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Assignment 1 - Math Review

This week we will review some important mathematical concepts.

Questions while reading (make sure you can answer these!):

How is a vector defined in terms of its transformation properties?
What is a direction cosine? "What is an orthogonal matrix?

How can rotations be used to demonstrate the non-commutativity of
matrix multiplication?

What’s the difference between a finite and an infinitesimal rotation?

How do you write velocity and acceleration vectors in spherical and
cylindrical coordinates?

How do you take the derivative of a vector? How do you integrate a
vector?

Problem 1-1 - Simple rotation matrix

Find the transformation matrix that rotates the axis x3 of a rectangular co-
ordinate system 45° towar x; around the x,-axis.

Problem 1-3 - Another rotation matrix - think symmetry!

Find the transformation matrix that rotates a rectangular coordinate system
through an angle of 120° about an axis making equal angles with the original
three coordinate axes.

Problem 1-5 - Determinant of a transformation, i.e., orthogonal, matrix

Show by direct expansion that |[A]?> = I. For simplicity, take A to be a two-
dimensional orthogonal transformation matrix. Problem 1-9 - Vector ma-
nipulations

For the two vectors

find

A=i+2j-k , B=-2i+3j+k



(a) A-B and |A - Bj|
(b

component of B along A

)
)
(c) angle between A and B
(d) A
(e) (A-B)x(A+B)

Problem 1-10 - Velocity and acceleration for an elliptical orbit

A particle moves in a plane elliptical orbit described by the position vector

r = 2bsinwti + b cos wtj

(a) Find v, a, and the particle speed
(b) What is the angle between v and a at time ¢ = 7/2w?

Problem 1-11 - Triple scalar product

Show that the triple scalar product (A x B) - C can be written as

A1 Ay Az
(AxB)-C=|B, B, Bs
C, Cy Cj

Show also that the product is unaffected by the interchange of the scalar and
vector product operations or by a change in the order of A, B, C, as long as
they are in cyclic order; that is,

(AxB)-C=(A-(BxC)=(B-(BCxA)=(CxA)-B, etc.

We may therefore use the notation ABC to denote the triple scalar product.
Finally, give a geometric interpretation of ABC by computing the volume
of a parallelpiped define by the three vectors A, B, C.

Problem 1-12 - Analytic geometry

Let a, b, ¢ be three constant vectors drawn from the origin to the point
A, B,C. What is the distance from the origin to the plane defined by the
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points A, B,C'? What is the area of the triangle ABC?
Problem 1-17 - Law of cosines

Obtain the cosine law of plane trigonometry by interpreting the product
(A -B): (A -B) and the expansion of the product.

Problem 1-20 - Fun with €,
Show that
(a) X €ijrdi; =0
(b) ¥;k€ircijn = 20
(¢) XijkCijkcix =6
Problem 1-21 - Triple scalar product via €y,
Show (see also Problem 1-11) that

ABC = Z 5ijkAiBjCk

ijik
Problem 1-22 - An important ¢;;;, relationship and a vector identity

Evaluate the sum

Z €ijkEimk
k

(which contains 3 terms) by considering the result for all possible combina-
tions of 7, j,1, m; that is,



(g) i+lorm
(h) j#lorm

Show that
Z €ijkEimk = 5iz5jm - 62‘m5jl
k

and then use this result to prove that
Ax(BxC)=(ABD)C-(ABC)D

Problem 1-25 - Acceleration in spherical coordinates

Find the components of the acceleration vector a in spherical coordinates.

Problem 1-26 - Velocity and acceleration for constrained motion

A particle moves with v = constant along the curve r = k(1 + cosf) (a car-
dioid). Find ¥-e, = a-e,, |a], and 6.

Problem 1-37 - Surface integral via Gauss’s theorem

Find the value of the integral

/A-da
S

where A = (22 + y? + 22)(2zi + yj + zk) and the surface S is defined by the
sphere R? = 22 + y? + z2. Do the integral directly and also by using Gauss’s
theorem.

Problem 1-38 - Surface integral via Stoke’s theorem

Find the value of the integral

fs(va)~da

if the vector A =yi+ zj+ 2k and S is the surface defined by the paraboloid
z=1-x%-y2% where 2z > 0.



Assignment 2 - Review of Newtonian Mechanics

This week we’ll review the Newtonian approach to classical mechanics. The
program is summarized in Newton’s second law F = ma (or, more correctly, as
given above). A determination of the forces gives.the accelerations; velocities
and positions are then computed via integration. Newton’s laws completely
describe all of the phenomena of classical mechanics and, at this point in
your careers, f'm sure you all are intimately familiar with them. What you
may not be aware of is that the Newtonian approach is neither the most
convenient nor the most general formalism. We will be learning other quite
elegant formulations of classical mechanics in this course. However, there are
still many cases where good old F = ma remains the method of choice. Note
that all formulations of mechanics, from the pedestrian to the polished, lead
to the same equations of motion. Unfortunately, these differential equations
are often intractable and thus one must resort to perturbation techniques
or numerical methods. You learned about numerical integration of ODE’s
in Mathematical Methods and we’ll review some of that here. You should
get used to turning to the computer as a tool in solving problems for this
class. One can only get so far with analytic techniques and the “real” world
is a complicated place! But never fear, I won’t deny you the delight of
elegant analytical solutions. Note however that even for these, it is often
quite instructive to make plots of your final results to get a better feeling for
the physical behavior described by your equations.

Problem 2-12 - Particle in drag

A particle is projected vertically upward in a constant gravitational field with
an initial speed vg. Show that if there is a retarding force proportional to the
square of the instantaneous speed, the speed of the particle when it returns

to the initial position is
VoVt

/012 2
UO+’Ut

where v; is the terminal speed.
Problem 2-13 - Weird resistive force but elementary integrals

A particle moves in a medium under the influence of a retarding force equal
to mk(v? + a?v), where k and a are constants. Show that for any value of



the initial speed the particle will never move a distance greater than 7/2ka
and that the particle comes to rest only for ¢ - oo.

Problem 2-14 - Shooting uphill

A projectile is fired with initial speed vy at an elevation angle of o up a hill
of slope fB(a > ).

(a) How far up the hill will the projectile land?
(b) At what angle o will the range be maximum?

(c) What is the maximum range?
Problem 2-17 - Home run hitter
A strong softball player smacks the ball at a height of 0,7 m above home plate.
The ball leaves the player’s bat at an elevation angle of 35° and travels toward

a fence 2 m high and 60 m away in center field. What must the initial speed
of the softball be to clear the center field fence? Ignore air resistance.

Problem 2-18 - Home runs harder with air friction, numerics required

Include air resistance proportional to the square of the ball’s speed in the
previous problem. Let the drag coefficient be ¢y = 0.5, the softball radius be
5 cm and the mass be 200g.

(a) Find the initial speed of the softball needed to clear the fence.

(b) For this speed, find the initial elevation angle that allows the ball to
most easily clear thew fence. By how much does the ball now vertically
clear the fence.

Problem 2-22 - Charged particle in an EM field, plot part (d) results

The motion of a charged particle in an electromagnetic field can be obtained
from the Lorentz equation for the force on a particle in such a field. If the
electric field vector is E and the magnetic field vector is B, the force on a
particle of mass m that carries a charge ¢ and has a velocity v is given by

F=gqgE+qvxB

where we assume the v < ¢(speed of light).
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(a) If there is no electric field and the particle enters the magnetic field in
a direction perpendicular to the lines of magnetic flux, show that the
trajectory is a circle with radius

muv v
r=-—=—
qB  w.

where w, = ¢B/m is the cyclotron frequency.

(b) Choose the z-axis to lie in the direction of B and let the plane contain-
ing E and B be the yz-plane. Thus
B=Bk , E=Ej+Ek

Show that the z component of the motion is given by

i qkb. ,
t) = zo + 2ot + t
Z( ) 0T 2m

where
2(0) = zp and 2(0) = 2

(c) Continue the calculation and obtain expressions for @(t) and y(t).
Show that the time averages of these velocity components are

(Show that the motion is periodic and then average over one complete
period.)

(d) Integrate the velocity equations found in (¢) and show (with the initial
conditions z(0) = —A/w., ©(0) = E,/B, y(0) =0, y(0) = A) that

z(t) =

A cosw,t + Eyt (1) A sinw,t
wet + —t = —sinw,
We B Y c

These are the parametric equations of a trochoid. Sketch the projection
of the trajectory on the zy-plane for the cases

(i) A>|%]

(i) A<|2



(i) A= ‘% (The last case yields a cycloid.)
Problem 2-23 - Complicated force but elementary integrals, plot results
A particle of mass m = 1 kg is subjected to a one-dimensional force
F(t) = kte

where k =1N/s and o = 0.5s7%. If the particle is initially at rest, calculate
and plot with the aid of a computer the position, speed,, and acceleration of
the particle as a function of time.

Problem 2-25 - Block on a track

A block of mass m = 1.62 kg slides down a frictionless incline as shown in
the figure below.

The block is released a height A = 3.91 m above the bottom of the loop.

(a) What is the force of the inclined track on the block at the bottom
(point A)?

(b) What is the force of the track on the block at point B?

(c) At what speed does the block leave the track?



(d) How far away from point A does the block land on level ground?

(e) Sketch the potential energy U(x) of the block. Indicate the total energy
on the sketch.

Problem 2-28 - The superball and the marble

A superball of mass M and a marble of mass m are dropped from a height
h with the marble just on top of the superball. A superball has a coefficient
of restitution of nearly 1 (i.e., its collision is essentially elastic). Ignore the
sizes of the superball and the marble. The superball collides with the floor,
rebounds, and smacks the marble, which moves back up. How high does the
marble go if all the motion is vertical? How high does the superball go?

Problem 2-32 - Blocks and an incline plane

Two blocks of unequal mass are connected by a string over a smooth pulley.
See figure.

If the coefficient of kinetic friction is g, what angle 6 of the incline allows
the masses to move at a constant speed?

Problem 2-42 -Stability of cube on sphere

A solid cube of uniform density and sides b is in equilibrium on top of a
cylinder of radius R. See figure.



The planes of the four sides of the cube are parallel to the axis of the cylinder.
The contact between the cube and the sphere is perfectly rough. Under what
conditions is the equilibrium stable or not stable?

Problem 2-43 - Determine the potential, plot U(x)
A particle is under the influence of a force

F=-kx+ %af”
8]

where k and a are constants and k is positive. Determine U(x) and discuss
the motion. What happens when F = (1/4)ka??

Problem 2-50 - Falling water droplet

A water droplet is falling under gravity and accumulating mass as it falls.
At time ¢ it has a radius r(¢) and a mass m(t). The rate of increase of mass
is proportional to the surface area of the drop (assume it is a sphere).

(a) Determine the function r(t) if the droplet had a size r(0) = at time
t=0.

(b) Determine the velocity of the droplet v(¢). Do not forget that it is
accumulating mass and its size is increasing. Assume that the drop has
initial velocity v(0) = vy at ¢ = 0.
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Problem 2-52 - Rocket launch

Consider the launch of a single-stage rocket. Let the initial mass be mgy and
the mass at burnout be m,. Let the exhaust speed of the ejected material be
u (u > 0) relative to the rocket. Finally, let the fuel burn rate be a = —dm/dt
(av>0). The only external force on the rocket is gravity.

(a) Determine the velocity function v(¢) in the time interval 0 < t < 1,
where ¢, is the burnout time. Assume v(0) = 0.
(b) Determine the position function y(t) in the time interval 0 < t < .

Assume y(0) = 0.
(c) How much additional height occurs after burnout?

Problem A1 - Sliding off a sphere: A smooth sphere rests on a horizontal
plane. A point particle slides without friction down the sphere (starting from
the top). Determine the angle 6 at which the particle loses contact with the
sphere, the horizontal travel distance d, and the particle’s velocity vector as
it strikes the ground. (See Figure below left)

Problem A2 - Peg and the pendulum: A pendulum with mass m and
length L is released from rest from a horizontal position. A peg located a
distance d below the pivot point causes the pendulum to move along the cir-
cular path indicated. Find the minimum distance d such that the pendulum
will swing completely around the circle. (See Figure above right)

Computational problems: Please work the following two problems using your
favorite math package (IDL, Matlab, etc) or a programming language (Python
or C). Plot your results.
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Problem C(omputational)l - Test the algorithms: Implement both
the Euler and Runge-Kutta algorithms described in the numerical methods
handout(following Problem C2) or your Mathematical Methods notes. Test
your numerical scheme by integrating the equation of motion from Example
2-5 in.the text. This is for 1-d motion with F' = -mg—kmu (falling in uniform
gravity with a linear drag force). Compare your Euler and Runge-Kutta re-
sults with results from the analytic solution given in the text. Plot v(t) and
x(t) for 0<t <10 s. Let m=1 kg and k =1s~!. What happens if the initial
velocity is —9.8 m/s?

Problem C2 - The plummeting parachutist: A parachutists of mass 70
kg jumps from a plane at an altitude of 32 km above the surface of the earth.
Unfortunately, the parachute fails to open. (In the following parts, neglect
horizontal motion and assume the initial velocity is zero).

(a) Calculate the time of fall (accurate to 1 s) until ground impact, given
no air resistance and a constant value of g. (Check your numerical
answer with the known analytic result).

(b) Calculate the time of fall (accurate to 1 s) until ground impact, given
a constant g and a force of air resistance given by

F(v) = —avy|
where, for a falling man (or woman), a = 0.5 Ns?/m2.

(c) Calculate the time of fall (accurate to 1 s) until ground impact, given
a scales with atmospheric density as

a=0.5e ¥

where H = 8 km is the scale height of the atmosphere and y is the height
above the ground. Furthermore, assume that g is no longer constant
but is given by

_ 9.8m/s?

(1+2)

where R, = 6370 km is the radius of the earth.

In each case plot the acceleration, velocity, and altitude of the parachutist
as a function of time. For part (c) explain why the acceleration becomes
positive as the parachutist falls.
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Extra Notes - Numerical Methods: Integrating the Equations of
Motion

The first step in solving a mechanics problem using the method of Newtonian
mechanics is to identify all the forces contributing to the F in Newton’s
second law a = F/m. This is a vector equation and each component will be
of the following form:

Cdv; dP
Codt di?

a; = Fi(x,v,t)

where, as indicated, the force F may depend on position x, velocity v, and
time t. (The force will also probably depend on one or more constants such
as the acceleration due to gravity g, a spring constant, or a drag coefficient).
These are the equations of motion for the system and in one sense we have
solved the problem once we’ve written down these equations. In another
sense our problems have only begun as we usually want to know the velocity
and position as functions of time and this requires solution of the above
set of differential equations. For simple cases we can explicitly solve this
set of equations. However, the "real" world is a complicated place and the
equations of motion for most systems are analytically intractable. Thus
numerical solutions are required. In either case, a set of initial conditions
(x0, mathbfug, ty) needs to be specified.

Numerical Techniques

Let’s consider the simple case of 1D motion in the z-direction. Given a force
F(z,v,t), and thus an acceleration a(x,v,t), our goal is to determine the
functions v(t) and x(t) by numerically integrating the equations of motion:

dv dz
il a(x,v,t) and pri v(x,t)

We do this by starting at zg,vg,%y and solving the equations step by step
as we increment time by an amount At at each step. (Note that in many
discussions the time step is called h). Euler’s Method

The simplest method is the Euler method which proceeds as follows:

Uns1 = Up + a(Tp, Uy, by ) AL
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Tpil = Ty + Un AL

This method is easy to understand and easy to implement but it is never
actually used in practice as it neither very accurate or very stable.

Runge-Kutta Method

An only slightly more complicated, but much more accurate and stable al-
gorithm is the fourth-order Runge-Kutta formula:

1
VUn+1 = Up + g(kl + 2]{32 + 2]{}3 + k4)

1
Tyl = Ty + g(fl +2fo+2f3+ f1)

where
k1 = a(xy, vn, t,) At

f1=v,At
ko = a(x, + f1/2, v, + k1/2,t, + AL[2) At
fo = (vn + k1 /2) Al
ks = a(x, + fo]2, v, + kof2,t, + At[2) At
f3 = (vn + ko f2) At
ky=a(x, + f3,0, + k3, t, + At)At
fa= (v, +k3)At

Note that this Runge-Kutta algorithm requires four evaluations of the func-
tion a(x,v,t) to advance the solution from time ¢, to time t,,; = t,, + At This
algorithm is the accepted “work horse” method for solving ODE’s.

To implement the above algorithms you will need to specify the time step
At. In principle a short time step means a more accurate solution, but you
will need many more iterations to solve the equations out to some final time
ty. Also, at each iteration there will be some error introduced due to the
approximate nature of the algorithm (and also possibly due the finite preci-
sion of computer calculations). This error tends to accumulate so the more
iterations, the greater the final error. The Euler method is accurate only to
first order in At (which means you will potentially be accumulating an error
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of order (At)? at each iteration). The above Runge- Kutta method is accu-
rate to fourth order in At (so an error of order (At)> may be accumulated
at each iteration).

For more information consult your notes from Mathematical Methods. Ad-
ditional details and computer code can be found in "Numerical Recipes" by
Press, Flannery, Teukolsky, and Vetterling. This book is an invaluable ref-
erence for all sorts of numerical techniques. It’s written by physicists and is
very much directed to a physics audience. You’ll see it widely referred to in
the physics research literature.

Assignment 3 - Linear Oscillation

[i‘ + 284 +wix = Acos (wdt)]

It’s still Newtonian mechanics (and, for the most part, it’s still review) but
here we will focus on the force law F' = —kx which results in simple harmonic
motion. If energy is somehow dissipated in the system (e.g., due to friction
o< 1) the oscillatory motion is damped and eventually dies out. To keep the
oscillations going we can pump energy into the system by driving it. The
general equation for a linearly damped, sinusoidally driven system is given
above. This equation is linear since neither the coefficients on the LHS or
the driving term on the RHS depend on x. The solutions to linear equa-
tions obey the principle of superposition. This property is very important
as it allows us to solve the above equation for an arbitrary driving force by
Fourier decomposing that force and summing the solutions for the separate
(sinusoidal) Fourier components. This week we restrict our discussion to such
linear systems. Most real world systems are in fact nonlinear, but the linear
approximation is often a good one. Furthermore, we often analyze nonlinear
systems via a perturbation expansion about the related linear system. Later
in the term we will take up the very interesting topic of nonlinear systems.
Phase space diagrams will be a key tool in that analysis.

Questions while reading (be sure you can answer these):

e Why does the linear force law F' = —kx seem so prevalent in nature?

e What is the physical behavior of systems which are under-, over-, and
critically-damped?
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e What is the transient solution for a driven oscillator? In what sense is
it transient?

e What is the meaning of ()7 Can you explain the phase difference of
0 = 180° for wy > wy?

e Why does a discussion of Fourier series come up in our study of linear
oscillations?

e What is Green’s method of solution of inhomogeneous differential equa-
tions? Why is it restricted to linear equations?

Problem 3-1 - An oscillator - Part 1

A simple harmonic oscillator consists of a 100-g mass attached to a spring
whose force constant is 10* dyne/cm. The mass is displaced 3 cm and released
from rest. Calculate

(a) the natural frequency 1 and the period 7y
(b) the total energy
(¢) the maximum speed

Problem 3-2 - An oscillator - Part 2

Allow the motion in the preceding problem to take place in a resisting
medium. After oscillating for 10 s, the maximum amplitude decreases to
half the initial value. Calculate

(a) the damping parameter (3
(b) the frequency v; (compare with the undamped frequency vy)
(c) the decrement of the motion

Problem 3-3 - An oscillator - Part 3

The oscillator of Problem 3-1 is set into motion by giving it an initial velocity
of 1 em/s at its equilibrium position. Calculate

(a) the maximum displacement

16



(b) the maximum potential energy

Problem 3-6 - Coupled masses)

Two masses my = 100 g and my = 200 g slide freely in a horizontal frictionless
track and are connected by a spring whose force constant is £ = 0.5 N/m.
Find the frequency of oscillatory motion for this system.

Problem 3-7 - Bobbing period of a floating body

A body of uniform cross-sectional area A = 1e¢m? and of mass density p =
0.8 g/em? floats in a liquid of density py = 1 g/em3 and at equilibrium displaces
a volume V = 0.8c¢m?3. Show that the period of small oscillations about the
equilibrium position is given by

T=27 1
V gA
where g is the gravitational field strength. Determine the value of .

Problem 3-8 - An isochronous pendulum... or how to build a better clock

A pendulum is suspended from the cusp of a cycloid (look it up) cut in a
rigid support (see figure below).

The path described by the pendulum bob is cycloidal and is given by
r=a(p-sing) , y=a(cosp-1)

where the length of the pendulum is [ = 4a, and where ¢ is the angle of
rotation of the circle generating the cycloid. Show that the oscillations are
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exactly isochronous with a frequency wy = \/¢/l, independent of the ampli-
tude.

Problem 3-10 - Amplitude fall-off for a damped oscillator

If the amplitude of a damped oscillator decreases to 1/e of its initial value
after n periods, show that the frequency of the oscillator must be approxi-
mately [1 - (872n?)1] times the frequency of the corresponding undamped
oscillator.

Problem 3-18 - The meaning of Q

Show that, if a driven oscillator is only lightly damped and driven near res-
onance, the () of the system is approximately

total energy
- |

energy loss during one period

Problem 3-21 - Phase space diagram for critical damping

Use a computer to produce a phase space diagram similar to

x

.\‘=—(ﬂ+w?)x\.

[/Dms represent

< initial values

N =
N

for the case of critical damping. Show analytically that the equation of the
line that the phase paths approach asymptotically is & = —Sx. Show the phase
paths for at least three initial positions above and below the line. Problem
3-24 - Transient and steady-state solutions for a driven oscillator)

For $=0.2571, produce computer plots like those shown below
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x,(t)

n e N

i \ - '
! \‘u/ = !

iR

! p=0.15

x0 \/ 0=0,/7 x(0) p=0.30

0=50,
x(t)

LAY :
v

for a sinusoidal driven, damped oscillator where x,(t), z.(t), and the sum
x(t) are shown. The left side figures have w > wy and the right side figures
have w < w;. Do this for values of w/ws of 1/9, 1/3, 1.1, 3, and 6. For the
solution

z.(t) = Ae 7P cos (wit — 0)
let the phase angle 6 = 0 and the amplitude A = —1m. For the solution
A
() = 3
V(wg - w?)? + 4w 32

let A = 1m/s? but calculate 6. What do you observe about the relative
amplitudes of the two solutions as w increases? Why does this occur? For
wjwy =6, let A=20m/s? for z,(t) and produce the plot again.

cos (wt = 9)

Problem 3-28 -Fourier expansion

Obtain the Fourier expansion of the function

F(t)z{_l —mlw<t<0

+1 O<t<m/w

in the interval —7/w < t < w/w. Take w = 1rad/s. In the periodic interval,
calculate and plot the sums of the first two terms, the first three terms, and
the first four terms to demonstrate the convergence of the series. Problem
3-29 - Another Fourier expansion

Obtain the Fourier expansion of the function

0 -2 t<0
Fy=1° mlw<t<
sinwt 0<t<2mjw
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Problem 3-31 - Response function

A damped linear oscillator, originally at rest in its equilibrium position, is
subjected to a forcing function given by

0 t<0

F(t
—()= at O<t<rt
m

T

a t>T1

Find the response function. Allow 7 - 0 and show that the solution becomes
that for a step function.

Problem 3-38 - Green’s function method for a forced oscillator

Use Green’s method to obtain the response of a damped oscillator to a forcing
function of the form
0 t<0
F(t) = {

Fyertsinwt >0

London : Paris
300 km \

,* 6400 km
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Problem A1 - Chunnel transit, London - Paris

As shown in the above figure, London and Paris are now connected by a
straight subway tunnel. A train travels between the two cities powered only
by the gravitational force of the earth. Calculate the maximum speed of
the train and the time taken to travel between the two cities. The distance
between London and Paris (as the mole burrows) is 300 km and the radius
of the earth is 6400 km. Neglect friction and the rotation of the earth.

Problem C1 - Exact pendulum equation - numerical solution
The exact equation of motion for a simple pendulum of length L is given by
0 +w?sinf = 0

where w? = g/L. We generally linearize this equation by making the small
angle approximation sin »~ 6. This leads to isochronous behavior. Let’s see
how the linear approximation stands up.

(a) Find 0(¢) by numerically integrating this equation of motion (using
fourth order Runge-Kutta). Let L = 1.0m and take for initial conditions
0(0) = 7/2 rad and 6(0) = 0 rad/s. Plot 6(t) from ¢ = 0 to 4.00 s. For
comparison, plot the analytic solution to the linearized equation on the
same graph.

(b) Repeat (a) with 6(0) = 3.10 rad.

(c) Plot the period of the pendulum as a function of the amplitude 6(0)
from 0 <6(0) < 3.10 rad. Determine the amplitude at which the period
first deviates by more than 2% from 2m+/L/g.

(d) Show that the dependence of period T' on amplitude © for the simple
pendulum can be expressed exactly, in terms of an elliptic integral, as

T f

where K =sin©/2.
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Assignment 4: - Gravitation [CID =-G [,/ @d‘/’]

and Calculus of Variations [g_f — di% = O]
y  dzdy

Reading: Marion & Thornton: Chaps 5 + 6.(pay special attention to Secs.
5.2,5.4,6.3, and 6.6)

Overview This week we will cover two shorter chapters in Marion. The
formal description of classical gravity, developed in Chapter 5, should look
familiar to you from E&M. We define a scalar gravitational potential ¢ from
which we can compute the gravitational field g via g = =V ®. The force act-
ing on a mass m in this field is F = mg. In analogy with electrostatics, the
gravitational potential obey a Poisson’s equation V2® = 47Gp, where G is
the universal gravitational constant and p is the mass density. A key problem
for us will be, given an arbitrary mass distribution p(r), determine ® via the
integral relation given above. We will also take a careful look at the theory
for ocean tides. Then we will turn our attention to the calculus of variations
which provides the key tools necessary to develop the Lagrangian approach
to mechanics. Lagrangian mechanics is based on Hamilton’s principle, which
asserts that, either by design or fancy, nature always chooses a path in phase
space which minimizes the time integral of a certain functional, L(x,;t),
of the system. Thus, mechanics is reduced to a problem of minimization
of a functional integral in phase space. To understand the mathematical
techniques involved we consider a path in space described by the functional
fly,dy/dx" x]. Given a specific form of f[] we seek the function y(x) which
minimizes the integral [ f[y,y’; z]dz between points a1 and z5. The famous
brachistochrone problem is of this type. Euler’s equation, given above, pro-
vides a required condition on f[] that the integral be an extremum. We
will examine a number of functional minimization problems including ones
in which additional constraints are placed on the allowed family of functions.
We can deal with such constraints using the method of Lagrange multipliers.

Problem 5-2 - Find p(r) giving constant g(r) inside a sphere.

If the field vector is independent of the radial distance within a sphere, find
the function describing the density p = p(r) of the sphere.

Problem 5-5 - Time to fall.
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A particle falls to Earth starting from rest at a great height (many times
Earth’s radius). Neglect air resistance and show that the particle requires
approximately % of the total time of fall to traverse the first half of the dis-
tance.

Problem 5-7 - ® for a thin rod (along the 1-bisector).

Calculate the gravitational potential due to a thin rod of length [ and mass
M at a distance R from the center of the rod and in a direction perpendicular
to the rod.

Problem 5-8 - ® along the symmetry axis of a finite cylinder.

Calculate the gravitational field vector due to a homogeneous cylinder at the
exterior points on the axis of the cylinder. Perform the calculation (a) by
computing the force directly and (b) by computing the potential first.

Problem 5-14 - Gravitational self-energy of a sphere.

Show that the gravitational self-energy (energy of assembly piecewise from
infinity) of a uniform sphere of mass M and radius R is

3GM?

U=-2
5 R

Problem 5-16 - Force between a spherical body and an infinite sheet.

A uniformly solid sphere of mass M and radius R is fixed a distance h above
a thin infinite sheet of mass density ps (mass/area). With what force does
the sphere attract the sheet?

Problem 6-1 - Variations on a straight line.

Consider the line connecting (z1,y1) = (0,0 and (z2,y2) = (1,1). Show
explicitly that the function y(x) = x produces a minimum path length by
using the varied function y(a,x) = x + asinmw(1 - x). Use the first few terms
in the expansion of the resulting elliptic integral to show the equivalent of
Equation 6.4.

Problem 6-2,3 - Shortest distance in flat space ... counts as one problem.
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Show that the shortest distance between two points on a plane is a straight
line.

Show that the shortest distance between two points in (three-dimensional)
space is a straight line.

Problem 6-6 - The brachistochrone revisited.

Reexamine the problem of the brachistochrone (Example 6.2) and show that
the time required for a particle to move (frictionlessly) to a minimum point
of the cylinder is m\/a/g, independent of the starting point.

Problem 6-8 - Maximum volume of a consrtained parallelepiped.

Find the dimensions of the parallelepiped of maximum volume circumscribed
by (a) a sphere of radius R; (b) an ellipsoid with semiaxes a, b, c.

Problem C1 - ® for a circular ring ... analytic and numerical results.

Here we consider a thin uniform circular ring of radius a and mass M as
discussed in example 5.2 in the text. As shown in the text, the gravitational
potential within the plane of the ring is given by

(I)(T)__GM'/’r do
1 Jo (a2 +7%—2arcos )L/

where r is the distance from the center of the ring. This is an elliptic integral
and can not be evaluated in terms of elementary functions. The usual treat-
ment is to expand the integrand such that you can integrate term by term
and thereby express ®(r) as a power series in r. This is done in Example 5.2
for small r (i.e.,, r < a) where it is shown that

@(r):—GTM(1+4T—;+--~) , (r<a)

(a) Carry out the analogous expansion appropriate for large r (i.e., r > a)
and show that the potential is given by

q)(r)z—GM(1+a—2+ ) , (r>a)

r 42
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(b) What is ®(r) at r = a? (No calculation required, just write down the
answer)

(c) Evaluate the integral expression for ®(r) given above numerically (us-
ing the built in functions in MATLAB or R, or by some other method
of your choice). Plot your numerical results and the above two analytic
approximations on the same plot to see how well the approximations
do. In particular, make the following plot:

a®d r ad
ae " for —2.0< 22 <0.0,0.0<
versus — for i

<5.0
GM a

ISH

Assignment 5 - Lagrangian Mechanics [%—f]’ — %(g—gf = O]

Reading Assignment: Marion & Thornton: Chapt. 7. Sections 1-7.

Overview: Lagrangian mechanics is one of several possible reformulations of
Newtonian mechanics. The Lagrangian approach will always yield the same
equations of motion as we would have gotten from Newton but in many
cases the Lagrangian method is more convenient. Although one can arrive
at Lagrange’s equation (given above) starting from Newton’s second law, our
starting point will be the very general and extremely important Hamilton’s
principle. This principle asserts that of all possible paths accessible to a dy-
namical system, the one chosen by nature is that which minimizes the time
integral of the scalar quantity L =T — U, where T and U are the kinetic and
potential energies of the system and L is defined as the “Lagrangian”. From
our study of the calculus of variations we immediately recognize the equation
given above as Euler’s equation for the functional L(q,¢;t) and indeed, this
equation is referred to as the Euler-Lagrange equation. Notice that while a
Newtonian analysis considers the net force F' acting on a system (the system
is “told” what to do), a Lagrangian analysis considers a property L of the
system (the system “knows” what to do). This raises philosophical issues, but
we leave those to the philosophers since we prefer numbers to words. Since L
is a scalar quantity, it is invariant with respect to coordinate transformations
and thus we have complete freedom in our choice of coordinates. This is a
very powerful feature of the Lagrangian method. We can work with any set
of variables which completely specify the state of the system; these are our
generalized coordinates. We require f coordinates to describe a system with
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f degrees of freedom and we construct an Euler-Lagrange equation for each
coordinate. Constraints on the system simply reduce the number of degrees
of freedom and thus the number of required generalized coordinates. Alter-
natively, constraints can be handled explicitly using Lagrange multipliers.

Problem Assignment

Problem 7-3 Sphere rolling inside a cylinder

A sphere of radius p is constrained to roll without slipping on the
lower half of the inner surface of a hollow cylinder of inside radius R,
Determine the Lagrangian function, the equations of constraint, and
Lagrange’s equations of motion. Find the frequency of small oscilla-
tions.

Problem 7-4 Particle in a2D central potential

A particle moves in a plane under the influence of a force f = —Are-!
directed toward the origin; A and a (a > 0) are constants. Choose
appropriate generalized coordinates, and let the potential energy be
zero at the origin. Find the Lagrangian equations of motion. Is the
angular momentum about the origin conserved? Is the total energy
conserved?

Problem 7-6 Hoop rolling down a moving incline

A hoop of mass m and radius R rolls without slipping down an inclined
plane of mass M, which makes and angle a with the horizontal. Find
the Lagrangian equations and the integrals of the motion if the plane
can slide without friction along a horizontal surface.

Problem 7-9 Pendulum on the axle of a wheel rolling downhill (yikes!)

A disk of mass M and radius R rolls without slipping down a planed
inclined from the horizontal by and angle «. The disk has a short
weightless axle of negligible radius. From this axle is suspended a simple
pendulum of length [ < R and whose bob has a mass m. Consider that
the motion of the pendulum takes place in the plane of the disk, and
find Lagrange’s equations for the system.
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Problem 7-10 Blocks, pulley, and a string ... the usual stuff

Two blocks, each of mass M, are connected by an extensionless, uni-
form string of length [. One block is placed on a smooth horizontal
surface, and the other block hangs over the side, the string passing
over a frictionless pulley. Describe the motion of the system (a) when
the mass of the string is negligible and (b) when the string has a mass
m.

Problem 7-12 Motion on a tilting inclined plane

A particle of mass m rests on a smooth plane. The plane is raised to
an inclination angle 6 at a constant rate « (f =0 at ¢ —0), causing the
particle to move down the plane. Determine the motion of the particle.

Problem 7-14 Vertically accelerated simple pendulum

A simple pendulum of length b and bob with mass m is attached to
a massless support moving horizontally with constant acceleration a.
Determine (a) the equations of motion and (b) the period for small
oscillations.

Problem 7-16 Simple pendulum with oscillating suspension point

The point of support of a simple pendulum of mass m and length b is
driven horizontally by x = asinwt. Find the pendulum’s equation of
motion.

Problem 7-18 Pendulum on a disk

A pendulum is constructed by attaching a mass m to an extensionless
string of length [. The upper end of the string is connected to the
uppermost point on a vertical disk of radius (R < [/]pi) as in figure
below.
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Obtain the pendulum’s equation of motion, and find the frequency
of small oscillations. Find the line about which the angular motion
extends equally in either direction (i.e., 61 = 63).

Problem A1 Bead in a rotating tube

A hollow cylindrical tube of length 2a rotates with constant angular
velocity w about a vertical axis through the center of the tube as shown
below.

A particle of mass m is initially (¢ = 0) at rest with respect to the tube
a distance b from the center. The tube rotates in a fixed plane and
there is no friction in the system.

(a) Determine the Lagrangian for this system and construct the ap-
propriate Euler-Lagrange equation(s) to describe the motion of
m.

(b) Solve the differential equation(s) and find the position and velocity
of the mass m (in the reference frame of the rotating tube) for ¢ > 0.

(¢) Show that the mass exits the tube at time T = (1/w) cosh™ (a/b)
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Problem A2 Constraint forces for the falling yo-yo

Consider a disk that has a string wrapped around it, with one end
attached to a fixed support, as shown below.

The disk is allowed to fall with the string unwinding as it falls (i.e., a yo-
yo). Take the mass and radius of the disk to be M and R, respectively,
and ignore the mass of the string.

(a) Determine the Lagrangian for this system using the generalized
coordinates z and # and construct the Euler-Lagrange equations

using a Lagrange multiplier to account for the constraint condition
Az - RO.

(b) Determine the equations of motion for the falling disk and the two
forces of constraint in the .problem. Identify the physical meaning
of these two forces of constraint.

Problem A3 The famous double pendulum

The double pendulum consists of a mass m suspended by a massless
rod of length ¢, from which is suspended another such rod and mass.
Assume the motion is confined within a plane - figure below

(a) Write down the Lagrangian for this system in terms of the coor-
dinates #; and 6y as shown in figure.

(b) Derive the equations of motion for this system.

(c) Simplify the part (b) equations of motion by making the small
angle approximation 6,60, < 1 (noting that siné ~ 6 and cos6 ~
1 -62/2 in the small angle limit.

29



(d) By substituting the trial solutions ¢y = Aexp (iwt) and 8, = B exp (iwt)
into your part (c¢) equations demonstrate that the system has two
eigenfrequencies of oscillation given by w? = (2 + /2)g/L.

