plane of the Polaroid will pass 
through the device. 

The amplitude of this component is



The component of the emerging vector parallel to the x-axis is

Writing the last two equation in matrix form we have

so the Jones matrix for this device is

Jones Matrix of the General Linear Retarder

We now consider a crystal plate with its optic(fast) axis at an angle α to the x-axis and we suppose that 
this plate retards the phase of the o-ray (orthogonal to the optic(fast) axis) by δ relative to the field 
component along the optic(fast) axis, that is, to the e-ray.



This device makes no difference to the ket of a plane-polarized vibration parallel to the optic(fast) axis. 

Suppose the amplitude of this field is A, then, as in the discussion of the Polaroid, we know that the 
components are X1 = Acos α and Y1 = Asin α. 

Since this field component is unaffected by the device, the emerging components are the same as the 
entering ones, that is, X2 = Acos α and Y2 = Asin α. 

Substituting in the general equation for the behavior of the device, we find the equations

which give

as long as cos α does not vanish. 

We now consider the action of the device on a beam of plane-polarized light with it direction of 
polarization parallel to the x-axis and of amplitude A.



Digression to rotation matrices:

Vector Rotation

Consider a vector

Now rotate the vector through an angle Φ as shown:

We then have

Therefore we find that the components transform as

Using matrix notation we have



The matrix [R(φ)] is called the rotation matrix and is defined by (for a rotation about the z-axis or 3-axis) 
as

In summation notation we have

The rotation matrix is an orthogonal matrix since

This says that the length of the vector does not change under the rotation transformation,i.e.,



Continuing: For this plane-polarized beam, the ket is

We now need to consider the components of this field orthogonal and parallel to the optic(fast) axis.

To find these components we rotate the axes:

The component perpendicular to the optic(fast) axis is now retarded by a phase angle δ, that is to say V1 
is multiplied by e-iδ. 

The matrix of components parallel and orthogonal to the optic(fast) axis thus become



We now need to return to the original axes. We thus rotate from the UV axes back to the XY axes. 

The final form of the ket is thus

Now we must have

Thus,

Using the two equations we derived earlier for tan𝛼



we find

so that the Jones matrix of the general phase plate in general orientation α is

The Jones matrix for a simple rotator, that is, a device which twists the polarization direction of a beam 
of plane-polarized light through angle θ counterclockwise (turpentine) is

In general, if J represents the Jones matrix already calculated for a particular device, the new matrix for 
the same device rotated through an angle θ will be given by the triple matrix product



As an example of this rule, one can verify that the general retarder at angle 𝜃  is equal to the product  

which agree with our earlier result.

The table below gives the Jones matrices for ideal linear polarizers, linear retarders, rotation axes and 
circular retarders. 

The angle θ specifies how the pass-plane of a polarizer or the optic(fast) axis of a linear retarder is 
oriented with respect to the x-axis.

C1 = cosθ , 
S1 = sinθ



The matrix for 𝜃 = ± 𝜋/4  can be multiplied by  ei𝜋𝜃   to give

C2 = cos2θ , S2 = sin2θ



Experimental Determination of Elements of Jones Matrix and Light Column Vector

We now describe methods for determining the ket vector of any beam of polarized light, whether plane 
or elliptically polarized, and method by which the Jones matrix of any device can be found 
experimentally.

These methods involve passing beams of light through the device and through various Polaroids and 
phase plates, and then measuring the intensity of each beam that emerges.

First, we consider determination of the ket vector of a beam of light. 

Suppose the ket vector of the beam is

so that the intensity is

that is, we assume unit intensity.

First, we pass the beam through a polaroid with its pass-plane horizontal, that is, parallel to the x-axis. 

The ket vector of the emerging beam is



We now pass the beam through a polaroid with its pass-plane at an angle 45○ with the x-axis in the first 
and third quadrants for which the Jones matrix is

Therefore, the intensity I1 = H2, so that H =        , where I1 is the measured intensity.

We now pass the original beam through a polaroid with its pass-plane vertical (parallel to the y-axis), so 
that the ket vector becomes

Therefore, the intensity I2 = K2, so that K=        , where I2 is the measured intensity.

The emerging ket vector is



The intensity is

and the ket vector of the beam becomes

Therefore

The values of H and K are already known, so this equation determines cosΔ, but Δ can still be positive 
or negative. 

There is an uncertainty of sign, so we now determine  sin Δ  to resolve this uncertainty.

We pass the original beam through a quarter-wave plate whose optic(fast) axis is horizontal. 

Using the fact that δ = 90° θ = 0° for a quarter-wave plate and that find that the Jones matrix is



We put the beam from the quarter-wave plate through a polaroid inclined at 45° to the axis. 

The ket vector becomes

The intensity is

Therefore

This determines sinΔ. Knowing sinΔ and cosΔ, we obtain the value of Δ.

We now know all variables of the ket vector of the original beam.

We now describe the method by which the Jones matrix of any device can be determined from intensity 
measurements. 

Suppose the Jones matrix of the device is



A. We pass into the device a beam of unit intensity plane-polarized parallel to the x-axis so the incident 
ket vector is

On emerging from the device the ket vector will be

A.1. The beam is now passed through a polaroid with its pass-plane horizontal and the ket vector 
becomes

The intensity is

A.2. The beam from the device is now put through a polaroid with its pass-plane vertical.The ket vector 
becomes

The intensity is



B. A beam of unit intensity polarized parallel to the y-axis and having a ket vector

is now passed into the device. 

The emerging ket vector is

B.1. The beam emerging from the device is now passed through a polaroid with its pass-plane horizontal. 
The emerging ket vector is

The intensity is

B.2. The beam emerging from the device is now passed through a polaroid with its pass-plane vertical. 
The emerging ket vector is

The intensity is



We have now determined the magnitude of all four Jones matrix elements. 

It remains only to find the angles (phase) in these matrix elements.

C. We now pass into the device a beam of right-handed circularly polarized light of unit intensity so that

Thus,

The ket vector of the incident beam is therefore

On emerging from the device the ket vector of the beam is

C.1. The beam is now passed through a polaroid with its pass-plane horizontal so the ket vector becomes



The intensity is thus, 

Thus,

C.2. The beam from the device is now passed through a polaroid with its pass-plane vertical. 

The ket vector becomes

so that the intensity is

and thus



We now know the sines of the angles (θ11− θ12) and (θ21− θ22 ) but this still leaves doubt as to the value of 
the angles because sin(π − θ) = sinθ. 

To determine the angles completely we need to know the cosines of the angles as well.

D. We pass into the device a beam of light of unit intensity plane polarized at 45° to the x-axis. 

For this beam

and Δ= 0, so that ei𝛥 = 1. 
For the original beam, the ket vector is

so that after the device the ket vector is

D.1. The beam is now passed through a polaroid with its pass-plane horizontal so the ket vector becomes



and the intensity is

and thus

We now completely know the angles (θ11− θ12) and (θ21− θ22 ).

To determine the individual angles we put a beam that is plane-polarized horizontally into the device so 
that as earlier the ket emerging from the device is

We pass this beam through a polaroid with is pass-plane inclined at 45° to the axis.

The ket vector becomes



We now put the beam through another polaroid with its axis horizontal. 

The ket vector becomes

As in D.1 or D.2, the intensity becomes

so that

We now put the same beam from the device



We now pass the beam through a polaroid with its axis at 45°. 

The ket vector becomes

We now put the beam through another polaroid with its axis horizontal. 

The ket vector becomes

through a quarter-wave plate with its optic(fast) axis vertical. 

The ket vector becomes

As in C.1 or C.2, the intensity is now

so that



The angle                    is thus determined and so the differences between  θ11  and all the other three 
angles are now known.

We can regard one of the 𝜃′s  as arbitrary, that is, we can arbitrarily set θ11 to zero. 

This means that the angles in the other three Jones elements are now known and we have completely 
determined the Jones matrix.

Example 1

A source emits plane-polarized light of unit intensity which falls on an ideal linear polarizer.

Prove that the intensity of the light coming through the polaroid is cos2θ where θ is the angle of the 
polaroid measured from a position of maximum transmission.

Polaroid is set to extinguish the transmitted beam and a second polaroid is then placed between the 
source and the first polaroid. 

Show that some light can now pass through both polaroids and prove that its intensity is proportional to 
sin2φ, where φ where is the angle of the second polaroid measured from the position of extinction.

Solution: Suppose the incident beam of light is plane-polarized horizontal so that its ket vector is

(θ11− θ12)



Suppose we now pass the beam through another polaroid with its pass-plane vertical, so that its Jones 
matrix is

The Jones matrix of the polaroid with its pass-plane at angle θ with the x-direction is

so that the ket vector of the beam emerging from the polaroid is

The intensity of the emergent beam is given by



The ket vector emerging from this polaroid will therefore be

The intensity is

There are thus four orientations of the intermediate polaroid which give extinction.

Example 2

Elliptically polarized light is passed through a quarter-wave plate and then through a polaroid. 

Extinction occurs when the optic(fast) axis of the plate and the pass-plane of the polaroid are inclined to 
the horizontal at angles 30° and 60° respectively, the angles being measured in the same direction. 

Find the orientation of the ellipse.

Solution: If we substitute the given angles into the standard formulae for the Jones matrix of the polaroid 
and of the quarter-wave plate, we get the matrix of the polaroid followed by the quarter-wave plate



so that the incident ket is

Suppose the ket vector of the entering beam is

If we assign unit intensity to this beam, then in the usual notation



Since extinction is produced, the ket vector of the emerging beam from the pair of devices must have 
both of its elements equal to zero so that

This says that AX+BY=0 and CX+DY=0.

Now suppose we have a 2x2 square matrix multiplying a column matrix to produce azero column matrix 
thus:

Given that neither X nor Y vanishes for an elliptically polarized beam, we know at once from these 
equations that

We have and so that                      and                    so that



Therefore

Equating real imaginary parts we get

Dividing the second equation by the first now gives

and inverting

The equation between the real parts now gives



Example 3

Solution: The circularly polarized light beam has its components H and K parallel to the two axes equal. 

For a right-handed state the phase difference Δ between them is 90   so the normalized ket vector is

The Jones matrix of the quarter-wave plate with its optic(fast) axis vertical can be written

A beam of right-handed circularly polarized light is passed normally through (a) a quarter-wave plate  
and (b) an eighth-wave plate. 

Both plates are to be regarded as having their optic(fast) axes vertical. 

Describe the state of polarization of the light as it emerges from each plate.

This corresponds to H = K = 1 and              . 

The emerging beam is linearly polarized at an angle of -45  to the x-axis and lying in the second and 
fourth quadrants.



For the eighth-wave plate the phase shift produced between the ordinary and extraordinary waves is 45 , 
so that           and           are both equal to            .

so that the emerging ket vector is

In this case              and the Jones matrix can be written in the form 

From the ratios of the real and imaginary parts of the second component we see that
,

we get                                    because  𝛥 lies between 0  and 180 , the elliptical state is right-handed.

Inserting these values into the matrix, we see that H = K = 1, so that using the standard form for the 
equation of the ellipse



Example 4

Solution: We first set up the ket vector of the original beam. 

This is

The intensity is given by

A wave described byx                                      and                             is incident on a polaroid which is 
rotated in its own plane until the transmitted intensity is a maximum. 

(a) In what direction does the pass-plane of the polaroid now lie?

(b) Compute the ratio of the transmitted intensities observed with the polaroid so oriented and oriented 
with its pass-plane in the y-direction.

After passing through the polarizer at an angle 𝜃 , the ket vector becomes



We now take a short excursion into some real physics calculations.

Just sit back and observe what a full physics major does all the time.



Part 4 -

Let                                     locate a point in space with respect to some origin (position vector) (see 
diagram).

Let        =  a unit vector (            ) pointing in a fixed direction. 

    is dimensionless (it has no units). 

Let                be some physical quantity defined at each point      at some time t.

We refer to             as a “disturbance”.

In this discussion, we will generalize slightly and let              take on complex values.
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<latexit sha1_base64="u2nsA7zzNp9vFLnQUHp7v8kkvQo=">AAACAnicbVBNS8NAEN3Ur1q/qh69BIvgqSQitceCF48VbCu0oUy2m3bJZhN2J0IJufkHvOo/8CZe/SP+AX+H2zYH2/pg4PHeDDPz/ERwjY7zbZU2Nre2d8q7lb39g8Oj6vFJV8epoqxDYxGrRx80E1yyDnIU7DFRDCJfsJ4f3s783hNTmsfyAacJ8yIYSx5wCmik3mACmMl8WK05dWcOe524BamRAu1h9WcwimkaMYlUgNZ910 nQy0Ahp4LllUGqWQI0hDHrGyohYtrL5ufm9oVRRnYQK1MS7bn6dyKDSOtp5JvOCHCiV72Z+J/XTzFoehmXSYpM0sWiIBU2xvbsd3vEFaMopoYAVdzcatMJKKBoElra4isIGeYVE4y7GsM66V7V3Ua9cX9dazWLiMrkjJyTS+KSG9Iid6RNOoSSkLyQV/JmPVvv1of1uWgtWcXMKVmC9fUL62uYKA==</latexit>

n̂
<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t)
<latexit sha1_base64="osc1WFetQxno2fFrPVjy4LNbJXY=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV2RmGPAi8cI5gHJEmYnvcmwsw9meoNhyc0f8Kp/4E28+iP+gN/hJNmDSSxoKKq66e7yEik02va3tbG5tb2zW9gr7h8cHh2XTk5bOk4VhyaPZaw6HtMgRQRNFCihkyhgoSeh7QV3M789BqVFHD3iJAE3ZMNI+IIzNFK7NwaePU37pbJdseeg68TJSZnkaPRLP71BzNMQIuSSad117ATdjCkUXMK02Es1JIwHbAhdQyMWgnaz+blTemmUAfVjZSpCOlf/TmQs1HoSeqYzZDjSq95M/M/rpujX3ExESYoQ8cUiP5UUYzr7nQ6EAo5yYgjjSphbKR8xxTiahJa2eIoFgNOiCcZZjWGdtK4rTrVSfbgp12t5RAVyTi7IFXHILamTe9IgTcJJQF7IK3mznq1368P6XLRuWPnMGVmC9fUL/SCYMw==</latexit>

ωx

<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t)

For example,             can refer to one of the Cartesian components of the electric field               or the 
magnetic field                .

<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t)

<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t)
<latexit sha1_base64="+uHvApjICRwOPf9QmO44rA6xfkg=">AAACD3icbVBLSgNBEO2Jvxh/Y1y6GQxCBAkzIjHLgAguI5gYSIbQ06kkTXo+dNeEhGEO4QXc6g3ciVuP4AU8h53PwiQ+KOrxXhVVPC8SXKFtfxuZjc2t7Z3sbm5v/+DwyDzON1QYSwZ1FopQNj2qQPAA6shRQDOSQH1PwJM3vJ36TyOQiofBI04icH3aD3iPM4pa6pj59ghYcpcWZ32cXuJFxyzYJXsGa504C1IgC9Q65k+7G7LYhwCZoEq1HDtCN6ESOROQ5tqxgoiyIe1DS9OA+qDcZPZ7ap1rpWv1QqkrQGum/t1IqK/UxPf0pE9xoFa9qfif14qxV3ETHkQxQsDmh3qxsDC0pkFYXS6BoZhoQpnk+leLDaikDHVcS1c8SYeAaU4H46zGsE4aVyWnXCo/XBeqlUVEWXJKzkiROOSGVMk9qZE6YWRMXsgreTOejXfjw/icj2aMxc4JWYLx9QtJpJya</latexit>

ωE(ωx, t)
<latexit sha1_base64="wUIguE5IW+A/EodtRV8TdvB6N00=">AAACD3icbVBLSgNBEO2Jvxh/Y1y6GQxCBAkzIjHLoBuXEUwMJEPo6VSSJj0fumtCwjCH8AJu9QbuxK1H8AKew85nYRIfFPV4r4oqnhcJrtC2v43MxubW9k52N7e3f3B4ZB7nGyqMJYM6C0Uomx5VIHgAdeQooBlJoL4n4Mkb3k39pxFIxcPgEScRuD7tB7zHGUUtdcx8ewQsuU2Lsz5OL/GiYxbskj2DtU6cBSmQBWod86fdDVnsQ4BMUKVajh2hm1CJnAlIc+1YQUTZkPahpWlAfVBuMvs9tc610rV6odQVoDVT/24k1Fdq4nt60qc4UKveVPzPa8XYq7gJD6IYIWDzQ71YWBha0yCsLpfAUEw0oUxy/avFBlRShjqupSuepEPANKeDcVZjWCeNq5JTLpUfrgvVyiKiLDklZ6RIHHJDquSe1EidMDImL+SVvBnPxrvxYXzORzPGYueELMH4+gVEuJyX</latexit>

ωB(ωx, t)



Definition:                is a plane wave if it can be written in the form 

where F is some arbitrary function of one variable, where     is some fixed unit vector and 𝑣 = a real 
constant,  𝑣 > 0.

Clearly,  𝑣 has units of 

Consider the points in space for which                       = constant (𝜂 remains constant at these points).

Therefore

<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t)

<latexit sha1_base64="u2nsA7zzNp9vFLnQUHp7v8kkvQo=">AAACAnicbVBNS8NAEN3Ur1q/qh69BIvgqSQitceCF48VbCu0oUy2m3bJZhN2J0IJufkHvOo/8CZe/SP+AX+H2zYH2/pg4PHeDDPz/ERwjY7zbZU2Nre2d8q7lb39g8Oj6vFJV8epoqxDYxGrRx80E1yyDnIU7DFRDCJfsJ4f3s783hNTmsfyAacJ8yIYSx5wCmik3mACmMl8WK05dWcOe524BamRAu1h9WcwimkaMYlUgNZ910nQy0Ahp4LllUGqWQI0hDHrGyohYtrL5ufm9oVRRnYQK1MS7bn6dyKDSOtp5JvOCHCiV72Z+J/XTzFoehmXSYpM0sWiIBU2xvbsd3vEFaMopoYAVdzcatMJKKBoElra4isIGeYVE4y7GsM66V7V3Ua9cX9dazWLiMrkjJyTS+KSG9Iid6RNOoSSkLyQV/JmPVvv1of1uWgtWcXMKVmC9fUL62uYKA==</latexit>

n̂

<latexit sha1_base64="BvSpHvKCdVFz3Nwaj0KS5SqcSQ8=">AAACFnicbVDLSgNBEJyNrxhfUU/iZTAIXgy7IjHHgBePCkaF7BJmZzvJkNnZZaY3GJbF3/AHvOofeBOvXv0Bv8NJzMFXQUNR1U13V5hKYdB1353S3PzC4lJ5ubKyura+Ud3cujJJpjm0eSITfRMyA1IoaKNACTepBhaHEq7D4enEvx6BNiJRlzhOIYhZX4me4Ayt1K3u+CPg+W1BfR4lSP0Bw1wV9HCE3WrNrbtT0L/Em5EameG8W/3wo4RnMSjkkhnT8dwUg5xpFFxCUfEzAynjQ9aHjqWKxWCCfPpCQfetEtFeom0ppFP1+0TOYmPGcWg7Y4YD89ubiP95nQx7zSAXKs0QFP9a1MskxYRO8qCR0MBRji1hXAt7K+UDphlHm9qPLaFmQ8CiYoPxfsfwl1wd1b1GvXFxXGs1ZxGVyS7ZIwfEIyekRc7IOWkTTu7IA3kkT8698+y8OK9frSVnNrNNfsB5+wTWT5+U</latexit>

ωx · n̂→ vt

This projection moves with constant speed 𝑣. 

These relationships are shown in the figure

All points on the plane perpendicular to       have the same 
value of           . 

