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Chapter 2

The Mathematics of Quantum Physics:

Dirac Language

2.22 Problems

2.22.1 Simple Basis Vectors

Given two vectors

—

A=17¢6+66, , B=-2¢ + 166,
written in the {é1, é2} basis set and given another basis set

. 1. V3 . VB 1
eq = 561 + 762 s ep = _761 + 562

(a) Show that é; and é, are orthonormal.

€q-bp= <1é1+\/§é2> : (\/§é1+1é2> . <\/§> +§1 =

2 2 2 2
so they are orthogonal.

(b) Determine the new components of A, B in the {é4,ép} basis set.

Ag=éq- A= (Ler+ey) (Ter + 662) = T + 33
Ay=é, A= —73é1+%é2)(7é1+6é2)=3—77¢3
B,=é, B = %A1+§é2)(—2é1+16ég):1+8\/§
By =iy B = (= %er + 3éa) (<261 +166) = V3 + 8

—_



2.22.2 Eigenvalues and Eigenvectors

Find the eigenvalues and normalized eigenvectors of the matrix

1
A= 2
5

S W N
W O =~

Are the eigenvectors orthogonal? Comment on this.

We have the matrix
1 2 4
A= 2 3 0
5 0 3
The characteristic equation is given by
1—A 2 4
det|A—XI|=0= 2 3—A 0
5 0 3—A
0=1-XN)B=XN)B=XN)=-2083-X)—-4(3-X)
0=B-AN—-4r-2)=B-NB+NA-T7)
with solutions (eigenvalues)

)\1:3,)\2:—3,)\3:7

We find the eigenvectors as follows:

a
All) = A |1) =3|1) with |1) = b
c
or
1 2 4 a a
2 3 0 =3
5 0 3

which is equivalent to
a+2b+4c=3a
2a + 3b =3b
S5a + 3c=3c

which give
a=0,b=—-2c

Since the eigenvector must be normalized to 1 we have



Similarly, we find

1 —6 1 4
N=—0| 2 B =— 2

We then find that

(112)=—=#0 , <1|3>:L7&0 , <2|3>:L

V325 V225 V117

which is OK in this case since A is not Hermitian and therefore the eigenvectors
do not need to be orthogonal.

2.22.3 Orthogonal Basis Vectors

Determine the eigenvalues and eigenstates of the following matrix

2
A= 1
1

N DN DN
— = O

Using Gram-Schmidt, construct an orthonormal basis set from the eigenvectors
of this operator.

The eigenvalue are given by the characteristic equation

2—A 2 0
det 1 2-x 1 =0=(2-XN21-XN)+2-22-)) —2(1-))
1 2 1-A
2=N(2=N1=-A) =2 +22=2- N\ -3A+2 = -A\2 —5A+4) =0
AN —4) A —1) =0
A=0,1,4

The eigenvectors are found by

2 20 a a+b=0 b=—a a=1/V3

1 2 1 =0= a+2b4+c=0 = c=a = b=-1/V3
121 >+ +cF =1 30 =1 c=1/V3

_L

_\/5

2 20 a a 2a+2b=a b= —a/2 a=+/2/3
1 2 1 b l=(0b )= a+2b+c=b = c=b = b=-1/V/6
1 2 1 c c a24+v¥+2=1 3a%2/2 =1 c:—l/\/é
_L

_\/6



a a 2a + 2b = 4a b=a a=1/V3
b | =4 b | = a+2b+c=4 = c=a = b=1/V3
c a?+ b2 +c2=1 3a2 =1 c=1/V3

2 1 4
1) = [1) — <1|0/> |0") = 1 -1 _ 2 1 -1 - 1 -1 = 1
<0"0’> NG 1 3v2 V3 1 3v6 _5 normalizing V42

— W N

1 1 4
|4} = |4) — (4]0") 10) — (4r) — 1 1| g )2 1 [ g
= o) (1/ Vi sva | ViV |
2
1 norma ZZ’LTLQ

giving the orthonormal set of eigenvectors
If the states {|1),]2)]3)} form an orthonormal basis and if the operator G has

1 4
1 1 1
0y =10)=— 1] -1 , Y= — | -1 .4 =
0) = o) ﬁ<1) ) \@(_5) ) 1(1
the properties

\}

=
w

2.22.4 Operator Matrix Representation

1) =21) —4[2) +7[3)
2) =—21) +3[3)
G13) =11]1) +2(2) — 6]3)

What is the matrix representation of G in the |1),]2) |3) basis?

G
G

We have
(1G[1) =2(1 1) —4(1[2) +7(1|3) =2=Gn
2IG1)=2(2]1)—4(2]2)+7(2]3)=—-4=GCyn
@BIGI) =2(3[1)-4(3|2)+7(3[3)=7=GCx
(1G[2) ==-2(]1)+3(1[3) = -2=GCG12
(2|G[2) =—=2(2|1)+3(2]3) =0 =G
(3|G12) = —2(3|1)+3(3[3) =3=Ga
AGIB)=11(1|1)+2(1|2)—6(1|3)=11=Gy3
(2/G3) =11(2|1)+2(2]2)—6(2]3) =2 =Gas
(B|G13)=11(3|1)+2(3]2)—6(3|3) = —6 = Gss3

4
-1

)



so that

2 =2 11
G=| -4 0 2
7 3 —6

2.22.5 Matrix Representation and Expectation Value

If the states {|1),|2) |3)} form an orthonormal basis and if the operator K has
the properties

K1) =2]1)
K|2) =3|2)
K|3) = —6|3)

(a) Write an expression for K in terms of its eigenvalues and eigenvectors
(projectign operators). Use this expression to derive the matrix repre-
senting K in the |1),|2) |3) basis.

These are eigenvectors of K so we can immediately write
K =2[1) (1] +32) (2| - 63) (3]

Any matrix representing an operator written in the basis of its own eigen-
vectors is diagonal with the eigenvalues on the diagonal. Thus

) 2.0 0
K=[o03 o0
00 -6

(b) What is the expectation or average value of K, defined as (a| K |a), in the

state
1
) = W (=3[1) +5[2) +7[3))
We have )
a) = 75 (=3[ +52) +73))
and

<K> = (| K |a) = 23: kn P (k)

n=1
We will evaluate this in three ways.
Matrix Multiplication:
2 0 0 -3
. . 1 1 201
<K>:<a|K\a>:—(—3,5,7) 03 0 |—1| 5 |=-22
V83 00 —6 83\ ~ 83



<f(>= . (—3<1|+5<2I+7<3I)(2|1><1|+3\2><2I—6|3><3I)¢%(—3I1>+5I2>+7I3>)
=g (=3 (1 +5(2|+7(3|) (=6[1) +15[2) — 423)) — 22

Probabilities:

(K) =l K la) = 32 kaP(ka) =2[(1 [ @) +31(2] )* ~ 613 | )

1
—929 25 _ 49 _ _ 201
=25 1+35 0 =%

2.22.6 Projection Operator Representation

Let the states {[1), [2) |3)} form an orthonormal basis. We consider the operator
given by P = |2) (2|. What is the matrix representation of this operator? What
are its eigenvalues and eigenvectors. For the arbitrary state

1A) = (=3[1) +5[2) +7[3))

w

What is the result of Py |A)?

Since this is an orthonormal basis, we have
0 0 0
P,=10 10
0 0 0

Its eigenvalues are A = 1,0, 0 and its eigenvectors are

1 0 0
=10 ). 2={1],B=]|0
0 0 1
Finally,
R 5
PA)Y=12) (2| A)=—]2
2|A) = 2) (2] A) \/@H

We also note that

B3 = (12) 2)(12) (2) = [2) 2| = Py
B3N = Py |A) = AlY) )
= By(B ) = Ba(AN) = A(B2 ) = A2 [A)
. AN = AN = (A2 = A)[A) =0
A=)\ =0-A1=0,1

So projection operators are idempotent operators.
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2.22.7 Operator Algebra
An operator for a two-state system is given by
H=a(1) (1] = [2) 2+ [1) 2| + |2) (1)

where a is a number. Find the eigenvalues and the corresponding eigenkets.

In the {|1),|2)} basis we have

The characteristic equation is

det @—A “ ‘—()—)\2—2(12
—a— A
so that
)\:I: = :i:\/ia
To find the eigenkets we have
~ a
=4 =Vl L =( )

which gives

(o )(5)-v=(5)
aa + af = V2aa

ac — afl = V2ap
52(\/5—1)a

so that

Normalizing, we have

[+) = (]1) +0.412))

1 1 1
V117 ( 0.41 ) V1T

and similarly (or using orthonormality),

1 1 1
N= = ——(|1) —2.41|2
= V6.81 ( —241 ) V6.81 () 2)
Since (4 | —) = 0, they are orthogonal. We also have

(1) (1] + 0.17[2) (2] + 0.41 [1) (2] +0.41|2) (1))
(1) (1] + 5.81[2) (2] — 2.41|1) (2] — 2.41|2) (1])

‘ L

[+) (+ = 1.
=) (=1 =

=

[}

81
so that

Ay [+) (FH+ A =) (=l =a (1) (1 = 12) 2+ [1) 2+ [2) (1)) = H
as it should.



2.22.8 Functions of Operators

Suppose that we have some operator Q such that Qlq) = ¢lq), i.e., |g) is an
eigenvector of ) with eigenvalue gq. Show that |q) is also an eigenvector of the

operators QQ, Q" and e? and determine the corresponding eigenvalues.
Suppose Q |g) = qq). Then
Qg) = QQla) = Qqlg) = ¢Qlg) = ¢ lg)
Now assume that (induction proof)
Q" g) = q" " g)
This implies that
QR ' g) =Q"g) =Qq" " lg) ="' Qlq) = ¢" |q)
We then have

@) = (Z ﬁi,) o) = (Z Q’;_!”) - (Z qn',q>> - ( i,) T

2.22.9 A Symmetric Matrix

Let A be a 4 x 4 symmetric matrix. Assume that the eigenvalues are given by
0, 1, 2, and 3 with the corresponding normalized eigenvectors

1 1 0 0
N R N R
s2lo| o vzl o vl R R

1 -1 0 0

Find the matrix A.

Since A is a symmetric matrix there exists an orthogonal matrix U such that

D =UAU"
where D is the diagonal matrix
0 0 0O
01 0O
D= 0 0 2 0
0 0 0 3

The matrix U7 is given by the normalized eigenvectors of A. i.e.,

1 1 0 0
gr_ Lo 0o 11
210 0 1 -1
1 -1 0 0



Thus,

1 0 0 1
1 _
U— L 1 0 O 1
V2l 01 1 0
01 -1 0
Since
UT _ U*l
we find that

A=U"'D(UT) ' =UTDU
We thus obtain

1 0 0 -1
1 0 5 -1 0
A= 0 -1 5 0
-1 0 0 1

2.22.10 Determinants and Traces
Let A be an n x n matrix. Show that
det(exp(A)) = exp(Tr(A))

Any n x n matrix can be brought into triangular from by a similarity transfor-
mation. This means there is an invertible n x n matrix R such that

R 'AR=T

where T is a triangular matrix with diagonal elements which are the eigenvalues
of A (\;). Now we have
A=RTR!

and therefore
RTR
exp A = exp(RTR™* Z Z = Rexp(T)R™*

Since T is triangular, the diagonal elements of the k*" power of T are A¥ where k
is a positive integer. Consequently, the diagonal elements of exp(T') are exp();).
Since the determinant of a triangular matrix is equal to the product of the
diagonal elements, we find

det(exp(T)) = exp(A1 + A2 + ...... + An) = exp(tr(T))

Since
tr(T) = tr(R"*AR) = tr(ARR™") = tr(A)

and

det(exp(T)) = det(Rexp(T)R™*) = det(exp(RTR ™)) = det(exp(A))



we get
det(exp(A)) = exp(tr(4))

Another solution method:
e(Tr(A) _ (X, an) _ H eln
where the a,, are the eigenvalues of A. From 4.22.8 we have
if Alap) = ay|a,) then e?|a,) = e |ay,)

by Taylor expansion. Therefore

dete? = Ha’n = He“" =T
n n

2.22.11 Function of a Matrix
Let
-1 2
a=(5 )

The matrix A is symmetric. Therefore, there exists an orthogonal matrix U
such that UAU ! is a diagonal matrix. The diagonal elements of UAU ! are
the eigenvalues of A. Since A is symmetric, the eigenvalues are real. We set

Calculate exp(aA), « real.

D=UAU"!
o d11 0
o= (% )

et 0
eXp(D) = ( 0 edQQ >

with
Then

It then follows that
P = exp(eUAU ') = U exp(e A)U

Therefore
exp(eA) = U tefPU

The matrix U is constructed by means of the eigenvalues and normalized eigen-
vectors of A. The eigenvalues of A are given by

The corresponding eigenvectors are

5(1) - w(2)

10



Consequently, matrix U is given by

It follows that
U=U"!

and

1 e + 6736 ef — 6736
exp(eA) = UetPU = 3 < ef — e3¢ ¢f 3

2.22.12 More Gram-Schmidt

Let A be the symmetric matrix

5 -2 —4
A= -2 2 2
-4 2 )

Determine the eigenvalues and eigenvectors of A. Are the eigenvectors orthog-
onal to each other? If not, find an orthogonal set using the Gram-Schmidt
process.

Since the matrix A is symmetric the eigenvalues are real. The eigenvalues are
determined by
det(A—AI)=0

This gives the characteristic polynomial
—A 1207 =210+ 10 =0
The eigenvalues are
AM=1, =1, X=10

which correspond to the eigenvectors

-1 -1 2
Uy = -2 3 Ug = 0 ,  uz = -1
0 —1 -2
We find
(ur,uz) =0 , (ug,u3z)=0 , (u,uz)=1

so they are not orthogonal. To apply the Gram-Schmidt algorithm, we choose

/ / /
Uy =uUr , Uy =Us+Qup , U3 =u3
where
(’Uq,Ug) 1
o= ——">" = ——
(ul,ul) 5

11



Consequently,
—4/5
uh = 2/5
-1

The new set u , uy, us are orthogonal.

2.22.13 Infinite Dimensions

Let A be a square finite-dimensional matrix (real elements) such that AAT = I.
(a) Show that ATA=1.
Since
det(AB) = det(A) det(B) , det(A) = det(AT) , det(I) =1
we have
det(AAT) = det(A) det(AT) = det(A?) = det(I) =1

Therefore the inverse of A exists and we have AT = A~ with A~1A4 =
AA-L =1T.

(b) Does this result hold for infinite dimensional matrices?

The answer is no. We have a counterexample. Let

0 1 0 0 0
0 0 1 0 0
A= 0 0 0 1 0

Then the transpose matrix A7 of A is given by

0O 0 0 0 0
1 0O 0 0 0
AT = 0 1 0 0 0
0 0 1 0 0
It follows that
1 0O 0 0 0
0 1 0 0 0
AAT = 0 0 1 0 0 =7
0O 0 0 1 0

12



and

0O 0 0 0 0
0 1 0 0 0
ATA = 0 0 1 0 0 417
0O 0 0 1 0
Consequently,
AAT £ AT A

2.22.14 Spectral Decomposition
Find the eigenvalues and eigenvectors of the matrix

010
M=]1 01
01 0

Construct the corresponding projection operators, and verify that the matrix
can be written in terms of its eigenvalues and eigenvectors. This is the spectral
decomposition for this matrix.
We have
010
M=]1 01
010

The eigenvalues are A = 0, £+/2. The eigenvectors are

1 [ L 11 11
0=—| o ,]+ﬂ S N ,}—\/i == -2
S0 ) =g va) =i
Therefore,
+
) 1 1 1 1 1 1 0 -1
1 -1 -1 0 1
) LY,/ 1 + L[ L V2o
Py=|v2)(v2|=5 | v2 Va2l =2 v2 2 V2
1 1 1 V2 1
) 1 ) 1 + . 1 V2 1
Pg=|-vay(-ve=5| -va |5 2| =7 2 2 -2
1 1 1 V2 1
and then we have
) A ) 010
0P+ V2P V2P s=|1 0 1 |=M
010

13



2.22.15 Measurement Results

Given particles in state

1
) = 75 (=3[1) +5[2) +7[3))

where {|1),2),|3)} form an orthonormal basis, what are the possible experi-
mental results for a measurement of

(written in this basis) and with what probabilities do they occur?

We have

1
) = 75 (=3[1) +5[2) +7[3))

where the {|1),]2),]3)} basis is the set of vectors

1 0 0
m={o ] . =(1] . Bm={o
0 0 1
The observable
2 0 0
Yy=(03 0
0 0 -6

has eigenvectors {|1),|2),|3)} and eigenvalues 2,3, —6. The possible values of
any measurement are the eigenvalues and the probabilities are given by

P@la)=[1]a))* =& |-31[1)+5(1]2)+7(1]3)* =
—3(2|1)+5(2|2)+7(2]3)]> =

P(sla) = (2] 0}’ = & | :
P(-6lo) = (3] @) = & 183 | 1) +5(3|2) +7(3 | 3P = 2

I gpee)o

2.22.16 Expectation Values
Let

represent an observable, and

be an arbitrary state vector(with |a|> + |b]* = 1). Calculate (R*) in two ways:

14



(a) Evaluate (R?) = (¥| R?|¥) directly.
We have
R? — 6 -2 6 -2 _ 40 =30
-2 9 -2 9 -30 85
so that
+
T 0 -301[a]l ... 40 -307[a
<R>_<‘I’|R|w>_[b] [30 85 || b | =@ 30 85 ||
= 40]al* + 85 |b|*> — 60Real(a*b)
(b) Find the eigenvalues(r; and 7o) and eigenvectors(|r;) and |rg)) of R? or

R. Expand the state vector as a linear combination of the eigenvectors
and evaluate

(R?) =1} [er]” + 73 |eal”

The eigenvalues of R are 5,10. The corresponding eigenvectors are

0= (1) ()

Using these eigenvectors as a basis we have

a 1 1
|T) = [ b ] :%(2a+b)|5>+ﬁ(a72b)|10>

We then have

(R?) = (U| R? |¥) = (5)* P(5) + (10)* P(10) = (5)*|(5 | W)[* + (10)* |(10 | ¥)?
= 2|20+ b* + 12 |a — 2b]* = 40 |a|* + 85 [b|* — 60Real(a*D)

5

as before.

2.22.17 Eigenket Properties

Consider a 3—dimensional ket space. If a certain set of orthonormal kets, say
[1), |2) and |3) are used as the basis kets, the operators A and B are represented

R a 0 0 R b 0 0
A= 0 —a O , B—=| 0 0 —db
0 0 —a 0 i 0

where a and b are both real numbers.

(a) Obviously, A has a degenerate spectrum. Does B also have a degenerate
spectrum?

15



Since A is diagonal, its eigenvalues are a, —a, —a. For B, the characteristic
equation is

b—XA 0 0
0 =X —ib |[=0=X2(b—)\)—b*(b—)\)
0 b —A

which gives eigenvalues b, b, —b. We note the two-fold degeneracy in each
case.

Show that A and B commute. Simple matrix multiplication gives

= ab 0 0 L o
AB=| 0 0 iab |=BA- [A,B] -0
0 —iab O

Find a new set of orthonormal kets which are simultaneous eigenkets of
both A and B.

The fact that the operators commute says that they have a common set
of eigenvectors. Let |ul> be the eigenvector of B with eigenvalue \;, that
is,

Blut) = A Juf)
Therefore, we have
b 0 0 ul ul ul
0 0 —ub ud =M ul | =0 ud
0 b O ul ul ul
which gives
bul =buj , —ibui =buy , ibub = bu}
We choose the solution
1
Wy =1 ={ 0] =pn
0

For Ao = b (degenerate eigenvalue) we have the same equations as above
and, in addition, must have <u1 ‘ u2> = 0 (they must be orthogonal). If
we choose uf = 0, then the other two equations imply ibud = bu3. If we
choose u3 = 1, then we get u3 = i so that

_ L

1 ‘
vl \/5(|2> +1i[3))



For the non-degenerate eigenvalue A3 = —b, we must have <u1 | u3> =0=
<u2 | u3> (orthogonal to the other two eigenvectors). If we choose u$ = 0
(guarantees (u' ’ u?) = 0) and uj = 1, then the equation ibuj = —buj
says that u2 = —i, so that

Wy == | L )=

AU \/5(|2> —i[3))

The set {|1),2),]3)} are also eigenvectors of A.

2.22.18 The World of Hard/Soft Particles

Let us define a state using a hardness basis {|h), |s)}, where
OnARDNESS |h) =|h) OnARDNESS ls) = —[s)

and the hardness operator OHARDNESS is represented by (in this basis) by

A 1 0
OHARDNESS = ( 0 —1 )

Suppose that we are in the state
|A) = cos@ |h) + €' sinf |s)

(a) TIs this state normalized? Show your work. If not, normalize it.

(A| A) = (cosB (h| + e " sinb (s|) (cosf |h) + e sinf |s))
=cos? 0 (h | h) + e sinfcosd (h | s) + e sinfcosf (s | h) +sin®0 (s | s)
=cos? 0 +sin’f = 1

which says that the vector is normalized.
(b) Find the state | B) that is orthogonal to |A). Make sure |B) is normalized.

|B) = a|h) + Bs)

(A| B) = (cos (h| + e sind (s|) (a|h) + Bs)) = 0
0=acosf+e *¥fBsinh = f = —ePacotl

(B| B) = (a (h| + 8" (s]) (a|h) + B 1)) = |a|* + [B]* = 1

lal? + cot?f o’ =1 = |a)* = = sin? 6

a=snf , [ =—e%cosd

|B) =sin@|h) — e cos 0 |s)

1
1+4cot? 6

17



(c) Express |h) and |s) in the {|A),|B)} basis.

|A) = cos0|h) + e sinf|s)
|B) = sinf |h) — €' cos b |s)
(h|Ay=cos8=(A|h) , (h]|B)=sinf=(B]|h)
(s| A) =e®sinf = (A|s)" , (s|B)=—e¥cosf=(B]|s)"
|h) = (A | h)|A)+ (B | h)|B) =cosf|A) +sinf|B)
5= (4] s)|4) + (B 5)|B) ,
=e "?sinf|A) — e ¥ cosf|B) = e ¥ (sinf |A) — cos§ |B))
|s) =sind|A) — cos @ |B)

since overall phase factors are irrelevant.

(d) What are the possible outcomes of a hardness measurement on state |A)
and with what probability will each occur?

P(h|A) = |(h | A)|* = cos? 0
P(s|A) = |(s | A))* = sin?0

(e) Express the hardness operator in the {|A),|B)} basis.

“=i (4] ||S>><< | 1B)

[ (A|H|A) (Al B

H<<B|H|A> <B|f%rB>>

(<A|h<hA> @l 4 (4 ><h|B>—<A|s><s|B>)
(B h)(h| A)— (B|s){s| A) (B|h)(h|B)—(B]s)s|B)

2sin 6 cos 6 sin? 6 — cos? 6 sin20 — cos 20

( cos? f — sin? 6 2sin 6 cos ) < cos20  sin26 >

= [h) (h| —s) (s]
= (cos@|A) + sin 6 |B)) (cos (A| + sin 6 (B])
— (sin@ |A) — cos 6 |B)) (sinf (A| — cos b (B])
= cos 20 |A) (A| +sin20 |B) (A| 4 sin 26 |A) (B| — cos 20 | B) (B|

In the {|A4),|B)} basis

o O OO
=
~
i)
1

—~

—_ o O

so that

N 1 0 . 0
Hcos29< 0 O>+s1n29(0

_( cos20  sin20
“\ sin20 —cos20

o o

. 0 0 0
)+sm29<1 >cos20<0 1)

O =
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2.22.19 Things in Hilbert Space

For all parts of this problem, let H be a Hilbert space spanned by the basis kets
{]0),1]1),]2),]3)}, and let a and b be arbitrary complex constants.

(a) Which of the following are Hermitian operators on H?
L. |0) (1] + 1) (O]

Nt Hermitia (10) (@] +[1) ) = [1) (0] = i10) (1] # [0) (1] +
2,10 0] + 1) (1] + [2) (3] + [3) (2|

Hermitian: (]0) (0] + |1) (1] + [2) (3] + |3) 2" = [0) (0] + |1) (1| +
12) (3] + [3) (2]
3. (a]0) +[1))*(al0) +[1))

Hermitian: (a[0) +[1))*(a|0) + |1)) = a*a + 1 = |a|> + 1 since real
numbers are Hermitian.

4. ((@]0) + 6" [1))*(b]0) — a* [1))) [2) (1] + [3) (3]

Hermitian: ((a|0) +b* [1))*(b]0) — a* [1))) [2) (1] + |3) (3|
=13) Gl
5. 10) {0 + [1) (O] — 2 [0) (1] + [1) (1]

Hermitian: (|0) (0] +[1) (0] —¢[0) (1] + [1) (1)) = |0) (0]=i[0) (1] [1) (O]++

i[1) 0] + [1) (1]
(b) Find the spectral decomposition of the following operator on H:
K =10) (0] +2(1) (2| +2[2) (1] = |3) (3]

The K matrix is

100 O
0 0 2 0
K= 0 2 0 O
0 00 -1

The eigenvalues follow from the characteristic equation

1-X2 0 0 0

0 -2 2 0
det 0 5 ) 0 =0=(1-X)(-X2(1+X)+4(1+N)

0 0 0 —-1-2AX
(17A)(1+A)(2+)\)(27)\):0:>)\0:1,)\1:2,>\2:72,)\3:71

Thus, we can write

K =2[A1) —2|A2) — 1|As)
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where

Let |¥) be a normalized ket in H, and let I denote the identity operator
on H. Is the operator

a projection operator?

Since

(f+3|\1/> <\1:|) +B

N | =

B = (0419 <x1v|>)2 -

B is not a projection operator.
Find the spectral decomposition of the operator B from part (c).

Clearly, |¥) is an eigenvector of B with eigenvalue v/2, i.e.,

BIW) = (L5001 + 1) (9))) 19) = (1 ]9) + |w) (¥ | w))
= 2 |0) = V2|V)

Now we can write

1. 1.
E(IJF |0) (W) = V2[¥) (] + E(I — W) (¥))

where it is understood that the term I — | W) (¥] can be further decom-
posed into the other three eigenvectors of B that are mutually orthogonal
and orthogonal to |U).

B:

Label them as |p1), |¢2),|@3). Since these three eigenvectors are orthog-
onal to |¥) we then have

2z
V2

1 1

' 1
ﬂ|901>+\/§ 7=

(1 + 1) () ;) = 7 |5

Blpj) = W) (W [ ;) =

Le., the other three eigenvalues are 1 / V2. The three states are degenerate.
Since B does not provide any restraining conditions other than orthogo-
nality with |¥), we cannot specify the other eigenvectors any further.
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2.22.20 A 2-Dimensional Hilbert Space

Consider a 2-dimensional Hilbert space spanned by an orthonormal basis {|1) , |{)}.
This corresponds to spin up/down for spin= 1/2 as we will see later in Chapter
9. Let us define the operators

Se=a(MWHIAD + 8= (nu -1 . S

(a) Show that each of these operators is Hermitian.

w\m

() =) (D)

Zme-wn LS

w\m

—g(IT><¢I+H><TI) , Sy = () (=1 ()

and similarly for S“y and S,.

| (1) G+ 1) (1)
(0 G+ 1) (D)

|

(b) Find the matrix representations of these operators in the {[1),|])} basis.
’ (USe 1) (U Se 1)
h(<T|(IT><¢+|¢><TI)|T> (t |¢>>: (0 1)
2N G+ anm o 14) L0
and similarly,
N h 0 1 h(0 —i A h(1 0
[Sy}:%(l 0>:2<i 0 ) ’ {Sz}ZQ(O 1)
(c¢) Show that {S’m, Sy] = ihgz, and cyclic permutations. Do this two ways:
Using the Dirac notation definitions above and the matrix representations
found in (b).

{S S} h2[(|T><$|+|¢><T|)(IT><¢|—I$><I) ]
” u (1) CH =10 D () (4 14 (1)
=T [= 1) AL+ 1) (= 1) T+ 1) (U] = ihs,
{S’”’S} & <(1) (1)><—01 (1))_ —01 é)(? é)}
£ (3 ) (3 e
Now let 1
+) = 7 (ESN)

(d) Show that these vectors form a new orthonormal basis.

Note that these vectors are eigenvectors of S,. Clearly, we have

<+|+>=§(<T|+\¢>)(IT>—I¢>)=%(1+1):1:<—|—>
1= ({(T+INID =) =20 -1)=0=(=[+)

so they form an orthonormal basis.
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()

Find the matrix representations of these operators in the {|+),|—)} basis.

[gx]i . ( (T + <¢|)(i¢

({1 = (D (
a1+l 141, (1 _3
- (1—1 ~1-1 0 -1)" "

Clearly, S, is diagonal in its own basis.

[g}i:hy< (D (1 (= 1) CED (1) +
Y 2 (<T|—<¢)(\T><¢|—|¢>1

H |

| ) (1)
A e e el R N U R
_4i<1+1 —1+1> 22( 0 >_ Y

[ ] ((T|+ (LD (T = 1) (D (
(D) T A= 1) D (

_a( 1= 1+ a0 1) _g
4\ 1+1 1-1 2\ 1 0 m
The matrices found in (b) and (e) are related through a similarity trans-
formation given by a unitary matrix, U, such that

w\w
N|—

S(Ti) UTS(i)U , S(N) UTs(i)U , S(Ti) UTs(i)U

where the superscript denotes the basis in which the operator is repre-
sented. Find U and show that it is unitary.

The unitary matrix which diagonalizes S, is given by the eigenvectors of

S'm,i.e.,
1 1 1
=50 )

Therefore, we want

) )
N+ Iiz)(ﬂ) I+ 1) (=D A =+ ) (D (
h

2

) (T + WD (1 (=
+ 1) (=D ¢ =

AN T+ D () =
D) (=D =

(H [ (1) (}T) + 1) (1 DA G+ 1) <T}) (IR -

)
1)

- )
)

=)
)

)

)
)



as expected.

Now let

S’i = (Sz + ’Lgy)

N =

(g) Express S as outer products in the {|[1),]|)} basis and show that Ai =

(h) Show that

Sely =1, S-I=1, 5 h=0,51)=0

and find R R R R
</HS+’ <\lf| S+7 <T| S_ ) <~HS—
Selly=EMANY =411 , S =EH NI =51
Sey=CEmanm =0 ., S_h=EWanw=o
(Sem) = s =0 . (Se) =ars =
T

(o) =wse=sal . (S2w) =18 =0

2.22.21 Find the Eigenvalues

The three matrices M, My, M,, each with 256 rows and columns, obey the
commutation rules
[Mi, Mj} = ihe’:‘ijkMk

The eigenvalues of M, are +2h (each once), +2h (each once), £3k/2 (each 8
times), £k (each 28 times), +h/2 (each 56 times), and 0 (70 times). State the
256 eigenvalues of the matrix M? = M? + M7 + M?.

The matrices M; represent the i*" component of some angular momentum op-
erator J in some basis {a, j,m}. For each set of values (a, j), there are 2j + 1
different values of m. There can be basis vectors with the same value of j but
different values of m.

Since there is one eigenvector with m = 2, there must be just one set of vectors
{a,2,m}. There are therefore 5 eigenvectors with the eigenvalue 2(2 + 1)h? =

23



6A% of J2(M?). This set of vectors produces the eigenvalue m = 1 just once.
But it occurs 28 times. There must therefore exist 27 sets of vectors {a, 1,m}.
There are therefore 27 x 3 = 81 eigenvectors with the eigenvalue 1(1+1)h% = 2h2
of J2.

We now have 27 + 1 = 28 vectors that produce the eigenvalue m = 0. However,
it occurs 70 times. There must therefore be 70 — 28 = 42 vectors |«, 0,0) with
eigenvalue ) of J2.

The eigenvalue 37/2 occurs 8 times. There are therefore 8 sets of vectors
{a,3/2,m} and the eigenvalue 3/2(3/2 + 1)h? = 15h%/4 occurs 4 x 8 = 32
times. This set of vectors produces m = 1/2 8 times. Since it occurs 56 times,
there must be 56 — 8 = 48 vectors {«,1/2,m}. They produce the eigenvalue
1/2(1/2 + 1)h? = 3h%/4 48 x 2 = 96 times.

Summary:

value | 6A2 15712/4 252 3h2/4 0
times 5 32 81 96 42

for a total of 256.

2.22.22 Operator Properties

(a) If O is a quantum-mechanical operator, what is the definition of the cor-
responding Hermitian conjugate operator, O ?

Equation (4.117) in the text gives this definition.

If we have an operator Q where the adjoint satisfies the relation

(al Q" n)" =l Qla) = ((p Qla))*
then Q is a Hermitian or self-adjoint operator.
(b) Define what is meant by a Hermitian operator in quantum mechanics.
In quantum mechanics, a Hermitian operator has QT = Q

(¢) Show that d/dx is not a Hermitian operator. What is its Hermitian con-
jugate, (d/dx)*?

We have

[ e 2w, - [
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Now the boundary term vanishes because both ¢(z) and ¥(z) vanish at
x = +00. We then have

/O; ¢*(:E)d1fl§:) dr = 7/00 (dq;(;))*ll)(x) da

— 00

d\'_
dx T dx

(d) Prove that for any two operators A and B, (AB)T = BT A"

which says that

This is a bit tedious using integrals (try it with Dirac language). You need
to keep using the definition of the conjugate.

( [uitanes dm>* — [wsaB) v ds

Now, recognize that B, is just some other function, which we can call
13. Using the definition,

( / 1 A da:>* - / ANy do

Now do the same thing again, with ATy = 14, and wrtie

JE ( [ viws dx>*

(because ¢35 and v; commute, and taking a * outside the whole integral).
Re-using 13 = B, brings in B, and reordering terms brings B A" to-
gether in the middle. Thus we show that (AB)" = Bt Af

2.22.23 Ehrenfest’s Relations

Show that the following relation applies for any operator O that lacks an explicit
dependence on time:
0 i
—(0) = =(|H,0
£:(0) = +{[H,0))
HINT: Remember that the Hamiltonian, H, is a Hermitian operator, and that
H appears in the time-dependent Schrodinger equation.
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‘We have
240) = 2wl o)
2 <¢|} O) + (] 0 [a |¢>]

Il
;ﬂ@ |—||—|

~ (w1 | 01+ (w10 | 1)

(] (HO — OH) [¢)

which says that
0

ot
Use this result to derive Ehrenfest’s relations, which show that classical me-
chanics still applies to expectation values:

1m,0)

() =+

mo =@, o) =—(YV)
We have
Do) = L{(H, 2)) = (o2 )
2;m<(prpx — TPuPa)) = Zij((pzpz — PuTPz + Pa¥Pr — TPzPx))
= s {(Pelpas 2]+ [P 2lpe)) = 5 (~2002))
=)

Similarly for y and z components. Therefore we have

9 .
m (@) = ()

Now we have

Do) = L) = LV (@)
i, OV(x), 0V (x)
g ) =)

Similarly for y and z components. Therefore we have

= (p) = —(VV)
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2.22.24 Solution of Coupled Linear ODEs

Consider the set of coupled linear differential equations © = Az where z =
(w1, 22, 73) € R and

0
A=11
1

_ o
O = =

(a) Find the general solution z(t) in terms of x(0) by matrix exponentiation.