Assignment 6 - Hamiltonian Mechanics [q = %—g P = —%—ZI]

Reading Assignment: Marion & Thornton: Chapt. 7. Sections 8-12
(and please reread Sections 1-7). Overview: This week we will proceed on
two fronts, the purely practical and the deeply theoretical. On the prac-
tical side we will solve more problems using the Lagrangian approach. As
you know by now, this is really a rather mechanical procedure (no pun in-
tended), but therein lies its power ... we have a recipe for attacking even
the most complicated mechanics problems (granted that things get ugly if
we have non-conservative forces or non-holonomic constraints). On the theo-
retical side we will study symmetry and transformation properties of the La-
grangian function. The familiar, and powerful, conservation laws of physics
can all be associated with symmetries of the Lagrangian function. In fact,
the mathematician Emmy Noether proved in 1918 that every symmetry of
the Lagrangian function implies a conservation law. Noether’s theorem is of
fundamental importance in all physics. In the Lagrangian approach we de-
scribe a system in terms of generalized position and velocity variables {q, ¢}.
In some cases it may be preferable to describe a system using other sets of
variables and this is readily accomplished via a so called Legendre trans-
formation of the Lagrangian function. In particular, the variable change
{q,4} = {q,p}, where p = OL/Jq is a generalized momentum, leads to the
Hamiltonian function H(q,p,t) = p¢ - L(q,q,t) and Hamilton’s equations of
motion, given above. These equations are known as the canonical equations
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of motion (canonical: simplest or clearest; Webster). These two first order
equations replace the second order Euler-Lagrange equation. The variables
{q,p} are treated symmetrically in Hamilton’s equations which simplifies our
analysis of systems with so called cyclic variables. For actually solving most
classical mechanics problems the Lagrangian formalism is preferred, however,
the Hamiltonian formalism is of central importance to quantum and statis-
tical mechanics. In particular, the commutators of quantum theory derive
from the Poisson brackets of classical Hamiltonian mechanics. Finally, no-
tice that variable change {q,{} - {p,p}, and associated Legendre transform
function K (p,p,t) = pg+qp— L(q,q,t), provides a purely momentum space
representation of classical mechanics. Such a representation is often used in
quantum mechanics.

Problem Assignment:

Problem 7-21 Whirling hoop with sliding bead

A particle is constrained to move on a circular wire rotating with con-
stant angular speed w about a vertical diameter. Find the equilibrium
position of the particle, and calculate the frequency of small oscillations
around this position. Find and interpret physically a critical angular
velocity w = w, that divides the particle’s motion into two distinct
types. Construct phase diagrams for the two cases w < w,. and w > w,.

Problem 7-22 L and H for a time dependent force

A particle of mass m moves in one dimension under the influence of a
force

k
F(I‘,t) = ;e‘t/T

where k£ and 7 are positive constants. Compute the Lagrangian and
Hamiltonian functions Compare the Hamiltonian and the total energy,
and discuss the conservation of energy for the system.

Problem 7-24 L and Hfor a simple pendulum with changing string
length

Consider a simple plane pendulum consisting of a mass m attached to
a string of length [. After the pendulum is set in motion, the length of
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the string is shortened at a constant rate

dl

— = -« = constant

dt
The suspension point remains fixed. Compute the Lagrangian and
Hamiltonian functions. Compare the Hamiltonian and the total energy,

and discuss the conservation of energy for the system.

Problem 7-26 Hamilton’s equations for a pendulum and an Atwood
machine

Determine the Hamiltonian and Hamilton’s equations of motion for (a)
a simple pendulum and (b) a simple Atwood machine (single pulley).

Problem 7-30 Properties of Poisson brackets

Consider any two continuous functions of the generalized coordinates
and momenta g(qx, pr) and h(qy,pr). The Poisson brackets are de-

fined by
dg Oh  0g Oh
[gh) =3 (520 - 222 )
7w \Oqr Opr  Opy, Oy
Verify the following properties of the Poisson brackets:
(a)
dg

Y H
o lg, H] +

99
ot

QJZ[Qj>H] ) pj:[pij]
[pzap]] =0 ) [QzaQJ] =0

[qzij] = 5@‘]‘
where H is the Hamiltonian.

If the Poisson bracket of two quantities vanishes, the quantities are said
to commute. If the Poisson bracket of two quantities equals unity, the
quantities are said to be canonically conjugate.
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Finally, show that any quantity that does not depend explicitly on the
time and that commutes with the Hamiltonian is a constant of the
motion of the system.

The Poisson-bracket formalism is of considerable importance in some
derivations of quantum mechanics.

Problem 7-32 Hamiltonian for central force motion

A particle moves in a spherically symmetric force field with potential
energy given by U(r) = —k/r. Calculate the Hamiltonian function in
spherical coordinates, and obtain the canonical equations of motion.
Sketch the path that a representative point for the system would fol-
low on a surface H = constant in phase space. Begin by showing that
the motion must lie in a plane so that the phase space is four dimen-
sional (7,0, p,,pg), but only the first three are nontrivial. Calculate the
projection of the phase path on the r — p plane, then take into account
the variation with 6.

Problem 7-34 Normal force via Lagrange multipliers

A particle of mass m slides down a smooth circular wedge of mass M
as shown in figure:

The wedge rests on a smooth horizontal table. Find (a) the equations
of motion of m and M and (b) the reaction force of the wedge on m.

Problem A1 - Effect of spring mass on oscillation period

A heavy elastic spring of uniform stiffness and density supports a mass
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M. 1f the spring has a total mass of m and spring constant k, deter-
mine the Lagrangian of the system and show that period of vertical

oscillation is
1/2

Tz27r(M+(m/3))

k

(HINT: To set up the Lagrangian function for this system, assume that
the velocity of any part of the spring is proportional to its distance
from the point of suspension.)

Problem A2 - Momentum space Lagrangian: K(p,p,t) = p¢,p—L(q,q,t)

(a) The Hamiltonian for a 1D simple harmonic oscillator (SHO) is
given by:

1
H(p,q) = 5(1?2 +w?q?)

Use this Hamiltonian to construct the SHO Lagrangian in both
real space, L(q,q), and in momentum space, K (p,p. (Note that
G=0H/0p and p=-0H/0q)

(b) Derive the equations of motion for this system using both L(q,q)
and K (p,p. Note that the momentum space Euler-Lagrange equa-
tion is:

oK d (8[()

9p  dt\ ap

Problem A3 - Poisson brackets for angular momentum: L =rxp (Do
Problem 7-30 first!)

(a) Demonstrate that [L,,L,] = L, for all cyclic permutations of
L$7Ly7LZ‘

(b) Calculate all Poisson brackets fo the components of r and p with
the angular momentum L (i.e., [z, L.], [ps, L.], etc....there are 18
in all).

(c) Construct the Hamiltonian H(x,y,ps,p,) for a 2D simple har-
monic oscillator with mass m and spring constants k, and k.

(d) Use the Poisson bracket formalism to determine the time evolution
of L, (i.e., find dL,/dt) and demonstrate that L, is a constant of

34



the motion (i.e., is conserved) only in the case of an isotropic
oscillator: k; = k,.

Assignment 7: Central Force Motion and Orbital
Dynamics [% =1+ ecos (9]

Reading Assignment: Marion & Thornton: Chapter 8 and R codes “or-
bit.R” and “orbit1.R”’.

Overview: This week we consider motion in a central potential U(r). In
particular we consider two bodies interacting through a central force (i.e., a
force directed along the line connecting the bodies). This problem can be
mapped to a one-body problem of an object of reduced mass ¢ moving in an
effective potential Vog(r) = £2/2ur2+U(r), where ¢ is the angular momentum.
Angular momentum is always conserved for central force motion. This fact
restricts motion to a plane (why?) and leads directly to Kepler’s 2nd law
(equal areas). The two body problem can be formally solved (in terms of a
1D integral) for any central force law. We will focus on the inverse-square
law for which we can obtain an analytical solution for the orbital motion.
The exact r(6) solution is concisely summarized in the form of the conic
sections equation given above. The orbit is completely specified by the two
parameters « and e, where « is set by the angular momentum /¢, and the
eccentricity € is set by the total energy where E = pr2/2 + Veg(r). When
E < 0, the orbits are closed and elliptical (Kepler’s 1st law). Deviations
from an inverse square law results in non-closed orbits and a precession of
the apsides, or turning points, of the orbit. The presence of more than two
bodies in our solar system cause such deviations and the effects on the plan-
etary orbits were calculated long ago (without computers!!!). The orbital
precession of Mercury was known to be anomalously large but there was
no accepted explanation for this until Einstein’s theory of gravity (although
[ always preferred the extra planet explanation ... Vulcan). [Youll get a
chance to tinker with non-inverse-square force laws and investigate orbital
precession using the R codes “orbit.R” and “orbit1.R”]. With the solution to
the Kepler problem in hand we can plan some space missions using Hohmann
orbital transfers and gravity assisted boosts. We’ll also discuss the stability
of circular orbits. The latter are always possible in a central potential (why?)
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but they are not necessarily stable.

Problem Assignment:

Problem 8.5 - Time to collide

Two particles moving under the influence of their mutual gravitational
force describe circular orbits about one another with a period 7. If they
are suddenly stopped in their orbits and allowed to gravitate towards
each other, show that they will collide after a time 7/ 42,

Problem 8.8 - Orbit for a repulsive force

Investigate the motion of a particle repelled by a force center according
to the law F'(r) = kr. Show that the orbit can only be hyperbolic.

Problem 8.9 - Radial kick to a circular orbit

A communications satellite is in circular orbit around Earth at radius
R and velocity v. A rocket accidentally fires quite suddenly, giving the
rocket an outward radial velocity v in addition to its original velocity.

(a) Calculate the ratio of the new energy and angular momentum to
the old.

(b) Describe the subsequent motion of the satellite and plot T'(r),
V(r), U(r), and E(r) after the rocket fires.

Problem 8.10 - Sun loses half it’s mass ... does the earth escape?

Assume Earth orbit to be circular and that the Sun’s mass suddenly
decreases by half. What orbit does earth then have? Will Earth escape
the solar system?

Problem 8.33 - Circular orbit inside a paraboloid

Consider a particle of mass m constrained to move on the surface of a
paraboloid whose equation (in cylindrical coordinates) is 72 = 4az. If
the particle is subject to a gravitational force, show that the frequency
of small oscillations about a circular orbit with radius p = /4az is

29
a+ 2
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Problem 8.35 - Condition for a closed orbit

An almost circular orbit (i.e., € < 1) can be considered to be a cir-
cular orbit to which a small perturbation has been applied. Then the
frequency of the radial motion is given by

3 2
W= % ) )=

Consider a case in which the force law is F(r) = —=k/r™ (where n is an
integer), and show that the apsidal angle is 7/v/3 — n. Thus, show that
a closed orbit generally results only for the harmonic oscillator force
and the inverse-square-law force (if values of n equal to or smaller than
-6 are excluded).

Problem 8.36 - Precession in a screened Coulomb type force field

A particle moves in an almost circular orbit in a force field described
by F(r) = —=(k/r?)exp (-r/a). Show that the apsides advance by an
amount approximately equal to mp/a in each revolution, where p is the
radius of the circular orbit and where p < a.

Problem A1 - Return of the comets

Remarkable as it seems (to me at least), by making only a few obser-
vations of a comet one can determine the perihelion and eccentricity,
and thus the complete orbit. Let’s do an easy calculation just for fun:

(a) The comet Hyakutake, which appeared in March-May 1996, has
the following data associated with it: Its eccentricity is 0.999846
and its perihelion is 0.230123 AU (from Sky and Telescope, May
1996). Using this information, and assuming the comet is small
enough that its mass is negligible compared to the sun, calculate
when we can predict to see the comet again. Also calculate the
aphelion and compare it with Pluto’s aphelion.

(b) Repeat the calculation for the comet Hale-Bopp, which was very
bright in March-May 1997. Hale-Bopp’s eccentricity is 0.995075
and its perihelion is 0.913959 AU.

Problem A2 - Circularization of a satellite orbit due to drag
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Consider a satellite initially placed in a highly elliptical orbit about
the earth such that at perigee it just grazes Earth’s upper atmosphere.
Assume that the drag experienced by the satellite can be modeled by
a small impulsive force that reduces its velocity by a small fraction ¢
as it skims the atmosphere at perigee on each of its orbits. Thus the
position of the perigee wiil remain fixed but the distance to apogee
decreases on each successive orbit.

(a)

Find an approximate analytical solution for how many orbits, n, it
will take to circularize the satellites path. (We will define circular
to be an eccentricity below €4 = 1.7. At this point the ratio of semi-
minor to semi-major axes exceeds 0.99. Clearly the model breaks
down here as the drag becomes fairly continuous throughout the
orbit ... but that’s another problem!). Express you answer in
terms of €y, €5 and 0.

Give a numerical result for n, assuming ¢ = 0.01, the eccentricity
of the initial orbit is gy = 0.9656, and that the distance to perigee
is ro = 6.60 x 10% km (about 200 km altitude). (This orbit takes
the satellite all the way out to the moon!!).

Using the above numerical values, calculate the speed of the satel-
lite at apogee on its last orbit. Compare this with the speed at
apogee on its initial orbit. Explain why the speed of the satellite
increases at each successive apogee when it is being acted upon
by a resistive force.

Problem C1 - Numerical solution for 2D orbits

Use the R codes “orbit.R” and “orbit1.R” (or write your own code) to
study orbital motion about the earth.

(a)
(b)

(c)

Play with the codes and understand the calculation ... it’s very
simple!
Do Marion 8-41 and generate (and print) the transfer orbit using

the R codes “orbit.R” and “orbit1.R”. (You'll need to increase the
xrange and yrange of the plots by a factor of 5 or so).

Do Marion 8-42 and generate (and print) both a Hohmann transfer
orbit and the final synchronous orbit using the R codes “orbit.R”
and “orbit1.R”.
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(d) Modify the R codes “orbit.R” and “orbit1.R” to study central force
motion with a non-inverse-square force law. Find conditions for
which you get a well-defined precession of the apsides. Print out
such an orbit. (Try an exponent of 2.05 or so). (One proposal
to account for the anomalous precession of Mercury’s orbit was to
change the exponent in Newton’s force law from 2 to 2.0000001612.
Einstein thought this modification had “little probability” of being
correct).

orbits.R code

x1 <- ¢c()
yl <- cQO
m <- 1000

Me <- 5.98%10°24
rearth <- 6.38*%10°6
G <- 6.67%10"-11

gm <- GxMe

k <- gm*m

mu <- m*Me/(m+Me)
x0 <- 0

yO <- rearth

th <- pi/6

vesc <- 11.186*10"3

v <- 0.9*vesc

vx <- v*sin(th)

vy <- v*cos(th)

x <- x0

y <-y0

r=sqrt (x*x+y*y)

x1 <- append(x1,x)

yl <- append(y1l,y)

h <- 2

nstep <- 400000

count <- 0

chcnt <- 0

accx <- function(gm,r,x,y){-gmx(x/r~3)}
accy <- function(gm,r,x,y){-gm*(y/r~3)}
for (j in O:nstep){
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count <- count+1
r <- sqrt(xxx+y*y)
rold <- r

fx1
gxl
fyl
gyl
£x2
gx2
fy2
gy2
£x3
gx3
fy3
gy3
fx4
gx4
fy4
gy4

VX

accx(gm,r,x,y)

vy

accy(gm,r,x,y)

vx+h*gx1/2
accx(gm,r,x+h*xfx1/2,y+h*xfyl1/2)
vy+h*gy1/2
accy(gm,r,x+h*xfx1/2,y+h*xfyl1/2)
vx+h*gx2/2
accx(gm,r,x+h*fx2/2,y+h*fy2/2)
vy+h*gy2/2
accy(gm,r,x+h*xfx2/2,y+h*xfy2/2)
vx+h*gx3
accx(gm,r,x+h*fx3,y+h*fy3)
vy+h*gy3
accy(gm,r,x+h*fx3,y+h*fy3)

x <- x+hx(fx1+2*%xfx2+2xfx3+fx4) /6
vx <- vx+h*(gxl+2xgx2+2*gx3+gx4)/6
y <- yt+hx(fyl+2xfy2+2*xfy3+fy4)/6
vy <- vy +hx(gyl+2xgy2+2*gy3+gy4)/6
x1 <- append(x1,x)
yl <- append(yl,y)
r <- sqrt(x*xxt+yxy)
if (r < rearth) break
if (r > 60*rearth) break
check <- r-rold
if (chent <1){
if (check < 0){
vold <- sqrt(vxxvx+vyxvy)
v <- sqrt(gm/r)
vx <- vx*v/vold
vy <- vy*v/vold
chcent <- chent+l
cntl <- count
print(c(count,r/rearth))
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}
+

if (chent == 1){

if (count == 15*cnt1){

ra <- r
rf <- 10x*r
vold <- v

v <- sqrt((2xgm/ra)*(rf/(rat+rf)))
vx <- vx*v/vold
vy <- vy*v/vold
chcnt <- chent+l
print (c(count,r/rearth))
}
}
if (chent == 2){
if (check < 0){
vold <- sqrt(vx*vx+vyxvy)
v <- sqrt(gm/r)
vx <- vx*v/vold
vy <- vy*v/vold
chcnt <- chent+l
print (c(count,r/rearth))
}
}
if (count == 100000) print(c(count,r/rearth))
if (count == 200000) print(c(count,r/rearth))
if (count == 300000) print(c(count,r/rearth))
}
plot(x1l,yl,pch=".",col="red",xlim=c(-rearth*60,rearth*60) ,ylim=c(-rearth*60,reartl
th <- 2xpix*(1:100)/100
x2 <- rearth*cos(th)
y2 <- rearth*sin(th)
points(x2,y2,col="green",cex=.1)

orbitsl.R

x1 <- c()
yl <- cQO
m <- 1000
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Me <- 5.98%10724

rearth <- 6.38%1076

G <- 6.67%x10"-11

gm <- GxMe

k <- gm*m
mu <- m*Me/(m+Me)

x0 <- 0

yO <- 2xrearth

r0 <- sqrt(x0*x0+y0*y0)

v <- sqrt(gm/r0)
VX <- Vv
vy <- 0
x <- x0
y <-y0

r=sqrt (x*x+y*y)
x1 <- append(x1,x)
yl <- append(y1l,y)
h <- 0.5
nstep <- 5000

count <- 0

accx <- function(gm,r,x,y){-gmx(x/r~3)}
accy <- function(gm,r,x,y){-gm*x(y/r~3)}
for (j in O:nstep){

count <- count+1

r <- sqrt(x*x+y*y)

rold <- r

fx1 <- vx

gxl <- accx(gm,r,x,y)

fyl <- vy

gyl <- accy(gm,r,x,y)

fx2 <- vx+h*xgxl/2

gx2 <- accx(gm,r,x+h*fx1/2,y+h*xfy1/2)
fy2 <- vy+h*gyl/2

gy2 <- accy(gnm,r,x+h*xfx1/2,y+h*xfy1/2)
fx3 <- vx+h*xgx2/2

gx3 <- accx(gm,r,x+h*fx2/2,y+h*xfy2/2)
fy3 <- vy+hx*gy2/2

gy3 <- accy(gm,r,x+h*xfx2/2,y+h*xfy2/2)
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fx4 <- vx+h*xgx3

gx4 <- accx(gm,r,x+h*fx3,y+h*fy3)
fy4 <- vy+h*xgy3

gy4 <- accy(gm,r,x+h*fx3,y+h*fy3)

X <- x+h*x(fx1+2xfx2+2*%fx3+fx4) /6

vx <- vx+h*(gxl+2*gx2+2xgx3+gx4)/6
y <- yt+hx(fyl+2xfy2+2*xfy3+fy4) /6
vy <- vy +hx(gyl+2*gy2+2*gy3+gy4)/6
x1 <- append(x1,x)

yl <- append(yl,y)

r <- sqrt(x*xxt+y*y)

if (r < rearth) break

if (r > b*rearth) break

+
plot(x1l,yl,pch=".",col="red",xlim=c(-rearth*5,rearth*5) ,ylim=c(-rearth*5,rearthx5
th <- 2xpix*(1:100)/100
x2 <- rearth*cos(th);
y2 <- rearth*sin(th)
points(x2,y2,col="green",cex=.1)

Assignment 8 - Dynamics of Many-Body Sys-
tems [P - MR:L =RxP+3},1) XP&]

Reading Assignment: Marion & Thornton: Chapter 9.

Overview: So far in this course we’ve been dealing with the motion of a sin-
gle particle. (Note that our solution of the central force two-body problem
was via reduction to a one-body problem). Now we’ll turn to many-body
systems. These will include systems of particles “glued” together (rigid bod-
ies), loosely linked (rope and chain), or independent but mutually interacting
(particle scattering). When dealing with many-body systems it is generally
convenient to describe the dynamics in terms of center-of-mass (CM) motion
and internal motion relative to the CM. The total linear momentum P of a
many-body system is simply equal to the CM linear momentum while the
total system angular momentum L about some origin is equal to the angular
momentum of the CM about that origin plus the internal angular momentum
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of the system about the CM. The kinetic energy can be separated into similar
CM and internal contributions. Conservation laws are key to simplifying the
analysis of multi-body systems. For two particle elastic scattering, energy
and momentum conservation provide strong constraints on the possible final
states for a scattering event. For inelastic scattering, energy is not conserved
but momentum conservation still applies. In either case, a more detailed and
predictive analysis of the scattering process requires information about the
interaction between the particles. Conversely, examination of the initial and
final states of scattering events provides information about these interactions
... this is central to experimental particle physics.

Problem Assignment

Problem 9.3 - CM of an ice cream cone

Find the center of mass of a uniformly solid cone of base diameter 2a
and height h and a solid hemisphere of radius a where the two bases
are touching (like an ice cream cone).

Problem 9.9 - Projectile breakup

A projectile is fired at an angle of 45° with initial kinetic energy Ejy. At
the top of its trajectory, the projectile explodes with additional energy
Ejy into two fragments. One fragment of mass m; travels straight down.
What is the velocity (magnitude and direction) of the second fragment
of mass msy and the velocity of the first? What is the ratio of my/ms
when my is maximum?

Problem 9.15 - Rope slipping off a table (answer: energy lost =
mgL/6)

A smooth rope is placed above a hole in a table, see figure.
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B

One end of the rope falls through the hole at t = 0, pulling steadily on
the remainder of the rope. Find the velocity and acceleration of the
rope as a function of the distance to the end of the rope x. Ignore all
friction. The total length of the rope is L.

Problem 9.20 - Rope sliding off a peg

A uniform rope of total length 2a hangs in equilibrium over a smooth
nail. A very small impulse causes the rope to slowly roll off the nail.
Find the velocity of the rope as it just clears the nail. Assume that the
rope is prevented from lifting off the nail and is in free fall.

Problem 9.24 - Particle on a string

A particle of mass m at the end of a light string wraps itself around a
fixed vertical cylinder of radius a, see figure.

t>0
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All the motion is in the horizontal plane (disregard gravity). The an-
gular velocity of the cord is wy when the distance from the particle to
the point of contact of the string and cylinder is . Find the angular
velocity and tension in the string after the cord has turned through an
additional angle 6.

Problem 9.30 - Tennis racket impulse

A tennis player strikes an incoming tennis ball of mass 60 g as shown
in figure.

The incoming tennis ball velocity is v; = 8 m/s, and the outgoing ve-
locity is vy = 16 m/s.

(a) What impulse was given to the tennis ball?

(b) If the collision time was 0.01 s, what was the average force exerted
by the tennis racket?

Problem 9.34 - Billiard ball collision

A billiard ball of initial velocity u; collides with another billiard ball
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(same mass) initially at rest. The first ball moves off at ¢ = 45°. For an
elastic collision, what are the velocities of both balls after the collision?
At what LAB angle does the second ball emerge?

Problem 9.38 - Collision with a tethered particle

A particle of mass m; and velocity u; strikes head-on a particle of mass
mo at rest. The coeflicient of restitution is €. Particle my is tied to a
point a distance a away as in figure

"4

a’\/{)w

Find the velocity (magnitude and direction) of m; and mqy after the
collision.

Problem 9.41 - Proton-Helium inelastic collision (answer: 55.8°)

A proton (mass m) of kinetic energy T} collides with a helium nucleus
( mass 4m) at rest. Find the recoil angle of the helium if ¢ = 45° and
the inelastic collision has @ — -7}/6.

Problem 9.44 - Hard-sphere scattering

Calculate the differential cross section o(#) and the total cross section
o, for the elastic scattering of a particle from an impenetrable sphere;
the potential is given by

oo r<a

U(r):{o r>a
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Assignment 9 - Non-Inertial Frames
[Fctitious = —mw X (w xr) - 2mw x v,.| and Rigid-Body
Dynamics | [[U = / p(r) (5” Zk SU% - {131’ZUJ'> d?)]

Reading Assignment: Marion & Thornton: Chap. 10 (it’s short) and
Chap. 11. Sec. 1-2.

Overview: Newton’s laws, which are the basis for our construction of clas-
sical physics, are only valid in inertial reference frames. If we want to do
physics within a non-inertial (i.e., accelerating or rotating) frame, new “ficti-
tious” forces must be introduced to account for the observed dynamics. The
most common of these is the so called centrifugal force which always crops
up when describing circular motion. A real “center-pointing” or centripetal
force is required to cause an object to execute circular motion and this real
force will be observed by someone in a frame rotating with the object. This
observer wonders why the force doesn’t cause the object to fall towards the
center (as Newton would predict) and invokes a compensating centrifugal
force (the first term in the equation given above) to rationalize this obser-
vation. Of course the centrifugal force is not a “true” force at all, but it
and other so called fictitious forces are a convenient artifice to extend the
Newtonian approach to non-inertial frames. In rotating frames we also have
the more mysterious Coriolis force which is a velocity dependent fictitious
force (yikes indeed ... the second term in the equation given above). The
surface of the earth is a non-inertial frame but the required corrections due
to the earth’s rotation are small enough to be ignored when doing tabletop
physics. For large scale motion described relative to the surface of the earth
we introduce the above fictitious forces to account for the non-inertial effects.
These fictitious forces enable us to describe large scale weather patterns, the
anomalous trajectories of long range projectiles, and the precession of the
Foucault pendulum. Finally, we will begin our study of rigid body dynamics
by computing the inertia tensor (defined above) for a few objects.

Problem Assignment:

Problem 10.6 - Surface of a rotating liquid

A bucket of water is set spinning about its symmetry axis. Determine
the shape of the water in the bucket.
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Problem 10.8 - Apparent deflection of a particle projected straight
up

If a particle is projected vertically upward to a height A above a point
on Earth’s surface at a northern latitude A, show that it strikes the
ground at a point w cos \\/8h3/g to the west. (Neglect air resistance,
and consider only small vertical heights).

Problem 10.9 - Apparent deflection of a particle projected due east

If a projectile is fired due east from a point on the surface of the Earth
at a northern latitude A with a velocity of magnitude Vj and at an angle
of inclination to the horizontal of «, show that the lateral deflection
when the projectile strikes Earth is

4V2

d= —20 wsin Asin? a cos a

g

where w is the rotation frequency of Earth.

Problem 10.12 - Deviation of a plumb-line from vertical

Show that the small angular deviation € of a plumb line from the true
vertical (i.e., toward the center of the Earth) at a point on Earth’s
surface at a latitude A is

o Rw? sin A cos A
 go — Rw? cos? \

where R is the radius of Earth. What is the value (in seconds of arc)
of the maximum deviation? Note that the entire denominator in the
answer is actually the effective g, and gg denotes the pure gravitational
component.

Problem 11.2 - Inertia tensor for a cone

Calculate the moments of inertia Iy, Is, and I3 for a homogeneous cone
of mass M whose height is A and whose base has a radius R. Choose
the x3-axis along the axis of symmetry of the cone. Choose the origin
at the apex of the cone, and calculate the elements of the inertia tensor.
Then make a transformation such that the center of mass of the cone
becomes the origin, and find the principal moments of inertia.

49



Problem A1 - Inertia tensor for a rectangular plate

Consider a thin homogenous rectangular plate of massM with sides, of
length a and b, aligned with the x and y coordinate axes, respectively.

(a) Determine the inertia tensor for the plate when the origin of the
coordinate system is located at a corner of the plate.

(b) Determine the inertia tensor for the plate when the origin of the
coordinate system is located at the center of the plate.

Problem A2 - Hamiltonian in a rotating system

The Hamiltonian formalism can be very useful when working in a ro-
tating system. The form of the Hamiltonian written in reference to
the non-inertial frame is simply related to the form in a corresponding
inertial frame. To demonstrate this we will consider doing physics on a
rotating turntable. We will work in Cartesian coordinates with (z,y)
referring to life on the rotating turntable and (24, yap) referring to the
external fixed lab frame. The coordinate systems are related by:

Tiap = Teoswt —ysinwt and Yy = y coswt + xsinwt (with z4, = 2)

where we have the turntable rotating counterclockwise about the z-axis
at a constant angular speed w. We start from the Lagrangian which
must be defined in the inertial (fixed) frame:

1
L= §mvfab - U(:L'labv ylab)

(a) Rewrite the Lagrangian in terms of the (z,y) coordinates and
(&,9) velocities. (Assume you can write U(x,y) for the potential).

(b) Determine the canonical momenta in the rotating system: p, and
Dy-

(c) Construct the Hamiltonian in the rotating system: H(x,y, ps,py)-

(d) Demonstrate that H,.o = H,-o — wl,, where [, is the z component
of the angular momentum as seen in the rotating frame. [Thus
we have a simple prescription for writing the Hamiltonian in a

rotating frame. All the non-inertial dynamics are contained in
this Hamiltonian. |
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(e) Write Hamilton’s equations in the rotating system.

Problem C1 - Force free motion in a rotating system

Consider motion on a frictionless rotating turntable as described in
example 10.2. The motion is “force free” but to an observer in the
rotating frame the effective force given at the top of this sheet must
be invoked to account for the dynamics. In the above given expression
w is the angular velocity of the turntable (rotating counterclockwise as
seen from above) and v, is the velocity measured by the observer on
the rotating surface.

(a) Show that the effective acceleration measured on the surface of
the turntable is:

F=wlr+2wy and §=w?y-2wi

(b) Integrate these coupled equations of motion numerically (using
4th-order Runge Kutta) to compute the trajectories (c) and (e)
shown in Fig. 10-4 (using the numerical constants specified in
example 10.2). Plot these trajectories.

(c) Use trial and error to find a trajectory like that shown in Fig.
10-4e, but which passes through the starting point (see problem
10-5). Plot this trajectory.

Note: R code for this problem provided below.

x1 <- c(O)
yl <- cQO
w<-1

R <-1

x0 <- -0.5
y0 <- 0.0
v <- 0.47

theta <- pix45/180
vx <- v*cos(theta)
vy <- v*sin(theta)
x <- x0

y <-y0
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rtime <- 30
h=0.005
nstep <- rtime/h

accx <- function(x,vy,w){wx(wx+2xvy)}
accy <- function(y,vx,w){wx(wxy-2xvx)}
count <- 0
th <- 2xpix*(0:100)/100
x2 <- R¥cos(th)
y2 <- R*sin(th)
for (j in O:nstep){

count <- count+1

fx1 <- vx

gxl <- accx(x,vy,w)

fyl <- vy

gyl <- accy(y,vx,w)

fx2 <- vx+h*xgxl/2

gx2 <- accx(x+h*fx1/2,vy+h*gyl/2,w)

fy2 <- vy+h*gyl/2

gy2 <- accy(y+h*fy1/2.0,vx+h*gx1/2.0,w)
fx3 <- vx+h*xgx2/2

gx3 <- accx(x+h*fx2/2.0,vy+h*gy2/2.0,w)
fy3 <- vy+h*xgy2/2

gy3 <- accy(y+hxfy2/2.0,vx+h*gx2/2.0,w)
fx4 <- vx+h*gx3

gx4d <- accx(x+h*xfx3,vy+h*gy3,w)

fy4 <- vy+h*xgy3

gy4 <- accy(y+h*xfy3,vx+h*gx3,w)

x <- x+h*(fx1+2xfx2+2%fx3+fx4)/6

vx <- vx+h*(gx1+2*gx2+2*xgx3+gx4)/6

y <- y+hx(fy1+2xfy2+2xfy3+fy4) /6

vy <- vy +h*(gyl+2+gy2+2*gy3+gy4)/6

x1 <- append(x1,x)

yl <- append(yl,y)

r <- sqrt(x*x+y*y)

if (r > R) break

+
par (pty="s")
plot(x1l,yl,pch=".",col="red",xlim=c(-2,2),ylim=c(-2,2))
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lines(x2,y2,col="green")

Sample runs:

release angle

w:l.Of‘J/S O e:"oo

[.:-O-s"
Jo* O.OM

Turntabl

V°=O,‘4§ﬂll
Fis. 10.9 (9 spacd 41 spenur

Vo=0.50m/) Ve=0,80mis

Parbicle slay on dhe fable here, F-, 10.9 [b)
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Assignment 10 - Rigid-Body Dynamics 11
|Li = X Lijw), Trot = 5 X4 Iijwiw; |

Reading Assignment: Marion & Thornton: Chap. 11. Sec. 2-4 and 7-9.
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Overview: The first step in solving the dynamics of rigid bodies is to sepa-
rate the center of mass (CM) motion from rotational motion about the CM.
This rotational motion depends strongly on how the mass of the object is dis-
tributed. In particular, the second moments of the mass distribution (which
make up the elements of the inertia tensor ;) contain all the information
needed to completely describe the rotational motion. Thus two objects with
totally different shapes, but the same inertia tensor, will display the same
rotational dynamics. From the inertia tensor we can calculate the angular
momentum L and rotational kinetic energy 7., of a rigid body rotating with
angular velocity w (as shown in the equations above). Note that L and w are
vectors defined with respect to a “body” coordinate system with origin at the
CM. It is usually most convenient to define this body coordinate system in
terms of the “principle axes” of the body, in which case the inertia tensor is di-
agonal. For rotation about a principle axis, L and w are collinear and we have
the familiar results L = Jw and T = Iw?/2 (where I is the [scaler] moment of
inertia with respect to the [principle| rotation axis). When the rotation axis
does not coincide with a principle axis, L and w will not be collinear and
very interesting (and often complicated) rotational motion results, even in
the absence of external forces. The wobbling of a football or frisbee and the
so called “Chandler wobble” of the earth are examples of such motion. These
wobbling effects occur in “force free” (i.e., torque free so dL/dt = 0) motion,
thus demonstrating that a constant L does not imply a constant w. When
external forces such as gravity and friction produce torques on our rotating
body, both L and w will change with time and the resulting motion can be
quite bizarre (as we will see in “Toy-Fest 2000” in next seminar). Our goals
for this seminar will be to understand how to calculate and manipulate the
inertia tensor, how to determine principle axes for an object, how to use Eu-
ler’s equations to compute rotational dynamics relative to a body coordinate
system and, finally, how to make that killer pool shot.

Problem Assignment:
Problem 11.5 - No English condition in billiards

(a) Find the height at which a billiard ball should be struck so that it
will roll with no initial slipping. (b) Calculate the optimum height of
the rail of a billiard table. On what basis is the calculation predicated?

Problem 11.11 - Toppled cube
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A homogeneous cube, each edge of which has a length [, is initially
in a position of unstable equilibrium with one edge in contact with
a horizontal plane. The cube is then given a small displacement and
allowed to fall. Show that the angular velocity of the cube when one
face strikes the plane is given by

wQ:A%(\/i—1>

where A = 3/2 if the edge cannot slide on the plane and where A = 12/5
if sliding can occur without friction.

Problem 11.13 - Inertia tensor and principle axes for a 3 particle sys-
tem

A three-particle system consists of masses m; and coordinates (x1, T2, x3)
as follows:

my=3m , (b,0,b)
my =4m , (b,b,-b)
ms=2m , (=b,b,0)

Find the inertia tensor, principal axes, and principal moments of iner-
tia.

Problem 11.18 - Transformation of the inertia tensor for a thin plate

if, in the prefious problem, the coordinate axes are rotated through an
angle 6 about the z3-axis, show that the new inertia tensor is

A =C 0
{I}=|-C" B’ 0
0 0 A+B

where

A’ = Acos? 0 — C'sin 20 + Bsin? 6
B’ = Asin?6 + C'sin 20 + B cos? 6

C"=Ccos20 - %(B—A)sin%
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and hence show that the ;- and zs-axes become principal axes if the
the angle of rotation is

1 (20
f =5 tan (B—A)

Problem 11.31 - Force free motion of a rotating plate
Consider a thin homogeneous plate with principal momenta of inertia

I, along the principal axis
15 > I along the principal axis xs

I3 = I + I along the principal axis x3

Let the origins of the x; and 2 systems coincide and be located at the
center of mass O of the plate. At time ¢ = 0, the plate is set rotating in
a force-free manner with an angular velocity €2 about an axis inclined
at an angle o from the plane of the plate and perpendicular to the xo-
axis. If I/I5 = cos 2, show that at time ¢ the angular velocity about
the zy-axis is

wo(t) = Qcosatanh (Qt sin a)

Problem A1 - Rectangular plate rotating about a diagonal

Consider a thin rectangular plate of mass M and side lengths a and b
rotating with constant angular speed w about a diagonal.
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Assume the plate thickness is negligible and ignore gravity. As we
saw earlier, the inertia tensor for this object relative to an x -y body
coordinate system with origin at the CM is

b 0 0
M
I = E 0 CL2 0
0 0 a?2+10?