<latexit sha1_base64="u2nsA7zzNp9vFLnQUHp7v8kkvQo=">AAACAnicbVBNS8NAEN3Ur1q/qh69BIvgqSQitceCF48VbCu0oUy2m3bJZhN2J0IJufkHvOo/8CZe/SP+AX+H2zYH2/pg4PHeDDPz/ERwjY7zbZU2Nre2d8q7lb39g8Oj6vFJV8epoqxDYxGrRx80E1yyDnIU7DFRDCJfsJ4f3s783hNTmsfyAacJ8yIYSx5wCmik3mACmMl8WK05dWcOe524BamRAu1h9WcwimkaMYlUgNZ910nQy0Ahp4LllUGqWQI0hDHrGyohYtrL5ufm9oVRRnYQK1MS7bn6dyKDSOtp5JvOCHCiV72Z+J/XTzFoehmXSYpM0sWiIBU2xvbsd3vEFaMopoYAVdzcatMJKKBoElra4isIGeYVE4y7GsM66V7V3Ua9cX9dazWLiMrkjJyTS+KSG9Iid6RNOoSSkLyQV/JmPVvv1of1uWgtWcXMKVmC9fUL62uYKA==</latexit>

n̂
<latexit sha1_base64="vmKf5fJiZaJMqX81PuCMN9mBGW0=">AAACE3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIVJeCG5cVbBWaUCbTWzt0MgkzN8US8xn+gFv9A3fi1g/wB/wOp20Wvg5cOJxzL+dyolQKg5734czNLywuLVdWqqtr6xub7tZ22ySZ5tDiiUz0TcQMSKGghQIl3KQaWBxJuI6G5xP/egTaiERd4TiFMGa3SvQFZ2ilrrsbjIDndwUNeC9BGgwY5qqgXbfm1b0p6F/il6RGSjS77mfQS3gWg0IumTEd30sxzJlGwSUU1SAzkDI+ZLfQsVSxGEyYT/8v6IFVerSfaDsK6VT9fpGz2JhxHNnNmOHA/PYm4n9eJ8P+aZgLlWYIis+C+pmkmNBJGbQnNHCUY0sY18L+SvmAacbRVvYjJdJsCFhUbTH+7xr+kvZR3W/UG5fHtbPTsqIK2SP75JD45ISckQvSJC3CyT15JE/k2XlwXpxX5222OueUNzvkB5z3L4+jnl8=</latexit>

ωx · n̂



Thus, the surfaces on which               has a fixed value are plane surfaces perpendicular to   which  
move at speed  𝑣  in the     direction (hence the name plane wave).

<latexit sha1_base64="u2nsA7zzNp9vFLnQUHp7v8kkvQo=">AAACAnicbVBNS8NAEN3Ur1q/qh69BIvgqSQitceCF48VbCu0oUy2m3bJZhN2J0IJufkHvOo/8CZe/SP+AX+H2zYH2/pg4PHeDDPz/ERwjY7zbZU2Nre2d8q7lb39g8Oj6vFJV8epoqxDYxGrRx80E1yyDnIU7DFRDCJfsJ4f3s783hNTmsfyAacJ8yIYSx5wCmik3mACmMl8WK05dWcOe524BamRAu1h9WcwimkaMYlUgNZ910nQy0Ahp4LllUGqWQI0hDHrGyohYtrL5ufm9oVRRnYQK1MS7bn6dyKDSOtp5JvOCHCiV72Z+J/XTzFoehmXSYpM0sWiIBU2xvbsd3vEFaMopoYAVdzcatMJKKBoElra4isIGeYVE4y7GsM66V7V3Ua9cX9dazWLiMrkjJyTS+KSG9Iid6RNOoSSkLyQV/JmPVvv1of1uWgtWcXMKVmC9fUL62uYKA==</latexit>

n̂
<latexit sha1_base64="u2nsA7zzNp9vFLnQUHp7v8kkvQo=">AAACAnicbVBNS8NAEN3Ur1q/qh69BIvgqSQitceCF48VbCu0oUy2m3bJZhN2J0IJufkHvOo/8CZe/SP+AX+H2zYH2/pg4PHeDDPz/ERwjY7zbZU2Nre2d8q7lb39g8Oj6vFJV8epoqxDYxGrRx80E1yyDnIU7DFRDCJfsJ4f3s783hNTmsfyAacJ8yIYSx5wCmik3mACmMl8WK05dWcOe524BamRAu1h9WcwimkaMYlUgNZ910nQy0Ahp4LllUGqWQI0hDHrGyohYtrL5ufm9oVRRnYQK1MS7bn6dyKDSOtp5JvOCHCiV72Z+J/XTzFoehmXSYpM0sWiIBU2xvbsd3vEFaMopoYAVdzcatMJKKBoElra4isIGeYVE4y7GsM66V7V3Ua9cX9dazWLiMrkjJyTS+KSG9Iid6RNOoSSkLyQV/JmPVvv1of1uWgtWcXMKVmC9fUL62uYKA==</latexit>

n̂

That is what a plane wave is!!!

Now

Similarly

Therefore, the

<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t)

and



which is the classical wave equation.

It is obeyed by any plane wave of the form  

where 𝑣 = phase velocity of the plane wave. 

Note that:



Definition:               is a spherical wave if it can be written in the form

where,              , G is some arbitrary function on one variable and where 𝑣 is a real constant ( 𝑣 > 0) and  
𝑣 has dimensions of velocity.

Now consider the points in space for which              = constant (G remains constant at these points).

We consider                and              as two separate cases.

Therefore,                                    a sphere (centered at r = 0 that moves (outward or inward) with speed v. 

Thus, the constant phase surfaces on which (                 ) has a fixed value are spheres (with center at the 
origin which move (outward or inward) with speed v.

<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t)

<latexit sha1_base64="fUYlRteHHu1S6lr4V6Xib6IAykA=">AAACCXicbVDLSsNAFJ34rPVVdelmsAiuSiJSuxEKblxWsA9oY5lMb9qhk0mYmRRLmi/wB9zqH7gTt36FP+B3OG2zsK0HLhzOuZdzOV7EmdK2/W2trW9sbm3ndvK7e/sHh4Wj44YKY0mhTkMeypZHFHAmoK6Z5tCKJJDA49D0hrdTvzkCqVgoHvQ4AjcgfcF8Rok20qPEN3jSGQFNntIJ7haKdsmeAa8SJyNFlKHWLfx0eiGNAxCacqJU27Ej7SZEakY5pPlOrCAidEj60DZUkACUm8y+TvG5UXrYD6UZofFM/XuRkECpceCZzYDogVr2puJ/XjvWfsVNmIhiDYLOg/yYYx3iaQW4xyRQzceGECqZ+RXTAZGEalPUQoonyRB0mjfFOMs1rJLGZckpl8r3V8VqJasoh07RGbpADrpGVXSHaqiOKJLoBb2iN+vZerc+rM/56pqV3ZygBVhfv1HumoA=</latexit>

r = |ωx|

<latexit sha1_base64="WPatSe6IPmdM4Jn+q+UqQVOxGhE=">AAACBHicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY4kXjxiIqCBDZkdBpgws7uZ6SUhG67+gFf9A2/Gq//hD/gdDrAHASvppFLVne6uIJbCoOt+O7mNza3tnfxuYW//4PCoeHzSNFGiGW+wSEb6MaCGSxHyBgqU/DHWnKpA8lYwup35rTHXRkThA05i7is6CEVfMIpWetKkEysyRtItltyyOwdZJ15GSpCh3i3+dHoRSxQPkUlqTNtzY/RTqlEwyaeFTmJ4TNmIDnjb0pAqbvx0fvCUXFilR/qRthUimat/J1KqjJmowHYqikOz6s3E/7x2gv2qn4owTpCHbLGon0iCEZl9T3pCc4ZyYgllWthbCRtSTRnajJa2BJqOOE4LNhhvNYZ10rwqe5Vy5f66VKtmEeXhDM7hEjy4gRrcQR0awEDBC7zCm/PsvDsfzueiNedkM6ewBOfrFylcmDI=</latexit>

r ± vt

<latexit sha1_base64="Jpz97LKAG9GwtDoMOil7iH7jjSI=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBAEIeyKxBwDXjxGMA9IljA76U2GnX0w0xsIS27+gFf9A2/i1R/xB/wOJ8keTGJBQ1HVTXeXl0ih0ba/rY3Nre2d3cJecf/g8Oi4dHLa0nGqODR5LGPV8ZgGKSJookAJnUQBCz0JbS+4n/ntMSgt4ugJJwm4IRtGwhecoZHail7TMdJ+qWxX7DnoOnFyUiY5Gv3ST28Q8zSECLlkWncdO0E3YwoFlzAt9lINCeMBG0LX0IiFoN1sfu6UXhplQP1YmYqQztW/ExkLtZ6EnukMGY70qjcT//O6Kfo1NxNRkiJEfLHITyXFmM5+pwOhgKOcGMK4EuZWykdMMY4moaUtnmIB4LRognFWY1gnrZuKU61UH2/L9VoeUYGckwtyRRxyR+rkgTRIk3ASkBfySt6sZ+vd+rA+F60bVj5zRpZgff0CKmCXEA==</latexit>

r + vt
<latexit sha1_base64="h7i51owhE11ezhVmDMT03IiORGU=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBC8GHZFYo4BLx4jmAckS5id9CbDzj6Y6Q2EJTd/wKv+gTfx6o/4A36Hk2QPJrGgoajqprvLS6TQaNvf1sbm1vbObmGvuH9weHRcOjlt6ThVHJo8lrHqeEyDFBE0UaCETqKAhZ6Ethfcz/z2GJQWcfSEkwTckA0j4QvO0EhtRa/pGGm/VLYr9hx0nTg5KZMcjX7ppzeIeRpChFwyrbuOnaCbMYWCS5gWe6mGhPGADaFraMRC0G42P3dKL40yoH6sTEVI5+rfiYyFWk9Cz3SGDEd61ZuJ/3ndFP2am4koSREivljkp5JiTGe/04FQwFFODGFcCXMr5SOmGEeT0NIWT7EAcFo0wTirMayT1k3FqVaqj7flei2PqEDOyQW5Ig65I3XyQBqkSTgJyAt5JW/Ws/VufVifi9YNK585I0uwvn4BLZiXEg==</latexit>

r → vt

<latexit sha1_base64="UeBPNRARnwk0iZfKcC0hu0AQUQY=">AAACF3icbVDLSgNBEJyNrxhfUW96GQyCp7ArEnMRAl48RjAPSEKYnXSSIbOzy0xvMCwBf8Mf8Kp/4E28evQH/A4nj4NJLGgoqrrp7vIjKQy67reTWlvf2NxKb2d2dvf2D7KHR1UTxppDhYcy1HWfGZBCQQUFSqhHGljgS6j5g9uJXxuCNiJUDziKoBWwnhJdwRlaqZ090fSGNhEeMeGhMsgUjmkzCugQ29mcm3enoKvEm5McmaPczv40OyGPA1DIJTOm4bkRthKmUXAJ40wzNhAxPmA9aFiqWACmlUx/GNNzq3RoN9S2FNKp+nciYYExo8C3nQHDvln2JuJ/XiPGbrGVCBXFCIrPFnVjSTGkk0BoR2jgKEeWMK6FvZXyPtOMo41tYYuv2QBwnLHBeMsxrJLqZd4r5Av3V7lScR5RmpySM3JBPHJNSuSOlEmFcPJEXsgreXOenXfnw/mctaac+cwxWYDz9Qt8HZ/t</latexit>

r = constant± vt

<latexit sha1_base64="5Uol9YAK0UHk8QWoZjI0DzfjUFA=">AAACFHicbVDJSgNBEO1xjXGLevDgpTEIESTMiMQcA148RjALZELo6VSSJj0L3TXBMMxv+ANe9Q+8iVfv/oDfYWc5mMQHBY/3qqiq50VSaLTtb2ttfWNzazuzk93d2z84zB0d13UYKw41HspQNT2mQYoAaihQQjNSwHxPQsMb3k38xgiUFmHwiOMI2j7rB6InOEMjdXKnirq8GyJ1AVnBHQFPntIrvOzk8nbRnoKuEmdO8mSOaif343ZDHvsQIJdM65ZjR9hOmELBJaRZN9YQMT5kfWgZGjAfdDuZPpDSC6N0aS9UpgKkU/XvRMJ8rce+Zzp9hgO97E3E/7xWjL1yOxFBFCMEfLaoF0uKIZ2kQbtCAUc5NoRxJcytlA+YYhxNZgtbPMWGgGnWBOMsx7BK6tdFp1QsPdzkK+V5RBlyRs5JgTjkllTIPamSGuEkJS/klbxZz9a79WF9zlrXrPnMCVmA9fULeD+eQw==</latexit>

r · ω(εx, t)



v = phase velocity of the spherical wave. 

The 1/r factor was used in the definition of              so that               obeys the classical wave equation for 
r ≠ 0.

We prove this as follows.

First consider a function f(r).

We have

<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t)
<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t)

We need to calculate ∇2f(r) where                                                .
<latexit sha1_base64="Ae0qQemEPuaz5mQJOtgRn9ho2C8=">AAACH3icbZDJSgNBEIZ73I3bqEcvjUEQhDATJOYiBLx4VDCJkI2eTiVp0rPYXSPGydx9DV/Aq76BN/GaF/A57CwHo/5Q8PFXFdX9e5EUGh1nZC0sLi2vrK6tZzY2t7Z37N29ig5jxaHMQxmqW49pkCKAMgqUcBspYL4noer1L8b96j0oLcLgBgcRNHzWDURHcIbGatmHip7TYf0eePKQDg3X9Z3C5KGZPxmYemzm05addXLORPQvuDPIkpmuWvZXvR3y2IcAuWRa11wnwkbCFAouIc3UYw0R433WhZrBgPmgG8nkLyk9Mk6bdkJlKkA6cX9uJMzXeuB7ZtJn2NO/e2Pzv14txk6xkYggihECPj3UiSXFkI6DoW2hgKMcGGBcCfNWyntMMY4mvrkrnmJ9wDRjgnF/x/AXKvmcW8gVrk+zpeIsojVyQA7JMXHJGSmRS3JFyoSTJ/JCXsmb9Wy9Wx/W53R0wZrt7JM5WaNvZZ6iZQ==</latexit>

r = |ωx| =
√

x2 + y2 + z2



and similarly for                  and                      .

We then obtain

But

Therefore,

for r ≠ 0 since things are not defined for r = 0.

<latexit sha1_base64="VPypyj3r4UrC2Aw53w8U9+CxQ0s=">AAACFnicbVDLSgMxFM3UV62vUVfiJlgEV3WmSO2y4MZlBfuAdloy6Z02NPMgyQjDUPwNf8Ct/oE7cevWH/A7zLQVbOuBwMk595EcN+JMKsv6MnJr6xubW/ntws7u3v6BeXjUlGEsKDRoyEPRdokEzgJoKKY4tCMBxHc5tNzxTea3HkBIFgb3KonA8ckwYB6jRGmpb550IyIUI7xXxt7l7wUnvXLfLFolawq8Suw5KaI56n3zuzsIaexDoCgnUnZsK1JOmk2kHCaFbiwhInRMhtDRNCA+SCedfmGCz7UywF4o9AkUnqp/O1LiS5n4rq70iRrJZS8T//M6sfKqTsqCKFYQ0NkiL+ZYhTjLAw+YAKp4ogmhgum3YjoiglClU1vY4goyBjUp6GDs5RhWSbNcsiulyt1VsVadR5RHp+gMXSAbXaMaukV11EAUPaJn9IJejSfjzXg3PmalOWPec4wWYHz+APuAnw4=</latexit>

ω2f/ωy2
<latexit sha1_base64="badcDiOUhWa3DKA/nVtuNAiIEgs=">AAACFnicbVDLSgMxFM34rPU16krcBIvgqs4UqV0W3LisYB/QTksmzbShmQfJHaEOxd/wB9zqH7gTt279Ab/DTDuCbT0QODnnPpLjRoIrsKwvY2V1bX1jM7eV397Z3ds3Dw4bKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7qj69Rv3jOpeBjcwThijk8GAfc4JaClnnnciYgETkS3hL2L3wt+6JZ6ZsEqWlPgZWJnpIAy1Hrmd6cf0thnAVBBlGrbVgROkk6kgk3ynVixiNARGbC2pgHxmXKS6Rcm+EwrfeyFUp8A8FT925EQX6mx7+pKn8BQLXqp+J/XjsGrOAkPohhYQGeLvFhgCHGaB+5zySiIsSaESq7fiumQSEJBpza3xZVkxGCS18HYizEsk0apaJeL5dvLQrWSRZRDJ+gUnSMbXaEqukE1VEcUPaJn9IJejSfjzXg3PmalK0bWc4TmYHz+AP0anw8=</latexit>

ω2f/ωz2

Now for



so that spherical waves also obey the classical wave equation (for r ≠ 0).

Definition: A function                has a definite frequency if it is of the form 

The 1/r factor is required physically of course to account for the 1/r2 decrease in the intensity of a 
spherical wave with distance.

where f±(   ) are arbitrary functions of       and where  𝜔  is a real number such that               .

𝜔 = the angular frequency.

Now

<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t)

<latexit sha1_base64="osc1WFetQxno2fFrPVjy4LNbJXY=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV2RmGPAi8cI5gHJEmYnvcmwsw9meoNhyc0f8Kp/4E28+iP+gN/hJNmDSSxoKKq66e7yEik02va3tbG5tb2zW9gr7h8cHh2XTk5bOk4VhyaPZaw6HtMgRQRNFCihkyhgoSeh7QV3M789BqVFHD3iJAE3ZMNI+IIzNFK7NwaePU37pbJdseeg68TJSZnkaPRLP71BzNMQIuSSad117ATdjCkUXMK02Es1JIwHbAhdQyMWgnaz+blTemmUAfVjZSpCOlf/TmQs1HoSeqYzZDjSq95M/M/rpujX3ExESYoQ8cUiP5UUYzr7nQ6EAo5yYgjjSphbKR8xxTiahJa2eIoFgNOiCcZZjWGdtK4rTrVSfbgp12t5RAVyTi7IFXHILamTe9IgTcJJQF7IK3mznq1368P6XLRuWPnMGVmC9fUL/SCYMw==</latexit>

ωx
<latexit sha1_base64="TwC6KpBRsH42XL8sGgdJyl64suc=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRKR2mXBjcsKthWaUCbTm3ToTCbMTIQS+gH+gFv9A3fi1s/wB/wOp20WtvXAhcM593IuJ0w508Z1v53SxubW9k55t7K3f3B4VD0+6WqZKQodKrlUjyHRwFkCHcMMh8dUAREhh144vp35vSdQmsnkwUxSCASJExYxSoyVfF8KiAn2Y8DuoFpz6+4ceJ14BamhAu1B9ccfSpoJSAzlROu+56YmyIkyjHKYVvxMQ0romMTQtzQhAnSQz3+e4gurDHEklZ3E4Ln69yInQuuJCO2mIGakV72Z+J/Xz0zUDHKWpJmBhC6CooxjI/GsADxkCqjhE0sIVcz+iumIKEKNrWkpJVRkDGZascV4qzWsk+5V3WvUG/fXtVazqKiMztA5ukQeukEtdIfaqIMoStELekVvzrPz7nw4n4vVklPcnKIlOF+/SamZWA==</latexit>

ω → 0
<latexit sha1_base64="osc1WFetQxno2fFrPVjy4LNbJXY=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV2RmGPAi8cI5gHJEmYnvcmwsw9meoNhyc0f8Kp/4E28+iP+gN/hJNmDSSxoKKq66e7yEik02va3tbG5tb2zW9gr7h8cHh2XTk5bOk4VhyaPZaw6HtMgRQRNFCihkyhgoSeh7QV3M789BqVFHD3iJAE3ZMNI+IIzNFK7NwaePU37pbJdseeg68TJSZnkaPRLP71BzNMQIuSSad117ATdjCkUXMK02Es1JIwHbAhdQyMWgnaz+blTemmUAfVjZSpCOlf/TmQs1HoSeqYzZDjSq95M/M/rpujX3ExESYoQ8cUiP5UUYzr7nQ6EAo5yYgjjSphbKR8xxTiahJa2eIoFgNOiCcZZjWGdtK4rTrVSfbgp12t5RAVyTi7IFXHILamTe9IgTcJJQF7IK3mznq1368P6XLRuWPnMGVmC9fUL/SCYMw==</latexit>

ωx

so that this               is a linear superposition of               and            .
<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t)
<latexit sha1_base64="Vtt8QSE05SVNUUBI8mG4fkAF6EY=">AAACCXicbVBLSgNBFOyJvxh/UZduGoPgKsyIxCwDblxGMB9IYujpvEma9EwP3W+EMMwJvIBbvYE7cespvIDnsPNZmMSCB0XVe9Sj/FgKg6777eQ2Nre2d/K7hb39g8Oj4vFJ06hEc2hwJZVu+8yAFBE0UKCEdqyBhb6Elj++nfqtJ9BGqOgBJzH0QjaMRCA4Qys9drkyaVeFMGQUs36x5JbdGeg68RakRBao94s/3YHiSQgRcsmM6XhujL2UaRRcQlboJgZixsdsCB1LIxaC6aWzrzN6YZUBDZS2EyGdqX8vUhYaMwl9uxkyHJlVbyr+53USDKq9VERxghDxeVCQSIqKTiugA6GBo5xYwrgW9lfKR0wzjraopRRfszFgVrDFeKs1rJPmVdmrlCv316VadVFRnpyRc3JJPHJDauSO1EmDcKLJC3klb86z8+58OJ/z1ZyzuDklS3C+fgElqJsB</latexit>

cosωt
<latexit sha1_base64="WviqS6EtjOM3thvOVpoq+Rt14Kc=">AAACCXicbVBLSgNBFOyJvxh/UZduGoPgKsyIxCwDblxGMB9IYujpvEma9PQM3W+EMMwJvIBbvYE7cespvIDnsPNZmMSCB0XVe9Sj/FgKg6777eQ2Nre2d/K7hb39g8Oj4vFJ00SJ5tDgkYx022cGpFDQQIES2rEGFvoSWv74duq3nkAbEakHnMTQC9lQiUBwhlZ67Bqh0m4UwpBRzPrFklt2Z6DrxFuQElmg3i/+dAcRT0JQyCUzpuO5MfZSplFwCVmhmxiIGR+zIXQsVSwE00tnX2f0wioDGkTajkI6U/9epCw0ZhL6djNkODKr3lT8z+skGFR7qVBxgqD4PChIJMWITiugA6GBo5xYwrgW9lfKR0wzjraopRRfszFgVrDFeKs1rJPmVdmrlCv316VadVFRnpyRc3JJPHJDauSO1EmDcKLJC3klb86z8+58OJ/z1ZyzuDklS3C+fgEt7JsG</latexit>

sinωt

In addition, at a point        since                       , this function               repeats itself in time after a time 
interval  T   (period of             ) where                     or 

independent of    . 