First we compute the eigenvalues of A:

-2 1 1
det(A=AX)=det| 1 —X 1 |==-X4+31x+2=0
1 1 =X

Since A is symmetric we know that all of its eigenvalues are real. By
inspections, we can see that A = —1 and A = 2 are eigenvalues and so we
can solve for the third:

~A+FDA=2)A—2) = == N+ N2+ 22+ 2\ — 2 — 20 = -3+ 3N +2

Hence, we find that x = —1 so that eigenvalue is repeated. Solving for the
eigenvectors using

0 1 1 T To + T3 T1
Az=11 0 1 To | =|x1+a3| =222
1 1 0 T3 T+ T2 T3
we find for A = —1,
To + I3 —T1
T1+x3 | =A| —22
I + T2 —xs3
which is satisfied as long as ©1 = —zs5 — x3. Hence we have two linearly
independent solutions
L L (7
V.11 == ,  U_ —
L1=5 . 1,2 NG .

where with a little foresight we have chosen an orthogonal pair of eigen-
vectors. Likewise for A = 2,

To + T3 211
T+ 23| = A | 229
r1 + X9 2x3
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or
x] = 5(3:2 + x3)
%(zg + 3x3) = 229
3r3 = 3x2
which gives
1

Vg = —=

1
V31

Hence the unitary matrix which diagonalizes A is given by the eigenvectors

as
_2 0 1
NG V3
p_| 1 I
LA B
V6 V2 V3
Since A is symmetric we also have P~! = PT. Therefore
2 1 2 1 1
% 9 B\ /1 0 0\ ("% B v
A= + X L 0 -1 0 o L -1
\{6 \/51 \{3 0 0 2 1 \{5 i/i
V6 V2 VB V3 V3 V3

Now the formal solution to the differential equation is
z(t) = eAWz(0)

We then have

_2 0 1 _t 2 1 1
NG V3 (e 0 0 V6 V6 V6
Al 1 1 1 0 et 0 0 1 1
—_ = —_ e —_ = —_
V6 V2 V3 V3 V3 3
2 —t , 1,92t o 1,—¢ 1,2t _1,—t , 1 .2t
3¢+ 3e 3 + 3e€ 3€ —|—\/§e
I R R ) 2 —t 1,92t _l,—t . 1 2t
= 3€ +3e 3€ -|-36 3€ —|—\/§e
1l —t 1.2t 1 -t 1,2t 2 —t , 1 2t
3€ +36 3€ +3e 3€ —i—\/ge
and finally
2 —t 1.2t _1,—t 1.2t _1_—t_ 1 .2t
3€ —|—Se 3€ —|—Se 3€ —|—\/§e
1,—¢t , 1,2t 2 —t 1,2t N P N
x(t) = | —3¢ "+ 3¢ 3¢ t3e€ 5¢ T 53¢ | 2(0)
o 1,—t 1,2t 1, -t 1,2t 2 —t . 1 2t
3¢ +36 3¢ +3e 5€ +\/§e

(b) Using the results from part (a), write the general solution x(t) by expand-
ing z(0) in eigenvectors of A. That is, write

x(t) = eMeyvy + €M covs + €M esug
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where (\;,v;) are the eigenvalue-eigenvector pairs for A and the ¢; are

coefficients written in terms of the z(0).

Suppose that

a
z(0)=1|b
¢
Then using
-2 1 1
I
pr=| 0 5 -7
1 I
V3 V3 V3
we have ) ) )
C-1,1 V6 V6 VG a
C-12 | = 0 % *% b
o U S ¢
VERRVE] 3
SO

+e?t <1a + Lb 1c> v
V3L VB VBT
2.22.25 Spectral Decomposition Practice

Find the spectral decomposition of the matrix

1 0 0
A=|(0 0 =4
0 — O
First we find the eigenvalues:
1-X2 0 0
det (A — \I) = det 0 —-X i =(1-M\-1-X=0
0 —i =

so we are looking for the roots of the equation
1= —1-A=(1-N1-X)=0
We have A = 1(twice) and A = —1. For A = 1 we have to solve

0 0 O a
0 -1 ¢ ||b]=0



This clearly has the solution

and also
—b+ic=0 , —tb—c=0—b=1c

Hence, if we choose a = 0 in this case we have for A =1

! 1 ([
0 , — | ¢
0 V2,
as the two orthonormal eigenvectors. The for A = —1, we have

for which we will choose a = 0 again and solve

b+ic=0 , —ib+c=0—b=—ic
Then for A = —1 we have
1 0
— | —i
V24
We then have the projection operators
0 1 0 0 O
Pi==1-i (0 i 1):5 0 1 —i
1 0 1
1 00 1 0 1 0 0
=10 0 0 +§ i (O —1i 1): 0 1/2 /2
0 0 0 1 0 —i/2 1/2
and the spectral decomposition
1 0 0 0 0 0
A=1[0 1/2 /2| -0 1/2 —i/2
0 —i/2 1/2 0 /2 1/2

which is easily seen to be valid. Just for fun, we can also verify
1 0 0 0 O 0
ppP,=[0 1/2 /2] 0 1/2 —ij2| =0
0 —i/2 1/2 0 i/2 1/2
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2.22.26 More on Projection Operators

The basic definition of a projection operator is that it must satisfy P2 = P. If
P furthermore satisfies P = PT we say that P is an orthogonal projector. As
we derived in the text, the eigenvalues of an orthogonal projector are all equal
to either zero or one.

(a)

Show that if P is a projection operator, then so is I — P.

We simply have

(1-P1-P)=1-2P+P*=1-P

Show that for any orthogonal projector P and an normalized state, 0 <
(P) <1.

Since P is Hermitian, we can decompose any state vector |¥,) as
[Wa) = co|0) +c1|1)

where

Plo)y=0 , P[)=]1)

Then
(Wo| P|W,) = |1

and if |¥,) is normalized, then 0 < |c;]? < 1.

Show that the singular values of an orthogonal projector are also equal to
zero or one. The singular values of an arbitrary matrix A are given by the
square-roots of the eigenvalues of AT A. It follows that for every singular
value o; of a matrix A there exist some unit normalized vector u; such
that

uf AT Au; = o

Conclude that the action of an orthogonal projection operator never length-
ens a vector (never increases its norm).

We have
pPfp=p2=p

so the singular values of P are either 0 or 1. Since uj At Au; = o2 is the
square of the norm of the vector obtained by letting A act on wu;, it follows
that the action of an orthogonal projection operator never lengthens a
vector.

For the next two parts we consider the example of a non-orthogonal pro-

jection operator
0 0
= (4)

31



(d)

Find the eigenvalues and eigenvectors of N. Does the usual spectral de-
composition work as a representation of N7

First we find its eigenvalues, which are the roots of the equation
“A(l=XN)=0—=>X=0,1

The corresponding eigenvectors are

() e

We note that these are not orthogonal, and indeed, if we compute

1/1 1 0 0
P°_2(1 1) ’ Pl_(o 1)

Z)\ipz': (8 (1)) #N

Find the singular values of N. Can you interpret this in terms of the
action of N on vectors in R2?

o= ) (G-

The eigenvalues of this matrix satisfy

we find

We compute

1-X2=1—=1-A==1
so the eigenvalues are 0 and 2. The singular values of NV are thus 0 and

V/2, meaning that there exists a unit vector the gets lengthened by the
action of N. Indeed if we consider the normalized eigenvector of NTN

with eigenvalue 2.
1 /-1
=

vi- (% V()= )

The norm of this vector is now

we find

U NTNuy = /2

The action of N clearly projects onto the linear span of (01)”. However,
it does not project orthogonally along the (01)7 direction, as can be seen
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from the fact that vectors parallel to that direction are in the nullspace of
N. It follows that some vectors will have long shadows when projected in
this oblique fashion.

The extreme example is the vector us written above, which is in fact

perpendicular to the direction of projection. Hence us, the unit vector
along (11)7, and Nuy can be arranged as a right isosceles triangle.
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Chapter 3

Probability

3.6 Problems

3.6.1 Simple Probability Concepts

There are 14 short problems in this section. If you have not studied any prob-
ability ideas before using this book, then these are all new to you and doing
them should enable you to learn the basic ideas of probability methods. If you
have studied probability ideas before, these should all be straightforward.

(a) Two dice are rolled, one after the other. Let A be the event that the
second number if greater than the first. Find P(A).

The total number of possibilities is N = 6 x 6 = 36, which is the number
of pairs of the form (7, j) with 1 <4,j < 6. The pairs with i < j are given
by N4 = 15, namely,

(5,6),(4,5),(4,6),(3,4), (3,5), (3,6), .....(1,5), (1,6)

Thus,

(b) Three dice are rolled and their scores added. Are you more likely to get 9
than 10, or vice versa?

There are 63 = 216 possible outcomes of this experiment, as each die has 6
possible faces. You get a sum of 9 with outcomes such as (1, 2, 6), (2, 1,6), (3,3,3)
and so on. Tedious enumeration reveals that there are 25 such triples, so

25
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A similar tedious enumeration show that there are 27 triples, such as
(1,3,6),(2,4,4) and so on, that sum to 10. So

2
P(10) = 27176 —0.125 > P(9)

Which of these two events is more likely?

1. four rolls of a die yield at least one six
2. twenty-four rolls of two dice yield at least one double six
Let A denote the first event and B the second event. Then ~ A is the

event that no 6 is shown. There are 64 equally likely outcomes, and 5% of
these show no 6. Hence

4
1
P(A):1—P(~A)=1—<2) :%:0.518

Likewise, ~ B is the event that no double 6 is shown. There are 364
equally likely outcomes, and 35% of these show no double 6. Hence

4
P(B)=1-P(~B)=1- (22) = 0.491

Since P(A) > P(B), the first event is more likely.

From meteorological records it is known that for a certain island at its
winter solstice, it is wet with probability 30%, windy with probability
40% and both wet and windy with probability 20%. Find
(1) Prob(dry)

(2) Prob(dry AND windy)
(3) Prob(wet OR windy)
(1)
(2)

(dry) = P(~ wet) =1— P(wet) =1-0.3=0.7
(dry A windy) = P(windy) — P(~ dry A windy)

= P(windy) — P(wet A windy) = 0.4 — 0.2 =10.2
(3) P(wet V windy = P(wet) + P(windy) — P(wet A windy)
=04+03-02=05

P
P

A kitchen contains two fire alarms; one is activated by smoke and the
other by heat. Experiment has shown that the probability of the smoke
alarm sounding within one minute of a fire starting is 0.95, the probability
of the heat alarm sounding within one minute of a fire starting is 0.91,
and the probability of both alarms sounding within one minute is 0.88.
What is the probability of at least one alarm sounding within a minute?

We have
P(HVS)=P(H)+ P(S)—P(HAS)=0.9140.95—-0.88=0.98
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(f)

Suppose you are about to roll two dice, one from each hand. What is
the probability that your right-hand die shows a larger number than your
left-hand die? Now suppose you roll the left-hand die first and it shows 5.
What is the probability that the right-hand die shows a larger number?

There are 36 outcomes and in 15 the right-hand score is larger. So

15

P(RH = —

( arger) 36

Now suppose you roll the left-hand die first and it shows 5. Clearly it is not

15/36. In fact only 1 outcome will do - it must show a 6. So the required

probability is 1/6. This is a special case of the general observation that if
conditions change then results change.

More rigorous solution: We have the rule
P(AAB)=P(A|B)P(B)
Thus,

P(R shows 6 and L shows 5) 1/36 1
P(R larger|L shows 5) = PL shows 5) = 176 =3

A coin is flipped three times. Let A be the event that the first flip gives
a head and B be the event that there are exactly two heads overall. De-
termine

(1) P(A|B)

There are 3 ways to get exactly 2 heads (event B) HHT HTH THH.
Two of these make A true, so P(A|B) = 2/3.

(2) P(B|4)

There are 4 possible results given A HHH HTH HHT HTT. Two of
these give event B so P(B|A) =1/2.

A box contains a double-headed coin, a double-tailed coin and a conven-
tional coin. A coin is picked at random and flipped. It shows a head.
What is the probability that it is the double-headed coin?

The three coins have 6 faces so the total number outcomes is N = 6. Let

D be the event that the coin is double-headed and A be the event that it

shows a head. Then 3 faces yield A, so P(A) = 1/2. Two faces yield A

and D (as it can be either way up) so P(A A D) = 1/3. Finally,
P(AAND) 2

PDIA) = =55 = 3
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The point is that many people are prepared to argue as follows:

If the coin shows a head, it is either double-headed or the conventional
coin. Since the coin was picked at random, these are equally likely, so
P(D|A) =1/2.

This is superficially plausible, but as we have seen it is totally wrong.

A box contains 5 red socks and 3 blue socks. If you remove 2 socks at
random, what is the probability that you are holding a blue pair?

Let B be the event that the first sock is blue and A the event that you
have a pair of blue socks. If you have one blue sock, the probability that
the second is blue is the chance of drawing one of the 2 remaining blues
from the 7 remaining socks. That is to say P(A|B) = 2/7. Here A= AAB
and so 5 3 5
P(A)=P(AANB)=P(A|B)P(B) = - X 3= 28
An inexpensive electronic toy made by Acme Gadgets Inc. is defective
with probability 0.001. These toys are so popular that they are copied
and sold illegally but cheaply. Pirate versions capture 10% of the market
and any pirated copy is defective with probability 0.5. If you buy a toy,
what is the chance that it is defective?

Let A be the event that you buy a genuine article and let D be the event
that your purchase is defective. We know that

9 1 1 1
= . PA)=1 , P4 =, P(D|~A) =

P(4) 1000
Hence we have

9 1
P(D) = P(D|A)P(A) + P(D| ~ A)P(~ A) = 10000 + 20~ 0.05
Patients may be treated with any one of a number of drugs, each of which
may give rise to side effects. A certain drug C has a 99% success rate
in the absence of side effects and side effects only arise in 5% of cases.
However, if they do arise, then C only has a 30% success rate. If C is
used, what is the probability of the event A that a cure is effected?

Let B be the event that no side effects occur. We are given that

P(AIBAC) =2 | P(BIC) =%

P(~Al~BAC)=3% | P(~B|C) =
Therefore,
P(A|C) = P(A|B A C)P(B|C) + P(~ A| ~ B A C)P(~ B|C)
— 99 95 4 30 5 __ 9555 __ 0.9555
100 100 " 100 100 10000
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Suppose a multiple choice question has ¢ available choices. A student
either knows the answer with probability p or guesses at random with
probability 1 — p. Given that the answer selected is correct, what is the
probability that the student knew the answer?

Let A be the event that the question is answered correctly and S the event
that the student knew the answer. We require P(S|A). To use Bayes’ rule,
we need to calculate P(A), thus

PLA) = PAIS)P(S)+P(A] ~ $)P(~ 8) = W+ (£ ) (-p) =+ (1) (1-0)
Therefore,
PSP p e
PO T T a1 D

Notice that the larger c is, the more likely it is that the student knew the
answer to the question (given that it is answered correctly).

Common PINs do not begin with zero. They have four digits. A computer
assigns you a PIN at random. What is the probability that all four digits
are different?

The total number of possibilities is N =9 x 10 x 10 x 10 = 9000. If A is
the event that no digit is repeated, then N4 =9 x 9 x 8 x 7 = 4536. Thus,
_ Na 4536

= —— =0.504

P(4) N 9000

You are dealt a hand of 5 cards from a conventional deck(52 cards). A
full house comprises 3 cards of one value and 2 of another value. If that
hand has 4 cards of one value, this is called four of a kind. Which is more
likely?

First we note the number of possibilities is given by all possible choices of
5 cards from 52 cards or

N<52> 520 52 x 51 x 50 x 49 x 48

= = =2
5 5147! 1x2x3x4x5 598960

For a full house you can choose the value of the triple in 13 ways and then
you can choose their three suits in

(5)

ways. The value of the double can then be chosen in 12 ways and their

suits in
4
2
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ways. Hence

4 4
13<3>12<2> 3744
P(full house) = N ~ 2598960

For 4 of a kind, we can choose 13 different sets and their 4 different suits

o

ways. The last card can then be chosen in 48 ways so that we have
48 x 13
2598960

=1.441 x 1073

=924 x107*

as the probability.

3.6.2 Playing Cards

Two cards are drawn at random from a shuffled deck and laid aside without
being examined. Then a third card is drawn. Show that the probability that
the third card is a spade is 1/4 just as it was for the first card. HINT: Consider
all the (mutually exclusive) possibilities (two discarded cards spades, third card
spade or not spade, etc).

Let S = spade and N = not spade. Then the symbol N15553 means: 15t card
drawn is not a spade, 2"¢ card drawn is a spade, 3" card drawn is a spade. In

this notation, the possible ways of discarding 2 cards and then drawing a spade
are:

518253, S1N2S3 , N1S»S3

These events are mutually exclusive, therefore using
P(AvV B)=P(A)+ P(B)

i.e., we add their probabilities. Now to compute the probability of, say, S1 N>S3,
we use the equation P(A A B) = P(A)P(B) repeatedly. The probability of Sy
is 13/52. Then the probability of N3 is 39/51 since there are now 51 cards left
and 39 of them are not spades. Now the probability of S5 is 12/50 since there
are 12 spades left and 50 cards left. Thus

, N1N2S3

13 39 12
P(S1N2S3) = — x = x —
(S1N283) = 55 X 57 ¥ 55

Similarly,
imilarly. (515253) ;?2)9 y %3 y %
(N15253) D) X é?g X %
P(NlNQS?,)—ETXTX%

which gives

P(3" card is a spade) = P(S1N2S3) + P(S15253) + P(N1599S53) + P(NyN2S3)
_ 13 |:12(11+39)+39(12+38):| _1

52 4

- 51x50
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3.6.3 Birthdays

What is the probability that you and a friend have different birthdays? (for
simplicity let a year have 365 days). What is the probability that three people
have different birthdays? Show that the probability that n people have different
birthdays is

r= (1 m) () (- 5) - (-5

Estimate this for n << 365 by calculating log(p) (use the fact that log(14+x) =~ «
for + <« 1). Find the smallest integer N for which p < 1/2. Hence show that
for a group of N people or more, the probability is greater than 1/2 that two of
them have the same birthday.

The probability that 2 people have different birthdays is the probability that the
274 person was born on one of the 364 other than the birthday of the first person;
this probability = 364/365. The probability that the 3"¢ person has a different
birthday from either of the first two is = 363/365, and so on. Now using the
equation P(A A B) = P(A)P(B) the probability that the first two people have
different birthdays and then that the third person has a still different birthday
is the product

364 363 1 2
ANB) = 365 % 365 ( 365) < 365)

Continuing in this way for n people, we have

p = P(all dif ferent birthdays) = <1 — 1) (1 2 > (1 - 1)

365 365 365

1 2 n—1
np)=In(1—— ) +in(1- =) +..+in(1-
n(p) ”< 365)+ "( 365)+ + ”( 365 )

In(l—z)= -z for z<<1
Thus, for (n — 1) < 365 we have

Now

and

In(p) = 2 n—1  14+424+..4+n—-1)  nn-1)
P = TR6s T 365 T 365 365 T T2 %365

If p<1/2 or In(p) < in(1/2) = —In(2), then we want

nn—1) n(n-—1)

) > -5 365 T 21368

> [n(2) = n > 23

Thus, in a group of 23 people, the probability is slightly over 1/2 that two people
will have the same birthday. For 50 people, the probability of coincidence is
about 0.97
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3.6.4 Is there life?

The number of stars in our galaxy is about N = 10'!. Assume that the proba-
bility that a star has planets is p = 1072, the probability that the conditions on
the planet are suitable for life is ¢ = 1072, and the probability of life evolving,
given suitable conditions, is 7 = 1072, These numbers are rather arbitrary.

(a)

What is the probability of life existing in an arbitrary solar system (a star
and planets, if any)?

The probability of life in the vicinity of some arbitrarily selected star is
equal to pgr = 1075, assuming that the three conditions are independent.

What is the probability that life exists in at least one solar system?
The probability P that life exists in the vicinity of at least one star is

given by P = 1 — Py, where P, is the probability that no stars have life
about them.

The probability of no life about some arbitrarily selected star is 1 — pqr.
Therefore, we have

Po=(1—pgr)™
Now
log Py = Nlog(1 — pgr) ~ N(—pqr) = —10°
so that
PO — e—pqu ~ 6_105 ~ 0
Thus,

Pilfp()%l

This says that even a very rare event is almost certain to occur in a large
enough sample.

NOTE: A naive argument against a purely natural origin of life is sometimes
based on the smallness of the probability (a), whereas it is the probability (b)
that is relevant!

3.6.5 Law of large Numbers

This problem illustrates the law of large numbers.

(a)

(b)

Assuming the probability of obtaining heads in a coin toss is 0.5, compare
the probability of obtaining heads in 5 out of 10 tosses with the probability
of obtaining heads in 50 out of 100 tosses and with the probability of
obtaining heads in 5000 out of 10000 tosses. What is happening?

For a set of 10 tosses, a set of 100 tosses and a set of 10000tosses, calculate
the probability that the fraction of heads will be between 0.445 and 0.555.
What is happening?
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The binomial formula for the probability of ng heads in n trials is

P(nH|Mn):nH!(nninH)!<;> for P:q:%
If we define
binomial(k,n,p) = probability(xz > k) = ; :z:!(nnix)!px(l —p)°
then
P(ng|M™) = binomial(ng,n,0.5) — binomial(ng + 1,n,0.5)
and

P(m < ng < s|M™) = binomial(m, n,0.5) — binomial(s + 1,n,0.5)
Exactly 1/2 heads:

P(5|M0) =0.246 , P(50/M'0) = 0.0796
P(500|M1000) = 0.0252 ,  P(5000[M1090) = 0.00798

which clearly approaches zero as it should.

In range:

P(4.45 <ng <5.55|M1%) =0.246 , P(44.5 <ny < 55.5|M'1%0) =0.7288
P(445 < ny < 555/M1090) = 0.999552 , P(4450 < ny < 5550|M10909) = 1.0000

so that
P(exactly 1/2) -0 as N — oo

but
P(to be in vicinity of 1/2) -1 as N — oo

3.6.6 Bayes

Suppose that you have 3 nickels and 4 dimes in your right pocket and 2 nickels
and a quarter in your left pocket. You pick a pocket at random and from it
select a coin at random. If it is a nickel, what is the probability that it came
from your right pocket? Use Baye’s formula.

Let A mean nickel and B mean right pocket. Then we want the conditional
probability P(B|A). We use Bayes’ formula

P(A|B)P(B)

P(BIA) = =505
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Now P(A|B)P(B) = probability of selecting the right pocket and then selecting
a nickel from it. Thus,

P(B) = P(right pocket) = 3 (two equally likely pockets)
P(A|B) = P(nickel|right pocket) = 2 (3 nickels out of 7 coins)
P(AIB)P(B) =3 x } =

Now
P(A) = P(nickel) = P(nickel|right) P(right) + P(nickel|left)P(left)
(A|B)P(B) + P(A| ~ B)P(~ B)
2,1 _ 23
x3+tix3=1%
Therefore, the probability that the nickel came from the right pocket is

_ P(A|B)P(B) _ 3/14 9
P(BI4) = P(A) 23/42 23

3.6.7 Psychological Tests

Two psychologists reported on tests in which subjects were given the prior
information:

I = In a certain city, 85% of the taxicabs
are blue and 15% are green

and the data:

D = A witness to a crash who is 80% reliable (i.e.,
who in the lighting conditions prevailing can
distinguish between green and blue 80% of the
time) reports that the taxicab involved in the
crash was green

The subjects were then asked to judge the probability that the taxicab was
actually blue. What is the correct answer?

Let B = event that taxicab was actually blue. From Bayes’ theorem, the correct
answer is

_ P(D|BAI)P(B) _ (0.2)x(0.85)
P(BIDNI) = PD) = PDBADP(B)+P(DI~BADP(~B)
(0.2) % (0.85) 17 _ 059

= (0.2)x(0.85)+(0.8)x(0.15) __ 29

This is easiest to reason out in one’s head using odds; since the statement of
the problem told us that the witness was equally likely to err in either direction
(G = B or B — G), Bayes’ theorem reduces to simple multiplication of odds.
The prior odds in favor of blue are 85 : 15, or nearly 6 : 1; but the odds on
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the witness being right are only 80 : 20 = 4 : 1, so the posterior odds on blue
are 85 : 60 = 17 : 12. Yet most people tend to guess P(B|D A I) as about 0.2,
corresponding to the odds of 4 : 1 in favor of green, thus ignoring the prior in-
formation. For these guesses, the data come first with a vengeance, even though
the prior information implies many more observations than the single datum.

The opposite error - clinging irrationally to prior opinions in the face of massive
contrary evidence - is equally familiar to us that is the stuff of which funda-
mentalist religious/political stances are made. In general, the intuitive force of
prior opinions depends on how long we have held them.

3.6.8 Bayes Rules, Gaussians and Learning

Let us consider a classical problem(no quantum uncertainty). Suppose we are
trying to measure the position of a particle and we assign a prior probability

function,
1

p(r) = ﬁ

Our measuring device is not perfect. Due to noise it can only measure with a
resolution A, i.e., when I measure the position, I must assume error bars of this
size. Thus, if my detector registers the position as y, I assign the likelihood that
the position was = by a Gaussian,

e—($—$0)2/208

o (y=2)? /207

(y]z) = ———
Py _\/27TA2

Use Bayes theorem to show that, given the new data, I must now update my
probability assignment of the position to a new Gaussian,

1 —(z—z")%/20"?

p(zly) = We

where

9 9 o? A?
!/ )

T =x90+ K — T 7U:KU7K:77K:7
0 1(y 0) 200 1 o2 + A2 2 o2 + A2
Comment on the behavior as the measurement resolution improves. How does
the learning process work?

We are trying to determine the position of a particle along one dimension. Our
prior probability distribution is a Gaussian

1 _ <z—z§>2
P(J?) = e 204

\/ 27‘(0’8

which looks like
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P(x) ‘

ol |

We now measure the position and find the value y in my detector. However,
my detector has only finite resolution, so when my detector reads ”y”, the true
position ”x” may still be different. Given an uncertainty Az in my detector
with a Gaussian distribution, let the likelihood distribution be
1 w=2)2
P(yla) = o
V21 A2

Thus, according to Bayes’ rule, the updated probability assignment is

P(aly) = NP(y|x)P(x)

where
Nl= /de(y|x)P(x)

is a normalization factor.

Let us first calculate

1 _rme)?  (w-m)?
PU)P(a) = e
Aside:
(x — x9)? N (y — )2 _ 2?2 — 2zxo + 2% 2 — 22y +y?
o3 A2 o} A2
:oi—m(j‘éJrAyQ) +§§+£ ::—,22—2a:A(y)+B(y)
where
1 1 1 ) Y wg y?
ﬁ:;gJFE ) A<y):;§+§ ; B(y):U—(%JrE

Trick: Complete the square.

1.2 (:L‘ _ m/)Q .%‘/2
ﬁ—%vA(y):i——
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where

) _ (%o ) 2
¥ =0"Aly) = <03+A2>OJ

or
, ) 0_/2 0./2
Now o no
2 __ UOA
_0(2)+A2

which implies that
¥ =x0+ Ki(y — x0)
where )
o
K, =—0
! 0(2) + A2

Putting this all together we have

_(@=a)?

P(y|lx)P(z) = N(y,xo)e” 257

where N(y,xo) contains all the rest of the factors. Instead of keeping track of
all of these factors we can just replace it by the correct normalization

1 (z—a!)?
P(zly) = e 252
(@ly) = —o—5
where
2 272
;o ) o 0gAT 2
v=wt K-z o Ki=7ats 0 00 = s = e

Graphically we have

P(x|y) +— updated

P(x) <-— "prior"
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After the measurement, the new distribution is a narrower Gaussian peaked
closer to the actual position. That is called Bayes’ learning.

3.6.9 Berger’s Burgers-Maximum Entropy Ideas

A fast food restaurant offers three meals: burger, chicken, and fish. The price,
Calorie count, and probability of each meal being delivered cold are listed below
in Table 3.1:

Item Entree | Cost | Calories | Prob(hot) | Prob(cold)
Meal 1 || burger | $1.00 1000 0.5 0.5
Meal 2 || chicken | $2.00 600 0.8 0.2
Meal 3 fish $3.00 400 0.9 0.1

Table 3.1: Berger’s Burgers Details

We want to identify the state of the system, i.e., the values of

Prob(burger) = P(B)
Prob(chicken) = P(C)
Prob(fish) = P(F)

Even though the problem has now been set up, we do not know which state the
actual state of the system. To express what we do know despite this ignorance,
or uncertainty, we assume that each of the possible states A; has some probabil-
ity of occupancy P(A;), where i is an index running over the possible states. As
stated above, for the restaurant model, we have three such possibilities, which
we have labeled P(B), P(C), and P(F).

A probability distribution P(A;) has the property that each of the probabilities
is in the range 0 < P(A4;) < 1 and since the events are mutually exclusive and
exhaustive, the sum of all the probabilities is given by

1=Y P(A;) (3.1)

Since probabilities are used to cope with our lack of knowledge and since one
person may have more knowledge than another, it follows that two observers
may, because of their different knowledge, use different probability distributions.
In this sense probability, and all quantities that are based on probabilities are
subjective.

Our uncertainty is expressed quantitatively by the information which we do not
have about the state occupied. This information is

S = Z P(4;)log, <P(1Ai)> (3.2)
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This information is measured in bits because we are using logarithms to base
2.

In physical systems, this uncertainty is known as the entropy. Note that the en-
tropy, because it is expressed in terms of probabilities, depends on the observer.

The principle of maximum entropy (MaxEnt) is used to discover the probabil-
ity distribution which leads to the largest value of the entropy (a maximum),
thereby assuring that no information is inadvertently assumed.

If one of the probabilities is equal to 1, the all the other probabilities are equal
to 0, and the entropy is equal to 0.

It is a property of the above entropy formula that it has its maximum when
all the probabilities are equal (for a finite number of states), which the state of
mazrimum 1gnorance.

If we have no additional information about the system, then such a result seems
reasonable. However, if we have additional information, then we should be able
to find a probability distribution which is better in the sense that it has less
uncertainty.

In this problem we will impose only one constraint. The particular constraint
is the known average price for a meal at Berger’s Burgers, namely $1.75. This
constraint is an example of an expected value.

(a) Express the constraint in terms of the unknown probabilities and the prices
for the three types of meals.

Constraints take the form

G = expected value = ZP(Ai)g(Ai)
i
We have the constraints
1=P(B)+ P(C)+ P(F)
1.75 = 1.00P(B) + 2.00P(C) + 3.00P(F)

Since we have 3 unknowns and only 2 equations, there is not enough
information to solve for the unknowns. The amount of our uncertainty
about the probability distribution is the entropy, which is given by

S — P(B)log, (P(lB)) + P(C)log, <P(10)> + P(F)log, (P<1F)>

What should our strategy be? There are a range of values of the probabil-
ities that are consistent with this information set. Each solution, however,
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leaves us with different amounts of uncertainty S. If we choose a solution
for which S is small, we are assuming something that we do not know. For
example, if our average had been 2.00 instead of 1.75, then we could meet
both constraints by assuming that everybody bought the chicken meal.
The our solution would be

P(B)=P(F)=0and P(C) =

which corresponds to an uncertainty of 0 bits. Or we could assume that
half the orders are for burgers and half for fish. In this case the solution

would be
P(B)=P(F)=1/2and P(C)=0

which corresponds to an uncertainty of 1 bit.

Neither of these assumptions seems appropriate because each goes beyond
what we know.

The only way to find the probability distribution that uses no further as-
sumptions beyond what we already know is to use the MaxEnt principle.

This principle state that we select the probability distribution that gives
the largest uncertainty (maximum entropy) consistent with the constraints.
In this way, we are not introducing any additional assumptions or biases
into the calculations.

Using this constraint and the total probability equal to 1 rule find possible
ranges for the three probabilities in the form

a<P(B)<b
c< P(C)<d
e < P(F)< f
For this case we can solve the problem analytically. We can express, using

the constraint equation, two of the unknown probabilities in terms of the

third. We have
P(C)=0.75—-2P(F)
P(B)=0.25+ P(F)

Since each of the probabilities lies between 0 and 1, it is clear that
0 < P(F) < 0.375 (expected value constraint)

0 < P(C) < 0.75 (last equations)
0.25 < P(B) < 0.625 (last equations)

or
0.0 < P(F) < 0.375

0.0 < P(C) < 0.75
0.25 < P(B) < 0.625
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(¢) Using this constraint, the total probability equal to 1 rule, the entropy
formula and the MaxEnt rule, find the values of P(B), P(C), and P(F)

which maximize S.

The entropy then becomes
1
1 1

The maximum occurs for P(F') = 0.216 and hence for P(B) = 0.466 and
P(C) = 0.318 and S = 1.517 bits.

(d) For this state determine the expected value of Calories and the expected
number of meals served cold.

Average Calorie Count = 1000P(B) + 600P(C') + 400P(F)
= 466.0 + 190.8 + 86.4 = 743.2

Average Meals Cold = 0.5P(B) + 0.2P(C) + 0.1P(F)
=0.233 + 0.064 + 0.022 = 0.319

In finding the state which maximizes the entropy, we found the probability dis-
tribution that is consistent with the constraints and has the largest uncertainty.
Thus, we have not inadvertently introduced any biases into the probability es-
timation.

3.6.10 Extended Menu at Berger’s Burgers

Suppose now that Berger’s extends its menu to include a Tofu option as shown
in Table 3.2 below:

Entree || Cost | Calories | Prob(hot) | Prob(cold)

burger | $1.00 1000 0.5 0.5

chicken | $2.00 600 0.8 0.2
fish $3.00 400 0.9 0.1
tofu $8.00 200 0.6 0.4

Table 3.2: Extended Berger’s Burgers Menu Details

Suppose you are now told that the average meal price is $2.50.

Use the method of Lagrange multipliers to determine the state of the system
(i.e., P(B), P(C), P(F) and P(T)).
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You will need to solve some equations numerically.