(a) Compute the rotational kinetic energy of the plate.

(b) Determine the angle between the L and w vectors in the body
coordinate system and determine under what conditions they will
be collinear.

(c) Use Euler’s equations to show that a torque of magnitude:

_ Mab(a? - b?)w?
C12(a? +1?)

(d) Determine the direction of this applied torque and explain how
you could produce it.

Problem A2 - Lagrangian for a rolling composite disk

Consider a thin disk composed of two homogeneous halves connected
along a diameter.
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2p

One half of the disk has density p and the other has density 2p. The
disk rolls without slipping on a horizontal surface and all motion takes
place within the plane of the disk. (See problem 11-25).

(a) Determine the Lagrangian for this system
(b) Derive the equation of motion for the disk.
(c) Show that the frequency of small oscillations of the disk about its
equilibrium position is given by
8
o
where R is the disk radius.

Assignment 11 - Rigid-Body Dynamics III
& Toy-Fest

Reading Assignment: Marion & Thornton: Chap. 11. Reread and con-
centrate on sections 7, 10, and 11.

Overview: This week we will study the rotational dynamics of rigid bodies
when external torques act on the spinning object. The precession and nuta-
tion of a toy top or gyroscope provide dramatic illustrations of the complex
motion resulting from an applied torque due to gravity. Add in friction and
things get even more interesting (as will be seen for several of the featured
toys). Last week we investigated rotational dynamics using’Euler’s equations,
which describe the motion of a spinning body relative to the instantaneous
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position of its principle axes. However, these equations don’t tell us how the
principle axes themselves move relative to a fixed lab frame. (Notice that in
Marion’s discussion of force free precession of a symmetric top [Sec 11.9] once
must appeal to conservation of energy and angular momentum to ferret out
the fixed frame “space-cone” dynamics). To describe, in general, rotational
dynamics in the lab frame we need a means of specifying the orientation of
our rigid body relative to a fixed inertial coordinate system. There is not a
unique way to do this, but using the set of angles introduced by Euler (and
called the Euler angles wouldn’t you know) is the standard approach. The
Euler angles provide a convenient set of generalized coordinates to use in
constructing the Lagrangian for a rotating rigid body. Marion provides an
illustration of this with the analysis of the symmetric top with fixed pivot
point [Sec. 11-10]. The majority of this weeks seminar will be devoted to our
own analysis (and demonstration) of some rotating (as well as wobbling, tip-
ping, and rattling) rigid body toys. The equations of motion for these object
are complicated, but hopefully, experimenting with the toys will aid in our
understanding the dynamics hidden in the equations. One other important
topic we need to cover this week is the stability of rigid-body rotations, i.e.,
about which principle axes can we actually have stable wobbling. Perhaps
our frisbee expert can address this issue. We should also try to make sense of
the claim that “flying saucers make better spacecraft than do flying cigars”.
Our stability arguments do not support this claim ... but, what if we allow
for energy lose due to internal friction? The same logic is often used to ex-
plain why a person falling down a mountain tends to tumble head-over heels!

The toys we will discuss:

1. Rattle-back
Jear]l Walker, Scientific American, Oct.1979, pg 172
Hermann Bondi, Proc. R. Soc. Lond. A 405, 265 (1986)

2. Tippy-top

C.G. Gray and B.G. Nickel, Am. J. Phys. 68, 821 (2000). Contains
all references.

R.J. Cohen, Am. J. Phys. 45,72 (1977). Best of references.
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3. Big penny - When set upright and spun it displays rather curious and
striking behavior as it loses energy to friction.

4. Frisbee and Boomerang
Classical Mechanics by Barger and Olsson, pgs. 195-202 — boomerang

M. Schuulrnans, New Scientist, July 1990, pgs. 37-40 — frisbee
Problem Assignment:

Problem A1 - Spinning pencil

A pencil is set spinning in an upright position (tip down). Treat the
pencil as a uniform cylinder of length a and diameter b.

(a) How fast must the pencil spin in order to remain upright?

(b) Obtain a numerical result for the minimum spinning speed if a =

20 cm and b=1 cm.

Problem A2 - Symmetric toy top: Sleeping, precession, and nutaton

Consider a toy top constructed from a heavy circular disk of mass
m =100 g and radius a = 2.0 cm mounted at the center of a thin rod
of total length 2a. The top is placed on a stand so the pivot point is
fixed. (Ignore friction)

> |

(a) Find the minimum spinning speed of the top such that in can
“sleep” in the vertical position.
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Now suppose we start the top spinning at wg = 35 rev/s and ini-
tially its spin axis is held fixed at an angle of 6, = 60° from the
vertical. The axis is then released and the top starts to topple
over (i.e., initial conditions are #(0) = 0 and ¢(0) = 0). As it falls
the top starts to precess as well as nutate between the limiting
polar angles 6; and 6s.

Calculate the two limiting angles 6; and 0y (see Marion problem
11-30) and make a quantitative plot of the effective potential V' (8).
Does |0; — 05| increase or decrease with increasing wg?

Estimate the period of nutation analytically.
Estimate the average period of precession analytically.

If we had started the top by pushing it “just so”, such that 6(0) = 0
and ¢(0) # 0, we can have precession without nutation. What two
initial values of ¢(0) will result in such motion (for the above given
wp and 6y)? These two values correspond to so called fast and slow
precession. Why do you think that it is the slow precession that
is usually observed?
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The Tippy-Top

General Description

As seen in Figure (1), when a tippy-top is spun on a smooth surface, it turns itself upside-down
to rotate on its stem. In the process, it raises its center of mass and reverses its direction of rotation.
Similarly, when a class ring is spun with the stone down, it lofts the stone in the air, and when a
hard-boiled egg is spun flat, it rises to spin on one end.

This peculiar behavior has intrigued physicists since at least the 19th century, but it was not accurately
described until the 1950’s, and even then the description was limited by large approximations.

Friction is the key to understanding the behavior of the tippy-top. Since the CM is elevated during
inversion (increasing the potential energy), the rotational kinetic energy must decrease. Thus, the total
angular momentum L must decrease, which requires an external torque. L is almost entirely in the
vertical 3 direction, so it cannot be changed by the normal or gravitational forces, since both point along
the z axis. Friction is therefore necessary to explain the top’s peculiar behavior.

A Simple Model!

Because the CM of a tippy-top is near the center of curvature (above which the top spins), as seen in
Figure (2), the gravitational torque can be neglected. Note that the frictional force is coming out of the
page, opposing the direction of slipping. The frictional torque is nearly horizontal and time averages to
zero, so by neglecting it as well, we have no external torques on the top. Assuming that the tippy-top is
initially spun vertically, this means that the angular momentum remains a constant along the z-axis.

Now let L be the angular momentum described in the body frame. Using the definition of torque and
the general relation between the time derivative of a vector in the fixed and rotating frames, we have
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dLaxed dL
N= 2t =E+UXL (1)

Since the tippy-top is approximately spherical, we let [, = I; = I3, so that LwandwxL=0. L
remains vertical and N remains horizontal. Thus, by Eq. (1), % is always perpendicular to L, causing
L to precess uniformly in the body frame.
Taking the component of Eq. (1) along the symmetry axis of the top, &, we have
_d(& L)
&-N= % (2)
Since & - N = Ncos(§ + ) = —N'sinf and & - L = Lcosé, Eq. (2) becomes
-Nsina=%r,ma=-wsma+i,cmo 3)

We have assumed that L = 0, and so we have

. N _ pMgR
=— 4
0=1 o (4)
We see that @ increases, causing the top to begin to flip.
'Barger and Olsson, Classical Mechanics: A Modern Perspective, 1973.
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Once the stem of the top touches the table, we have an ordinary rising top. N will still be perpendicular
to L, and L will still change in the direction of N. However, since we now assume that L lies along the
symmetry axis &, § is negative, and the tippy-top rights itself to the stable verticle position, where it
will remain as long as

w2 —p—— ®)

as we saw in problem Al.

Other Considerations :

While this analysis has given us a basic understanding of how the tippy-top works, we have made
some large approximations. L is not really a constant during the first part of inversion, then suddenly
switching from being along the fixed vertical axis to the body axis when the stem touches te table. Also,
we assumed that the center of mass was on the axis of rotation, which allowed us to ignore the normal
and gravitational forces.

A more rigorous analysis leads to six nonlinear differential equations (three translational and three
angular), and a numerical solution allows you to solve for the motion of the top. The & for a small
coefficient of friction is seen in Figure (3).2 Note that it is not monotonically increasing, but is nutating
as the top flips.
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2.55
Boomerangs

4

Returning b gs are d

=

to be thrown great di and to

gs are designed to be

return to the thrower. Australian
natives have thrown them as far as
100 yards and to heights of 150
feet with five complete circles.
The nonreturning type, which is
more practical for hunting, can be
thrown as far as 180 yards.

th with the right hand. What
is the difference between left-
and right-handed b gs?
Why does a boomerang (of any
shape) return? Why does it loop
around in its path (see Figure
2.55)? Finally, how does the

The ordinary b ang is
shaped like a bent banana. Is
it essential that the boomerang
have this particular shape? Can one
make a returning boomerang in
the shape of an X or a Y? Most

Figure 2.55
Boomerang path.

path depend on the b. ang’s
ori ion as it leaves the
thrower’s hand?

26, pp. 153-154; 37, pp. 291-
296; 65 through 67; 1564.
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26 Routh, E. J., Dynamics of a
System of Rigid Bodies, Advanced
Part, Macmillan, London (1930).

37 Gray, A., Treatise on Gyro-
statics and Rotational Motion,
Dover, New York (1959).

65 Hess, F., “The Aerodynamics
of Boomerangs,” Sci. Amer., 219,
124 (Nov. 1968).

66 Walker, G. T., “On Boomer-
angs,” Phil. Trans. Roy. Soc.
Lond., A190, 23 (1897).

67 “B ang,” Encyclopaedi
Britannica, William Benton, Chicago
(1970), Vol. 3, pp. 945-948.

2.55 The right-handed
boomerang is thrown in a vertical
plane so that it spins about a
horizontal axis. Since it is an
air-foil, there is a sideways "lift" on
it, the lift being larger on the top
half than on the bottom half,
because the top half is turning in
the same direction that the

boomerang is traveling, whereas
the bottom half is tuming in the
opposite direction. Therefore, |
there is a torque attempting to tilt
the boomerang, but instead of
tilting, the boomerang veers to the
left and remains vertical. Sufficient
veering causes the boomerang to
turn full circle in its flight.



Boomerangs

Why do they come back?

Two things: transverse acceleration and precession,
result in circular motion. The air causes a net lift force
perpendicular to the motion. This lift force alsoc exerts a
torque, since the upper blades are travelling faster than
the lower blades. Therefore, in order to conserve angular
momentum, the boomerang precesses. From this we get
circular motion.

wt

7 = r(§coswr + Zsinwr) Va-Vp
v, =wr+Vsinwr

Lift force: varies with square of transverse velocity
dF = gcvidr

a)’l’ 20a
F=4c T+V x = total inward acceleration

Torque: dN=FxdF

3
ﬁ- dcaVl

y = net torque (note: non-zero)

This net torque causes the boomerang to precess in the
counterclockwise from above, with frequency given by:

w,-%- Nw.“Tw' which for circular motion will equal V/R

From this, and by setting the net lift force equal to
ny we get:

R’ ’
R-% and V=al\/§, where u is the mass density. Thus, the

radius of flight only depends on the boomerang and the air,
not on how hard it is thrown.
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PRECESSION OF A FRISBEE

As an example of the above theory we consider the case of a thin disc, or any symmetric and
fairly “flat” object, such as a china plate or a Frisbee. The perpendicular-axis theorem for prin-
cipal axes is [, + I, = I, and, for a symmetric body I, = I,, so that 21, = I,. In our present
notation this is 21 = I, so the ratio

L-z

I

to a good approximation, If our object s thrown into the air in such a way that the angular
velocity w is inclined to the symmetry axis by an angle a, then Equation 9.5.8 gives

(1 = wvos o

for the rate of precession of the rotational uxis about the symmetry s,
For the precession of the symmetry axis about the invartable fine. the wobble as seen from
the outside, Equation 9.6.2 vields

b= wll + 3 costa)?
[n particular, if « is quite small so thut cos a s very nearly unity, then we have approximately
= w
= 2w

Thus, the wobble rate is verv nearly twice the ungular speed of rotation,
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Frisbees

Frisbees are much simpler toys, yet they exhibit some
interesting behaviors that can be explained using
conservation of momentum and other concepts in Chapter 11,

They topple:
Toppling is what the experts call it when your frisbee

veers off and turns over. This happens because the lift

force doesn’ t act evenly on the disc. Towards the back of

the disc the underneath air travels slower, so the lift is

greater, causing the frisbee to tilt forward.
- ’

ér__lﬁ__. \b~vb
Fuet &

Because of conservation of momentum, and similar to
the precession of the boomerang, the frisbee adjusts by
being torqued to one side or the other., At this point the
flying disc has essentially doomed itself.

Good throwers adjust for this effect when throwing the
frisbee.

They wobble:
As discussed in my previous talk, symmetric tops given

spin not quite along their symmetry axis will wobble (like
the football). Interestingly, since ocur system is in fact
not force-free, and there is air resistance, a frisbee’'s
wobble will usually go away due to air friction.

%

Frisbee construction is an art., One must balance the
desire for a high moment of inertia -~ in order to resist
toppling - with a need for levity and low drag. One very
successful version is the “Aerobie” ring, which can easily
be thrown twice as far as a conventional frisbee, almost
without toppling.
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\ A coin is initially set spinning rapidly on its edge on a table, As the spin
decreases due to frictional forces, a point is reached where the coin begins
to precess (wobble). With further loss of energy the coin will gradually “lie
down" with an increase of the precession rate while at the same time the
actual turning rate, as seen from above, decreases. Explain the curious be-
havior of a spinning coin just described, and show your calculations in
detail. (Assume frictional torque is negligible in comparison with the grav-
itational torque.)

A disk is spun about a vertical diameter. As it looses energy
through friction it begins to wobble with slowly decreasing angle 6.
Assume that the only motion of the CM is to fall slowly and that
the disk rolls without slipping.

line of
nodes

a) Show that the rolling condition is wy = 0.

b) Show that the precession of the line of nodes & is given by ¢ =
wo/V/3in 0, where wy = 2\/97:. The wobble rate thus increases as
the disk lies down. Hint: Use part a) to establish that L lies along
the § azis. The torque lies along the & azis. Use N =L=¢xL.

¢) Show that the component of spin along the vertical z-axis is given
by Weert = wo(sin#)*/2. Thus even though the wobble rate in-
creases without limit as the disk lies down, the spin as seen from
above actually comes to a stop. This effect can be impressively
demonstrated using a heavy disk, with a mark on top, spinning
on a cement floor.
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The Big Penny

The Big Penny is simply & large heavy disk. If we spin it about its diameter, it loses energy and eventually
begins to wobble (precess) faster and faster until it suddenly stops. At the same time, however, the rotation
s seen from above comes to a stop. We'll see in & moment why these effects occur. And, in case you were
wondering, the Big Penny does indeed count as a toy « there is a commercial version called Euler's Disk
that consists of a very heavy disk with a rounded edge on & mirrored surface that, due to the fact that it
has very little friction, can wobble for upwards of & minute.

In order to analyze the penny, we need to make a few assumptions. First, wo assume that the penny
rolls on its edge without slipping. Secondly, we assume that the center of mass falls slowly down and that
the frictional torque is much less than the torque due to gravity. With these assumptions, we can analyze -
the penny analytically.

First we examine what it means to have the penny roll without slipping. If the penny were to slip as it
rolls, then at any instant in time there would be some nonzero wy about the symmetry axs (2) of the penny.
Thus, the condition that the penny rolls without slipping amounts to specifying that

wy=0

Given this, we can find the angular momentum of the system. At any instant in time, we know that both
the center of mass and the contact point must be at rest, and so the instantaneous motion of the penny is a
rotation about the y-axis with an angular speed of ¢sinf. The angular is in the y di and
has a magnitude of

L-%u-'o‘-uo.
where M is the mass of the disk, a is the radius of the disk, and using the fact that the moment of inertia
of the disk is } Ma®.
As this angular momentum changes, it creates a torque. Looking at the geometry of the system, we find
that .
N=L=¢xL

This torque is due wholly to gravity (based on our p that the fr l torque is negligible) and
has magnitude

N = Mgacosé
We note that the angle between @ and L is 90 — 4. Given this information, then, we can then take the
magnitude of the cross product and arrive at an equation soluble for ¢:
‘lgnml-&%lh’éeul
Solving for ¢ gives us Solving for §, we have

2 o

¢ 7= 1)
where wy = 2,/T. This shows that ¢ (the wobble rate, or the precession of the line of nodes) increases
without bound as the disk lies down.

What remains is to demonstrate that the spin rate as seen from above goes o zero as the peany lies
down. We need to find the total spin in the vertical direction. Examining the Euler angles, we can see that
this $pin wyere is given by o

Weert = ¢ + Poosf
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We showed previously that wy = 0; since wy = $cos@ + ¥, we have that
%= —-dooed
Plugging this into our expression for wyer and using a trigonometric identity, we have
et = psin?0 = wn(sin0)} @

‘We can see from this expression that the rotation rate about the vertical goes to zero as the penny les down.
Equations 1 and 2, then, explain the funny bebavior we observe for the Big Penny.
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Assignment 12 - Coupled Oscillations (|A;z—w?m;p|

9% _ pd?q
and Waves ( 7= o
Reading Assignment: Marion & Thornton: Chap. 12 (Secs. 1-4, 6, 8-9)
and Chap. 13 (Secs. 1-4, 6-7).

Overview: As the name implies, the motion of a simple harmonic oscillator
is ... well ... simple. But couple two SHO’s together such that they can
exchange energy and now the general motion is not so simple! The energy
flow between the two oscillators can lead to complex behavior. Surprisingly,
it is possible to describe such complicated coupled motion as a superposi-
tion of the motion of a set of uncoupled oscillators or normal modes. This
remarkable “normal mode decomposition” amounts to finding a coordinate
transformation which maps our system of n-coupled oscillators onto a system
of n-uncoupled oscillators (but n.b., the frequencies or modes of these new
uncoupled oscillators are NOT simply those of the original oscillators). Such
a transformation is always possible for a conservative system if the poten-
tial energy is quadratic in the position variables (which is the usual case for
small amplitude oscillations). For very simple systems, one can often iden-
tify the normal modes from symmetry considerations. In the general case,
one has a set of n-coupled differential equations which can be reduced to
n-coupled algebraic equations and thus, our problem becomes an exercise in
linear algebra. The set of normal mode frequencies w can immediately be de-
termined from the secular determinant given above (where the A;; and mj;
are coupling constants for the potential and kinetic energies, respectively).
Indeed, finding the normal modes of a system amounts to the simultaneous
diagonalization of the coupling constant matrices (tensors actually) {A} and
{m}. This type of normal mode analysis is widely used in physics and is the
origin of quasi-particle descriptions of “many-body” systems (e.g., phonons
in solids are the normal modes of the coupled lattice vibrations). Our anal-
ysis of coupled oscillations will begin with two coupled harmonic oscillators
which can be described in terms of two normal modes, one symmetric (or
in phase) and one anti-symmetric (or out of phase). More coupled oscilla-
tors lead to more normal modes (and more difficult analysis), however, the
rather daunting problem of the “loaded string” (i.e., n masses equally spaced
on an elastic string) turns out to be quite tractable. Taking the continuous
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limit of the loaded string leads to the 1D-wave equation given above (where
q is the string displacement and p and 7 are the mass density and tension,
respectively). Although this same equation is also easily obtained via force
analysis, the coupled oscillator approach provides a natural description of
wave motion in terms of normal modes (or Fourier components).

Problem Assignment:

Problem 12.16 - Swinging hoop with sliding bead

A thin hoop of radius R and mass M oscillates in its own plane hanging
from a single fixed point. Attached to the hoop is a small mass M
constrained to move (in a frictionless manner) along the hoop. Consider
only small oscillations, and show the the eigenfrequencies are

V2
a-iE

Find the two sets of initial conditions that allow the system to oscillate
in its normal modes. Describe the physical situation for each mode.

Problem 12.17 - 3 mass,4 spring coupled system

Find the eigenfrequencies and describe the normal modes for a system
such as the one discussed in Section 12.2 but with three equal masses
m and four springs (all with equal spring constants) with the system
fixed at the ends.

Problem 12.18 - Pendulum attached to a sliding mass

A mass M moves horizontally along a smooth rail. A pendulum is
hung from M with a weightless rod and mass m at the end. Find the
eigenfrequencies and describe the normal modes.

Problem 12.25 - 3 particle loaded string

Rework the problem in Example 12.7, assuming that all three particles
are displaced a distance a and released from rest.

Problem 13.6 - Harmonic response of a hammered string

A string is set into motion by being struck at a point L/4 from one
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end by a triangular hammer. The initial velocity is greatest at x = L/4
and decreases linearly to zero at x =0 and = = L/2. The region L/2 <
x < L is initially undisturbed. Determine the subsequent motion of
the string. Why are the fourth, eighth, and related harmonics absent?
How many decibels down from the fundamental are the second and
third harmonics?

Problem 13.20 - Reflection and transmission along a string with at-
tached mass

Consider an infinitely long continuous string with tension 7. A mass M
is attached to the string at x = 0. If a wave train with velocity w/k is
incident from the left, show that the reflection and transmission occur
at x =0 and that the coefficients R and 7" are given by

R=sin’6 , T =cos?6

where
Mw?

2kt

Consider carefully the boundary condition on the derivatives of the
wave functions at x = 0. What are the phase changes for the reflected
and transmitted waves?

tanf =

Assignment 13 - Nonlinear Dynamics (F(z) =
—k(x +az?)) and Chaos (d;(t) = d;(0)er?)

Reading Assignment: Marion & Thornton: Chap. 4

Also, explore the R programs: DDPENDULUM, LOG-MAP, LOG-B-DIAGRAM,
and ITENON.

Overview: Overview: As we have seen throughout this course, the equa-
tions of motion for dynamical systems are, more often than not, nonlinear.
Nonlinear equations are hard to solve so we have generally looked for linear
approximations which lead to analytic solutions and nice properties like su-
perpostion. But in throwing away all those pesky nonlinear terms we have
been in fact throwing away a lot of very interesting physics! The subject of
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nonlinear systems is an old one but the use of computers has really revolu-
tionized the field and led to a number of new discoveries. This week we’ll
just be able to get an introduction to this broad area and this will require
our own use of computers. (Luckly we have some nice code to work with).
We'll need to remind ourselves about phase space diagrams and the concept
of an attractor in such a diagram. We’'ll also need to understand how we
can get from these diagrams to Poincare sections and bifurcation diagrams
(which are very helpful in sorting out complex dynamics). We'll start by tak-
ing a closer look at the occurrence of hysteresis and jumps in the dynamics
of a nonlinear driven system, the Duffing oscillator. For weak driving this
hysteresis is the primary new effect due to the nonlinearity. With increased
driving we begin to observe a phenomena known as period doubling, a char-
acteristic precursor to the chaotic behavior which eventually develops. Many
simple dynamical systems, both dissipative and energy conserving, can ex-
hibit such a transition to chaos. And just what is chaos you may ask.
Here we are speaking of chaos in a deterministic system, which means that
given perfect information about the initial state we can completely predict
the time evolution of the system. How can we speak of chaotic motion in
such a system? Well, the key is that bit about perfect information. Chaotic
systems exhibit extreme sensitivity to initial conditions. The sensitivity is
so extreme that unless that information is really perfect (which is practically
and fundamentally impossible) long time prediction becomes impossible. A
quantitative measure of such sensitivity is provided by the Lyapunov expo-
nents A defined in the equation at the top of the page. Here d(t) measures
the distance between two trajectories of a system at time ¢. If the exponent
A is positive the trajectories diverge no matter how close they were at time
zero ... this means unpredictability and thus chaos. The study of chaotic
dynamics is a computationally intensive exercise since one must integrate
equations of motion for very long times to elucidate the phenomena. Simple
discrete nonlinear maps provide a much “cheaper” way to explore some of
the characteristics of chaotic behavior and the transition to chaos. In some
cases one can motivate these maps from a real dynamical system but the
relationships are often a bit tenuous. However, many of the features of chaos
are thought to be “universal” and thus independent of the underlying model.
So these simple maps can provide us with some valuable results (such as the
Feigenbaum number) and, of course, some pretty pictures!

Problem Assignment:

81



Problem for everyone: - The Duffing Oscillator

The equation of motion for a driven damped oscillator with the non-
linear restoring force given at the top of this sheet can be written as

i+ 2y% + wiz.a® = Fcoswt

In the following we will take wy = 1 and € = 1 (which can always be
achieved by an appropriate rescaling of x and t). To a first approxima-
tion we can assume a trial solution of the form

x(t) = A(w) cos (wt — 0)

Show that this trial solution leads to the following approximate relation
between driving force F' and response amplitude A [Hint: coefficients
of sinwt, coswt, and cos 3wt must vanish separately]:

F? = A2[(1-w?+342/4)% + (29w)?]

Plot A(w) for 0 <w <2 with F' = 0.5 and v = 0.1 noting that multiple
solutions are possible for a certain range of w. [Try solving for w as a
function of A]. Your plot should resemble Marion’s Fig. 4-11.

Computational Projects: Lots of R code for some now classic chaotic
systems at end of assignment. This code is easily modified to study
other systems and maps.

(1) More fun with the Duffing oscillator: - By solving the Duff-
ing equation via numerical integration, construct an amplitude
response curve (i.e., maximum amplitude vs. driving frequency)
and demonstrate hysteresis by showing the existence of two steady
state solutions (depending on starting conditions) for a certain
range of driving frequencies. Note that you must wait for tran-
sients to die out before determining the steady state maximum
amplitude. Use the same parameters as in the previous problem
and compare with those analytic results. Modify the R pendulum
code to construct phase space plots and Poincare sections for the
Duffing oscillator. Look for period doubling at F' = 20, v = 0.1,
w = 1.4 and for signs of chaos at F' =25, y=0.1, w =1.3.
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(2)

The damped pendulum with vertically driven pivot: - The
equation of motion for this system is:

0 = 0 — [w? + 2F coswt]sinf

where 6 is the angle the pendulum makes with the vertical, ~ is
the damping coefficient, w2 = g/¢, and, w and F = w?A/2( are
the frequency and reduced amplitude of the driving force. (Note
that the driver is equivalent to a time varying gravitational field).
Modify the R pendulum code to study the behavior of this system
as a function of reduced driving amplitude F' for fixed wy = 1,
w =2 and, 7 =0.2. You should observe a first period doubling at
F =0.79. Find the approximate value of F' for subsequent period
doublings and use these results to estimate Feigenbaum’s number.

Lyapunov exponent for the logistic map [see Marion FIG-
URE 4-24]: (a) Compute the Lyapunov exponent A for the
logistic map directly from the definition |Ax,| = |Ax|exp (An).
Consider the cases of a = 3.4,3.64,3.88,4.0. Take xzg = 0.5 and
Az = 1075, (b) Now compute A for the logistic map using Eq.
4.52. Do this for the range 3 < a <4 in steps of o = 0.05. Discard
the first 1000 iterations and use 10* to 10° values of In f'(x,,)| for
the averages.

The tent and Henon maps [Marion 4-17 through 4-21]: -
Use the Logistic and Henon R codes as a starting point to studying
these maps and working the Marion problems.

The bouncing ball on vibrating table (Chirikov map) [Mar-
ion 4-23]: - Modify the Henon R code to work the Marion prob-
lem. Be prepared to explain what your results mean.

Rings of Saturn: - The structure in Saturn’s rings is due to
perturbations caused Mimas, one of Saturn’s moons. Here we will
study a very simple discrete model of the dynamics. Consider an
object orbiting Saturn which, at some particular time, has orbital
radius 7, and relative angle to Mimas 6,,. One orbit later the new
relative angle will be approximately (using Kepler’s 3rd law)

0,01 =0, + 27r(0/7“n)3/2
where o = 185.7 x 103 km is the radius of Mimas’ orbit. The radial

acceleration experienced by the orbiting object can be expressed
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in discrete form as follows

Av, v (t+0t) —v.(t) rE+At)-r(t) r(t)-r-At)
At At ) (At)? - (At)?
_r(t+ At) =2r(t) +r(t - At)
) (At)?

Assuming a periodic inverse-square perturbing force leads (with
handwaving) to the radial equation:

Tna1 = 27 — Ty — acos B,/ (r, — )?

where a = 2 x 102 km3. Investigate this two-dimensional map
for r, and 6, using initial r values in the range Rg < r < o
where Rg = 60.4 x 10 km is the radius of Saturn. Take 103
km as your unit of length (in which case a = 2000). Plot points
(rncosB,,r,sind,0 and find the bands of r, where stable trajec-
tories are found. Examine the effects of changing the parameter
a. Try a =200 and a = 20000.

R Codes:

# PENDULUMPS.R - Damped driven pendulum

# This is the model studied extensively in Chapter 4 of Marion (see Fig 4-18)
# This program draws the full phase space diagram.

#

oscl <- function(t,x,v,F,k,w) {Fxcos (wxt)-k*v-sin(x)}

#
# define parameters

# F = driving amplitude, k = damping parameter, w = driving frequenry
F <- 1.50

k <- 0.5

w <- 0.6666666

# define size for main loop

num <- 50000

# integration time step

h <- 0.05

# arbitrary starting point

x <- 0.0
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v <- 0.0
# plot functions require vectors
xl <- cQO
yl <- cO
x1 <- append(x1,x)
yl <- append(y1l,v)
# use loop to generate successive points in time
# and overplot points in real time
for (j in O:num){
# Runge-Kutta method
fl <- v
gl <- oscil(j*h, x, v, F, k, w)
f2 <- v+hx*xgl/2
g2 <- oscl((j+0.5)*h,x+h*f1/2,v+h*gl/2,F,k,w)
f3 <- v+h*g2/2
g3 <- 0scl1((j+0.5)*h,x+h*f2/2,v+h*g2/2 F k,w)
f4 <- v+h*g3
g4 <- oscl((j+1)*h,x+h*f3,v+h*g3,F,k,w)
x <- x+h*(£1+2+£2+2*%£3+£4) /6
# keep x = angular variable between -2%pi and +2xpi
if (abs(x) > pi) {
x <- x-2.0*pixx/abs(x)
b
v <- v+hx(gl+2%g2+2*g3+g4)/6
# Run for num/10 rycles before plotting to get rid of transients
if (j > num/10) {
x1 <- append(x1,x)
yl <- append(y1l,v)
plot(x1l,yl,pch=".",col="red",xlim=c(-pi,pi),ylim=c(-4,4) ,xlab="position",ylab="ve:
b
+

# PENDULUMPO.R - Damped driven pendulum

# This is the model studied extensively in Chapter 4 of Marion (see Fig 4-18)
# This program constructs the Poincare section and is easily modified

# to draw the full phase space diagram.

#

oscl <- function(t,x,v,F,k,w) {Fxcos (w*t)-k*v-sin(x)}
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#

# define parameters

# F = driving amplitude, k = damping parameter, w
F <-1.15
k
W
#

driving frequenry

<- 0.5
<- 0.6666666
define size for main loop
num <- 200000
integration time step chosen so that 1000 steps
<- 2.0*pi/w
<- 0.001x*t
arbitrary starting point
<- 0.0
<- 0.0
xl <- cQO
vl <- cQ)
count <- 0
for (j in O:num){
# Runge-Kutta method
fl <- v
gl <- oscl(j*h, x, v, F, k, w)
f2 <- v+h*gl/2
g2 <- o0scl((j+0.5)*h,x+h*f1/2,v+h*gl/2,F ,k,w)
£3 <- v+h*g2/2
g3 <- o0scl1((j+0.5)*h,x+h*f2/2,v+h*g2/2,F k,w)
f4 <- v+hx*g3
g4 <- oscl((j+1)*h,x+h*f3,v+h*g3 F,k,w)
x <- x+hx(£1+2*%£2+2%x£3+£4)/6
# keep x = angular variable between -2*pi and +2xpi
if (abs(x) > pi) {
X <- x-2.0*pi*x/abs(x)
b
v <- v+h*(gl+2%g2+2%g3+gd) /6
if (j > num/10) {
count <- count+1l
if (count == 1000){
x1 <- append(x1,x)
vl <- append(vl,v)

1 cycle

S KN H P R
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plot(x1l,vl,pch=".",col="red",xlim=c(-pi,pi),ylim=c(-4,4) ,xlab="position",ylab="ve:
count <- 0

}

}
+

# HENON.R

# Calculates and draws the Henon map

# This is a 2D map with a scale invariant strange attractor
x <- 0.0

x1 <- cQ

x1 <- append(x1,x)

y <- 0.0

yl <- cO

yl <- append(yl,y)

a<-1.4

b <- 0.3

for (n in 1:5000) {

xnew <- y+ 1.0-a*x*x

ynew <- b*x

x1 <- append(x1,x)

yl <- append(y1l,y)

x <- xnew

y <- ynew
plot(x1l,yl,pch=".",col="red",xlim=c(-1.5,1.5),ylim=c(-0.45,0.45) ,xlab="q_n",ylab='
+

# LOG_B_DIAGRAM.R

# Comput,es and draws a bifurcation diagram for Lhe logistic map

# (See Marion Fig. 4-22) Note that the variable r is Marion’s alpha
kk <- 10000

y <- c(rep(0,kk))

y[1] <- 0.5678

xpl <- c(rep(1,kk/2))

xp <- c(rep(0,kk/2))

ypl <- c(rep(0,kk/2))

for (r in (seq(1,4,by=0.005))) {
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for (j in 2:kk) {

y[j1 <- rxy[j-11*(1-y[j-11)
}
xp <- r* xpl
ypl <- y[(kk/2+1) :kk]
plot(xp,ypl,pch=".",col="red",x1lim=c(1.0,4.0),ylim=c(0.0,1.0),xlab="r_value",ylal
par (new=TRUE)

# RETURN_MAP.R
# Computes and draws the return map Here the variable r is Marion’s alpha
# For each run a random starting xo is chosen

r <- 2.5
x <- runif (1)
y <- r*x*x(1-x)
x1 <- c(x,x)
yl <- c(0,y)
plot(x1l,yl,type="1",xlab="x(n)",ylab="x(n+1)",
main= "Return Map" , col="red", xlim= ¢(0.0,1.0), ylim= c(0.0,1.0))
par (new=TRUE)
for (j in 1:1500) {
xlast <- x
X<—y
ylast <- y
x1 <- c(xlast,x)
yl <- c(ylast,ylast)
plot(xl,yl,type="1",xlab="x(n)",ylab="x(n+1)",
main= "Return Map" , col="green", xlim= c(0.0,1.0), ylim= c(0.0,1.0))
par (new=TRUE)
ylast <- y
y <- r*kx*x (1-x)
x1 <- c(x,x)
yl <- c(ylast,y)
plot(xl,yl,type="1",xlab="x(n)",ylab="x(n+1)",
main= "Return Map" , col="green", xlim= c(0.0,1.0), ylim= c(0.0,1.0))
par (new=TRUE)
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xa <- 0.01%(0:100)

ya <- r*xax(1l.0-xa)

plot(xa,ya,type="1",xlab="x(n)",ylab="x(n+1)",

main= "Return Map" , col="purple", xlim= c(0.0,1.0), ylim= c(0.0,1.0))
par (new=TRUE)

if (r < 1.0) {

xb <- 0.0

} else {

xb <- 1.0-1.0/r

}

xbl <- c(xb,xb)
yb <- r*xb*(1.0-xDb)
ybl <- c(yb,yb)
plot(xbl,ybl,pch=22,xlab="x(n)",ylab="x(n+1)",

main= "Return Map" , col="magenta", xlim= c(0.0,1.0), ylim= c(0.0,1.0))
par (new=TRUE)
xc <- ¢(0.0,1.0)
yc <- xC
plot(xc,yc,type="1",xlab="x(n)",ylab="x(n+1)",

main= "Return Map" , col="blue", xlim= c(0.0,1.0), ylim= c(0.0,1.0))
par (new=TRUE)
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Assignment 1 - Solutions

Problem 1-1

x“
AI'
A3I
Ro*a{lﬂ\'-
X = ZX‘J J(o
2
or
= DX
for ©=Y4s’

E lemenh of the rotation matric are

gwen by direction cosmnes:

)\4.:. = cos Qj where ©4y= angle belween x‘-' ad ¥

>\11
A2

N3
A2

Ma N2y

N=

Wi
o
"3

cos © c0s 90" cos (‘)O‘fe)
. cal QO. cos o* cos 90°
coJ e

cos(90™-0) cos 90’

cas © lo] -5nO
= o 1 2
sin® o cosd®

o -z
| o
o Y1
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Problem 1-3

128° ra tatien

abeut tha ax1s Rotation axis gwen by:

A A A ~
Ug = au, +ad, + a4
]
¥ where J3at=1 @9 47 /J3
. bul we don'f need this !