The frequency of              is then

<latexit sha1_base64="osc1WFetQxno2fFrPVjy4LNbJXY=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV2RmGPAi8cI5gHJEmYnvcmwsw9meoNhyc0f8Kp/4E28+iP+gN/hJNmDSSxoKKq66e7yEik02va3tbG5tb2zW9gr7h8cHh2XTk5bOk4VhyaPZaw6HtMgRQRNFCihkyhgoSeh7QV3M789BqVFHD3iJAE3ZMNI+IIzNFK7NwaePU37pbJdseeg68TJSZnkaPRLP71BzNMQIuSSad117ATdjCkUXMK02Es1JIwHbAhdQyMWgnaz+blTemmUAfVjZSpCOlf/TmQs1HoSeqYzZDjSq95M/M/rpujX3ExESYoQ8cUiP5UUYzr7nQ6EAo5yYgjjSphbKR8xxTiahJa2eIoFgNOiCcZZjWGdtK4rTrVSfbgp12t5RAVyTi7IFXHILamTe9IgTcJJQF7IK3mznq1368P6XLRuWPnMGVmC9fUL/SCYMw==</latexit>

ωx
<latexit sha1_base64="5/uZSfMOfgiQV2AEmr0tJ4yjcsg=">AAACEHicbVDLSsNAFJ3UV62vaJduBosgCCUpUrsRCm5cVrAPaGKZTG/boZMHMxMhhPyEP+BW/8CduPUP/AG/w2mbhW09cOFwzr2cy/EizqSyrG+jsLG5tb1T3C3t7R8cHpnHJx0ZxoJCm4Y8FD2PSOAsgLZiikMvEkB8j0PXm97O/O4TCMnC4EElEbg+GQdsxChRWhqYZXhMncjHNSdimGX4Bl/aA7NiVa058Dqxc1JBOVoD88cZhjT2IVCUEyn7thUpNyVCMcohKzmxhIjQKRlDX9OA+CDddP58hs+1MsSjUOgJFJ6rfy9S4kuZ+J7e9ImayFVvJv7n9WM1argpC6JYQUAXQaOYYxXiWRN4yARQxRNNCBVM/4rphAhCle5rKcUTZAoqK+li7NUa1kmnVrXr1fr9VaXZyCsqolN0hi6Qja5RE92hFmojihL0gl7Rm/FsvBsfxuditWDkN2W0BOPrF+h1m68=</latexit>

e±2ωi = +1
<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t)
<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t) <latexit sha1_base64="LQJvML9abGshA3QRM8NcIBb/gSA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAiuSlKkdiMU3Lis0Bc0oUymN+3QmSTMTAol9Bv8Abf6B+7Erd/gD/gdTtssbOuBC4dz7uVcTpBwprTjfFtb2zu7e/uFg+Lh0fHJqX123lZxKim0aMxj2Q2IAs4iaGmmOXQTCUQEHDrB+GHudyYgFYujpp4m4AsyjFjIKNFG6tu2FwsYEtzE97iCvYT17ZJTdhbAm8TNSQnlaPTtH28Q01RApCknSvVcJ9F+RqRmlMOs6KUKEkLHZAg9QyMiQPnZ4vMZvjbKAIexNBNpvFD/XmREKDUVgdkURI/UujcX//N6qQ5rfsaiJNUQ0WVQmHKsYzyvAQ+YBKr51BBCJTO/YjoiklBtylpJCSQZg54VTTHueg2bpF0pu9Vy9em2VK/lFRXQJbpCN8hFd6iOHlEDtRBFE/SCXtGb9Wy9Wx/W53J1y8pvLtAKrK9fy66akQ==</latexit>

ωT = 2ε

<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t)

<latexit sha1_base64="osc1WFetQxno2fFrPVjy4LNbJXY=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV2RmGPAi8cI5gHJEmYnvcmwsw9meoNhyc0f8Kp/4E28+iP+gN/hJNmDSSxoKKq66e7yEik02va3tbG5tb2zW9gr7h8cHh2XTk5bOk4VhyaPZaw6HtMgRQRNFCihkyhgoSeh7QV3M789BqVFHD3iJAE3ZMNI+IIzNFK7NwaePU37pbJdseeg68TJSZnkaPRLP71BzNMQIuSSad117ATdjCkUXMK02Es1JIwHbAhdQyMWgnaz+blTemmUAfVjZSpCOlf/TmQs1HoSeqYzZDjSq95M/M/rpujX3ExESYoQ8cUiP5UUYzr7nQ6EAo5yYgjjSphbKR8xxTiahJa2eIoFgNOiCcZZjWGdtK4rTrVSfbgp12t5RAVyTi7IFXHILamTe9IgTcJJQF7IK3mznq1368P6XLRuWPnMGVmC9fUL/SCYMw==</latexit>

ωx



Plane Wave of Definite Frequency: we have

Therefore, we can write

where A± are constants so that it fits the standard functional form.

If we let                                 = propagation vector so that    is parallel to         = direction of wave 
propagation, then

Now let               (propagation in the z-direction) for definiteness,

Therefore 

<latexit sha1_base64="LSFuqUVW+MIVWw1t/jat6M8mrrw=">AAACInicbVDLSitBEO3xen3kXjXq0k1jEO5C4oyIuhEENy4VjAqZEGo6laSZnp6huyYQhvkCf8MfcKt/cHfiSnDtd9gTs/B1oIrDOVVU94kyJS35/rM382v299z8wmLtz9+l5ZX66tqlTXMjsCVSlZrrCCwqqbFFkhReZwYhiRReRfFJ5V+N0FiZ6gsaZ9hJYKBlXwogJ3XrW2Ga4AB2RkcxD7f5dtXCEYoiLitlCFToknfrDb/pT8C/k2BKGmyKs279NeylIk9Qk1BgbTvwM+oUYEgKhWUtzC1mIGIYYNtRDQnaTjH5Tsm3nNLj/dS40sQn6seNAhJrx0nkJhOgof3qVeJPXjun/mGnkDrLCbV4P9TPFaeUV9nwnjQoSI0dAWGkeysXQzAgyCX46UpkIEYqay6Y4GsM38nlbjPYb+6f7zWOD6cRLbANtsn+sYAdsGN2ys5Yiwl2w+7YPXvwbr3/3qP39D4640131tkneC9vbpai2A==</latexit>

ω/v = k , εk = kn̂
<latexit sha1_base64="HAFQYNtm5tu1Fro/JkTFJuaFCmk=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRKR2mXBjcsK9gFtKJPpTTtkMgkzk0IJ3fkDbvUP3Ilbf8Qf8DuctlnY1gMXDufcy733+AlnSjvOt1XY2t7Z3Svulw4Oj45PyqdnbRWnkmKLxjyWXZ8o5ExgSzPNsZtIJJHPseOH93O/M0GpWCye9DRBLyIjwQJGiTZSpz9BmoWzQbniVJ0F7E3i5qQCOZqD8k9/GNM0QqEpJ0r1XCfRXkakZpTjrNRPFSaEhmSEPUMFiVB52eLcmX1llKEdxNKU0PZC/TuRkUipaeSbzojosVr35uJ/Xi/VQd3LmEhSjYIuFwUpt3Vsz3+3h0wi1XxqCKGSmVttOiaSUG0SWtniSxKinpVMMO56DJukfVN1a9Xa422lUc8jKsIFXMI1uHAHDXiAJrSAQggv8Apv1rP1bn1Yn8vWgpXPnMMKrK9f6FuYJg==</latexit>

ωk
<latexit sha1_base64="u2nsA7zzNp9vFLnQUHp7v8kkvQo=">AAACAnicbVBNS8NAEN3Ur1q/qh69BIvgqSQitceCF48VbCu0oUy2m3bJZhN2J0IJufkHvOo/8CZe/SP+AX+H2zYH2/pg4PHeDDPz/ERwjY7zbZU2Nre2d8q7lb39g8Oj6vFJV8epoqxDYxGrRx80E1yyDnIU7DFRDCJfsJ4f3s783hNTmsfyAacJ8yIYSx5wCmik3mACmMl8WK05dWcOe524BamRAu1h9WcwimkaMYlUgNZ910nQy0Ahp4LllUGqWQI0hDHrGyohYtrL5ufm9oVRRnYQK1MS7bn6dyKDSOtp5JvOCHCiV72Z+J/XTzFoehmXSYpM0sWiIBU2xvbsd3vEFaMopoYAVdzcatMJKKBoElra4isIGeYVE4y7GsM66V7V3Ua9cX9dazWLiMrkjJyTS+KSG9Iid6RNOoSSkLyQV/JmPVvv1of1uWgtWcXMKVmC9fUL62uYKA==</latexit>

n̂

<latexit sha1_base64="037vlbaBnyRY7cVgJh/ge0TgQGM=">AAACDnicbZDLSsNAFIYnXmu9pbp0M1gEVyURqd0IBTcuK9gLtKFMptN26GQSZk6UGvIOvoBbfQN34tZX8AV8DqdpFrb1hwMf/zmHc/j9SHANjvNtra1vbG5tF3aKu3v7B4d26ailw1hR1qShCFXHJ5oJLlkTOAjWiRQjgS9Y25/czPrtB6Y0D+U9TCPmBWQk+ZBTAsbq26XemEAiU3yNM3pK+3bZqTiZ8Cq4OZRRrkbf/ukNQhoHTAIVROuu60TgJUQBp4KlxV6sWUTohIxY16AkAdNekr2e4jPjDPAwVKYk4Mz9u5GQQOtp4JvJgMBYL/dm5n+9bgzDmpdwGcXAJJ0fGsYCQ4hnOeABV4yCmBogVHHzK6ZjoggFk9bCFV+RCYO0aIJxl2NYhdZFxa1WqneX5Xotj6iATtApOkcuukJ1dIsaqIkoekQv6BW9Wc/Wu/Vhfc5H16x85xgtyPr6BaPinEU=</latexit>

n̂ = ẑ



At a given time,               repeats itself in z after a distance   𝜆   (wavelength of            ) where 

or 

Now

or

Note:                        has phase                    .

This phase is constant when

<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t)
<latexit sha1_base64="lwyLYjgH1/cxCsTuEttX12XPdUw=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVZIitRuh4MZlBfuAJpTJ5KYdMnkwMymU0G/wB9zqH7gTt36DP+B3OG2zsK0HLhzOOZd7OV7KmVSW9W2UtrZ3dvfK+5WDw6PjE/P0rCuTTFDo0IQnou8RCZzF0FFMceinAkjkceh54f3c701ASJbET2qaghuRUcwCRonS0tA0Q4frtE/wHa5jJ2VDs2rVrAXwJrELUkUF2kPzx/ETmkUQK8qJlAPbSpWbE6EY5TCrOJmElNCQjGCgaUwikG6++HyGr7Ti4yARemKFF+rfjZxEUk4jTycjosZy3ZuL/3mDTAVNN2dxmimI6fJQkHGsEjyvAftMAFV8qgmhgulfMR0TQajSZa1c8QQJQc0quhh7vYZN0q3X7Eat8XhTbTWLisroAl2ia2SjW9RCD6iNOoiiCXpBr+jNeDbejQ/jcxktGcXOOVqB8fULTFea4A==</latexit>

kω = 2ε

<latexit sha1_base64="EpSvgWAcHxRpr3y0rZxnY3h3X8A=">AAACDXicbVBLSgNBFOyJvxh/oy7dNAYhgoQZkZhlwI3LCOYDSQg9nZekSc+H7jfBMOQMXsCt3sCduPUMXsBz2ElmYRILHhRV71GP8iIpNDrOt5XZ2Nza3snu5vb2Dw6P7OOTug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHiju5nfGIPSIgwecRJBx2eDQPQFZ2ikrm23AVmhPQaePE2vKF527bxTdOag68RNSZ6kqHbtn3Yv5LEPAXLJtG65ToSdhCkUXMI01441RIyP2ABahgbMB91J5p9P6YVRerQfKjMB0rn69yJhvtYT3zObPsOhXvVm4n9eK8Z+uZOIIIoRAr4I6seSYkhnNdCeUMBRTgxhXAnzK+VDphhHU9ZSiqfYCHCaM8W4qzWsk/p10S0VSw83+Uo5rShLzsg5KRCX3JIKuSdVUiOcjMkLeSVv1rP1bn1Yn4vVjJXenJIlWF+/I8+bZQ==</latexit>

ω(εx, t)

or when

<latexit sha1_base64="VzhVAxqM7pX7+8fcu+4iN72ZV2Y=">AAACCHicbVBLTgJBFOzBH+IPdemmIzHBhWTGGGRJ4sYlJvJJYEJ6mgd0pudj9xsTJFzAC7jVG7gzbr2FF/AcNjALASt5SaXqvdRLebEUGm3728qsrW9sbmW3czu7e/sH+cOjho4SxaHOIxmplsc0SBFCHQVKaMUKWOBJaHr+zdRvPoLSIgrvcRSDG7BBKPqCMzSSW+xEAQwYxQv/6bybL9glewa6SpyUFEiKWjf/0+lFPAkgRC6Z1m3HjtEdM4WCS5jkOomGmHGfDaBtaMgC0O549vSEnhmlR/uRMhMinal/L8Ys0HoUeGYzYDjUy95U/M9rJ9ivuGMRxglCyOdB/URSjOi0AdoTCjjKkSGMK2F+pXzIFONoelpI8RTzASc5U4yzXMMqaVyWnHKpfHdVqFbSirLkhJySInHINamSW1IjdcLJA3khr+TNerberQ/rc76asdKbY7IA6+sXCCaZwQ==</latexit>

(ωt→ kz)
<latexit sha1_base64="FoSE4nh/iQ0P3VvIr/UTyn0swYQ=">AAACE3icbVBLSgNBFOzxG+MvKrhx0xiEuDDMiMQsA25cRjAfSGLo6bzEJt0zQ/cbIY45hhdwqzdwJ249gBfwHHY+C5NY8KCoeo96lB9JYdB1v52l5ZXVtfXURnpza3tnN7O3XzVhrDlUeChDXfeZASkCqKBACfVIA1O+hJrfvxr5tQfQRoTBLQ4iaCnWC0RXcIZWamcO4S5pRoqKXDNU0GMUz/qPp8N2Juvm3THoIvGmJEumKLczP81OyGMFAXLJjGl4boSthGkUXMIw3YwNRIz3WQ8algZMgWkl4/+H9MQqHdoNtZ0A6Vj9e5EwZcxA+XZTMbw3895I/M9rxNgtthIRRDFCwCdB3VhSDOmoDNoRGjjKgSWMa2F/pfyeacbRVjaT4mvWBxymbTHefA2LpHqe9wr5ws1FtlScVpQiR+SY5IhHLkmJXJMyqRBOnsgLeSVvzrPz7nw4n5PVJWd6c0Bm4Hz9ApoNnck=</latexit>

e±i(ωt→kz)

Therefore, the planes of constant phase move with velocity                   in the +z direction; hence the 
name phase velocity. 

<latexit sha1_base64="2pc0W9SFCOWUJFLq7dqc6N2Eoz4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVROR2o1QcOOygn1AE8pketMOmWTCzKRQQj/AH3Crf+BO3PoZ/oDf4bTNwrYeuHA4517O5fgJZ0rb9rdV2Njc2t4p7pb29g8Oj8rHJ20lUkmhRQUXsusTBZzF0NJMc+gmEkjkc+j44f3M74xBKibiJz1JwIvIMGYBo0QbyXVFBENyFeI7PO6XK3bVngOvEycnFZSj2S//uANB0whiTTlRqufYifYyIjWjHKYlN1WQEBqSIfQMjUkEysvmP0/xhVEGOBDSTKzxXP17kZFIqUnkm82I6JFa9Wbif14v1UHdy1icpBpiuggKUo61wLMC8IBJoJpPDCFUMvMrpiMiCdWmpqUUX5IQ9LRkinFWa1gn7euqU6vWHm8qjXpeURGdoXN0iRx0ixroATVRC1GUoBf0it6sZ+vd+rA+F6sFK785RUuwvn4BN4OZTQ==</latexit>

ω/k = v



Spherical Waves of Definite Frequency are given by

where

as in the plane wave case.

There exists a relationship between plane waves of definite frequency and spherical waves of definite 
frequency.

Consider the functions defined by the integrals

where             is a convergence factor and we will take the limit                  after the integration has been 
done.