We now have the constraints

1= P(B)+ P(C) + P(F) + P(T)
2.50 = 1.00P(B) + 2.00P(C) + 3.00P(F) + 8.00P(T)

and the entropy function

S = P(B)log, (P(lB)) +P(C)log, (13(10)> +P(F)log, (P(lF)) +P(T)log, (p(lT))

The analytical method used in problem 5.6.9 will not work in this problem where
there are 4 probabilities and only 1 constraint equation. We have 4 unknowns
and only 2 equations so that the entropy would be a function of two variables
and thus finding the maximum would require gradient search techniques.

The more general procedure in this case uses Lagrange multipliers. We define
the Lagrange multipliers o and 5 and then the Lagrangian function L:

L=25—(a—logye)(P(B) + P(C) + P(F) + P(T) — 1)
—B(1.00P(B) + 2.00P(C) + 3.00P(F) + 8.00P(T) — 2.50)

The reason for the addition of the term log, e will be clear shortly.

Maximizing L with respect to each of the probabilities is done by differentiating
L with respect to each probability while keeping o and 8 and all the other
probabilities constant. The results are

%{B):O:%—(a—b&e)—ﬁ:lo&(%)—long—(a—logge)—ﬁ

log, (ﬁ) =a+

and similarly

log, (P(lc)) =a+26 , log, (P(1F)> =a+36 , log, (P(lT)> = a+8p

so that

We can find a and 8 using
P(B)+P(C)+P(F)+P(T)=1
27x(27F 42728 4 2730 4 278y =1
log, (27%(277 +2720 42730 4 2780)) =0
o =log, (277 + 2727 42735 4 278F)
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and
2% (1.00P(B) + 2.00P(C) 4 3.00P(F) + 8.00P(T)) = 2.50 x 2%
1x2 8 4+2%x2720 13%x230 48x2780 =250x 2%
1x27 P 42x2728 1 3x2738 1 8x 2780 =250 x (277 42728 42738 1 2-8F)
1.50 x 277 4 0.50 x 2728 —0.50 x 2780 — 550 x 2780 =0

Finding the zeroes of the last equation gives us 8 and the value of 8 gives us «,
which then determine the probabilities and the entropy. The computed values
are

B = 0.2586 bits/dollar
o = 1.2371 bits

P(B) = 0.3546
P(C) = 0.2964
P(F) = 0.2478
P(T) = 0.1011

S = 1.8835 bits

3.6.11 The Poisson Probability Distribution

The arrival time of rain drops on the roof or photons from a laser beam on a
detector are completely random, with no correlation from count to count. If
we count for a certain time interval we won’t always get the same number - it
will fluctuate from shot-to-shot. This kind of noise is sometimes known as shot
noise or counting statistics.

Suppose the particles arrive at an average rate R. In a small time interval
At < 1/R no more than one particle can arrive. We seek the probability for n
particles to arrive after a time ¢, P(n,t).

We have random arrival at the detector with an average rate R. Consider
breaking up any time interval into slices of size At such that no more than
one particle arrives in that interval. The probability for a particle to be in the

interval At is
PAt = RAt < 1

(a) Show that the probability to detect zero particles exponentially decays,
P(0,t) = e~ B,

Now consider a finite interval from 0 to t. There are N = t/At slices in
the interval. Let gay = 1 — Pay = probability of no particle in the slice.

Since the different slices are statistically independent, this implies that the
probability of no detection in the interval [0, ¢] is given by
(ga)N = (1= Pa)™ = (1 = RA)YA!
This implies that
P(0,t) = lim (1 — RAH)YAt = =1t
At—0
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(b) Obtain a differential equation as a recursion relation

%P(n, t)+ RP(n,t) = RP(n —1,t)

Now, in the interval ¢ — ¢t + At either no particles or one particle is
detected. This implies that

P(n,t + At) = P(n,t)P(0, At) + P(n — 1,t)P(1, At)
= P(n,t)(1 — RAt) + P(n — 1,t)(RAY)

Therefore,

(c) Solve this to find the Poisson distribution

(Rt) o Rt

P(n,t) = p

Plot a histogram for Rt = 0.1,1.0,10.0.

We can solve this recursively.

d
%P(O,t) = —RP(0,t) = P(0,t) = e~

%P(l,t) = R(P(0,t) — P(1,t)) = —RP(1,t) 4 e~

With initial condition P(1,¢t = 0) = 0, this implies that
P(1,t) = Rte™ #

%P(Zt) = R(P(1,t)—P(2,t)) = —RP(2,t)+Rte” " — P(2,t) = %(Rt)Qe’Rt

By induction we have

1
P(n,t) = E(Rt)”efm
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Note that as Rt — oo we get a Gaussian (this is the central limit theorem).

(d) Show that the mean and standard deviation in number of counts are:

(ny=Rt , o,=VRt=+/(n)
[HINT: To find the variance consider (n(n — 1))].

The expected value is

)y =" nP(nt)=3" %(Rt)ne*m
n=0 n=0
_ (T;O (n_l 1)' (Rt)n> eth _ <mzzo 1!(Rt)m+1> eth
= Rt i 1(Rt)m> e = Rt(ef)e 1" = Rt

Now

Trick: Consider

(%) = () = (nln = 1)) = Y- e

n=0

as in equations above. Thus,
on = (n(n— 1)) + (n) — (n)*
= (Rt)4t — (Rt)*> = Rt — 0,, = VRt = \/(n)

Fluctuations going as the square root of the mean are characteristic of
counting statistics.

(e) An alternative way to derive the Poisson distribution is to note that the
count in each small time interval is a Bernoulli trial(find out what this is),
with probability p = RAt to detect a particle and 1 — p for no detection.
The total number of counts is thus the binomial distribution. We need to
take the limit as At — 0 (thus p — 0) but Rt remains finite (this is just
calculus). To do this let the total number of intervals N = ¢/At — oo
while Np = Rt remains finite. Take this limit to get the Poisson distribu-
tion.

The Poisson distribution can be seen as the limit of a Binomial distribu-

tion. In the interval [0, ¢] with N = t/At intervals we seck the probability
for n counts. In the Binomial case we have

P = (3 ) - p

58



The probability of "heads” = a count in At: p = RAt = Rt/N which
implies that

N Re\" (1 - B~
P<N’">—n!<zv_n)!<]v) o

Now, take the limit as N — oo with Np = Rt = finite and using the fact
that N
. Rt Rt ) Rt\"
Y (O
and

lm (Rt>n = lim (Rt)"(1—1/N)(1=2/N)....(1—(n—1)/N) = (Rt)"

to get
Rt)"
lim P(N,n):( ) e Rt
N—o00 n!

which is the Poisson distribution.

3.6.12 Modeling Dice: Observables and Expectation Val-
ues

Suppose we have a pair of six-sided dice. If we roll them, we get a pair of results
a€{1,2,3,4,5,6} , be{l,23,4,56}

where a is an observable corresponding to the number of spots on the top face
of the first die and b is an observable corresponding to the number of spots on
the top face of the second die. If the dice are fair, then the probabilities for the
roll are
Pr(a=1)=Pr(a=2)=Pr(a=3)=Pr(a=4)=Pr(a=5)=Pr(a=6)=1/6
Pr(b=1)=Pr(b=2)=Pr(b=3)=Pr(b=4) = Pr(b=15) = Pr(b=6)

Thus, the expectation values of a and b are

6

1+2+3+4+5+6
(@ =3 iPra=) . /
6
1+2+3+4+5+6
b) = . Pr(b=1) = =7/2
B =3 iPriv =9 - /

Let us define two new observables in terms of a and b:
s=a+b , p=ab
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Note that the possible values of s range from 2 to 12 and the possible values
of p range from 1 to 36. Perform an explicit computation of the expectation
values of s and p by writing out

12

(s) =" _iPr(s=1i)

i=2
and

(p) = ZiPr(p =)

Do this by explicitly computing all the probabilities Pr(s = i) and Pr(p = i).
You should find that (s) = (a) + (b) and (p) = (a)(b). Why are these results
not surprising?

The minimum possible value of s is 2 and its maximum possible value is 12. By
straightforward and tedious calculation we then have

(s) =2Pr(a=1)Pr(b=1)+3(Pr(a=1)Pr(b=2)+ Pr(a=2)Pr)b=1))

+4[Pr(a = 3)Pr(b =1) + Pr(a = 2)Pr(b = 2) + Pr(a = 1)Pr(b = 3)]
+5[Pr(a =4)Pr(b=1) + Pr(a = 3)Pr(b=2) + Pr(a = 2)Pr(b=3)
+ Pr(a = 1)Pr(b=4)]

+6[Pr(a=5)Pr(b=1)+ Pr(a=4)Pr(b=2)+ Pr(a=3)Pr(b=3)
=2)Pr(b=4)+ Pr(a=1)Pr(b =5)]

+ 7[Pr(a = 6)Pr(b =1) + Pr(a = 5)Pr(b=2) + Pr(a = 4)Pr(b=3)

3)Pr(b=4)+ Pr(2=1)Pr(b=5)+ Pr(a =1)Pr(b=6)]

+ Pr(a = 3)Pr(b=6)]
+ 10[Pr(a=6)Pr(b=4) 4+ Pr(a=5)Pr(b=>5) + Pr(a =4)Pr(b = 6)]
+ 11[Pr(a = 6)Pr(b =5) + Pr(a = 5)Pr(b = 6)]

+ 12Pr(a = 6)Pr(b=6)
1 2
= —l = — = 7
36 l 36
Since (a) = (b) = 7/2, we have (s) = (a) + (b). This has to be the case since
expectation is linear.

Likewise, for p, the minimum value is 1 and the maximum value is 36. In table
form,
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(171) - - - (5a5) -
(2,1)(1,2) (2,4)(4,2) - (4,5)(5,4) - -
(3,1)(1,3) (3,3) (3,5)(5,3) - - -

(4,1)(2,2)(1,4) (2,5)(5,2) (4,4) - - -
(1,5)(5,1) - - - - -
(1,6)(2,3)(3,2)(6,1) | (2,6)(3,4)(4,3)(6,2) | (3,6)(6,3) | (4,6)(6,4) | (5,6)(6,5) | (6,6)
and thus,

(p) = %[1 +2(2) +3(2) + 4(3) + 5(2) + 6(4) + 8(2) + 9+ 10(2) + 12(4) + 15(2) + 16 + 18(2)
+20(2) + 24(2) + 25 + 30(2) + 36]
= 3—16[1+4+6+12+10+24+16+9+20+48+30+16+36+4O+48+25++60+36}
441
=36 = 12.25
Since (a)(b) = 49/4 = 12.25, we have (ab) = (a)(b). This reflects the fact that
a and b are statistically independent(uncorrelated).

3.6.13 Conditional Probabilities for Dice

Use the results of Problem 5.6.12. You should be able to intuit the correct
answers for this problems by straightforward probabilistic reasoning; if not you
can use Baye’s Rule
Pr(y|z)Pr(x)

Pr(y)

to calculate the results. Here Pr(z|y) represents the probability of x given y,
where 2 and y should be propositions of equations (for example, Pr(a = 2|s = 8)
is the probability that a = 2 given the s = 8).

Pr(zly) =

(a) Suppose your friend rolls a pair of dice and, without showing you the
result, tells you that s = 8. What is your conditional probability distri-
bution for a?

If s = 8, then the only possible die combinations are (2,6)(3,5)(4,4)(5, 3)(6, 2).
Hence, the forward conditional probability distribution (Pr(s = 8|a = 1))
for a is [0,1/6,1/6,1/6,1/6,1/6]. Via Bayes’ rule,

Pr(s =38) =
NG
=Pr(s=8la= z)g



The forward conditional probabilities are then

[ e e e I e e el e )

Pr(s=8la=1)

Pr(s=8la=2)=Pr(b=6) =
Pr(s=8la=3)=Pr(b=5)=
Pr(s=8la=4)=Pr(b=4) =
Pr(s=8la=5)=Pr(b=3) =
Pr(s=8la=6)=Pr(b=2)=

(b) Suppose your friend rolls a pair of dice and, without showing you the re-

sult, tells you that p = 12. What is your conditional expectation value for
s?

If p = 12, then the possible combinations (a,b) are (2,6)(3,4)(4, 3)(6, 2).
Hence, the conditioned probability distribution for s is Pr(s = 7) =
Pr(s =8) = 1/2 and the conditioned expectation value is 15/2.

3.6.14 Matrix Observables for Classical Probability

Suppose we have a biased coin, which has probability p; of landing heads-up
and probability p; of landing tails-up. Say we flip the biased coin but do not
look at the result. Just for fun, let us represent this preparation procedure by

a classical state vector
To = \/Ph
N

(a) Define an observable (random variable) r that takes value +1 if the coin
is heads-up and —1 if the coin is tails-up. Find a matrix R such that

xOTRxO = (r)

where (r) denotes the mean, or expectation value, of our observable.

R:((lJ —01)
Ao = ) (g 5) (V2)
~ (v v ()

= Ph — Dt

We have
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(b)

Now find a matrix F' such that the dynamics corresponding to turning the
coin over (after having flipped it, but still without looking at the result)
is represented by

xo — Fxg

and
(ry v 2l FTRFxq

Does U = FT RF make sense as an observable? If so explain what values
it takes for a coin-flip result of heads or tails. What about RF or FT R?

(Y (B

= ()6 2) (o) - ()

xy FTRFxo = —pp + py

We have

Obviously, FT RF is just the observable that takes value —1 for heads and
+1 for tails. On the other hand

0 1
re= (0 5)

drra = (v i) (O o) (VI2) = viwm - i

which vanishes for any coin! So it can only be interpretedf as a trivial
(constant with value 0) observable. Likewise

= ()
A Fa = (v v (3 ) (V) = - v + v

which also vanishes.

Let us now define the algebra of flipped-coin observables to be the set V
of all matrices of the form

v=aR+bR?> |, abeR

Show that this set is closed under matrix multiplication and that it is
commutative. In other words, for any vi,vs € V, show that

U1, 02 € 1% , V1V = V2Uq

Is U in this set? How should we interpret the observable represented by
an arbitrary element v € V7
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We have

2 a+b 0
aR + bR —( 0 b—a)

By varying a and b, we can thus generate any matrix of the form

-

where ¢ and d are arbitrary real numbers. Likewise all elements of V' are
of this form. Hence,

I ci O co 0\  fcie 0
27 0 dy)\0 do) L 0  dids

which is still in V', and clearly vivy = vovy. We get U by setting (a,b) =
(=1,0), and in general we interpret v as the observable that takes value ¢
for heads and d for tails.
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Chapter 4

The Formulation of Quantum Mechanics

4.19 Problems

4.19.1 Can It Be Written?

Show that a density matrix p represents a state vector (i.e., it can be written
as [¢) (| for some vector |¢)) if, and only if,

PP =p
First assume p represents a state vector which implies that
p= Py =) (¥l
for some normalized state |¢)). Then
6" = ([¢) (1) (1) (D) = ) (| = p
since (¢ |¢) = 1.

Conversely, suppose that the density operator p is such that p? = p. We know
that p can be written in the form

D
Z wdlj‘wd
d=1

for some collection of normalized states {|11) , [12) , ....., [¥'p) } and the real num-
bers {wy, wa, ...... ,wp}.

Now, since the collection of states {|¢1),|¥2),.....,|¥p)} is orthonormal, we
have

Blape) Plpg) = Ocallupg)
which implies that

D D D
Z Z wewaPly Py =D Y wewadeaPly,y =D wiP,)
d=1

c=1d=1 c=1d=1
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But we assumed that 5? = p so that we must also have

D
p* = wiPly,
d=1

or
D D
Z wgplwﬁ = Z deWd)
d=1 d=1

Now, multiply both sides by ]5w,c> and use ]5|¢C>}—:’|¢d> = 6Cdﬁ)|¢'d>

D . . D . R
d; wiPy.) Py = d; waPlyp.y Py,

A D A
w?l(SCdPWJd = dz:l wddCd‘Plde)

d=1
(w2 —we)Ply,y =0 forallc=1,2,...,D

)

This implies that, for all ¢, w? = w,.. The only solution to this is w, = 0 or 1.
Since w, > 0, we must have w, = 1. However, we must also have

D
Y wi=1-D=1
d=1
Therefore, p = JE’WJ) = |¢) (| for some vector |1)) or p represents a state vector.

4.19.2 Pure and Nonpure States

Consider an observable ¢ that can only take on two values +1 or —1. The
eigenvectors of the corresponding operator are denoted by |+) and |—). Now
consider the following states.

(a) The one-parameter family of pure states that are represented by the vec-
tors

for arbitrary 6.

(b) The nonpure state

1 1
p=5 ) (+H+3 1) (-]

Show that (o) = 0 for both of these states. What, if any, are the physical
differences between these various states, and how could they be measured?
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Now, we have, in general,

(o) =Trpo
and ’
1 e’
0)=—1+) +—=|-
10) \/il ) \/5\ )
gives
5 — _1 Loy e Loy oy Lo
o= 10) (6] = 5 1) CH + 5 1= (=L 567 1) =]+ 5€ =) (+]
Therefore,
(0)g = Trped = (+| o0 |+) + (—| ped |-)
where
o =4) (+ = 1=) (=l
This gives
. . 1 1
(@) = (Hu ) = (=l 7o) = 5 =5 =0
Similarly, for
1 1
p=3 1)+ 3 1) )
we have
(o) = (HpI4) = (=1 p1=) = 5 — 5 =0
o) = p P =5-5-

On the other hand, we also have that

L1 e 1/
p9_2 e—i0 1 7/)_2 0

Now look at the operator

We have

POy =

N |
7N
—
e
)
| =
>.
)
~
X
g
8
I
N | =
7N
—_= O

Therefore,

(02)g = Trpe6, = 3(e" + e ") = cos§ — represents a pure state

(04) =Trpé, =0 — represents a mixed state

Therefore, for p, <B > = 0 for any B , for pg, there exists an operator for which

the result is certain (probability = 1), that is, § = 0.
This is so because |§ = 0) = |0, = +1) — an eigenvector!
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4.19.3 Probabilities

Suppose the operator

M =

o = O
— O =
S = O

represents an observable. Calculate the probability Prob(M = 0|p) for the
following state operators:

3 00 : 0 3 3 00
(@) p=10 3 0 , ) p=1]10 0 0 , (¢ p=1]10 0 0
0o 0 1 104 00 %

In problem 2.22.14 we showed that the eigenvalues of M are A = 0,4++/2 and
the corresponding eigenvectors of M are

1 (L 1 1 11
=710 ey =5 v2 =) =3 V2

Now Py = |0) (0| and we have, in general,

Prob(M = 0|p) = Tr(Pyp)
- (M:0|]30,6|M:O>+<M:\/§’150ﬁ
— (M =0 p|M =0)

(a) We have
100
p=|0 1 O
0 0 1
so that
tru
Prob(M = 0|p) = (M = 0| p|M = 0) = - 0 51|
T0 = = = = = —— = PR
’ ’ V2 0 0 i V2
(b) We have
> 05
p=10 0 0
P
so that
+
Prob(M = 0lp) = (M = 0| p|M = 0) = — 0 %8%1
T0 = — — = = — -
P < P \/§ -1 1 9 1 \/§
2 2

(=}
(0]

M:f2>+<M:—x/§




(c) We have

3 00

p=10 0 0

00 %

so that
) 1\ [Lo0o0 ) 1 )
Prob(M =0lp) = (M =0|p|M=0)=—[ 0 00 0|—=1[ 0 |=2=
rob( lp) = ( ¥l >ﬂ 2 R vol W >
2

Let us look at this in other ways to help our understanding of what is happening.

For the case

100
1
onz(l)
0 0 %

Clearly, the eigenvalues of p are 1/2,1/4,1/4. The corresponding eigenvectors

are
1 0 0
1/2>=I1>=(0) 7|1/4>=|0>=(1) ,|1/4>=|—1>=(0)
0 0 1

Therefore the spectral decomposition of p is
] !

S OO
o O O
oS O O
o~ O
o O O
o OO
o OO
= o O
1

|
+
==
N
1

O O =

ﬁ:%\l><1|+ |0><0\+ =1 {1 IZ;{

Now, using the M —basis, we have

0) = & (1M = V3) — |M = —V3))
0 (M = V) + [~ ) £ Sy =0

Therefore,
p= 511 (U410 0+ -1} (-1
L] M = V2) (M = VA 4 (M = —V2) (M = =3 + 5 [M = 0) (M = 0|
=2 | HE M= VR (= VAt d M = f><M xf|+2f|M V2) (M =0
512 M = 0) (M = V2| + 515 |M = —v2) (M = 0] + ;15 [M = 0) (M = —v/2
L L[ BIM =) (M= Vo] + 5 |M = —v2) (M = V2| - §|M = v2) (M =2
4“1 M = —v2) (M =2

R RGP P Ari Lt et

(M = —va|+ | = V3 (M = fr 7vz | M = V2) (M =0
b M = 0) (M = V3| — - |M = —V2) (M = 0] - |M*0><M— ~V2|



and we have
P b( _O|)_< _O‘A| _0>_11 1 —

as before.

4.19.4 Acceptable Density Operators

Which of the following are acceptable as state operators? Find the correspond-
ing state vectors for any of them that represent pure states.

13 9 12
n=1 1] n=|8 &
4 4 25 25
> 0 g 2 0 1
ps=10 1 0 . opa=10 10
100 100
1 2 V2 V2
ps = 3w tul + 3 |v) (vl + = ) (o] + == o) (ul

(ulu)y=(@|v)y=1and {(u|v)=0

103 5 12 7
p1=[§ %}—ho%:[ & %2}—>Trp%2>1—> not acceptable
11 % 25 4
9 12
m:[%g %g]%pQ—pg%TrpQ Trps =1 — pure state
25 25
9 173
i %8 |¢3><¢3|%|¢3>:g 4
1 1
2 (1) A 2 2 _ 9 :
pa=10 5 0 —>p47ép4—>Trp4=§<1—> a mixed state
3 00
1

The eigenvalues of py are 1/2, (1 £ +/2)/4 and the eigenvectors are

0 0.92 —0.38
1 2 1—+/2
=11, +4*[>: o |, 4f>= 0
0 0.38 0.92
Spectral decomposition implies that
o1 1+v2[14+V2 2 1—-v2|1-v2\ /1-+2
=5 11/2){1/2| +
2 4 4 4 4 4 4

which corresponds to a mixed state.

1
—>p§7ép5—>Tr,0§:§<1—> mixed state

=

ot

I
= Ol
Onl= O
Bl= O Rl
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s = 1) (a2 o) 0+ ) (o2 o) () = (o] 0) = Tand (u | 1) = 0

P2 =ps — Trp2 = Trps =1 — pure state
ps = % ) (ul + 3 [v) (0] + 2 [u) (0] + 2 |0} (u] = |4bs) (5]
s} = L) + /2 o)

4.19.5 Is it a Density Matrix?
Let p1 and g2 be a pair of density matrices. Show that

p=rpr+(1—7)p2
is a density matrix for all real numbers r such that 0 < r < 1.
We have p = rp1 + (1 — r)ps where p; and ps are positive, semi-definite, which
implies that
@WlplyY) >0, (Plp2ly) >0
and we also have 0 < (1 —r) < 1. Therefore,
(o) =r @l p1[¥) + (1 —7) (Y] p2 )

This is the sum of two numbers both of which are greater than or equal to zero.
Therefore,

([plY) 20

The trace is a linear operation, so
Tro=rTrpn+ (1 —r)Trpo=r+(1—r)=1

Therefore, p = rp; + (1 — r)p2 is a density matrix for all real numbers r such
that 0 <r < 1.

4.19.6 Unitary Operators

An important class of operators are unitary, defined as those that preserve

inner products, i.e., if 1;> U |¢) and |@) = U |¢), then <g0 ‘ w> (¢ | ¥) and
(B|@)=tw1¢).

(a) Show that unitary operators satisfy UUt = UTU = I, i.e., the adjoint is
the inverse.

We have
G| 9) = (el UTU ) = (0] ¥) = (ol I 1)
=UtU=1
Ut[B) = UtU ) = T1) = [4)
= (o | ¥) = (@ UU* @) = (¢ | &)
=UUt =1
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(b) Consider U= eiA, where A is a Hermitian operator. Show that U+ = e
and thus show that U is unitary.

Let
U= exp(iA) , A Hermitian
U= 3 hA) = Ut = & h(-id") = & h(-i)"
Ut = eXp( zA) " "

Thus,

UTU = exp(iA) exp(—iA) = exp(0) =
= U is unitary

where we have used

when A and B commute.

—iA

(c) Let U(t) = e~ilt/h where t is time and H is the Hamiltonian. Let [1(0))
be the state at time ¢ = 0. Show that [¢)(¢)) = U(t) [4(0)) = e~/ |1(0))

is a solution of the time-dependent Schrodinger equation, i.e., the state

evolves according to a unitary map. Explain why this is required by the

conservation of probability in non-relativistic quantum mechanics.

Let U = e /" where H = the Hamiltonian. Given a state at t = 0,

[1(0)), let |4 (t)) = U(t) |1(0)), which implies that
e (o) = Tt 1w(0)

)
OU t) — et t " iH 71Ht/h zHU(t)
)

Ll >= H17(6) [0 = —£ 1600
in2 () iy

Thus, |(¢)) = U(t) |1(0)) is a solution of the Time Dependent Schrodinger

equation.

The fact that [¢)) evolves according to a unitary map is required by

the probability interpretation of |1b). At t = 0, we choose [|[1(0))||> =
((0) | ¥(0)) =1, i.e., normalized to a total probability of all possible al-

ternatives. At later times, this total probability must be conserved. This

implies that

I = ((t) | 9(#)) = 1
(W) [9(#) = (¥(0) [ ¥(0))

so that we have unitary time evolution.

(d) Let {|u,)} be a complete set of energy eigenfunctions, H |u,) = Ej, |uy,).
Show that U(t) = Ze Ent/P |, (u,].  Using this result, show that
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[(t)) = cpe” /M y,,). What is ¢,?

n

Let the set {|u,)} (a complete orthonormal set) satisfy H |u,) = Ey, |un).
This implies that
I= Z un) (un|

Thus, R
Ut) = UL =UX |un) (up| = 3 e uy) (u]

U(t) =3 e Pt fup) (un| = 35 €750 Jun) (un]

n

and

[Y(8)) = U(#) [4(0)) = (Z e uy) <un|> [$(0)) = D e fup) (un | 9(0))

n n

so that
cn = (un | ¥(0))

4.19.7 More Density Matrices

Suppose we have a system with total angular momentum 1. Pick a basis corre-
sponding to the three eigenvectors of the z—component of the angular momen-
tum, J,, with eigenvalues +1, 0, —1, respectively. We are given an ensemble of
such systems described by the density matrix

2 1 1
p=-11 1 0
1 01

(a) Is p a permissible density matrix? Give your reasoning. For the remainder
of this problem, assume that it is permissible. Does it describe a pure or
mixed state? Give your reasoning.

Clearly p is hermitian and Trp = 1. This is almost sufficient for p to be
a valid density matrix. We can see this by noting that, given a hermitian
matrix, we can make a transformation of basis to one in which p is diag-
onal. Such a transformation preserves the trace. In this diagonal basis, p
is of the form

p=all)(1]+0b]2) (2] +c[3) (3]

where a, b, ¢ are real numbers(hermitian operators have real eigenvalues)
such that a4+b+c¢ =1 (trace = 1). This is clearly in the form of a density
operator.

However, we must also have that p is positive, in the sense that a,b,c
cannot be negative. Otherwise, we would interpret some probabilities as
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negative. There are various ways to check this. For example, we can check
that the expectation value of p with respect to any state is not negative.
Thus let an arbitrary state be

) =all)+812) +7[3)

Then
(Wlple) = (o (A]+ B 2] +" B]) (a[1) (1] +b[2) 2| + c[3) (3]) («[1) + B[2) +7(3))
1 2 1 1 «
R AR
1 01 ¥

=2]al” + |8 + [7|” + 2Re(a" ) + 2Re(a™y)
which can never be negative by virtue of the relation
[2” + y|* + 2Re(z"y) = |z +y[* > 0

Therefore, p is a valid density operator.

To determine whether p is a pure or mixed state, we consider

This is not equal to one, so p is a mixed state.

Given the ensemble described by p, what is the average value of J,?7

We are working in a diagonal basis for J,, therefore

1 0 O
J,=10 0 0
0 0 -1
The average value of J, is then
1 2 0 -1 3
(J.) =Tr(pJ,) = ZT?“ 1 0 0 =1
1 0 —1

What is the spread (standard deviation) in the measured values of J,?

We need

—_ O =
I
=W

2
(J2) =Tr(pJ?) = iTr 1
1

AJ, =/ (J2) = (J.)* = \/11/16 = 0.829
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4.19.8 Scale Transformation

Space is invariant under the scale transformation
=z =ex
where c is a parameter. The corresponding unitary operator may be written as
U — e—icb

where D is the dilation generator. Determine the commutators [ﬁ,z%} and

[ﬁ7 ]ﬁm} between the generators of dilation and space displacements. Determine

the operator D. Not all the laws of physics are invariant under dilation, so the
symmetry is less common than displacements or rotations. You will need to use
the identity in Problem 4.19.11.

Under a scale transformation we have
= =ex
which corresponds to the unitary transformation operator
U= e—icb
where D is the Hermitian dilation operator so that
ja’) = U |z)
The eigenvector/eigenvalue equation for these states is
Elr) =z |z)
which implies that
GU 2y =2U 2!y = U e |a!) - UU Y |2') =z |2)

Then A
UsU ' a') = z|2)) = e ez |a)) = e 2 [2/) = e 2 |2')

since
bla') =o' |2')
This says that
UiU™ = e~ — €4 = U130 = eiPje—icD
Now using the identity in Problem 6.19.11 we have

DD — 3 4 ¢ [iD,:ﬁ} + 5 [iD, [szH Fo

(0]



and also
é£_£(1+c+;¥+~++++>
These two powers series in ¢ must be equal term-by-term so that we have
Pﬂﬂ:@
Now using the Jacobi identity we have
[[D-e] 4] + [1e21. 5]+ [[2.5] 5] =0
Using [p, ] = —ih and [9%7 ﬁ} = i3 we get
[[De] 2] =

which says that

This says that
D=_— (Zps + Pri)
since
iD, 8] = o (80 + pait 8] = gy (80, 8] + [P, ) = o (—ihd — ihd) = &
~iD, 52| = 5 e + o ba) = 5 (0. Bl + (32, 52) = 53 (i0e + ihe) = o

and D must be hermitian.

4.19.9 Operator Properties

(a) Prove that if H is a Hermitian operator, then U = el is a unitary oper-
ator.
We have
U=¢H
Then .
UJr —iHT —1H

so that U is unitary.

(b) Show that det U = e/T"H,

There exists a unitary matrix U that diagonalizes H, i.e.,

UTHU =D
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Then
UTH?U =UYHUUTHU = D?

and
UTH"U =UTHU....... UtHU = D"

We then have
Ute'U =Y UT(iH)"U =Y U (iD)"U =U*e'PU
n=0 n=0

Now since D is diagonal and since the product of diagonal matrices is also
diagonal we get

eiM 0 0 0 0
- 0 eire 0 0 0
iD (iD)5; iDii iD 0 0 € 0 0
(6 )u = Z n! =¢ —e = 0
n=0
0 0 0 eirn

and

det(U) = det(e') = det(eUUT) = det(U T U) = det(e'?)

A — A FAatAatoAAn) _ iTrD

— 61)\161)\2 67,)\3

Now
Tr(UTHU) =Tr(HUU") =TrH =TrD = Z/\i

so that
det(U) _ eiTrD _ eiTrH

4.19.10 An Instantaneous Boost

The unitary operator

0(5) = "¢

describes the instantaneous (¢t = 0) effect of a transformation to a frame of
reference moving at the velocity ¢ with respect to the original reference frame.
Its effects on the velocity and position operators are:

o

Vo =V —sf . 000U '=0

Find an operator Gy such that the unitary operator U (U,t) = G will yield
the full Galilean transformation

OVO =V —5i , 00U =0— it
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Verify that G, satisfies the same commutation relation with }3, J and H as does

G.

The restricted Galilean transformation is given by the unitary operator U (%) =
¢i%C such that R R R )

ovut=vV-ul , UQU'=Q
This restricted transformation is instantaneous and thus causes no change in
the position!

The full Galilean transformation is given by U (7, t) = ¢i%Gt guch that

OV '=V -5 , UQU'=Q —wt]

Method 1:

>

U@U‘l _ ew‘étQ'e—w‘ét _ Q _ i

In general, however,

i [17- ét,Q} = iv, [ém,ﬁ:} + v, {thy} +iv, [étz,z}
v, (2) [Br.] i, [Pyoi] i [Pr2] = otk
as expected.

Method 2: The desired transformation U(7,t) = e'¥"C* is a combination of an
instantaneous Galilean transformation, which affects the velocity operator, but
not the position operator, and a space displacement through the distance t.
This suggests that we try

Gy = M@ — tP = (instantaneous boost) 4 (space translation)

We let h =1 for convenience. We have
ew'étQAae_w'ét =Q, + [iﬂ'- ét, Qa] + ( higher order terms)
The commutator has the value
(i G, Qu] = =i [i7- Pt Q] = —vat
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Since this is a multiple of the identity operator, all the higher order terms vanish
above and we get

Similarly,
ew'éf Pae*w'éf =P, + [i17~ G, Pa] + ( higher order terms)
[w. ét,ﬁa} = iMﬁ.é',Pa} — _Muyl
Again all higher order terms are zero and we have
em'é‘]sae_w'é‘ = P, — Mugtl

Dividing the equation by M gives the correct transformation equation for the
velocity operator V,, = P, /M. So the assumption

G, = MO —1tP

is correct.

Commutators: Consider étl with H. We have
it icGu g—icH ~iGu _ j 4 2 [th’ﬂ-]

This is unchanged from result in text with G1 and so this commutator does not
change and similarly for all others.

4.19.11 A Very Useful Identity

Prove the following identity, in which A and B are operators and x is a param-
eter.

R - 2 3
et a5 (4[4 4[4 4 [A8]] 5o
There is a clever way(see Problem 6.19.12 below if you are having difficulty)
to do this problem using ODEs and not just brute-force multiplying everything

out. Straightforward expansion/regrouping
n _ 2ApD —zA (ZAA)TL > (_‘:UAA)TL
f(r) =e"" Be = (Z nl >B<Z n

A 1 A . . 1 .
= <1—|—mA+ 242 )B (1—$A+ 2x2A2—....>
+




4.19.12 A Very Useful Identity with some help....

The operator U(a) = e?%/" is a translation operator in space (here we consider
only one dimension). To see this we need to prove the identity

_ an A, B]...]]
0

%,_/v

1 1
+[A4,B] + E[A’ [A, B]] + g[A [A,[A,B]]] + .....
(a) Consider B(t) = e!4ABe~*4, where t is a real parameter. Show that

d —t
dtB( ) =e'4[A, Ble™t4

4
dt
(b) Obviously, B(0) = B and therefore

B(t) = e!*ABe™ 4 — e BAe ™t = ¢!4[A, Ble™t4

B(l):B+/ dt% (t)

Now using the power series B(t) = Y.~ ¢"B,, and using the above inte-
gral expression, show that B,, = [4, B,_1]/n.