) Consider thu frmn;le o a 369" rofaten abad Gr  retarns
coardinales to original stale ... a 120° rotalien (5 /3
of a full revelulion which rolates fhe triangle such
that © 252 X = Xa

2 ->% = X=x X'=2\%
A xi=x'
Ro‘}a{lm
Matrix: N N2 A cos 90° 03 0°  coy 90’ o
>‘= >‘J./ A2 A2 = [ cos 90°  cos 90" o3 o’ = |o
’\31 Az >‘3; cos 0 503900 co.}c7°‘ %

[f‘;r abowe fwe problems nole #het ‘.Zi,' - Jz'ij - 1]
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Problem 1-5

@ Two - dimensional trensformation matric Sow ()\u N2 )
N2 N2z

’)\Iz B (>‘u>\n- N >\21)1 = )\: >‘zn =2 N D M dy F N, )‘:.n
We want To show that W= 1, We know that for an or“wzoncl

matrix: AN = 1
S (>\u N ) LYRDYY >‘141 *\zn, PRIV WO 4 o
- Aar Naa N Do - Ay, A i >\:, + )s:, = > i
This gues w the following 3 relations: oy W +>\'; 4
1] a

@ g +dn=1
(JII) PR SYRE IV M. =0

If malt. (.M) 53 A Ddu and add thu te (JH) mall. 5} N M we gef

1 a
}\2,, )\1;, b 2% A At At =0

e

2 o, 3 ¢~ Now mahe thesw
t Ny, = |- M2 A2y lever subshtutions winy (1)
1o 8e4 all the

term; appeasing
In oyf expansen

£ %"
i a o N 2 2
= N~ Mat XM A M+ N~ XX, =0

2 2 1 Y 1 8
>\“ )11 = 2>‘u)1:>\n)n + )\21>\1, = >‘u LD
—

: /
AN
\\’>‘)l 4y Shewn qbove 1 fpm (I)

ox IN =1
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Problem 1-9

- A -
Vector mamfmla{mns : A= 2+ ‘23- ¥k B=-27+

33+ k
a) RA-B- %ﬁ |8-B| = Ja+1+7 = JH4
4&5/‘34 B= B, t B, . R
B '\é QCom,Nnen* of B parallel to B
7

E/ﬁ ‘Bﬂ’ah where lEll,:JB.,w’e and a" Is a

-

un;f ucdor 4'00; -F‘) B ah= I_%i

<) _ -1 -“Q'B _ af_3 = cas 2.
9' cos$ ()3’/‘8") = (o3 (sz)- cos )

L |23 %
&) RAede /9‘ it
B& Ba Bz
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Problem 1-10

¢
b
Ellipheal Trajectory gwen by -F“),= 2bsinwt? + beoswt? r(— N2
N 1 J X
a) V= it!‘ = 2bw coswt 2 - bw sinwt 3
a= % = -2bw'snwt? - bw'caswtF = ~w* T
—

speed = [V = [‘Ib‘w‘cos‘w\‘. + b‘w‘sm‘wt]v"

bw [‘/cos‘wf + sm‘wt]"t

= bw . J1+3cosiwt

b) @ t="Thw wt=TA 4
V= -bw) ae - *
K: —2‘)“)2 v
angle ©=90° (V'3=°)

__———:_"___—'_—_'—-’_:
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Problem 1-11

@ Triple scalar product (ﬁ‘ﬁ)z

(-ﬁx-ﬁ)ﬁ RiB,- AsB.
(ﬁkﬁ),.‘ 933,' QI BJ
(BxB); = A, B, AL By

defioition of crosy product : (ﬁ’(ﬁ)‘ = JZk E R3B =

(Axd)-2 = = (Rl

= 2 [oR (ﬁ"ﬁ),, = ¢, (RaB3-P3Bi)+ ¢, (R3B,-A,Bs)+ c3(A,B,-A.B)

Pa P, A A
= C, B, B, + Cy + C3 B' B)*

Ay B,
8, B8,

- ¢ ¢ S gl 92 HJ 9. 91 91
Ae B Psf= —e, cicyf = 8, B. B

B, B. B3 B, 8. B; ¢, Ca €3
—_—

[Nale: fow (of column) exchange A
Sle'J gwes a facder of -1]

S‘.m'ulal"a we find !
. . A, A. A
-Q‘- (ﬁxZ‘) = (E‘K?)'H = Z gl:(ﬁKC)i = BI B, BJ

c, ¢ G
. = B, Bx BJ Q‘ Q\ QJ
B [CXH)= (E"g)‘8= ‘Z B‘ (CKHL c, c. G == ) B, B;
A A R K c, €1 G

2 row ex<h¢,vw
Geomelric Interprefalion:

/_a,—« of parallelogram = IAlIB) sme = ’ﬁ"ﬁ,

B4
A

- 2N Yalume of Puallele,ﬂpd = (area of l’"“e)(he”}‘*’)
OIS il b olu

> E ‘5?: e

B

(QBSIAQ) ( projechon of T onb AxR)

{HBsme)( C cosat)

|BxB|I1Z] cosad

- (A«8)-2 = ARC
—_—
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Problem 1-12

@ Hnnlailc Geome{ra.

A= normal umt veder o ARC plane

d= dulance From orygin to ABC plane

/ ABC plare
9 side view! A
5 n
a
9,’d i
74 J: Aacos© =A'/f§
orgin

l{(%iii((f_f))j note: A can be defined in -krnu]
-a c-a

normal veder gwen by

o

of ang 2 sides of the
[ ABC  triangle
_ o=A a' (Z'a)x(?:-a‘)) - o
The dutance 15 J= A-A= I('E-&‘)X(Z-R)] noter (b-a) x(2-2)

- ~
= Pai-Bra -2« +axa

3.[&2 1A +2x2] =

= _a‘x.g+ %KZ‘+E‘XE‘
ol “aubialii, AR5 2
|ax‘|;+‘5xi‘pz‘ri‘l

_ a- (Bxd)
—_—
|2xB + bxe + Cva]

—————————

Hl’ea of the ABC '£|'lona|e:

. A A Area = _,_1 !2:“" can we any 2

5 -2 sides 1 this

. =4 |2-8) |6-2] sin® construction.
2-b <

- slebx@i)]

¥y

N

i

oL

] - >
E‘cxa—cx
L

oL

=% lax§+3x2‘+ x|

—
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Problem 1-17

@ Law of cosines

a

—

)
A

let a:’ﬁ,
b= 1Bl

-

c= 3-8l

2

= ot b ~2ab cai®

(B-B)- (B-B) = IB-B* = <

or exPMJ,,,a e

(A-B)-(R-B)

'ésu‘d"'é theswe two
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Problem 1-20

@) Z €4k Si5 = Zé}ik =0

use 54-) $o do 9-Jumma{mn

b) . -
9% 5‘91‘ Eopr = & Epia *+ i by

only g#k derms survive

P &nfuy t €z &
* &a3bpay * €31 Sana
= 2 é;.':z Ea * 25;,3 €pi3 T 2 €5236923 <"°"I3 ane
con be
noI\ZCf° ¥
o} i#42
=) % €3t A=4=1
2 &3 €3 4=4=2
2 6311 6-311 A"-"Q =3
= 234
< 2 Eor £4Jk = &t iban &€ < even permulations

+EgaEm * ypban + €3a 6y < odd permatelions
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Problem 1-21

@ Triple scalar product wa Eigk (AxB)-C
def. of crosy product : (ﬁ'\'ﬁ)" = 42’( Eipk A; Bx

(Ax)-€ = = (Aeduc; = = [Zepibic:

= Zn Epk R;BxC;

“ Egik= = Lk

=~ = Euk Rj B
4)

= = &rif; B8 — = €oma ReBmCn

":)k _—'Q_T:__’“_/—-’—/‘//'—"—’—
now relabe! §
ndices ! 9-*4
k->m
LN
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Problem 1-22a

@ Compqie % Eigk Epmk

a) i=y

by 4=1

c) A=m
d) y=2

e) g=m

% Eeik Eomp = O

% E&"’h 54'mk = é;a| é}m' + 61073 6‘-'"7. + 64‘93 Eim3 on'a norzefo
‘F A# (EM

only one of Lhere ferms can do4

coniribule .. each term

invalves 4, 3, m, k but

there are only 3 allowed 1ndicer [l,2,3}

o if 4 ond k we set,we reguire g=m/

%Qakfuk = ‘% 54~_,k Eiok T 5:91
Q—(-_ a) n (b)

% E.Qk égmk == % EJA.'k Camk = - 3im

S = 5‘5 = 5‘

g) A=m Zk Eyn €y =©

g) i#l orm _%-ao since only the &y W/ 0#MFh derm survives

which forces A=k so Eiy =0

h) g#Rerm %*0 for same reaen al in (g)

° .. We gef

2 a={ and J=m
% oo Eqmy = {‘1 £zm ond g=f = J‘R‘ng_ Iim e
0 aotherwise —
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Problem 1-22b

1-22 coni.'

~—
b
>
—~
(o>
>
oL
(—
—J
)

3% £‘Jk Hﬂ IBXC]k

n

92’( fl",k g, p% £kﬂn B‘Cm

szam Eik €xam Rj BeCm

Ektm =" Epn = Sk }
2. Eigk Egni R3B,Cm

Kkl
JKEm )(Jo k- summabion wing

derwed 1dentity
4% [eSom = Tem 5;.] Rj BoCm

]

1}

)lj" m-.\«l'\mn‘.lo?
&= Func.
Zﬂ igi.g H,BECJ - 5:)‘ Q, B‘Ci] using un
J

1)

J do 0-sammatien

Z (H.’)Cﬂ B;: - gg B, C"\‘ ulny S-Fanc.

J

B; ? ;G - c; S A;B;
J
= B" (ﬁa)‘ Ci (ﬁﬁ) €~ the 4-th c_ompanent

Full vechsr: x(feg) = (A-2)B-(A-B)C
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Problem 1-25a

@ SPkenco’ coordinales gwen by:
X=rcosPsin®

F=xi+g)eak X
;-_rsmd) sn @

nN
2= cos® = rcos®sin®% + rsindsin®) + reos® 'k

for umit vedors:

U = o7 cosPsin®2 + sin@ sin8F +cosOk hr= 1U,) = 1

r or
T . reosdcos®F + rsindcos9% ~rsne Kk he = la°|= r
Us = 28 7
U(’ = %; = -rsn@sind®2 + rcos@Psind®2 ho = “—l‘alﬂ‘sme

= cos@sin®% + sin sin 82 + c0sO *

= cos@PcosOL + sing cos8% - sin® P

gl Sk Tl

= ~sn@h +cos@) _J
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Problem 1-25b

1-25 coni.l
& = ﬁ (r?) ;ﬁ= [—ésmwme + 6 couﬁcme]i‘

Velocnld'. V= at
+ 143 cos sin® + & snPcosO]F
+ [- Gsmo]k
= 66+ smeb&\)

- . A
T +r08+rnbdd

e

-
=2 V=

Acceleration:

>_4 o
d=Sl= f7

t

<t

vit 4708 +r B8+ 68 + +sn0@P + reos©8PD + rn8dP + rsin©P P

= [F17+ [f‘é\‘ré]'é + [f"smed) + 008D + rs-nefﬁ] ]

+42 4 OB + rsn00d we have T above, need &,

é = [—é sin@ cosO ~ ) cud)sm@]i‘ + [d) cosPeos® -8 smws/ne]g + [— ) me]ﬁ

= @5 ~sin@cosO 2 +coupcose$} + éf-cmd’s‘ﬂez - SIndsind3F ~cos f‘]

= @ ©0s© P - 6f

6= -d)co:d)i‘-d’sm@i = -@{couﬂl‘f smd’j}

= —zb [smG? +cos® 6]

= -ésm@? ~dque§

NQssemble 1he , ) R .
reguired pleces: fR= FPPsnOP + FOB
0B = 00008 -r8 R
A . A Y
rsn®@PP = —rsnQ QP R ~rsin©ces® @ é

Pat I{ A“ ‘fua?“-erg
a = [F—r ' - rsm’ecii‘]?
+ [2:6+rB-ren0cs0d’]d

+ [27an®0 + 2080030 + ran0 | D (Phew!)
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Problem 1-26a

Motion with consant speed v aling path =k (14cos®)
In polar coordinatess V= +& +r&8g and
Z=(Foréd)e. « (r8+2:6)8
[.see previows problem for $he gereal proceduse
1o get thn itgpe of rewlt ]

We need to delermne

FF, 6,8

From 1he path eguation we hnow: = k(14cos®)

= i +hiy 1
F= ~ksno® all {he ll\Fo!'.
L2 =

r= -kco»S(B) - kan® O
From 1he consdant speed conditon we know: yi= |71 = (#)'+ r(6)
We can delermne © as Follows:

1

viz (B8 = K ane (&) + 1 (&)

[}

(s Ksnte) (8)

ot
K (14 2600 +cos'© + sin*6) (6)
W (2 +2050) (&)

[

()G = 20kl > 6= =

We can use the O reslt fo find é ay Follows!

sime V= Qrk(é)l and ‘%(V‘)=O

5> o= d%[ark(é)‘] - 2iK(6)+ urk &8

. 2xké(ié+ 2r8)

from above rexclt At O wa see that O #FO sowe can dwide it out,

.

v we have Eé+2r5 =0
<

- il?" (~ksin® 9)(6)
% sin®@ (#’:)

IS
_V_ s5in®
r

wse abwe reslt
for &
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Problem 1-26b
1-26 conl. l

Now Jhat we have expressions for © and e we can pet these nl  our
original  formala  For T o

.

'r. = -kcoselé)t°k5’"eé
- v X'
kcos® 2Kr ksin® qr sin®
. = =
= ‘EVF {Coseﬂf';t,-sm"e] e fhet cos® = %" N
cos'@ = H.}-l)x‘ ’%;'7-
sinte= |-cot'® = 2%~
I e Y A L "
= Tglk ’)*:r'k(z“;)}
- L{(a-
A R L w S5
= p PRaL S 2k} = Tk-
Now we have all the pieces: £ 2 o=t ) ‘
P e_ﬁ = -y % s$in®
e:—V: . N = —.1:
qrtsne r p
_=».2 _ 22 A _=aAa . .
a.= a-e = £ - r(®) Ag= A€ = O +2/0
A 3
= —_ \J k v
el = ——nd —QVF sn® =
. r ar J2hr
=-2L N :
k = W""e‘ % Sin®
3v
= <= 9
el
e
- - 1 kY - éi‘- *
|2l = Jar +as = 4 k |+ %Sm‘e k- !
r- l+cosd
- sintg 1'%
= b ————
9 k [“‘ {Hcossj"]
3 [, J~cos*®@ Y
=Yx 't
(1+casd)*
= %%[H 1ces8 7%
/+cos®
s 2/ 2
9 kJI+cos®

(
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Problem 1-37

@ Sar’faze ln"e(,ral

via Gauss

3

R

For Gaus't law we need

- - R
V-h dv = j Srtdv = ‘frrj (sry)yr'dr = 201 ?—}R = 4nR*

§,Bda Ao B (frghra)(x2 95 +2R)
= (RUP)

3IA
= R P n _s,:kcr:ccl coordinales

S 15 a sphere uy R'= g2t

in sphericel coord.  da = T da for 1hu sarfoce

- Bedd =(R'?)-Rda =R'da

[ fods = Rfdas R(anR) = 4nE°
S
= 2_ 28
R R R

+ 32+ xteyt

S(x'+g42) = st

v
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Problem 1-38

Surface m"earal L(?xﬁ‘)-db‘ fur ﬁ= 92 423 iR b

Via Stohes

with S “\e quabo,cld Z:}-X"_yz for 220

Stokes: j (Geh)-dd = [ Beas
(3

<

9 Ji-408

- A "

C [ xl+’\ ( on Pa“\ C (2=9) n = 94 +xk
Clrele hd n
in 220 plane - s'"ex +c0)® k

A f-'é: -5in©
i dJs=de® 23 =0
— A N
Aeds = j (sinO% +cu® k)-9d8
c
Cj = S{~ sm'G)JO
(4
> 2 A QA o an 9
® 2.8=cos(a0+9) ,_X 194
z =-5n® 9 =
- [go-damad]" = 1
x . e )
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Assignment 2 - Solutions

Numerical Methods: Integrating the Equations of Motion

The first step in solving a mechanics problem using the method of Newtonian mechanics
is to identify all the forces contributing to the F in Newton's second law a=F/m. This is a vector
equation and each component will be of the following form:

A=F =g - Fi(x,v,t)/m
where, as indicated, the force F may depend on position x, velocity v, and time t. (The force will
also probably depend on one or more constants such as the acceleration due to gravity g, a
spring constant, or a drag coefficient). These are the equations of motion for the system and in
one sense we have solved the problem once we've written down these equations. In another
sense our problems have only begun as we usually want to know the velocity and position as
functions of time and this requires solution of the above set of differential equations. For simple
cases we can explicitly solve this set of equations. However, the "real" world is a complicated
place and the equations of motion for most systems are analytically intractable. Thus numerical
solutions are required. In either case, a set of initial conditions (x,,v,,t,) needs to be specified.

Numerical Techniques:

Let's consider the simple case of 1D motion in the x-direction. Given a force F(x,v,t),
and thus an acceleration a(x,v,t), our goal is to determine the functions v(t) and x(t) by
numerically integrating the equations of motion:

i—‘t’ = a(x,v,t) and % = v(x,t).
We do this by starting at x,,v,,t, and solving the equations step by step as we increment time by
an amount At at each step. (Note that in many discussions the time step is called h).
Euler's Method: The simplest method is the Euler method which proceeds as follows:
Vntl = Vp + a(Xp,Vp,ty) At
Xp4l = Xp + vy At

This method is easy to understand and easy to implement but it is never actually used in practice
as it neither very accurate or very stable.
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Runge-Kutta Method: An only slightly more complicated, but much more accurate and stable
algorithm is the fourth-order Runge-Kutta formula:

Vo1 = Vo + 5 (ki +2kp 4 2 ks +Ky)

Xn+l = Xp t+ 'é‘(f1+2f2 +2f3 +f4)
where
ky = a(Xp, Vpoty) At

fl =Vn At

ko = a(xgH1/2, vark /2, to+AU2) At
£y = (vq + ky/2) At

k3 = a(xy+Ep/2, vy+ko/2, ty+AU2) At
f3= (Vo + ko/2) At

k4 = a(xy+f3, votks, th+AL) At
f4 = (Vn + k3) At

Note that this Runge-Kutta algorithm requires four evaluations of the function a(x,v,t) to advance
the solution from time t;, to time t,, =t +At. This algorithm is the accepted "work horse" method
for solving ODE's.

To implement the above algorithms you will need to specify the time step At. In principle
a short time step means a more accurate solution, but you will need many more iterations to
solve the equations out to some final time t;. Also, at each interation there will be some error
introduced due to the approximate nature of the algorithm (and also possibly due the finite
precision of computer calculations). This error tends to accumulate so the more iterations, the
greater the final error. The Euler method is accurate only to first order in At (which means you
will potentially be accumulating an error of order (At)? at each iteration). The above Runge-
Kutta method is accurate to fourth order in At (so an error of order (At)S may be accumulated at
each iteration).

109



V=0 @ X=Xmax

ss¥lie ~kv®* for up motion

X - 0} H = = kaV' =

max DFAJ 'Ff‘e FD { kv* for dewn mo{IOﬂ
Ve |y

« t-1- . Figat = ~Mg - kvivl (where wp 15 portve)

We want v in terms of X, so easiest to eliminate

t from the stast:

d_ F ;
dt - m _ vdv
K X
ac =V
o
vdv m vdv
uf m°{|°n! dx = —g-%v‘- = xma"'xn = - T Sve ﬂ’3+ vt
°
m m 2.
= - 2k ﬂlﬂ(—rg-&\/ )\v°
m B.L)
= —2'? ﬂm("f' ma
v
)Down m°£'°"-" o Vd‘; = X= Xmu - -%3_ mﬂv‘)v Y
AL L kY
v
m m
- Bn(52-v)|
om - Kot
= 2k P"‘(I M:)
. oon uay down V(X)) = -/ﬂxe [1— éxp i 2731“(’("""“)3]
termnal vV gwer by V(x=-m) = - ﬂké
X, b
vV @ X, v by V{X°)= A 1-&1,’ ’-—— (Xo‘Xmu)}
kv
= Vi 1‘¢Xf{—ﬂm(l+?’3)}
Ve /. VoV
= Vt 1_(14-1'-;-) = .;* = o V¢
Vt\. |+ "‘44" ’V:' + V*'"

By
—
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@D

Drag forces  F= -mk(vi+a'v) for k>0 force opposes motion

To delermne max. posible displecement we delermme  x(v):

dv_ F & v
dt  m Vo R _ —vdv
&« A= F/n = X=Xo = j- —-"“k (v3ea¥)
-d—t =V Vo

' S‘v v

= -7 2
Kk Vo a+yr
/2 v

R _ L {:m‘"(-"—
/\_a—mm £s a) Yo

—, L ) )

max displacemeant @ V->©

W Minax = t t““-l(%)

4 m
’\_—-mu velue of tan' s /2

-For VQ_’ %

"

. Ul
..AX,.,‘,=§,—(-A
——5//

To determine Lime to stop we need V(t)!

d
e
v
4t = Tk} eaw " i v(a™v)

n

v
o o)
2Ka* a+v Ve

%jh(ﬁ’f\ [ (9.*1)}

2ka Ve Vo
S 'y a‘w;)
2ka* V& (a"o A

— oo as Vg>O (even \l,,c'ool)

I
—
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Vo= Inthel speed

let Xo=g=0
1 ge= dsinP °*d
X—> d= dutance up the hill
x"-olcup
Vou= Vo cos®  Xp=Vect > t= s ___;‘“‘B
cosot
Vo, = V, SInd = i 2 o ¢
If c:t Z:f ‘,)P’ua thy expresien
For t |I|fo 9f eg,
>  dsnB= Vosind deal g, o'l
Vocoset Vi cos'd
twf = tana - 2 <B4
2V cos'a
= M - 2V cos'd
(i s B = s cnf [‘I:anal—'l:anp]
2vF cos'd
_ 2 cos™d
= T3 corf 5 tana cosP Slnﬁl

20" cosA’
— S { SlndcoJB‘ Jchu,‘B

T2 P
- 24y cosat sin(a-B)
2 " ZoiB chocki Jor a=P d=0¥
e B A
s for B=0
V"

d= S=smnscosd v
2

b) & for max range gwer by!

d ot
%;' = gfo\lgtp{_s'"‘*"“(d'ﬂ)* cosa ao:(.(-p)z =0
cos(2a4-p) =0
2 p= T2 P 42 3(8+"%) fcBo R %Y
e
)4 = 2V cos(“:',:+5/1) sin(™q = ¥2)
™ ? cos*P for b and c see
2 co;['&(%ﬂ'&)] Sm[%_(%-fs)] tryg ydentidies
=3 cosiP DIl and Dil2 on Pg. 6°°
- Yo Sndasgink a - sinB oo 1~sinB vo/a
cos's 2 )-sn*B T l+snPB
—_—
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Jo= 0.7m

R Jhe fence
i ¢ = 2.0m
99]‘_/ J
b - Xg = €0.0m
X x
o< 35°
Vo = Vo €as®
Voy = VU SINO
egebins of X= v b 9= 5+t ~3gt"
for conslant acceleratlion: .
= Vo000t =4 ng.fmef‘ Jfgt
! X
Lime to reach fence: t = v_—c:.se <« ply thy into 9 eguation
°
X Xy
£ ! £
= Yp= Jo+ VosIn© me - %% VT0r®

2
IXe

=g * Xe tan® - 2Utcoste

Solve for Vo !

Vo

Vo

EA
9Xr
2¢08'@

[ ’u + Xg tan® —3f]-l

X£
cos©

2 Y2,
[2 ( X¢+ane + %'3})]

60.0m 9.8mls* ]”t
cos 3S° { 2 (go.o,n tan 35° + 0.7m = 2,0m)
254 m)s

R

R
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y @ fence (m)

Baseball

F’;: —;C,,,FHIVIV where v=’v:+v,‘

(o) = 3Cw pR ,}v:»v,,‘ Vy

w vt drag

(R)y = xCupf Navug vy thrssh  the

The ezua-hwu of motwn are!

Cw=075 , r-o.OS'mlﬂhazk}
A=mwrr, p= 13k’
X K densdy of air

€ 1os5=sechonl
areqa of baseball

x and y motion are  coupled

‘”"J Force X

Vx = "

-k ;HI;;‘ Vx

where k=

» k T
- Vy = -9 -FJV"‘VJ,. Vy

_Jl,cuPH

Thué mwt be solved namerically = I wed the Euler

algorithm and gt the Following resultst

lv)eldH’ at fence vs. inihial speed

Some trﬁ\)et‘}“rltJ
1 1

height at fence us. inhal angle

35

3.04

2.54

20

1™ @ 4o,2°

fence height

y @ fence (m)

Softball with friction
0.5 Initial speed = 35.2m/s
i (Marion 2.18)

0.0

:
35.0° 40.0°

8.0 L . 1 1 L L L
Softball with friction
Initial angle = 35.0°
6.0 (Marion 2.18) -
4.0 -
2.0
fence height
0.0+ 352 mls -
-2.0 T T T T T T
34.0 35.0 36.0 37.0 38.0
v, (m/s)
20.0 - -
Softball with friction
(Marion 2.18) .7
15.04
E
~ 10.04
>~
5.0
0.0

...v,=352m/s, 6=40.7°

T
45.0° 50.0°

arr resistance hay a

big e ffect on our result from 2-17!/
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@ Logentz Force: F= 3? + gﬂ'xﬁ (veee)

© E<0,%1B = IFi=3wB
The B-field dees ne work on the Par‘bde since prvdu(u
o force L o the parbdes palh = Ff=0

S The Pan‘ulc ex peiences &« constant force L 4o 1ts P4”*

> umform circuler motion w/ A= VVR( F/M)

R= Y my My This can ll be done more
T F gvB 48 rigorously by following

the andlgin gver below

- . w/ E=0 ad \I.-VLH’;,)
b) Now let B=Bﬁ, E=E';9+E'zjr\

z

N ]
for V=Vel +Vy3 +Vak we have::
-
v

xB

= %Ez
=z -motion: —%‘: %: %E’_ = V(¢ = Ve(o)+ — E t
d Lgeg
V2= 4 > z(t) = 200 + Vit + 2 HEt

—_—

<) x and g motion are coupled viat

% - %v? B, we can decouple these by tahing a denwahve
of the Sf eauqflw) .

dvs _ g

vl —E’,‘leB Ai/f = B dv

aE T mer T g " i R

and now substduty (n 1he 9™ egwe{"n!

We redrle thy ax o
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2-22 coni.l /30,""'“‘ to homogeneous esuchon
T L
Solution:  Ve(H)= Ry smwt + Py coswt + E":B:/ partieular soletion (here we take

Ve = constant  solution)

We can compule ve> w/o determing the comtants B and R, :

2

——3

' T
> = F{ wodt = B Comy + Bceosat>, +Evpd = B

L - X
(T= 1"/'”) avefage of Ssin or cos +hiy 1y
over a peried =0 ! a constant

For the g-mo{m\ we substiule our ve() result inte the eguation for é}f which gwey:

Y= 35 X s ;%"——{ Rueosat -Rewsinwt] < R, cosut ~Pa sinwt
—
=w
, 15—t . A . .
Q> = A, <coswtd =Ry Csinwtd, = O o] (E,/B)/A=05 ]
0.54 b
A From (o) we have: <
3 00 a
%= Ry snwt + Rrcorwt + 5, 05 a
9 =R coswt = Ry snwt 1o] i
iovhal 3= B D fy=o s , ' S
condidiens! j@) = A P 0 2 4 T 6 8 10
5o i ) .
(E /B)/A=10
e XK= Asinwt + EJ/Bz 1.0 y b
5 = Hcoswt’ 0.54 b
<
0.0 b
Inhdrahrp these  gwes: R
0.5 3
x(+) = x(o) = -%cosw’( + By —g—: t 1.0 b
—ye0) = A t 153 : : '
94 -yt w Sinw 0 5 10 15 20
xo /A
Now mserf ln"m' condtlion) X(0)= -%,d(°)=oz 1,544 i " . (:) . ) )
(E, /B)/A=20
X{f)=‘ -—3 co}wt"l BE—:'E 104 [
8 054 b
g = snwt éao- i
-0.54 b
For pletting we rewrle these eguatons
n fermy of dimensisnless 5.(.,,“,”"‘.‘ -1.04 b
1.5+ T T T T T T -
= -coswt + LE_SE) wt 0 5 10 15 xi?/A 25 30 35 40

¢ % Nole the A ard E/R have unds of velocdy and w has
= Snw umby of Y time.

o (_E_gé)/ x#l‘ _aﬁ*_ul and wl e all dimensionless

s af
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1D motion w/ time depen:)enf forcet F(4) = k{e""t whete k= 1 NJs

{No{e that the force starty out linear but  then a= 0.5 s
fall of exfwnen‘{’m”; For lage ime. ] and mass of parhele
Is m=1\ k}
4 K _at I the 'Fdlewma we )
alt) = ——Fra) - - tee (M v(09)=0 and x(0)=0
_—
t t t t
k _at -a
vi#) = La(f)olf = ;L te” dt = %\ [edt (_“_I)l
-at
-3 BTN
—at
" m’:\"[ 1 -e (|+d’c)j
_—4_’_____,————::_-—_"———
t
x(-(—): 5 v({)dt
Ll
+ ¢ 1.0 L L L
K -a -at _kte®
= male (' -e -ate )Jt 089 (k:i((lzl/sl,‘:ﬁO.S/s) .
’ ¢ e-dt n ¢ “ 06
- ) el 3
=.;§T[t+ie B d‘(d ')], %04
’ _at ~at 02
R Y
T mat . 00
5.0
~at
ma* O =
—_— g 30
é 2.04
1.04
for PloH"g w/ t In sewndy: R
-t/
alt)= te * 60.0
v(d) = q[ 1-€ 00 tn)] £ ol
-t/ .04
e o[£t
o 0.0 5.0 10'40 15.0 20,0
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& Normal force
a) @ Pam{ A: [%N = force of +rach
mg on bloch

acceleraton @ f: _m_Rv_‘g

speed @ A gwer by: mgh = Lmy*

or y= Qah
o-4s’

o
R

2h

N= mg+ ﬂ,%"" ma 0+ R

——
_—

te ¥
b) @ pont B! \Kf)\"’awe
LAy

hera“‘ of blach @ B= R-Rcas®

circalar moton:  q= L my?
R > N‘M;CoJe * R

speed @ B Yo by: Tmet =mg {h ~R(I-<o;9)}

N= Mgr_oue + -"‘?"1

mgcas® + Q—’;%z‘flw R(I—coJ_e)}

m?{3<ox9—2+2—;f = m9§%i‘2"%’}

—_—

¢) speed @ B From part bt vy = /23 [h‘ R(i1- %)]

—_——

4) Prajectile motion :

d= x4yt Voo Vy= Zvp = [a(h-4)
TR 9= 90t Vb= gt go= Rl1mc00) = R(1- )
7.1:_ \.:")".:‘ X, = RJ\06=RJ'%
! |
“49 + 1 time for 90  gwer by -":3{_.‘_\;0‘7{-%:0
L —— = _ Voy £ Ve + 2 s M b
4 S t= m [{4h¢ “4' rost since "= rovd Jvo tdoJ
. Vot [ vy + 299,
d= FR4y, i” eI/ W !
2 o ) BR+ f,Lv; + %v,,[%v; +2§R(l-‘%~)] :
5 Y2
= SR+ h=3) +/% ~Je =,
e) Polential EnerJJx H(K)#ng;(g) 2 ( j)+Lﬂ0‘ 4 )[g(h J‘)+293°]]
J2
D U(«) = shape of 4rach! = —%R t- (h“ya)i' )(h‘ﬁw]ZHy:)
Ux) + trajectory
= ht@E-DR+ J Wogw
:\. = ha(m-R+ J W -RY(32-53)
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@(—marblc A
@s_f“r“““" ssame h 15 large w/ respect 1o size of superball ard marble.
Speed after fallng hstance b guen by: V= ng;,

Superball rebounds elastically w/ Floor (41}, speed 13

e acs “"<h°"a¢J) and  then collides with the marple

The superball ~marble collision:

Moment:
@ W O C:l:::‘::lnnx My -my = Mv" MV

@TV @TVM = M(v-Vm)=m(vivm) (]

beF«rc aFkr " Ef\er‘,;

1
© Mt Emu
[Nok: our calculation anll Conservatin: 3 &
allw For Yy <O ard Un<O

2 2
1 o5
L 2_MVM + M Vm

= M=) = mlm-v) @

Reslh for_the marble:
Dwide Eg. () by (1) : ViVy = vm -V = Vn= Va2V
Now elminale Vm fro . 3IM-m
iminate Vm from (1) M(3V—Vn)= M(V+Vm) > Vm= i
_”__————J’/—_——'__—_—-—-—_
reguires  m< 3M for
marhle o bounce up!

2 ) 3M-m1; 3- r"/M’.
Ho= 23 Vm - = ;3( )v- <,”,/M)h (m<3M)
—_—

Results for the superball:
M=-3m
E'lf’llnllt Vm = Vm+2v From ) M(V-VM) = m (3\, +Vm) > Vm’ _NT,.T v
___”—‘—/—“—
reguires M>3m for
superball to continue meving 4p

Lo L (M3m\ . - 3%\
Hu = 23 Vm = 15 (MJ)" N (Hmm>;, (M=3m)
—?‘

Nete: for m<eM Hm ~ﬁ1\ (marUc)
Hw ~h (.err(:all)

f m=M HasHw =h
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[] o« Net force eguals 2er0 when T =my

Frv(','lm force: ng iMkN

Force balance for sllath block : T—'Zmasm@ 1F; =0

mg - 2mg sn® 2 u2mgen® =0

{-'l' for shiduny down
- ‘For Jllama «r

Jo O guen by 1-25n0t24,c5©=0

(I-Zslne)z = Yy (I-SIn'LG)

1= Usn® + 4 80°O - Yuy + Yk sn*Q =0

T
smte- —— _’ﬂ
Trag SO+ qag)

S (N ()= Yy
e 2(1+4x) = (lmk‘>~(l+a::k) (lZ)

= %{ 1 £ /1= (=Y ) 1+ut3)

2 (14443)

| * + for JIIJM‘, up
= —— +
2 (1444 ) { E ukmj [- For slduny down

Nole fhal fory
90° Pt L ! ) s .

Uy=0 D sin8=3

My >0 D SIn9—>27 60°1 ising
30°-
In the case of ’él‘g My 6
the shdmy up and slidng 0°
down conflgs. are guibe
dfferent: -30°

hanging mass (other shidny down)

hang:ﬁigng\ass (0“*01' shding up)

-90° T
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@ 54&\5-!:{3 of cube on  cyhnder

— o \\m: arz‘crv”‘

; em
" J go
b
[\,/,. C cmall  Hriamle
(Re)sin® in figure.

heght «f <m above pont C:

h(o)= (R+2) cos@ + ROsno

U(e)= mgh(®)

Po "'enha’ energy:

Lo24_ (R'I'L;_)SIDG + Rs5in© ¢ RO cas©

= - —‘;: sn©+ ROcsS

29%=O @ ©=0 D egul Po)‘l‘han\/

S*nb.l.b au\/m b; candction 2_1_6_0 )

28"
er-:l
We h L 2
e haove M oo - %coi@ +Reos® -ROsnO
b
- (R~ ,_)co;e-;_eeme
a1 9_"(4_( _ b >0 fFar R> b/l < fable
My 206* = R-%
Catd <o for R< b/, unstehle

small bloch 13 stable  (6<2R)

large  bloch 13 unstake (b>2R)
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3
Force guwen by: F=-kx+ ":T with k>0

for small X, dhe lineor ferm domnates ... a sprng force
for large X, the cubic derm dominates = force pushes things
away from the orign

F=0 @ x=0 and to .. these are the egudibnum pants.

P, denhal gwen by:

1k
Ux) = ‘IF(")‘L‘ = zki-gax+C
e

Here we let the comtant C=O, whidh sels our zero of enegyy,

15
] kN
1.04 «— U= gka
0.5
4
> 004 «— ufx)=0
P 5]
forbdden
-1.04
-1.54
Ux) = /2 -kx*/(40?)
-2.0 T T T T T T T
40 -30 20 -1.0 00 1.0 20 30 40
X

E7T;kd1 unbounded alwags moung 1n seme direchion

bound if K<, refleds off wall @ E=u(x)
F IXI5a, puhed away Fromwall i E=ute) = turmny pant
E<o purhe) ' awey From !well '

E= '#ko\'- ge‘}l {ra pfd in unslable eJHI'ILF!MM @ X=%4& ?!