<latexit sha1_base64="X63EoIcJe3WiUmVIJtKAhmxS+Uk=">AAACD3icbVDLSsNAFJ34rPUV69LNYBHcWBKR2mXBjcsq9gFtLJPpTTt0Mgkzk2IJ+Qh/wK3+gTtx6yf4A36H08fCth64cDjnXs7l+DFnSjvOt7W2vrG5tZ3bye/u7R8c2keFhooSSaFOIx7Jlk8UcCagrpnm0IolkNDn0PSHNxO/OQKpWCQe9DgGLyR9wQJGiTZS1y7AY3rRGREJsWI8Evg+69pFp+RMgVeJOydFNEeta/90ehFNQhCacqJU23Vi7aVEakY5ZPlOoiAmdEj60DZUkBCUl05/z/CZUXo4iKQZofFU/XuRklCpceibzZDogVr2JuJ/XjvRQcVLmYgTDYLOgoKEYx3hSRG4xyRQzceGECqZ+RXTAZGEalPXQoovyRB0ljfFuMs1rJLGZcktl8p3V8VqZV5RDp2gU3SOXHSNqugW1VAdUfSEXtArerOerXfrw/qcra5Z85tjtADr6xeHdZzB</latexit>

e→ωR
<latexit sha1_base64="7ETXS2cRMQ5Cj6KymDGXNwHTySI=">AAACEHicbVDLSsNAFJ34rPUV7dLNYBEEoSQitcuCG5cV7APaWCbTm3boZBJmJoUQ+hP+gFv9A3fi1j/wB/wOp20WtvXAhcM593LvPX7MmdKO821tbG5t7+wW9or7B4dHx/bJaUtFiaTQpBGPZMcnCjgT0NRMc+jEEkjoc2j747uZ356AVCwSjzqNwQvJULCAUaKN1LdLvQmRECvGI4F7OsLO01XfLjsVZw68TtyclFGORt/+6Q0imoQgNOVEqa7rxNrLiNSMcpgWe4mCmNAxGULXUEFCUF42P36KL4wywEEkTQmN5+rfiYyESqWhbzpDokdq1ZuJ/3ndRAc1L2MiTjQIulgUJBybJ2dJ4AGTQDVPDSFUMnMrpiMiCdUmr6UtviRj0NOiCcZdjWGdtK4rbrVSfbgp12t5RAV0hs7RJXLRLaqje9RATURRil7QK3qznq1368P6XLRuWPlMCS3B+voFfu2cqQ==</latexit>

ω → 0+



If     inside the integral,                         and the resulting integral will not exist or so it seems (as 
will be seen below).

<latexit sha1_base64="7ETXS2cRMQ5Cj6KymDGXNwHTySI=">AAACEHicbVDLSsNAFJ34rPUV7dLNYBEEoSQitcuCG5cV7APaWCbTm3boZBJmJoUQ+hP+gFv9A3fi1j/wB/wOp20WtvXAhcM593LvPX7MmdKO821tbG5t7+wW9or7B4dHx/bJaUtFiaTQpBGPZMcnCjgT0NRMc+jEEkjoc2j747uZ356AVCwSjzqNwQvJULCAUaKN1LdLvQmRECvGI4F7OsLO01XfLjsVZw68TtyclFGORt/+6Q0imoQgNOVEqa7rxNrLiNSMcpgWe4mCmNAxGULXUEFCUF42P36KL4wywEEkTQmN5+rfiYyESqWhbzpDokdq1ZuJ/3ndRAc1L2MiTjQIulgUJBybJ2dJ4AGTQDVPDSFUMnMrpiMiCdUmr6UtviRj0NOiCcZdjWGdtK4rbrVSfbgp12t5RAV0hs7RJXLRLaqje9RATURRil7QK3qznq1368P6XLRuWPlMCS3B+voFfu2cqQ==</latexit>

ω → 0+

Since all area elements on the circular ring shown below have the same R, we can write (using the 
diagram)

which is just integrating over the rings.

Now                                 with z fixed during the integration.

Therefore,

<latexit sha1_base64="mX0Q+U3S46PJSpBrA8w/iRVVzQo=">AAACFXicbVDLSgNBEJz1GeNr1YvgZTAIXgy7IjHHgBePUcwDsjHMTjrJkNmZZWY2EJb4G/6AV/0Db+LVsz/gdzh5HExiQUNR1U13Vxhzpo3nfTsrq2vrG5uZrez2zu7evntwWNUyURQqVHKp6iHRwJmAimGGQz1WQKKQQy3s34z92gCUZlI8mGEMzYh0BeswSoyVWu4xPKYXwYAoiDXjUuD7EQ6MxH7LzXl5bwK8TPwZyaEZyi33J2hLmkQgDOVE64bvxaaZEmUY5TDKBomGmNA+6ULDUkEi0M108sEIn1mljTtS2RIGT9S/EymJtB5Goe2MiOnpRW8s/uc1EtMpNlMm4sSAoNNFnYRj++I4DtxmCqjhQ0sIVczeimmPKEKNDW1uS6hIH8woa4PxF2NYJtXLvF/IF+6ucqXiLKIMOkGn6Bz56BqV0C0qowqi6Am9oFf05jw7786H8zltXXFmM0doDs7XL0Xlnq0=</latexit>

e→ωR → 1

<latexit sha1_base64="3Q405HptLORtCJmrm21uK3Aruck=">AAACDnicbVBLSgNBFOzxG+Nvoks3jUEQhDATJGYjBNy4jGI+kExCT6eTNOn52P1GicPcwQu41Ru4E7dewQt4DjvJLExiwYOi6j3qUW4ouALL+jZWVtfWNzYzW9ntnd29fTN3UFdBJCmr0UAEsukSxQT3WQ04CNYMJSOeK1jDHV1N/MYDk4oH/h2MQ+Z4ZODzPqcEtNQ1c7eXuK3uJcSyUzx76hSTrpm3CtYUeJnYKcmjFNWu+dPuBTTymA9UEKVathWCExMJnAqWZNuRYiGhIzJgLU194jHlxNPXE3yilR7uB1KPD3iq/r2IiafU2HP1pkdgqBa9ifif14qgX3Zi7ocRMJ/OgvqRwBDgSQ+4xyWjIMaaECq5/hXTIZGEgm5rLsWVZMQgyepi7MUalkm9WLBLhdLNeb5STivKoCN0jE6RjS5QBV2jKqohih7RC3pFb8az8W58GJ+z1RUjvTlEczC+fgHPS5vC</latexit>

R =
√

r2 + z2



with R going from R = z (when r = 0) to R = ∞  (when r = ∞).

Therefore,

The value at the upper limit vanishes because                                    for             .  

If we had let             at the beginning of the calculation, then the  value at the upper limit would have 
been              , which is undefined (it just keeps on oscillating).

This then implies that

<latexit sha1_base64="VcDt9gBtNDOtVbcz+YpoUppO9KE=">AAACKHicbZBLSgNBEIZ74ivGV9Slm8YgRMQwIxKzEQQ3LiMYFTIx9HRqtElPz9BdEwhDDuE1vIBbvYE7cevCc9h5IJr4Q8PPV1VU9R8kUhh03Q8nNze/sLiUXy6srK6tbxQ3t65NnGoODR7LWN8GzIAUChooUMJtooFFgYSboHs+rN/0QBsRqyvsJ9CK2L0SoeAMLWoXD+Au85OIdsu+UCH29wcWHPo9piExQsbqh5+67WLJrbgj0VnjTUyJTFRvF7/8TszTCBRyyYxpem6CrYxpFFzCoOCnBhLGu+wemtYqFoFpZaNPDeieJR0axto+hXREf09kLDKmHwW2M2L4YKZrQ/hfrZliWGtlQiUpguLjRWEqKcZ0mBDtCA0cZd8axrWwt1L+wDTjaHP8syXQrAs4KNhgvOkYZs31UcWrVqqXx6Wz2iSiPNkhu6RMPHJCzsgFqZMG4eSRPJMX8uo8OW/Ou/Mxbs05k5lt8kfO5zffoqbj</latexit>

e±k(→)e↑ω(→) = 0
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ω > 0
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ω = 0

so we get the amazing result (limit               understood)

Thus, 
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ω → 0+

where R = distance from dA to a fixed point located a distance z from the plane.

This can be proven 
rigorously using the theory 
of complex variables.



Thus, a plane wave propogating  in the +z direction is equal to a linear superposition of spherical 
outgoing waves emanating from  each point on a plane perpendicular to the z-axis, that is,

Note A: A classical physical quantity (for example     or     ) is a real quantity.

theFor definiteness, let us consider plane waves (similar results hold for spherical waves).

Therefore,                            real linear superposition of                        and                         if                       
is a plane wave of definite frequency, and                     = real linear superposition of                                  
and                            if                        is a spherical wave of definite frequency.

A real linear superposition of                         and                        can be written as  
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ωB



We let

so that

Therefore, it is sufficient that we consider                                   in our discussions. 

When                         is required, we need only take the real part of             .

WE do this because                 is simpler than                      to manipulate in calculations. 

The analogous result for a spherical wave is obvious:



The linear composition of spherical outgoing waves which gives a palne wave can therefore be used in 
the earlier form with C+ =1 and C- = 0

AsI said, we shall do our calculations with             and                         is recovered at any stage of the 
calculation simply by taking the real part.

Note B: If                                  has a definite frequency, where                                 and              real,                

The intensity of a wave = magnitude of energy flow per unit time per unit area.

For a plane wave of definite frequency propagating in free space (vacuum),               and              with      

then we have

For example, the Poynting vector                          gives the energy flow per unit time per unit area or the 
intensity.

This means that



in the direction of propagation.

Therefore,

Since the intensity                             we have                    .

Now                     oscillates with angular frequency   𝜔  so that the intensity also oscillates.  

Since these oscillations are usually impossible to observe (                             for visible light), one is 
really interested in the time-averaged intensity (averaged over 1 cycle), designated by                 and
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ω → 1015sec→1

Therefore,



Thus,

which is independent of  t  since                .

Clearly we have the result

Finally, we have all the necessary tools…………

Diffraction of Waves



Referring to the diagram above, we choose the origin of the coordinate system to lie  in the region 
containing the aperture.

We assume a wave incident from the z < 0 region given by

In general, the screen will affect the incident wave so that there will be scattered wave (back into the       
z < 0 region) and diffracted waves (waves in the z > 0 region).

Now

This would be the wave for z > 0 if no screen were present.

 Note that the diffracted wave contains no spherical waves emanating from points on the opaque screen 
itself.

The Kirchhoff approximation for the diffracted wave is simply a linear superposition of spherical 
outgoing waves emanating from each point in the openings in the screen with each of these spherical 
wave having a coefficient equal to the coefficient in the expansion of                                   .

This plane wave is a linear superposition of spherical outgoing waves emanating from each point in the  
z = 0 plane.



This result seems reasonable, but note that we have proved nothing!!

To prove that this gives a good approximation for                          requires an analysis of the solution to 
the classical wave equation and the boundary values of these solutions at the screen and in the openings.

where R is the distance from dA to the point     .

The Kirchhoff approximation is a good one under the following conditions:
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ωx



Note: When the apertures on the screen are finite, the integral is over a finite area and the limit            
may be taken inside the integral ( with                    ) because the resulting integral will exist.

One must do the integral before letting                 only when the integration extend over an infinite area 
(which is unphysical anyway!).

Application:

We shall calculate               only on this line (the line through the geometrical projection of the two given 
holes as shown by the arrow below) in order to simplify the calculation.





We have

Looking from the side of the diagram:



where we have taken the limit inside the integral.

For small openings

Since                     we have

and





Derivation

The world is full of vibrations. The sound we hear is an acoustic
wave, the things we see are electromagnetic waves and the surfers
in Santa Cruz, CA ride on gravity waves of the ocean.

The simplest wave motion in 1-dimension is described by the
1-dimensional wave equation

✓
@2

@x2 � 1
v2

@2

@t2

◆
u(x , t) = 0

Let us assume a solution (we will see why this is a solution later
when we study partial differential equations))

u(x , t) = �(x)e i!t

Substitution into the full wave equation gives an equation for the
wave amplitude �(x).



✓
d2�x

dx2 +
!2

v2 �(x)

◆
e i!t = 0 !

✓
d2

dx2 + k2
◆
�(x) = 0 ,

!2

v2 = k2

This new equation(an ordinary differential equation) is easily
solved(we will see why later) by the function

�(x) = a cos kx + b sin kx

which gives the shape (at fixed time t) of the vibrating system (say
a string).

This is like taking a photograph of the vibrating string at one
instant of time.

Let us choose a string of length ⇡ fixed at both ends.



We then have the boundary conditions:

�(0) = 0 = �⇡

which implies that

�(0) = a = 0 and �(⇡) = 0 = b sin k⇡ ! k = n = integer

so that
�(x) = b sin nx , n = 1, 2, 3, .......

which is called the nth normal mode of the string (given by its
shape).

Each such mode has a different frequency and shape.

Historically, the wave equation was first studied in the 1700s.



In 1742, Bernoulli showed that
vibrations of different modes (frequency) could coex-
ist in the string

In 1753, D’Alembert, Euler and Bernoulli showed that
all possible shapes of a vibrating string, even when
the ends were not fixed, were representable by the
series

f (x) =
1X

n=1

bn sin nx

There was great dispute about this result.... what about the cosine
series, i.e., how does one represent even functions of x?

Even though f (x) solves the wave equation, others disputed the
claim that this was the most general solution.



In 1807, Fourier (in a paper on heat conduction) showed that
every function in the closed interval

[�⇡,⇡] or � ⇡  x  ⇡

could be represented in the form

f (x) =
1
2
a0 +

1X

n=1

(an cos nx + bn sin nx)

He re-derived integral formulas for the coefficients an, bn had
already been obtained by Euler in 1777.

Fourier, however, broke new ground by pointing out that these
integral formulas were well-defined even for arbitrary functions and
that the resulting coefficients were identical for different functions
that agreed within the interval, but not outside it.



The paper by Fourier was rejected by Lagrange, Laplace and
Legendre on behalf of the Academy of Sciences on the grounds that
it lacked mathematical rigor.

A second version of the paper won the Academy’s Grand prize in
1812.

This work has had a great impact on the development of
mathematical physics in the 1800s and it is still influencing things
now.

The Sine-Cosine Series

The general Fourier series expansion is sum of sine and cosine
terms of the form

f (t) =
a0

2
+

1X

n=1

an cos!nt +
1X

n=1

bn sin!nt

where the frequencies



!n =
2⇡n
T0

are integer multiples of a fundamental frequency

!0 =
2⇡
T0

and T0 is determined either by the natural periodicity of f (t) or
possibly by an enforced periodicity of some sort.

Different treatments of this subject can have definitions of T0
which differ by various factors.

The results of all calculations are the same.

The assumed form guarantees that f (t) has periodicity T0, i.e.,

f (t) = f (t + T0) for all t



In terms of the independent variable t, f (t) has this periodicity for
the entire interval

�1 < t < 1
as shown below

The typical Fourier series problem is such that we are given a
function g(t) and we then determine both T0 and the an and bn
coefficients so that the series expansion is equal to g(t) for all t.

This requires that

g(t) = g(t + T0) for all t

The smallest value of T0 that satisfies this equation is the period
of g(t).



What if g(t) is not periodic?

In this case we cannot use a general Fourier series to represent g(t)
for all t.

On the other hand, we can make the series equal to g(t) for some
finite interval as shown below

Clearly, g(t) above is not periodic.

Suppose however we define the basic period for the Fourier series to
be T0 = t2 � t1 where the interval t1 < t < t2 is as shown.



The Fourier series f (t) can then be made identical to g(t) in that
interval.

Outside the interval, the Fourier series f (t) is periodic and will not
match g(t) as shown.

Digression: The formal mathematical requirements that a function
f (x) must satisfy in order that it may be expanded in a Fourier
series are known as the Dirichlet conditions, which are
summarized as follows:

• the function must be periodic
• it must be single-valued and continuous, except possibly at a

finite number of finite discontinuities
• it must have only a finite number of maxima and minima

within one period
• the integral over one period of |f (x)| must converge



The Orthogonality Conditions

We can determine the coefficients an and bn using so-called
orthogonality conditions (proved using calculus)
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✓
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◆
cos

✓
2⇡m
T0

t

◆
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for integer values of m and n.

In addition we have
Z

t0+T0

t0

dt sin

✓
2⇡n
T0

t

◆
= 0 ,

Z
t0+T0

t0

dt cos

✓
2⇡n
T0

t

◆
= �n0T0



We can now evaluate the coefficients as follows.

f (t) =
a0

2
+

1X

n=1

an cos!nt +
1X

n=1

bn sin!nt

The integral operation
Z

t0+T0

t0

dt f (t) =

Z
t0+T0

t0

dt
a0

2
+

1X

n=1

an

Z
t0+T0

t0

dt cos!nt

+
1X

n=1

bn

Z
t0+T0

t0

dt sin!nt

=

Z
t0+T0

t0

dt
a0

2
=

a0T0

2

determines a0, i.e.,

a0 =
2
T0

Z
t0+T0

t0

dt f (t)



The integral operation
Z

t0+T0

t0

dt cos!mtf (t) =

Z
t0+T0

t0

dt cos!mt
a0

2

+
1X

n=1

an

Z
t0+T0

t0

dt cos!mt cos!nt

+
1X

n=1

bn

Z
t0+T0

t0

dt cos!mt sin!nt

=
1X

n=1

an

Z
t0+T0

t0

dt cos!mt cos!nt

=
1X

n=1

an�nm
T0

2
= am

T0

2

determines am, m > 0, i.e.,

am =
2
T0

Z
t0+T0

t0

dt cos!mtf (t)



The integral operation
Z

t0+T0

t0

dt sin!mtf (t) =

Z
t0+T0

t0

dt sin!mt
a0

2

+
1X

n=1

an

Z
t0+T0

t0

dt sin!mt cos!nt

+
1X

n=1

bn

Z
t0+T0

t0

dt sin!mt sin!nt

=
1X

n=1

bn

Z
t0+T0

t0

dt sin!mt sin!nt

=
1X

n=1

bn�nm
T0

2
= bm

T0

2

determines bm, m > 0, i.e.,

bm =
2
T0

Z
t0+T0

t0

dt sin!mtf (t)



Several questions arise:
(1) Do these Fourier coefficients exist?
(2) Is the Fourier series convergent?
(3) Does it converge to the original function?
The answer is YES for all physically realizable systems!!!!

Examples:

(1) The function f (t) is

f (t) = sin (t)

This function is periodic with period T0 = 2⇡ ! !n = n.

Therefore the Fourier series looks like

f (t) =
a0

2
+

1X

n=1

an sin nt +
1X

n=1

bn cos nt

This example requires no calculations. It is clear that

am = 0 for all m , bm = 0 for all m 6= 1 , b1 = 1



(2) The function f (t) equals the periodic triangle wave shown
above.

In the interval �⇡/2 < t < 3⇡/2 this has the functional form

f (t) =

(
2t
⇡ �⇡

2  t  ⇡
2

2 � 2t
⇡

⇡
2  t  3⇡

2



Once again the basic period is T0 = 2⇡ which again gives !n = n.

We have

am =
2
T0

Z 3⇡/2

�⇡/2
dt cos!ntf (t) = 0 for all m

since the integrand is the product of an odd and an even
function.

We also have

bm =
2
T0

Z 3⇡/2

�⇡/2
dt sin!ntf (t) =

8
⇡2n2 sin

n⇡

2

Therefore, we get

f (t) =
X

n=1,odd

8
⇡2n2 sin

n⇡

2
sin nx



Illustrate in class with Octave program:

(3) f (t) is the square wave function







In the interval [�⇡,⇡] we have

f (t) =

(
+1 0  t  ⇡

�1 �⇡  t  0

Once again the basic period is T0 = 2⇡ which again gives !n = n.

Again this is an odd function so all the an = 0 and we find

bn =

(
4
n⇡ n = 1, 3, 5, 6, ....
0 n = 2, 4, 6, 8, ......

which gives

f (t) =
4
⇡

X

n=odd

sinnt

n



Illustrate in class with Octave program:

It looks like the figure below after including a 100 terms in the
sum....

We will do better in class.





another example  - first 6 slide because it happens fast





Even and Odd Stuff

We can always rewrite any function as:

f (x) =
1
2
[f (x) + f (�x)] +

1
2
[f (x)� f (�x)] = feven)(x) + fodd(x)

We can then use Fourier series to write:

feven)(x) =
a0

2

X

n

an cos nx , fodd(x) =
X

n

bn sin nx

where we have assumed that the function has a period T0 = 2⇡ .

Example:



Now we allow for an Arbitrary Interval.