First, note that
tA[A B]eftA — etAfleftAetABeftA tAB —tA tAAeftA [A B( )]
Now, integrating, we have

d

1
B(1) :B+/0 S B(t)dt

B(1):B+/0 [A, B(t)]dt
ZBn:Bm—Z[A,Bn]/ o dt
ZB,L*BOJFZA B,]

n=0
o0 o0 1
> B, = Z[A,Bn]n—“

n=1 n=0
> 8= >0 B
sy Dn n
n=1 n=1
1
— Bn = 7[A7Bn 1]
n



(¢) Show by induction that

B, = — [A,[A,...[A, B]...]]
We have
1 1 1
Bn - E[A7Bn71] - ﬁ Aa  — 1[Aan72]
= L AA B = e = 1 (A, |4, B
_n(n—l) , 1A, Dp—2|| = «evenenn _n(n—l)....(n—n+1) g e ,Dn—n
= i'[A, [4,.....[A,B]....]] (with n nested commutators)
n!

eABe 4 = B(l) = f: By,
n=0
= %[A, [A,....[A, B]...]]

(e) Now prove e*/hge=Pe/h — g 4 g showing that U(a) indeed translates
space.

We have A = ipa/h, so that

o0

ipa —ipa _ 1
e/ Mye /h = ;0 H[Av (A, ... (A, z]....]]
_ ,;ﬁ (h> 1D, [Ps o[ ]

Only the first and second terms survive so that

eipa/hxe—ipa/ﬁ = + a (;) (—Zh) =T + a

Alternative Method: Let f(x) = e*ABe"A where z is a parameter. In
general, we can write

L, dzf(x)
+ §x dx?

=0 =0

df (x)
dzx

f(z) = F(0) + 2

In this case, we can write

df (z) A




This implies that

2fx)  d [df] - 214, jw) = {A df] = [4.[4.f@)]

dz?  dz |dz

and so on. Since f(0) = B we get
fl@) = e*ABeA = B [4,8] o+ [A.[4 8] & +[A.[4, [4.B]]] T ...

We note that this is the solution of the first-order operator differential equation

df(z)
dx

= {A, f(x)}

with boundary condition f(0) = B.

4.19.13 Another Very Useful Identity
Prove that

A+B A_B

1r+
= ‘e e_i[A’B]

e

provided that the operators A and B satisfy
4. ]4.8]] = [B.[4.B]] =0
A clever solution uses Problem 6.11or 6.12 result and ODEs.

We define f(z) = eA¢*B_ We then have

Af(T) = s aB  wAbeB & i aB . At wA i
( ) AeerxB+exABea:B :AeerxB+exABe ererafB

_ (A+ emAée—xA> eerrB _ (A—FBIABe_zA) fA(Jﬁ)
Since [/1, [A,B” = 0, problems 6.19.11 and 6.19.12 say
e"ABeA — B + [/1, B} x

so that we have

df (x)
dzx

This equation has the solution

= (/1 + e‘”ABe*wA) fla) = (A +B+ {A’B} x) f()

o) = evdend _ i+ 17[48
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If we choose x = 1 we have

eAeB _ e(A+B)+%[A,B] _ JA+B_1[AB]

where the last step follows because
4.8 = [5.[a.8] =

(behave like ordinary numbers in algebra). Therefore, we finally get

GATE _ A B ~1[A5]

4.19.14 Pure to Nonpure?

Use the equation of motion for the density operator p to show that a pure state
cannot evolve into a nonpure state and vice versa.

We have

W A,

h
For a pure state we have Trp? = 1 (not < 1) and p = [¢) (¢ (a single
).

projection operator and NOT a sum). Therefore,
ATy o, 40 o0 _ 20 (o]7.4])
e T T Ul

Using TrAB = TrBA, we have

di;v;m _ _%T?‘ <ﬁ [H,ﬁ]) = %Tr (ﬁﬁp_ ﬁ[,@ﬁ) -0

so that
Trp*(t) = Trp*(0) = 1 = constant

this says that a pure state cannot change into a nonpure or mixed state.

Alternatively,

p)
= Tr (Opt) () 0) = Tr (Uj(ta)(t0) )
)

= Tr (p(to)Ip(to)) = Trp(to)

4.19.15 Schur’s Lemma

Let G be the space of complex differentiable test functions, g(x), where x is real.
It is convenient to extend G slightly to encompass all functions, g(x), such that
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g(z) = g(x) + ¢, where g € G and c is any constant. Let us call the extended
space G. Let q and p be linear operators on G such that

q9(x) = zg(z)

py(x) = —idi’l(j)

= —ig'(z)
Suppose M is a linear operator on G that commutes with ¢ and p. Show that

(1) ¢ and p are hermitian on G

We shall equip the space G with the scalar product

g) = / dxf* (x)g(x)

for any f and g in G. Clearly,
S(f.dg) = [ doof (@)g(e)

On the other hand,

oo

S(f.q%g) = S(df.0) = / dz zf* (z)g(z)

—00
since z is real. Hence S(f,Gg) = S(f,G%g) for all f and g in G, and thus

=4"

K

For the operator p

o0

S(f.pg) = —i / dz f*(x)g'(z)

and
S(f.p"g) = S(o1.9) / d [~if* (@) g(z) = i / dz " (x)g(x)

If we perform an integration by parts, we have

S(f,ptg) =i / dz ™ (2)g(z) = i [f(00)g(00) — f(—00)g(—00)]—i / dz [ (x)g'(x)

Now the integrated term vanishes, since by definition of the scalar product,
the functions f and g must vanish on the boundary. Therefore,

b=t
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(2) M is a constant multiple of the identity operator

Since [M,(j} = 0, it follows that [M,(j”] =0, n=123,... and hence
that o
|41, e] =0

Thus, any function of the operator ¢ that has a Fourier transform,

o0

£(@) = / dt ()t

— 00

also commutes with M. For such a function,

Mf(q)g(x) = f(d)Mg(x)

Since gg(x) = zg(x) , ¢"g(z) = a"g(z) and e"lg(z) =
any function with a Fourier transform satisfies f(§)g(x)

M f(x)g(x) = f(@)Mg(x)

If we now choose g(x) = 1, we have

e g(x) so that
= f(x)g(x), then

where Mg(z) = m(z) when g(z) = 1.

Certainly, the unit function belongs to G and we are sure that the function
m(z) lies in the space G (this is the reason why we extended the space of
test functions from G to G - in G the above statements are not true!). We
can now replace f(x) by g(x) or ¢’'(z) (they also have Fourier transforms)
so that we have

Mg(z) = g(x)m(z) , Mg'(x) =g (z)m(z)

Now consider the fact that M commutes with p. Thus implies that

This last result implies that m/(x) = 0 or m(x) = &, a constant.

We then have A
Mg(z) = rg(z)

or, in other words, M = xI where I is the identity operator on G.
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4.19.16 More About the Density Operator

Let us try to improve our understanding of the density matrix formalism and
the connections with information or entropy.We consider a simple two-state
system. Let p be any general density matrix operating on the two-dimensional
Hilbert space of this system.

(a) Calculate the entropy, s = —T'r(pln p) corresponding to this density ma-
trix. Express the result in terms of a single real parameter. Make a clear
interpretation of this parameter and specify its range.

the density matrix p is hermitian, hence diagonal in some basis. Work in
such a basis. In this basis, p has the form

(60
P=\o 1-9

where 0 < 6 <1 is the probability that the system is in state 1. We have
a pure state if and only if either 8 = 1 or § = 0. The entropy is

s=—0lnf—-(1-0)In(1-190)

(b) Make a graph of the entropy as a function of the parameter. What is
the entropy for a pure state? Interpret your graph in terms of knowledge
about a system taken from an ensemble with density matrix p.

08

Figure 4.1: The entropy as a function of 6
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The entropy for a pure state, with § = 1 or § = 0, is zero. The entropy
increases as the state becomes less pure, reacing a maximum when the
probability of being in either state is 1/2, reflecting minimal knowledge
about the state.

Consider a system with ensemble p a mixture of two ensembles p; and po:
p=0pi+(1—0)p2 , 0<60<1

As an example, suppose

1(1 0 1
m=5\01) » ”73

in some basis. Prove that

s(p) = p=0s(p1) + (1 — 0)s(p2)

with equality if = 0 or § = 1. This the so-called von Neumann’s mizing
theorem.

The entropy of ensemble 1 is:
11 1 1
s(p1) =—-Trp1lnp, = —3 ln§ — §ln§ =1n2=10.6931

It mat be noticed that p3 = po, hence ensemble 2 is a pure state, with
entropy s(p2) = 0. Next, we need the entropy of the combined ensemble:

1/ 1 1-90
p=9p1+(1—9),02:2<191 )

To compute the entropy, it is convenient to determine the eigenvalues,
they are 1 — 6/2 and 6/2. Note that they are in the range from zero to
one, as they must be. The entropy is

= (1-2)u(1-2)- (9

We must compare s(p) with
0s(p1) + (1 —0)s(p2) = 01In2

It is readily checked that equality holds for # = 1 or # = 0. For the case
0 < 0 < 1, take the difference of the two expressions:

stp)~ tp0) + =0t = (1= D) (1= 2) (<) () om
(-5 ()
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This must be larger than zero if the mixing theorem is correct. This is
equivalent to asking whether

1-6/2 0/2
(-3) () 7
2 2

is less than 1. This expression may be rewritten as

1-0/2
(1 - Z) (26)%/2

It must be less than 1. To check, let us find its maximum value, by setting
its derivative with respect to 8 equal to O:

d g\ 1—0/2
0= <1 - 2) (20)%/2

— %exp Kl - g) In (1 - g) + (Z) In (29)}
12

1 1

=1In(20) —In (1 —6/2)

Thus, the maximum occurs at § = 2/5. At this value of 6, s)p) = 0.500,
and 0s(p1) + (1 — 6)s(p2) = (2/5)In2 = 0.277. The theorem holds.

4.19.17 Entanglement and the Purity of a Reduced Den-
sity Operator

Let H4 and Hp be a pair of two-dimensional Hilbert spaces with given or-
thonormal bases {|04),]14)} and {|0g),|15)}. Let | 4p) be the state

‘\I/AB> = COSG‘OA> ® |OB> —|—Sin0|1A> ® |1B>

For 0 < 6 < 7/2, this is an entangled state. The purity ¢ of the reduced density
operator p4 = Trg[|¥ap) (¥ apl|| given by

¢ =Tr[p%]

is a good measure of the entanglement of states in Hap. For pure states of the
above form, find extrema of ¢ with respect to 6 (0 < 6 < 7/2). Do entangled
states have large ¢ or small (7 We first form the density operator corresponding
to |\I/AB>7

p=1¥aB) (Yas|
= c0s? 0| Wgo) (Voo| + cosOsin b [Wog) (U11] + cosOsind [ W) (Tgo| + sin? 0 |11) (P14
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Here |Ugg) stands for |04) ® [0p), and so forth. Now we take the partial trace
over A to find the reduced density operator,

pa=Trgp=(0p[p|08) + (15|p|lp)
=082 0[04) (04] +sin? 0 [14) (14]

and then
P4 =cos0104) (0a] +sin® 0 [14) (14]

so that
¢ = Tr[p%] = cos* 6 +sin* 0

The extrema correspond to

d
¢ = d—g = —4cos®fsinfh + 4sin® O cosf = 0

which gives
cos® fsin 0 = sin® 0 cos @ — cos? O = sin 0

For 0 < # < /2, this equation is satisfied for § = 7 /4, cos® = sin?4 = 1/2
and also ( =1/2. At 0 =7 /4,

W) — %uom ® (05) + [14) ® |15))

which we recognize as a highly entangled state. Since for # = 0 we have
(Wap) = 104) ®[0p)

which is unentangled and ¢ — 1, we see clearly that entangled states are asso-
ciated with smaller purity for the reduced density operator.

4.19.18 The Controlled-Not Operator

Again let H4 and Hp be a pair of two-dimensional Hilbert spaces with given
orthonormal bases {|04),|14)} and {|05),|15)}. Consider the controlled-not
operator on Hp (very important in quantum computing),

Uap =P oIP + P ool
where P64 = |0A> <0A|, PA = |1A> <1A| and UIB = ‘OB> <1B| + |13> <00‘.

Write a matrix representation for Uap with respect to the following (ordered)
basis for Hap

04) ©[0B) , [04) @ [1B) , [14) ©[0B) , [14) ® [1B)

Find the eigenvectors of U4p - you should be able to do this by inspection. Do
any of them correspond to entangled states?
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We start by writing out
Usp=PloI"+ P ool
=104) (04 ® [05) (05| + [04) (04| ® [15) (15|
+[14) (La| ®|05) (15| + [14) (14| @ [15) (05|
=104) ®[05) (04| ® (0p[ +104) ® [15) (04| ® (15|
+[14) ® [05) (14| @ (1] + [14) ® [15) (14| ® (0|

Hence, in the basis order given,

1 0 0 O
01 00
Uar =g 0 0 1
0 010
We see immediately that
1 0
0 1
N eonens .|| e loes)
0 0

are unentangled eigenstates of Usp. Then from prior experience we can also
guess that

0
% ‘ H%<|1A>®|OB>+|1A>®|1B>>=|1A>®<|03>+|1B>>
1
0
1 0 1 1 0 1 1 =11 0 1
1 HE“ A)®@[0p) —[14) ® [15)) = [14) ® (|05) — |1B))
-1

Neither of these are entangled either.

4.19.19 Creating Entanglement via Unitary Evolution
Working with the same system as in Problems 6.19.17 and 6.19.18, find a fac-

torizable input state '

[Wikp) = [Pa) @ |¥p)
such that the output state

¥55) = Uan [¥4)

is mazimally entangled. That is, find any factorizable | Z’B> such that Tr[p%4] =
1/2, where
pa = TrallU5) (W5 )
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A general factorizable input state has the form
[U35) = (a0 [0.4) + a1 [14)) @ (bo [08) + b1 1))
= agbg ‘0A> & |OB> + agby ‘0A> X |13> + a1by |1A> (39 ‘OB> + a1by |1A> ® |lB>
where |ag|? + |a1|? = |bg|? + |b1]? = 1. if we apply Uap to this state we get
[ W5) = Uap [ip)
= apbo [04) @ |0p) + apb1 [04) ® |1B) + a1bo |1a) @ [15) + a1b1 |14) ® |0p)

The simplest ways to get a maximally entangled output state are to set ay =
a; = 1/\/5 and either by = 1 or b; = 0. In the former case we have

1
V2

[55) = —=(104) ® [15) + [14) @ 05))

while in the latter we get
1
V2

In either case it is straightforward to verify that Tr[p?4] = 1/2.

|U%%) = —=(104) ® |0B) + [14) ® [15))

4.19.20 Tensor-Product Bases

Let H 4 and Hp be a pair of two-dimensional Hilbert spaces with given orthonor-
mal bases {|04),|14)} and {|0g),|15)}. Consider the following entangled state
in the joint Hilbert space Hap = Ha @ Hp,

Wap) = —= ((0415) + |1405))

V2

where [041p) is short-hand notation for [04) ®
state in terms of a new basis {|OAOB> , |OA13> , |

|15) and so on. Rewrite this
1AOB> , |1AlB>}7 where

|04) = cosg [04) +Sin§ [14)
|1A> = fsing [04) +cosg [14)

and similarly for {|63> , iB>}. Again ’()A(]B> = ’()A> ® ’63), ete. Is our partic-
ular choice of |¥ 45) special in some way? We first note that

104) = cos% |04) fsing 14)

[14) = —sing |6A> +cos§ |IA>
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SO

[0,1p) = (Cos(;5 ‘(N)a> - sing |ia>> ® (Sin(;5 |6a> + cos% ’1a>>
= sin g cos% ‘(N)a(~)1,> + cos?

— sin? g ‘1a(~)b> — sin 5 cos

[1,0p) = (sin(;5 ’()a> + cosg |ia>> ® (COS? |f)a> — sing ’ia>)

R R 6|5 -
= sin 5 cos 5 ‘0a0b> — sin? 5 ’Oa1b>
+ cos? g 140,) — sin ¢ cosg 11a1s)
and
1 1 .~ - -~
|Wap) = ﬁ(\oallﬁ —[1.05)) = ﬁ(|0alb> — [1a0p))

From the calculations we see that it is unusual for a state to have the same
expansion coefficients in the old and new basis. For example, the coefficients of
|041p) go from

o O = O

to

i @ oo @
bln2COb2

4.19.21 Matrix Representations

Let H4 and Hp be a pair of two-dimensional Hilbert spaces with given or-
thonormal bases {|04),|14)} and {|0p),|15)}. Let [0405) = |04) ® |05), etc.
Let the natural tensor product basis kets for the joint space H 4p be represented
by column vectors as follows:

|0AOB><—> R |0A13>(—> s ‘1AOB>(_> s |1AlB><—>

o O O
OO = O
o= O O
— o O O
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For parts (a) -(c), let

(a)

pas = 3 104) (04] @ 5 (105) +[15)) (03] + (15])

+ 2 114) (14l © 3 (05) ~ 115)) (03] — {151)

Find the matrix representation of p4p that corresponds to the above vec-
tor representation of the basis kets.

Expanding this out in the joint-state basis,
pab = 2104) (041 © 3 (105) + |15)) (03] + (15])
4 2114) (14l ® 5 (03] ~ (1) (05) ~ 1))
= 2104) 041 © 5(10) (051 + 115 051 + 105) (15| + |15) 1)
4 2114) (14 © 3105} (03]  [15) (03] ~ 05) (1] + |15} (1]
= 2(10403) (05| + 10a1) (005] + 10404} (01| +[041s) (01

5
+ E(\la0b> (1a1p] — 1405) (040 — [140s) (1a1p] + |1als) (1als])

33 0 0
L L[3 3 0 0
600 5 -5

00 -5 5

Alternatively, we could have written

_3 (L 0y (1 1), 500y (1 -1
Par=75\0 0)®\1 1) T16\0 1)¥ -1 1
and gotten directly to the final answer.

Find the matrix representation of the partial projectors I4 ®@PF and I 1%
PP (see problem 6.19.18 for definitions) and then use them to compute
the matrix representation of

(1 & ) pas (I © B) + (I* © PP) pas (I* © PP)

We have
B 1 0 B 0 0
POH(OO ,P1<—>01
S0
1 0 0 0 00 0 O
A B 0 0 0O A B 01 0O
I®P0<—>0010 ,I®P1<—>OOOO
0 0 0 O 0 0 0 1
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(I* ® PP) pas (I* ® PP)
1 00 0\/33 0 0 1 000
oo oo]f33 0 o 00 0 0
“100 1 0]l0o0o 5 =5[fo o0 10
000 0/\0 O -5 5 00 0 0
300 0
_1fo o000
“1610 0 5 0
00 00
(I* ® PP) pap (I* ® PP)
00 00\ /33 0 0 00 0 0
o1t o033 0 o0 01 0 0
“10 0 0 0]J]loo 5 —=5]fo 0 0 0
000 1/\0 0 -5 5 00 0 1
00 0 0
_1]o 300
“ 1610 0 0 0
00 05

and their sum is

1
(I @ P7) pa (I © PP)+(I" @ PY) pan (I" © PY) ¢ £

O O O W
O O W o
O oo O

(¢) Find the matrix representation of g4 = Trg[pap] by taking the partial
trace using Dirac language methods.

We start by taking the partial trace in Dirac notation:
3
pas = 75 (10600} (0a08] + [0a15) (0a05] + [0405) {Oals| + [0aLs) (Oals|)
5
+ E(‘laow <1a1b| - |1a0b> <Oa0b| - |1a0b> <1a1b| + |1a1b> <1a1b‘)
. 3 5
pPA = E(|Oa> <Oa‘ + |0a> <Oa|) + T6(|1a> <1a| + |1a> <1a|)
3 5

= 2 10a) (0a] + 2 [1a) (La]

Thus, in matrix representation

_1(3 0
PA=3\0 5
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4.19.22 Practice with Dirac Language for Joint Systems

Let Ha and Hp be a pair of two-dimensional Hilbert spaces with given or-
thonormal bases {|04),|14)} and {|0p),|15)}. Let [0405) = |04) ® |05), etc.
Consider the joint state

|Wap) = —= (10405) + [1415))

1
V2
(a) For this particular joint state, find the most general form of an observable

O acting only on the A subsystem such that

(Wap| O @IP |Wap) = (Vap| (I* @ PY) O @ IP (I* @ PY) [V ap)

where
= |07) (07|

Express your answer in Dirac language.

We are looking for O4 such that

(Uap|O* @ IP |Wap) = (Vap| (I* @ PP) O @ I? (I* @ PP) |V a)
= (U p| (IO 1A @ PPIP PP | 4p)

= (Vap| (0" @ PP P |Wap)

= (Vap| (0" @ PP |V ap)

For the specific state we are given,

1
(UAp|OA @ TP | W) = 5((0405] + (1415))0A @ IB(|0405) + |1415))
1
= 5 ((0a] 0%104) + (10 O 1))
1
(U 45|0* @ PB|W,B) = 5 (0405 + (1415))0 @ PE(|0408) + [1415))
1 A
5 <Oa| O ‘0a>

Hence we simply need
(La] O [1a)

The most general form of an observable for system A is given in Dirac
notation by

000 |0a> <0a| + 001 |0a> <1a| + 010 ‘1a> <0a| +on ‘1a> (1a]

where ogg and o711 are real and o190 = of;. The constraint we were given
requires that 017 = 0, so that the most general observable has the form

04 = a]0,) (04] + (b +ic) [04) (1| + (b —ic)|14) (04| a,b,c€ R
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(b) Consider the specific operator
X4 =10%) (18] + 1) (04

which satisfies the general form you should have found in part (a). Find
the most general form of the joint state vector |¥’, 5) such that

(Uhpl XA @ IP W) # (Wap| (I* @ PP) XA @ 1P (I' @ PP) [Wap)
The most general form of a joint state vector is
|¥sp) = c00[0408) + co11041B) + c10[140B) + c11 |[1alB)
SO

XA@IP |V, ) = coo(|0a) (Lal + |1a) (0a]) [0408) + co1(|0a) (Lol + |1a) (0a]) [0415)
+ c10(]0a) (La| + [1a) (0al) [1405) + c11(|0a) (1a| + [1a) (0al) [1alp)
= coo |La) @ |0p) + co1 [1a) @ [1p) + c10[0a) @ [0p) + €11 [04) @ [1p)
= ¢10[040p) + c11 [041p) 4 coo [1a08) 4 co1 [1als)

and

/ A B / * * * *
(Uyp| X% @17 |Wyp) = cocro + cpic11 + Cigcoo + €11co1

= 2Re[cipc10 + €j1c11]
With the projected form, however,

(I* @ PP) (W4 5| = c00]0a05) + €10 |1a0p)

and
XA@IP(I* @ PP) W, 5) = coo(|0a) (La] + [1a) (0al) [0a05)
+ ¢c10(]0a) (Lal + [1a) (Oal) [1a05)
= (coo [1a) + €10 104)) |0)
)

(Wyp| XA @ IP(I" @ FY) W) = cooc10 + Eocoo
= 2Re[c{yc10]
Comparing the two results, we only need Re[ciyc10] # 0.

(¢) Find an example of a reduced density matrix p4 for the A subsystem such
that no joint state vector ¥, 5) of the general form you found in part (b)
can satisfy

pa=Tr[|¥,g) (Vg
We have

|y 5) = c0010408) + co1 [041B) + c10140B) + c11]|1alp)
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(Wapl = cgo (0408 + c51 (0a1p| + ¢io (1408] + ¢f; (1als]
together with the constraint Re[cf,c10] # 0. We compute

W4 5) (Wap| = oo [0408) (cg (040B] + 5y (0alp] + clo (1405| + iy (1als|

(coo (040B] + g1 (0alp| + cip (1405 + ¢
+ ¢10[1408) (cgo (040B] + c51 (0alp| + c1 (140B[ + ci; (1alp|
(cgo ( { ( (

)
+ Co1 ‘0A1B>
)
+c11|1alp)

and

pa=Trp[|¥yg) (¥ipll
= ¢00 [0a) (cgo (0al + €1 (Lal) + co110a) (cfy (Oal + €11 (Lal)
+ €10 |La) (o (Oal + 1o (Lal) + c11 [1a) (51 (Oal + Ty (Lal)
= (|eool? + lco1|*) [0a) (0a] + (coocTo + co1¢i1) [0a) (La
+ (c10650 + c11651) 11a) (Oal + (le10® + [e11]?) [1a) (al

Since we require Re[cj,c10] # 0, it follows that |c11|> > 0. It then becomes
clear that, for example, we cannot achieve

ﬁA |Oa> <Oa|

since this would require |cgo|? + |co1]|? = 1, but by normalization |cgo|? +
lcor* <1 —Jen|?

4.19.23 More Mixed States

Let H4 and Hp be a pair of two-dimensional Hilbert spaces with given or-
thonormal bases {|04),|14)} and {|0p),|15)}. Let [0405) = |04) ® |05), etc.
Suppose that both the A and B subsystems are initially under your control and
you prepare the initial joint state

1
V2

(a) Suppose you take the A and B systems prepared in the state |\II%B> and
give them to your friend, who then performs the following procedure. Your
friend flips a biased coin with probability p for heads; if the result of the
coin-flip is a head(probability p) the result of the procedure performed by
your friend is the state

|¥%5) = —= (10408) +|1415))

1
V2

and if the result is a tail(probability 1 — p) the result of the procedure
performed by your friend is the state

1

V2

(|Oa0b> - |1a1b>)

(|0a0b> + |1a1b>>
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i.e., nothing happened. After this procedure what is the density operator
you should use to represent your knowledge of the joint state? We now
have a mixed ensemble

po o) = \guoaob%uam)
1—p : |¥9%)= \}i(|oa0b>+\1a1b>)

The corresponding density operator is
pap = g(|voB> (040B| = [0405) (1alp| — [1415) (0405] + [1alp) (1als])
1 _
t— L (10405) (0405] +10405) (1alp| + [Lals) (0405] + Lals) (Lals|)
—p([0405) (1alp|+ [1alp) (0405])

1
+ §(|0AOB> (04054 10405) (1alp|+ [1alp) (0405] + |1alp) (1alp])
1—-2p

1
= §(|0AOB> (040B] +10405) (0405]) + (1040B) (1alp| +[14lp) (0405])

Suppose you take the A and B systems prepared in the state “1/9413> and
give them to your friend, who then performs the alternate procedure. Your
friend performs a measurement of the observable

O =TI"®(|0) (05| — 1) (15])

but does not tell you the result. After this procedure, what density opera-
tor should you use to represent your knowledge of the joint state? Assume
that you can use the projection postulate (reduction) for state condition-
ing (preparation).

The given form of O already specifies its spectral decomposition:
O = (+1)(I* @ [0p) (03]) + (=1)(I* @ [15) (1s])

It is easy to see that the two possible outcomes of the measurement (+1)
are equally likely. using the projection postulate we can associate

(I* @ |0y) (0s]) [¥% 5)

a0 )| _
e Vas) s e ey

T (I @ 1) (1)) [ 5) _
L lVas) e

so we can simply set
1
pAB =5 1040B) (040B] + - |1AlB> (1alp|
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4.19.24 Complete Sets of Commuting Observables

Consider a three-dimensional Hilbert space Hs and the following set of opera-

110 100 00 0
Oacr |1 0 0,05 (0 1 0],0,<(0 1 0
00 0 00 0 00 1

Find all possible complete sets of commuting observables(CSCO). That is, de-

tors:

termine whether or not each of the sets

{Oa}a {0/3}3 {O"/}ﬂ {Oa’ Oﬁ}v {Ooza O’Y}v {057 O’Y}v {OOH Oﬁv O’Y}

constitutes a valid CSCO.
First we check which observables commute.

[0a, 0] = 0a05 — 050,

1 1 0 1 0 0 1
=1 0 O 01 0]—-10
0 0 O 0 0 O 0
1 1 0 1 1 0
=1 0 0)]—-|1 0 0]=0
0 0 O 0 0 O
Likewise,
[Oq, 04] = 0,04 — 0,0,
1 1 0 0 0 O 0
=(1 0 0 01 0J—-10
0 0 O 0 0 1 0
0 1 0 0 0 O
=0 0 0)]—-1|1 0 O] =
0 0 O 0 0 O
Finally,

[05,0,] = 050, = 0,05

10 0\ /0 0 O 0
=0 1 0 01 0]—-10
0 0 0/ \0O 0 1 0
0 0 0 0 00
=10 1 0J—10 1 0] =0
0 0 O 0 0 O

o = O

o O = O

o o

— O O
S O =N -
O O O~ ~

N~ - O ==

O =

o

O =

£0

S = O

o o

o



We conclude that the possible CSCO’s are {On}, {Og}, {O~}, {Oq,Op} and
{Os,0,}. We next check the eigenvalues.

1-Xx 1 0
O, : 0=det 1 -2 0
0 0 -

S A1 =)= XM1-N)+1)=0
so we have A = 0 and the roots of A2 — A — 1 = 0 which are
NG

1
A=+ X2
27 2

Hence, we see that all three eigenvalues are distinct and {O, } is OK on its own!.
This also means that {O,, Og} is automatically a valid CSCO.

The matrix forms of Og and O~ make it clear that each of these observables has
eigenvalues 0 and 1, with the latter having two-fold degeneracy. Hence, neither
{03} nor {O,} is OK on its own.

Finally, we note that the three obvious basis vectors have distinct pairs of eigen-
values for Og and O,:

1 0 0
0] : oy, (1] : @1, (o] : (1)
0 0 1

So, finally, the valid CSCO’s are {O,}, {Oq, Og}, and {Og, 04 }.

4.19.25 Conserved Quantum Numbers

Determine which of the CSCO’s in problem 6.19.24 (if any) are conserved by
the Schrodinger equation with Hamiltonian

2 10
H:€0 1 1 0 = &0 (Oa}+{05)
0 0 O

Since the criterion for this is that each of the observables in the CSCO should
commute with the Hamiltonian, we simply check (using the results from 6.19.24)

[Oa, H] = £0[0q, 04 + 05] =0

[Op, H] = €0[03,04, 4+ Og] =0

[0y, H] = 0[O, Oa + Og] = €0[05, Oa] + £0[O0, O]
=¢£0][0,,04] #0

Hence, only {O,} and {O,, O} are conserved.
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Chapter 5

How Does It really Work:
Photons, K-Mesons and Stern-Gerlach

5.5 Problems

5.5.1 Change the Basis

In examining light polarization in the text, we have been working in the {|z) , |y)}
basis.

(a) Just to show how easy it is to work in other bases, express {|z),|y)} in
the {|R),|L)} and {]45°),|135°)} bases.

We have
IR) = Z5(la) +ily) . |L) = s(l2) —ily)
45°) = Z5(l2) +|y)) , [135°) = (= 2) +[y))

Therefore, inverting we have

@) = (R | z) |R) + (L | ) |L) = Z(IR) + |L))

ly) = (R |y) |R) + (L [y)|L) = Z5(=|R) +|L))

and

) = (45° | ) [45°) + (135° | @) [135°) = Z=(|45°) + [135°))
ly) = (45° [ y) |45%) + (135° | y) [135°) = 75 (= [45°) +[135%))

Hg‘H

(b) If you are working in the {|R),|L)} basis, what would the operator rep-
resenting a vertical polaroid look like?

We have



In the (R,L) basis, we have

. ((RIpWIR (Rlyy L)
Py‘(<L|y><y|R> <L|y><y|L>)

which can also be seen from

>

Prer = y|w@(j;|m+uw)ﬁé<uaum0
(R) (R| — |R) (L] — |} (R| + |} (L])

DN | =

5.5.2 Polaroids

Imagine a situation in which a photon in the |x) state strikes a vertically oriented
polaroid. Clearly the probability of the photon getting through the vertically
oriented polaroid is 0. Now consider the case of two polaroids with the photon
in the |z) state striking a polaroid oriented at 45° and then striking a vertically
oriented polaroid.

Show that the probability of the photon getting through both polaroids is 1/4.

We have
|6) = cos O |z) + sin 0 |y)
30) = £ 1a) + 1 1y
145) = o) + 3 ly)
160) = 3 |2} + 52 Iy)
Then

Pz — 45— y) = [y | y) (y | 45) (45 | 2)|?
S|

= [{y [45) (45 | = 1

>‘2 _ ‘ 1 1
V242
Consider now the case of three polaroids with the photon in the |x) state striking

a polaroid oriented at 30° first, then a polaroid oriented at 60° and finally a
vertically oriented polaroid.

Show that the probability of the photon getting through all three polaroids is
27/64.

P(z —30 =60 = y) = |{y | y) (y | 60) (60 | 30) (30 | z)*
= |(y | 60) (60 | 30) (30 | x)[*

V333

2 2 2

2
T

64
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5.5.3 Calcite Crystal

A photon polarized at an angle 6 to the optic axis is sent through a slab of
calcite crystal. Assume that the slab is 1072 ¢m thick, the direction of photon
propagation is the z—axis and the optic axis lies in the x — y plane.

Calculate, as a function of 6, he transition probability for the photon to emerge
left circularly polarized. Sketch the result. Let the frequency of the light be

given by ¢/w = 5000 f&, and let n, = 1.50 and n, = 1.65 for the calcite indices
of refraction.

We have
lin) = cos@ |o) +sind |e)
jout) = TJin) = (%o o) (o] + e [e} (el [in)
|final) = |L) = 5 (lo) —ile))

P = probability of emerging LCP (in |L) state) = |[(L | out)|’

1, ., , 1
P=3 et cos 6 + z’e““c‘sinef = 5 (1+sin20sin (ko — ke) ()
Now
0=10"2em , £=5000A=>5x10"%cm
ne = 150 = kel = “nel = 300
ny = 1.65 = kol = n,¢ = 330
sin (k, — ke) ¢ = sin 30 = —0.9880
so that

P = = (1 —0.988sin26)

| —

5.5.4 Turpentine

Turpentine is an optically active substance. If we send plane polarized light into
turpentine then it emerges with its plane of polarization rotated. Specifically,
turpentine induces a left-hand rotation of about 5° per cm of turpentine that
the light traverses. Write down the transition matrix that relates the incident
polarization state to the emergent polarization state. Show that this matrix is
unitary. Why is that important? Find its eigenvectors and eigenvalues, as a
function of the length of turpentine traversed.