122



Fa”m‘; ua’.er dre,:kf

.
6 f=mr*  Here r,A,m areall changing widh tme,
dmg
X %E= L m= p %Ir: where p= densdy of aeler
= k"‘l"z Ur
am 2 dr
i Yrprt %

Equale these tuwo exprenions for % . 4 f y
r +

Iar= "Sdt > )=+

9p t

“'P

b) F'=mg 2 produces change tn momentum i:_’= m g+ v 4m

dv _
at =2

kmrr 3
v RN L. S N Y
o (r"q"’f“) 4 V("’f“r) i ghv(‘ﬂma«kt)

Hese we have a differential : 3k
eguation of the Form: Vi Av =g where A= g0

3l<
?il%

SAdt {Andt
= 19¢e dt  t<

T‘)C gener:l Su]u‘llon s ver ba, Ve

Here [ABAt = 30 (Hprir k)

ej’ﬂl()dt

3
e (dpr e k) i) = Jg (dpro+ht) dt  +c

u

"

("/Pr°+ki)3 (thi 15 +he ‘infegrating Factor")

ih (llpr.Hd)q tc

comtant ¢ gwer by:

(=8
Y vio)=y, = 286, ¢
(s t) kT Gpry’

Vo = . > c= (Ypr, - Pre
T[%(“/Pfo+h(:)+ (‘fpr,)l (T_%? pre) [-V %J

= 2L ar (dpre # k) +

-2 (‘fma»H) + Or) “i{wc can negleet the second
______/-——-_/___,____————— term for small 1o
vit) <t
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@ Launch of @ Smgle stage rocket n umform gravty

Jet: m,= tmitial mass u= exhawt speed (relafwe to rochet) ,u>o
My = mass afler burnout A= - :ALt" fue] burn rale (a>0)
externa force: Ed =mg = egauls _:l‘{ where dp= mdv + udm
o % dv = ~golt—b( im"_’ no!‘! that M:m.—,{t and dm-_'-ddf
Au ‘
= [_3 t m.-dt]'“’ mh‘yrqlc thiy frem OV and 0=t

Me-at o =t <
5 V(= -gt-uﬁm(T) = -3’c+u1,,.(&m) for O-: t;_m
where  tpT T

L!’/dun{; during burn .., the "rochet eguation

N burnout Hime.

g(t) during burn gwen by d2 40/ M
N - g (m.-dt> Sﬁn{aibx)

t " & N L
L dy = -gL tdt + (Aﬂnm.‘[ ot -qf In (ng-at) At = %—'.&.(o;h}-x

"

t
g0 = - Satt s [ubam ]t - u[(ﬁ:—:‘-’f)wm.-ae)-t]

= ~-29I:z +[u!%m.]t + %(m,-dt)fm(mrd\‘:) bl u%ﬂnmo +ut o<ctet,

@ burnout 9=9, t=ty,= &;_m (note: m.-d{,,=m;,)

Mmo=Mp
R

i 3k ) B 4 o B e,

' N um
uty =39ty ~ S dam, + UDep

= aty-dat; - e g (22)

R ddchenal heght  after  burnoul:

o

Ay = vt- g9t V(#) = Vy =gt
time affer burnout 1o vlit)c0 > t= %
= ‘Lb)_L Vb)” ‘
= b(.’ 2’-(3
= 1w i
2 2 where Vp= -3 L m},+ uﬂn(%"b)
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@ Sth" off a sphere

N Ik led h=verhed dodance Fallen : h= R(I-cos6)

speed gwen by E'IWz =moh Dyl ng(l-co.ve)
Net radal force: F = N-mg cos©
H«ekra{lon : —%’ ( cirealor Md"")

vt

N =mg cos© = -
= - & (29 R 1=cos 6])
Jooses contact when N=0O = geoso = Qg(l-coxe)
,Cig::é— > ox Y82
Once particle Isoses contact , projecd e moton  with

e R, = _ZBE R launch Pﬂlnt (C°’S‘=z/3)

9. =R (M) = TR

v.=J5R

2 |2
Vox = Va€0s©s = 3 3R

Voy = ~Vesin® = = i;s 2

Time to it ground gwen byt Yp=0= y.+v,ai: --;-_3{:1

JE (2 23R
S5 t= Vog + V°s+23é’0= -3 33R*\/%_-§—T;§—R

2 B
Ly
Tolal x-duterce: = 33 5
N _ vio =1
s et = Epox T () [F
= Lr+ Erim(e-1) = LR (s v om)
P ——

V€]°¢,J‘7 @ IMPM.‘L' .
Nobe: |Vpl's 5 3aR+ 4258

2 (2 Joo

Veg = Veo = 3 3(7? s bigl

= 559k = YR

Vsp = Ve mgt from energy comervghon:
97

3J3

—_— = v:,:quJ
T = A A —
VE= Vieh +Vye2
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Pea and the Pendulum

—_—
n O - condihen 1oyt go around circle will
ll be T=0 @ t“f myt
RS = mg = DY where R=L-d
e s \ 4 \s}rm; J R
\ {f"“ tensien

~ )I

~-

Speed @ top of circle gwen by energy conservalron: Emets m(,[L-'l(L‘d)]
2 viz 2g (L-2R)
" condihien on Rt R(£2R)=1

.«

R=%L
Pey dutame: d= L-R= %L
_"‘——’_——_—-——-'—-’
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Test the Hlaor:-”m 'ra”mJ n gravd; W) linear drag >
-10 PR | 1 I (U NI R I
-8 - dashed: Euler L
solid: Runge-Kutta
- symbols: analytic -
G 6
~ 67 ¥
£ i
> 4 L
2 ] Cl: Euler & [
Runge-Kutta |
] (At=0.1s) [
0 LN IR 7O B BT NN BN BELAN RN A IR B
_1 00 PR (S S S [t | 1 1 1 1 1
1 dashed: Euler L
solid: Runge-Kutta L
-80 - symbols: analytic I
= 60 L
E ] i
pe 4
-40 7 r
-20 : C1: Euler & |
1 Runge-Kutta |
j (At=0.1s)
O T T T T T T LD R |
0 8 10
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a=-g-kv
Salve 2\_:— = —a—kv
% =

Udtng both the Euler
and Runge - hutta algors thms

Analyhe solulran:

. +3 -kt
i - fy Ketd,

= x. -9t kv, + -he
X(O * 2?’ kt’(l'e /

k=1s"

Let Xo=o, v,z 0,

§ Vo= A8mis these
will be ne change [n peed

as thu 1 the
velety for the gwa K.

termnal



a(m/s?)

a(m/s?)

@ Plummet ing Pasacha tist

15
&m 3
= 32xI0m
LF 9= 32 . KB R
Vo =0 dt m m
o Solve numerically
’ 3 .42 =V Vig ler—kdh
9= ,8mls At
v
a) % =-2 (ne Arag) time do mpect = 8 s (andlghe solation t= ZQJ)
—_—
v _ _._ a - N
b) ac= T W viv with  a=05Nsm time fo impect = B67s
m= 7°k" Ferminel V!\tm*) ~ 37m/s
time 1o reach Vg <O ]
dv_ ~2 -/
) &= 2. _ 1, 3
At~ [rgeyr ~ 2% VIV wik R=¢370xi0m ~
( /Re) m W= 8”0,"‘ time 4o |mEut = 4125
max Speed ~1dImls @ t~]20s
speed dops for £>(205 @ you have
20 o Cxcedded termnal velwty fr Yhat alhtude ,
(b)
007 -800 L e e T e S )
C2: Pl ting
22 b 3 Parachatist -
-4.0 9 C2: Plummeting |- -600 4 3
60 ] Parachutist b E ER E
-8.0 4 b E 4004 i
>
(a) el UP E
-10.0 b ¢
-200 4 LSf slow down hfr\mﬁl v
-12.0 R ©/
0.0 30.0 60.0 90.0 (b) 3
t (S) 0 T T T T T T T
L I L ! 1 L 1 L 310¢ L 1 L I L ! L
o0 C2: Plummeting
4.0 - Parachutist
2.0 1 3 210+ 4 L
0.0 £ ,-E\
-2.0 4 E < 210* A (b) L
-4.0 4 3 o
<,
-6.04 C2: Plummeting |- 810° 4 -
-8.0 4 Parachutist (a)
(partc) f
-10.0 " - S 0 - P e <—1mpact
0 100 200 300 400 0 300 600 900
t(s) (s)
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Assignment 3 - Solutions

k k= qudane/cm Xo = 3em (il Auylelemen“ -
m m= 1008 From egulibrium posrtien
7 72 X
We _ |0
@ “’°=E = 10redfs  Ve= S = o He~ 1 H2
r.=$;=%t“7—;s~0-433

B E, .= ikx = 4.5 x10"erg

i
‘ 2B . [ke
€) Vmay when amvi=Eiug P Vm T $l = % = WX, =
@ for damped motion:

a)

b)

<)

30em/s
—_—
X+ 2BX +wix=0

-Bt
x(4)= Al) cosw,t where Alt) = x.e

2
w," - wol 'B

t) 5 -2
_—

'
w L Tt L We v B -3 .‘]
Vi= arc oandWe B s o l-(—B‘) = v.{ |- (6.2xi5°)

= ve ] l- —L{L-'mo")‘}

= Ve I )= '2.“!0";

—_—

T ./ -2

decrement of the motion = eﬁ ,=er, = exp Ic."lx\o s g‘

L6 st Lot

<

@ Vo= lemly  far  problem 3-1 oscillator

a)

b)

x(t)= Asinwt

Ve | eml.
Vi) = wheoswt Vo= wh v A emls

g
.
'
5
o
3

Unmar = ',"Jfﬂt= _;..(1o":|Jne/¢,.,.)(o,/‘,,,)1 = Soery
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no X o r let A= csmhbnum lenaﬂv of Spring
Frcton 2
~\ .

m,= 0,10 k}

I\ XTx mys 0.20 k)

X k= 0.5N/m
force on my: R = k (l‘(xz‘xn)) = mx,
wowom Fom ook (B-Oaen) = my,

We can wrile « dSferental eguation

For g"-‘ X=X, ¢

y = Fk‘ (2-2)+ ml,lﬂ-;)

or in termy of  z=y-R:
.Z' + (%'+ Fkl)z =0
) N X o _ (m, )
v we have SHM w/ w= Tty = k ) S W = 0,067 hy
where u = mm.’:-:. = reduced may; w= 279 rad/s
{ Al Plnm—
¥ = 044 Hz
buogancy facce = (mass duplaced) g
&) AR g
,.._._.--I @ egadibrium  mg = f,Vg A= lem® “Z;;ﬂvl}n'b\“k
/ 7/ '
v Il = B p=08g/m’ %' bk
mg :
= - o= 10 9/en derndy of
V=x.R = x,=0.8em 3 g
V= 0.8 em® valume duplaced
Aebriam
If pahe) down (-x) net force 14 up, @ egulibri«

F= Pog(x.*ijg -mg

u

poRgax + pofixig -myg
N,

N {hese cancel From egulibrium condition

"

o Rg 8%

A~ thy 0 a restoring focce since DX <0

. [pRs _ [poRo /’T
w='/:_ -ﬁz T JTpv T '—\}L
T= %F: 2”’;\% = 2r 013em?

(ago ;m/gt>( Jemd)

F= kox w/ k= p,Rg
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Tsochfonous Pendulum (we map {he 2=Ya pendulum 4o the problem
of o i;arhclc shiding 1n a cyclaudal bow!)!

LS a (@-sin0)
y= a (cs@-1)

tanyent 1o 4
path 3 slope= -;%: —tan(%_e) = -cot ®

v i
Force along Velocidy aloy path : y= ds yds
patht F = mgcos® 4 ~

dt
=mv wherse ds= 'A:(Lfdy"

We can wride both © and v in ferm of fhe parameler @ !

dx = all-cos@)d9
dy= -asn@d®

|
da _ -sind ~2anPacosh / 2 "
& " lecsd  z2ontn | o= @ licuo) v e 49
= [ 2- d
= -cob @z lI a J2-2cQ ¢
Companng w/ the tangent I = 2a 8n 0/2 J¢
line consfruction we l
{ e
have: O = ¥ V= %:— = 2am% Tt
I
|
(

= jl—i_(-"(a cos ¢/1>

Our force €8uq£1an stales:
V= 9cosO

From {he above [esulls S
for  © and V. we have: pry (~Ya cu@/z.) = geod 7,

1
:,—t"- (co:ﬂ/,_) + % (cos %) =0

Lettng 23 ¢, 9, = 2+ & 500 SHM o/ w'= %q = 9

Ha
No Appronmations Here !
Perisd 3 1ndependart of amplitudle.
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For a damped oscillator:  x(#) = A(t) coswt  where AlY)=xe®

w‘z=w:_p"
A _ - 1
<% e t=1Yp (1he 7 time)
w
Here £=7'3= nT =n :‘:—E > w=2mB or PB= 2""‘
2 (% w, \* W:
wew (o) S W
1+ (zm)
w, = W, {, .

(see D, pgco0
for Taglr expandien

————— of (I ™)

For a drwen oscillador the sleady stade Solulion 1y x()= D(w) cos (wt-3)

To*ql energ; = —im&m")i

where  Xpax = wD
= gmw by
Energg 1o /cyele = —I Fp o where Fp = - bx = -2mpx
<gele (R=b/am)

n

T
'E ﬁ, ()Edf) £~ rewnfe a) m;eyrq] over time

o

.
2mp | 0"t

1t

T
o w0 [ oot

2mB D’ T < cos’(wt-6))

note: T-‘-"u—,,r
<co;"9>=’|‘
= 2mf31erz TT *
NOEEANIT
Ehhl T’mwtbz
AE S a3 c AL 1w \
qde  2mfBrwD 4B 27 ﬁ) = %0

[ann‘; near  regonance

So w=x wp ]
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@ For crihcal olaumJ Bz-:u)."
(9= (aspt) e P
MOE -I.%(anbt)e-mt + be Pt

= -Bx(t) + J:na"St «— for lagge t X(1)=> -Bx(¥)

a anb b gwen in Term of X, and X, ai {a: %o

b= Bxe+X,
15 O T T R N T T ' | IS T T T S
1.0 L
] . x==P I
] o/ i
0.5+ ‘ s
v(t) 0.0_: ................................................................... L
-0.5- -
-1.0- phase space for - . L
1 critical damping i
] (B=1) i
-1.54+—+——7—t
-1.5° -1.0 -0.5 0.0 0.5 1.0 1.5
X(t) Inihial Conditions:
Xo Vo )3(:0
(0= [x + Brow)t]e™ Lo Lo i 2an W gl

1.0 0,0 g v=o
Lo =0iS  —mmreddéve
Lo =ho v d Vo

vit)= -PBxi) + (Bx, +vo e.pt

!
!

os -0 i ] e—Vo
'

0.0 - Lo #ﬂﬂf—vo

mmonf ® P
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@ Drwen Damped Oscillator :

x(t) (m)

x(t) (m)

x(t) (m)

Transieqt sokehon: Xe(t)= Re Bt oyt
S*ead; S"A{t ! x,’ 9= DP{U) (OJ(U{"J,)

whese Dp= Tore-w) + Ya'B

m=m1/9

(0,=1057, p=02s)

1.5

1.0

0.5/ ;

o104

-1.5

0.0 ;

-0.59;

(0 =10 s, B=02s7)

3.0

T T T T

30 40 50 60
t(s)

2.0

1.0\

107

-2.04

00V |

(021057, p=025s7")

'

30 40 50 60
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3= adan Uw‘f)

x(4)= Xl 1)+ Xp(t)

Here PB=o0.25"
k= | hglst
m~ lhg
We = ' §-!
H:"Il'\

Hr= 'M’It

Wlﬁj”o“ﬁ":ﬂﬂ s

In 1hee Ploh,-

— -Fu” Sol«-d:on
e transieat
= S#«J; s date

Drwuy near
rejonance minimize)
doforlion due

4o the transienf
SO"«""‘I



X(t) (m)

x(t) (m)

x(t) (m)

0.5

0.0+

-0.5

1.0

0.5

0.0

05

15 20 25 30

Steady stale
ampliude decseayes
- ay drlvma_ 'ﬂ‘euuuc;
1ncrearer .. the
syslem can not
fespond  Fast
enwdh o See

_ 2 - -1 —02¢!
(Ap—l.Om/s,mD 1.0s™, p=02s") - o fect.
-1.0 L T T ML I |
0 5 10 15 20 25 30
t(s)
2.0 ! 1 1 1 ' |
154 £
E Maere reyponre
1.0 X:(t) E ‘-‘l 7—14 dl‘lvl
0'0*3:.,'»"-:. 3 8 HE
0.5y vy ' v a2
1040 L
] xp(t)
-1.54 : W F
(A =20m/s*, ® =1.0s, B=02s7)
P o
-2.0 F——— ———1 e
0 5 10 15 20 25 30
t(s)
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@ Fourier expaniion of F({)g{

+1

Let F(8)= > (An cosnwt + B,.smnwt) = ﬁ Basinnwt
n=

[Fram sgmmelry we have Ph=0
V¥ n sice F(€) 0 an odd funche
Use or‘h"aw'.‘; CODJIflu\ /e .
to defermne B, coeffictents: sinnwt sinmwtdt=gdnm
=Tw
Y/w e
L oo
= J’ F(#) sinmwt dt =J’ (nz B,.Smnwt)smmwt dt = = B,
T W ™ n=1
Mo
Ba= %f Flt) sin nwt dt
M w
. ° W
= ?J. ~sin nwt At + %j stn nwt At
=W
]VW
= % < cosnwt - % L <anwt!
~Ww .
= rT'" (z-icunn’)
_ qu'r n odd
- o n even
sin nwt ®  gnl(29+)wt]
R = + 2 mn %Z CLLR Ll Aty

1.5

N=o

=0 (28+1)

=l =Ty < t<0

0 <t<Wuy

-

5‘Mn = B,,,

E(t)
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F(¢)

—
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=58 Damped Oseillator with

Drw Force: 0o t<o
rwing Fl)= { F e-lrtsnwt t>o
° 1

- Drwing function
Oscllafor descrbed by: ¥+ 2Bx+ wix = 3 F(9
let x(0)=0 and x(s)=0, o totr
then the Greents funclion 151 Gltt) = { R P Y L

2
where Wf‘ wo“p
Oscllator response gwen byt

t
x(#)= { F(t) G, dt

-0

t _et’ ~B(t-t) i sinfa-b) = Sinacosb-cosasinb
= J [° e Ttsmwt') [n%"" e Sinw, [{-t‘)}dt [ ; ]
o

o '
- Lo J’ e(B 7t slnw‘t'[S(nw.tcon,t'~con,fsmw,t’]Jt’
T mw,

o

t oy it ,
- e~Bt2’ $|nw.fJ e,lB e sinwt’ cosw, t At
(oo y!
= €83 w,tJ’ E(B T sinwt' sinw, t’ At’j

- B e(B-T) ¢ [{B-'r)sm(w-w,)t' ~ (w-w,) cos (w-w)t ]
= e sinw, T - .
2[(p7* + w-w)']

t
. e P [(gopysin (wru) ¢’ ) cor (wrw) t']

2[(B-m* + (wrw)*]

e(B-T)e'[(w-w.) anfw-w)t' + (B=7) cos (w-w)t']
—coswtf e ———
2 [(BD)? + (w-w*]

t
_ e{B'TW [(W'W,) an fwew)t + (B'T)(o}(uvw.)t']]
2 [(B-1) 4+ (wew))] .

137



3-38 cont.

Bt [~ st fw-wirkt ~ (w-w) cos(w-w)t] + (w-w,)

2 [(B-T* + {w-w,)‘]

= i’ e-ﬁt[ sinw, t

mw

-7t
el n [(IS-T) sin (wiw) t = (Wrw) cos(wiwn)t| + (wswy)

+ sinwt
2[(B-1" +(w+w.)‘]
ot e(p'”f [(;3-7) cos (w-w)t + (W-wi)sin (w-w,)tJ_(p-T)
- cosw,
2[(B-' + w-w)']
+ cosunt e{B-”t[(g-rp cos(wrw)t + (wrw) sin(wrw)t] = (B-1 j
—— e ]

A ot [ (B-p[snwt anfw-w)t -cos wi t cos (w-wi)t]
= 2mw { € [ [(B-1* +w-w)*]
[(Bn* +lw-wy]
. () [ sinwi t sin(wswn)t + cowit cos(wra)t]
(BTt (wewn)']

(w+w,) sinw, t cos{wrwm)t =~ cosw, t sin(w #Wl)f]}

[(B-D* + ']

e—Bt (w-w,) snwt + (p-q-)co:w,t ‘ (wewy) Snwt - (B-T)twwnt
(B-7)" # (w-wi)* (B + (wew)*

_ 5 { e‘Tt [ —(B-7) cos wt = (w-w,) sinwt + (B-mcoswt + (W*“’l)Smwt}

2muy (B-p)*+ (w-w)? (B‘T)L* (w run)*
gt (Brmycoswt ¢ fw-w)gndl (B_M_gs_s:_t}
te (B + (w-w)* (Ber)+ (wrwn?

Using Lhe identifiess ginfatb) = sinacosb t cosasinb

cos(atbh) = cosacosb F sina sinb

1
[R-77* + (wras J[IR-)"+ (w-wi)]

Now defne  PAlw)=
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3-38 cont.

- Fo -t =
b 9‘“’){ e ([- (B-7) coswt = (w-w) sinwt][ (B-1"+ (wrw)']
+[(B-'T) coswt + Wwrw) sm«;i][ {p-»y)"+ (u)—w,)‘])

+ e'sf( [(B-T)cmw,t + (w-w.)SmaJ,{] {(3'7)14- (uﬂw.)"]
- [{ﬂ-')‘]co:w,f - (wiw,) Sln«A,t][(;S-T)" N (w-w.)‘])}

2mw,

= P { e"T* (_(ﬁ-T)(qu,)cesu)t - w(quw)smwt + 2w, (B wz#w'z}s'hwt)
Bf(

+ e ((B-7)(dww) coswt - v (Yww)sinwt * ZwﬂB")‘)tf»w‘m,‘] _gmw‘t)}

coswt
= l_::' wm“’)geﬂrt 2(7-R)- 2wsmnwt + [(B'T)za-w\w,‘] ﬁ%u_t>

't
N (2 (B-7) coswit = 2w, snwit #[(B-7) ! sar] s/_n:_‘_)}

= %w Qlw)g e"T't <2(7‘—}3)cosw‘f N [/p_'ry.* w,‘-w"] sm_:t)

b & (2(pn et + [ w-ul] snw__w})}

/ strong drinag. , stieny damping

Nole that for 7 <<B  splem respodr @ drung Freguency w

system respondy @ nafurel freguercyw,

BeeT

X weah Arwing, weak damping
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ﬂ—— Fo= G LI T
— e 6 i)™ T SEnr [
. I _ cender
: ’ P s Y f‘
v 1 s,m‘h'\" Re
l———-'”j‘—"“ fore
-d/y ° t
F. = -E’cqe -~F}—‘; = M3, liner
Re feytering
i force !
FK =Mmx " g 9
Xt R <e
< [2 2
SHM w/  w /—R-e T = Ivr =27 f%ﬁ = 5.03K10°s
. C——————— .
Re = 640 X19m ~ 84 min
& . x(4) = % cos wt (start @ x=d/;)
A= 300x(0°m
vVi{)= ~w—;_|- sinwt
g= 28mls*
. 412
Vmax = ‘Lwo‘ = 7R ~ 185 m/s
‘}(\p lme = 2T ~ 42 min
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@ Numerical  Solution  For S+ wsn®=0 w'= %, L=lom
(qth- order Runge-kutta) .
We shart from rest 10 all cases (ie., 9(0)‘-‘0).
- [P

1 e | ! ! Il

0(0)=n/2

a) 1.6+ o

1.2

B

08
044
0(t) 0.0
-0.44
0.8
-1.24

16 N r iy
.00 0.5 1.0 15 2.0 25 3.0 3.5 4.0

t(s)

b) B2l
249 " c

1 1

6(0)=3.10rad '}

1.6

0.8

0(t) 0.0
-0.84

\ small 8

. -1.6
24

-3.2 T | T T Ty
0.0 0.5 1.0 15 20 25 30 35 4.0

t(s)

C) 7.0 1 1 PPN B 1 1 il

Period of a simple pendulum

6.0 starting from rest at 8(0) rad
] (L=1.0m)

5.0
T(s)

4.04
2% deviation from 2n V(L/g)

- ~31.5°
3.0] @ 9(0) = 0.55 rad = 31.5

2.0

1.0 T T F R T T T :
00 05 10 15 20 25 30

0(0) (rad)

141



Cc1. con‘q

d) exact expression for period of a simple Pend«'um v fist we eliminate Eime

from our 4
ég + wl sin8 =0 ’
at > 9 %-»fw‘smeeo
de _ ¢ °
at = ° U
édé = —w'sin9do &— Now we ln‘c‘,mh

. thi eﬁqdzmn twice .
Solve with 9(0):0) 6{°)=e..’
é G}
j 846 = -m"J sn9d® «— 19t ynlejxq(l-n

(<] o

4
2

& =t 2wt (cos@-cas®) e—we can integrate tho

over half a period to
get an infegral exprewion for T

éz = la.)l [coj ©=-cos Sa] [ 2ml m+¢"lq tnl\

e°
40 Y i we let © vary fram -8,>8 for
_— = JZ w dt = TWT t: 02> T/ (ad tha §>0).
[cos ©-cos.]™ o
-8,
S
JE _do This resalt 13 an elliphe ntegral
= T= "w e[cose-casﬁe]l" v Fo get it into “standard”
=%0;

form reguire a bit of Mlpulnfld).

— We will be motwated by
the desired res«lt.

____—-——:"_//

Fiest we we the identdy cosa= 2 'S =] D 00,0010, = 2 w0t -2<os"%

e . =2 Sm"%— Sln"%)
° 40

S
A | e !
= T= j 2 8 B = —> SEr— —  where k=3sin
w [5‘” 2. '5"’17]"’ Wkl' [l— o s:n'%]"’- ¢ =Y
8, 28, K

Now we change inlegration v J
(this 1> the dricky xk‘z ") n varabler: Jet snus sng  for €26 snusi usT;
for ©:-6, sinu=~1 yz-T/,

cosu du = 2#:_0;2— 40
¥ cosu I~ $in?

]
R <o = 0 I o ) o
2k Zz PPV Lk Ly il-k‘m‘u: m fend 1 an even Sunchien

LEY m ™
T = _’J- Zk@ du 2 h‘d“- y " du
R wk Y ”'k‘sm"u il~$m‘u= w . 15 klsmiu = ;j ;’_ K"Slnl«
- /2 o

Notue het the MJrcgrnnd 10 our Final expression 1s perindic w/ pensd T/p . The

integration range 0> T/y  represends one pe
smply evtend the range to cover perind ... 1o gethe desired Tewmlt we

2
: od ; . du
foar perwds of the Integrand: T~ EJ; Pkl-k v where w=j%

—_—_———
—_—

n

u
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Assignment 4 - Solutions

@ Mass ditribation for conslant radial g-field

5Phcr|<a| mass

e
a®w indeperdent of
~ within. sphere

S @P-egu Pei‘én‘hab
are seherical

G- Time to fall

- . & start from here s =
ek with v=0 @ t=° v(z)= - J26M (’é‘%,) = -[26M _zz.: negetve sign
¢ Since z 19
detreasng.
From v(z)= %% we have!
l v(2) 2 y 2
dz = 202 L
N t(z)=g___= [‘T""- let 9=2
%2 J V(=) [26m Z,"2 1;43=Jz
X .
Ze o
220 2 _ 4
= om J=o-g 4 < (see E.7, pg. €0S)
vz
2 JZe
2. -2 ot ° 2
20 = Jom [ 577 *%“""E]
Jz
earth
T assume N J% { i;’:lz,-z + Zaun(1)- z—,faunE}
2,>> Re
Time t2 fall 22 -
e o JEER 2 rend] - B(3e)
Tetal fall
time t(z=0) = —Z%(_Z: .]zZ) Nele: for 2e99Re () = E(Re)
Ff'adwn of 1ime
o fall Zo/2 d t(zen) = ’-H“’ ) _oL,L Wir +$s _ 35+s5 _ a
t(o) —wy T 7 n TR

distribution @/ F(?)

We can delermmne

From the figure we have P)=P(r)
= 2@ 2 N
a=- ==- =7 =-C
and ? V¢ or t:coﬂ]tﬂ'\t

We will use the Poisson eguatliont

V'@ = 46 p(7)

L 2(c) = %=
r2 ar(r C) - r‘c
2@
= <. where C= B¢
27Gr
e

v(z) from gpwt= —AU = GmM (é_éo
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@ Gravitational fvo‘“’n{'m’ for @ thin rod (qlol\é the L=buedor)

. P (M “$e2ed
e, el gt
A Er ' 2 (m/2)

2 (m/4
d=z - ’ o
1 ; A =-Gj JR%2* r=JR*=
o 0 L 2
a9 = A e < (see EG,P;GOS)
T
= _%m[ﬁ,,,(zh})?*z‘)]

-4,

_em p,nz"/zdre‘ﬂ‘/vi

n

2 -4y + ;Jkir L7y

_6m h{ JAR% 2 +£f
: Jugst -4

—

iku can qlu &: wrl“ﬂ\ aJ:

3(R) = - 3—2—“‘ ﬂm{J‘*’?l*lt _*’l}
2R

we can chech our result by conyidering the lmt  R>>0 :

fn { 2R 1+ Vg +13

2R

&R) = -

206M

—

n

?

(_.2_) for 12<R

26m

]

@

2

m )
9‘—(;— Pm(l+—)
6M
R

since In(14e) = x for xeet,
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G ravitational field alona sgmme"ra ax1s outnde a fipde eylinder

a) Field due o mas element dm:

d5‘=. _6 -ﬂ\

o é\R where € ponds From dm to z,
2
R's (zo2) +r*

dm= prdrd6dz where p= 7o

On the symmelry axy we will only have a 2Z-component

=2
J;‘_='lcl5|co.|9 where  cos O ZE

R
an z-exis ‘\ g

rdrd0dz 2o-2
9=, = £JJ= = ‘JGP R* R

v

L a
(zo-2)1
lnic;r:f'aver = ‘QWGPJ I —=—;, drdz

o 17%
Volane oF cyhinder [(z~2)" +r%]

let  u=z4~2
2~L a
_ j‘ 4T Ardua du=-dz
- 2"610 (u1+rl)% @ z=0, U=z,
2, ° @ z=L, U=2,-L
2,~L u T
= ZWGPI “ﬁm] du
2, T,
2L
u
= 2"6[’[( - u1+at)‘lq
2,
24-L
= 2”6)@ [a *W]

4

potp [ -1 -fro + SR
-2nGp {,/{z;L)zm‘ - Rod L }

- _M
where -;;‘—L-
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$-8 conl/

b) Same as Par{’ @), but defermine 9z, Via Pokn"la, Q.
= -6 dm= prdrd0da R= Jzo2y +r?
= 2mprdr dz
L a
rdrdz
Q= J:IJ¢ = =2 GPJ; ‘|-° il2.~2)z+r'

L rea
- ane [ o]

° r=o

L
- ‘27!6)"‘[ (’{20_2)1'41 _ (z,-z)) dz let u=2,2 duz-dz

2,-L
= Z”C’PJ‘ (,/u‘m‘ -u)Ju

EX
2o-L
1
- 2uty T 2] - £
20
= nGI’[(z,-L)J(Z,-L)i*a‘ -2,z
& Not 50
Lo ‘0/"[ (2o-2) + J(z,~1) +a} T, Pre#;.',’
2, +J2—MT - (ZO-L) f
3=-7¢

92,5 - 9%“9 (20>1)

2 S
(z,-) o o s
-6 Szt rar + = " VR tal = TR
P J(zg-1)" +a? Zotal
z,-L s
e
+ a* '+J(20'L)1'M.‘ 2

I+ ‘/_1\’
PO £+ i A S - 2, +at
(20) + [ 1) + P e

=z, +JZ:'T . 2(10‘L) + 22 c}
\’ thy tesm \‘ thy term
S iy v
—_— = a
JaeuTrar i

Jzo‘ﬂa‘
= _."Gr {ﬂzo'L)‘*G‘ + m

L
2, tat
J_——-ﬁ - ‘E§+a'~ - 1 +2LJ
(z.~L) +a JENTYS

= -2nGp 5‘/(2,-“ rat - Jz tad +L} v/ @ part (@)
oo but more work!
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@ Grauu{a{tonal Self-enera, of @ sphere of radis R, man M

polental due 1o sphere of radwy r@r
/ o man of shell @ radws r

dUgn = Q) dMyn
Ej'-rr’) m
o = -G ———P(: [P(‘hrr‘)elr] where p= ar g
assemble sphere R
shell- by - shell R .
Uppa™ I dUgpen = -Gf’l’é—;’I rar

= - Gf’z —’IéEEL R;

L fam Y sems .3 6N

B 6(%52’) s kB 75 R

__-_———’4—_'—_—

Force on Si,),.re due 1o infinde sheet. Center of sphere @ =z above sheet.

wll
$rom $9 r'l""‘;?_:u t.

—campon€?
Force due to 173 of radw only have e
A'ﬁ - _(_,m_[b’_(%r:—dr-) cos© 2 where cw®= 7u
“ £ — 2nrz u= Jriezt
< = ‘C)mf‘ dar

< = ‘ (Fl* zx)-‘h.
mflmlt 5 \[

t N o> * 2
shee F’J’JF=\]‘ _(,mf:,(quz—Jrz

A rie 2%

- _GMp, 2T2 X rdr 4

e
—l fFego
o e[ s
o

= -21GMp 2

——

—_—

Note: rewlt 1 H)Jepmdenl‘ of sphere }.gu}.t 2!

The nfinde sheet produces a unform
gravtational  Fidd of

3= -2rGp 2
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Variations on a straight lne
(Xl.,j\)
Dn. = j- ds where  ds = '(a!x). + (dy)l
xl i
*.9) B [—_""(%%)zdx

Comider tral functon:  Yl,x) = x +asinfr(1-x)] note that g (a,x) satufies the

J end fmnf conditiony: @ X=0 = y=o
f = |~ amcos[m(i-x)] @ x=1 2 y=|
! '
DLy (w1 = f/T‘f(l—ourcos(nu-«)])l o Pthu infegral canndd be  evaluated
o

1in terms of elemenfary funchon
" we will expaad the niegrand

| ¥
£ .
J"{J )l—dﬂ'co:[ﬂ(l-r)]*- g;_rr‘coffnfl-tl];o‘r'sf,i e

) "
.}Ej; [l—d@(d;x)] obx whefe e(d,z)= 1Tco_r[1r(|-x)]-521_7'@:‘[”{(.,)]

n

1 .
ﬁj {l— T flee) - 2t Q) +"'}°l" [see Es. D.4,pysm]

Lety Hake a derivatwe w) respect to o before integrating ...

2 Dy ! 2
\—ijl]= J?X (_Lze(a,x)-zlx%g- —i,a@ ‘Ti,d‘e%g"”]‘b‘
1
R = ol Faed
d=o °

= J,! {_T_{ coJ[n(l-k)]}ab( = 2 [—';j sin Tr{l»r)] =0 V

o

"

If I had nfegrated 5 firt T weld find:

D [,‘;(d,xﬂ =~ J7 + —,J% s OG?)

Ka“ feal valies of o give D>Jz !
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@2 shortest path - 2D
ds= J(dx)‘; (Ja)‘ = [+ (—':&),~ ax ( distance measure)

¢ (Kz,,..)
(xllj\) Xa
EXD D.f ds = S 1+ (9)" ox
x (Xug) £,

Problem: find path. 3{::) which  minimizes D,-,,

Condihion  for  extreme value of D qver ba.

4 _d 24 o shere f=J1r)

Euler esqa{uni

%y M Iy
We have W.o aa A - 2
2y %' Hw,)x

- A['—L } o g’
aEf = = = = conytan
x| [1+g") figr - © (= comiant)

solve for y': T
y’: I:-c." =m (:comhnf)
' “ (L] ‘J
Solve  eguation a—f =m > g=mx +b straght line!
———

constants m and b are gwen by endpont value:

9|=m)(, b = me= =9 b= ~hNt ik
y,_:mx,_fb . Xy =X, ’ X=Xy

Shortest path - 3D
2 ds=Jo By e @) = [1+ ()¢ () &

(X;,;j‘,z.)
= flah2;x) &

X1

2
PR
x
%
Here we have a functional depeading on two Funchons 9(x) and 2(x),
", We have 2 Euler eguations: B _ a4
%5 " & oy = ©
?
% 424 .,
92 ax 22/
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6-3 conls HJ for the 2-D case we have:

’

?

o, L. 2 L) L L.
Tg=°) 2 [lr g+ @) =>dx(?:7’)-o °r oy

o, Ao o L(3)- o
0 T lrer e g wc(;;z:) 0 or 3

<
> conslandy
Ca

We rewrde the Fnal egualin au
(4" = < [1+ " «(2’)‘] . . .