If f (x) is defined for an interval [�L, L] of length(period) 2L
instead of the standard interval of length (period) 2⇡, then a simple
change of variable and integration range deals with the problem.

We have

f (t) =
a0

2
+

1X

n=1

an cos
2⇡n
T0

t +
1X

n=1

bn sin
2⇡n
T0

t

with

a0 =
2
T0

Z
T0/2

�T0/2
dt f (t) , an =

2
T0

Z
T0/2

�T0/2
dt cos

2⇡nt
T0

f (t)

bn =
2
T0

Z
T0/2

�T0/2
dt sin

2⇡nt
T0

f (t)

We let T0 = 2L to get

f (x) =
a0

2
+

1X

n=1

an cos
⇡n

L
x +

1X

n=1

bn sin
⇡n

L
x



with

a0 =
1
L

Z
L

�L

dx f (x) , an =
1
L

Z
L

�L

dx cos
⇡nx

L
f (x)

bn =
1
L

Z
L

�L

dx sin
⇡nx

L
f (x)

Another Example:

Suppose

f (x) =

(
0 �⇡ < x < 0
h 0 < x < ⇡

The is a square pulse(wave).

We might imagine this is a signal being sent into some electronic
apparatus.



We can calculate its Fourier coefficients

a0 =
1
⇡

Z ⇡

�⇡
dx f (x)

1
⇡

Z ⇡

0
hdx = h

an =
1
⇡

Z ⇡

�⇡
dx cos nxf (x) = 0 for all n

bn =
1
⇡

Z ⇡

�⇡
dx sin nxf (x) =

h

n⇡
(1 � cos n⇡) =

(
2h/n⇡ n odd
0 n even

which gives

f (x) =
h

2
=

2h
⇡


sin x

1
+

sin 3x
3

+
sin 5x

5
+ · · ·

�

We note that the terms fall off only as 1/n, which implies physically
that a square wave contains lots of high frequency components.

This implies that if an electronic apparatus does not pass
high-frequency components well, the square wave input will emerge
with corners rounded off in the best case and, possibly, an
amorphous blob in the worst case.



and the corresponding Fourier series is

f (x) =
4
⇡
sin (⇡x) +

4
3⇡

sin (3⇡x) +
4
5⇡

sin (5⇡x) + ......

Such expansion can also be made in terms of other special
functions such as Bessel functions, etc and we will use this fact to
great advantage when solving partial differential equations. Fourier
Transforms The complex Fourier series has an important limiting
form when the period approaches infinity, i.e., T0 ! 1 or L ! 1.

Suppose that in this limit
(1) k = n⇡

L
remains large (ranging from �1 to 1 ) and

(2) cn ! 0 since it is proportional to L, but

g(k) = lim
L!1
cn!0

L

⇡
cn =

1p
2⇡

Z 1

�1
f (x)e�ikxdx = finite



then we have

f (x) =
1X

�1
cne

ikx = lim
L!1
cn!0

1p
2⇡

1X

�1

⇡

L
g(k)e ikx

where k � n⇡
L

.

The sum over n is in steps of �n = 1.

Thus, we can write using

�k =
⇡

L
�n

which becomes infinitesimally small when L becomes large, as a
sum over k , which becomes an integral in the limit

f (x) = lim
L!1
cn!0

1p
2⇡

1X

�1

⇡�n

L
g(k)e ikx = lim

�k!0

1p
2⇡

1X

�1
�kg(k)e ikx

=
1p
2⇡

Z 1

�1
g(k)e ikxdk



We call g(k) the Fourier Transform of f (x)

g(k) =
1p
2⇡

Z 1

�1
f (x)e�ikxdx = F (f )

and the last equation is the so-called Fourier inversion formula.

We can now obtain an integral representation of the delta-function.

This corresponds to the orthogonality condition for the complex
exponential Fourier series.

We substitute the definition of g(k) into the inversion formula to
get



f (x) =
1p
2⇡

Z 1

�1
g(k)e ikxdk

=
1p
2⇡

Z 1

�1
dke ikx

1p
2⇡

Z 1

�1
f (x 0)e�ikx

0
dx 0

=

Z 1

�1
dx 0f (x 0)


1
2⇡

Z 1

�1
e ik(x�x

0)dk

�

=

Z 1

�1
dx 0f (x 0)�(x � x 0)

where
�(x � x 0) =

1
2⇡

Z 1

�1
e ik(x�x

0)dk

Properties

The evaluation of the integrals involved in many Fourier transforms
involves complex integration, which we shall learn later.



We will just state some properties

Examples:

(1) The Fourier transform of the box function

f (x) =

(
1 |x |  a

0 |x | � a

is

F (f ) =
1p
2⇡

Z 1

�1
f (x)e�ikxdx =

1p
2⇡

Z
a

�a

e�ikxdx

=
1p
2⇡

e�kx

ik

����
a

�a

=
1p
2⇡

2 sin ka
k



(2) The Fourier transform of the derivative of a function is

F

✓
df

dx

◆
=

1p
2⇡

Z 1

�1

df (x)

dx
e�ikxdx

=
1p
2⇡


f (x)e�ikx

���
1

�1
� (�ik)

Z 1

�1
f (x)e�ikxdx

�

=
ikp
2⇡

Z 1

�1
f (x)e�ikxdx = ikF (f )

where we have assumed that f (x) ! 0 as |x | ! 1.

This generalizes to

F

✓
dnf

dxn

◆
= (ik)nF (f )



(3) Other useful properties of the Fourier transform are:

F (f (x)) = g(k) , F (f (x�a)) = e�ikag(k) , F (f (x)eax) = g(k+ia)

A short table of Fourier Transforms is shown below:





which looks like (for T = 1)



In the limit T ! 1 we have (T = 50, in fact, here)

We get a sharp spike, but the area remains constant.



This implies that as T ! 1

F (!) ! �(!)

Formally, we have

F (!) = lim
T!1

1p
2⇡

Z
T/2

�T/2
dt e�i!t =

1p
2⇡

Z 1

�1
dt e�i!t =

p
2⇡�(!)

(2) Transform of a Delta-Function - Consider the function

f (t) = �t

The transform is

F (!) =
1p
2⇡

Z 1

�1
dt e�i!t�(t) =

1p
2⇡



The inverse transform is

1p
2⇡

Z 1

�1
dt e�i!t 1p

2⇡
= �(t)

Now
F

✓
df

dt

◆
= i!F (f ) = i!F (!)

Therefore for the square pulse we have

df

dt
= �(t + T/2)� �(t � T/2)

I
✓
df

dt

◆
= I(�(t + T/2)� �(t � T/2))

But
F (f (t � t0)) = e�i!t0F (f (t))



Thus,

F

✓
df

dt

◆
= (e�i!(�T/2)�e�i!(T/2)F (�(t)) = i

r
2
⇡
sin

!T

2
= i!F (!)

! F (!) = sqrt
2
⇡

"
sin !T

2
!

#
for the square pulse ( as before)

Remember this only makes sense inside an integral.

(3) Transform of a Gaussian - Consider the function

f (t) =
↵p
⇡
e�↵2

t
2
= normalized Gaussian pulse

We choose ↵ = 1.

The peak is at ↵/⇡ .



The 1/2 maximum points are separated by �t = 1/↵.

The area under the curve is = 1.

The Fourier transform is

F (!) =
1p
2⇡

Z 1

�1
dt

↵p
⇡
e�↵2

t
2
e�i!t =

↵p
2⇡

Z 1

�1
dt e(↵

2
t
2+i!t)

We complete the square to evaluate the integral. We have

↵2t2 + i!t = ↵2t2 + i!t + � = � = (↵t + �)2 � �

! 2↵� = i!t ! � =
i!

2↵

! � = �2 = � !2

4↵2



We thus have

F (!) =
↵p
2⇡

e�
!2
4↵2

Z 1

�1
dt e�(↵t+

i!
2↵)

2

Let
x = ↵t +

i!

2↵
! dx = ↵dt

then
F (!) =

1
⇡
p

2
e�

!2
4↵2

Z 1

�1
dx e�x

2
=

1p
2⇡

e�
!2
4↵2

which is a different Gaussian.



After stating the basic properties, let us now delve deeper into Fourier theory.

Introduction

Fourier Transform theory is essential to many areas of physics including acoustics and signal processing, 
optics and image processing, solid state physics, scattering theory, and in the solution of differential 
equations in applications as diverse as weather modeling to quantum field calculations. 

The Fourier Transform can either be considered as expansion in terms of an orthogonal basis set (sine 
and cosine), or a shift of space from real space to reciprocal(or frequency) space ( x —> k). 

Actually these two concepts are mathematically identical although they are often used in very different 
physical situations.

Notation

Unlike many mathematical fields of science, Fourier Transform theory does not have a well defined set 
of standard notations. 

To familiarize you with other notations, the notation maintained from now on will be:

and lower case functions ( f (x)), being a real space function and upper case functions (F(u)) , being the 
corresponding Fourier transform, thus:



giving sinc(0) = 1 and sinc(x0) = 0 at x0 = ±𝜋, ±2𝜋, ……….., as shown in figure 1.

where               is the Fourier Transform operator. 

The character i for imaginary numbers has the property that i2 = -1.

Two special functions will also be employed, these being sinc() defined as,

(01)

Figure 1: The sinc() function.



The top hat function      (x), is given by,

It is a function of unit height and width centered about x = 0 and is shown in figure 2.

Figure 2: The ∏(x) function

The Fourier Transform

with the inverse Fourier transform defined by;

(02)

Given a one dimensional continuous function f(x) , its Fourier transform is defined by:

(03)

(04)



Some insight to the Fourier transform can be gained by considering the case of the Fourier transform of a 
real signal f(x). 

In this case the Fourier transform can be separated to give,

where it should be noted that the factors of 2𝜋 are incorporated into the transform kernel(exponential 
factor).

There are various definitions of the Fourier transform that put the 2π either inside the kernel or as 
external scaling factors(earlier definition). 

The difference between them is whether the variable in Fourier space is a “frequency” or “angular 
frequency”. 

The difference between the definitions are clearly just a scaling factor. 

The optics and digital Fourier applications the 2π is usually defined to be inside the kernel but in solid 
state physics and differential equation solution the 2π is usually an external scaling factor.

(05)

where we have,

the



So the real part of the Fourier transform is the decomposition of f(x) in terms of cosine functions, and the 
imaginary part a decomposition in terms of sine functions. 

The u variable in the Fourier transform is interpreted as a frequency, for example if f(x) is a sound signal 
with x measured in seconds then F(u) is its frequency spectrum with u measured in Hertz (s-1). ]

Clearly (ux) must be dimensionless, so if x has dimensions of time then u must have dimensions of 
time-1. 

This is one of the most common applications for Fourier Transforms where f(x) is a detected signal (for 
example a sound made by a musical instrument), and the Fourier Transform is used to give the spectral 
or frequency response.

Properties of the Fourier Transform

The Fourier transform has a range of useful properties, some of which are listed below.

In most cases the proof of these properties is simple and can be formulated by use of equation (03) and 
equation (04). 

The proofs of many of these properties are given later in examples.

Linearity: The Fourier transform is a linear operation so that the Fourier transform of the sum of two 
functions is given by the sum of the individual Fourier transforms.

Therefore,



where F(u) is the Fourier transform of f(x).

Forward and Inverse: We have that

(06)

where F(u) and G(u) are the Fourier transforms of f(x) and g(x) and a and b are constants. 

This property is central to the use of Fourier transforms when describing linear systems.

Complex Conjugate: The Fourier transform of the Complex Conjugate of a function is given by

so that if we apply the Fourier transform twice to a function, we get a spatially reversed version of the 
function. 

Similarly with the inverse Fourier transform we have that,

(09)

(07)

(08)

so that the Fourier and inverse Fourier transforms differ only by a sign.



Differentials: The Fourier transform of the derivative of a functions is given by

and of the second derivative is given by

Power Spectrum: The Power Spectrum of a signal is defined by the modulus square of the Fourier 
transform, being |F(u)|2. 

This can be interpreted as the power of the frequency components or the spectrum of power versus 
frequency. 

Any function and its Fourier transform obey the condition that

which is frequently known as Parseval’s Theorem. 

If f(x) is interpreted as a voltage, then this theorem states that the power is the same whether measured in 
real (time), or Fourier (frequency) space.

(10)

(11)

(12)



When using two-dimensional scalar potentials or images, one is dealing with a two dimensional function. 

We will define the two dimensional Fourier transform of a continuous function f(x,y) by

Two Dimensional Fourier Transform

with the inverse Fourier transform defined by

where the limits of integration are taken from  − ∞ → ∞.

Unless otherwise specified all integral limits will be assumed to be from − ∞ → ∞.

Again for a real two dimensional function  f(x,y), the Fourier transform can be considered as the 
decomposition of a function into its sinusoidal components. 

If f(x,y) is considered to be an image with the “brightness” of the image at point (x0,y0) given by f(x0,y0), 
then the variables x,y have the dimensions of length.

Strictly speaking Parseval’s Theorem applies to the case of Fourier series, and the equivalent theorem for 
Fourier transforms is correctly, but less commonly, known as Rayleigh’s theorem.

(13)

(14)



The Fourier transform can then be taken as being the decomposition of the image into two dimensional 
sinusoidal spatial frequency components.

The properties of one the dimensional Fourier transforms covered earlier extend into two dimensions. 

Clearly the derivatives then become

In Fourier space, the variables u,v therefore have the dimensions of inverse length, which is interpreted 
as spatial frequency. 

Typically x and y are measured in mm so that u and v are in units of mm-1 - referred to as lines per mm.

and

yielding the important result that,

where we have that w2 = u2 + v2

(15)

(16)



where

So that taking the Laplacian of a function in real space is equivalent to multiplying its Fourier transform 
by a circularly symmetric quadratic of − 4𝜋2w2. 

The two dimensional Fourier Transform , of a function f(x,y) is a separable operation, and can be written 
as,

(18)

where P(u,y) is the Fourier Transform of f(x,y) with respect to x only. 

This property of separability leads to an implementation of two dimensional discrete Fourier Transforms 
(DFT) in terms of one dimensional Fourier Transforms.

The Three-Dimensional Fourier Transform

where                      being the three reciprocal variables each with units length-1.

Similarly the inverse Fourier Transform is given by

(19)

In the three dimensional case we have a function f (   ) where       = (x, y, z), then the 
three-dimensional Fourier Transform is
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The three-dimensional Fourier Transform is again separable into one-dimensional Fourier Transforms. 

This property is independent of the dimensionality and a multi-dimensional Fourier Transform can 
always be formulated as a series of one dimensional Fourier Transforms.

This is used extensively in solid state physics where the three-dimensional Fourier Transform of crystal 
structures is usually called Reciprocal Space or    -space where

Examples

Rectangular Aperture

Let us figure out the two dimensional Fourier transform of a rectangle of unit height and size a by b 
centered about the origin. 

We let a = 5mm and b = 1mm.
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We can express a rectangle of size a x b by:



Noting that the exp() term is separable, this can be written as

The Fourier Transform is given by:

which can then be written as:

Look at one of the integrals, and we get,

The other integral is of exactly the same form, so that the Fourier transform of the rectangle is:



The zeros of this function occur at:

which if a = 5mm and b = 1mm then

In diagrams we get,

Note that the long/thin shape of 
the rectangleFourier Transforms 
to tall/thin structures in the 
FourierTransform

so in Fourier space we get a three-Dimensional plot



Two-Dimensional Gaussian

Let us calculate the Fourier Transform of a two-dimensional Gaussian given by,

where r2 = x2 + y2 and r0 is the radius of the e-1 point. 

We will need the standard mathematical identity that

The Fourier Transform is given by:

Since the Gaussian and the Fourier kernel are separable, this can be written as

so we need only evaluate one integral. 

Using the identity we have



which is also a Gaussian. The Fourier Transform of a Gaussian is a Gaussian. 

It is the only function that is its own Fourier Transform. 

We get exactly the same expression for the y integral, so we get that

thewhich is more conveniently written as:

where w2 = u2 + v2 and w0 =1/𝜋r0, which is a circular Gaussian with e-1 point at w0.

So the Fourier Transform of a Gaussian is a Gaussian of reciprocal width.

Or more simply, a wide Gaussian Fourier Transform gives a narrow Gaussian and vice versa.

General shape of two dimensional Gaussian with r0 = 3 is given by



INTERFERENCE

For light (electromagnetic radiation) it is the electric and magnetic field which oscillate in strength and 
direction. 

At visible frequencies these oscillations occur so fast that they are exceedingly difficult to observe 
directly (1014 Hz.)

An important characteristic of waves is that they may interfere with each other. 

In simple terms interference is the result of oscillating dips and rises adding together or canceling out. 

A good example of interference is seen when the circular wave patterns from two stones thrown into a 
pond meet. 

High points from the separate waves add to make even higher points, dips from each wave combine 
making lower dips, and when a dip from one wave passes the same point as a high from the other they 
cancel.



Figure 1 Addition and Interference Between Sinusoidal Waves

Figure 1 below shows how two sinusoidal waves add together to produce a new wave.



The most obvious optical phenomena displaying wave nature of light is interference where two, or more, 
beams of light add together to give fringe patterns of high and low intensity.

Before investigating how interference affects the intensity pattern of light that has passed through two 
narrow adjacent slits and many parallel slits (a diffraction grating), we now look at the formal description 
of interference to derive the key expression, which is then used to analyze a series of practical optical 
cases where interference is the dominant optical phenomena.

Description of Waves

Before looking at interference effects, we need to consider waves in detail. 

The expression for a monochromatic linear polarized electro-magnetic wave at a point      is space to can 
be written as

where

However if we detect this wave by measuring its intensity, we do not see the wave, or vector, nature, but 
we actually detect 
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where        is the time average over many cycles of the wave. 

For a single wave, as we have seen in earlier discussion, this reduces to

If we now consider the case of two electromagnetic waves given by

and we add them together and detect the intensity, we get

where we have written

which we can write as



which is the summation of two cos() terms. 

Now in the optical region we have that 𝜔 ≃ 1014 s-1, so that any practical time averaging term containing 

The interference term, which is the one of interest, depends on both waves, and can be expanded to give 
the expression

so on time averaging the rather messy interference term reduces to

We will now consider special cases.



so we get

Incoherent Illumination

If  𝜔1  and  𝜔2  are significantly different, so we have two beams of significantly different wavelength,   
and/or  𝜙1(t)  and  𝜙2(t)  terms vary rapidly in time with respect to each, then the interference term

or the intensities of the two waves add and there is no interference. 

This is the fully incoherent condition. 

This is the typical condition when the two beams come from independent sources, for example two stars, 
two light bulbs, two apparently identical lasers, or even two different points from the same extended 
light source. 

This is the condition we get in most everyday schemes, and it is the condition assumed in all of 
geometric optical imaging.

Coherent Illumination

The other extreme case is when together so that 𝜔1 = 𝜔2 and the phase of the two beams are locked 
together so that



This usually occurs when the two beams are formed by splitting a single beam into two.

In this case, the time dependence of I12   vanishes so there is no time averaging and we get that

which depends on the spatial coordinate     where the intensity is measured. 

This is the fully coherent condition.

The term inside the cos() is the phase difference between the two beams, which we will write as

If we further assume that the two beams are in the same state of polarization, for example horizontal 
linear polarization, then we can write

We now also have that



The maximum and minimum intensity of the fringe pattern will be

so that finally, under these conditions, we have

where  I1 and  I2  are the intensities of the two beams and δ is the phase shift between them. 

This will give rise to bright and dark fringes with bright fringes where

as plotted in figure 1 where I1 = 1 and I2 = 3.

Figure 1: Plot of intensity against 
phase shift for I1 = 1 and I2 = 3



C= 1 where for the special case of I1 = I2,  we get C= 1. 

We get the same result with other polarization states.

with the special case I1 = I2 = I0 , where both beams  have the same intensity, we get

In characterizing the fringe pattern it is useful to define fringe contrast as,

which is easily measured and with a little re-arrangement, is given by

Partial Coherence

We have considered the two extreme cases, either fully incoherent where we have no interference and 
fully coherent where we get cos() fringes. 