We have
lout) = R(0) |in)

where
cosf) siné

—sinf cos ) = rotation operator

R(0) = (
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_ cosf sinf cos
R(0) ) = ( —sinf cosf ) ( sin )

[ cos@cosp+sinfsing \ [ cos(p—0) —lp—0)
~\ —sinfcosp+cosfsing )\ sin(p—0) ) ¥
and ’
sz%ﬁf)opercm
Since

RTR=1— R" = R™! — R is unitary

It is important that the operator be unitary since it will preserve the length of
the vector and also the probability interpretation of the length-squared.

The eigenvectors are |[RCP) and |LCP) with eigenvalues ¢ and e~%.

Proof:

cosf — \ sin @ ) )
det —sinf  cosf — \ =0 = (cos — \)* +sin®

0=cos?6 +sin?0 — 2 cosf + A2 = X2 — 2\ cosf + 1

, 20— .. ;
A= 20059i\/24c05 0—4 _ cosf +isinfh = €:|:19

cosf sind at+ \ _ 40 ax \ _ . a+
( —sinf cosf ) < by )_e ( by >_(COSH”1“9)( by )

a4 cosf + bysinf = ay cosf +iaysinf
bi = :I:iai

e =as (4 )= (i)
=51 )=m -5 )-m
In general, we can write
im) = R) (R i) +11) (L | in)
so that
out) = R(0)lin) = R(0) ) (R | i) + RO)|L) (L | i)

= e |R) (R |in) + ¢~ |L) (L | in) = ¢~'% |R) (R | in) + ¢~'% |L) (L | in)

5.5.5 What QM is all about - Two Views

Photons polarized at 30° to the x—axis are sent through a y—polaroid. An
attempt is made to determine how frequently the photons that pass through the
polaroid, pass through as right circularly polarized photons and how frequently
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they pass through as left circularly polarized photons. This attempt is made as
follows:

First, a prism that passes only right circularly polarized light is placed between
the source of the 30° polarized photons and the y—polaroid, and it is determined
how frequently the 30° polarized photons pass through the y—polaroid. Then
this experiment is repeated with a prism that passes only left circularly polarized
photons instead of the one that passes only right.

(a) Show by explicit calculation using standard amplitude mechanics that the
sum of the probabilities for passing through the y—polaroid measured in
these two experiments is different from the probability that one would
measure if there were no prism in the path of the photon and only the
y—polaroid.

Relate this experiment to the two-slit diffraction experiment.

We have
liny = R(0) |x) = cosf|z) +sinfly) , 6=30°

Pry, = [(y | R) (R | in)|> = probabilityof |out) = |y) via|R)
Pry =y | L)L | in)|*> = probabilityof |out) = |y) via |L)
P, = |{y | in)|* = probabilityof [out) = |y)

(independent of internal (unmeasurable properties))

Now

(yl1 Iin>‘2 = [(yl (|R) (R| + |R) (R]) |in) "
=y | R) (R |in) + (y | L) (L | in)|”

Py =y lin)* =

where

(y | R) (R | iny = amplitude for |out) = |y) via |R)
(y | LY (L | in) = amplitude for |out) = |y) via |L)

We then have

P, = Pr, + Pr, + 2Real (({y | R) (R | in})*((y | L} (L | in)))

Now, _ ,
WIR = L= |
(R|in) = (R|R(0)|z) = e (R |z) = J5e™"
(L] in) = (LI R(9) |z) = e” (L] z) = J5e”

so that

1 1
Pg, = 1 Pry — Pry+ Pry = 3= classical probability result
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and

R RER I NI A
pm gy (57 ) (<)) =5t o)

is the quantum mechanical result. For # = 30° we have P, = 1/2 =
quantum result, which is clearly different.

Repeat the calculation using density matrix methods instead of amplitude
mechanics.

We have

b= lim) Ginl . fim) = L2 a2y = 5 (VB4R + (E-0)10)

so that
o = 1) ol + 2 ) 1+ X2 ) (ol 4 2
=10 o) (Do) R (o) (e )il )

1
Prob(x) =- , Prob(y) = i= quantum result

Alternatively, we can think of a measurement taking place in the xy basis.
This measurement cannot be done in the quantum world without destroy-
ing the phase relationships and hence eliminating any interference effects,
that is, measurement separates orthogonal states making them classically
distinct and all interference between orthogonal states (represented by the
off-diagonal terms in p) is destroyed.

Simply put: measurement diagonalizes p in the basis of the measurement!

173 V3 L 1(30
4 \/g 1 oy measurement 4 0 1 2y

1
Prob(z) = z ,  Prob(y) = 1= before

So

so that
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To see what happens if we attempt to find out whether the photons are
passing through the apparatus as R or L photons, we must first rewrite
pin in the (R, L) basis, so that

o= S 1B (R 25y L2y Ly
0
1

1
2

1/1 0 1+vV3i /0 1 1—+/3i 0 1/0 0
_2(0 0)* 8 (o o>+ 8 ( o)+2(o 1)
1 4 1—+/3i
S8\ 1+V3i 4 .

which implies that

1 1
Prob(R) = 7 Prob(L) = 5= quantum result

Now we measure in the (R, L) basis (since we are trying to determine if
the photon passes through the apparatus as a R or L photon). Again,
this measurement cannot be done in the quantum world without destroy-
ing the phase relationships and hence eliminating any interference effects,
that is, measurement separates orthogonal states making them classically
distinct and all interference between orthogonal states (represented by the
off-diagonal terms in p) is destroyed.

Simply put again: measurement diagonalizes p in the basis of the mea-
surement!

So

ﬁin =

1( 4 1—+/3i

Q . _>/Sout:
8\ 1+V3i 4 )RL

Measurement has changed poy: to

RL
1

1
Pout = 3 |R) (R| + 3 |L) (L| — a mixed state

| =

Changing back to the xy basis we get
. 11 . . . )
pout = 55 (|2} +ily)) (x| =i {yl) + 5 5 (Jo) —y)) ({a| + i (y])

1 1 1 1
3ol + g =3

=LA
N =

) — a mixed state
zy

The density operator remains diagonal!
Clearly,

1 1
Prob(z) = 3 Prob(y) = 3= classical result
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The measurement turns pure states into mixed states with coefficients
equal to measurement probabilities!

This problem is the same as the two-slit diffraction experiment if one tries
to determine which slit the photon went through - that measurement will
destroy the interference pattern!

5.5.6 Photons and Polarizers

A photon polarization state for a photon propagating in the z—direction is given

by

(a)

9 =\ 2 1) + )

What is the probability that a photon in this state will pass through a
polaroid with its transmission axis oriented in the y—direction?
2 _ 1

3

1

<x|¢>=\/§—>Py=|<wlw>\

What is the probability that a photon in this state will pass through a
polaroid with its transmission axis ¢y’ making an angle ¢ with the y—axis?

|y') = —sinp|z) +cospy)
Y |¥) = —\/%Simp—f— 75 Cosp
Py =y | )" = 2sin® o+ % cos? o = L (2 — cos® p)

A beam carrying N photons per second, each in the state |¢), is totally
absorbed by a black disk with its surface normal in the z-direction. How
large is the torque exerted on the disk? In which direction does the disk
rotate? REMINDER: The photon states |R) and |L) each carry a unit
h of angular momentum parallel and antiparallel, respectively, to the di-
rection of propagation of the photon.

IR) = &5 (J2) +ily) > (R| ¥) = & (1+ %)

Pe=|(RI) =142 P —1-Py—=1— L

The torque on the disk is the angular momentum transferred per second,
which is
amount transferred by |R) per sec + amount transferred by |L) per sec

. N (hP(h) — hP(—h))
N (hP(R) — hP(L))

NR(§+2) = Nn (- 2) = 22Nn

Thus, the torque is positive, which implies that the disk will rotate CCW
as viewed from the positive z—axis.
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5.5.7 Time Evolution

The matrix representation of the Hamiltonian for a photon propagating along
the optic axis (taken to be the z—axis) of a quartz crystal using the linear
polarization states |x) and |y) as a basis is given by

- [ 0 —iE
=5 o)

(a) What are the eigenstates and eigenvalues of the Hamiltonian?

The eigenvalue equation is H |E) = E |E) or

(o ) (e =2(8l)

which will have a non-trivial solution only if

~E —iE,

s B |=0= E? - E3 - E=+Fy = eigenvalues
-

For E = +Ey, we get
) 1 )
(y | Eo) =i(z | Eo) — |Eo) = 7 (|z) +ily)) = |R)

and for £ = —FE,, we get
1
V2

Thus, the eigenvectors are the RCP and LCP photon states.

(y| —Eo) = =iz | —Eo) = [—Eo) = —= (lz) —ily)) = |L)

(b) A photon enters the crystal linearly polarized in the x direction, that is,
[(0)) = |z). What is |1(t)), the state of the photon at time ¢? Express
your answer in the {|z),|y)} basis.

We have
[1(0)) = lin) = |z) = |Eo) (Eo | x)+|—Eo) (—Eo | z) = % (IE0) + [—Eo))
This implies that

—iHt/h

IW=5MW%WMH%M

= cos (20 ) sin (5 ) = o)
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1
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(¢) What is happening to the polarization of the photon as it travels through
the crystal?

Since a linearly polarized state with polarization along x’ is given by
|2') = cosp|z) + sinp [y)

we see that [¢(¢)) corresponds to a linearly polarized photon state whose

direction of polarization
_ Ept

h
rotates as the photon propagates through the crystal.

5.5.8 K-Meson oscillations

An additional effect to worry about when thinking about the time development
of K-meson states is that the |Kp) and |Kg) states decay with time. Thus, we
expect that these states should have the time dependence

[KL() = e =P Ky |Ks(t) = e ™52 | Kg)
where
wrp,=FEp/h , Ep= (p202 + m%c4)1/2
ws=FEg/h , Es= (;192422 + m%c‘l)l/2
and

76 ~0.9x 107 %sec , 77~ 560 x 107 sec

Suppose that a pure K, beam is sent through a thin absorber whose only effect
is to change the relative phase of the Ky and K, amplitudes by 10°. Calculate
the number of Kg decays, relative to the incident number of particles, that will
be observed in the first 5 ¢m after the absorber. Assume the particles have
momentum = mec.

Before the absorber we have the state
1
V2

The effect of the thin absorber is expressed by the development operator

|¢before> = |KL> = (’KO> - ’KO>)
A= |KO) (O] e+ |KO) (RO| 07729

so that only the relative phase of the components is changed by 10° = 7/18.
Therefore, after the absorber the state is

f;; (’KO> _ ¢in/18 |[—(0>)

110
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We know the time dependence of the |K1),|Kg) states so we now rewrite this
state in that basis

e /1 , 1
oster) = (ﬁ (Ks) + |Ke)) = 7/ (1K) - |KL>>)
_ % ((1=em1%) Ky + (14 €™/19) K1)

This is the state at ¢ = 0, [¥(0)), or just after leaving the absorber. The
|K1),|Ks) states have this time dependence (they change phase and decay as
the beam travels in the laboratory)
Ky (1) = et/ | K )
|[Ks(t)) = e~ st =t/27s | Kg)
Therefore, for ¢ > 0, we have
i0
e . . . .
W)(t» _ 7 ((1 _ ewr/18) efzwstft/%'s |KS> + (1 + ewr/18> efuuLtft/%'L |KL>>
The probability amplitude for observing |Kg) for ¢ > 0 is
o0 _ _
<KS | w(t» _ 7 <1 _ 6171'/18) efzwstft/Q'rs
and the corresponding probability is
1 TN _4/r
Ps =|(Ks | (1)|* = 3 (1 —0051—8) e t/Ts

Note that for 7/18 — 0 or no relative phase shift, the probability = 0, that is,
the beam stays all | K1) as it should.

Now we have

d=5cm—tg=2%~2=16x10"1sec
75 = 0.9 x 10710 sec — 4 = 3D

Now the number of transitions per sec at time ¢ is given by N(0)Ps(t). This
says that the

ta
total number of transitions(0 — t4) = N = /N(O)Ps(t)dt
0

ta
o 1
N=- (1 —cos 1) N(O)/e‘t/Tsdt S (1 — cos 1) TeN(0)(1—e~16/%) = 0.006375 N (0)
2 18 2 18
0

where we assumed N(0) = constant since the total number of decays is very
small compared to N(0). Therefore,

=

= 0.00637¢ = 5.69 x 10713

fraction =

=

(0)
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5.5.9 What comes out?

A beam of spin 1/2 particles is sent through series of three Stern-Gerlach mea-
suring devices as shown in Figure 5.1 below: The first SGz device transmits

, 3 |
S, % I SGz
SG
N R 5,
—— P> S0z -
i

Figure 5.1: Stern-Gerlach Setup

particles with S, = h/2 and filters out particles with S, = —%/2. The second
device, an SGn device transmits particles with S, = h/2 and filters out particles
with S, = —h/2, where the axis 7 makes an angle 6 in the  — z plane with
respect to the z—axis. Thus the particles passing through this SGn device are
in the state

0 ; 0
|[+7) = cos 3 |[+2) + €'¥ sin 3 |—2)
with the angle ¢ = 0. A last SGz device transmits particles with S, = —h/2
and filters out particles with S, = +h/2.

(a) What fraction of the particles transmitted through the first SGz device
will survive the third measurement?

We use the S, diagonal basis |+2). The first measurement corresponds to
the projection operator

M(+2) = |+2) (+|
The second measurement is given by the projection operator
M(47) = [+7) (+7]
where
N 0, . A
|[+7) = cos B |[+2) + sin 3 |—2)
so that
A 20 . 0 .6 . . . . 90, R
M(+n) = cos B |[+2) (+2|+cos Zsing (|[+2) (=2| + |-2) (+Z])+sin 3 |—2) (—2|
The last measurement corresponds to the projection operator
M(-2) = |-2) (2|

The total or combined measurement is given by the product in the appro-
priate order

My = M(=2)M (+7)M(+2)
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The fraction of the particles transmitted through the first SGz device that
will survive the third measurement is given by

2

« N 1
f=[{(=2| M(=2)M(+n)|+2)| = cos? g sin? g =1 sin? @

(b) How must the angle 6 of the SGn device be oriented so as to maximize the
number of particles the at are transmitted by the final SGz device? What
fraction of the particles survive the third measurement for this value of 67

This is maximized by choosing 6 = 7/2 so that fi.. = 1/4.

(¢c) What fraction of the particles survive the last measurement if the SGz
device is simply removed from the experiment?

If there is no third device, then the fraction surviving is

_ 2 Y o .60
f:’<+n\M(+n)|+z> = |(+7] (cos® 5 + cos & sin ) |[+2)
= |cos® 0 + cos? = sin — i = cos? o (1 + sin 20)
2 272 2

5.5.10 Orientations

The kets |h) and |v) are states of horizontal and vertical polarization, respec-
tively. Consider the states

) =5 (W +V3I0)  lway=— (I —vBlo) , ) = Ih)

What are the relative orientations of the plane polarization for these three
states?

For a general linearly polarized state at angle § we have the state vector
|t)) = cos @ |h) + sin O |v)

For
9a) = —5 (1) + V31

we have

|5

1
cosf = —3 > sinf = —

or = 210° = —150°.

For 1
) = =5 (1) = V3 1v))
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we have

1
cosf = —3 > sinf = +—

or § = 330° = —30°.

For
[1b2) = [h)
we have
cosf=1 , sinf=0
or § =0°.

5.5.11 Find the phase angle

If CP is not conserved in the decay of neutral K mesons, then the states of
definite energy are no longer the K, , Kg states, but are slightly different states
|K7) and |[K§). One can write, for example,

K7y =(1+¢)|K") —(1—¢)|K")

where € is a very small complex number (|5| A2 X 10_3) that is a measure of
the lack of CP conservation in the decays. The amplitude for a particle to be
in |[K}) (or |[K§)) varies as e”@rt=t/27L (op  eiwst=t/27s) where

hwy, = (p202 +m2Lc4)1/2 <0r hwg = (p202 + m%c4)1/2)

and 7, > Tg.

(a) Write out normalized expressions for the states |[K7) and [Kj) in terms
of |Ko) and |Ko).

We have B
K1) =A[(1+e) [K°) = (1-¢) [K)]

where A is the normalization factor. We then have
(K7 | K7) = AL [(1+ ) (KO = (1 = ") (K] [(1 +¢) [K°) = (1 —¢) |[K°)]
— 2|4 (1+ |5|2> ~1

or

1

AL = ————r
21+ |¢]?)

Now we must also have
(Ks|Kg)=1 , (Kg|Kp)=0
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We assume that -
K1) = [a]K?) +0[K?)]

and we get
la> +b>=1 , a*(1+e)—b"(1—e)=0

If we choose

1—¢&*

14¢*
4= — | b=
Va2 + el V20 + [el?)

then both the conditions are satisfied so that
|K) = —7—=—[(1+¢) |[K°) — (1 — ) |K?)]

|Kg) = \/ﬁ [(1—e") |K%) + (1+¢%) |K?)]
or rewriting in the (|Kp),|Ks)) basis we have
"o 1 1 1t _
) = (046 5 (L) + | (1= &) = (1K) = 1K)
= (K 2 KS))
(1+ )
KS) = e (1 &) 5 (1K) + K)o+ (14£7) = (1K) = 1KL))|
21+ []) V2 V2
= (1K) - < |KL))
1+ e

and

/ _ 1 —iwrt—t/27L —iwgt—t/27g
KL () = o= (e |KpL) +ee |Ks))
1 (e—iwst—t/QTs |KS> _ €*e_ith_t/2TL |KL>)

K5(0) = s

Calculate the ratio of the amplitude for a long-lived K to decay to two
pions (a CP = +1 state) to the amplitude for a short-lived K to decay
to two pions. What does a measurement of the ratio of these decay rates
tell us about £?

We are interested in the ratio

(CP=+1| K 0)]° _ [(Ks | K1)

(CP =1 Kin)F  [(Ks | K5(0)[
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Notice that if |[K}) — |KL), then the probability for it to behave like a
|Ks) would be zero. This means that if we see any effect (any CP = +1
decays), that is, if € # 0, this result implies non-conservation of C'P.

We get
, 2 1 ’ 2| e*t/TL
_ Es [ K@) Va+eP) — |ef? etW/ms=1/7)
- 2~ 1 /T
[(Ks | Kg(1))] BN t/7s

Therefore, measuring this ratio (Fitch/Cronin 1963) gives |].

Suppose that a beam of purely long-lived K mesons is sent through an
absorber whose only effect is to change the relative phase of the Ky and
Ky components by §. Derive an expression for the number of two pion
events observed as a function of time of travel from the absorber. How well
would such a measurement (given §) enable one to determine the phase of
e?

The number of two pion events (CP = —1) is proportional to the proba-
bility
2
Py ks (t) = [(Ks | KL(1))|

so we will calculate that quantity.

We have before the asorber

‘wbefore |KL
v/ 2(1 + |e|

[Yafter) = 1—&—£)|K0>—e_i‘S (1—5)}I_(O>]
1+ |s\2

m[ o

(1+e)—e™1—¢)|Ks)+ ((L+e)+e ™ (1—e))|KL)]

[(1+¢e) |K°) — (1—¢) |K?)]

and after the absorber

75 (L) +|Ks)) = ™ (1= &) 7= (1K) - |KL>>]

(1+ |5|2

so that
((1 + 6) —id (1 8)) efiwstft/zfrs |KS> :|

|K£(t)> m |: 1 + 5) + e 10 (1 _ E)) —iwrt—t/27, ‘KL>

and
1

Pre, ks (t) = [(Ks | K ()" = IR |(14+e)—e®(1- 5)|26_t/75
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This is the probability of two pion events as a function of time.

Now

(14+e)—e™@(1—a) = (1+e) = (1—¢%) (1+6) —e ¥ (1—¢))
=(1+e)(I+e)+(1-e)(Q—e)—(1+e)(1-e)e®—(1—c")(1+e)e?
=14+ +e+lel+1—e" —c+]e]* - (1+6* —e— \5\2> e — (1—s*+6— |5|2> e’
=242 -2 (1 - |s|2> cosd + 2i (¥ —€)sind
= 2(1 — cos6) + 2 |e> (1 + cos §) + 2Im(e) sin &

so that

1

Py ks (t) = a+iep

((1 —cos68) + |e|* (1 + cos §) 4 Im(e) sin 5) e~t/ms

Now measuring R — || and then measuring Px; xs(t) — Im(e). We
then have

o 2 — (Im(e))?
Re(e) = |€|2 — (Im(g))?2 — phase(e) = p = tan™! ingg = tan~! le| Imég) ()

5.5.12 Quarter-wave plate

A beam of linearly polarized light is incident on a quarter-wave plate (changes
relative phase by 90°) with its direction of polarization oriented at 30° to the
optic axis. Subsequently, the beam is absorbed by a black disk. Determine the
rate angular momentum is transferred to the disk, assuming the beam carries
N photons per second.

We have for a quarter-wave plate
Q = |z) (z| + ™2 |y) (y| = changes relative phase by 7/2

The input state is

P

1
lin) = cos30° |z) 4 sin 30° |y) = |x) + 3 ly)

2
Therefore, after the 1/4-wave plate we have

Then

1 . V2 i V3+1
ﬁ(<x|—2<y|) (2 Ix>+2|y>> =
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Therefore, the rate at which angular momentum is absorbed by the disk is

Thus, the torque is positive, which implies that the disk will rotate CCW as

Pr = | (R|out) |*5*

(el +i () (*f 7) + |y>> -

BraketL|out =

Sl

2—V3

Py = (L |out) |

Nh(Pg — Pp) = gj\m

viewed from the positive z—axis.

5.5.13 What is happening?

A system of N ideal linear polarizers is arranged in sequence. The transmission
axis of the first polarizer makes an angle /N with the y—axis. The transmission
axis of every other polarizer makes an angle ¢/N with respect to the axis of the
preceding polarizer. Thus, the transmission axis of the final polarizer makes an
angle ¢ with the y—axis. A beam of y—polarized photons is incident on the

first polarizer.

(a)

What is the probability that an incident photon is transmitted by the

array?

Photons exiting the last polaroid are in the state |y'(¢)), polarized at

angle ¢ with respect to the y—axis.

The probability of passing through the first polaroid is
(4 (/N |y) 2 = cos” =

so that the probability of being transmitted by the entire array is

2 £> N
(cos N
Evaluate the probability of transmission in the limit of large N.

For large N, ¢/N < so that

; ( )2 i ( )2
5 ~1 — Ccos ~1
CObN 2\N o8 N N

Therefore, the total probability of transmission for large N is
N 2
_ £)2 ~1 (2)2: Py
(1 (N ) I=Ny) =t - Famt!

118



(c) Consider the special case with the angle 90°. Explain why your result is
not in conflict with the fact that (x|y) = 0.
For o = 90°, (|y’) = |z)), the total probability is not equal to | {(z|y)|? =
0, but rather approaches unity as N — co. The array of polarizers actually
makes an infinite series of measurements of the polarization, each of which
rotates the state of the exiting photon!!

5.5.14 Interference

Photons freely propagating through a vacuum have one value for their energy
E = hv. This is therefore a 1—dimensional quantum mechanical system, and
since the energy of a freely propagating photon does not change, it must be
an eigenstate of the energy operator. So, if the state of the photon at ¢t = 0
is denoted as [(0)), then the eigenstate equation can be written H |1(0)) =
E1(0)). To see what happens to the state of the photon with time, we simply
have to apply the time evolution operator

() = T (¢) [(0)) = e T/ [3p(0)) = e~/ [4p(0))
= e P |(0)) = e 22 [(0))

where the last expression uses the fact that v = ¢/ and that the distance it
travels is x = ct. Notice that the relative probability of finding the photon at
various points along the x-axis (the absolute probability depends on the number
of photons emerging per unit time) does not change since the modulus-square of
the factor in front of |1(0)) is 1. Consider the following situation. Two sources
of identical photons face each other an emit photons at the same time. Let the
distance between the two sources be L.

[p(0)> |W(0)>

o-o—> - e o0 laser

L >

°T 7

Figure 5.2: Interference Setup

Notice that we are assuming the photons emerge from each source in state
[¥(0)). In between the two light sources we can detect photons but we do
not know from which source they originated. Therefore, we have to treat the
photons at a point along the z—axis as a superposition of the time-evolved state
from the left source and the time-evolved state from the right source.

(a) What is this superposition state [i(t)) at a point 2 between the sources?
Assume the photons have wavelength .
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(b) Find the relative probability of detecting a photon at point = by evaluating
[(4(t) | ¥(t))|* at the point z.

P(z) = [ (t) | ()7 = [e7P"/> 4 e 2PHE=RA 2] (4 (0) | 4(0)) |
— ‘e—Qpiia:/A + e—2piiL/)\62piiz/)\|2
‘epiiL/)\e—Qpiix/)\ + e—piiL/)\e2piiw/)\|2

— ‘62pii(x—L/2)/)\ + e—2pii(x—L/2)/)\|2

w (3(-9)

(¢) Describe in words what your result is telling you. Does this correspond to
anything you have seen when light is described as a wave?

The result is showing an interference pattern between the two sources. For
light waves it corresponds to constructive and destructive interference.

5.5.15 More Interference

Now let us tackle the two slit experiment with photons being shot at the slits one
at a time. The situation looks something like the figure below. The distance
between the slits, d is quite small (less than a mm) and the distance up the
y—axis(screen) where the photons arrive is much,much less than L (the distance
between the slits and the screen). In the figure, S; and Sy are the lengths of the
photon paths from the two slits to a point a distance y up the y—axis from the
midpoint of the slits. The most important quantity is the difference in length
between the two paths. The path length difference or PLD is shown in the
figure.

y-axis

Figure 5.3: Double-Slit Interference Setup

We calculate PLD as follows:

PLD =dsinf =d

S oy
[L2+y21”2]NL et
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Show that the relative probability of detecting a photon at various points along
the screen is approximately equal to

myd
4 cos? ()\yL)
Using the result of 7.5.14 we have
[sereen at y) = [1(y)) = eI gho) + BT/ [yg)
Thus, the probability of detection at y is

() [d() [P = e/ 4 e 72T/ vert (yo | o)

and the relative probability is

P(y) — |€7’L’27T51//\ +67’L‘27TSQ/)\|2 — |67;7T(S2731)/)\ + 677;7T(S2731)/)\|2

P(y) = 4 cos? (”(52;51)> oo (7;1/;1)

or

5.5.16 The Mach-Zender Interferometer and Quantum In-
terference

Background information: Consider a single photon incident on a 50-50 beam
splitter (that is, a partially transmitting, partially reflecting mirror, with equal
coefficients). Whereas classical electromagnetic energy divides equally, the pho-
ton is indivisible. That is, if a photon-counting detector is placed at each of the
output ports (see figure below), only one of them clicks. Which one clicks is
completely random (that is, we have no better guess for one over the other).

Figure 5.4: Beam Splitter

The input-output transformation of the waves incident on 50-50 beam splitters
and perfectly reflecting mirrors are shown in the figure below.
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Vi = Vo
Voom = .

5 V2 wl.oul = —lpl.in
/@;% = J;" “ Yy in §

Vi AA
%‘Pln

Figure 5.5: Input-Output transformation

(a) Show that with these rules, there is a 50-50 chance of either of the detectors
shown in the first figure above to click.

We have

beam
splitter

According to the rules given
1 1
"/Jl,out = \ﬁwzn ) w2,out = ﬁzbzn

since nothing enters part #2. By the Born rule, the probability to find a
photon a position 1 or 2 is

1
Pl,out = /|7/)1,out|2dx = § / |1/}7.n|2dx =

= N

1
P2,out = /|’l/)2,out|2dx - 5 / |wzn|2d1’ -

There is a 50-50 chance of either result.

NOTE: The photon is found at one detector or the other, never both.
The photon is indivisible. This contrasts with classical waves where half
of the intensity goes along one way and half the other; an antenna would
also receive energy. We interpret this as the mean value of a large number
of photons.

(b) Now we set up a Mach-Zender interferometer(shown below):
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AR

ml

Yhin /\/‘/
bl m2

Figure 5.6: Input-Output transformation

The wave is split at beam-splitter b1, where it travels either path bl-m1-
b2(call it the green path) or the path bl-m2-b2 (call it the blue path).
Mirrors are then used to recombine the beams on a second beam splitter,
b2. Detectors D1 and D2 are placed at the two output ports of b2.

Assuming the paths are perfectly balanced (that is equal length), show
that the probability for detector D1 to click is 100% - no randomness!

The wave function is split at b1, sent along two different paths, and re-
combined at b2. To find the wavefunctions impinging on D1 and D2 we

apply the transformation rules sequentially.

Beam splitter #1:

Propagation a distance L/2:
— phase eFL/?

Bounce off mirrors:
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1 ikL/2
%t ®

1 ikL/2
LP in e
V2

—

1 ikL/2
e

— JTI.P e ikL/2/

Another propagation by a distance L/2:

—>
1 ikL
& T
1 ikL
i
— phase e**l

Beam splitter #2:
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Ty o kL
1/2 in
where " y
in1 + Yin2 _ ik
wout,l = TS elk wzn
V2
Yin,1 — Yin,2
11[}01Lt72 = e S o 0
V2
Therefore,

Pout,l = / dx|¢out,1|2 = / dx|1/)'m|2 =1

2:0

Pout,2 = / dx|'(/)out,2

which implies that there is a 100% chance of detector D1 firing and a 0%
chance of detector D2 firing. There is no randomness!!

Classical logical reasoning would predict a probability for D1 to click given
by

Ppy = P(transmission at b2|green path)P(green path)
+ P(reflection at b2|blue path)P(blue path)

Calculate this and compare to the quantum result. FExplain.

The above expression is the probability of the the green path being taken
+ the probability of the blue path being taken. Now we know that there
is a 50-50 probability for the photon to take the blue or green path which
implies that

1
P(blue) = P(green) = 3

Also with the particle incident at b2 along the green path there is a 50%
chance of transmission and similarly for reflection of the blue path. This
implies that

1
P(transmission at b2|green path) = P(reflection at b2|blue path) = 3

Therefore
poo_ 11 11 1
Pr1=5959 722~
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Thus, classical reasoning implies a 50-50 chance of D1 firing, i.e., it is
completely random!!

The quantum case is different because the two paths which lead to detector
D1 are indistinguishable and hence the amplitudes interfere, i.e.,

%wzn eikL + %wineikl/
V2

wtotal =

so that
11 11 11 11
+ =1

22 722227337
where the last two terms are the interference terms. The paths that lead
to detector D2 destructively interfere and hence Pps = 0.

Pp; = / dz|Yiotal* =

How would you set up the interferometer so that detector D2 clicked with
100% probability? How about making them click at random? Leave the
basic geometry the same, that is, do not change the direction of the beam
splitters or the direction of the incident light.

We now want constructive interference for the paths that lead to D2 and
destructive for D1.

We can achieve this by changing the relative phase of the two paths by
moving one of the mirrors so that the path lengths are now different (un-

balanced). We have

1 ik L+AL 1 ikL
ﬁwinez + + ﬁwinel

¢17out = \/é
1 .. kL+AL _ 1 .. ikL
,ou \/i
We then have
1 ) )
Por = [ dafun ol = [ daliune™ S 4 gy et
1 ) )
_ i/ d$|¢in|2|€lkL|2|elkAL + 1|2
1, . X 1 kAL
— i(ezkAL + 1)(efzkAL + 1) _ + COS2( )

_ eos? [ FAL
h 2

C1—cos(kAL) (k:AL)

Similarly,

Ppy = ———~ =sin 5

2
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Thus, to achieve Ppy; = 0, Pps = 1, we choose kAL = mm, m odd, which
implies that AL = mA/2. Generally the probability if detection in D1 and
D2 as a function of AL look like

A

0.5

These are the interference fringes associated with this interferometer.

5.5.17 More Mach-Zender

An experimenter sets up two optical devices for single photons. The first, (i)
in figure below, is a standard balanced Mach-Zender interferometer with equal
path lengths, perfectly reflecting mirrors (M) and 50-50 beam splitters (BS).

b D
M / .
BS
7

BS (i) 1 BS (i) #M

Figure 5.7: Mach-Zender Setups
A transparent piece of glass which imparts a phase shift (PS) ¢ is placed in one
arm. Photons are detected (D) at one port. The second interferometer, (ii) in

figure below, is the same except that the final beam splitter is omitted.

Sketch the probability of detecting the photon as a function of ¢ for each device.
Explain your answer.

In interferometer (i) there are two paths(reflection and transmission at second
beam splitter) which can lead to detection at D. These probability amplitudes
interfere as in 7.5.16(d).

In phase — constructive interference (¢ = 0, 27,4, ....)

Out of phase — destructive interference (¢ = 0,7, 3, 57, ....)
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As in 7.5.16(d) a plot of Pp oscillates between those values.
Without the final beam splitter, there is only one path that leads to D (the top

path). Therefore, there is no interference which implies that there is always a
50% chance of hitting the detector. A plot of Pp is constant at 1/2
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Chapter 6

Schrodinger Wave equation
1-Dimensional Quantum Systems

6.15 Problems

6.15.1 Delta function in a well

A particle of mass m moving in one dimension is confined to a space 0 < z <
L by an infinite well potential. In addition, the particle experiences a delta
function potential of strength A given by Ad(x — L/2) located at the center of
the well as shown in Figure 6.1 below.

V(s A

m ¥

0 L2 L

Figure 6.1: Potential Diagram

Find a transcendental equation for the energy eigenvalues E in terms of the
mass m, the potential strength A, and the size of the well L.

We have two regions to consider:

Region I: 0 < z < L/2 The solution is
Yr(x) = Ay sinkzx
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which already incorporates the boundary condition ¢;(z = 0) = 0.

Region II: L/2 < z < L The solution is
1/)]](36) = Az sin k(x — L)

which already incorporates the boundary condition ¢;;(z = L) = 0.

At = L/2, we have
w](l' = L/Q) = ’l/)]](.’l? = L/Q) — Al = A2
The first derivative is discontinuous at z = L/2 and we have

Yinle = L/2) — o = 1/2) = 2w = 1)

or
kL kL 2mA kL kL h?
— A1k cos 5 A1k cos 5 = % sin = — tan 5 = _ﬁk
Therefore, we have a transcendental equation for
27.2
ko B F
2m

6.15.2 Properties of the wave function

A particle of mass m is confined to a one-dimensional region 0 < z < a (an
infinite square well potential). At ¢ = 0 its normalized wave function is

bt =0 = g (e (7)) ()

For an infinite square well we have

2 2 2h2
¢n<x>_\fsinm i P
a

a 2ma?