N . S c(y) = ¢ (@)

(z‘}l = < '[H (9" + (2')‘} P

Kmbshhdma thu back

into the 9' ard 2’ eguetinn
leads to expliet expresion’

for 9' and 2!
for e\'amp’t: T s N

(1= o [ o L]

= c,"*(c,'w‘c,,‘)[.e;’)‘L =

’ <
= = M
El (—P——l_c-‘,, >y \
‘la comtant

?) Cy m[
z = = N
Ji-et -c?

S imi lavl; we findt

the constarts m,,my, b, b, can be defermmed

Fram the endpant valves (X,,9,,2,) ad (%, 9,,2.),

99 Xa g1 =X
« get m= 2,
(7»: 96 ' X =X, ' XioF,
m, = ._ZLZ' b, = X2~ X, 22
el * X=X,

Us-n; thee f 15 eanly Shown  that:

i{.‘_ - 2= . o=z-2,
Xk T gy T Zez, © shedend fum for

a sfraykt line 1n 3D
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Time Fo travel 1o the bottem of @ cyelod

g S“""’* @ Xo SreeJ @ x gwen b; V= Zg(x-x.)

+2a

(adeld: xX=a (I-cole) dx= asn® 46
A bothom @ x=42a

g =Ta 9= a (6-5n6) dyg= a (1-¢0s0)d®
(axes labelled a5 in tert, Fig. €4) e - (dx)‘@ (d,)’-
= s (2) &

"i" = lces® nole that )-c0s8=%a
o sin®

c0s8= |- ¥a

X/a, %/a B
= . = Y .
J'-c‘”e \/Z'Z‘— J2ax-x3

X
av

=2a 2a 2
. Xf ds _X S
- e

J2g0x-x)

X=Xo Xe

2a 2 iy
B
= j I+ 2ax ~x* dx
%, 29(x-x)
2a

_ 2ax )Illab(
N j ((2ax-x‘) 29 (x-x)

Xo
2

ox
=j—%—j [ (2a-x)(x~xs)
Xo

2a

dx

=J9 Yegral E. cos
-fgi m (see inteyrs 8, py )
KI

a o ~2X + Xot2a n
= J’; - ;(X.ou)z- Bax, "
x=2a
- _F SI\-' Xot2a~2x
) R X,~2a xex
= ‘E Ism'l (D) - sin™ (~1)]

= 7’:/—% independent of .s+ar"m} Pom{- % !
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Mavimam volume rectanguler box nscribed within a sphere  and ellipsod.

[via Lagrange maltipher mefhod]

2

<
X P 4 For sphere cenlered @ orgm + xlrgtiat =R
Sf"cl‘ 2 cornety of "ec‘hmale gven by 14/2’ + b/'x, +
ka
. constramt eguation s as becta 4R
b of g-= @ ebrct-4R =0
Volume of rechangle = abe
E";"'erﬂf- vale oL £ 2. o] = bct+ N2a=0
on vdume V gwen by: 2a Ja
V -
%—b* >\§f=o > act»2bTO0
%{»\ >\%=o S  abt X230
from above 3 58““‘{"’” we have abe = -2 30 = - 26" X = -2
a= b=t
comhnma thu w/ constramt esu‘{lon guest e 2_}?_
- 5
—_—
3 el\upm) w) semaxes R,8,C
b T

Volume o ¥ reclangle : V=abe .\, constramt eaanihm

As in Part @) we have!

‘?57\:_1-)%%:0 => bc+>\zihz=0
. >§§=o S ac+ >—%,=o >
ﬂi* >39f=° D abt N
2c*t=0
c_omblnm; w/ constramt e’_‘.h.n: a=

For ellipsad cenlered @ origin: X |

- 4 b 1
9= ——+ 2, & _ 4
qp "B'*qc‘ 1=0
ab )_A: b* 1
cC = = = - = = <
2/ )25\. )\2(_,.
&t B
5 M o ?
B 2B L ac
3 3 G

corners of r'd‘“"" gver by 45, +by oty

2
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@ In Flane ;rawla"-onal Poknhal due o circular ring of mag,

om 49
&)= - T (a*+r?- 2ar cos@)™
-GMm
p) @ r=a F>~-00 since & ~ -IrTa;

0.04——— vl o L Ls g i g )

Gravitational potentlal of a thin rmg
with mass M and radius a

{ analytic
a®/GM | approx.

Note unstable
Cgm': brium

pomt @ =0
numerical
integration r

r/a
a) anlaﬁc arfmrlmﬂ"lvn for r>a:
™
49 )
(A, P, A— 2
o= F‘[ ['+(%)l' 1%C°J¢]"" nater (140 = 1= 7+ 8" + O0) forxet
- here:  x= 1(5 -‘2:010)
C.m
= = {l 1(4) +Lcoids -(r) Coy ¢}J¢ xt= (a) [{ ) -y AQJ¢¢ Yeos™ 0]
. R— where we have only kept termy o order (_ar_)z
m U
= -%Jr [’ * %cw@ - %(ir)‘(i -3:0:'0)}J(ﬁ nole cos'P= 7+ %029
A
= - Gm a _ inked! ,w\
T ) [,’ g - ia|- é“%“‘2¢)]d‘p = --'II’L 4) o:ﬁ'nu:

o B= -Blasga . ofe]f

oy
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Assignment 5 - Solutions

@ SFL\M‘Z o'F radiy P ro”’ru w.”,m a C;hne}or of (adius R.

© = angular positien of <M of sphere
@= rotatien of sphere about it em

Mwsk be very careful here wilh 1he

comlrant relafion which connecdy there two angles!

[} ) 2
T= 3y, + £ Iw

Vem = (R-p) 6

= LmlRp) &+ PP A
I=Smp

egua{nn of con;{raunf e ™
From ('t”mg_ conditiont - E'm(,?.’s) =) "“'}M(R'P) 2]
s= RO = 9(91-‘9) _ %M(R-PY éz
or
9= (%_') © u= mgk where (R‘F)‘h = (R'F)"""e

RE--8 (kpy-h
= mg(R—P)[J-cwe] -l

L=T-U = 'IZON(R“P)zéz-m;(Rﬁ’)[l-cwe].

g_L= -mg (R-p)sin© %‘ = Zm(R-p)'O
ﬁ(%)" 99—; =0 = %m(?—r’)z'é + mg(R-p)s:n® =0
6+ 7‘(2:) sn® =°
For small oscillations: sn@=%©

> B+ wo=0 SHN W/ w= [ Zr-p)
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@ Parlicle 1n a 2D cenfral polential

/—’b\; Use polar coordmales {r, 9} since U=UIF)
=]
C) 3, flo= -Ar [cen'h‘al Force v d.e, r-dependent onl;]
In general e -Vu s - %U(r) ?

ulr) = -J'é.lr)wl‘r' = "%rd where U(0)=0,

T= 3mv= ;'m(r'-'+r‘é‘)

L=T-U= E‘m(f‘ii-rté‘)' %F’t

2L 12 o=t

r-motion:  E==mr O - Ap
or i 2L _ 2L _ . . a2 &=l _
o ale(sf-) oo > mi-mr +Act =0
'5;‘ =mr

©-moliont %—=

d(nrd)e0 > O = L=angder momentum

e bt orign

where 0= conitent

1

[2: [Fep)= rmve = rm(r®) =mr’é]

Total energy: E=T+u = am(Ft @) + i

dE _
at

A asl -
Lzm(iﬁf:+2rf-6‘+ 27 68)+ ATt

= F(mF-me® PR+ 27 (e &) ¥ OO

= f(mF-mrO e R + ft(mf"'é)

N

vanishes from N vanishes from

r-eguation e‘eaxq(un

. total eneryy conserved
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Hoop rolling dewn shding incline

@  Hoop rolling do g inclr

generalized coordinales:
x= poshon of leFt @d of incline

sz lineor distance rolled by howe
down inchne

$= RO

speed of hoop CM yn fixed xy-frame

conytrant:

+m oV + ere’ . .
VEo= vxo#Vy
u:m9;= m.?(yrsﬂna\) - ();+ 3co;d)z+ (S’ sm&)z
inrhal heght

of hoop cm =

. .2 .
%24+ 5 + 2x§cose

L=T-U
$\2
= 'i"m)'{l+ ';_m()'f"f' st Q)}icom) + ‘,'_mRz(_fi) - mg(g.-ssmd)

_i(m”n));x N mS'l + MAScosa -m;(;a-ssmﬁ)

(Mem) X + M cosak = constant

X-mobront 2k _ o
EP N (21_)_0 5
2L (Mem)x + m§cod dt \ox
conservation of linear momentem
oL
s-me{wn: 2= - m Q
?2S >R _d_(ﬁ-)_ P
At\ 2§ 23
=0

2m s +mXcosd ~mgsind =

oL . ,
—T= 2ms$ +mxcosd
?2s

or

2% + Xcosa - gsind =0

These differenttal €guations are
easly solved , but we'll Jeave

1€ here.
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Pendulum on axle of wheel rolling downhi!!

o duh of mais M, I",LI"IR‘

@ =angle of pendulum

from verhee!

Posilion of dish €Mt Xop = X+ S cosa

Yem = Jo = S5 sind
Position of pendqlum bob!
Xpy = Xem+ Lsn @

Jbob = Jem ~Lcos@

Uage= Mggem =Mg (go-ssina)

Upeo = MIdhes = m g (g,- 35100 -Deosd)

= %Ms'1+ alm(_{aa‘f&lsl 2509 cos(auco))

L=T-u = (3

generalized coordinales:
sz lineor dutance rolled by duk
A= angle of Pcnr}dun

Oz angle throuyh which duh

hay rolled: s=RO
2 . .
Vem = Xam + Jom
. . 2 .
= (§ cosa)* + (-Ssma) = 3§t
vi .2 .

_ 2
bob T Kpop F s

. . . . *
(Xcm + .Qa)amp)l + (gc,.. + 40 s.nd’)

n

(3 cosa + 26 cos®)”
+ (-$sma 4+ 0@ sm@)l

= S+ 00+ 2500 cosdcos P
~250@ sinasind

‘,,Mvim)s'l + ;'mf(l.’l* mil@cos(a+®) ~ Mim) g (Yoms s1a) + mglcos@

s-motion: :;—LS= (M4m)gsina
oL . J oL
:E = (%Mfl’i)s +midcos (e(HD) ;?(")—

2! )= (% Mﬂn) s+ ml @ cos (d+0) -m!([v)tsm (a+@,

= (%M#m) S mldcos(as @)= n2(@) sin(240) = (Mem) g sina =9

. . . (Mim)g
Note: +f @=0,9=0 = s~ (Zmm)
@-motion: % = -mila sin(as@) ~mgLsind
% = ml*Q +milcos(ara) :%('?'é

> mﬂhd.’ + mid cos(as) + mglsind =0
or

C‘D‘ + E's"(_o](d*d)-f -}smzﬂ =0
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sna=0 € comtant acceleralion

down 1ncline 1f pendulum
not swinging

’34'11)= 2D +mi L cos(@ra) - m5L@ sn(d+@)

Nofe.' I{ g=0 we have the

eguation for a simple  pendwlum v



Shding blocks

1:—»‘ geo  f=strny length 7. (D-x?-;.=o
-y x=-3
D
a) Ignoring strng mags: T = M+ 4Myt = MY
U= mgy
L= T-u= My*-Moy
%L, = -Mg 3—;= amy S 2amg eMg=0

og(t) e - %t‘§c,£+cl

b) String w/ mass m

° ° m
T= M+ tmi? U= Mgy + 3] gdm = Mgy + gL;(l)J;
A Kinehe eneryy -7 N .
of siring _ Mg; N %_ X L,
m 2
=Mgy - %—43
e M3 Mg s 25
2L m
wy= Mar ;s
2L . @mimy - 72y 4+ Mg =0
ity o
"9‘ 6}%’“—)}7 ='m3/&Mm)
- Mg\ @mme M
‘;l(i) = HeTt +Be Tt + Yp where ‘3P=(2_MTI'T) '—m;— = +_Mﬁ

90 = 'rﬂe‘rt— 7Be‘7t \parhular sohetion (y=conylant)
Jet glo)=0 > A=B
me

et glo)so D 2R+ =0 S A="3q

ma

o9 = -%ﬂ cosh (T1) + %1 where 7= )(’Uﬂm)ﬂ
m
0

= —RZ:L—caJR(’Tt]j

|
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&)

Shiding down a tilting plane

Motien hay

let rlo)=n

Posihen of pasthde:

/
)}
’I/Mc rising

E AR e «® rde a= 428

. O=at

T=gm{%+5*

.2 2 . .,
zm (" + it - 2rfa <)@ sn® + 2ried Meme]

—m £ +rat)

U=mgg= myrsin® = marsmdt

L=T-U= ?'lm(l'-‘”’d‘)-m;mmdt

% = mra‘-masmdi Euler-Lagfange gwe:
oL ; M -matr +mgsnat =0
L

F.atr=-gsnat
/,__L——

General soluton )= e‘ei»Be-Jt +rp let
:
_at P
- et 4B +21$mdt
24 3
Indal  rlo)=RA+B =1,
Conddiam ¢ .
r(°)= AR- dB*E;:O
A+B=r,
° A= 7 (% —%ha)
A-B8="%%ar
= r-f= 2 (0 %)
NOREE TURE - PSS 10T 2d,\e s Zoomat
at, -at t_gut
= ‘é‘f‘o (e te ) = é %{(e" * + li"JMdt

= 1, coshat = 253 [SmLat - smdt]
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=~ arCsmnat

~deyree of frewdom: geperalized coordmate £

X=rcos©
g=rmnd

N
050 ~rOsn® = {cos@-rdsnd
sin® +r O cosO®

>

< £ snO+radcos®

re= Csmat < try tho for

a partedler
Soletron,

QiC-atc=-2

c = 9/2a*



@ Ver‘hca“a acceleraled simple pendulum

Posidien of beb:  Y=90+ —:',_Afl- beoy®
x= bsn®

g': at + bé:me
x= b 03O

T= %"‘(i'*ﬁz) ='3m (bléx-# at s 2atb© sn6)

u=mgy = m;(‘;‘.*"iaf"-bcos 8)

L=T-U4 = ém [ et s attH Qa{béme]— mg[g.# Lat'- beos O]

—;—;: %m(Q.abt écue) —mgbs:ne

L ‘ d oL . .

g—-é: mb"e +mabtsn® d—t(’sg)= mbte + mabsn® +mabt 6O
Euler -L4y1ene

gwes: = mb 6 +mabsin® +mgb sn® =0

w a
O+ L nd + %;,49 =0

é + (1:)5.:.6 =0

s —
——

For small osalladions: snO= 0

BsuwrOz0 > SHM w w= 113,3

e

(as expecied)
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Drwen smple peadalum

L/X4=asmut
Position of bab: g= b-bcos®

X= X, 4+ bsn©

= asinwt +bsn®

9: bé sn®
= awcoswt + béme

OI'I"m e

eguilibrium i
Fonﬁ-n of pe nelulam X

T= m(%*+9?)
= 3o Lo s awcosTwt + 2abwO corwtcos o)
U= mg: = mg(b_b“‘,e)

%"‘[L‘é'@ Zabwécnser.amt + a‘wzcml”é] = '“3"('-(“ °)

L=T-U =
L .
';—e= -mabw 6 sinQ coswt ~mgbsin®

L _ 12 4.
R mb O + mabwcosOcoswt Aﬁ(gé

Euler -Lagreange

gwest - > Mmb8 — mabwtcosOsinwt +mgbsn® =0

or

. s 9
O+ L snO ~ % sinwt cos© =0

____———————“"—,/‘_/—’/—_

for small O . 4 aw"
&+ = o= —b.,,,,,.,t < dnven simple pendalum

(whick we can golve),

161

LL) = mbl o - mabwés:necmut-mabwlcwesmut



Pendulum on a disk
2= fotal s;rmj lengih

Nole 1t © 15 dhe angle dhe pob
15 dupleced from the vertcal and Q+06= o

In our X-g coordwale sgstem poiniy

C and P are localed by:

Xe==R Xp= Xg 4 Rsna

ye= 2-R"2 Yp= e + R cosd

' 3 The bob 15 localed @
orign @ L—’x oca
Xy= Xp + (-Ra)sin@ = ~R+Rsina + (2-Ra)sn®

e3q.hbrmm P«urhon

£ bob (X=12, ©=0)
6 ( 2, 9= ?p"(ﬂ-Rd)“’e: ﬂ—%Rr Rcos,l_(g_R()COJe

To HuJa smell oscillatony we will worh 1n terms of The angle ©:

( Note: swnd= ces@

-R +R cos® + dsno - R(F '9) sind
cosa = SiN 9)

X5=
)5,3 = -Rsn©6 + Lcos®6 + RO 50O -R(-E-e)cojeé
= [1-R(3-0)] cmr0 6
ys 2- LR 4+ Rsin@ -Lcos® +R{-E-9) s ©
ﬁn= Rcoseé Flslneé —Réco.\Q*R( 17!."9) sn® O

= [,Q— R({--e)] an® ©

re tmlis e 3a7) = gm (- RUEO] S

U= mgys = MY {2- %R+Rsln9-9<os@f~ R(:{'e)‘-”ej

L= T-U
“g-g(%-e)]z 91} - mg } - IR +Rsind - [Q- R(‘E'Q)] me}

4
2 m
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7-18 conle

L N
T mR [2- R(FTT'S)} e ~mgReos© + myReos® - mg [!-R(’{ '9)] sn@

2. m [2-R(E-0)] 6 (%) gR[2-R(F-0)]8% e[k (F-0) &

or

é + 37,_ snd + R & =0
2-R(F-9) 2-R(%-9)

We have already idenlified the egulibrium pont a1 ©=0, For small
oscillationy we  have  ©<1, $nO= B and ignore terms of o8,

o> B+ w00 win w=|—2 motin 13 smple harmsic
2- R about 070
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Particle 1n rotating tube ...

w 1n-plane mahu\) be Frrckrn,
<> Tho 13 a 4D probem., We we the  generalizal
coordinate T,
a
Gwen inchal condilion:  p(0)=b
f(e) =0
a) In P"l" coordinales: V= T+ rég , here O=w 10 fixed
T= tml¥l* = ém(F\ r"w‘)
u=o0
L'—T-q'
oL . rwt
ar Eulcl‘-La‘,rm_,l > F-w‘l‘ =0
L . —_—
—=mr
;
b) General solution to egualien of molien:
r(t) = pet s Bt
we 1nvhal condition fo gel R and B: rlo)=R+B =b 1
| F(o):U)H'WB=02
b wt swt . p=B= b/a.
o= e te
< bcosh wt
e
e) Mass enh tube when F(T)=a or a<=beoshwT
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Com{nmk ‘Form ‘For ‘Fa”lna

I=%imR
a)
Z-eguation: L .
8 2L = mg
2L -mz
22
29 _
327 L
e-cguq{nn: oL -5
20
2. 18
PY)
23 .
26 R
b)

From comslrant we bhave 2=

wld

O 2

3

2(t) = 2o +3gt" (For 3(9020)

Comtrant forces:

)
fus > 5as
INCE

£9 >99

&< Disk of may m

Yo=Yo

Generalixed coordnaley 2z and O.

Constramt eaqa‘m\ : =z=R6 or 2=2-RO=0

T=ims* 4 410

L

?.I:-A")_L- 2?:=O
72 dt ai)">'az

5 mg—m%r)’o S = g;-},,-,

. 1
RO = 9'%\'"'%2
1
»(w+E)=2
=
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Double Pendulum ... a classic

@) Well label fhe upper bob “L” and fhe lower bob "2
x,=dsin® %= 0cos® &,
9= 24-LcosB, 9,= fson® &
X,= X, +Lsn©
origin @ L * Xy = 8 e, &
eguilibrum P°.l|{|9ﬂ (628,20) 27 £(cos8 6+ o )

= £ (31O +8inO)

?1= vu ‘1 cos Oa 51: .Q(SII\Q 9-' ‘ sme.,_ét)
= 20-0(cos6 +c0sQ)

T= ‘;:m(;‘nt* éli)* %m(x:o&:)

L}
»l-

mﬂz[ é.‘ + 9.,‘ + é: + ').é,é.(me, 059y + 8106, smea)g

»l-

mﬂ‘{qéf + & +266, cos(e,-e‘)j
U=mg (g+9) = mal {'-I- 2co0s O, -coJe,}

L=T-U = _;.mﬂt{zé,: + 9: + Q.é,él COJ(eFel)} - mgt {q-zme,—m G;}

b) ‘9, -egua‘.wn of motion!

-:;—3 = -mnl é, él s.n(e.—e,) - 'ngﬁ sin6,
1

L pet(26 + & cos (©1-62))
26,

4(28) pitfadis 8 (@0 O (64-8) sn (0-61)]
Euler- Lagrange gwe

> v .
ma® { 26, + ©: c0s(©1-91) + (8.,_)‘ sm(G,—ex)} + 2mgl s ®,

ol

2'9.' + '9'2 COJ(Q,'ez) + é: S!n(Ore:) + 2—22 $|ne, =0
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Assignment 6 - Solutions

variable change

Begenolre Transforms (a special  type of)

Math first:  Consider a function of several variables Blx,y,t)
Tolal differential:  df = udk + vdy + wdt
)
where = (-‘5.%);.:
.l
(%) vE ('39)x,t
The seb are pans oF
(,3) "conguaqic\‘ W= (9—9
(W,t) variables 3
It

is often desirable to make changes of vanable of the form:
g()(,j,t) i S(U.Q;t)

Ths 15 a

where g >y IS unigue + invertable
Legel\c)l‘e Tran.sformdlon
[Notﬁ‘- there are

7 posnde Legendre £ sansfarmatliony of f(&a,t)]

Thu transformalion can be 1llustrated graphically :

b,

There 13 & unigue Mapping between the
cet of poinh defining a curve (% 4t
and  +the set of lines +ar!)en+ fo the
curve (u,g(u)).

elXQ)

-2
= U X-g(x)  where Us= Bl

-9 ) af

We assume we can wrte x 1n ferm)

of u (ie,we coan tnvert u(x))

We defne the Legendre traniform of fx) as:

glu)= ux~ §<
But 13 1 true {het 9 derad only on w?

- ol3=aolx+xalu-dg and  dff= %ﬁ-dx:udx

= dg =xda S 3:3&4)\
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In therme we have mang con)u‘,de parrs : (T,s)' (P)V) W, N) ele

Al o{;- Jhe “thermadgneme potenhah’ are smply Legendre
+ ;
raniformi of the energy: E(s,V,N)—> AT, v,N)-> G(T,F;N)“ek-

E xamples:

In mechanics we hove tws pars (4,8) and (§.p) ard  Fhas
3 posble $ranforms of L(g.g) "
Llg.§)~> Higp) > k(AP I()]

never Seen {hu
one defived:

Ham,{.oman Mechanies
A ————
The Hamiltonan 15 smply 1he g=p Legendre tranform of dhe Lagrangiar

we muyt be able to solve for ¢
in derm of p and g to comrud H

H(g.p)= 4p- L(g:4)

- 3 de -
dh= %JF+ pdg -dL /"\ defined as p= 5
2L gg- 2£dg l

= %t)rfpag' - az 9% ) s
\_/Pm(fg) %
g ~____“7
= s'dr_ P'Js Eulef‘qul'anae
We see that H':H(Z,,a) and
< HamiJtents
Eguatiens

We haven't added ‘"’3“’"’; new here... just changed varrebl
g 1ebles.

But pand g are treated more egually ard sgmmetrically

than g and 8 " tho can be ao\wn*e‘,ew IN Some cales

Tt gwt so happens that in many cases H=E=T+y but tho
s NOT t+he defindon of H ard 1 net always £rue ']
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@ Whirling hoop w/ shding bead

T=3m ( Risn*Ow + Rté‘)

U= m (R-R c0s®)

mR’.uut 5nOcosO - ngsme Euler-Lagrange

L=T-U= é-le( whsnt O + 9") - m;R(I-coJS)

aweJ:

" 1
mR 6= mR w'sn@cos® +mgRan® =0

or

—

é - wsinOcos O+ %sms =0
s.ne =0

Ezmhbnum Pam"-‘ gwen by =0 = (%- wheos 6)

Tn order 1o examne Hhe stabili

Solu Liony

whese

>

> A+ [% - wcos O +w nsmSo] (stn®, + N ) =0

e egu:ermm @ 6,

to our exua{lan of molion of the form:t

nl) << . Nele dhat 67 Inserling inte

»h: + [—i——w" cos (e.fn)] smle.+n) =0

=T
okt + =0
of
":7: - (_9_ +w‘)'ﬂ.=o <« ha E)(POn(n"lﬂ‘ Sn]w‘[nn)
R . no oscillations ..
=Q

= 0,Tm, acos(a?,_—k‘)

};; of these ezu.hbrmm pcmh we conxder

W)= .+ i)
{he esua*lun of motlion:

co‘)(a,,b):' cosa cosb
-sinasinb

sinlat b) = Sinacolb
¥ cuasinb
sin =N
csn =L

unrleble eguilibrium Enfn{

n ,,(%-,m)«n:o <« oscillafory soledions for  H-w' >0

%

sfable eguilibrium for W< %

‘Ff‘!s«uu,; of .\‘m.“ o.\ulla‘[um =
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7-21 con‘hl

g 2,
For ©,= acos (mxk) . For thu Yo be patnble we regue W _% 7

i [gewrlB) ¢ wn G LT < )] -

Ignoring term of O(nt) gwex

= . 2 2\ =0

pown[r@i]e0 » el 1
Ko osuillatory solalions for w1>(%)

T
FI'GBKCMJ of small osarllalions: = [w'= (%)

The esmhkrmm P“'{"’" v, hoop Spinaing  speed looks Nthe thoi

freguency oF small oscllations absut Oyt

S,
Wl Seet T T TTT ZaSESe
ot t >
We = a/g w
Phase Diagrams:
Pe
EI.
(]

B \_—’/

E,,E, —oscillales gbout one of twe pondle
etu.llbnun point) 28
E; -_)lu" sneahd 'Umm_,h bottem of lrw.r
- Newoscilldes bach end frdh about
LO*J‘(\ 04 hﬂ.r

)
- U dhe way around har-
Es B¢ N‘l“{ (?J)?Ucadrrevh-n))

£ <E, < Es<Ey < Ex, Ec

Ey
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-t/
72D Time dependent force  F(xt)= ko

kt>o
4-Dmoton . T= %mf("
-t/r
-tle ax ke
u=~jFJx=—ke S—; = +c
Jet Ulx»@) =0, ., c=0
Kk -t/r
L= T-u= 3mx= 3¢
S
—
2L _ mx ._ P
H= pX-F p=ar =Mk D A=
v P r t/r
= ‘,]:T‘ 2"‘(?:)* X
2
- —-E-—+Le't/7
2m X
o,k -t/
E*}ohl T+U = Jmx + X
* ¥ -t
= ™ + %
_ H Total eneryy eguab jhe Hamldonien ...
But %% = "x'%e—ut #0 Energy © NOT conserved.
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@ Simple pendulum  w/ changing sirma Iena{h

\ = l4) cos® 5= 4 5
M) 2=4,-at i e 77 feroThuneo
: x= 4(t) sin® )'(:.Q'Jme Hlmeé
. '
1 o

T= tm(# ) = 4m (067 = Pl 28]

W= -mgy = -m‘;,@ coy O

L=T-U= %m{e&lffié’j“"?’a‘”e
__—_’_____‘_:__:_’//‘

oL

'9—9' = ~m(,.03m9
Euler-Lagrange gest
_’(Zi . . .. ‘e 24 A
;;é= me" e mfg +amiLo tmglan® = 9+-—?—sme— TB=O
_ . ?L_ 7 2 - . P
H= pe® L Po= 95 mi® > 0% ‘m*
Pe 9
= Pe <-n'?')- imo\"_émp_z(_gf:) _manoJ@
P'L
(]
2 21 - -%mdl-mgﬂ cos®
m

E=T+uU = —,'_rfldz + %mﬂlét-maﬁcole
—_—
E#H
QE
2o # O smnce 2=0(4) energy © ot _conserved

a) work 13 done on The sasfem.
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a) Simple Pendulum

Z

9 x=0sn0 x= lc“eé
o\t g=0cos® 5= <Lsn0 &

m T= 2m (&4 9" = ;’mﬂ't é*

u=-m99 = -myﬂcue

U= -mgy-mag(2-3)

et = L (meme TR)G + Mo rmag(2-3)
Jotal siring lengih 5
o 3 N I m, +my + T/R* > P S
( = 2+mR ) ST ( o R)? 2 97 (mysma + /g
H( P _ 7
PP = Po-L = ——t——e - L P - _ ¥
(m.4muI/R‘) 2 (n,ama* I/R-.) my3 m,;(ﬂ 3)
I SN
2(m e I/R\) mré’.‘"’l’{a'a)
y= W IR S
P (myrmay I/R)

. é=- -5% = m.g-m,; = (m,-m,)g
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. = 23 o _ 2
Porsson Brackels [;,h] = zk (%x o _g_gk %?k)

where 2= 9(%!13\:"' g PuPry-e P, f,)

by 2B < (G)on] () stk

28 QM. 22 98\ _ = (22 . .
9 [oH] = %(93« T o) = S (R B P.,) sy s ke

th:lx*areﬁdefmed for fiwed t ol
an fefare are trealed a3 conytanh
é? - (22) w/ reypect to d/::lta.

b) _ <28 2% _ 285 24 - .
- B BB Fab b
\egu.h e (eg«h 2¢r0

[Pa,l"]= Zk(gﬂg_»"‘gﬂﬂ>= S Sk P =

P
o s

e ope i - 2P ). |0 - pl0)) =2
Porils = (5% 5h 0 3.)- Z [0

Oge 99 _ 93¢ 28 = = |9 (0)-(0)k] =2
(o851 = (75 B Oxn) K L

op o). S [6w w-0] =34
D fgorl- 2 (3 5 o ). o
e) Fof e with g—f:o and {e)H]=O

we hove  from part (a)!

§g= {0/"]4' %f

=0
%, e 1y a comtant of Jhe motion

(Ke., a conserved 5“""“"9)
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C :) Normal force via L“é“'fge el pless

Twe degrees of freedsm ... wse coordinater x, ©

posthien of particle:

Xm= x +Rcos® s) §m=i-kuneé
gm = -Rcoas® 8

noe frichon Ym = -Rsin®
Q) T=3Mit e hmlin ¢ 5n)

= ‘imil*' %l’\ (X'L+ Rzéi“likésvne)
U= Magm = -mgRsin ®
L=T-U = —;_(M"..),}"+_'kazé"-,.,ﬁ,;é3,,,e +mgRn®

e‘Motmo: .
%’ “mRxOQcos © +mgReos®

L
28

E“‘“-LQJ“A‘JQ ‘ leé' —mR ;SIDS-F\@RC‘:JQ:O

5 . L 2. .- ) L s
= mR® -mRxsin® d—‘t(%g):mkg_mkx an© -mRx O cos

X-Ma{mn:

2%
5(3—:% (mem)i RS sin0-mRIO) 20 =9

v = aR(Bsmo+ Seos®

)

6 = -;2( ¥sn© + 3¢0®

Rl‘o Nu£< “la{: 3( - a cos© (g_Sme : Réz)
|-asin*®

9= cos O N
® R(-asm® (g+ aR & 500)
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7-34 conbs

b) Now we want o defermine  the normal force of the u)eJJe. on

the particle. In order 4o ue Lagrange maltiplers we muwst
indroduce @ new coordinale in the direction o N, Thi wl

be r as shewn and 1he constramt s

r=R.

g=r-R=0 %2'; =1 Lo N=X (the magnitude of the normal Force 15 N)

Now we mast  reformulale L Freating the dutence £ oay 4 variabe:

X = X+ rcos® ).(,n = X+ r"coJS—rSmSé
= N
Ym = ~-rsn® Im = ~fsn@-rcu®0O

T it e (i #5)
= ';M;t‘ + %"‘ { et et 2x%rcos® -'l;'vrsuneé - arr c0395n® 8 +2rf¢aAQJ:ASé]
S d e gm {F O 2%Fc0s0-24r 588

U= Mmyym = -Ingl‘sme

L=T-U

r-motion  ((thu egutien wil be the only ene tnvelving >\):

g—:_-= ;‘m[2ré‘-2§sm5é} Hﬂnge
% = mr rmx cu® ;‘%(:—:), mit +mycor® -m#sn®9O

2L _ 4oL - = '+ m an@-mi-micos®+ A =0
or dé(ﬁ)*)‘ o = mr J °
or
use consirant

r=R

“ "
SN=mr o+ m¥ cosO-mr O -ma.rme )
F=0

- mycos®-mR él'ma-ﬂne

We weuld ke o Find NI ) }herefore we need to elimnale

x and © frim our expresion. From parf @) we have X
in terms of © and K

S _'“iﬁ’—z(g,me‘, Re‘) —mRé1 -mgnnO

[-asin*®

macos20 (gsnd+ R&Y) —m(gsme + Rél) ( 1-asin'®)

|-asn*®
_ malanne'ké’)—m(annS*Re’) _ m(a-2)(gsu0+RS)
[-asin*® 1-asin*8
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7-34 conli ]

We can we conservation of linear momentum and eneryy 1o delerm 6
me

Aisume 1mhal  conditions  X(e)=0, Slo)=0. Then we have zere el
o 4o

hnear momentum

= (mOm))Z _mRé$|n9=O (f(‘m Parf d)
of

5= aROsNO
T avhal eneryy! T, =0
U = -maRsmBo (where €= inthiel dnale)
- T+WU = -maRS\ne,
= ﬁ(ﬂlm)fr" v —'szlé"-me( B5in O -mgRm® = -mgRsinGo

. . . - -ana
(aRés:n9)2+ aR 6" - 2R (aROsme)e»ms— 1“5’2(5”‘9 an®.)

(a R-d Rism‘e) & = 2agR (sn® 31 ©5)

2 29 (5:n© -5
= TR(1-aanb)

Inserting thy nte our eguation fir N

_m(a-1) 2g(s0-sn8) ~aunOs) _m_ -M
>\= snd + a~-) = -l= —
[-asin'® ? |-asin' 9 M M3m
= -Ma g B -ag sin®@ +293n 0 =29 $1nO,
I-asin'@ 1-asnt@

= —_’I‘ﬂs 3$In9—461n39"2:m69
(I-ASmte)"

Noter of ©=6,=0 9 »=0 /
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Masswe Spring
Let down
X
Tw= TN
UM= 'M;X

Spring mau wll not eFfect the stored elastic energy : uelafl =
she

For the 3rav:¥a4un-l potential eneryy of the

L LLL

f cdm= Bdy us - Xxgyo\m =

X

be the pasitive x-direchon and Jet

be the Fo.n"hn of )"*"0"’5 mass M.

L k(L)

where. £, 85un|:krmr~ lenyths
of the Spring

spiny we havel

X
-m2 RN F o
TS; 993 % 7 > "1m9%
we” could heve
Juened thy by
conideriny The €M

of the spring.
Spring Kinehe energy *
L 50 b o
9 (e poin
attachment) *
. re=dn achmen T = g —'o\m('ﬂ)i
X +
az X
S5=x (e masy M) = %gv 7( x)
for 9 @y we inerpolate B m)-‘: g* 71‘]; = e
Lx °

between valuey @ x=0 and X=X 9= %i

The L“S"l\glm e
L= Tu+ Ts ~Un ~Ueip, ~Ys

[ i

%1;— = M; + %m; + ke (2.-x)
2L .
?—;; = Mx + -_f;mx

Aefmg vart

zZ=X

= F+wz=0

178

Euler- Lagrange  gwer:
(M +L3m)3(' +kx = (M*';'_m)g +hlo

=k Xegul.

ohlet Z= X#Xeg (25 r)l)?"tﬂﬁu‘ from e;mh‘num)

where

gy .=
W= IMem/3z )




Momentum Space Lagrangun:  k(p,p,¢) = pj+ gp - L (3,4, ¢)
a)  Hamlbomen for 2D SHO:  H(pg) = _%-(F’-‘_wlzt)
» . O R P
We know H=pg-L = Llg§)= pg~H = p§-3¢ ~2w8
we need p i term of g ad §:  From Hamildon's eg, %= g_g= P

[N

AT RIS T Lk

- 213-w')
—_—

k(pprtd= piegi-L

= P‘%*gf"";_i‘+L1“\$\ need ¢ 0 term of p od P !

0 s -2 oo e = :-_t.l
1!"‘!".L"~_.t’_L P=" 2% wg D g7
= F~_L-_iP+2L’ w .
Y From above ! §=f
= L )
—_—
b)
ﬂ__wiz . . 0
. 4 2k)_ 2k, = '%+w%=
L . alt(M) 2% ° L
3—'& 3
2—‘-‘-: P .
oF 4. %, > Ly -peo
oo At\op ) op ..
2p ' 5 wpro
_—
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Poisson brackets for angular momentums L=TXP TIn Carfesian coordinales:

kx=9p.-2Py
Ly= ZPx-XpP2
_ (9Lx 2Ly _ 2Lx JLy Lo = Xpy=9Px
@) [LX,L:4] = ('axk 7;“ P« ﬁ) ®
+(% 2 2L 9_Ls)+(2aau oL a_L;)
29 2ry 9Py 9y 22 9Pz 9P 022

R—— the z-fem u the anly
(" P’)(—K) - YPx one that contribyde !