The middle ground is where there is some interference between the beams, this is known as partial 
coherence, which is a particularly nasty theoretical region with no simple analytical results.



Fortunately most practical optical systems are either fully incoherent where we can ignore interference 
completely, for example most imaging systems, or fully coherent where they are specifically designed to 
exhibit interference, for example interferometers.

The only systems operating in the partial coherent regions are high magnification optical microscopes 
under specific illumination conditions and some astronomical optical interferometers specifically 
designed to analyze the partial coherent region.

Interference of two plane beams

Consider two horizontally polarized beams of the same wavelength in the y/z plane with an angle θ 
between them, as shown in figure 2.

Figure 2: Interference of two 
horizontal polarized beams

Both beams are horizontally polarized, so we have



The first beam is traveling along the z-axis, and the second in the y/z plane at angle θ to the z axis, so 
that

If we observe the interference in the x/y plane at a position P, then                , we get the phase difference 
is

We get the intensity observed at this position in the y direction to be

and in the special case of both beams with the same intensity, I0 , we get

which corresponds to horizontal fringes of unit contrast as shown in figure 3

Figure 3: Intensity plot to two beam fringes



We will get a bright fringe when

giving the separation  𝛥y as

Note the term 𝜙0 gives the vertical location of the whole fringe pattern.

Let now investigate how interference affects the intensity pattern of light that has passed through two 
narrow adjacent slits, many parallel slits (diffraction grating), and a special bullseye pattern called a 
Fresnel zone plate.

Two Slit Interference

Figure 4: Young's Two 
SlitInterference withNarrow Slits

In 1801 Thomas Young devised a classic experiment for demonstrating the wave nature of light similar 
to the one diagrammed in Figure 4.



where E is the electric field. I is the field intensity with units of energy per area per second and is 
proportional to the square of the electric field  E.

By passing a wide plane wave through two slits he effectively created two separate sources that could 
interfere with each other. (A plane wave is a wave consisting of parallel wavefronts all traveling in the 
same directions.) 

For a given direction θ , the intensity observed at point P on the screen will be a superposition of the 
light originating fro each slit. 

Whether the two waves add or cancel at a particular point on the screen depends upon the relative phase 
between the waves at that point. (The phase of a wave is the stage it is at along its periodic cycle.) 

The relative phase of the two waves at the screen varies in a oscillatory manner as a function of angle 
causing periodic intensity minima and maxima called fringes (see Figure 4). 

The spacing of the fringes depends on the distance between the two slits. 

If the width of each individual slit is narrow compared to a wavelength, the intensity of the two-slit 
interference pattern is given by

Two Slit Interference (01)



Figure 5: Phase Difference 
BetweenWaves Coming 
from each Slit

Equation (01) is easily derived. 

The amplitude of the electromagnetic wave emanating from each slit may be written as E= E0 sin(ωt + φ), 
where is a phase φ given by 2π / λ multiplied by the distance the wave travels from the slit. 

After the wave emanating from one of the slits travels a distance  𝓁   the wave undergoes a phase shift    
φ = 2π 𝓁/ λ so that the electric field is of form  E= E0 sin(ωt + 2π 𝓁/ λ). 

The difference in distance light from each slit travels to a point on a distant screen is shown in Figure 5 
as a function of angle.

It is seen that the wave front emanating from one slit lags behind the other by Δ𝓁 = d sinθ.



This gives a relative phase difference of 2π Δ𝓁 / λ= 2πd sinθ / λ. 

The fields due to each slit are,

Since we are interested only in relative phase differences, for algebraic simplicity we can write these as

Using the trigonometric identity,

gives,

(02)

which when squared and averaged over time produces Equation (1), i.e.,



Maximum intensity peaks occur at angles such that the path difference taken by waves from each slit to 
the distant screen is a integral multiple of wavelengths Δ𝓁 = d sinθ= mλ (see Figure 4). 

This translates to β = mπ (m = ±1, ±2,…..) and thus the angles of maximum intensity satisfy,

If the width of the slits is greater than a wavelength the interference fringes are seen to oscillate in 
brightness as seen in Figure 6.

Figure 6: Diffraction 
Interference Fringes generated 
by Two Finite Width Slits



This is due to diffraction. 

Diffraction is interference of one wave with itself. 

According to Huygen’s Principle waves propagate such that each point reached by a wavefront acts as a 
new point source. 

The sum of the secondary waves emitted from all points on the wavefront propagate the wave forward. 

Interference between secondary waves emitted from different parts of the wave front can cause waves to 
bend around corners and cause intensity fluctuations much like interference patterns from separate 
sources. 

Diffraction will be discussed in more detail later.

As we will derive later, the amplitude of the field of a diffraction pattern from one slit is given by,

Just as the two waves were added above (without the diffraction term) the relative phase difference of 
each wave is considered, the two waves are added and squared resulting in,

(03)

(04)



is of the form of a sinc function squared, where 

The diffraction term

A graph of the sinc function is shown in Figure 7.

Figure 7: sinc Function

Note that if the slit width  a  is less than 𝜆 then 𝛼  is always less than one and diffraction causes little 
change in intensity with angle. 

In this case Equation (01) becomes a good approximation.



Figure 8: Two Slit 
Interference/Diffraction

Figure 8 shows how the separate terms of Equation (04) influence the final intensity pattern for a 
particular set of slits.



Diffraction Gratings

A system consisting of a large number equally spaced parallel slits is called a grating. 

The diffraction pattern expected from a grating can be calculated in a way similar to the two slit system.

A simple way to do this calculation is to represent the amplitude and phase of each wave originating 
from one of the grating slits and impinging on a point on the screen by a vector called a phasor.

Digression to discuss phasors

What happens when coherent light comes through more than two slits, all equally spaced a distance d 
apart, in a line parallel to the incoming wave fronts? 

The same criterion still holds for completely constructive interference (what we will now refer to as the 
PRINCIPAL MAXIMA) but we no longer have a simple criterion for destructive interference: each 
successive slit's contribution cancels out that of the adjacent slit, but if there are an odd number of slits, 
there is still one left over and the combined amplitude is not zero.

Does this mean there are no angles where the intensity goes to zero? 

Not at all; but it is not quite so simple to locate them. 

One way of making this calculation easier to visualize (albeit in a rather abstract way) is with the 
geometrical aid of PHASORS:



Figure 9 - A single PHASOR of length  𝛹0  ( the wave 
amplitude) precessing at a frequency  𝜔  in the  complex 
plane.

A single wave can be expressed as ψ(x,t) = ψ0eiθ where θ = kx−ωt+φ is the phase of the
wave at a fixed position x at a given time t.  

𝜙 is the initial phase at x=0 and t=0. 

Although it is usually ignored, we retain it for completeness.  

If we focus our attention on one particular location in space, this single wave's displacement 
ψ at that location can be represented geometrically as a vector of length ψ0 (the wave 
amplitude) in the complex plane called a PHASOR.  

As time passes, the direction of the phasor rotates at an angular frequency ω in that abstract 
plane.



There is not much advantage to this geometrical description for a single wave but when  one goes to add 
together two or more waves with different phases, it helps a lot!

For example, two waves of equal amplitude but different phases can be added together algebraically as 
for BEATS:

(05)

where

That is, the combined amplitude ψ0 can be obtained by adding the phasors tip-to-tail like ordinary 
vectors. 

Like the original components, the whole thing continues to precess in the complex plane at the common 
frequency ω.

Figure 10 - Two waves of equal amplitude ψ0 but 
different phases θ1 and θ2 are represented as 
PHASORS in the complex plane. Their vector sum 
has the resultant amplitude and the average phase . 

(06)



We are now ready to use PHASORS to find the amplitude of an arbitrary number of waves of arbitrary 
amplitudes and phases but a common frequency and wavelength interfering at a given position. 

This is illustrated in Figure 11 for 5 phasors.

In practice, we rarely attempt such an arbitrary calculation, since it cannot be simplified algebraically.

Instead, we concentrate on simple combinations of waves of equal amplitude with well-defined phase 
differences, such as those produced by a regular array of parallel slits with an equal spacing between 
adjacent slits. 

The result is obtained by analysis of a geometrical construction like that illustrated below for 7 slits, each 
of which contributes a wave of amplitude a , with a phase difference of δ between adjacent slits.

Figure 11: The net amplitude of a wave produced by the
interference of an arbitrary number of other waves of the
same frequency of arbitrary amplitudes and phases can in
principle be calculated geometrically by tip-to-tail vector
addition of the individual PHASORS in the complex plane.



Figure 12: PHASOR DIAGRAM for calculating
the intensity pattern produced by the
interference of coherent light passing
through 7 parallel, equally spaced slits.

Figure 13: Blowup of one of the isosceles
triangles formed by a single phasor and two
radii from the center of the circumscribed
circle to the tip and tail of the phasor.



After adding all 7 equal-length phasors above tip-to-tail, we can draw a vector from the starting point to 
the tip of the final phasor. 

This vector has a length A (the net amplitude) and makes a chord of the circumscribed circle, 
intercepting an angle

where in this case N=7. The radius r of the circumscribed circle is given by

as can be seen from the blowup; this can be combined with the analogous

to give the net amplitude

(07)

From Eq. (07) we know that α/2 = π−Nδ/2, and in general sin(π−θ) = sinθ, so

(08)

(09)

(10)



where

Although the drawing shows N=7 phasors, this result is valid for an arbitrary number N of equally 
spaced and evenly illuminated slits.

The figure below shows an example using 6 identical slits with a spacing d=100λ. 

The angular width of the interference pattern from such widely spaced slits is quite narrow, only 10 mrad 
(10-2 radians) between principal maxima where all 6 rays are in phase.

In between the principal maxima there are 5 minima and 4 secondary maxima; this can be generalized:

(11)

(12)





We can understand this analytically from examining Eq. (11) with calculus: the extrema (maxima and 
minima) occur at the physical angles θ where dA/dθ = 0. 

That is, where

which is satisfied trivially at the CENTRAL MAXIMUM (θ=0) and otherwise where

The almost trivial solution is when δ/2 is a multiple of π (or δ is a multiple of 2π), making both 
tangents zero. 

This corresponds to the PRINCIPAL MAXIMA where, as expected from Eq. (12),

(13)

where m is called the “diffraction order”.

What about the minima? 

(14)



From the above figure we can see that the first minimum occurs when Nδ = 2π, that is, when the phasor 
diagram closes on itself. 

For large N, δ is a rather small angle and we can use the small-angle approximation tan(δ/2) ≈ δ/2  
giving Ntan(δ/2) = π = Nδ/2 to satisfy Eq. (13). 

Combined with Eq. (12) this predicts that the first minimum occurs at a laboratory angle

For large N and/or d  >> λ, this means

(15)

The interference pattern for N equally spaced slits has its first 
minimum at an angle θ(1st min) inversely proportional to N.

In figure 13 above the intensity pattern is produced by the interference of coherent light passing through 
six parallel slits 100 wavelengths apart. 

PHASOR DIAGRAMS are shown for selected angles. 

Note that, while the phase angle difference δ between rays from adjacent slits is a monotonically 
increasing function of the angle θ (plotted horizontally) that the rays make with the forward direction, 
the latter is a real geometrical angle in space while the former is a pure abstraction in phase space. 



As we have seen, summing the phasors corresponding to each slit gives the correct amplitude and phase 
of the total wave. 

The intensity distribution of the light scattered off a grating with N slits is,

Returning to the earlier discussion ..........

(16)

This relation is very similar to the one for the diffraction of two slits (α and  β defined in Equations (1) 
and (3)). 

In fact if N = 2, then substituting the identity

The exact relationship is δ/2π = (d/λ)sinθ ≈ (d/λ)θ for very small θ. 

Note the symmetry about the 3rd minimum at θ ≈ 5 mrad. 

At θ ≈ 10 mrad the intensity is back up to the same value it had in the central maximum at θ = 0; this is 
called the first PRINCIPAL MAXIMUM. 

Then the whole pattern repeats ...........



in the last term of Equation (16) gives,

and it is seen to reduce to the two slit formula Equation (04). 

The interference maxima are described by the function

With increasing number of slits N this function has a rapidly varying numerator and a slowly varying 
denominator. 

The effect of each term on the final pattern is shown in Figure 14 for a particular grating.





As the number of illuminated slits N increases, the intensity peaks will narrow and brighten.

The position of the fringe maxima generated by a grating is given by,

Fringe Maxima

where d is the grating constant (the distance between the grating slits).

Gratings are commonly used to measure the wavelength of light.

This may determined using Equation (17) and measurements of the angle between the maxima.

Diffraction and Huygens' Principle

(17)

Difference between interference and diffraction

What is the difference between an interference pattern and a diffraction pattern?

None, really. For historical reasons, the amplitude or intensity pattern produced by superposing 
contributions from a finite number of discrete coherent sources is usually called an interference pattern. 

The amplitude or intensity pattern produced by superposing the contributions from a "continuous" 
distribution of coherent sources is usually called a diffraction pattern. 



How an opaque screen works

All electromagnetic radiation originates from oscillating charged particles. 

The total electric (and magnetic) field at any given point is a superposition of the waves produced by all 
the sources, i.e., all the oscillating charges. 

In this case, one of the sources is the distant point source(S) that produces the plane wave incident on the 
screen. 

Behind the opaque screen the total wave amplitude is zero (what is meant by an opaque screen).

This total wave is a superposition of the wave from S and the waves emitted by oscillating electrons in 
the material of the screen. 

That is, the screen doesn't just gobble up the incident wave from S. 

Its electrons are driven by the incident radiation (and also by the radiation emitted by the other electrons 
of the screen) and the superposition of all of the waves, i.e., from S and from all the electrons, gives zero 
behind the screen.

All electromagnetic fields come from charged particles, and such a "zero" field as that behind an opaque 
screen is the result of a superposition.

Thus one speaks of the interference pattern from two narrow slits, or the diffraction pattern from one 
wide slit, or the combined interference and diffraction pattern from two wide slits.



Shiny and black opaque screens

There are two extremes in the varieties of opaque screen. 

At one extreme we can have a shiny opaque screen (such as an opaque piece of aluminum foil). 

The electrons in the metal are driven by the local electric field; consequently they emit electromagnetic
waves. 

In the forward direction (the direction of the incident radiation), it turns out that the superposition of the 
incident wave and that from the electrons gives zero. 

In the backward direction, it gives a reflected wave. 

The motion of a given electron is entirely due to the elastic amplitude (harmonic oscillator), and thus the 
velocity is 90 degrees out of phase with the total electric field at its location; therefore no work is done 
on the electron during any complete cycle. 

The electron "redirects" the radiation energy without permanently absorbing any energy. At the other 
extreme, we can have a black opaque screen such as black cardboard or a microscope slide painted with 
a layer of soot suspended in water. 

Again the electrons are driven by the incident radiation. 

They also suffer a resistive drag from the medium and are always at terminal velocity. 



Effect of a hole in an opaque screen

Now cut a small hole (or slit) in the opaque screen. 

First mark the material to be removed. 

Called this slit number 1 - label the material to be removed plug 1. 

The material of the screen above and below plug 1 is labeled a (above) and b (below).

The total field behind the screen, which is zero, is the superposition of the fields emitted by the source S 
and by the material from a, b, and plug 1. 

Thus, before removing the material of slit 1, we have

Their radiation in the forward direction is 180 degrees out of phase with the incident radiation and 
superposes with it to give zero (after sufficient thickness of screen). 

The velocity of a given electron is always in phase with the total electric force at its location, and 
consequently net work is done on the electron. 

The work done on the electron is transferred to the medium, which gets hotter. 

There is no net rejected wave - the contributions from different layers of the screen superpose to give 
zero in the backward direction.



Figure 15: Planes waves from distant source 
S are incident on opaque screen. 
Superposition of fields due to charges at S, a, 
b and plug 1 give zero behind the screen.

(18)

This situation is shown in figure 15.

Now remove the material that is plugging up slit 1. 

Assume that the motion of the electrons in the regions a and b is not changed by removal of the plug.

This is an approximation. 

With this assumption the total field behind the screen is no longer the superposition given by Eq. (18), 
which adds to zero. 

Instead it is that superposition minus the contribution from plug 1:

(19)



We see that the remaining field, which is a superposition of contributions from the source S and the 
remaining material of the screen, a and b, is just the same (except for a minus sign) as that which was 
being emitted by the plug when it was in place. 

Thus we can find the field behind the screen by imagining that we substitute for the source and the screen 
with slit the simpler system consisting of just the plug by itself, with no source S and no remaining 
screen, and with the electrons in the plug all oscillating with the same phase and amplitude, as they 
actually were doing when the plug was in place. 

This gives us an easy way to calculate the interference patterns due to slits in an opaque screen. 

It is easy because we make no attempt to know the variation of amplitude and phase constant of the 
oscillating electrons in the plug as functions of position along the beam direction. 

We assume the field E1 produced by the plug is due to an infinitesimally thin layer of oscillating chargers 
all oscillating in phase and with the same amplitude.

Huygens' principle

This calculation device is called Huygens' principle. 

It can be used with any number of slits and also with a single broad slit. 

Its basis is in Eqs. (18) and (19).

Now we assumed Ea and Eb were the same with the plug in place as without it.



This is only approximately true, as mentioned above. 

If one has, for example, a single wide slit and uses Huygens' construction to calculate the fields to the 
right of the screen and in the slit itself, one finds the following: 

If one is sufficiently far to the right of the screen and sufficiently near the forward direction, and if the 
screen is many wavelengths wide, then Huygens' construction gives a very good approximation to the 
right answer (as determined by experiment).

If one is in the vicinity of the slit itself, then Huygens' construction gives a very poor approximation to 
the right answer. 

If you are in the slit, the most important moving charges in the remaining screen material are those 
nearest the edge of the slit, because they are closest. 

But these are just the ones most affected by the removal of the plug.

The field pattern can be very complicated in the slit and especially near the edges of the slit, where the 
nearest oscillating charges dominate. 

You may ask, "Why not just solve the problem exactly?" 

This is very difficult. 



Calculation of single-slit diffraction pattern using Huygens' construction

We want to calculate the diffraction pattern produced when a plane wave, emitted by a distant point 
source, is incident on a slit. 

Using Huygens' construction, we mentally replace the incident plane wave (or distant point source) and 
material of the screen by a slab of radiating material - the Huygens' plug. 

Since we have a continuous distribution of oscillating charges across the slab, we should perform an 
integration (a superposition) over the contributions from infinitesimal elements of the slab. 

Instead of an integration over a continuous distribution, we can (and will) consider a discrete sum over 
contributions from N identical equally spaced "antennas". 

In the limit that N goes to infinity, we shall have a continuous distribution of radiating sources. 

The advantage of using N discrete sources rather than a continuous distribution is that we thereby obtain 
at the same time the solution for the radiation pattern produced by N antennas or N narrow slits, for 
arbitrary N from N = 2 to infinity.

You must use Maxwell's equations in all the vacuum regions and in the material, specifying the 
properties of the material precisely, and fitting everything together at the boundaries. 

There are no general methods of finding solutions, and very few such problems have been solved exactly.



Let the total width of the single wide slit be D. 

Then D is the width of the region that contains our linear array of N "Huygens' antennas". 

Let the separation between adjacent antennas be d. 

Then we have D = (N-1)d. 

Suppose the incident plane wave is in the +z direction and the N slits are along x, as shown in figure 16.

Figure 16: N antennas, N narrow slits, 
with charges all oscillating in phase

At a distant field point P, each antenna gives a contribution that has the same amplitude A(r) (because P 
is distant enough so that in the dependence of amplitude on distance we can assume the distance is 
approximately the same for all the antennas).



All the antennas oscillate in phase(hypothesis). 

The electric field E at point P is therefore given by the superposition

(20)

We wish to re-express this superposition of N outgoing traveling waves by a single outgoing traveling 
wave propagating from the average position of the array and having an amplitude that is modulated as a 
function of emission angle. 