And any arbitrary wave function can be expanded in this basis, that is,
Ga,t) = Ane e (2)
n

We have

bt =0 =5 (1 on(55)) i ()



which is a sum of eigenfunctions.

(a)

What is the wave function at a later time ¢t = 47

At time t we then have

(@, to) = \/EE/ Py () + \/EE/ P ()

What is the average energy of the system at ¢t =0 and ¢t = ¢,?

The average energy does not change so that

. 4 1 47212
EY= | H|W =S E,|A,]> = By |A|*+E |As]? = By +-Ey = ———
(E) = (V[ H[¢) zn: n [An LA HE: [ A2 = pEit By = o3

What is the probability that the particle is found in the left half of the
box(i.e., in the region 0 < z < a/2 at t = ty?

The probability that the particle is in the region 0 < 2 < a/2 at t = ¢ is

a/2
P(O S x S a/2;t0) = / W)($7t()‘2d$
0

where

2

. _ ;) _
|¢(J;,t0|2 — e—iBito/h | —iBito/h | © (%93) (1 T cos (%) efz(ErEl)tg/h>

8 . 5 /Tx 5 (TT T 3m2h?
= —sin (—) 1+ cos (—) + 2 cos (—) cos to
5a a a a 2ma?

1 16 3m2h?
PO<a<a/%t) =5+ qcos 5oz

so that
to

6.15.3 Repulsive Potential

A repulsive short-range potential with a strongly attractive core can be approx-
imated by a square barrier with a delta function at its center, namely,

(a)

h292

V(a) = Vi®(fe| — )~ 22

6(x)
Show that there is a negative energy eigenstate (the ground-state).
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(b) If Ey is the ground-state energy of the delta-function potential in the
absence of the positive potential barrier, then the ground-state energy
of the present system satisfies the relation £ > Fy + V. What is the
particular value of Vj for which we have the limiting case of a ground-
state with zero energy.

Let us define
o 2m|E| 5 _ 2m(|E|+ Vo)
- FL2 ) q - h2 b

The Schrodinger equation is

- 2mV0

2
B 2

Y =K%Y |z] > a
V=g |zl <a

The discontinuity at the origin gives
U'(04) — ¢'(0-) = —g%9(0)

Odd parity solutions do not see the attractive delta function (they must be zero
at the origin) and thus cannot exist for £ < 0. Even parity solutions of the
above equations have the form

Aerlzl |z| > a
v(z) = o] —ala|
Be?®l + Ce™1 lz] < a
Continuity at = a and z = 0 leads to the condition (eigenvalue equation)

qua (1_92/2q) _g—K

1+9¢2/2¢) q+k

In the case of vanishing Vj, we recover the equation

B2 2\ 2
B2 (&
2m \ 2
appropriate to a delta function well.

Since the RHS of the eigenvalue equation is always positive, we necessarily have

2m gt
1—¢%/2¢>0= = (—E+Vp) > =
9°/2q > 2 (CE+ Vo) 2 7
or 5
h2 2
E§V0<g) =V + E,
2m \ 2

One can see graphically that the above eigenvalue equation has only one solution,
by defining

2
§=qa . =52 b=fa
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Then, we have

625<5—A):5—\/§2—b2
ex) v JEp

The solution exists provided that A > b. In the limiting case, A\ = b, or,
equivalently,

2mV; 4
2 _ o_ 9
A= R4

we get a vanishing ground state energy.

6.15.4 Step and Delta Functions

Consider a one-dimensional potential with a step-function component and an
attractive delta function component just at the edge of the step, namely,

K2 g
2m

Viz) =VO(x) — o(x)

(a) For E > V, compute the reflection coefficient for particle incident from
the left. How does this result differ from that of the step barrier alone at
high energy?

The wave function will be of the form

ikx B —ikx 0
¢($) _ {e + De xr <

Cetkw x>0

2mE 2m(E -V)
k=14 —— = 7
Vo 0 1 n

Continuity of the wave function at x = 0 gives

with

1+B=C

Integrating the Schrodinger equation over the infinitesimal interval around
the origin gives

— B (04) — ¢/ (0-)) = Bay(0)

1-B=—1(g9+iq)C

From the two relationships between B and C we obtain

_ 2
C= 1+q/k—ig/k
B = 1—q/k+ig/k

T 1+q/k—ig/k

je| _ (hk/m) |BP | )
Ji hk/m 1+q/k—ig/k (1+q/k)* + g2/k2

The reflection coefficient is
R = 1—(1/k+i9/k‘2 (1—q/k)* + g*/*

133



In the high energy limit we have
gh?
" 8mE
For the pure step barrier we have (in the same limit)
e
T 8E?
which drops off faster with energy.

(b) For E < 0 determine the energy eigenvalues and eigenfunctions of any
bound-state solutions.

In order to study the case of negative energy, E < 0, it is convenient to
introduce the notation

om || 2m(V + |E|)
== oo TN T e

Then we can write the bound-state wave function as

{Ae”“ <0

P(z) =

Ae ™"+ >0
The discontinuity at the origin implies that

B (CAky — Ak ) =24
ki th-=g

h2q2 2
2h%2g% \ 2m
2 2 2 2
2 m hg
= — =+
i htg? ( 2m V)

A= 2/€+Ii_
V g

An approximate model for an atom near a wall is to consider a particle moving
under the influence of the one-dimensional potential given by

Vi) = {—Voé(x) x> —d

This then gives

and

and

6.15.5 Atomic Model

00 T < —d

as shown in Figure 6.2 below.
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Figure 6.2: Potential Diagram

(a) Find the transcendental equation for the bound state energies.

For x > —d, the Schrodinger equation is

d?
ﬁ“rﬁ(E-i-VO(S( x)Y=0
We let
2mE
k=1\/— 2

where E < 0. In the region —d < x < 0, the solution is
P1(z) = aet® + be™F®
In the region x > 0, the solution is
ha(w) = e
At x = 0, the wave function is continuous so that
P1(0) =a+b=1(0) =

At x = 0, the first derivative of the wave function is discontinuous since
integrating the Schrodinger equation across the discontinuity we find

hm

fadi de + 23 f Ep(z)dr + 22 f Vod(z)(z)dr | =0

—€

0= A (92) + 2845(0) > 1(0) — ¥4 (0) = — 2455(0)
—k — k(a b:—2mV°
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At x = —d, we have an infinite well, so that ¢;(—d) =0 or

a+b=1
—k —k(a —b) = -2
ae k4 bekd =0

with solutions

erd ! 1 - me
T —g2kd

a = _ €—2kd)

=T k=77 (1

Find an approximation for the modification of the bound-state energy
caused by the wall when it is far away. Define carefully what you mean
by far away.

Now the wall is far away from the particle if kd > 1. This says that as a
first approximation we would have

mVy (1- e—2kd) ~ mVy

b= 12

which is just the bound state energy from a single delta-function (isolated)
well, that is,

h2k2 1 mV§

2m 2 h?
To determine the effect of the wall, we must make a better approximation.
We do this by calling

Es =

RO

7 - order result

and then obtaining the 1%%-order result by inserting the 0**-order result,
that is,

B — L‘f (1 . 672k<0)d) _ L‘f (1 _ 672";‘2’0 d)
h h

This gives a bound state energy of
E— th(l)Q N h2 mVO 2 1 2 ";‘god 2
T 2m T 2m \ R e

mVy (1 - 26*2’13”)

=T o
_ _n;‘f N mﬁ‘fefz%)d

Therefore, the modification of the energy caused by the wall is

mV§
72

mVp
5> d

AFE = e 2
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Now we have assumed that

R
k(O) B mV()

2mVod 0 1
T:Qk( )dszd<<1—>d>%z

which is the definition of far away.

What is the exact condition on V and d for the existence of at least one
bound state?

To find the condition (exact) on Vj and d for the existence of at least one
bound state we must look at the exact equation

R

It is always a good idea to plot the functions on either side of the equal
sign in a transcendental equation in order to help us understand what is
going on. In this case we have

y A
y=k
curve #2
Ye ..................................................................
y=Yeo(1- e )

a solution Y
curve #1 Yo = mYo

.ﬁZ

k -

Figure 6.3: Staircase Function

The condition for the existence of a solution is clear from the graph, that
is, the slope of curve #2 (the curve) at the origin must be grater than the
slope of curve #1 (the straight line).

Now
dy
dk

dyg Qde()
=1 and % = h2

k=0 k=0
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Therefore, if
2

h
Vod > —
2m

then there exists at least one bound state.

6.15.6 A confined particle

A particle of mass m is confined to a space 0 < & < a in one dimension by
infinitely high walls at * = 0 and « = a. At ¢t = 0 the particle is initially in the
left half of the well with a wave function given by

¥z, 0) = {\/% 0<z<al/2

a/2<z<a

(a) Find the time-dependent wave function i (x,t).

The eigenfunctions and eigenvalues of H for this system are

2 2 2h2
%(@:[mm L PPN
a

a 2ma?

We then have -
1) =Y ann(a)e P/t
n=1

We evaluate the a,, coefficients using the initial wavefunction

oo}

0(@0) = 3 autn(o)
[ vl (@) = 5% o [ @) = 55 andus = ay
so that
a a2
a = /¢($»0)¢k($)diﬂ = z /sm k%dx = % <1 — cos k;)
Therefore, O 0

o0
2 /2 1 NI\ . NTL _jn’x2ny
== 72— 1 —cos— ) sin ——e " 2ma?
TV a n 2 a
n=1

(b) What is the probability that the particle is in the n'" eigenstate of the
well at time t?7

The probability of being in the nt"

4 2
P, =lan* = — (1 — cos E)

n2m2 2

eigenstate is
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(c¢) Derive an expression for average value of particle energy. What is the
physical meaning of your result?

We have
(E) = (| H |¢) = ZEP _ZE lan|? = (1—(:05%)2

which does not converge! It takes an infinite amount of energy to form
the initial wavefunction because of the sharp edges!

6.15.7 1/x potential

An electron moves in one dimension and is confined to the right half-space
(z > 0) where it has potential energy

where e is the charge on an electron.

The corresponding 1D Schrodinger equation is

h2 d2 2
=By =By

2m dz?

since F£ < 0 for a bound state.

(a) What is the solution of the Schrodinger equation at large x?

For x — oo this equation becomes

d21/)
da?

h2a?

o2
= =|F
v=0, 2m 2]

which has the solution
[e %1

Y(x — o00) =e"
(b) What is the boundary condition at z = 07

The boundary condition at z = 0 is ¥(0) =

(c) Use the results of (a) and (b) to guess the ground state solution of the
equation. Remember the ground state wave function has no zeros except
at the boundaries.

We try the solution



which satisfies all boundary conditions if f(0) = 0 and lim,_,o f(2,** —
0. Substituting into the Schrodinger equation we get

2

(770) ~ 207 @) 4 1)) 7% =0 ()2 )+

m62

2h%x

f(z)=0

The solution to this equation is unique so that we only need to guess an ex-
pression for f(z) that satisfies the equation and the boundary conditions.

We find )
. me 1
f(x):xwmhoz:m:%
The full solution is then
Y(x) = Axe™ "

where A is the normalization constant.

This is the solution for the ground sate since it has zeroes only at the
boundaries (z = 0 and 2 — o0). We find A by

oo oo oo

1= A% [ |(z)]Pde = A? [ 2?e 2%de = A—2 ZeVdy = A—QF(S) A° — A=2a%?
N N ~ 8ad y y= 8as 403 -
0 0 0

(d) Find the ground state energy.

2.2 4 2
EO _ _h a” me- € 1 ground—state

o9m  32h2  Sag 4 hwdrogen
(e) Find the expectation value () in the ground state.

We then have

o0

0\8 S

7w|x 2| |2 (x| ) dxdx—//z/)\x Vod(z — ') (z | v) dada’
0

oo oo

— [ wina v = (@ = 42 [ ey
/ /
403 3

- (23)4F(4) = 5 = Gao

6.15.8 Using the commutator

Using the coordinate-momentum commutation relation prove that

> (En — Eo) |{En| & |Eo)|* = constant

n
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where FEy is the energy corresponding to the eigenstate |Ep). Determine the
value of the constant. Assume the Hamiltonian has the general form

H= 5 H V(@)
Since A
o= % + V(&)
we have )
i1.4] = g 741 = - 2
and so
2
.9 --2wa--E
Therefore,
ol [8.] ] =1

On the other hand, we also have (using H |E,,) = Ep, |Ep))
(! [[H,3] 3] 1B} = (B (32 = 2803 — §*H) |En) = 2B (En| 3 | Eyn) =2 (B| &2 | Eya)

and

<Em| s |Em> = Z <Em| z |En> <En| x ‘Em> = Z ‘<Em| x |En>|2

(Bl £HE By = X (Ba| 28 | En) (o | & Enn) = X B (B| £ | Bn) (Bl & |E) = 5 B (B | & | E) 2

n

Therefore,

(B [[11.2] 3] 1) = 2B (Bl 8 B} = 2B 6115 | )

. 2 . 2
= 2Emz [(Eml| & |En)l _ZZEn [(Eml| & |En)]

n

m

Setting m = 0 we get

h2

m

=2Ey ) (Eo|2|En)|* =2 Eul(Eo| & |E,)[*

n

or
o I

T 2m

> (En — Eo) [(Eo| & |Ey)|

n
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6.15.9 Matrix Elements for Harmonic Oscillator
Compute the following matrix elements
(m|#%|n) , (m|&p|n)

We have
P=wola+a’) , zo=1/zuz

any=+ymn—-1) , at|n)=+vn+1jn+1)

R h ) . h
<Tl/| T |’I’L> = Y (<n/| a |TL> + <TL/| a+ |Tl>) = \/; (\/ﬁan’,n—l +vn -+ 15n',n+1)
From this result we get

(n'|2%|n) = Z< '| & |m) (m| 2 |n)
2mw2(f6n et + VI F 100 mi1) (VGmn—1 + VI + Lomni1)

T(\/ (n—1)0prm—2++/(n+1)(n+2)0n nt2 + (2n + 1)d,, n)
(n'|2? In>=2< '| 22 [m) (m| & |n)

(22) "5 (V= Dbz + /G T D F Dbt + (2 + D)

X(fmn 1+W6mn+1)
(h)g/z(\/ n(n —1) n—26nn3+3nf5nn1 )
— \2muw

(3n+3)man 1+ V(M + D) (0 +2)(n+ 3)6n nas

|24 [n) =2 (n ' |m> (m| 2% |n)

- (%) z( v = Do )
mw/ —|—\/ m+ 1)(m + 2)0n ma2 + (2m + 1)y
o < Vn(n —1)0m n—2 )
+v(n+1)(n+2)0mnt2+ (2n+1)dmn
Vnn —=1)(n —2)(n —3)0u n-a
(L)2 +2(2n — 1)y/n(n — )8, n—2 + 3(2n% + 2n + 1)6,/
Zmw +4(n+1)\/(n+1)(n+ 2)8, nio

+\/ (n+1)(n+2)(n+3)(n+4)6u nia

‘We then have

and thus

(') = iy "2 () — (o] 2" )

=1 \/ mhw@ (fén n-1—Vn-+ 6n n+1)
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so that

(n'|&p|n) = (0’| Z|m) (m|p[n) =
- (man’,m—l +vm+ 1(57z’,m+1) (\/ﬁém,n—l —vn+ 15m,n+1)

2 (/aln = Dow 2 — /0 D0+ Dowr ez — Do)

6.15.10 A matrix element

Show for the one dimensional simple harmonic oscillator
(0 €™ |0) = exp [—k* (0] 2% |0) /2]
where & is the position operator.

We want to evaluate

k@ - i )n An
(0] e |0y = nz:% = (0]2"[0)
Now
(0]2°|0) = <|0>=1
(012 10) = 1/ 52— (0] (a +a+)|0>:0—><0|m\0>=0 n odd
N ~ A 2 A~
<0|w2\0>—%<0|( )710) = 52— (0] aa™ |0) = 252,
(0]2*|0) = 5= (0| (aaa*a*t + aataa™) |0) = 3 (52-)
(0[2%]0) = 15 ()", (0]#%]0) = 105 (52)
01510) = (n | ()" = 5 (1)
J<2n
j odd
Therefore

ik — (i )n N kQ ~2 k4 ~4 kG ~6
ol joy = 3 & (012" [0) =1 = 25 (04 0) + 7 (0] & [0) — & (0] 2° [0) +

n=0

k2 h k4 n\® kS no\?
S R I (S T ) (P R
2! 2mw+ 4!3<2mw> 6! 5(2mw) +
1 k2 A2 1 k2 Y 2 1 k2 Y 3

*7<0|i’2|0>

=e
Alternatively, we can use the result
A+B A_B_—1[A,B]

€ =e“e’e 2
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to get

I k2 ; AL ik 2 : P v~
(0| cik® 0) = 6% (0] ik i (ata™t) 0) = eﬂfbw (0| etk ﬁaezk gt 0)

Now expanding the exponential operators we have

2
PN nk? / h 1 / h
<0| €lkx ‘0) = edmw <O| 1 + ’Lk’ 2mwd + § (lk m) &2 +

2
h 1 h
141 at+= (4 — | at?+ ..
X + ik 2mwa +2<zkz 2mw> a”+

hk?2 k‘2h k4h2 hk?  _ hk2 _ hk2
= edmw 1_% m_ L] = etmue 2me = ¢ dmw
Since .
0[27|0) = ——
(0] |0) = 5
we have )
0 ik 0) = ef%<o|5c2|0>
as above.

6.15.11 Correlation function
Consider a function, known as the correlation function, defined by
C(t) = (2()2(0))

where Z(t) is the position operator in the Heisenberg picture. Evaluate the
correlation function explicitly for the ground-state of the one dimensional simple
harmonic oscillator.

We first need to evaluate Z(t) in the Heisenberg picture. Since

we just need to figure out a(t). Now
&(t) — eiﬁt/ﬁdefiﬁt/ﬁ

where H = hw(ata + 1/2). Using the result of an earlier problem we have
- - it [ 1/it\? 1~ A
a(t) = eHt/hge—ift/h — g 4 % [H a] +5 (Z;Z) [H [Ha” S

Now R
[1,a] = e [t a,a) = hw (a*ad - aa*a) = ~hwa
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so that
U TP IO R e L iwts
a(t)—a—zwta+§(zwt) a—g(zwt) G+ .. =e "“a

and similarly,

so that
S (4) — —iwt s iwt st
Z(¢) ST (e7“fa+e™ta™)

In the same way we find that

p(t) =4/ Ln;w (ei‘*’tiﬁ —e ™)

Finally, writing #(0) = & and p(0) = p some algebra shows that

p(0)

t(t) = 2(0) cos wt + ——= sinwt
Z(t) (0) w+mw1w

Now we can evaluate the correlation function

C(t) = (0[2(t)£(0)[0)
h
2mw

h
2mw

= (0]

h —iw A
T 2mw (e7""(0laa™ |0)) =

(e=a + cita) (a+a*)[0)

e
2mw

—iwt

All other terms are zero since

(0laa |0y =0 = (0|a*talo) = (0]ata™ |0)

6.15.12 Instantaneous Force

Consider a simple harmonic oscillator in its ground state.

An instantaneous force imparts momentum pg to the system such that the new

state vector is given by o
[4) = e~/ |0)

where |0) is the ground-state of the original oscillator.
What is the probability that the system will stay in its ground state?

We have )
P(0) = (0| )|* = [(0] e~ "Po=/" |0)

Now use the identity

eA+B _ A B,—[AB]/2
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which holds when [A, B] is a c-number, with the operator

T = (at +a)

2mw

where [a,a™] = 1. Thus,
e—ipox/h _ e—ipo\/%(a++a)/h _ e—ipo\/%ﬁ/he—ipo\/%a/he—pg/mhw
Therefore, we have
P(0) = o~ P8 /2mhw (0| e—ipoy/ sz at /h—ipoy/sEsa/h 10) 2 o~ P8 /2mhw 0] 0)? = o—Po/2mhw

where we have used

em oV mE M 0) = [0) . (0] eV = (|

6.15.13 Coherent States

Coherent states are defined to be eigenstates of the annihilation or lowering
operator in the harmonic oscillati)r potential. Each coherent state has a complex
label z and is given by |z) = e**" |0).

We have

alsh = e o) = Y- o o) = Y- Zma (41 1)

e 2n B e P 0 n—1
:;mam)]ﬁj\/ﬁm 1>f,z”§::1 (n_l)'\n71>
—zoo 2 n :zooi (@n)" = ze*® =z|z
=3 T n}_jom(mw) 0) = 212)

m=0 n=0
o0 o0 o0
2y z*’ln< | n) 2y 3*71”5
=> Y = m|n)= > mn
I'v/m! I'v/m!
m=0n=0 n:vm. m=0n=0 n m
oo o0
Zg Z*? ZELZ*I Z%129




(c¢) Show that the completeness relation takes the form

dxdy e dedy .+ A
ZZ: za 0 0 z a zZ z
[EE e = [ Ee o) oo

xdy 2™ (atT)™ zR) (@)

n!

Qﬂd ® m tmep ( A+ \m n,—ine(5\n
:Z/—@/rdrir ¢ f“ )™ 0y o @ ,(“) e
™ m! n.

m,nq 0

where we have used z = re'?. Now
27

/ 49 itm-mye _ o5

™
0

Therefore, doing the m sum we have

oo

0

= Z %/T?Qne_r?d?“ (\n)) (<n|) = Z |n> <n| % /TTQne_T2dr

Now using 72 = = we have

(oo} oo

2
/rr%e*r dr = /m"e*“;dw =n!

0 0

so that

™

/ W ) ele= s = 3 ) (n] = |

This unusual form of the completeness relation reflects the fact that the
coherent states form an overcomplete set of states.

T=Xminl= [ S el

where |n) is a standard harmonic oscillator energy eigenstate, I is the identity
operator, z = x + iy, and the integration is taken over the whole x —y plane(use
polar coordinates).
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6.15.14 Oscillator with Delta Function

Consider a harmonic oscillator potential with an extra delta function term at
the origin, that is,

(a)

1 h?
Viz) = amwzazQ + 2—735(35)

Using the parity invariance of the Hamiltonian, show that the energy
eigenfunctions are even and odd functions and that the simple harmonic
oscillator odd-parity energy eigenstates are still eigenstates of the system
Hamiltonian, with the same eigenvalues.

Since V(z) = V(—=x), we have parity conservation and thus only even and
odd eigenfunctions. The delta function term in Schrodinger’s equation is
proportional to 1(0)d(x), which vanishes for any odd function that satisfies
the rest of the equation, such as harmonic oscillator odd eigenfunctions.

Thus, the odd eigenfunction of the harmonic oscillator alone are still eigen-
functions of the new Hamiltonian.

Expand the even-parity eigenstates of the new system in terms of the
even-parity harmonic oscillator eigenfunctions and determine the expan-
sion coefficients.

We have N
V(@) = Coytha(x)
v=0
where the even eigenfunctions of the harmonic oscillator satisfy
h2 d2’(/)21,(.%‘) 1 2 9
Tom dz2 2 =E = hw(2v +1/2
om  dz? + oMt Yo (2) 2o, () = hw(2v + 1/2)1)9, ()

The new Schrodinger equation is then

12 P | L2 (2) — Bs(a) = —tys(0)0(x)

2m

3 O (s + hmesta? = B) v (0) = ~520(0)0(2)
Y, Ca (e (20 + ) = B) &) = ~520(0)3(2)

Multiplying by 9,/ (z) and integrating gives, owing to the orthonormality
of the harmonic oscillator eigenfunctions (remember they are real)

1 h?
(1o (24 3) = B) Cuwr =~ 52000020

or
oo — P9 ¥p(0)e,(0)
2v 2m hw (2v+ 1) — E
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(c)

Show that the energy eigenvalues that correspond to even eigenstates are
solutions of the equation

_, Z o Lo EY
mmw 22kk' 2 hw

You might need the fact that

mw)1/4 (2k)!

Y2i(0) = (E ok !

Substituting into the expansion of ¥ g(x) we obtain

— h*g = 2,,(0)
r) = Cootha, () = ——= 0 J(x
)= 3 Catanla) = ~5, 0603 1 o

At the point x = 0, this expression is true provided that
(R ST
g 2m = hw (v +3) - E
Using the given values of 15, (0), this is equivalent to

/ 1
wwz22”u' (2v+3)-£

Using the given gamma function expression we get Consider the following
cases:

(1) g>0,E>0
(2) g<0,E>0
(3) g<0,E<0

Show the first and second cases correspond to an infinite number of energy
eigenvalues.

Where are they relative to the original energy eigenvalues of the harmonic
oscillator?

Show that in the third case, that of an attractive delta function core, there
exists a single eigenvalue corresponding to the ground state of the system
provided that the coupling is such that

r3/4)1> ¢
[F(I/ZL)} < Tomw

<1
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You might need the series summation:

i (2k)! 1 _ V/7(1/2-2/2)
k()2 2k +1 -2 2 D(1-z/2)

You will need to look up other properties of the gamma function to solve
this problem.

Using the given gamma function expression we get

4 [ h T(1/4- E/2hw)
g VmwID(3/4— E/2hw)

The right-hand side has poles at the points

1 E 1
ST n—0,1,2,....:>E—hw<2n+§)

and zeroes at the points

3 FE 3
r 1
r(z):ﬂ
z
we have for z = —¢, with ¢ > 0
I'(1-— I'(1 1
Pee--td=9_ I __1_,

9 9 S

For E > 0, the right-hand side can be plotted as shown below.

10

-10

Figure 6.4: Plot of %
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For g > 0, the LHS is the horizontal line in the lower half-plane cutting
an infinity of points

1
Eu < hw <21/ + 2)
Thus, the positive energy eigenvalues are in one-to-one correspondence
with those of the even harmonic oscillator eigenfunctions, lying lower or

higher than them in the repulsive or attractive delta function case respec-
tively.

In the attractive case (g < 0) there is also a single negative energy eigen-
state. For E = — |E| < 0, the RHS of

4w D(1/4+|E| /2hw)

gV h T T(3/4+|E|/2hw)
is a monotonic function of |E| that starts from the value
I(1/4)
I'(3/4)

at E = 0 and decreases to 1 at |E| — co. The LHS is a horizontal line.
There is a single solution, provided that the coupling is such that

r3/41°  ¢h
{m/zx)} < Tomw

~ 2.96

<1

6.15.15 Measurement on a Particle in a Box

Consider a particle in a box of width a, prepared in the ground state.

(a)

(b)

What are then possible values one can measure for: (1) energy, (2) posi-
tion, (3) momentum ?

What are the probabilities for the possible outcomes you found in part

(a)?

For the system initially prepared in the ground-state, we have

¥l = {f cos (%) la] < a2

0 |x| > a/2

The possible values one can measure for any observable are its eigenvalues,
say «, with probability

P, =[(a| $)[*
(i) Energy: ¢(x) is an energy eigenfunction(ground-state with n = 1).
This implies that we have only one possible value for the energy, namely,
the corresponding eigenvalue

T2 h2

2ma?



with probability = 1.

(ii) Position: The possible values are between —a/2 < z < +a/2 with
the probability density

R

(iii) Momentum: The momentum eigenfunctions are plane waves (since
the energy is all kinetic energy for a particle in the well)

with eigenvalue p = hk. The probability density for different k values is
given by

where

9 = o [ 9= [ e @)

— 00

which is the Fourier transform of the position space wave function. The
momentum space wave function is defined by

NS T PP
sa(p)—\/ﬁlﬁ(k—p/ﬁ)

Note that an alternative form for the position space wave function is

Y(z) = \/zcos (%) O(z) allz where 6(z)= { é}il § Zg

Method #1: Fourier Transform
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Using the first form of the wave function we get

a/2 a/2

= T ; 2 T . 1 /2 ) ) .
— —ikx _ “ i —ikx N Bl itx/a —inx/a ,—ikz
o0 = [ e s \/;/cos(a)e do=g\2 [ (el e} et
- —a/2 —a/2
a/2
1 /2 X ,
=2\ / (ez(w/a—k)m+e—1(7r/a+k)r1;)dx
—a/2
1 /3 1 i(r/a—k)a/2 L5 1 —i(m/a+k)a/2
= /- Yd i = — Yd
2\/;i(7r/a—k) / c y+2\/;—i(7r/a+k) / o
—i(m/a—k)a/2 i(m/a+k)a/2

1 /2 -2isin(r/a—k)a/2 1 [2—2isin(r/a+ k)a/2
_2\£ i(w/a—F) +2\/; i /at )

a . ka w . ka w
5 {Smc (2 — 2) + Sinc (2 — 2)}

Method #2: Fourier Transform

Using the second form of the wave function and the convolution rule below.

For
A(z) = B(z)C(x)

with

A(k) = /A(m)e*ik"’”dz, B(k) = /B(x)e*i’”dx
and

C(k) = /C’(z)e*ik‘”d:c

we have

~ - . 17

AK) = Bl#) + Ok) = —= [ aBaci-a)

where



Defining

we have

b= [ Fom () o= 2 ] (e

;\/g\/% [6(k —7/a) + d(k + 7/a)]

These two delta functions correspond to a standing wave which is the
superposition of e®1#/" and e~"1%/" where p; = 7/a.

Now defining

C(z) =0(x)
we have
oo a/2
C(k) = / O(x)e” " da = / e~ %y = Zsin — = aSinc <a)
—o0 —a/2

and then we have

A(k) = %2? / dgB(q)C(k - q)

= jﬂ;ﬁm_f dq[5(q — 7/a) + (g + 7/a)]Sine (“‘“ - q)a)

_ \/g [Sinc (’“2“ - g) + Sine (k;‘ - g)} = 9(k)

which is the same as the first result. This looks like
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The dotted curves are the two Sinc functions. The huge spread is due to
strong localization in z, that is, because the particle is localized, we get
uncertainty in momentum beyond the two delta function spikes.

With

. 1 -
@(p) = ﬁw(k =p/h)

we have any value —oo < p < 400 where the probability density is

P(p) = ¢(p)[*

At some time (call it t = 0) we perform a measurement of position. How-
ever, our detector has only finite resolution. We find that the particle is
in the middle of the box (call it the origin) with an uncertainty Az = a/2,
that is, we know the position is, for sure, in the range —a/4 < z < a/4,
but we are completely uncertain where it is within this range. What is
the (normalized) post-measurement state?

Now the particle is measured to be near x = 0, but we are completely
uncertain within the range —a/4 < x < +a/4. A reasonable post-
measurement state assignment is then

o (2) = {\/g —afd <z <ald

0 otherwise

as shown below
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l
-af2 -a/4 o a/4 a/2

Note that we have completely thrown away our prior information. This
might not always be the best strategy to get good predictions.

(d) Immediately after the position measurement what are the possible values
for (1) energy, (2) position, (3) momentum and with what probabilities?

To find the possibilities for measurement outcomes, we must expand ¢ ()
in the eigenfunctions of that observable.

Energy Eigenfunctions:

where
\/Ecos AL n=1,3,5,.....
_ a a
up () = 3 .
\/jsm RTE n=2,4,6,.....
a
and so

e = / 0zt (2)y (@) = (un | )

Since ¥4 (x) is an even function, only the cosine terms survive. Thus, for
n=13,5,...

a/4
2 /2 2 — 4
Cn = \/>[ cos@dx = — sinm — sin ") — —sinﬁ n=1,3,5,7,....
aV a a nm 4 4 nm 4

—a/4

and therefore, the possible energies are

252
0 Th

E,=n n=13,5,...

2ma?
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with probability

16 . 5gnm 8
22 sin T =22 n=13,5,7,....

‘Cn‘g =

Possible Positions: Any value in the range —a/4 < 2 < 4a/4 with a
uniform probability density

P(x) = .

Momentum: We have the momentum wave function

17 .
@(p) = \/ﬁ/ by (x)e P/ My

This implies that

—ipa/4h __ eipa/4ﬁ>

~ 1 \/5 7 —ip. /h 1 (6
= ———4/— e Py =
() V2rhV a vmha —ip/h

= sy ()

Thus, we have a continuum of momentum values from —oo < p < 400
with the probability density

At a later time, what are the possible values for (1) energy, (2) position,
(3) momentum and with what probabilities? Comment.

I do not think anything changes!

6.15.16 Aharonov-Bohm experiment

Consider an infinitely long solenoid which carries a current I so that there is a
constant magnetic field inside the solenoid(see Figure 6.5 below).
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| solenaid

source

Figure 6.5: Aharonov-Bohm Setup

Suppose that in the region outside the solenoid the motion of a particle with
charge e and mass m is described by the Schrodinger equation. Assume that
for I = 0, the solution of the equation is given by

Yo(7, t) = e ot/ Py (7)

(a) Write down and solve the Schrodinger equation in the region outside the
solenoid in the case I # 0.

In the presence of a vector potential /T, minimal coupling says that

Pop—-A

ol

Now, in the absence of an EM-field, the Schrodinger equation is

) W N v(m] bl 1)

Adding an EM-field implies that

A Gl {2; (ﬁ— ZA’)Q - +V(F)} W (7 1)

ot
where V x A = B.

If we let -
() = o (7, t)et I EA4T

where the integral signifies any path ending at 7, then 1 (7, t) satisfies the
Schrodinger equation with no EM-field (I = 0). Therefore,

(7, t) = o(7,t) = wo(f*)e—iEOt/h

so that o
,(p(,,;», t) — wO(F)e_ZEOt/he%f £ A.dF
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(b) Consider the two-slit diffraction experiment for the particles described
above shown in Figure 8.5 above. Assume that the distance d between
the two slits is large compared to the diameter of the solenoid.

Compute the shift AS of the diffraction pattern on the screen due to the
presence of the solenoid with I # 0. Assume that L > AS.

When I = 0, for any point on the screen, the probability amplitude is

f=rl+7-
where
f+ = amplitude from upper slit path
f— = amplitude from lower slit path
When I # 0, we then have
P =t
where v .
fy = fret Jou A
e A-dF

f/ _ f,6% f07
C. corresponds to the upper path and C_ corresponds to the lower path.

Therefore,

|~
ole
13

-

»
O+

)

A.dF L[ e AdF E( e A.di— 5,&(17?)
o] C_ Cy

= fi+fl = fie +fe - o fy+foe

Or . —
o Sy foer d e

where the closed path integral is CCW along an arbitrary path surround-
ing the solenoid.

This says that the solenoid adds a phase factor
ep e T
A
he  hc dr

to the probability amplitudes at points on the screen (due to lower slit).