= XPpy=gpx = Lo

"

_

ly x-te rib
[L . ] ols Dls_ oLy Ols « only x-term contributes
Ea ¢ 9% Ipx Ore Ox

= (p-g) - 2Py = P72 -k

[Lz L ]: s Qhx DLz o only y-term candributes
. 29 opy Py 9y

= CpalR) - xpa = zpemxPa = EE

B [ Lx] = [x, 9pa=2p3] =0 [px, Lel= [Pos gpa-2p3] =0
bir)e [ wpesplez [P bale(po zpexr] TP
[oreds [x xpy-ape]=-3 [pr, 121 = [P xPa -9p) = - P2

The F,:Hern 15 clear ¢
{XA-JL,.]= 64’;)( Xk

[PA, L}] = Eqk Px
s gky

X %}=(L2>H]= [XP:'W"‘ ) %‘%* llk‘xl*likﬁl]

- Pe (- Conl B) - o] v O
- (- o )+ (e )R RS

= }‘7\ PxPs + kx‘;— I_’V'\P"P;" kyx}

= (ke-ky) xy

éb‘ =0  for k,:l\" <« anguler momentum conerved
at
ﬁ for tsotropic osellater
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Assignment 7 - Solutions

Time to collide

fo fo
- =~ -~ —
2 AR e S
4 - \ . \
R L { bu
,oemo ) Same a) . [
\
. , ' inital orbidel
N\ _ Y N J AT
\ / \ peried T= W
\ ,’ b 7’
Mutual cirler orbids one-bedy W/

twoe- bedy problem reduced Mo 4
Fer circular orbit we have Fo= Mw'fe where F. 15 provded by the

9"““'*“{"’"" attm‘[”n: F.;=_G ﬂrT_L o We 3¢£ H,e lm"ld Mo ;l’vm

- = Gm,m\"? Gmme "
Fe=F = rﬁ(——,",—;) - (Z‘;'L'__T‘)

Gm M
When molion 15 stopped, totel energy 51 Eta= T T

While mastes Fall  towards each other : E,, = Lourt- Gmim
(ie., reduced mass falli fowards force center) tot 2

1
é_;__[&(ém.m;,cm‘m.> * _ _[2Gmm. /1 1\
dt ~ “ r fo B Y (r'r.

neaq{me sign since JOJJ
smaller w/ increasing time

= cond tant

Tme fo collide gwen by:

t ° dr
= Jdt = _J’ e =%_E-[ c
{l(m.m; Fo-r \V == dr let
° i “ ( rr.) ‘ 26m.m. fo fomf

- g [FT O_L‘_Jx (r=f--»X=JF-
26mm, | Vre=x*
=

(sec E7,p ¢os)

To

Ty

_ == X Lo oot X
= -2 26!"‘:"’\-[ z fo=x* + 5 S0

=

e (r sin ‘(o) = r.m"(i))
from above we hovel 26mmy L °
S - T [ A
T= AT [Gmm o2/ 26mm,

. I ’Mrf
2J2 J6mm,

. T T _ T
2Jz 2 47
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r=x*

dr= 2xdx

r=o0 = X=°

]o

Jr

)



Orbit for a repulsve force F=kr

The orl::f [} gwen bag

- (&) dr L.
= r————’_——-‘_”"—= ith Us=- Fdr = - zkr +C
o(r) = g iu(E'u- 2/24”1) w S

Nlet thy
be zere
2 j’ s Ut =0
i
) X=r
r E"‘ ket~ 2 /2 1 let
= Jam zhe ur & = 2rde ,7‘;;-,15_—;
_ _rZ_J’
=Sz | ¢ [zket+ Ef? -l/z«
= _2 ,_.__——————"L{ tho mk‘,r-l s of the form E.JOb:
Tz [iats Ex- T o= [besze
) m sm m
E, -
I - “ex -
= g ool = + 0.
X L‘E + .“‘_h
2 g
or :
I 1Y,
sin[2(0-8)] = o o i
/n LX i, Lk
Y I+
“E* ME*
klk nI.
= EL = 56:_1 where €= It agr ) % 4E
Orbit eguation: % - € sinf2(6-0.]
To show 6“)!) D & hy??flbalﬁ we Jet 6, Tr/&[ = -%-‘-x = |+ & cos 20
and change to Cartesian variables: x=rcos®
g= rsin®
d=rt+ €rtcos20
= xtrytyoer? (cos*o - sn*0)
= () x*+ (1,) 9* . .
bat € > since Lokau, E are all Fo.nhve 1.../.4.'-(4
= (he)xt - -1y
= P =1 which 1 a ;\‘,,,erwq (L:_ _‘d;ﬂ)
(5” (6 1) ar b
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Radial Mk to circular orbit

a) radial kich doesnt chonge angular momentum (I‘:?xm'\?)

e Iﬂul = ‘amlhnl } Lff =1
V A

Indial energy E* T, +U

where To= Tmy?
Final energyr  E¢=274u u=- Ghm

for a cireular orbt: My GMm
R

.. E;'=':'1-u+u=-i.“

oo
Ef= -d4+4 =0 LB~
b) since E¢=0, ocbit 13 _ﬂﬁ__—r“‘”"" w satellde 15 Jost!
Affer rochet firey we have:
E(r)=0 Ener, T
.. G = ¢ E()
Uutr) = = —¢—
()= E-us= Gﬁﬂ"* § r
. . -
vir)= L = —',qv".& - C’_m_".‘
Zup U S T v u(r)S
Sun loses 5 1ts may
GMsM
before  we have -R’I‘"WL U.= - Rj :
afler we have  Tp=T, Us = FUo
Yearth
nhally 10 cinlar orbit: MYt Gg’:" S T,=-37U.
. Eu= Ty, » 3l
after [
2 E,= Tetlhe = ~u+tu, =0 Final orled 15 parabolic
v earth escapes.
earth
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Ciscalar orbit inside a parabolod

. s A A
fF+rb0+22

V=

rl= Yaz

T= zmldl'= %mf Mot é'j

Vel“lb n ca,mJn«l ccoern{Q::

U=mgz

1 . AL, s
Z . L= T-U = Im(r'i—r‘e +2') -mgz we elimnde z wsin
F=-mg2 ¢
(un ) . . the constramt [z yg,
unifor v . r :
o gy cin(FeEEd) B o g
da a da? %7 Za
<2
L _ of 5. Mg 2L
ST Mg trr® T 269
aL e 2. mee 4 (mr+é)=0 R=mr6 =content
ot mr + mT‘ 26 a
Euler-Lagrange e 2 “we
" r(r) rtF r(f) 2, My
for r-molon ¢ MF + M 975 * i gJar =" qar mr 6+ ;—3!‘ =0
or
) e | 2 2t 9 full {ron of motion
o B e - s free b

For & circalor orbit we regure r=p=constant,

For a nearly circalar orbit we let r(4)=p +x(E)

Inm-lm.; inte Full "‘eﬁ‘“["'" (neting f=x, F=i)t

L. ER
rofro > L= Al
ana..hr momentum
in crcalar orbit

)

where LP <1

- 5(-3)

(prn* PR :
(10 £27) 5« B0 - e * 00 =©
— . ! =
Nale that (P”)‘ = Px “*X/P)’

Now linearize x-eguation (ie., discard all terms

_Ll . _£ .1
qaa) X m* P’(
— Inert expresson for £ Fram cireclar orbit:

LS
o )

. 2
x+(& -
I+ Pyat

_é‘.)+ ﬁ(r.{.x):O

(1+ P
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Condilion For closed orbit

Consider a nearl; circular orbit in the ceniral force field F(I')=‘-r&n

described by rlE) = '°+x(t) where  x=xpcosuet Xofp<ed,
In section 8.10 (413 shown that tn general, fic a central force, fhe

'Freguenc; of Hhe P!l‘{“\'t’"t"‘" 15 gwen by:
w" = ——39“’) + iﬂ

€« Es. 3.81
° 3 drip=p
where  9(r)=~ % F(D).
L d k
For our _rL" law we haver  9(7) urn axd d_f?r=r: h MLI:AH
3k ok k
= w: = ;?":, - MP"” = (3'n)urnn

The ‘Ff‘esqema of the circular orbit 13 dtuen b; ““':f’= k

centripekl
acc eleration
R
,oWe T Mrnn

So Llhe perlurhing -rregwm; ard orbial Freguency are related by:

W, = '3-0 We

%‘*

In the circalar orbit we have

original orbit eguation a3t

©=wet , thw we can rewrite our

r(e) = p+ x(0) = f:+x.,<os(w, ;)Q‘)
= pixe cos(me)

The apsiddl angle 13 gwven by [Zne=T (angle belween rp,= p-x,

- and Cmax = P“’(")
or © = —

apsidal '.3-[)

For closed arbit we regure S

earmm = o 2" where n,m = integers

v for closed orbit we need J3Th = inteser

for

N>-¢ there are only two posibilies:
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Precession 10 a FI(r)= -(%‘z)e-m field.

The orbit  r(8) for ang cendral force F(r) 15 gwen by Eg 821

Ay, L. -, mh -t/
TQ‘(?)+ - TF(F) B F era
o :ubﬁliu{m‘; i oar F(F)

We wll asiume a nearly cirelar orbit gwen by r(6) = pli+ 5(8))

where P:(.cﬂ){nn*‘ and §(0)<<L for all O.

We msert r(8) exprennn infe The abowe orbit eguation, noting Jhat

(l- 5), to 3¢“ an es-.n{nh for 5(9):

Lo L
[
1y K -pla _~Pa
e e

e have exrandd 1he

al
mk st [_L where w
T e (l a 5) e the abunbm-

exponental Jo lineariz

We get the an(yulcr momentam £ From the unper turbe) arcclar orbit vt

kS
_m?\g= F(p) and L=mvr > = mlrpe-r/“

Inserlng tho inte the d-eguabion gwes:

.4 i
-;—91+(I-r$)= l--f-S > —jg‘.r+ (1- 2)5 =0
—

Since r<4 (q, gwen n the Fl‘outm) we have:

5(0) = & cos w® where w=/I-Fa

and (&) = p [-H J,co;ue].

The apsides are . = plI-S) and Fmex =P(148:) and the

apsidel angle 13 gwen b =T T L
3 w of - = =
aps W II- Pla

In one complete cifculer orbit (9=2TI) fmax will  precess

by the amount
A = 29471. -2

2

- 7 :/)-/‘ _ <« <<l so expand denominater
= Fla

A
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Return of the Comets

a) Hyakutake : &= 0997846 « eccentriady
fn = 0.23012 AU <« perihelion

0,23012 Au) (14as x10"m/Ax)
( ) = = 2.23x10"'m

SCML-IVMJ»I- axu ¢ a= M _
R 0.000154
Period from T e qra’ ]"" - 82-‘!0'15 My = 199x10° kg
Kepler's 3™ Jow: T LG Msun ‘ . G = ce7x1e" N7yt
= 2.10x10 dey

= 5.74110";;" > S 8,000 year
——

Aphelion gwen by fmac = [22£) fmn = 2,7900U

Plato dalat’ a= 39,5 fu, €= 02484

= afl+e) = 423RY

2 Plato apheliont (g,

€= 0995075

b) Hale -Bopp :
fn = 0213959 AU

3
fmn 2,77 x10°m

Semi- majr axiy: A= T
Ypta® 1”72 10 S dey = 2,500 yeof
Perndi T7 o } . 7asnd’s = A20m0Tdy = 2,60 9L
—_—

'sun

Aphelion: rmu=(’Tf_§),-Mm = 370 AU

@) Crreulanzalin of @ salelble orbit
a) With pas thrggh pergee we have a speed
change of L (1-8) V., = (1-8)"Ve x (1-08)Ve

Coun
—

~on= 50 %5\

We can relale the speed @ perigee fo Jhe orbit

nihal final
orbit J orbit
eccentricdy  usng &= fmy (14€)  and
1 et
b) for 550,00, &= 03¢sC, €4=Y7 a= o= Mfon

c) Speed @ apsides gwen by:
v =/E—rT- for apogee r,..uz(I'—:f) Covn « (1<e)* i X
apude and &= [, (It€) % Tie e w= OMe

=€ (GMe Nole that V. = (3t€) fome
4& 2 (1re)>a) Tmn <o/ bel"t:?.::ularmm~
<

Hpo‘,ee speedt y - $llle
Apsee = [Tve ) Toon
P lv INCtreases as & decrea;e:[
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@ Numerical solution) wa orbits2d. pro

b) Marien 8-41: Hohmann transfer from h=20km eorlh orbit to moon orbit

= Reth = 6,5 7x10%m
N € s Speed 1n circulor orbid guwer by V= GT'
e = fmwn = 3.8X10°M

y |
TranSer orbd 13 a ellpse with a= ‘,_‘(l‘,!-r;)

Transfer orbit speed @ perigee: Vio = 2(;lne (F*I‘r,) AV, = Vi,
A :

Tranfer orbit speed @ apogeer vy, = [26Me, |
T
f fotfg

Total speed ckonje; AV = Aot Vg = 39¢6m/s
—_—

TransSer time = 3 T, B al -
N ":::ctr =T fow. = 407 sec = IAhr ~ Sdys

—

Speed  for  orbit caleddetiont vy = 1092 %10 m)s = 1092 km/s

¢) Maron 8-92: Hohmann tramfer fram hs200km to gessync. orbit.
fo:Reth = 6.5210'm

get rp from hepler 3% fow  with T=2Yhr

|
GMeT*)"? 2
= = ( q": = Y,225¢10m

E-= - GMem
2r

For circalar orb.t:

for m=lxi0* ky: Elr)= -3.09%10"T

- "
E(ry= -4,7200"3 i AE=E;-E = 2.57x100 T

, 26Me , 1
speed for Framfer orbit Ve = | = (,- '3 ) 2 Laadhoing

° +Tg

= 10,24 hm/s

TransSer {umc = E'Tirmi‘ = T 4 4
ork.‘:’ ohe = 1.898x10" = S,27hr

a= 7 (rere)

4 I wed frn = 3Re , vV

hensee = 3.8 km/s , F=-—
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Orkits

b. EOr“')—) Moon (:l’a/’l"f(f QIL._tJ (Izohr fun w/ At=3°:)

Vog.— 10.22 hm/s @ h.= 200k above Jur fFace of earts

—_—

Rmn = 3,89 x108m

orbif

Tramber time = HA by ~ (S‘o\a;)
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T—Fosition

d.

Y—Pazitian

Non- nvere S quale '?er(ej

Vg = 3.8 knls X 3Re
Vg =0 r=0
hbel  dime = 200hr (t=30se)
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Orkits

=
[
|
>
L
|

‘ a0 he ran Wl Ot= 23)
< ff«mgvr ta Ssydropeus orv&:ﬂ (s d

Vot = (0024 hmly @ h.= 200hm  abwe Sucfae of earth

—_—
e ——

,
Regne = 4,225 410 m

= 5 27hr
T(an){v {ime —S—n:;‘:
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Assignment 8 - Solutions

—
cM of an Ice-cream cone:

I'Nl find the cm of the “Jee-cream and
the cone separafely and then combine ihe resulhs.
Assume each part hay fhe same mays density p-

cm for a hemts,;kere:

dm=prwrtdy = pw(at-g)dy

total mass:

a a
M"= j dm = P’IT'[ (a*-y')dy

a o= Pv(a.’—g'a’) = ?.’—"',naa
; jgdm

cm for a cone:

a—

I dm= prridy = prr(—:'-)zg’wl;

’ pr ot ah
total mass: M“_‘ J‘ am h,‘a f ;7""; - r 7T3

"

Y

Aa
Yem= ﬁ'cr’ad'" = PW:;X 9'dy = (h’) s _‘1__

&b 2=
¢
WS 3a
geo — n, %+ m(-4)
L
(ampad(3)- (Frah)) 320
| 2, T y(2a+h)
i ——ra v e —

Nete: ¢M can be up 1n the 1ce-cream or down
in the cone deperding on the relative values
of a and h.
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Breqkup

Fl‘mectn'e

M, A
27 V,,= Vax ?#ngj
a5 A At bl‘ea‘(ur Polnt!
m V= -Vy3 - 3, A
¢ Inhal momentam: Pi= {m,,m,’)_z."v‘x
Final momen tum:
A
Pe = MuVyeR + (MyVay-mM,viy)s
x
s &
8,=4S" | Eo= % (mim)v, Indial eneryy: E;i= 3E,+ E,
- _JI A z A kme{ \J«. ta
Vo= SVox + Z Vg exphsion
Finsl energy:
{ = +m = ' * v
Momentum Candervation : Eneryy Conservatin: Er= 2M Yy *;m;(v,‘*v,,)
= JZ[Mim
Vl! = T( Im_; t)VG 3E,= m.U,l, + m,(vll‘ ﬁv;a>
= I « 3 38“'{"‘11 3 unknown
Vz; = m Vis
Solve for Va2 2 2 2,
e Bt g s a3 (B m (B
= flull & m
m, (l+ m‘)v,, + '.;:m E,

_[[3-0+ 8)]e\"™

’(Zmz-m.)E,
m, (mlfm;)

Vi
m (1 5)
For ;rngmuf #2 we have:
Vv, = J(ml‘ml-)Eo - m !?Jﬂrml\Eo
" Vig = T T, (mrme)

My

m (2m-m,
m,Zm,fm.)

W= Jve + iy “{m.*m,n

2my~My
'J M, (memy)

™ m
v;.) atan e = atan

O,= atan (

) . 2
m

—_— 1
m,am,

iy
8
m*

_ [(m.«m)ﬂ 2m.ml-m.‘(

Ym, +ma

o
My (My4M)
— ey
e

[m, (1m;-m,)}

m,+m,

[m, wll be max  when Vig=0 %:2_]
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Rope slipping of f frictunless table

"o gng‘\nﬂ

13 Medhed - Puume eneryy conserved :

rr x let Ule)=Tl)=0

cm

so  tedal energy = U+T =0

U= -miy) g 5 T(ey= £mix*
mass of Sysfem”

whese MI(t) = Px(t)
h W/ time. .
changes 1 TH+U=0 D —'szxi— Elf’ﬁ"" -0
linear deﬂu‘a of
rope: p= M/L . or

x=[gx
. dv dv _
as T VE T

exlernd
2 Method = Asume rope 11 in_ Free fall (no teasen in rope... gravty v dhe only fore acting)
aP ~
'—3: 3t where F;_ m“)3
= P"}
PXa= pxv+ pxV

P= m() v(t) = pxv

or
xg= Viewv = v1+xv$ Since 6.%{: ﬁg‘:“’%
Wa have the differental esq.hm: Jdv 1 Py
v v, v _
W tVisag > Givx=3
We dry dhe sslcdioms V=ex®, glopc NThs DE. 15 o the
Substrduhay infe fhe DE. gwes:

Bernoull form:
44 Pl = QW) x"
2

ey x" = X3 <« {hu can only be rue

1f n="2 and

s fT7,
o V= %zx

x (cx®)(nex™) + &t

:)(3

Or shodd we simply
Ug=-mgF , Tr= +m (2 :_) oferpret {hiy oy fhe

energy l‘ebmrul fo dWoJe
f dhe may of the system?
SO EBe s Tetlp = Imgl-gmgL = ‘—'6"’3" T
bet E,=0 .

bet what 0 the 5
d-.u.‘,,(.{we mechenism
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Ro,:e .Slullha, of ¥ Peg

Total externd force acting on rope: E. - T—‘;, F
lext [

v,
VT -
- W but ng 15 L the fopes veloady and thw will do ne wark here.
‘I 6 = (a"“\fa - (d-x)fg where  p= M/2a
= 2xpy
Ix
dP

F= &= = m 4y > .d_ll - 2x
dat dt Je - -:2' = %x

8

v
ne{ma that = V'i% we have: vdv= _g,xdx

In*eardl'v: -!iv(f)" = % x(t)l (Jllkt x(9)=9, u(s) =°)

When x(t)za = V= Jga

Partcle on a J{nh‘;

E”"'Ja 13 conterved here but angular momentum
Iy o.{: (smu. an external £or$u¢ mwt be ""l’f""‘
the calmdﬂ‘... the asorieded Jore dees no

by
work Sice o+ 1 L te v).
Energy conservalion: Fmu, = Tmyt
Alio nete Thel: Vo= Wb Nole geomelry:
- - tring @ £
V=w(b-a®) "2‘:'./'!‘\ '5/ J
dirk -
3 o NS
o owibis w'(b-a8) I
r&‘rma @t=0
or
- W,
w= !r‘;l’e (the wow, @ expected)

Sfrma tension gwes rue b centripets] acceleribion

myt m w(b-a8)"
T = C i - i (N Y- =
bead T = mu'(b-a®) mww, b
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Tenny Racket Impulse

©;=48° Vi=8mis m= 0.06kg

0p=15"  Vve=lbmis

a) Imrullc =7T= -P‘p --F:'

- V3
TD‘.-: mv; (sme;;-cweis) sin 8 = s /2

Ji
N sin©p = Z=(J3-1)

T;'F = mvg ($nOp % +casOf ”) d b
cos 05 = S2(5341)

§= mv; l_zlsme‘ -gné;);? + (2(“6; "CQ)G‘)SJ (V;= 1‘(‘.)

‘= mv; %[(E—z)f + (Jsz)g] - [-o_m,; + ,_1751,\,“”
e b F
b) F= A = g

ools = (-91% +1225)N

Billiard ball collisien

Va

X
:

uz=0

before

Conservalion of Pr:

mu, = MV, cos© + MVycos 45°
Jegun(n-m, 3 unhmwns
" " ' o
Py’ O = -mv3n 8+ myuysin 4§
(v,v,,8)
‘. " H
) E amat = Tme s et
Frem ‘J"‘"’H'J we'd guen Hthat ©=4s’, ysy, .. bet we'll verify thu:
V, cos0= ‘%u, +u,
1 N 2
V, 5 9= {_—i’!}; M.‘-V: = (u'- {flh.) + (—f“‘)
S [
Vi ur-v = 0, ~JZuvu+ TV + Ve
= u e - JTu,
>
T ; a
v=Ju -y = _tur 2 dEy, o
! ! W= 2t ! as expecled.
Jiv
sin®= T V:. = JZ =
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Tnelashe collision w/ a telherd parhele

. 2
L.

“ plane of |
contact

za-Her’

immediately  afder collisen

head-on  nelaghc

collunn w/ coafficient [T 9-direchon anly
of restdution €
string produces exlernal
force 1n x-direcien only
D Px net conserved  but
Py 19 conserved
m, w‘” “Ahm“ moving (A or:(’mel J(rpd!aﬂ: V oomfoncnt pquue‘ to
F'Me of contact 13 unchanged
in a culhuon

Py conservalion | MU, Sk = MyVy + MY, Sind
energy change davd where subseript “n" means
described by € €= |Au) component normal 4o plane
of contact
- Vysmnd =V S V= Visnd - €U,
u,

We have 2 egualiom ard 2 unhnowns (v, and v1)

Solving for Vai  mu sz Myvy 4 m, (vysind -€ur) sind

= vy (M, +m sin'd )~ m, €y, sindt

(14€) MU, sind

. In g-direction
My + M Sin" ok

(1+€) m,u, sin'a

: ———— -€u
Vi my+m, sin'a b

u, (M, sin'el -~ My g)

2
in U, directian
M+ M, SNt
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Proton- Rlpha particle  collision

g @ ------f::g’zf'tif_‘.-.

u.=‘31~ @rat N
) \

before Inelastic Colliion after G%
w/ Q=-T/ Va

Energy conservation:  To+ Q= FTmul + L(4m)v;

mv,cos Y + Ymvycos §

Pr conservation ! mu,

Py conservation: O = my san¥ - Ymvysin§

We hove 3 eguations and 3 unhnowns (v, s, §). Lets simply them first:

STe 2 1
[0) ——-m = 3V, + 12v, 5—"7",, - 3(31V:s|n‘§)+ |1V:
= J2av: (1+ 8sin*$
@ (2T . %V, + Yuycos § vi ( )
m
2Te
® v = YWivsns 22 = Yy, (sin§+eoss)
—
Combiming the two eguaten
2T .
m 1eut (sin§+eos$) Yy (sinS+cos8)” 4 (tanter)"
ST (e 3ar®  3(Tensecd)  3@tnse)

> 3(7tan*$+41) = o (tang+i)

= /o tan'S+ 20tan 410

S |17 tan*$-20 tan§ -7 =o&

Solutng the 3«odro{:c:
fan § = 20+ J200+ 4.9, . lo+ floo0+119 lo+ 71
17

34 17 =

R tan™ (&;';IE) = ss5¢°
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S:aHerm} crosy-section for hard  spheres

w r<a
Uir) = o a

r= ditane belween
cenders of spheres

fmin =4 Nficed

scatterer

w© b/t @  bdr
o | oo TR s v
- a

a
) i ( -2b‘)
= sSin ~2b

= sin™ () - sin! (--2) = - s (_ b/n) (Oﬁbﬁll)

0o

a

- _72= sn(- @) o b=asin ©®

The uaﬂerma angle © 13 gwer by O=7-20

e b=a s:n("%e)

= Acos (9/2)

——
P

nolet ©= 2co(2)

. bso ® ©=18"
pza » ©:=0°
b=¥; > ©= 90

db
Z—G = %311\(9/,)

Herny
4 5 back s&
Differential ()= b(8) Ié‘b, acs Y2, 9 b<ui S
C rosi-secfion: T sine [ dO] 7 sin® 290 72 b’?{”ﬁr s‘aﬂe""3
= A" (-',:sme)
2 5 ©
a\.
= (indeperdent of o)
a(e)
Total as
kY
Cross-sectn: oy = Xr(e) an = %gdﬂ = wa

¢ ragy-sectenal

area in which
we wnll have

. ; scatlering ... ce... effectve
- area of scatierer
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Assignment 9 - Solutions

Surface of a ro\l.a'lmg llgmd

3w

Consider a small mass element @ the surface
of the lgud. In the rotaling Frame ({here are

on

3 * forces a<{m‘, on the mass: gmv"g, a normal
or buagancy force (due 1o the pressure gradient
In the hgmd), and a ce:\frlfuaol force, For the

mass clement to remain @ re;f.‘) these forces mast balance,

, "e—slope of {engqnt
lme = 4Z< {an®

Fe
= force balance:  Nsn® =F f E
{an0= —
N cos@=mg 3
Here Fo= mw'r (since T and @ are ot“’\uaund')
wl
tan® = ? r

From {Ql\acn{ line showa 1n "Fgure we have :

dz _ w' w*
ar gr 553 dz= 3 rdr

I'Hearalm; gwes

Susrface assumey &

para bolic shape.
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Qpparenf deflection of a particle projecied straight up

19
\.'_7 =(up) . Inihal uelom{a: Vo= V2

0 g (east) max heght =h 'tv,1=i:|me up = timedown = 2_3h
‘{”qih) We 3‘* Vo from V @ lmPtsf: V= 3{1'/‘ = 23)-

v = vemgt = Jagh -gt

Coriolis farce: FE= -2mixV,
in local x,9,2 frame : Wy = —weos K Vx =9
Wy = WP va= J29h -9t
A
R & 5 z [Cormha 1y trealed a —l
WxVp= | —weas™ 0 wainx wicass Vzg a 18t order cosrection
o (o] Vz 4o the molion. We could
construck the 274 oider
T—‘:= ~2myz weash g (note: -gewmf) correctien by tahing our
cesult for Vg and redony
ay = -2V Weos ™ = ‘1(J29h -gt)wco.‘)‘ L the Cornels Ll'(w'l{lon,-j
t Nole 1hat Corrolis effechs
= _ i 1
vy = S agdt = -2uweos(JTgn t - 13‘5) | ~w, which 1 small
° for motten on the
1% EIvA sur Face of the easth.

Ay= J V;Jf = ‘2U)CM>[%§— ft - %tz]
o

o

¥y
2 h\™
e[ EE 228
3 3
-chos)jzr%k = ’% }%“j
(o3
- -}wcm) _8;. (wg)t)

Note: max deflection @ 4he egualsr (»=9)

ne effecd @ the poles (>=99°)

201



QPP“»W“* deflection of a Par{ldg ‘:roJedeJ due east

Local coordinale sgstem asin [0-8:
b} n [0-8: XEsouH—:, y;ea,il zzup

g order correciion 1o dhe me‘l"\)

3
1 ax= laderal
< l deflection

{or view

(gﬂﬂl'\, we Lreat Coriahy ay a I3

side view

In local %92 frame: wy = —weas ) Ve =0
=

wy = (o} \Ia = Vocodd

Wy = WA vy = Vestné 'at

" ~

x 9 2
»xV, by

r = ~Wwcos
o wsin D = =V, SInAcesd %
[ V,casd Josna-gt + wes A (v..un"at)g
- wVe c-u):.oj.( Q

- N
F o= -2m®xVr

We are only inferesled in {he“la{emlh

deflection which 11 cauwsed by the
x_,_.,.,rmf)\{ of 1he Corisly force :

E
ax = (—;',)" = lwv.sm) cosal (+X55ouﬂ1)
¢ i )y e Hect
== j wdt = Qwve SIN) cot t < RAgan, 1°" order Coriohy eTlects

are of osder W .. A€, small!
¢ 2
ax= X Vedt = WV sin) cosa t

{ time of Fhght gwen by: V;=0= V.sma-gt'/a

net
= ty, = No 3102

S
2Va3ind *
- v co (22229)
Ax In\ coJ ( A
l 3
= L’_‘i" ws,n) S.,,‘,(coJ,‘ Natet max J!‘thlm @ Pq‘g) ():qa‘)
J No deflechen @ ez'«!!'l‘ ();o‘)
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Plumb-line deviation
Plumb-lme

""
27 Nlne o

ru: “‘-\u‘
’ center of earth

\7 y
F

I~ flqmlrhnc -F cent.
verlcal
T= string tenian

Fa = Mse
F = mw® Reos)

cent. ~

Force balance ‘gwu.' T cos € = F, = E"‘ cos >

T sine = F'“;m)

<

tan € mw Rcos X sin X
an s —
mge = mw*R cos® >

for smell € ¢ tan €% €

WReud und

(no devialien R,—)
9~ w Reas' X

»=0° 90°

w*R INEDTEADY
—(c"__ﬂ—) + (w‘Rr-qum))(

Max, devietien when j_i 0 =
3“'“"’?‘”‘) 3.-1..)"R<o.»‘>.)z

= (cos‘>‘5'"'>)(9.-N‘Re.oa‘>)- 2w Reas™ s’ X = O
(l - Zsln‘))( 9o -wR f.oJl)) - 2w'RcostAsintd =0

wReos™ X = 23°6l01> =0

D
(Zgo-wlk) cos' ) = 90
cos A= %
23,~w"R
7

- SR _ 2m

A= aces [ A W= 24nr
. R= ¢4 x10%m
w'R 1) =18 50> 9.8 m)s*

= l . =3 3
Emax - _w_‘_B(L) =/, 7410 " rad w*R - 3.\':*'0_3
& A = 0,099°
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I :
@ nertia temsor for a cone: I; =J- (8e37* = xix3)dm

v
4>
i T ot m 3
= I M 3m
ch V-JRh P=V " FRr'h
Bz _a 3 h calmdr-u‘ coordinales:  x= reas©
;=rsme
3 am = PAV =p rdrd®d=
X
1 v
I,.= J(gea)am
v awr am w
h _:.z . S SN @ =I st N8 = T
=f ghi rdf[ o (rrsno+2 ) ° °
o o ]
Rz
W
- f’E thr de r (Trr‘”“"x)
o Q
h . N %"
=T dz \—’ + 2“'.1
el o 52
h 9 4 L3 T 2 a 2
_ ’frx %+%‘)z*,\z= Igi’(%hg;,): If (R 4w)
o
= %E—(R‘Hihq
—_—
I,° I (x +2)dm = Tax
[%
S o
™ -
Ty = i (x+9') dm = jr‘dm = 2«9’&«“& rdr = '7.£ —f‘g =
v v ° °
am g
. e qu' - ’|3R
| —_—
e
M of cone @ _a:cm= Ts"h/; 03. ?Z#

For orign @ CM we we Stemnes’ para“el avis theorem : - .
"= 3, -m (45 %)

lj=

om 2 _ 3M ot W M, 3 2 2
IM = T -Mat = o (ReW)- TR = -i%(kﬁ{»)

XX
_—
cm _ T <m
I” - I’J Ma” = Ixr
In = I (a 30 g°
e = Iga =M a*-a,a) = I = SR
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Inertia tensor for a redangular quft
2 4

2=0

masy densd; p=

o otherwise

a) Orign @ Plde corher:
{M/ab for 2: ;‘fb ///

d

b z

Ix‘= j(:‘oz")dm = P‘{J’([ a‘J; B E’_S_l"
v

o Yo
Iy° L(xlo ‘z‘)dlﬂ s f‘[-‘x"alxihda = _[';_a

. a s a 3
1 * m 3 k
IHEIV("‘”MM = rde_[’(x +3)d3 ZL(XB* J)A‘

b

a x

m= P‘lxd;

e _gl (azi I;)

a
- I - JuN
Ty = g ” j*a*"“--f’i‘u*d*fr’w - ab .
’ ) me o _Mme g
I,.=I,:1,-I, =0 P 3 1
X1 - ta T tgaTiy T (P*O 0") » T = ab N
k) T e[ me ma
e =9 q 3 °
) o D)

-bl <y bl 220

’ Mab for -Y24x< %
b) Orign @ plale cenler: p=

(o] otherwise
afy b
) M 2/b > mb*
I, s s — —_=) = —
x f d‘gy; abul(l) 12
-4y -b/y
al b2 Y
3
~ 3 m 2(a) = -“):*
Iaa'ffx*[d’ 10 A
-4/ -b/y
A bly . ;
m b ). Bt
Ta® ri e X (3243 = 4% K b (Rorr)s ()
-4y, -4y
ah bfy 2
b Q o
I’u‘I:-='fS xdxi 9dy =0 (integrals 0dd) ﬁ;z
Y Y = Ma*
2 bla J';m T2 (o]
Ixz"Iax=I;=I =0 #0 for 2=0 only) M 2,
S (r ) o o iyl

>
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Hamiltonian 1n a

N 2:Z)0b
i

ro{ﬁ{lna‘ Syi{em

Xiab = x coswt 'asmwt

Yiab = & coywt + xsinwt

Jlab

Xiab = x coswt -fp.unut - xwsinwt —auco;ut

= (x -gw) coswt = (9 +x@) st
Jab= 9 corwt 4 xsnwt - gusinwt + xweoswt
= (94x@) coswt + (x-39 sinwt

a

) L= %m(;(l:b + jl:l,) - u(xltlu ’Inb)
=xm { (}-au)t + (guw)a] - Ulxy)

:';'_l"\{ ;{",9‘ + w"'(xhv\) + Zw(x'a-g;)}— uiny)

2L . .
b) P,‘= 3;: IT\x-rnuoa = le—w;)
2

pye 2L < my s mwx = (s wx)
) H{"::),P-;.P;)’ PeX 4 P93 - L
o) o) [ (8 (] e

-

P\.

A A,= _
2= XPy-3Px » K= 2—'"‘(’,:’?5)_“)92*““‘3)

= Hw= - wlz
—_—

X= An = = . WM u
T R A
el Py

. -~ = — - . - - 9”
2 Py wx Py = _53= GRS %:-
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©

Force free motion 1n a rotaling sy,lem

Z,21ab
w
Acceleralon 13 gwen by:

‘m , 3 - -Bxl@xd) - 2347,
‘_ lab

- A
where wW=w2Z

- ~ A
r=xx+3)
X . A
lab vr’ ,-(Q*,a
A " A
x 9 =z
2T = “ A «A
WxVe= [0 0 w| = ~wix+wxd
x 4 °
o4 a
A "~ " x
- o x 9 2 n 9
WX =] 0 0 w]| = ~wyx+wxy Wx(@M=| o o
x g ©° ~wy wx

We can alse get thee ez-m{'“"’ of metin frum  HamilHon's e gualion

1o the rotating Frame: (U=0) [see A2, parte]
= = 9 = Fiwy = w(yw)x).;w; = wx 42wy
e Py - Wpx .

wowx = —wr = -w(;}-w;)m,,; = w'y -2wx
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releaye angle
8=90"

w= 1.0 rad/s 3

Xo=—=0:iSm
9o = O

Turntabl=

V°=O."15N)’S
Fig. 10.4 (o) speed 4P Syeddur e ossnl

speed up

Turntakle

Vo=0.50mls
V°=0.80MU

Particle stags on dhe table here. F
19. 10.9 (b)
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Xy}

a
]

[«
|

w= 0 rad/s
Xo= ~O1SM

go = 0.0m

Turntable

VQ:O'O mis
Re‘?a)e with no vghx_d; '
v.. Partcle leavey table!!

\, = 0.36m)s

relase anyle

=45’ 7

speed up

Turntable

10.1 (e)

209

Vo= 01 SImls
Here 1he parhcle refurny 4o he

relewe  paint!