We can simplify the algebra by using complex numbers. 

The field E is the real part of the complex quantity Ec , where

But according to figure 16,

Thus Eq. (21) becomes

(21)

(22)

(23)



where

with

where

is the relative phase of the waves(at P) from neighboring antennas. 

The geometric series S given by Eq. (24) satisfies the relation

Then Eq. (23) becomes

gives the distance from P to the center of the array.

(24)

(25)

(26)

(27)

(28)

where the quantity
(29)



Let us check that Eq. (30) gives the correct result for N = 2. 

Using the identity sin2x = 2sinxcosx with x = Δϕ/2  we get

which agrees with our earlier result.

(30)

Single-slit diffraction pattern

In this case, we let N go to infinity while holding D constant. 

The spacing d goes to zero. 

The relative phase shift Δϕ between the waves contributed by adjacent antennas goes to zero. 

The total phase shift Φ between the contributions of the first and Nth antennas at P is exactly (N-1)Δϕ. 

This is approximately NΔϕ for N huge:

Taking the real part of Eq. (28), we obtain for the field at P



(31)

Thus the modulated amplitude in Eq. (30) becomes

In the limit that N is sufficiently large, we can neglect all except the first term of the Taylor's series for 
sin(Φ/2N) in Eq. (33):

We can make one further simplification. 

As N goes to infinity, we must let A(r) go to zero in such a way that NA(r) is constant, because we want 
the same contribution for a given infinitesimal element dx of the continuous array no matter how many 
antennas it contains. (Remember, we are using the antennas in a Huygens' construction). 

We can eliminate specific reference to N and A(r) in Eq. (35) by noticing that as θ goes to zero,Φ goes to 
zero, and the ratio

(32)

(33)

(34)

(35)



goes to unity. 

Thus, A(r,0) equals NA(r) times unity, according to Eq. (35). 

Finally we have

with

(36)

The time-averaged energy flux has angular dependence(fixed r)

as is easily seen from Eq. (36). 

The amplitude and intensity patterns of Eqs. (36) and (38) are plotted in figure 17.

the

(37)

(38)



Figure 17: Single-slit diffraction pattern. (a) 
Amplitude. (b) Intensity. The angular band Δθ 
extending from -λ/2D to + λ/2D corresponds 
approximately (for small angles) to the "full 
width at half intensity". The intensity is down by 
a (2/π)2=0.41, rather than 0.5.

DIFFRACTION - Reviewing/expanding the ideas we have developed
Diffraction is interference of a wave with itself. 

According to Huygen’s Principle waves propagate such that each point reached by a wavefront acts as a 
new wave source. 

The sum of the secondary waves emitted from all points on the wavefront propagate the wave forward. 

Interference between secondary waves emitted from different parts of the wave front can cause waves to 
bend around corners and cause intensity fluctuations much like interference patterns from separate 
sources. 

Some of these ideas were touched in the previous notes on interference.



The intensity distributions of monochromatic light diffracted from the described objects are based on:

All calculations are based on the assumption that the distance L between the slit and the viewing screen 
is much larger than the slit width a:, i.e. L >> a. 

This particular case is called Fraunhofer scattering. 

The calculations of this type of scattering are much simpler than the Fresnel scattering in which case the 
L >> a constraint is removed.

THEORY

A narrow slit of infinite length and width a is illuminated by a plane wave (laser beam) as as shown in 
Figure 18.

The intensity distribution observed (on a screen) at an angle α with respect to the incident direction is 
given by equation (39).



Figure 18: Intensity Profile of 
the Diffraction Pattern Resulting 
from a Plane Wave Passing 
Through a Single Narrow Slit

where λ = wavelength of incident plane wave; a = slit width; θ = angle of observation (wrt incident 
direction); I(𝜃) = intensity in direction of observation; I(0) = maximum intensity of diffraction pattern 
(central fringe). 

Let us derive this equation in detail.

This relation is mathematics used to calculate this relation are very simple. 

The contributions from the field at each small area of the slit to the field at a point on the screen are 
added together by integration. 

Squaring this result and disregarding sinusoidal fluctuations in time gives the intensity.

(39)



Figure Figure 19 shows the quantities used to calculate the diffraction from a slit of width a.

Figure 19: Diffraction by a Single Slit

Each point of the slit along the y-direction will generate its own wavelet (Huygen’s principle) — and 
each of these wavelets will have the same wavelength as the incident plane wave.

The amplitude of a wavelet generated at point y and reaching point P will be

with

The main difficulty in the calculation is determining the relative phase of each small contribution.



The phase φ can be arrived at by using the path difference:

Consequently

At point P, the amplitude of each wavelet generated by any point y along the slit will be

(40)

The total amplitude at P will be (according to the superposition principle) the sum of the contribution of 
each point along y. 

This is obtained by integrating along y:

(41)

This integral is straightforward, and is given by



We are interested in the light intensity  I = (ETOT)2 rather than the amplitude ETOT , 

Neglecting constants, which relate the intensity at P to the intensity of the incident wave, we obtain

(42)

with

This relation is found in the literature as

I(0) is the intensity of the central fringe (θ = 0). 

It is always the maximum intensity of the diffraction pattern. 

This relation will have a value of zero each time that sin2α = 0.

This occurs when

(43)



where m = order of diffraction.

The shape of the distribution given by (42) is shown in figure Figure 20.

(44)

Figure 20: Intensity Profile of 
Single Slit Diffraction Pattern

This relation is satisfied for integer values of m. 

Increasing values of m give minima at correspondingly larger angles.



Diffraction by a Circular Aperture

THEORY

For a circular hole of diameter d the diffraction pattern consists of concentric rings, which are analogous 
to the bands which we obtained for the slit. 

The pattern for this intensity distribution can be calculated in the same way as for the single slit, but 
because the aperture here is circular, it is more convenient to use cylindrical coordinates . (z,ρ,θ) 

The superposition principle requires us to integrate over a disk, and the result is a Bessel function as 
shown below.

The intensity of the Frauenhofer diffraction pattern of a circular aperture (Airy disk) is (derived later)

The first minimum will be found for m = 1, the second for m = 2 and so forth. 

If a sinθ /λ is less than one for all values of θ, there will be no minima, i.e., when the size of the 
aperture is smaller than a wavelength( a < λ).

This indicates that diffraction is strongly caused by perturbations with sizes that are about the same 
dimension as a wavelength.



where θ is the angle between the line through the center of the circle and the line from the center to the 
observation point.

The condition for observing a minimum of intensity is found from the zeroes of the Bessel function             
J1(x). 

The zeros are at

The first dark ring in the diffraction pattern occurs where

Diffraction by a circular aperature



Light as Matter or Waves: The Poisson Spot

THEORY

In 1818 Fresnel entered a competition sponsored by the French Academy. 

His paper was on the theory of diffraction. 

He showed that if light is to be described as a wave phenomenon, then a bright spot would be visible at 
the center of the shadow of a circular opaque obstacle, a result which he felt proved the absurdity of the 
wave theory of light.

This surprising prediction, fashioned by Poisson as the death blow to wave theory, was almost 
immediately verified experimentally by Dominique Argo. 

The spot actually existed.

The experimental setup in Figure 21 can easily settle a controversy that preoccupied the minds of the 
brightest philosophers and scientists for centuries. 

Is light described as a stream of particles or as a wave phenomena? 

Or in other words, does the Poisson spot exist?



Figure 21: Poisson Spot Experiment Setup



Diffraction - More thoughts.......

Introduction

So far we have considered a range of models for light, each one appropriate to the phenomena we are 
considering. 

The models so far have always taken the direction of the propagation to be given by Snell’s Law, so that 
it only changes at refractive index boundaries.

To go further we need to consider the spatial wave nature of light, which results in diffraction. 

We will start with a simplified scalar model where we will ignore the polarization effects of light.

Consider a ideal point source where wave of wavelength λ spread out in three-dimensions from the point 
(0,0,0) drawn from the y/z plane as shown in figure 22.

Figure 22: Spherical wave 
spreading from a point source.



Ignoring the time varying part, the scalar amplitude at a point a distance r from the origin is,

and

with the intensity given by 

which is the inverse square relation, so the apparent intensity of the source drops off as the square of the 
distance.

When very close to the point source, we have to use the full expression for r which corresponds to 
expanding spherical waves, however as z becomes large we can start taking approximations that simplify 
the calculations

Parabolic Approximation:

If z << x/y , we can expand the expression for r to give

which corresponds to parabolic wave approximation, which will result in Fresnel or near field 
diffraction.



Plane Wave Approximation:

The further approximation is that the wavefronts are locally plane as shown in figure 23.

Figure 23: Far field approximation
from a point source

At a distance D from the point source at angle  θ0 , about the point  y0   we have

This approximation is equivalent to expressing the wavefront as a series of plane waves, which will 
result in Far Field diffraction. 

As we will see, this apparently rather drastic approximation results in many more usable results than you 
would expect.

Here, we will only deal with far field diffraction, which can be formulated in a Fourier scheme. 

This will allow us to understand the effects of diffraction on imaging systems.



Consider a single slit of width d in plane P0  being illuminated by a scalar wave of wavelength λ.

In plane P1  a large distance D along the z axis, we consider a point s as shown in figure 24, where the 
line from the center of the slit to s makes an angle θ with the z axis.

Figure 24: Layout and construction for 
far-field diffraction from a single slit

If we assume that D >> d, the width of the slit, then the angle of the rays (a) from the top of the slit, and 
(b) from the bottom, to s is also θ.

Then, as seen from s there appears to be a phase shift δ(y) across the slit given by

The distance R from the slit to the point s can also be taken as constant and given by,



The scalar amplitude at s will then be a summation of the components coming from the slit and will be 
given by

where  E0 is the scalar amplitude at the slit. 

This can be integrated to give

To simplify this expression let 

we can then write E(θ) as

The intensity, which is what we would actually measure, is now given by



where                      is the intensity at the slit. 

For small θ, the shape of this function is dominated by the               term, which is plotted in figure 25. 

The              term is zero for β = ±mπ , giving zeros of the pattern when

This gives the angular shape of the diffracted pattern when D >> d.

Figure 25: Shape of sinc2(x)

Diffraction Pattern from Slit and Lens

The above formulation assumes that the diffracted wavefronts after the slit are plane which result in a 
diffraction pattern formed at infinity. 



A more useful geometry is to have a slit of width d immediately followed by a lens of focal length f as 
shown in figure 26.

Figure 26: Diffraction 
from a slit imaged by a lens

We know that a collimated beam at angle θ striking the front of the lens is imaged to a point in the back 
focal plane Pfb, which is a distance f from the back principal plane of the lens. 

Thus a plane wave, diffracted in direction θ will be focused as s, where

so the intensity in the back focal plane will be

which has zeros at



The distance or width between the ±1 zeros is

Note the reciprocal relations between d and w, as as the slit get narrower then it diffraction pattern gets 
wider.

The Fourier Approach - 1st Try

The Fourier transform of a function f(x) is given by,

which for a real function f(x) we can write as

If we now define a function p(x) which represents the slit as



then from our prior work

can be written as

where P(u)= ℑ p(x), or more importantly, if we have a lens of focal length f after the slit, then in the 
back focal plane of the lens we have

where

and d is the the width of the slit and the intensity is

or



So we have the important result that the intensity in the back focal plane is related to the modulus 
squared of the scaled Fourier transform of p(x), which represents the slit.

The intensity is then

the scheme is easily extended to a two-dimensional slit, being a rectangle of sides a x b, by defining a 
rectangle function,

The two-dimensional Fourier transform is given by

since both the Fourier transform and p(x,y) are separable. 

Then following the procedure above the intensity diffracted from a rectangle, in the back focal plane of a 
lens of focal length f is given by

where I0 is the intensity at the center of the pattern.



This shape is plotted as a surface plot in figure 27, for an aperture where a = 3b.

It shows two sinc2() functions at right angles, one being the three times wider than the other.

The log() of the function is also plotted which makes the structure much more obvious.

Figure 27: Plot of diffraction pattern 
from a rectangular aperture with of 
size a x b where a = 3b, and its log().

Diffraction from Two Slits

The power of the Fourier approach really becomes obvious when the diffracting object become more 
complex. 

Consider diffraction from two slits of width a separated by distance b. 

If, as above, we define p(x) to be the transmission function for one slit, being given by



then two slits, separated by b can be written as

where  δ(x)  is the δ-function, and      is the convolution operator given by 

This is shown schematically in figure 28.

Figure 28: Representation of 
two slits by convolution.

We then know from the convolution theorem, that the Fourier transform is just the product of the Fourier 
transform of the two function, so in this case we get that



The diffracted intensity behind a lens of focal length f is now just

Figure 29: Plot of intensity diffracted 
from two slits separated by six times 
their width, and its log().

where I0 is the intensity at the center of the pattern. 

A plot of this intensity for b = 6a is shown in figure 29, along with a log() plot to make the outer peaks 
more visible.

The shape is cos() fringes from the two slits modulated by the sinc2() resulting from the finite thickness 
of the slits. 

If you compare this analysis with the traditional scheme in the textbooks, the power of the Fourier 
techniques is obvious!



The Diffraction Grating

The diffraction grating is a series of thin slits all separated by a distance d, which images by a lens of 
focal length f as shown in figure 30. 

The traditional and simple analysis is that at angle θ, the phase delay between light diffracted from 
adjacent slits is,

They will all sum together coherently, when δ = 2mπ giving a series of peaks when

Figure 30: Diffraction 
grating images by a lens.



In the back focal plane of a lens of focal length f which, for small   , will give a series peaks at,

However this does not tell us anything about the shape of the peaks, or what happens when the slits are 
of finite width, for this we need Fourier methods. 

We can represent a series of very thin slits as a series of δ -functions, each separated by distance d, by

which is the Comb() function as shown in figure 31.

Figure 31: A Comb() function 
and its Fourier Transform.



Its Fourier transform is also a Comb(), but of reciprocal spacing, so

The intensity output behind a lens of focal length f is then given by

which is just a set of 𝛿-functions located at

Now consider a full description of a grating with period d, slit width a, and finite length D = Nd, as 
shown in figure 32.

Figure 32: Full description of a grating of period d, slit width a and finite extent D = Nd



Using the notation in the figure, the grating can be described by a function

which again from the convolution theorem, has Fourier transform

where

The intensity is then just, 

which is plotted for a = 1, d = 5 and N = 10 in figure 33 which shows a series of sharp sinc2() functions 
separated by a constant distance and weighted by an overall sinc2().

Figure 33. Output of a grating of period 
d, slit width a and finite extent D=Nd



DIFFRACTION AND FOURIER OPTICS

I. Introduction

Let us examine some of the main features of the Huygens-Fresnel scalar theory of optical diffraction

This theory approximates the vector electric and magnetic fields with a single scalar function, and adopts 
a simplified representation of the interaction of an electromagnetic wave with matter. 

As you will see, the model accounts for a number of optical phenomena rather well.

If one accepts the Huygens-Fresnel theory, it becomes possible to manipulate images by altering their 
spatial frequency spectrum in much the same way that electronic circuits manipulate sound by altering 
the temporal frequency spectrum.

II. Theoretical considerations
A. Huygens-Fresnel scalar theory

Imagine an opaque screen with a hole in it, illuminated by monochromatic light. 

Upon close examination, one finds an intricate pattern of light and dark behind the screen, not simply a 
geometric shadow as would be predicted by a particle theory of light. 

The first attempt to explain the observed pattern was made by Christiaan Huygens, in 1678, on the basis 
of his wave theory of light.



Huygens and Fresnel did their work before Maxwell, so they did not really have a proper description of 
the electromagnetic field and were forced to resort to rather arbitrary assumptions. 

To the modern student of optics it seems more sensible to start with Maxwell's equations, appropriate 
boundary conditions at the screen, and a description of the source of electromagnetic waves. 

The     and        fields can then be calculated at all points in space, and the optical intensity found            
from        . 

It turns out that this approach is nearly impossible to carry through to a successful conclusion for any 
reasonably interesting geometry.

In 1818, Augustin Fresnel combined Huygens' intuitive ideas with Young's principle of interference to 
produce a reasonably quantitative wave theory of optics. 

Briefly put, the model assumes that each point within the illuminated aperture of a screen is the source of 
a spherical wave. 

The amplitude of the optical field at any point beyond the screen is found by adding the spherical waves 
arriving from each fictitious point source. 

Additional assumptions are needed to insure that the point sources only radiate in the forward direction, 
and that the edge of the aperture makes no special contribution.

The most important difficulty is that      and      are coupled vector fields, so the basic equations are 
difficult to solve except for highly symmetric cases. 
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The first step in the simplification is to replace the vector wave equation for        scalar equation for one 
component, E(x,y,z,t) :

By treating only one component of the field, we are assuming that interactions with the aperture cannot 
affect the polarization of the incident wave. 

Since we already know the explicit time dependence of the wave, we write

(01)

Then, even when the geometry is simple, a proper description of the response of the screen material to 
the electromagnetic wave is difficult. 

As a result only a few simplified geometries have been calculated rigorously. 

Fortunately a number of scientists, including Kirchoff, Rayleigh and Sommerfeld, were able to develop a 
simplified theory of optical diffraction between about 1880 and 1900. 

The results of this theory agree well with experiment, and with complete calculations in those cases 
where the latter can be carried out. 

Accordingly, we will work with this simplified model in what follows 
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and substitute into (01) to obtain the desired scalar wave equation

where

The solution of (02), with appropriate boundary conditions, will be our description of the diffracted 
wave.

Equation (02) is to be solved for the geometry shown in Fig. 1, which depicts a planar aperture (the 
object) in an opaque screen illuminated from the left, and an image plane.

(02)

Fig. 1 - Sketch of object and image plane coordinates 
showing the distance rio between image and object 
points. The line rio makes an angle θ with the z-axis.

the
the

(03)



We will derive rather generally that E(xi , yi) is given by

From our assumptions, E0 is zero except directly behind the aperture, so the surface integral effectively 
runs over the aperture in the screen.

Although Eq. (04) appears complicated, it is really nothing more than a formal statement of the 
Huygens-Fresnel argument. 

To see this, recall that a spherical wave of amplitude A diverging from a point source is described by

The integral (04) is a sum of such waves, of amplitude E0 , originating from the object points (xo,yo) 
within the aperture. 

The cos(θ) term corresponds to Fresnel's assumption that only the forward-propagating part of the 
spherical waves is to be retained.

(04)

We assume that the aperture acts as the source of a field E0(x0 , y0) which may be attenuated and phase 
shifted relative to the incident field. E0 is assumed to be identically zero beyond the opaque portions of 
the screen. 

(05)



The screen is characterized by a complex transmission function T0(x0 , y0 ) which describes the phase shift 
and attenuation produced by the aperture. 

If, as is frequently the case, the barrier either totally transmits or totally blocks the incident beam,          
T0(x0 , y0 ) becomes identically 1 for (xo,yo) within the aperture and zero otherwise.

The object amplitude E0 is found by multiplying the incident wave T0(x0 , y0 ) by product is particularly 
simple for a point-source on the coordinate axis a distance zs  from the aperture, provided zs is large 
compared to the dimensions of the aperture.

In that limit we can replace r by zs in the denominator of Eq. (05). 

We must be more careful with the r in the exponential, because kr is likely to be a big number which we 
must determine to a fraction of 2π . 

A simple expansion of r gives

(06)

which can be inserted into (05) to yield

(07)



Further simplification is obtained for plane wave illumination normal to the aperture, which is obtained 
by letting zs → ∞ holding A/zs → A ‘ finite. 

The varying phase factors then vanish, leaving E0 = A'T0 (x0 , y0 ).

At this point, most of the physics is done and the content of the model has been presented. 

The remainder of our job is to make some geometrical approximations that will let us evaluate (04) in the 
cases of interest.

B. Fresnel and Fraunhofer diffraction
Referring again to Fig. 1, we see that θ in Eq. 04 is                                                                                         
determined by the distance z between aperture and 
image planes, and by the distance from the image 
point to the origin. 