Remembering approximations in Young’s interference (in optics) we get
that the interference pattern is shifted by As, where assuming that L > d
and L > As, we find

Asdf = % = phase shift
As = epl epL
~ hcdk — hedy/2mEo



6.15.17 A Josephson Junction

A Josephson junction is formed when two superconducting wires are separated
by an insulating gap of capacitance C'. The quantum states v; , ¢ = 1,2 of the
two wires can be characterized by the numbers n; of Cooper pairs (charge =
—2e¢) and phases 6;, such that ¢; = \/nT-eiGi (Ginzburg-Landau approximation).
The (small) amplitude that a pair tunnel across a narrow insulating barrier is
—Ej/ng where ng = ny +ng and Ej is the the so-called Josephson energy. The
interesting physics is expressed in terms of the differences

n=ng—n1 , @=0:—10;
We consider a junction where
ny & ny &~ ng/2

When there exists a nonzero difference n between the numbers of pairs of charge
—2e, where e > 0, on the two sides of the junction, there is net charge —ne on
side 2 and net charge +ne on side 1. Hence a voltage difference ne/C arises,
where the voltage on side 1 is higher than that on side 2 if n = ny —ny > 0.
Taking the zero of the voltage to be at the center of the junction, the electrostatic
energy of the Cooper pair of charge —2e on side 2 is ne?/C, and that of a pair
on side 1 is —ne?/C. The total electrostatic energy is C(AV)?/2 = Q?/2C =
(ne)?/2C.

The equations of motion for a pair in the two-state system (1,2) are

3 dwl N EJ - n€2 EJ
ih— —Ulwl—noi/)z——ci/ll—now
. d’(/)g - EJ - ’I’L€2 EJ
Zhﬁ = Usg nfowl = ?1/)2 nfowl

(a) Discuss the physics of the terms in these equations.

The terms in these equations represent the following processes. First con-
sider the first term on the RHS or the direct term:

Urin

which just gives a solution of the form e™* representing steady-state be-
havior of the probability amplitude on side #1 and similarly for side #2.
The second term on the RHS or the tunneling term

wwt

E,;

—

ng
represents a probability current flow across the boundary between regions,
i.e., change in region one due to current proportional to amplitude on side

#2 and similar for the other side.
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(b) Using ¢; = /n;e’¥, show that the equations of motion for n and ¢ are
given by

2ne?

@:92—91%—W

.. . J .
n=ng —N~ ——siny
h
Using v; = /n;e'%, we find

. N1 7,91 01 ) 71’7,62 0, _ Eg 62
ih SN +201‘/ 1€ = —"&/ne wy/nze

. N 192 . 03\ ne? 0y _ By 01
ih PN + 109 /nine = & /nze ahy/nie

or
Zh*zl — hn191 = C Tll — T 77,17126“’0
ih'g — hngbly = —"&ng — —n ninge ¥

Taking real and imaginary parts,
élzneC'+hno \/BCOS(‘D ’ 92: +hno \/%COS('D
ny = hn Jningsing |, nNe = 51 ,/nlng sin ¢

Taking differences, we find the equations for n and ¢,

S — 0. _ P 2ne na ni _2ne
p=02—0, = rmo (,/n1 ,/n2>cos<p~

n=mny—ny = %ﬁ’,mlngsm@ ~ ’ sin ¢

noting that ny & ny = ng/2. Taking the sums, we find that n = constant.
(c¢) Show that the pair(electric current) from side 1 to side 2 is given by

7TEJ
o

We identify a pair(electrical) current from side 1 to side 2

Js=Jpsing , Jyp=

E
Js = (—26)% = —e?‘]sinap = Jpsing

where the maximum current is

eEJ . 27T6EJ - 7TEJ

Jo =

I h %o
(d) Show that
. 2By
PR ——masing
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For E; positive, show that this implies there are oscillations about ¢ =0
whose angular frequency (called the Josephson plasma frequency)is given

by
_ 262EJ
Y=\ The

If E; is negative, then there are oscillations about ¢ = .

for small amplitudes.

We can exhibit oscillatory behavior as follows. We have

. 2¢? 2e°E;
N——n=— sin
P The n2c Y
If E; is positive, then there are oscillations about ¢ = 0 whose angular
frequency (called the Josephson plasma frequency) is given by

o 2€2EJ
“I=N\ e

If E; is negative, then there are oscillations about ¢ = m, since sin(r—p) =
sin ¢ while d?(7 — ¢)/dt? = —@. The frequency of oscillation is the same
as above now using |Ej|.

for small amplitudes.

If a voltage V = V; — V4 is applied across the junction(by a battery), a
charge Q1 = VC = (—2¢e)(—n/2) = en is held on side 1, and the negative
of this on side 2. Show that we then have

g =

which gives ¢ = wt.

The battery holds the charge difference across the junction fixed at VC' =
en, but can be a source or sink of charge such that a current can flow in
the circuit. Show that in this case, the current is given by

Js = —Jysinwt

i.e., the DC voltage of the battery generates an AC pair current in circuit
of frequency

_ 2eV
W=
We have
. 2n62_ 2VCe 2V
YT T e TR T
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which implies that ¢ = —wt

. ~ h h ( 2°E; . .
Js=en=CV = —C%gp = —C% (— hQCJ smwt) = Jpsinwt
where
- @ 2€2E.] 6EJ

7 2 m2C T h
6.15.18 Eigenstates using Coherent States
Obtain eigenstates of the following Hamiltonian
H=hwita+Va+V*at
for a complex V' using coherent states.
Let us transform to a new set of operators
a=b+a , at=bt+a*
Simple algebra show they have the same commutation relations, i.e.,
[a,a%] = 1= [b,b%]
Therefore they both have the same eigenvector /eigenvalue structure, i.e.,
ataln), =nin), n=0,1,2,3,4,..
btb In), =nln), n=0,1,2,34, ...
Substituting into the Hamiltonian we have
H = hwbtb+ (a* + V)b + (a + V)bt a*a+ Va+ Via*
If we choose a = —V'*, we get
H = hwb*b— |V

Therefore, .
H |n)y, = (hwn — [V [*) n),

Thus, the energy eigenvalues are
E,=hwon—|V|? n=0,1,2,...

The ground state of the system corresponds to 3|0> , With ground state energy
Ey = —|V|%. We also have

b[0), = 0= (a+ ) [0), = 0 = al0), = a[0), = =V*|0),

The ground state is a coherent state.
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6.15.19 Bogliubov Transformation

Suppose annihilation and creation operators satisfy the standard commutation
relations [a,a™] = 1. Show that the Bogliubov transformation

b= acoshn+ a* sinhn

preserves the commutation relation of the creation and annihilation operators,
i.e., [b,b7] = 1. Use this fact to obtain eigenvalues of the following Hamiltonian

- 1
H = hwata+ 5V (aa+a*at)
(There is an upper limit on V for which this can be done). Also show that the
unitary operator
U= e(aa+a+a+)n/2
can relate the two sets of operators as b=UaU".

‘We have

b= acoshn + a* sinhn

bt =at coshn + asinhn
Now using [a,a™] = 1 we get

[b,b%] = [acoshn 4 a* sinh 7, a* coshn + asinh 7]
= cosh? y[a, a*] — sinh? y[a, 6]

= cosh?n — sinh?n =1
so that the commutation relations are preserved.
We also have
a= Bcoshn —bt sinh n
at =bt coshn — l;sinhn
Therefore,
H = hw(b™ coshn — bsinhn)(bcoshn — bt sinh )
+ —((bcoshn — bT sinh )% + (b* coshn — bsinhn)?)
= hw(btbcosh? n — (b)? coshnsinh ) — (b)? coshysinh i 4 bb* sinh? 1)
(((0)?)(cosh® n + sinh? ) + (b)) (cosh? 1) + sinh? 1)

— bb* coshnsinhn — bTbcosh 7 sinh 7))
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Rearranging and using [b,b*] = 1 we get
H = (hw(cosh? 5 + sinh? i) — 2V cosh n sinh )b*b
+ (—hw coshpsinh 7 4+ V (cosh? n 4 sinh? ) /2) ((b)? + (b)?)
+ hwsinh® 5 — V coshnsinh 7
Now using
sinh 2y = 2coshysinhn , cosh?n+sinh?n =1
we can eliminate the squared operator terms by the choice

V = hwtanh 2n

We then have R o
H=Qb"b+F

where
Q0 = hw cosh 2n — V' sinh 2n

F = hwsinh®n — V coshnsinh n
Thus the energy eigenvalues are

E,=0On+F n=0,1,2,....

Now the coefficient of n must be > 0 to make physical sense (energy would go
to —oo). This says that

_ (hw)?
tanh2p  V

D>0—-V < hw

which says that we must have
V < hw

Finally, for U = elaatatatin/z o using

e*Be=* = B+ [A, B] + l[A, [A,B]] + ...

2!
with A = (aa + a*ta™)n/2 and using
[atat,a] = —2at , [aa,aT] =2a

we have

Yrafr—1 A 772 Adoa 773

UaU™ " =a 1+§+... —a'a 77+§+...
or R R

@ = bcoshn — b" sinhn

as before.
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6.15.20 Harmonic oscillator

Consider a particle in a 1—dimensional harmonic oscillator potential. Suppose
at time ¢t = 0, the state vector is

ipa

(0)) =e~ 7 |0)
where p is the momentum operator and a is a real number.
(a) Use the equation of motion in the Heisenberg picture to find the operator

(%)

We first determine the position operator x(t) in the Heisenberg represen-
tation. Using [z, p] = ih gives the operator equations of motion

g ] i1 ()
x(t) = ﬁ[hﬂ x] = = o (ppx — app) = th( 2ihp) = -

. 7 i mw? i mw? .

pt) = ﬁ[H’ pl = ﬁT(xacp —prx) = 7o (2ihx) = —mw?x(t)

The solution of these equations is
p .
x(t) = xcoswt + — sinwt

mw

(same as classical problem!) where z = z(0),p = p(0) are Schrodinger
operators.

(b) Show that e~*%* is the translation operator.
See Problem 6.19.2. We then have
T(a) |a) = e~ /" |z) = | + a)
(¢) In the Heisenberg picture calculate the expectation value (z) for ¢t > 0.
We have
() = (0] e/ Mg (t)e= P2/ 7|0y = (0| [P/ P g (t)e~ P/ ] |0)
_ /d.%‘//dl’” <0 ‘ CL‘/> <3;‘/| eqﬁpa/hm(t)e—ipa/h ‘x//> <$// | O>
= /dgc’/dx" 0|z (2" + al (J: coswt + % sinwt) |z + a) (x""| 0)
- / da’ / da’ (0]2') (2’ + a| (2" + a) coswt) [ + a) (" | 0)

where the p-term vanishes since

(0] /M pe= /" |0) = (0| p|0) = 0
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Now use
/dw’(x”—l—a|x”+a> =1
to get

(x) = /dm (0] z) (x4 a) coswt (x| 0) = acoswt

since (0|0) = 1,(0| 2 |0) = 0. This answer is natural since it corresponds
to the position of an initially displaced particle in a harmonic potential.

6.15.21 Another oscillator

A 1—dimensional harmonic oscillator is, at time ¢ = 0, in the state

1

9 (t =0)) 7

(10) + 1) +12))

where |n) is the n'" energy eigenstate. Find the expectation value of position
and energy at time t.

We have the state vector at time ¢:
1 X . .
90 =z (7 0) eI 1) 4 e 2))

where E,, = lw(n+1/2). Using (i |j) = d;; the expectation value of the energy
becomes

1 3
(B(t) = 5(Eo+ By + Bp) = Shw
which is independent of ¢.

For position we have

(w(1)) = 1| o (0] (a0 )

_ 1 /2 h (eiEOt/h <0| +eiE1t/h <1| + eiEzt/h <2|> (a+a+) (efiEot/h |0> _’_efiElt/h |1> +67iE2t/h ‘2>)
mw

3
1 h X ) ) .

_ \/7 (ez<Eo—E1>t/ﬁ (0] a|1) + e Er=E2)t/h (1] g |2) 4 iEr=Eo)t/h (1) ¢ |0) + ei(F2=EV/h (9] |1>)
3V 2mw

_ 1 h —iwt —iwt Twt Twt _ 1 h

=3 %<e +e V2 et e \/5)_5 %(1—1—\/5)0080%

which oscillates with ¢.
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6.15.22 The coherent state

Consider a particle of mass m in a harmonic oscillator potential of frequency w.
Suppose the particle is in the state

@) = caln)
n=0

where

n
.
vn!

and « is a complex number. As we have discussed, this is a coherent state or
alternatively a quasi-classical state.

(a)

Show that |a) is an eigenstate of the annihilation operator, i.e., a|a) =
ala).

(oo} (oo} oo
alay = ch& |n) = Z cpay/nin —1) = Z Cnt1Vn +1|n)
n=0 n=0 n=0

We also have

a™tt/n+1 2
Cn, \/n+1:e_|“‘2/27=e_|“‘ P2 =,
i (n+1)! vl

This implies that
o0
ala) :ach&|n> =ala)
n=0
Thus, the coherent state is an eigenstate of the annihilation operator («
is a complex number).

Show that in this state (Z) = z.Re(a) and (p) = p.Im(a). Determine .
and pe.

We have
. a+at 2h
T = 2, Te =1/ —
2 mw
PP
p=p. o pe=V2mhw
21
Also

ala) = ala) = (a|at = a* (af
which implies that
(ala]a) = alala) =a

{a|at |a) = a* (a]a) = a*
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and then

(0] |a) = 2.5 = rRe(a)
. a—af
(alpla) = pe 5% = piIm(a)

Show that, in position space, the wave function for this state is ¥, (z) =
e/ My (x — x0) where ug(x) is the ground state gaussian function and

(%) = xo and (p) = po.

We have
~laley= @ (E+ Py = (242D
atala) = (elala) = ol (£ + 2 jo) = (£ + 22 ) (ol )
where (z|a) = 14 (x). Therefore the ODE we need to solve is
hdy oz
=+ L= oy
Dedr T,

or

which has the solution

or

'(/} :djoe%(ax—%) :@/Joeipclm(a)w/he%(}%e(a)x_ ;;C)
if we let " »
Re(a) ==, Im(a)="="
@) =2, Imfa) =2

we then have

2oz 22
= woeipoz/he%( = *21%)

. 2 | zgPc
— ypetPos/hie(— ek o+ 58 )
2
. P 2 Pexh
= 'I/}Oelpow/he_ V 2)5;0 (Qf—ﬁo) e 8hzc

= woei”"x/hu(x — o)

where (x) = 2o and (p) = po.

What is the wave function in momentum space? Interpret xo and pg.

We have "
(#) = 2o = z.Re(a) — Re(a) = =2

Te
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and

~ b
(B) = po = pelm(a) = Im{a) = ==
C
so that "
a=2 + i@
Te Pe

and zg and pg are the mean position and momentum.

Yo () is the wave packet, Gaussian, centered at = x¢ with carrier wave
momentum pg.

Re (Wg)

The momentum space wave function is the Fourier transform of 1), ()

1
V2mh

We can use the convolution theorem

F(a(z)) = ia(p) =

[tz vatwye e

ba(p) = F(eP"") @ Flug(z — o))

We have .
F(e™o/™) = 5(p — po)

and by the shift property
F(uo(x — z0))e” P Mg (p)

Therefore, ~ , 4
,L/)a (p) — e_lmopo/h(e_lmop/hao (p _ po)

where the first exponential factor is just an overall phase factor.

In momentum space, g is centered at pg. The mean position appears as
a phase in momentum space.

Explicitly show that ¢, (x) is an eigenstate of the annihilation operator
using the position-space representation of the annihilation operator.

This was explicitly done as part of the solution of part(c).
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(f) Show that the coherent state is a minimum uncertainty state (with equal
uncertainties in « and p, in characteristic dimensionless units.

The uncertainties are Az = v Ax2, Ap = /Ap?, where
Az® = (@%) — () , Ap*= (%) — ()’
We already have (&) = z.Re(a) and (p) = p.Im(«). Now

2
(#2) = % (o] (62 +a+? +ata+ ataat) |a)

Using
ala) = ala) = (alat = a* (a]
we get
2
(2%) = ZC (a] (a* +a*? + 2% +aT1)|a)
2 2 2
= Zata’) + 5 = (wRe(@)) +
2
_ 2, e
or
z2 h
Ax)2 =2 S Ap =26 —
(Az) 4 e 2 2mw
and similarly
2 huw
A2 = P Ay e [mhw
(Ap)" =" = Ap=7 5
and hence .
AxAp = 3

so that we have a minimum uncertainty wave packet.

(g) If a time ¢ = 0 the state is [(0)) = |a), show that at a later time,
|’L/J(t)> _ e—iwt/Z ’ae—iwt>
Interpret this result.

At t =0 we have |¢(0)) = |a). Then

() = U0 [$(0)) = > ealU(t) In)
n=0

oo oo
_ Z Cne—iEnt/h |n> _ e—iwt/? Z Cne—inwt |n>
n=0 n=0
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where -
E,=hwn+1/2) , ¢, = eIl /20

We then have

. e e ae—inwt n
i) = o2 Y emlof2 0 — " o)
n=0 :
—iw S —|a 2 (a(t))n
=e t/QZe e (t)] ﬂﬁ n)
n=0 :

where a(t) = ae™!. Finally, we have

(1) = e"? [a(t)

At every time, the state is a coherent state with eigenvalue that evolves
in time as the classical complex variable.

Show that, as a function of time, (&) and (p) follow the classical trajectory
of the harmonic oscillator, hence the name quasi-classical state.

At later times
<¢(t)| z |1/)(t)> = <Oé(t)| T |a(t)> = ICRE(Oé(t)) — CCCRB(Ozeiiwt)
W) 1)) = (a(t)|pla(t)) = pdm(a(t)) = zIm(ae ™)

which are the classical equations of motion.

Write the wave function as a function of time, ¥, (x,t). Sketch the time
evolving probability density.

The wave function is
woz(t) (xa t) - 6ip(t)w/hu0(x - $(t))

where z(t) and p(t) are the classical trajectories. This is an oscillating
wave packet, i.e.; a gaussian oscillating like a classical SHO.

172



(j) Show that in the classical limit

N
Iim — —0
|a] =00 <N>

<N> = (alaTala) = a*a = |al?

]

AN = \J(N2) — (N}

(a*a)*|a) = (o] (@*a)(@*a) |o)
’ (ala*[a,a"]a) |o)
= (a")*(a)* + (a")(a) = la* + |of?

Now

AN = V]a|t + a2 = ||t = Va2 = |a|
Therefore, AN = 1/(N) and we have
AN 1 1
lim — = lim —— lim =-—=0
i.e., the fractional uncertainly goes to zero as the mean amplitude — zero.
(k) Show that the probability distribution in n is Poissonian, with appropriate
parameters.

The probability for finding the particle in the n** excited state is given by

a2 o (o)
Po= [ {nla) P = leaf? = |e7Io1/2an jVl]? = el S0

n!

Earlier we found that (n) = |a|? which gives

—(my ((m))"
P, = <>W

which is the standard Poisson distribution.
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(1) Use a rough time-energy uncertainty principle(AEAt > h) , to find an
uncertainty principle between the number and phase of a quantum oscil-
lator.

For the oscillator E ~ nhw which implies that
Et ~ nh(wt)
Now the phase of the oscillator is ¢ = wt which then gives
AnAg¢ > 1

This is the number-phase uncertainty. A quantum oscillator with definite
n, has uncertain phase!

6.15.23 Neutrino Oscillations

It is generally recognized that there are at least three different kinds of neutrinos.
They can be distinguished by the reactions in which the neutrinos are created
or absorbed. Let us call these three types of neutrino v, v, and v;. It has been
speculated that each of these neutrinos has a small but finite rest mass, possibly
different for each type. Let us suppose, for this exam question, that there is
a small perturbing interaction between these neutrino types, in the absence of
which all three types of neutrinos have the same nonzero rest mass My. The
Hamiltonian of the system can be written as

H=Hy+ H
where
R My O 0
Hy = 0 My O — no interactions present
0 0 M,
and
. 0 Thw HAwp
H; = hwy 0 hw — effect of interactions
hwy hwp 0
where we have used the basis
‘Ve> = |1> » |V;t> = ‘2> ) |V'r> = ‘3>

(a) First assume that wy =0, i.e., no interactions. What is the time develop-
ment operator? Discuss what happens if the neutrino initially was in the

state
1 0 0
[0(0)) = ve)=| 0 Jor[¢(0))=[v)=| 1 [or|p(0)=]|v)=1] 0
0 0 1

What is happening physically in this case?
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(b) Now assume that wy # 0, i.e., interactions are present. Also assume that
at t = 0 the neutrino is in the state

1

[9(0)) = |ve) = | 0
0

What is the probability as a function of time, that the neutrino will be in
each of the other two states?

(¢) An experiment to detect the neutrino oscillations is being performed. The
flight path of the neutrinos is 2000 meters. Their energy is 100 GeV'. The
sensitivity of the experiment is such that the presence of 1% of neutrinos
different from those present at the start of the flight can be measured with
confidence. Let My = 20eV. What is the smallest value of hw; that can
be detected? How does this depend on My? Don’t ignore special relativity.

We will do this problem in two equivalent ways, (1) differential equation method
and (2) linear algebraic method.

We have

A My 0 0 0wy hw My hwi  hw

H=Hy+H, = 0 M, 0 +1 hwy 0 huwq = hwy My hw
0 0 MO hwl hUJl 0 hwl hwl MO

differential equation method: The Schrodinger equation is

hoy -
—— +HyYy=0
Tor THY
where
ai 1 0 0
=1 as =a;| 0 |4+az| 1 J+as| O | =a1|n)+az|va)+as|vs)
as 0 0 1
and
|V1> = |Ve> ) |V2> = ‘Vlt> ) |V3> = ‘V‘I’>

are basis states and
a; = probability amplitude to have |v;)

This gives the matrix equation

dl MO hﬂfl hwl ai
ih élg = ﬁ/,ul M() hwl a9
as hwi  hwr My as
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(a) Let wq = 0. then we have

or
aq (t) R aq (0) ] aq (O)
as(t) | =U(t) | a2(0) | =e /M| ay(0)
as(t) az(0) az(0)
If the neutrino is initially in one of the basis states, say, |v1), then
al (0) 1 CLl(t) ) 1
az(0) | =1 0 | =)= | axt) | =e Mt/hf 0 | =|u)
as (0) 0 ag(t) 0

or the neutrino stays in the state |v1) or we do not have any oscillations
between basis states. The same is true for the other cases.

(b) Let wy # 0. Again we assume the neutrino is initially in one of the basis
states, say, |v1). Then we have the equations

tha; = Moyay + hwias + hwiag
thao = Myas + hwiay + hwias
Zh(lg = M0a3 + hwlal + ﬁw1a2

with boundary conditions

Let

so that we get the new equations

1:71 = —iwy (b2 + b3)
by = —iwy (b1 + b3)
bg = —iw1 (bl + b2)

Since there is no way to distinguish b (t) and b3(¢) in these equations we
must have by (t) = bs(¢) in this model., which gives the new equations

i)l = —2iw1b2
b2 = —iwlbg — iwlbl
These give ) _ _ '
b2 = —’L'wlbg — iwlbl = —iwlbz — Qw%bg

2;2 + iwli)g + 2(.0%52 =0
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We assume the solution by(t) = e’®!. Substitution converts the differential
equation into an algebraic equation for the allowed values of a.

—a? +w1a+2wf =0—=>a=—-2w;, +w
Therefore, the most general solution is
bg(t) — Aeiwlt + Be—inlt

Now,
b(0)=A+B=0—-B=-A

so that _ _
by(t) = A(e™tt — 6721&)1)&) = b3(t)

Returning to the equation for by (t), we then have
by = —2iwi by = —2iw; A(e?1t — g~ 2wnt)

so that

1 . 1 ) ) 1 )
bl (t) — —inlA (,BZW1t + e—22w1t) — —2A (eiwlt + 26—2zw1t)

w1 21w
Now )
bl(O):—SA:1—>A:—§
50 that b t — 2 iwlt l —2iUJ1t
1()—3ge gl )
bg(t) — _g(ezwlt _ e—2zw1t) — bd(t)
Finally,
1. , 2
Plve = 1) = a0 = [ha(0) = | (e"3 = e
1 ) ) 1 2
= —|(e" - 6_2’°"1t)|2 = — (2 —2cos3wit) = = (1 — cos 3wy t)
9 9 9
= P(ve — vy t)

The time of flight of the v, is At = ¢/v in laboratory time. Therefore, the

proper time is
At 2 LM
Ar= Bt _ap iV LM
~ 2 ¢ FE

where E = the total energy of the v, in the rest frame.

For P(v. — v,;t) > 0.01 or

(1 — cos3wiAT) > 0.01

Nl V]
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we require that

1 — cos 3w AT > 0.045

0.955 > cos3wi AT~ 1 — 2 (w1 AT)?
wi > 2005 ~ 0152
hwy > 0.05eV

linear algebraic method: Let us find the eigenvalues and eigenvectors of H.

The characteristic equation for the eigenvalues is

My—E  hw hun (
hwi  My—E  hw | =0=(My— E)*~3(My — E) (hw1)*+2 (hwy)®
hun hwi  My—E

or letting « = (My — F) and = fuv; we have the equation
o —38%0+283=0—>a=4,06,-28
Therefore, the eigenvalues are
Ey = My + hwy , Es = E3 = My — hw; (2 — folddegeneracy)
Now we obtain the eigenvectors. For F; = My + hw; we have
H|E\) = By |Ey) = (Mo + hwn) | Er)

or

MO hwl hwl a a
hwy My hwy b | =(Mo+hw)| b
hwy  hwy My c c
or
—2a+ b+ ¢=0
a—2b+ ¢c=0
a+ b—2c=0
which imply that
1
a=b=c= —g(normalized to 1)
or
1
1
E)y=—11|1
‘ 1> \/g .
In a similar manner, for Fy = F3 = My — hw; we have
1 1
1 1
|Eo) = — | -2 , |E3)=— 0
Ve V2
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Therefore,
) = | 0 ) =31 B 0(0) = LB+ B+ |Ey)
— 0 n \/g 1 \/6 2 \/i 3

Using U(¢) = e~/ we have

1

[9() = DO [9(0) = e P ) + %E/ IEx) + %E/ |E5)

Then,
P(ve = veit) = |(vr | (1))
where
0
lvr) = 0
1
or
1 1 1 1 1 12
P(I/e N I/T;t) 2zw1t 4 767iw1t7 o 7672@175—
Vi© B Ve 6 V2 V2
2
=9 Pt — 1| 1 — cos 3w t)
as above.

6.15.24 Generating Function

Use the generating function for Hermite polynomials

to work out the matrix elements of z in the position representation, that is,
compute

@ = [ Vila)evn(a)
where

Yn(x) = Ny Hy(x)e™ 2% @?
and



We have

o0

@ = [ Vi@ (@)

2.2 1.2..2

= N, N,/ / dx Hn(ax)e_%a T aHy (ax)e” 29"

o 1/2 o 12 7 2 2
- (m) <¢7?2w> | e ) o)

Now
PR tm
62xt7t _ ZHn(x)
n=0

Therefore let ¢ = ax and we have

/ o825 7+ tage . dq = Z Z o / H,(q)H, (q)qe” s dg
—00

n=0n'=

or

oo
2 2 2
Z Z _ —s242sq —t242tq, —
nm" A _/ e e fqe™ dq

n=0n’'=0 o

where

Apny —/ H,(ax)H, (ax)axe” ot gy =
Therefore, we are interested in the integral

/OO 6—52+23qe—t2+2tqqe—q2dq — 6—52—152 /OO 62(S+t)q€_t2+2tqq€_q2dq
— 0 —00

=e ot V(s + t)e(s+t)2 = /(s + t)e*
Finally we have

’I’Ltn

oo

—s242sq —t2+42¢ —q¢?

>3 S = [ ettty
nin’! oo

n=0n'=0
_ 6_82_t2ﬁ(8 +t)6(s+t)2 _ \/’]T'(S +t)e2st

which allows us to determine A, term by term and thus determine (z), .,
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6.15.25 Given the wave function ......

A particle of mass m moves in one dimension under the influence of a potential
V(x). Suppose it is in an energy eigenstate

() = (f)m exp (—1%%/2)

with energy E = h?v2/2m.

(a) Find the mean position of the particle.
= / V¥ (x)zyp(x)de = (FY) / zexp (—y*2?) dz =0
™
(b) Find the mean momentum of the particle.

- o\ 172
/ Y (x f.idw (x)dx = —Wzl_i (’y) / zexp (—v*2?) dz =0
z i\

— 00

(¢) Find V(x).
The Schrodinger equation gives

~ g+ V(@)0(e) = Bu(a) > 45 G = (B - V()()
L (—y +7x)e V92 = (B - V(z))e 7w /?

V() = B+ £ (D7 +yie?) = 2y

(d) Find the probability P(p)dp that the particle’s momentum is between p
and p + dp.

The Schrodinger equation in the momentum representation is

(p2 “d) ¥(p) = BY(p)

2m 2m dp

which has solution
2 1 1/4
= Ne 2nZ32 N =
Y(p) € ) (th’y2>

which is an eigenfunction of the state with energy E = h%42/2m in the
momentum representation.

Therefore,

2 1 \'Y? _ 2
P(p)dp = W}(PH dp = (M) e w22 dp
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Alternatively, 1 (p) is the Fourier transform of ¢ (x), that is,

1 1 —ipx/h 7’ A 2.2
=5 Vo ) <w> b (-7 /2)

o 1/4 2 . 2 1/4 2
1 __p_ 1 __p2_
_ (7) o / exp (p _ M> dr — (22) o
m 27h V2hy V2 Ty2h

as above.

U(p dze™ P/ Map(z) =

6.15.26 What is the oscillator doing?

Consider a one dimensional simple harmonic oscillator. Use the number basis
to do the following algebraically:

(a) Construct a linear combination of |0) and |1) such that (&) is as large as
possible.

Let o) = a|0) 4 b|1) where |a|® + [b° = 1. Then
(x) = {a] 2 |a) = (a” (0] + 0" (1]) & (a |0) + b]1))

Now we have

<m| ii' |n> = m (ﬁ5m7n71 + v n + 1(5m1n+1)
Therefore,

() = 1/ =2

Without loss of generality we can choose a and b to be real so that a?+b? =
1 and we have

(a*b+ba)

N
S

The maximum of (x) requires that

d(x) 1 h
1 —0—>a—b——2—><:c>max— —

and
_ 1

V2

(b) Suppose the oscillator is in the state constructed in (a) at ¢ = 0. What
is the state vector for ¢ > 07 Evaluate the expectation value (Z) as a
function of time for ¢ > 0 using (i)the Schrodinger picture and (ii) the
Heisenberg picture.

|) (10) + 1))
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Now

la(t)) = U(t) |a) = o—iHt/h ) = 1

ﬁ (e—iwt/Qh 10) + p—i3wt/2h |1>)

Schrodinger Picture:

(z(t)) = (a(t)] 2 |a(t))
= % (eiwt/Qh (0] + iBt/2h <1|> & (eﬂ'wt/zh 10) 4 ¢~ #3/2h |1>)
= % (B*iwt/h <O| 7 |1> + 6iwt/)‘i <1| & ‘O>>

_ ho 1 —iwt/h iwt/h\ _ h
“Vomw?2 (e Te ) TV 2mw coswi

Heisenberg Picture:

(x(t)) =

A D .
= t+ — t
| #(t) |a) = (@] & coswt + - sinw )

coswt((O\ 1) + (1] & |0>)—|—ismwt(<0|p|1 )

() e )

which is the same for both pictures as expected.

(@

1
2
_1
2

Evaluate <(Aw)2> as a function of time using either picture.

Now using the Heisenberg picture we have

((A2)?), = (2%), = (@)} = (a] #*(1) |a) — (a] 2(t) |)*

From (b) we have
. h
(a| Z(t) |ay =4/ 5 cos wt

The other term becomes

(al 2%(t) o) = %% ({0 + (1)) (e“f“/ﬁ(m aﬂ%*iﬁt/ﬁ) (10) + 1))
L (0 1) @000 + a(0a* (1) + 0 (0a(0) + a* (" () (0) + 1)
= gy (01 Q1) (G i+ ) 0) + 1)
= 3o ((laa o) + (0] %) = 51—
Therefore,
(A0)), = 5o (1 - cos?wt) = o — sin”wt
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6.15.27 Coupled oscillators

Two identical harmonic oscillators in one dimension each have a mass m and
frequency w. Let the two oscillators be coupled by an interaction term Cxixo
where C'is a constant and x; and zo are the coordinates of the two oscillators.
Find the exact energy spectrum of eigenvalues for this coupled system.

We have
A A A A P 1 2.0, D5 I 9.
H=H +Hy+ Hipt = — + -mw2] + — + -mw"25 + CZ129
2m 2 2m 2
We shift to CM coordinates
X=i1—dy , V=0t
P=Bgl . §=pi+p,
or X . . .
h=5+Y | da=-5+Y
p=rP+% ., pp=-P+%

which gives

H =

P2 mXx? ( 5 C)
m 4 m

A2
[ o9
4m m

which represents two uncoupled oscillators.

The X-oscillator has frequency Qx = \/m and energy eigenvalues
EX =Mmx(nx +1/2), nx =0,1,2,.....

The Y-oscillator has frequency Qy = /w? + C'/m and energy eigenvalues E}{Y =
th(ny + 1/2) , Ny = 07 1,2, .....

Therefore,

Epyny = B+ EY =hx(nx +1/2) + iQy (ny +1/2)

6.15.28 Interesting operators ....
The operator ¢ is defined by the following relations:
F=0 , et+ete={eety=1
(a) Show that
1. N = été is Hermitian
2. N2=N
3. The eigenvalues of N are 0 and 1 (eigenstates [0) and [1))
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4. 6000y =1) , ¢[o)=0

We define

Then

N=¢te— Nt =(¢te)t =¢te =N — Hermitian
N2 = ¢teete= ¢t (I - é+é) c=éte=N

Therefore,
NIN=AN = N2=N)AN=XN=XN)N=0—A=0,1

such that

N1 = 1) = étell) = [1) — (ffé(:*) 1) = [1) — é&+ 1) =0

N1{0) =0 ét¢]0) =0 — (I—éé+) 0) = 0 — é&t |0) = |0)
We then have

(1eet 1) =0=le* )| =&t 1) =0
(0]&7¢10) =0 =é|0)|* — ¢]0) =0

Now

(Oleet |0y =(0]0) =1 ||le"[0)]* =1

If we suppose that

&t 10) = al0) +b|1)
&tet|0) = 0 = aét |0) 4 bét [1) = aeT |0)

which says that either ¢t |0) = 0 (inconsistent with earlier result) or a = 0.
Therefore, ¢ |0) = |1) (b =1 for consistency).