Assignment 10 - Solutions

@ No “E"él"’ﬁ condibien 1n billiards

At what height h=Rer do we strike
the ball so 1t rolls  w/o th:m;?

We will auume we shoot w/ fhe cue
a) parallel 4o the tabe surface.

Model shat al an impulsve  Force

F.
We dedne the impulse” as ':F:g?(i)«)t

— -

- T= AP

P-4 2= P-4 heve! .
Since F=§d€ and  T=TFxF= 3% we ha 2,3= AT

We want 1o salufy the rolling condihien v=wR

The bell 0 Im{m"a @ feJ{ so AP =MV . Rl)
AL= Tw (wherc I=<M

|_f:*§’= r3 = AL > 7=

Thiy 1 basically fhe same as part ().

..%"
) We want a rolling ball 4o rebound ofF
h
the ral wh 1he

any shpping 1n

b)

oulgong s tate.

We axme an elaste colluen with  pe=-pi 2 ap = 2MY

Lq:':‘l-i. = AL = 2Tw
And rolling so v=wR. A
I 2
As above h-R:—F=_“,‘:=Z_R
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Toppled Cube

a) Conlact Edge does net slip

0l -

- I%

Inchel energy: Final energy (as cube sirikes sarface) ¢
.= &/,
E = mgtiza E,= mglla + £myl + 3 I.0°
Vem= W 0z Ic-n= %mnl

e RIS
Energy conervalion: mgl/J2= mgl/z + zmw Vp + amlw

g (&)= (32 w))

FE T [FA

b) Contact Edge slips wio Sfriction

linear momentum conserved in horizental direction
NHL ﬁ Iz

D CM muyt fall straght down

Heght of €M guen by z=

s ©

L
N L

Speed of ¢ gwen by 2'='0% sn® © of Vem= ™ H.sme w

Cube sirhes surface @ ©=4S' > Vem= -%w

Same eneryy comervation eguation @i in part a:

2
m;ﬂ/ﬁ m;l/z + ‘,&MV‘,‘ + *,_Imw‘

12
mgl/a + §'m£‘w" raml@

a (J-z;—l) = 2—5;1(01

wh= '%‘ %{H' ’) for allpfm; wlo Friction

Note fotation speed @ mpact 1> much lasger For part b.
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3 particle system

m=3m @ (b,ob)
my=9m @ (b, b,-b)

my= 2m € (~b,b,)

kS
T o« Sm(gezi) = 3m(b)s dm (28 + am (8 = 13mb
k

¢ am(b) = J6mb"

Tp= = ™ (x% #25) = 3m (26) + 4m(2¥)
: ' 2
> 4 4+ o2m(2b) = 1Smb
I,,’Z"’k('\';*g;J . 3m() ¢t g (28) + 2m
K
2
. am(b?) + 2m(-¥)] = -2amb
In=Tu = —%m,x; = [3m(o)+ m
= = - 1) ¢ Ym (-5) ¢ 2m{o)] = mb
I,°In © '%mk"z [3"\(5) ¢ 4m(-5) 1
= ‘mb
= = - - [3m(o) + Ym(-) 4+ am(0)]
In~ I3 ZK My 92 [ m
Moment of
Inertia
Tensor!

P”""F" momends of nertie gven by: 5o . ,

-2 6= Y =0
| 4 153

Expanding Lhe determinant will gwe a cubic eguation for
(132 [(6-M15-3) 1] - 2[4+ 205-3] + [-8- 0] =0
(13-3)[ 229 -3+ %] - 2[34-23] + [»-24] =0

Yo gys 4 6225 -2820=0

Soluing the cubic ﬂumencall; gives: ¥ (I wed IDL as fallows:

K, = 10.000 = e )

Ny = 4359 (= 17-75)

np= 9696 (= 17+J3)
Principle. moment of nerdy :  In= >\,,mb"

coefs = [-2820, 622, -4, 1]
foots = fz_roots (coefs, /mele)

print, roots
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113 conl.l To find principle ares we we fhe fact that f &
)
neth frmurlg axts  we get -

(K3 dlret_kﬂ a'vnoq_ “.'c
L= [Ij'wn = >\nm|>l':}n

Thiy gwve the etua{lon:

- [
13 2\ [w! w™
2 de d || e = e
(n)
| g IS\ W w
where W= WYR+ wG w2 @
h WG+ W2 and dhw the n-th egcnutd‘f " ’én= %'L
[@n)
For )‘=|o,ooo;
For A
3w, - 2w, *Ws =0 -
‘ 3w, + =0 D De=-d
W, oéw;“q“’):o wWa | 3"’3 w,
(Y + Mwyzo D =7
N s+ Sy = O and thw %gl
)
o wrwiwy D 23L1iv1 N=Jw sy
11 - forrorewr =53 | 8= R(%45-2
NN 3 e = ﬁ(x+;,-z)
For )s= l9.3541
For 2= -7
~1.3SYw, - 2wy tWy =0
S2uw, + hdewa +Hw = O
\ " 9, 646ws + 5292w, =0 > %3: ~0.517
w, t Yuws +0.646 wy=?
Wi 0,646

Tnserbng £ reslt nda 17 erdmnl -], 359w, +2.097wis0 D W
and thw ﬂi: - 0,354

©owrwiwy D 1F _o0.59: 0.646  N= 1242 2,= o80SR -0 roswf

For Ma3= 19.646
Tor 23~
_Gedbw, ~2wr + W3O
- - ’o
qw, - 3.696wa +Hwy i q,3$*lw;-519?w3=9 D s
w, +Ywa -d.e96wWs =0
w3
L3 o-q.643

Tnserting tho resalt indo 1*! egueliont = 6.C46) - ldsowy =0

and tho o= - S647

Lowrwyiwy > L1t -S.647:-49.648 N= 7382
N
le,: o.p3s&‘-o.ns§-o.uoq

[Note that the et:enugdun are orthonarmal ! Ry g, ]
: 4°€y = U4y
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Transformation of the mertia fensor for a thin plate

A -c o
I=]|-c B o
X

(o] o A+B

®~ thn pque n

x-x, plane

counter-clackwne relation about

X3-axiy gwen b‘,

the tenssr {ransformed

Under rotation
via  the s,m.lqr,l; £ rans formalion

cos® sn® O
-sn® <s8 ©°

- ] o )
(Nde hat DY '= >\T for retatien mgtl‘l‘QJAB
T e A '-'C S cos® 3080 A c0O- csn® ~Asn® ~Ccas®
-C B o s$in @ cos® o) = 'CcoJOfB)lhe Con® + Beas® °
) o R+B ) o ! ° o feB

fcos’®-C 500c0s® -CsmOcu® + Bsn*©

oW (1Y) =
1= (1 ) _Asncos@+ Csin'® ~C <039 + Bsindcw®

[o]
A’ -¢' ©
-c' g o
1o) o A+B
U 2 N
= & -2C sin8co
A Acos o +Bsn sinQcos® (9'48'=9*B)

g'= Asm'o ¢ Beos*@ +2C sin8c03®

~el= (—B+B) sinBcos® + ¢ (sin'0 ~c08*8)
note

A= Peesr® + Bsint® -¢< sin20

R'= Asntd + Beos'® +C 50 20
LI
(. 4(A-B)sn2® + Ccor20 X, % are

c
o c'=0 D

of

214

25inBc0s©

sint ©-col

~Asincas® -C )

L CsinO +Bcosdm®

Asin0 + Cundecas &

+CsinBcos® + Beost® o

o HfB}

= 5in 28
19 = - <0320

Pflhclf't axes 1f I' o diagenal

2C
B-A

1 _._ff ,
o= 16\{’4" B-A

tan 20=




Freely rolaling plale

1\ X3
Iovhal condiduns: W, (0) = Steosd

w, (o) =0

wy (o) = Nsina

Plale defals: I, = I;cos2a

Iy I+ I,
= T, (1+cas2a)
AT, cos'ad [cana: 2costa =l
= 4
* = |~23m'd

Motwn described by Euler eguation:

- w,wa - I @ =0
(T,-I)wws - T3@y I;,(l-w-‘ld) - -2I s’

here I,-I. =
“I)w,wWy - I,w =0
(I:. 3) v [adl II—I'; - -I,

(IJ"I:)“’J"" - T, =0 1;-I, = I,

So Eulery eguation simphfy to:

WWy Sintd + Wy cld =0 D g = - W, tan'a 0)
wiwy + W, =9 S W, = ~WwW ()
)
- = o -
W3k, =@, 2 Wy, = W, W3 3)

We want Wilt), the we need 1o get exprenwns for w, ard wy n term

of W, . Then we can wrle (3) ;aleb in ferms of Wy .

Comb (2) and @3 W
ombmning (2) ard () guwert o L M) oy = -wduy

In*edrn'(ug > % [w?({) - w,‘(o)]= - Ji [ul:(t) —wh (o)]

w; (1) = _Slxco.)"ol - wy (t)

Combining (1) and B) gwest 4, o donta
_— = - £y
‘:Jl wy 2 w;d“’; = - tapa wydw,

Inlegraling = -kuu - w;m] - JJ.-{anLd[w:(()_u): M]

w;“)= ﬂxsmid - wilt) tan'd

Tnserling there fwo resdts ok (3): - - [ ﬁlzo‘\‘d-w‘, lf)] tata
. Vo e dw
w, = (ﬁCo:d wz)hn-l > 2 o Lamitidt
wh = Neoset “ > fwx = Neasa tanh(SLtsna)

 inleyr<l Edhc
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Rof«tlna redal\aulnr qulc

2
w b o ©
? G - m )
= I-= ﬁ o] a o
T -’9‘ o o al‘_bl
b 4o x
Il s
, a WE W Xxt+twyy twWe2

wa wb
Wy =WcosO = ;) wy=wsnbd = T -
x ’A“h‘ d ,a‘#b‘ ) Wz=90

B Ty ae Toews
b
m k3
_‘M"lia‘w‘=—tz“’
=z-ﬁ_(b“x a) 12 a'th
) m ﬂb"
b L‘"=32-I‘5wa = L= HW«)
- ~
L, = D ab L= LeF+ 1,5
PERENT povey N . "
'L’=[L,+L;]‘ - %abw
L, =0

2 T we L
Angle belween @ ard L guen by =
wlX]

_ m _ab a2

R-L= Wele twyly = 2 73 TR W

[p-0 if cnd=2 asb)

D Conylant rotatun so w=0

Sixe we=0 we haveonly one Euler eguaton % deal wih:

m “’,._a,.) wa wb
T,= - (L L)ww, = - f - I TG

Mab (a*b) W'
12 (a% b*)

Z
X
d) K
d * T t Mt supply a parr of
z Fof:(J 1 to the ro‘hh‘m
Ty 0 out of - f axts, 1n he plare of
page 3%

the plate  sach that
= 2rF

As plqk retales, direchen of .’? mus b

ale retale do reman in plane of plate.
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Composite Disk
g &

dm = plxg) dxdy = p(r,0) rdrde

P r<R, 0<6<T
=3y f’(f‘,e)=
2p <R, m<e<2r

mass of disk = MN= P(';:WR’j'P QF(_&"_R.) - %PITRI

cm will be on the g-axs and 15 gwen by:
Jem = _ﬂ'—\ ,{ 3dm [urma}

g=rsin®
ar R
T R
- PX Aej (rsm&) rdr o+ QPSJOX (rsn®) rdr
-om o e T o

™

ar
-2 R’[ E’K QAo
3?“)?,}, p? sin@do + ZP? B sin

o

- 2] - 8 (= -omR)
_—

To compule rolling frinetic energy we will need Tem on an axis parallel 4o
the 2-axis.

Lety compule Iz (through geomelric cenler) fint ad Then we The
f-arallcl ey theorem:

Iz = f()‘(z\a‘)dm

T R ki 13
pj JeL(r‘) rdr + 2,-S Aej ) rdv
° T °

9 4
= P -§1r + :lr m ™
9 i 2
= -;rf»R = 3MR
L §
- qRy . o 2 16R i 32
Tem = = m(‘”) MR =Moo = MR (" 8!77")

217



Disk cenler @ x=RE, 9=R

X. = RO~ bsn®
Duk e & Xen= R ' where b= —R

A’
gem = R- beos® i

© = generalized coordimale for L agrangier

AL
x T= Jim\l:,,, + '#.Icme
a) U= mMmgygem
Xm= RO-bcas®® L . ' )
- . Vim = ke # dom = b0+ R 6 - 2Rbces0 8"
;‘m = bSl!\e [*]
1 .2 1 2 32 XL
T= 4M (4R -2bRO)O + GMR (1- 8m‘>e
b)

At {%g) = "‘R‘é['zl‘imé?} + mR6 | :,‘-;,s.nej

Euler- Laa range:

.. .2 i .2 i _
(%-,%cwe)e +(£‘r.sme)e —(,’”J-I\G)S + 9”%4,09 =0

I(z%"'- Sme) 6+ Y508 + 4 2300 =0 ’

3

<) For smell © we have:

T 8)6. 4 2e- . 00 wih |wis _B 3
(T-S)G+VR9-O - o m
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Assignment 11 - Solutions

Swlngma hoop w/ shding bead

We will take the PN# ar the origin,

P Generalized coordinales: © locales hoop CM relatwe %o pivat
- 9P locates bead relatve o hoap €M
o

Hoopt T = 3T

.2
where I
oo €] ere

2 Ly
pnt ot = Lom *MR = 2R

u;w = - mgkce)e

"

Bead ! X, Rsin®© + Rsin@ A.’,, ROcs O+ RPcasd

9 = “Rew® - Reos @

"

b ROsn® + ROsn g
R LICTTD) :
ot gt rS0 (¢ OcosP +31nO 5@
< im (R RO+ 28760 (¢
i 22, At ¥ °-0)|
=?Ilmkje¢¢+29¢m:( }
ub= -m‘;k(cn;64co.‘w)

Herc_ we could construct the Lagrangian ard derwe the eguations of molion , byt
instead we'll we the generel rexll for  coupled oscillators,

T= Th«r * Tb

4 ot ol PSP 2é@ca.l(9'0)]}
= 3 famr*e’ + mR [67+a e i

2
tf38%4 @+ 260 o-d)x |- 3(0-0) 4
L —imR l 36+ @+ 260} €~ keeping terms 1o e ( 2 )

2" arder

U=(4M+ub

= —maRme - Mak(cwa+ cos @)

-maR f 23O + cud’}

k—arudlv codines and

-mg R f 2(1-46%) + (I- ﬁw‘)} Keeping derm fo 274 order
-mg R g3— o' ’z'j(P‘j

Us + -i-mgl? [ 29"*4"}

"
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12:16 cont ]
Ve (the “couphng comtant” matries )

We let 8,26, 4.:=0,
i * . !
= 3‘2 < 3‘ 35 = fm) = mR ) once we derhfy
fm} ard (R}
N . i . _ 2 ©0 everafluy ehe
U= Us+ z‘,lZ}gv 95 m; = mgk!o 13 1y hnear algebra
elgenﬂ'esum«a guer by:
2g -3w*R  -w*R
'gij-w m‘jl = ~w'R g-w'R =0

(2g-3wR)(g-wR) - W'k =

=2
9 g\t
2w—S—g—w"+2(—R-)—
S%h + 25«7‘/;:‘*!4979‘ 9 fcs
LT - 35

F A
-3 )

For normal modes we must delermne normal coordmales 0, n, where n
%1 A, Qan

The coefficients @y are delemmined From ’Z(Q”‘w,t.m)k)ajﬁo
2

(A, -wimaYau + Py -w) My)au =0

mre)a =0 > a, =-2a

For k=i, rel:
(2mgk - 22 3me*)a + (0 - 3

{91“w‘;m;')an. =0
= 4an

k=1, r=2: (n"-w; m")a,z +
2 din

(1M - 2 3o + (0- Sk 70

> = 8,= AN, + an n, > 7, = i;;fl = %—f—p
31= ~2a, N, +tanl,

244 20+¢

n,= 3an - kY, Y

Mede #2 gwen by 9°='5’ (mhu_h Jue n.¢=°)
which gwes M= 0) @ 2
Mmode #2

Mode #2 gwen by Q=
Mode # 1.
an+.;,nndm(ﬂ)t) symmedn ¢ (slow)

Far
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3 magp, Y spring coupled sgotem

A ) ’ 7 X, X, Xy = duplacements from eguilibrium Pollhom

T=dm (X %+ %5Y)

u

e o2 )
Lhxt s 3k lnex) + 2k(xa)"+ ko

o

2
é—ki 2+ 20 + 2 ~ 2xky - 2x,x,}

| o0 2 -1 o
fm3='n(<;;‘7) A= k(-1 2 =

o -l 2
El‘;enfrtguemn gwen by seculer delermnant :

2k-w'm -k °
) 2k-w'm -k \ Tk K
- -t -k = [(2k-w'm -k
“ e (ke -k 2K -w'm 2k-w'm O
o -k 2h-wm
= (’Ak-w‘m)[hk-w‘m)l- K] - K (2H-w'm)
= (2 k-w"m)[(’lk-w‘m)t-2k"]
= (2k-w'm) ( 2kedm K )( 2K-wm + JTK) =O
. 2 2k v 2-J2)k
i & w,= = w, = ( mz) w;= jZ'JmE;X
\""“’"'w‘-de Nl Nfast

For normel modes we  need

x

ay 1T qu n

x
~

= [a, Qu Qi n,

>

3 a,, 4u 4n)\ny

wher -wy
e Qa,p awen by 12 {Q,K w,m',,,)a.,, =0 <« Herte r refers 4o the mode.
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12-17 cont.f

for ke1: (2k-mw;)a, + (-k)ay =0
ret (2K-2Kk)ay - kay =0 >  ay=o
r=2 (2k-(2-73)K)an ~kan=0 S JT an=dn
r=3  (2k- @+DK)a, -kayyzo D -J2a5 4y,
for k=2t  -—kay, + [2k-mwt)a,, - kas =0
r=1 -kay, + (2k-2k)ay - kay =0 > ay = "4
rea v‘—ka,;*(2’('(2’&)’()“21"’(4;1=° > @y-JZ Qs t 8y =°

f23  -kas +(2k - (2+JD)k)as ~kan =0 D At JZ ay3 + 83370

for k=31 ~kaar + (2K -mwr)as =©
re1 -kag + (2K-2K)ay = O > ay,=°
re2  -kant (2k~ (2-7)K)az=° @ Qqy = JZ4n
r=3 - ka3 * (2'{-(2*&)){)&3 =0 > a3 < 'ﬁ Qi)
P Qq, =0 a,, = u—‘zaﬁl a|3=a3;
ay 7 "4 an:ﬁan Qy, = -JZ 433

L
X, = ap + ﬁ-ann,+ Ay N3

Xy = GuMa - JZay

L
X3= —QyMt g 41N, + 433N
X, + J2 X2 X3 n X,~JL X2 +X3
- Ad—— T —
s 2J7 an 3 Yasy
o> o <+ * o> & > @ o>
antsymmedric sgmmelric antisgmmelric
(ln*rrmdu"c) ("“J) (‘Fljf)
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Fendulum attaded 1o shding mass

Pw}nn of bob: ¥, =x+05m0 ’?b= X+ 28 cos®

9 = -leos® 9“= J.é-sme

. . R . . s
T= —AM;“ + ém(x;‘;b’) = EMX" Jim(x‘*,"e + Zﬂxecosg) g kt::m,v :unu :q
. . A 2" order on
= L (MR + im0?6 im(2026) ¢

Uu= —msﬂ s 9 = -mgg(l—iei) = Ut lzmaﬂez @—{cuez |-“'16‘ for 9“1—]

Mim m2 o o
f"‘3= (ml mﬂt) ‘Hl =<O mal)

E'Iaén'ﬁ‘e;«m-n gwen by seculer dedermnant:

_wr(Mem)  —w'ml .
= —w‘(Mm)[mg!-w"m!"]- wimd =0

—w'ml maﬁ-w‘mﬁt

1 (M+m) mgl - (MMLT)E

N .
=0 w
w, ) 2 (Mﬁ‘h)m’-l'l'\l’-‘ 9

For normal mode) we need (x) =(a,, a.,)(n..) . We wie E(Hdn‘wr‘m)aa,—o.
3

=) QA Qu Ny
for r=), k=2 Rpady =0 D G =0
kd [y
for =2, k=1 (9.;‘“':"’,;)4.0(Qu-wamu) An =0

m - [4
- (Mim)py 89 4 (mgl —(Mm]a-sl)an =0 D anp= - .N':’Tm A

X= ayn, - _ml ann,

Mim n= & (x+ M’"—fm o)
>
= SR
© = aun, Ny= e
—

Mode #4 produced when © =0 -_%——— no oscillatony (w,=0)

o .l
Mode #2 produced when X = _L.Mm ) @_, i Futed

P
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3 particle loaded string

invhal diplecements:  gild)=a i=1,2,3

jorhal Sfed.): g" (0)=0 "

m= parfile mass, T= drm‘; tepsion , dz= parhek Jc,aan(un

General solutien Ffor duplacement of j-th partcle

3
35“‘) = Z S’h(‘ %)(‘«V“N“"‘t'vr“”“‘rt) (“m o Eg '1.'55‘)

r=;

= }l an L
where:  Wr= 2 /27 2(nm)

3 here n=3
2
Up= === gyl0) sin (s £L
TNk Fa(0) sin {9 hﬂ) noter g2 parhcle number 1€7<n
3
= 2 2 rz mode number jere
Yr® an "Z' 3,{0)11/1(3—,’;1',) ° “ 1£ren

Since §y(0)=0 S V=0 for all modes

Using g3(0) =a we have:

MUp= %{ Sin (L,_:—r)# SIA(L‘;") + J),,\(3_1:'_”)}

a T hig 3r afvJz Ja( . 4
> u= —Z—{Sm?fvsm-ii-sm—,_fj = -2-{._1_.,..;,7; = 1(J‘z+l)
u1=%{""fr* 3:01T+sm—3;J= %II-IO-I} =0

3mr 3 9 PR 2) . a(y7-1)
a ) 3r i 4) it ] 2
“3= ‘f{"”‘f*“"‘z*“"’?j' 212_ |+ 1} 1(

for Sin (-'?—r;[) we have:

Putling together dhe pieces:

g = Eaflameawt + (771 coswst
gdﬂ: % { (JT+1) cosan t - (ﬁ'l)colw.\‘l}

g3w= 4 (1)
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Spinning  pencil

X3

al calculahe low:
b w; Pencnl l?naﬂz a, diameler b &ra';u;‘;:: calculahon below
< GRS Ry 1 R
I;m= 'alfm(bjl) = 3Mb b=lecm .
* ] 1 ] 2 9= 980cm/s
1< Lmla e fma
Xa. We need I. and I. abut the Pom( of conhc"’

X which 13 a dutence  2/2 From 1he CM.
)

o

I, I mbs)

= M’ my
3 16

a
) We stari the pencil spinning 1n 1he verheal powhon (879) S0 py= py =T us-

Thus we can wrde the effechve potental i

£y Urmeos®) ©
py (1-cos8) e o) v
&)= + h where Yo
v ) 2I, s1n*@ mghcas® (
kS

& '_—(ﬁ + M3Lc049

2I, |+cos®
Qv _ Pz; " 5in@ sin® We heed o Find 1he
20 71, | T+emsd * (I-zose)(—‘_lﬂo’a)z -mgh sn® condin on . s bt

we have a pefenhal

T

= ;: [ —————”—"_“m’el(s;ze +e)(l-cue)JméJ-m‘,Mme Minimam 1n V(8) @ ©=0.
‘ (<)
o sin®

i —le Tremop ~mahen® W.0@ 970 a» expecel

! .

L
9‘AV = i”—e—- -23mn0 _ )
S fIl,. (J+c0s0)? * &nd (1+¢es0)? mgh cos

- L (H‘cue)s "’JL cos

>0 for stabiliy

= Py 2_ 9_~g|
g "o we regure 58t |,

e P:V> "’I,m‘,l\ or

b) For the pencil, {he minimum spinning speed 1 thu s the Spinnng

speed.
18,294 radls > fat!!

2
w3z = [I,mgh = & [(a’, b
3 Ilm o 3'% g_;_:
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a a=2¢cm M = 1099

a) Sleeping condihon: ws > %:,’I'm"; where h=a

a I,= ?'Lmat[= 1 (109g)(2em) "= 10°a='~’]

T,: I 4 Mat = qm.‘+ ma" = %ma‘ [: Sooaun"]

Mitnum pinning Spoed: Wy = 1—:‘0 }(soo)(loo)(‘iao)(ﬂ radls =99 radls 2 1S.8 rev/s

b) Tnital condn_*;on.!: We= 3§ rev/s = 220rad /s
6, = 60°
é(°)=oJ ¢(°)=°1 71'/(0) =W,

Py=Tsw, = constant

Po = Tywecod & = constant

/

E = % Taw + MghcosO = contant E’= E-4 Iaws =constant

Effetwe potental:

z
(Pg - Py <o)
2I, 508

I:w: (co)eo'cose)l 4 Mahcosd
= | 23%e S0 %0 - 2
27T, 510" ® gne

Turning points are located by E'= V(8)
where El-‘- Mgh cw 8o

v(8)= + msl\code

sznll e_ e)l
Sy Mgh (@8- c8) = S (cos8emca9,
21, sint®

Clearly ©=6, 1 a foot aJ expected.

226

for plotlng we have:

V(o) 3 (“ "Ne).L s
—_— 2
ergs l94x10 an‘e + I"w}

cas®

« Tho 13 a cubre ea«o{'-n
fof cos O, Twe foob
are the dexred furang
P""'""‘ One fost 1)

unphysical.



A2 coot-’
The 2" tarnng pont 15 gwen by

2
mgh SIno = I3

2 6, ~cos 8, ;I_l_= a0
-"ZI, (Y (co.l coJ ) ekl
mgh 03’0~ ?I,u: €8 + éIJu‘:gme“~mg)‘ =0
cos s 22U b - fac where  a=mgh = (100)(339)(2) ery = 19Exi0Tery
2a
| 2 v ¢
Ja3e %1773 b=~ g = - £ (200)(220) erg =-1236x10 7y
= T o392 .
c= —bcw@g-a = L72x10 ery
= 0.416 and 9496

Kot physreal

O=aws(0.4916) = 65.4°

o - Sy
The top natates between 6,=60.0w"’)

Increaung W, makey V(&) a steeper Sunchen

and thw
decreqies 16.-9,]. .
e ——
V(o u
i [Ncreale
8, N

Wa

o~
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E;‘rec'(lVC Pakh""' rul‘ £°a +°f: We=229 red/s

V(e) - I;N: (CW e't“m_.e) + mak cos © Iz Sooa""‘:

2I,5n'8 I, = 200 gcm
1095
2em

qQgoem/s*

Y E= mahcosd,
=con)lent

V()
(ergs)

Turnm} Poln{,: 8,-60°
0. 65.4°

Potential minimum @ ©=62.66°
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<) Nutation:

Energy conservalon  gwes: _‘ZI'é’w V(e) = mgaces s

where oscel@-0) 0 smell

Let O =6.+ €(t)
~ cos@o— € 5inSs

cos (B) = (o9 (ButE) = cos8ecos €~ 5inG SN €

sinE = Sin8, + €36,

sin (Qa+€) = sinGocad &+ 39

sin (8) =
T30S (cos @, ~cos®)
. o) = 3k 1P ~_— 4 mga 8
.oVl E =75 3
Lo 2. 1
_I_s_“ig ) +mga (co.»eo‘éameo)

21, (.s|ne,+£cuee)

=

Tiwd

-3 51 -mgaamb., £ +mgacos SN
21,

We can now rewrife our eneryy eauc".lvn as!

AR
T, é+ Lyw € -mgasnO.€ =0

+
2 27,
Tahny a {ime dervatwe gwes:

L4 N L . -
I_-‘l:}l ce - mga.unO"JO

T, €€+
I
or
2%
£+ IJ":o € = man&mQ;
I, I,
Gr SHM cenfer abut

Tho & ea«dmﬂ

€= —:;El" maasme‘, = 0,0433rad = 2.51°
Tywt

with -Frexum} wn.hhm =

ar  _ anl _ Sw

T = — =
etatn (‘qhh‘m\ w, I 3
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(kecfma terms 1o ét 0"',7)
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d) Preceumn:

. Pp-Pycos® _ Tyw,(cos8,7c6)
- I| sin*® I,snn‘e

We let  O(0)=8,+ €() as For our nutalon calelabun which gues:

D Tywe & sin©
Q= % - = M"— 4o Ptarder in &€
1]

(sin@utecasds) T cne,

Sice @ 19 linear in & and 6,2 ¢ <0, the average precesvon

Speed 13 approvimalely :

8

. Liwe (9!~6.)
I,51n6s 2

The precewen Speed loohs lihe {huy:

T, = AT I, G/ 2
Precevmn - = 2r ' -
@ I, w, (61-6,) = 135 (18 nutations / precesssn)

e)
Fast and slow  precession speeds for @ fast Spimnmg  bop are approvimately

. T,w; .
(p+= ; . mi"l . N
L= h =
IICQJea Q. Taw, where W3z QP cs O+ Y

Hete our tep has 74"=12°rd/: and we push it w/ @. For udhw

precession Wy x W 15 4a ohay approrimatien, Thiy gwes:

_ Mgk
9. = & = q.'“'r(J/JJ

I; w, ( S0 auutming d)_ << 'ZV way remndh.)

For fart precesmen we have:

. . p thu O Vey
. I; (0p crg+ ) s I.¥
Q= =2 2 = - 3 _ fart and
i I, co0, > ([P (1-I)) 8 293 redl Would be gurte
hard 1s reclize
w/ our tey,
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Assignment 12 - Solutions

Hammered String
=01 (X,O) =0
I | | & L
Sty é(x,o) =

04)(4‘/&(

x
(%-:() Yy e xe L2

O g rfs

— L —
Ljy ex< L
where Uy = hammer speed
General soludion gwen by:
gixt) = S (up coswet = Ve snw,t) sin (ﬁ%’f) [ =mode # Jer<oo
gl
=
L
2 LX) Jx
where .= LL g(x;o) sm( z.) e = cr [T = string Lenson
o2 (“. rrt),k EJr p=string densidy
e I akd
Here §(x9)=0 = MUp=9°
v, Lja
Y v rm
ver -3 { x sin (FE) + _[ (&) sin (T
L
We o “ly jxsm“xax
& X L £lx K = pdmax - gt
= -8 (-l'— smt‘_—- :—,rcol - -
w,.L" rm 5

—L[L cnx
N __(_) Cos
[ Z\rr g .
8vs Lyt Lt e Lt cro, Lt rr
L L ¥ R A . SR SR .1
w, L} (=) s (5) qrr <07 4 2 0T T aew q9
L 3
Ty cr Lt cr LN pmo_ LT cn
- e - = (oS
(r”) sin =+ e o) 2 + (r” sin q drmr ¢o 4
o - & 2 em sin £F
wel* ( rint 4 n 2
r

9"5 harmonics with a

fede @ x=4q wll

be abrent due 4o fhe

1mhal  condihan %(‘/.,,o);eo.

.Y fe=Ya modes abuent

re (r=4,812..)
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13-6 caninl
%(X.t)= Zr -V Sinwet S L{—’)

:—&21‘*(5"\"”

LT cnx
= rw 7 - 28 LJ) smwrtsmt 1.)

. -3

rm (T
we= T
1 - (=) -2 fF

where the mede  ampldudes are p

gwen by A= T3 (.Sm S -2sn -’l,}")

r=1 (fundaméntal) A, = sin Z-2m = |-y
r=2 (2.4) A, = 'Ig' (Llh'ﬂ’"l&m ‘E) = - 'L"
r=3 (3'4) R, = 2%, (.vn éf~2.\m 3;;—') = - ;’7 (HJT-)

E'neraa of mede I Er ~ Q:

In‘tens-*; n decibels defined by: T = 1oleg (E/E,\)

whete Eo=enely of
reference shele

Totemdty ratwos:

2 e () i) ()

- 4448
_—:_’-———-—-—-
3:'4 E, - (A -‘L(HJ'{)
L rorglB)e wra(g)e 20t (B e
: ——
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Reflection + Transminen @ mass pomt on a string

d cegin 1 E regen 2
refleded——y ,
© M « trammiled
~ % / Yr—>
’LT’I—-> ! N infinde string
Incident 3 x=l . 3

Y, ()= Y+ Y = He"{"’*‘k") + Beilw**'“’)

eilwf- kx)

k= 3v~=mj-,§

'4’1(‘:&)': 7Jfr‘ = C

W 15 conhruas @ x=0 ¢ Y, (0,0) = W (o,t) >
The dervalve of W wit net be conhnuay @ X=0 sixe we have a point

wass ducontinaity {here. We delermne the resulhay discon hawdy in

4y Sromn Jhe wave egua{wn Y P 1Y
at Y. £ LY
X T ot

In the ne.ohk»rho«i of x=o0 [-&¢€]

¥ 2
2Y. o j'ﬁ v~ Oxls —:l N 4 where p= ¢ 10 €€l
i £-0 2€ T ath
> 2€ for €0
cancelling ‘U-e €'y in the Jenommators and tahuy the
limt wWe have!
2% _ W oMY
x Xzo0 X |yso T ttix=e

D _kC - (ke ikB) = T (w9
or

ok (n-B) + (%‘-;k) ¢ =0

Solving for B and C in ferms of R gwes
B= mw®

—— R
2. kT-muw? Nofe fhat B ad €

are complex  Since

muwt R
e [1+ Themm] ¢ they incude &
2 hT-mwt phase shift,
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|3-20 (_on‘l.i

TIonireducing the new variabe Land = Mt we  hovel

2kT

__'hne F’ = M {

A-tan® —1-4an?0 an® R = - (sin@+ices®)n® A
. 1+4an*@ = o~y

C = A § = 4(tang+4) “ C°“‘e]
T T e 1 fotrtm) il
Reflection - Bl 2 N
_ = sin*® T ransmisen _ o lel_ o00
coeFfictent: R= 1A1 ' coeFicient ¢ T= (At <’

Nole ihat ReT=2, Ahe e dhet fr m=0 » ©=0 D R=9, T=2.

To delermne phade shifts in Yk and YUy we wrie

3- lB‘ei%
recall that  For Z=a+ib we
or

R .
c=lcle can alle wrile =z = @al+d e‘® wih @=atan(%a)

o (-px’: atan (i:’::) = G"‘an(cofe)

D= a‘fan('?’;ﬂ-g) = ahn[fanl'e)] = -8
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Assignment 13 - Solutions
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. i "’ﬂ":/‘"J e~ st IE
@ )? + 2Arx twex rex’ = Feowt 2! sy W
let tzut et x'= I€
Jet wo=l €=l slet = G
bry  xlt)= A cas(wt-0) <~ PP o appre Be redpenle
X= ~wRsnlst-@)
% = -w* Reat (wt-6)
—wRcos(wl-0) = 2y whsn (wt-8) + A cos(wWt-0) + B coslwt-0) = Feuwt
3 ) )
cos &= Y (SLQd ooy 3o
cot (wwp) = cweien Pt sineaanfd [Py ]
Sin(a-pl = e cauf e nf
(—w‘ﬂ A+ -3-;):) ca (wt-9) - 2ywh ainlwt-8) + ".,hz caj(3ldf:-36) = Feauwt
LS PN )
(l—w +3R )9 [:o)..d rgse +A|nm‘l_\me] - ?7‘w9 [smwtw,\ O - carlan. 6]
oy b
. .
+ 4R [:o; 3wl €30 + 3in 3l -wnk\] = Fejat
-t ) Beas® + Psin© - ]a
i( "9) oo _27“ Sih Fessut Iffrat Foare
3 Cvr\fvhub mest
+ {(l-w‘* ., pYA sn® = 2quwh c»uel sinwt vars  sepuselel fir
¥ ["';Hl el 36] coy 3wt +[-.';p‘,;.,.3-}] smdwt =0 tho & be Free @ <l t.

Re\smref g(l—m‘*%ﬂ‘)ﬂ wid + erwb.&ne = F

()~ 3p )R e — 2yuhei® = O

Noe dom o orde e dat, sudst wll be guoct) © ned ordy of  appns,
Squae ohwe  tup é;uoﬁ o) add !

[ e P s apan <F

or

F'= @ {(l-w”-int)z r (279
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Duffing Osct Nator = 1° order ana’a‘-'c approximation.

F:: o. S’ T= (eN]
b(w)-- resonse ampldude ,  F=drwing ampldude , w= drwigg -Freauema.J

1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 Il

1.2 ' Jomp Foc et S

. w
5 Jecrean’y

! Jump $or
1 Dered?
1 w

/ ha r{uem

loop

LI L L LI Y O N L L L O B BN A

Appraximale responte  gwen byt

Fz= F)‘[(I-w'# Ti‘f)‘)t + (2')’!0)1]

ol

= 4 1-1‘ 19;
w? = L,_(-bt ’b‘—‘lc.) whese b T 2

c= (l + %B‘r‘ (‘%)l
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