If we restrict our attention to a finite region of the image plane, corresponding to θ less than a few 
degrees, it is adequate to take cosθ ≈ 1. 

Exactly the same considerations allow us to replace ri0 in the denominator by z and by the expansion (06) 
in the exponential.

Substituting into (04) we get

(08)



This is known as the Fresnel approximation to the scalar diffraction theory.

It is useful when z is very large compared to a wavelength, but not necessarily much bigger than the 
linear dimensions of the aperture. (The expansion (06) seems to require , z >> (xi − x0 )
but most of the contribution to the integral (08) comes from regions where (xi − x0 ) ≈ 0.

Outside of those regions the exponential oscillates rapidly, leading to a cancellation of positive and 
negative contributions.)

A further rearrangement of the Fresnel diffraction expression will be computationally convenient. 

Expanding the quadratic terms in the exponential, we get

This tells us that the Fresnel diffraction pattern can be found, within phase factors, by computing the 
Fourier transform of

(09)



As we know, a very efficient algorithm, the Fast Fourier Transform or FFT, exists to do this computation.

The physical significance of the transform is discussed later.

 If we move farther away from the aperture, so that z >> k (x02+y02) , the quadratic phase factor in (09) is 
approximately unity over the entire aperture. 

This infinite-distance limit is called the Fraunhofer regime, and is the case usually considered in 
elementary treatments. 

The diffraction pattern is explicitly given by

(10)

which is simply the Fourier transform of the aperture illumination. 

We will usually want to know the optical intensity, which is proportional to |E0|2, so the phase factor in 
front is irrelevant.

C. Thin lenses and spatial filtering

The geometrical-optics analysis of lenses is already familiar to you.



Here we are concerned with the phase of the optical waves, in order to treat interference effects properly, 
so we must reexamine the effect of a lens on an incoming wave. 

We will eventually find that lenses do indeed form images, but with a phase shift which depends on 
position.

Fortunately, we are usually concerned with intensity, not amplitude, so the phase shift is unimportant, 
and we can expect to use lenses as usual to form magnified images of objects. 

More surprisingly, we will also find that a lens can be used as an optical Fourier transformer. 

This will allow us to observe the Fraunhofer diffraction pattern at a finite distance from the diffracting 
object, and to do the Fourier transform required for spatial filtering experiments.

1. Lens geometry

The type of lenses we need to understand consist of optically dense material bounded by spherical 
surfaces, as shown in Fig. 2a.

Fig. 2 Definition of the 
geometry for a thin lens



To calculateb           , we imagine splitting the lens, as shown in Fig. 2b, and work out the geometry to 
obtain

This simplifies enormously if we stay near the lens axis, since then we can expand the square roots to 
obtain:

where n is the index of refraction. 

Rearranging, we get

(11)

We will treat only thin lenses, in the sense that a ray entering at (x,y) on one face emerges at nearly the 
same coordinate on the other face.

A thin lens therefore serves only to delay the incident wavefront by an amount proportional to the 
thickness of the lens at each point. 

Denote the thickness at any point by Δ(x, y), and the maximum thickness by Δ0. 

The total phase delay between the input wave E𝓁 and the output wave E𝓁′ is 

(12)

(13)



2. Arbitrary d0 and di

We now have all the machinery we need to handle the situation shown in Fig. 3.

(14)

Eq. (14) limits us to paraxial rays, but that is the normal approximation in geometric optics anyway.

Using the lens-maker's formula to relate the focal length f to the lens parameters, we substitute (14) into 
(12) to arrive at the desired equation for the output

where we have suppressed a constant phase factor. 

As a check on the derivation, you might wish to convince yourself that an incident plane wave E𝓁

will be transformed into a spherical wave converging on a point a distance  f  behind the lens, as you 
would expect.

(15)



Fig. 3 Object, lens and image planes for 
a thin lens. A point-source is located on 
the axis a distance ds from the lens.

An object a distance do from the lens is illuminated by a point source. 

The object transmits a wave E0(x0,y0) which is modified by the lens and then travels a distance di to the 
"image" plane, where it is described by Ei(xi,yi). 

To calculate Ei we start from the Huygens-Fresnel description of the object as a sum of point sources, 
each emitting a spherical wave of strength E0(x0,y0). 

The superposition of all the spherical waves will give an expression for E𝓁 of the form of Eq. (08). 

This wave is transformed to E𝓁′ by the lens according to Eq. (15). 

If we consider E𝓁′ to be a new superposition we can describe Ei in the form of Eq. (08) again.

Writing out these steps is messy but necessary. 

From (08), dropping the constant phase exp(ikz) , we have



(16)

We then get E𝓁′ from (15), and put it into (08) again to get

It is convenient to introduce a new function h(xi,yi;x0y0) defined by 

The explicit form of h is found from (15), (16), and (17):

(19)

(17)

(18)



Clearly, this equation is too messy to be useful, and we need to set about evaluating some special cases. 

Before proceeding, note that we could have gotten h directly by finding the image of a point source 
located at (x0,y0) since the definition (18) is just the Huygens-Fresnel superposition integral again.

3. Image condition

As a first case, let us look at the geometry for forming an ordinary image. 

Recall from geometrical optics that a real image is formed by a positive lens when (1/d0) + (1/di) = 1/f.

For that geometry the quadratic phase factors in (19) vanish leaving two integrals over exp(iqx) , which 
are delta functions. 

Substituting into Eq. (18) we get, after some algebra,

(20)

where M = di/d0 is the geometric magnification. 

Except for a phase shift, Ei is a scaled copy of E0. 

The phase factor will vanish when we take |Ei|2 to get the intensity at di, so we have shown that we do 
indeed get an image of the input object when we satisfy the geometrical-optics condition for 
imaging.



4. Fourier transform condition

Although it is not obvious, a simple Fourier transform can describe the "image" in the plane at dt shown 
in Fig. 4. 

Fig. 4 The lens forms the Fourier transform 
at plane t and a geometric image at plane i. 
The source at distance ds is not shown.

When E0 is given by Eq. (07) and we set di = dt in Eq. (19) the integrand in Eq. (18) becomes

(21)

where (xt,yt) are coordinates in the plane at dt. 

This is almost the transform of the aperture transmission function. 

This is the plane conjugate to the source, that is (1/ds)+(1/dt ) = 1/f.



The quadratic phase factors can be eliminated by setting do = f and using plane-wave illumination for 
which ds → ∞ and dt = f. 

These conditions lead to

which indicates that under these conditions the image formed at dt is exactly the Fourier transform of the 
object transmission function.

One sees from (21) and (22) that the image formed in the plane conjugate to the point source can have 
some interesting properties. 

Comparison with Eq. (10) shows that the intensity distribution in the transform plane is the same as in 
the Fraunhofer diffraction pattern of the object. 

This is true even though the transform plane is rather close to the object, a potential advantage in setting 
up experiments. 

The image is also closely related to the spatial frequency spectrum of the object, a point we now consider 
in detail.

(22)



5. Spatial filtering

Equation (22) shows that the complex amplitude Et in the plane at dt is the spatial-frequency spectrum of 
the object transmission function T0. 

Specifically, the observed amplitude at a point (xt,yt) in the "transform plane" is proportional to the
spectral amplitude at frequency (vx,vy)=                                      . 

By inserting an appropriate barrier (filter) in the optical path at the transform plane, we can remove or 
phase shift any desired part of the spatial frequency spectrum. 

If we pick the filter correctly, the processed image may be modified in any of several well-defined ways.

For example, a filter which removes the higher spatial frequencies (the parts of the transform farthest 
from the optic axis) will blur all sharp edges in the final image.

Unfortunately, the condition d0 = f, required to completely eliminate the phase factors in the transform 
plane, leads to an image at infinity. 

This is not very satisfactory for experiments. 

Suppose instead that we consider the more general case of d0 > f to obtain a filtered image at a finite 
distance. 

Taking the limit ds → ∞ in (21) then yields an expression like (22) but with a multiplicative phase factor
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(kxt/2ωf, kyt/2ωf)



A filter in the transform plane t will modify this complex amplitude according to Et′ = Tf (xt, yt)Et . 

The modified wave then propagates to the final image plane at di according to Eq. (09), with the result

where

is the Fourier transform of T0 and z = di - f. 

Note that the quadratic phase factors in the transform plane have vanished, so we can retain all of our 
previous discussion based on Eq. (22). 

Also note that, when Tf = 1, Ei is the Fourier transform of the Fourier transform of T0. 

Double-transforming a function results in an inverted version of the original function, so we recover the 
geometric image, consistent with Eq. (11), as we must.

(23)

(22)



Diffraction from a Circular Aperture

As most optical systems are circular, the next most useful diffraction to consider is the circular aperture, 
which is going to give up the shape of the spot formed by a lens.

Consider the circular aperture of radius a, being defined by,

First we need to calculate the Fourier transform P(u,v), which using

thewe have that

where the limits of integration are across a circle of radius a. 

The circular aperture p(x,y) is clearly circularly symmetric, so it Fourier transform must also be 
circularly symmetric.

Therefore we only need to calculate P(u,v) along one radial line; select the line with v = 0, to give



We now need the second identity that

where         is the zero order Bessel function, we get that

Now we have the standard special function identity that

so if we let t = 2𝜋u𝜌, we get

which we can then integrate to get



Using the fact that it is circularly symmetric, we can then write this in two dimensions as

We then know from earlier work that the intensity in the back focal plane of a lens of focal length f is the 
square modulus of the Fourier transform scaled by λf, giving

where we have incorporated the various constants into I0 and this is the intensity at the center of the 
pattern.

To analyze this we need to consider the shape of  J1(x)/x and | J1(x)/x |2 the which are plotted in figure 05.

Figure 05: Plot of J1(x)/x and |J1(x)/x|2



These functions have a similar shape to sin() and sinc2(), but have

The two dimensional function |J1 (r) / r|2 is circularly symmetric and is plotted in figure 06 along with its 
log(), which makes the ring patterns more obvious.

Figure 06: Two-dimensional surface 
plot of |J1(r)/r|2 and its log()

If we have lens of focal length f and diameter d, then if we view a distant point object, the front of the 
lens will be illuminated by approximately plane waves. 

The aperture of the lens is circular, so in the back focal plane we will get a diffraction pattern from the 
aperture. 

This distribution is known as the Airy Pattern. 

The key feature of this pattern is the location of first zero, being at 3.832.



It is the same of all systems with the same ratio f/d. 

This shows that the image of a distant point object will be imaged as a bright central spot surrounded by 
a series of rings, known as the Airy Rings, the whole pattern being known as the Point Spread Function 
of the system.

Figure 07: Point spread function of a a lens

The distant object will therefore be imaged as the distribution I(s,t) defined above as shown in figure 07. 

Note that a compound lens can be represented be a simple ideal lens located in the back principal plane. 

The key feature of this distribution is the location of the first zero, being at radius



Spatial Resolution of an Optical System

Just as the size of the grating limited the spectral resolution of a spectrometer, then the Point Spread 
Function limits the spatial resolution of an imaging system. 

If we consider two distant point objects with angular separation Δθ, then as shown in figure 08, in the 
back focal plane of an imaging system with focal length f, we get two point spread functions with, for 
small Δθ, their peaks separated by

Figure 08: Image of two 
distant point objects.

There are three possible conditions, these are:



There are a range of resolution limits. 

The most useful and practical is the Rayleigh Limit, when s = r0, so the peak of one point spread 
function is at the zero of the other. 

This results in a twin-peak with a dip of about 20% between them as shown in figure 09.

Figure 09: Plot of point spread 
functions at the Rayleigh resolution 
limit on one and two dimensions

In terms of angular resolution, we therefore get the Rayleigh Limit to be 

It depends only of the diameter of the imaging system and the wavelength of light being imaged. 

This limit applies to a whole range of optical system, including the eye, telescopes, microscopes and 
cameras. 

This basic theory also applies to all other waves phenomena, including radar, microwaves, and even in 
acoustics!



When using this analysis for imaging system, for example a microscope, or camera, the image is not 
formed in the back focal plane, but rather in the image plane, a distance v from the back Principal plane, 
where v is given by the Gaussian Lens formula. 

Under these conditions, all the above analysis is still valid, but the scaling from Fourier Transform to 
diffracted intensity become  𝜆v  rather than  𝜆f .

The Annular Aperture

Most large astronomical telescopes have a fairly large central obstruction where the secondary mirror is 
located giving an annular aperture rather than a circular one. 

As in the previous discussions, the diffraction pattern will be the scaled square modulus of the Fourier 
transform of the pupil, so we need to consider the Fourier transform of an annular aperture as shown in 
figure 10.

Figure 10: layout of an annular pupil

This can be mathematically written as,



Using polar coordinates as earlier, the Fourier transform of this is given by

which only differs from the circular case in the limits of the radial integration. 

Again p(x,y) is radially symmetric, so the Fourier transform will the radially symmetric. 

The angular integration is identical to the circular aperture, so that along one radial direction,

since J0() is a symmetric function.

This is just the difference between the Fourier transform of two circular apertures, one of radius b and 
one of radius a, so we get

The intensity of the point spread function is then just the scaled modulus squared of this, giving the 
rather complicated expression of



The significance of this complicated expression only becomes apparent when it is plotted and compared 
to the intensity from an unobstructed aperture of the same outer diameter as in figure 11, which is plotted 
for a = 0.7b.

where the constant B is given by

and I0 is the intensity at the center of the pattern.

Figure 11: Comparison of annular point spread function 
with point spread function for unobstructed aperture.



The important feature are:

Figure 12: Surface plot of point spread 
function of an annular aperture with a = 0.7b.

As we have seen earlier, the angular resolution for a telescope of focal length f is given by

where is the radius of the first zero of the point spread function, so since the annular aperture has a 
narrow point spread function, its angular resolution will be smaller and thus improved. 

This effect is shown graphically in figure 13 for an annular aperture with a = 0.7b. 



The intensity distribution at the Rayleigh limit is plotted on the left, showing a very clear dip, so the 
points are well resolved. 

The plot on the right shows the stars separated by

Figure 13: Plot of intensity 
distribution or annular aperture with 
two stars (a) at the Rayleigh 
resolution criteria of Δθ = 1.22 λ/d 
and (b) below the Rayleigh criteria at 
Δθ = λ/d

his improved resolution does have a cost, that being the absolute peak intensity is proportional to the 
open area of the pupil which is clearly reduced by the presence of a central stop.

Resolution in Real Astronomical Telescopes

The above analysis assumes that a distant point source results in plane wavefronts across the input 
aperture of the system, with the resolution of the system limited only by diffraction. 

This is valid for a small high quality system, for example microscopes, the human eye, small telescopes, 
and high quality camera systems. 



When we consider large astronomical telescopes, there is another very significant effect, that of the 
atmosphere. 

The refractive index of a gas depends on it local density, thus for air, it depends on pressure and 
temperature. 

Thus pressure and temperature gradients in the atmosphere result in local refractive index, and thus 
optical path length variations, as illustrated in figure 14.

This is also why start twinkle. 

As the atmosphere moves, this introduces a time varying phase aberration across the aperture of the 
telescope with the speed and extent of the variation depending on the local atmospheric conditions. 

Figure 14: Schematic of a real terrestrial telescope.



This is known as the seeing conditions. 

In conditions of good seeing, the phase aberration can be considered constant for approximately 1/10th 
of second and plane over a region, known as the isoplanatic patch.

Under these conditions, each isoplanatic patch acts as an individual telescope, with the long, compared to 
the time constant of the atmosphere, exposure. 

The image of the star is an intensity summation of the image from each patch. 

The resolution is therefore limited by the size of the isoplanatic and not the overall aperture of the 
telescope. 

In areas of good seeing, the isoplanatic patch is 100 - 150 mm in diameter, giving an effective angular 
resolution of

for λ = 500nm and d ≈100mm. 

Since the isoplanatic patches are time-varying, and not circular, the shape of the point spread function 
will be time averaged and will approximate a Gaussian with it radius given by the e-2 intensity position, 
given, for a telescope of focal length f approximately by f Δθe. 

There are a range of schemes to minimize this effect:



Telescope Location: Locate the telescope in areas of good seeing, typically high on a mountain plateau 
in an area of stable atmospheric conditions, Hawaii, Tenerif, Arizona are typical examples. 

The ultimate is the remove the atmosphere, hence the Hubble and James Webb Space Telescopes!

Short Exposures: Use exposure times short compared to the movement of the atmosphere and combine 
after digital processing.

Adaptive Optics: Analyze the input distorted wavefront and correct its shape as shown in figure 15.

Figure 15: Layout of adaptive optical 
system for wavefront correction



This system assumes that there is a single bright guide star in the field of view which acts as a point 
source, and hence a bright source of plane waves. 

The correction is then valid over the whole field of view so that dimmer objects close to the guide star 
are also corrected. 

This system gives significant improvement in resolution, and under optimal conditions, with a bright 
guide star we can get within 20% of the Rayleigh diffraction limit of the full telescope aperture.



The Fresnel Zone Plate

In the Fraunhofer formalism light is represented by plane waves, and the distance between light-source 
and scattering object or scattering object and observer is assumed to be very large compared to the 
dimensions of the obstacle in the light path. 

If you drop these conditions, the light phenomena observed are described by the Fresnel formalism
and the light waves are represented by spherical waves rather than plane waves. Figure 16 shows the 
spherical surface corresponding to the primary wave front at some arbitrary time t after it has been 
emitted from S at t = 0. 

As illustrated the wave front is divided into a number of annular regions. 

The boundaries of these regions correspond to the intersections of the wave front with a series of spheres 
centered at P of radius r0 + λ/2 , r0 + λ, r0 + 3λ/2, etc.

Figure 16: Fresnel Zone -
The surface of the spherical
wavefront generated at point S
in the figure above has been
divided into several Fresnel
Zones. Each area is comprised
of points that are close to the
same distance from point P and
thus all the secondary wavelets
emanating from within the same
Fresnel Zone will add
constructively at P.



These are Fresnel or half-period zones. 

The sum of the optical disturbances from all m zones of P is

(24)

Because of the phase of the light passing through each consecutive zone increases by λ/2 (= change in 
phase by π) the amplitude EP of the zone alternates between positive and negative values depending on 
whether m is odd or even. 

As a result contributions from adjacent zones are out of phase and tend to cancel. 

This suggests that we would observe a tremendous increase in irradiance (intensity) of P if we remove all 
of either the even or odd zones. 

A screen which alters the light, either in amplitude or phase, coming from every other half-period is 
called a zone plate. 

Examples are shown in Figure 17.

Figure 17: Fresnel Zone Plates



Suppose that we construct a zone plate which passes only the first 20 odd zones and obstructs the even 
ones,

and that each of these terms is approximately equal. 

For a wavefront passing through a circular aperture the size of the fortieth zone, the disturbance at P 
(demonstrated by Fresnel but not obvious) would be E1/2 with corresponding intensity I = (E1/2)2.

However, with the zone plate in place E = 20E1 at P and I = (20E1)2. 

The intensity I of the light at P has been increased by a factor of

The zone plate acts as a lens with the focusing being done by interference rather than by refraction!

To calculate the radii of the zones shown in Figure 17, refer to Figure 18.

(25)



Figure 18. Fresnel Zone 
Radii for Fresnel Zone Plates

The outer edge of the mth zone is marked with the point Am. 

By definition, a wave which travels the path S-Am-P must arrive out of phase by m/2 with a wave which 
travels the path S-O-P, that is,

According to the Pythagorean theorem                                 and                                . 

Expand both these expressions using the binomial series and retain only the first two terms                        
(                               and                               ).   

Substituting into Equation (25) gives the criterion the zone radii must satisfy to maintain the alternating 
λ/2 phase shift between zones.

(26)



puts it in a form identical to the thin lens equation (                              ) with primary focal length f1,

The width of zone m is proportional to          . 

Rewriting Equation (27) as,

(27)

(28)

(29)