Finally, we have
(1létely =(1]1) =1 [e[)* =1
If we suppose that

¢l1) =all) +b|0)
etell) =0 = ac|1) + bé|0) = ac|1)

which says that either ¢|1) = 0 (inconsistent with earlier result) or b = 0.
Therefore, ¢|1) = |0) (a =1 for consistency).
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(b) Consider the Hamiltonian
H = hwo(¢te+1/2)

Denoting the eigenstates of H by |n), show that the only nonvanishing
states are the states |0) and |1) defined in (a).

Let
H = hwo(¢Te+1/2), H|n) = E, |n)

and assume that
In) = an |0) + b, [1)

We then have

a huw
H |n) = hwo(¢té+1/2) (an\0)+bn|1>):hwobn|1>+70 n)
Cases:
TL:(]*)CLO:];,I)O:O‘)E():TZ%
nzl*}ﬂlzo,blil—)Elz‘m%

No other choices of (a,, b,) pairs work (satisfy the eigenvector/eigenvalue
equation)!

(c) Can you think of any physical situation that might be described by these
new operators?

These operators are describing fermions where we can only have 0 or 1
particle in any state.

6.15.29 What is the state?

A particle of mass m in a one dimensional harmonic oscillator potential is in a
state for which a measurement of the energy yields the values fuw/2 or 3fuw/2,
each with a probability of one-half. The average value of the momentum (p,,)
at time ¢ = 0 is (mwh/2)'/2. This information specifies the state of the particle
completely. What is this state and what is (p,) at time ¢?

We have
1(0)) = al0) +b]1)
P(E=hw/2)=a]’ =} wa= 7
P(E =3hw/2) = [b]* = § = b= e
so that

1

[4(0)) = —= (10) + e 1))

S

2
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Now

(B)ico = (0| 5l(0)) = /<2
= 2R (o) e 1)) (@ - a) (0) + e 1)
= mT“h (=€ (0lal1) + e~ (1]a* |0))
i /mwh i —ia) mwh
—5 T(—e +e )—hlna 5
so that
sina=1—a= g
and
! i3 _ b i
[$(0)) = == (10) + ¢ 1)) = 75 U0 +411)

Then we have

_ L —iwt/2 . —3iwt/2
\w(t»—ﬂ(e 0) + e )
and
(p)y = (W) D¥())
1 mwh iwt /2 . 3iwt/2 At A —iwt/2 o~ 3iwt/2
=5\ g (01— i 1)) (@ —a) (72 0) i)
= LR et 01a 1) — e (1] (o))
2 2
1 mwh —iwt wt mwh
=3 5 (e Te ): coswt

6.15.30 Things about particles in box

A particle of mass m moves in a one-dimensional box Infinite well) of length ¢
with the potential
oo <0
V()=<0 0<z<{

oo x>/

At t = 0, the wave function of this particle is known to have the form

\/30/x(l—x) O0<ax</t
Y(z,0) = { /e ) .
0 otherwise
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(a) Write this wave function as a linear combination of energy eigenfunctions
2 . /mnx w2h?
Yn(x) = \/;sm (T) , E,=n? o 0 M= 1,2,3,....
We have

Y(z,0) = Z anthn ()

which gives

oo

/1/),’;(56)1#(1‘,()) dr = Z an /wZ(ar)wn(:ﬁ) dr = Zanm = ay

n

Therefore

¢
ap = \/60/66/ x(é—x)sinWT]jmdx
0

60 ¢3
= \/576/43 37(2 — cos km + kmsin k)
™

_8VI5 1,3,5, ...
k33

and ay =0 for k =2,4,.....

Therefore,

s =Y B, @

m3m3
m odd

(b) What is the probability of measuring E,, at t = 07?

960
960 1y =1,3,5, .....
P(E,) = |an|? = {m%ﬁ

0 otherwise
NOTE: Since
> P(E,) =1
we have .
960 1 1
- 7:%:1.00145
& n odd n n odd n

(¢) What is ¢(x,t > 0)?
Pz, t>0) = Z U O ()€~ Em /T

m odd
6.15.31 Handling arbitrary barriers.....

Electrons in a metal are bound by a potential that may be approximated by a
finite square well. Electrons fill up the energy levels of this well up to an energy
called the Fermi energy as shown in the figure below:
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--3--

Figure 6.6: Finite Square Well

The difference between the Fermi energy and the top of the well is the work
function W of the metal. Photons with energies exceeding the work function
can eject electrons from the metal - this is the so-called photoelectric effect.

Another way to pull out electrons is through application of an external uniform
electric field £, which alters the potential energy as shown in the figure below:

--ge-
w
¥

Figure 6.7: Finite Square Well + Electric Field

By approximating (see notes below) the linear part of the function by a series of
square barriers, show that the transmission coefficient for electrons at the Fermi

energy is given by
—4v/2mW3/2
Trexp| ——————
3el|elh

How would you expect this field- or cold-emission current to vary with the ap-
plied voltage? As part of your problem solution explain the method.

This calculation also plays a role in the derivation of the current-voltage char-
acteristic of a Schottky diode in semiconductor physics.

T =~ exp (—2/ \/?WdﬂC)

We have

where

(W + Ey) —eecx =V (xz) (assumes barrier maximum at x = 0)

189



At x = L, we have
(W+Es)—eeL=Ey > W =ecL

Therefore,

L
2
T ~ exp 72/\/}1—?\/(W+Ef)fesxfEfdx
0
L
[8m
=exp | — ﬁ/\/ersxd:c
0

L
/8 4/2m W3/
=exp | — %/\/L—xd:r —exp<—3 ehm . >
0

Approximating an Arbitrary Barrier

For a rectangular barrier of width a and height Vj, we found the transmission

coefficient

1 2mk2:2ﬂ

772:(‘/0_E)ﬁ’ K2

T= 1+ VO2 sinh? va
4E(Vo—FE)

A useful limiting case occurs for ya > 1. In this case
- ere _ e—va eve
sinhyg = ——— — —

v 2 ya>>1 2

so that

2
T = ! 5 — <24]€")/ 5 —27a
24 2 . 192 ya>>1\v2 + k
1+ (747) sinh® vya
Now if we evaluate the natural log of the transmission coefficient we find

mT — In( 2% i Mva — —2
n n — a — a
ya>>1 ’72 + k2 v ya>1 v

where we have dropped the logarithm relative to vya since In(almost anything)
is not very large. This corresponds to only including the exponential term.

We can now use this result to calculate the probability of transmission through
a non-square barrier, such as that shown in the figure below:
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V(x)

» X

Figure 6.8: Arbitrary Barrier Potential

When we only include the exponential term, the probability of transmission
through an arbitrary barrier, as above, is just the product of the individual
transmission coefficients of a succession of rectangular barrier as shown above.
Thus, if the barrier is sufficiently smooth so that we can approximate it by a
series of rectangular barriers (each of width Az) that are not too thin for the
condition ya > 1 to hold, then for the barrier as a whole

lnT%InHTZ- :ZlnTi = —QZ%Al‘
i i 1

If we now assume that we can approximate this last term by an integral, we find

2m
T =~ exp (—QZ’WAI> /2 exp (—2/ ﬁ\/V(x) — de)
i
where the integration is over the region for which the square root is real.
You may have a somewhat uneasy feeling about this crude derivation. Clearly,

the approximations made break down near the turning points, where E = V(z).
Nevertheless, a more detailed treatment shows that it works amazingly well.

6.15.32 Deuteron model

Consider the motion of a particle of mass m = 0.8 x 10724 gm in the well shown
in the figure below:
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Vix)

Figure 6.9: Deuteron Model

The size of the well (range of the potential) is @ = 1.4 x 10713 em. If the binding
energy of the system is 2.2 MeV, find the depth of the potential V in MeV'.
This is a model of the deuteron in one dimension.

We have two regions to consider. We let E = —|E|. For 0 <z <a
. . h2]<i2
Yr(z) = Ae’™ + Bem =Vo — |E|
2m
For x > a
FL2’72
=Ce =|E
pr(w) = BT g

We now impose boundary conditions at x = 0 and =z = a:

Y;(0)=0— A=—-B — ¢;(x) = Asinkz
Yr(a) =r(a) = Asinka = Ce 7
Vi(a) = Yi(a) = kAcoska = —yCe™°

These give

2 om |E| 2)1/2 (Vo >1/2 <Vo )1/2
tanka = —— — tan a — —1 =—(—= -1
ot ( h? £ |E|

Now,

om|E| ,\"?  [2(0.8 x 10727)(2.2 x 10% x 1.6 x 10~19)
a? =

1/2
—15)2 —
3 .05 1057)2 (1.4 x 10719) > =0.32

Therefore, we have
V() > 1/2 < % ) 1/2
tan 0.32 (—1 =—(—=-1
Bl |E|
This is solved by

Vo 1/2
(|E - 1) ~ 5.5 — Vo = 31.25 |E| = 66.55 MeV
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6.15.33 Use Matrix Methods

A one-dimensional potential barrier is shown in the figure below.

Figure 6.10: A Potential Barrier

Define and calculate the transmission probability for a particle of mass m and
energy E (V4 < E < Vp) incident on the barrier from the left. If you let
Vi — 0 and a — 2a, then you can compare your answer to other textbook
results. Develop matrix methods (as in the text) to solve the boundary condition
equations.

We have three regions to consider:

(I) T S 0 , E = h2k2 T,ZJI(:L') _ eikz +R67ikm

2m

M) 0<z<a , Vo—E="12 4y (z)=Ae° + Beo=

2m

() 2>a , E-V,=5E2 4 (z) = Tetke

Boundary conditions:

$r(0) = (0) > 1+R=A+B
Vrr(a) = rrr(a) — Ae™®® + Be®® = Teik'e

d d
25 ¥1(0) = ——911(0) = ik(1 = R) = —a(A - B)
%1/)11(&) = %1/1111(&) — —a(Ae™* — Be®®) = ik/Te'* @

Written in matrix form these equations are:

() ()= ) ()
(o ) () = () e



Therefore we have

o (11 N1 1\ [ emea eaa T
- \dik —ik —a a) \—ae™® qe*?
1 ik =1\ (1 1) [t —eoa
T diak \—ik 1 —a o) \ae™®@ eaa

1 < af(a—ik)e* — (a+ik)e > [ (a—ik)e*® — (a+ ik) e @] )

T Uik \ al-(a+ik)e* + (a —ik)e ] [(a+ ik) e + (a — ik) e @]
or )
s : . aa : . —aa) ,ik'a
lzm((a—zk’)(a—zk)e — (a+ik') (a —ik) e~ ) e’ T
Rearranging we have
T— —diake= " a
(= iK) (a —ik) e — (a + k') (o — ik) e—oa
B —diake~ k'@
(a2 — kK) e —jalk + K )exe — (a2 + kk') e~ 4+ ja(k — k')e~oa
B —4ie~ k'
G-Ber it e+ e ri(i-Feo
B —2je~a
(% - z) sinh aa — (z% + %) cosh aa

The limits V; =0, ¥’ — k, a — 2a give the standard result

1
T =

2
1 =+ % Sinh2 aa

6.15.34 Finite Square Well Encore
Consider the symmetric finite square well of depth V) and width a.

(a) Let ko = v/2mV,/h?. Sketch the bound states for the following choices of
koa/2.
(i) ke =1 | ()82 =16 , (i)k2=5

The finite square well is shown below

Ep,=-E
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In Chapter 8 we showed that the solutions could be found as simultaneous
solutions of:

Even Parity:

y=-+zxtanz , x2+y2:7’2
Odd Parity:
y=—xcotx , m2+y2:r2
where
Ka ka
= —_— 5 r= —
Y= 2

2mEy, 2m(VO_Eb)
il R el 2

and z,y > 0, r = koa/2 > 0. Shown below are the solutions for the three
different choices of r = kga/2 > 0.

S g g gy

3m/2 2n

Case (i): koa/2 =1

We have one bound state with a wave function as shown below:

Eb small
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Case (ii): koa/2 =1.6
We have two bound states with a wave functions as shown below:

E2

| — close to ionization

E1

|
)<

Case (iii): koa/2 =5

We have four bound states with a wave functions as shown below:
/] v
/ \\Ea

- E2

DS

NOTE: The states deep in the well (i.e., the ground and first excited
states) are close to the infinite well solutions.

Show that no matter how shallow the well, there is at least one bound
state of this potential. Describe it.

From the graphical solution we see that there is always one solution for
0 < koa/2 < w/2. This is an even parity solution as shown below:

Eb small

L

Let us re-derive the bound state energy for the delta function well directly
from the limit of the the finite potential well. Use the graphical solution
discussed in the text. Take the limit as a — 0, Vj — oo, but aVy —
Uo(constant) and show that the binding energy is Ej, = mUZ /2h?.

We seek the solution to the delta function potential as the limit of our
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graphical solution to the finite well.

We take the limit Vj — oo, a — 0 such that Voa — Uy, a constant. Thus,

[2m [ 2m 2m Uy
koa = v/ —/ = —Voag = 1/ — ——
0a 72 Voa 72 Vo 0a 72 %VO —0

Thus, we expect one bound state from the argument above and we have

ka—>0 |, ka—0

) (k;a ka na) (ka)®>  ka
lim ?tan— =— | = = —

and thus

ka,ka—0 2 2 4 2
This implies that

=T Ty 12 12

ka a (2 Vo — E U
( m( 0 b)) mUgp
since aVy = Uy > aFp in the limit and

R2k? mU
2m  2h2

By =

which is the correct energy for the delta potential well.

Consider now the half-infinite well, half-finite potential well as shown be-
low.

V=

x=0 x=L

Figure 6.11: Half-Infinite, Half-Finite Well
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Without doing any calculation, show that there are no bound states unless
koL > /2. HINT: think about erecting an infinite wall down the center
of a symmetric finite well of width a = 2L. Also, think about parity.

The stationary states of a symmetric finite well of width a = 2L, must
satisfy the boundary condition ¢(0) = 0 (at the center - where the infinite
wall is place!). But the odd parity solutions of the well are already zero
at the center (z = 0). Therefore, the odd parity solutions of a well with
a = 2L have the same spectrum as our half-infinite, half-finite well.

The odd parity solutions require

koa 7 T
e ks D
g ~ g TMhZg

(e) Show that in general, the binding energy eigenvalues satisfy the eigenvalue

equation
k= —kcotkL
where
2mkE)
K =1/ 17;2 b and k* 4+ K% =k
If we substitute L
a
— = kL
2

in the odd parity transcendental equation above we get
Kk = —kcotkL

as required.

6.15.35 Half-Infinite Half-Finite Square Well Encore

Consider the unbound case (E > Vp) eigenstate of the potential below.

Vou(¥) =—Ae™" g, (x) =A™
'y » %
E

A4

Figure 6.12: Half-Infinite, Half-Finite Well Again
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Unlike the potentials with finite wall, the scattering in this case has only one
output channel - reflection. If we send in a plane wave towards the potential,
VYin(x) = Ae”** where the particle has energy E = (hk)2/2m, the reflected
wave will emerge from the potential with a phase shift, 1, (z) = Aetk*+2,

Warm Up: Consider a free particle on the half-line with an infinite wall at
z = 0.

General solution to T.I.S.E.:

) ) 2mE
Y(x) = Be*® + Ae= | k= —7;;2

with boundary condition ¥(0) = 0, which implies that B = —A. This corre-
sponds to a standing wave.

Standing Wave

NOTE: The standing wave is a superposition of two traveling waves. The rela-
tive phase is fixed by the boundary conditions. The overall complex amplitude
is not fixed. Instead it is chosen by the asymptotic conditions:

We have an incident wave from = = 400, Yine = Be*® = —Ae**® and the
outgoing wave to x = 400, Yo = —Aeikzx.

We now consider the half-infinite, half-finite well.

wi"c (X) - Be +ikx

b, )= Ae™
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(a) Show that the reflected wave is phase shifted by
1 (kK
¢ = 2tan —tanqgL | — 2kL
q

where 252
q2 _ kQ + k_(Q) , 0 —_ VO
2m

By conservation of probability
hk hk
Jinc = Jout — 7|A|2 = 7‘3‘2 - |B| = |A|
m m
We will look for solutions of the form
B = —Ae'?

This form is chosen so that when V{; = 0, then ¢ = 0 as shown previously.
These are the asymptotic forms of the full solutions of the problem shown

below.
I i II
; V=0
------------------- V=1V,
x=0 x=L
We have
Region I:
. 2m(E + V;
urle) = Osin(gr) , g =/ 2L

Region II:

urr(x) = Ae ™ 4 Beth® = AeThT _ Aeihr+id — _9j Ae™®/ % sin (ka 4 ¢/2)
Matching boundary conditions:
ur(L) = urr(L) — Csin (¢L) = —2iAe*®/? sin (kL 4 ¢/2)

duI(L) _ d’LL[[(L)
dx dx
Dividing the two equations we get

— qC cos (qL) = —2ikAe™®/? cos (kL + ¢/2)

tan (kL + ¢/2) = S tan (qL)
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Therefore,
k
kL + ¢/2 = tan™* (q tan (qL)>

which implies that
[k
¢ = 2tan —tan(gL) | —2kL
q

Plot the function of ¢ as a function of koL for fixed energy. Comment on
your plot.

When plotting ¢, one should remember ¢ = ¢ modulo2m since ¢ and
¢ + 27 are the same phase.

We consider this as a function of koL for a fixed energy where

2mVj
ko =/ 75
- k | FE
k= ?O = 70 take fixed

1/2
B " (E - 1) = (B + 1)
ko

Let 6 = kgL. This then implies that

Let

gb = 2tan71 <W tan (0(]22 + 1)1/2> — 2]29

we want to plot this as a function of ¢ for a fixed k (i.e., change L). Shown
below is a plot of ¢(0) for k = \/E/Vy = 0.1 < 1 which implies that

¢ = 2tan"" (0.1tan (6)) — 0.20
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LS

We see these important features:

The phase shift is a weak function of 6 except when 6§ = nm/2 = koL. At
these points the phase jumps by .

The jumps occur exactly at the bound states of the well, i.e., every time
the well develops a new bound state the phase jumps by .

The phase shifted reflected wave is equivalent to that which would arise
from a hard wall, but moved a distance L’ from the origin.

LI

1.0,,,,,(1) - _Aerknlo wm(x) - Ae—iklv
» ¢—F

Figure 6.13: Shifted Wall

What is the effective L’ as a function of the phase shift ¢ induced by our
semi-finite well? What is the maximum value of L’? Can L’ be negative?
From your plot in (b), sketch L’ as a function of koL, for fixed energy.
Comment on your plot.

Here, we find the phase shift through the boundary condition
Y(L) = Yin(L) + Yout(L) = 0 — sin (kL' + ¢/2) =0
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We can choose kL' 4+ ¢/2 = 0. Therefore, we can achieve the scattering
phase shift from the hard wall at z = L’ as in the well if we choose

. b(k)
T

where ¢(k) is given in (b).
NOTE:

Positive phase shift — L’ < 0 or wall shifted to the left

Negative phase shift — L’ > 0 or wall shifted to the right

6.15.36 Nuclear o Decay

Nuclear alpha—decays (A, Z) — (A — 2, Z — 2) + « have lifetimes ranging from
nanoseconds (or shorter) to millions of years (or longer). This enormous range
was understood by George Gamov by the exponential sensitivity to underlying
parameters in tunneling phenomena. Consider o = *He as a point particle in
the potential given schematically in the figure below.

vin

Y
K}LZW'
. tunneing
—_—
ot u1 .r
[ —

Figure 6.14: Nuclear Potential Model
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The potential barrier is due to the Coulomb potential 2(Z — 2)e?/r. The prob-
ability of tunneling is proportional to the so-called Gamov’s transmission coef-
ficients obtained in Problem 8.31

2

b
T =exp _ﬁ/ V2m(V(z) — E) dx

where a and b are the classical turning points (where F = V(z)) Work out
numerically T for the following parameters: Z = 92 (Uranium), size of nucleus

a = 5 fm and the kinetic energy of the « particle 1 MeV, 3 MeV, 10 MeV,
30 MeV.

We compute the integral

2(z2-2) ¢? 2(z-2) ¢
= ; tp= H

EO

Tint[r_] = Integxate['\jZm (v-EO), x']

_{ [ 2 (22+2) )
NERES «'mkEO»Eg—-(-Z-E)—[—
\r \ r /

2% /T /m (-0 - 2£L22) (24 7) Log[2VEO VT +2Vdgl +EOT -2 Z | |

to give the turning points and probabilities

ergtomev = 624150.97;
2
constants = {m -» 3727 .37917/ (2.99792458 % 10'%) ",

h6.58211915%107%, 2592, a» 5107, g 4.8024107'° «+/ergtomev };
energies = {1, 3, 10, 30};

2
T = Exp|[- T (Tint[b] - Tint([a])];
(tp /. EO -» energies /. constants) % .01
(T /. b-tp-$MachineEpsilon) /. E0 - energies /. constants // Re

{2.59064x10°*%, 8.63545x10 "%, 2.59064x 10 **, 8.63545x10°*%}

{4.08218x10 **®, 6.29166x10 %, 3.4855x10 2>, 0.000152428}
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Mathematica note: The integral blows up at the classical turning point b, so
this must be handled numerically. In the above computation we take b — b — ¢,
where epsilon is the MachineEpsilon, or the upper bound of positive numbers
¢ for which 1.0 + ¢ = 1.0 on one’s computer.

6.15.37 One Particle, Two Boxes

Consider two boxes in 1-dimension of width a, with infinitely high walls, sepa-
rated by a distance L = 2a. We define the box by the potential energy function
sketched below.

x=L/2

Figure 6.15: Two Boxes

A particle experiences this potential and its state is described by a wave function.
The energy eigenfunctions are doubly degenerate, { £L+), ¢£;> |n=1,2,3,4, }
so that

o T2h?

EW® = =) =
" " " 2ma?

where ¢£li> = uy(x £ L/2) with
/2/acos (m) ,m=1,35 ... —a/2<xz<a/2

un(z) = { \/2/asin (22£) | n=2,4,6,.... —a/2<z<a/2
0 lz| > a/2

J e

Suppose at time ¢ = 0 the wave function is

vie) = 301 (@) + 508 @) + =0l @)

At this time, answer parts (a) - (d)

(a) What is the probability of finding the particle in the state §+)(x)?

The probability to find ¢\™ (z) is

A= (0 fuye = () =
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(b)

What is the probability of finding the particle with energy 7w2h%/2ma>?

The probability to find energy m2h2/2ma? is the probability to find eigen-
value E;. There are two eigenfunctions with energy F;, namely, Yr)(x)
and (j)g_)(x). We have

Py = | <¢g+) ’¢> |2 = (\}5>2 = %

P= (o7 |4) P = (;) -3

Therefore, the total probability of F; is

NOTE: ¢§+) and (bg_) are orthogonal so they do not interfere.

CLAIM: At ¢t = 0 there is a 50-50 chance for finding the particle in either
box. Justify this claim.

The probability to be in the left well is
Pregi =Y leiP|?
The probability to be in the right well is

Prigne = 312

where

w(@) =3 Dol +3 ol
Thus, for our wave function
1\ 1
Popi=(—] =2
o (ﬂ) 2
The probability to be in the right well is

_ N2 /1N 1 1 1
P =210 = (3) +(3) =1+1=3

so there is a 50-50 chance to find the particle in the left or right well.
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(d) What is the state at a later time assuming no measurements are done?
We have

G, t) = <; ()(2) + \% §+)(x)) -iEnt/h %d)é—)(x)efiEzt/h

Now let us generalize. Suppose we have an arbitrary wave function at
t =0, ¥(z,0), that satisfies all the boundary conditions.

(e) Show that, in general, the probability to find the particle in the left box
does not change with time. Explain why this makes sense physically.

We can write the general probability to be ion the left well as
Prepe(®) = D1 {669 | w0} 12 = > eV )2

where

(1) = Y e iEni/n o)

¢£L+)> + 3 et/

NOTE: This expansion for Pje . (t) is only valid because

¢£ﬁ> and

)

are orthogonal, since they do not overlap.

We then have
Prepr(t) =Y _|eSP@))F = [elDemEnt/h2 =3 (D)2

which is independent of time.

This makes sense physically, since the boxes have infinite depth. There
is no way the particle can move from the left to the right, not even by
tunneling. Switch gears again ......

(f) Show that the state ®,(z) = 1ol (z) + 02¢,(1_)(x) (where ¢; and ¢o are
arbitrary complex numbers) is a stationary state.

To show that this state is a stationary state we need to show that it is an
eigenstate of H.

HO,(2) = H(c10(P () + 20, (2))
=1 Ho{D(2) + c2Ho' ) ()
= 1By () + 2 Eng) ()
= En (1057 (2) + 2087 () = E, @y ()

Consider then the state described by the wave function ¢(z) = (¢§+) () +

2\ (2))/ V2.
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(g) Sketch the probability density in . What is the mean value (z)? How
does this change with time?

The probability density in z is |¢)(x)|? as shown below.

PANE A

-L/2 L2

(x) = 0 by inspection. It is time independent(a stationary state).

(h) Show that the momentum space wave function is

D(p) = V2 cos (pL/2h)i (p)

where

U *; Oouz
m(p)—\/ﬁ/m \(2)

is the momentum-space wave function of u;(z).

efzpz/h

We have ~ ~
&) + 6 )
V2

P(p) =

But
¢ () = un(z £ L/2)

Therefore we can use shift-phase duality to write
65 (p) = i (p)e* P/

and thus R
d(p) = V2 cos (pL/2h)(p)

Now @(p) is the Fourier transform of

N

which looks kind of like a top hat. We get something that looks like:
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where the red curve is @(p) with Ap ~ h/a and the blue curve is Y (p). The
spacing between maxima of ¥ (p) is 2w. The x—axis is pL/2h = pa/hbar.

Without calculation, what is the mean value (p)? How does this change
with time?

We have (p) = 0 by inspection since 9)(p) is symmetric around the origin.
This does not change since () is a stationary state.

Suppose the potential energy was somehow turned off (don’t ask me how,
just imagine it was done) so the particle is now free.

Without doing any calculation, sketch how you expect the position-space
wave function to evolve at later times, showing all important features.

Please explain your sketch.

Suppose V(x) — 0 instantaneously. This implies that the particle is now
free. Right after the potential is turned off, ¢)(z) is the same state, say

[

O

Now the two wave packets spread
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t>0

Eventually they overlap and interfere.

7
fﬂw\%\\ \\

NOTE: this is just the two-slit problem.

6.15.38 A half-infinite/half-leaky box

Consider a one dimensional potential

00 <0
Viw) = {Uoé(x—a) x>0

v=/x// [ U,5x - a)
.

Figure 6.16: Infinite Wall + Delta Function

r=a

(a) Show that the stationary states with energy E can be written

0 <0
u(z) = AW sin(kx) 0<z<a
Asin (kz + ¢(k)) T>a
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where

=y 2 cb(k)tanl{

ktan (ka) 2mU,
B2 ) 0=

k =70 tan (ka) n?
What is the nature of these states - bound or unbound?
Solutions to the T.I.S.E., Hu = Eu are:
Region £ < 0 : u(x) = 0 since V = 0o
Region > a : a free particle with general solution
u(z) = Asin (kz + ¢)
Region 0 < x < a, boundary condition «(0) = 0, which implies that
u(x) = Bsin (kx)

where -

hk 2mFE
E= 2m - NzE

There are three unknowns, A, B,¢. We can eliminate two unknowns
through the boundary conditions at =z = a

sin (ka + ¢)

u continuous — Bsin (ka) = Asin (ka + ¢) - B = A—
sin (ka)

du/dx discontinuous at the delta function

CL“| _ dj| _ 2mUy u(a)
dx'"=%" 4zt T R2
or

sin (ka + ¢)

kA cos (ka) — kA cos (ka + ¢) = v Asin (ka + ¢)

sin (ka)
where 9 = 2mUy/h?. We then have
ktan (ka + @) tan (ka) = k — o tan (ka)
or

o ktan (ka) B
¢ = tan (k‘ -7 tan(ka)) ha

These are unbound states since the wave function does not go to zero at
00.
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(b)

Show that the limits 79 — 0 and 7y — oo give reasonable solutions.

The limit as 79 — 0 is

¢ =tan™! (W) —ka=ka—ka=0

which implies that
u(x) = Asinkz x>0

The limit v9 — oo gives ¢ = —ka, which implies that
u(z) = 0 inside  wu(z) = Asin (k(z — a)) outside

The limit Uy — oo is like an infinite wall at = a, which implies that the
wave function goes to zero at * = a. Because we have insisted that the
wave function be continuous, then u(x) = 0 inside the well.

Sketch the energy eigenfunction when ka = m. Explain this solution.

When ka = w, we have ¢(k) = —ka = —7

Because the wave function is zero at x = a, it is inwvisible to the delta
function. This is the quasi-bound resonance.

Sketch the energy eigenfunction when ka = 7 /2. How does the probability
to find the particle in the region 0 < & < a compare with that found in
part (¢)? Comment.

When ka = 7/2,
k m
k) = tan~! <> - =
o(k) = )-3
or .
sin(ka+9) _ Gpan—t () <1
sin (ka) —Y0
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AWAWE
VARV,

The wave function has a discontinuity in its derivative. Note that inside
the ”well” the wave function is smaller than in part (c¢). This is because
we are off resonance.

(e) In a scattering scenario, we imagine sending in an incident plane wave
which is reflected with unit probability, but phase shifted according to the
conventions shown in the figure below:

ix

/.

Figure 6.17: Scattering Scenario

X=aa

Show that the phase shift of the scattered wave is 6(k) = 2¢(k).

There exist mathematical conditions such that the so-called S-matriz ele-
ment e*%) blows up. For these solutions is k real, imaginary, or complex?
Comment.

The wave function for x > a

i(kz+¢) _ o—ilkate) —i¢ , ‘
u(x) = Asin (kz + ¢) = A= 2_6 _ _AeT(e—lkw_elkw-&-%d?)
7 2

Thus, 6 = 2¢ (the so-called scattering phase shift). The S-matrix — oo
here for the quasi-bound state. For this case, k is complex which implies
finite lifetime!

6.15.39 Neutrino Oscillations Redux

Read the article T. Araki et al, ” Measurement of Neutrino Oscillations with Kam
LAND: Evidence of Spectral Distortion,” Phys. Rev. Lett. 94, 081801 (2005),
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which shows the neutrino oscillation, a quantum phenomenon demonstrated at
the largest distance scale yet (about 180 km).

(a) The Hamiltonian for an ultrarelativistic particle is approximated by
2.3
m2c
H = \/p?c2 + m2c* = pc+
2p

for p=[p]. Suppose in a basis of two states, m? is given as a 2 x 2 matrix

Am? (—cos (20) sin(29)>

2 _ . 2
m” = mol + 2 sin (20)  cos (20)

Write down the eigenstates of m?2.

We construct the matrix

2
m2 =m02 ({1, 0}, {0, 1}} + {{-Ccos[286], Sin[26]}, {Sin[26], Cos[26]}};

2

and solve for the eigenstates

Simplify[Eigensystem[m2], Assumptions - {dm2 > 0} ]

{- 52 +mo2,

5— +m02}, {{-Cot[&), 1}, {Tan[6], 1}}}

We find the normalized eigenvalue/eigenvector pairs

Am? —cos 6
A =mg— 2 > o= ( sin ¢ >
Am? sin 6
22 _
Ay =mg + 5 . vty = <cos 0)

(b) Calculate the probability for the state

0= (p)

to be still found in the same state after time interval ¢ for definite momen-
tum p.

The probability to measure

o) = (o)
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at time ¢ is | (0(0) | (1)) |?, where

[W(t)) = e H7 (0)) .
If we write

1 .
00 = (§) = ~cost ) +sino o
then we may write
(1)) = —cos @ [y—) e" H-/" 1 sin g [y+) e~ H+t/N

where 5 5 A2
c c m
+ pc+2p + PC+2p (mo 9 >

The, the probability is

[ {(0) [ (1)) > = | = cos 0 (p(0) [ =) e =/" 1 5in 6 (4(0) | ) e~ H+1/M 2
_ |c052 Qe tH-t/M 4 in? eefiH+t/h|2

=1 —sin?(20)sin® (Hy — H_)t/2h

Inserting the eigenvalues and recognizing that neutrinos are ultra-relativistic,

vert ((0) | (1)) > = 1 — sin? (26) sin’ (&(Amch;)

This can be massaged further to use experimentally convenient units:

GeV fm , Am?c* t GeV
4he ( eVv? )E km)

Am?ct t GeV

v )Ekm>

| (1(0) [1(t)) | = 1 — sin? (26) sin? (

=1 — sin? (26) sin? (1.267(

Using the data shown in Figure 3 of the article, estimate approximately
values of Am? and sin? 26.

Let us implement the expression to try to recreate the baseline and peri-
odicity (in units of km/MeV) in the data:
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prob=1-822t8in[1.267 dm2c4 (1000 s)]2 F

Plot [prob /. {822t - .8, dm2c4 » 8+10%}, (s, 0, 80}];

20 40 / 80

Figure 3 in the paper shows a peak-to-peak wavelength of a bit over
30 km/MeV, which is reproduced nicely here with the value of Am? =
8 x 107° eV? quoted in the paper. This is not surprising, as their quoted
error is only 0.5 x 1075 eV2.

The amplitude and center of oscillation are more problematic, as this is
entirely dependent on 6. the authors quote a range of 0.33 < tan?#6 < 0.5,
which corresponds to 0.75 < sin®# < 0.9; however, this is after including
data from solar neutrinos, which puts stong constraints on 6 as shown in
Figure 4(a). Looking at the 95% confidence range for just KamLAND,
0.1 < tan’?6# < 5, or 0.33 < sin®?@ < 0.56 passing through sin®? = 1.
Examining Figure 3, the peak and through are at roughly 1.0 and 0.2 re-
spectively, and this is reproduced above with the quoted value of sin® 60.8
(tan? 6 = 0.4).

6.15.40 Is it in the ground state?

An infinitely deep one-dimensional potential well runs from x = 0 to x = a.
The normalized energy eigenstates are

2
up () = \/;sin(n;m) , n=1,2,3, ...

A particle is placed in the left-hand half of the well so that its wavefunction is
1 = constant for x < a/2. If the energy of the particle is now measured, what
is the probability of finding it in the ground state?

216



The wavefunction is

¢($)={3/§ 0<z<a/2

otherwise

The probability for finding it in the ground state is given by

P=|n=1]p) P = |m§/o“”sm<7w

2a (/2 4
P= fg/ sinqdq|2:f220.405
aTm 0 e

Thus,

6.15.41 Some Thoughts on T-Violation

Any Hamiltonian can be recast to the form

E, 0 ... 0
0 E» ... 0

H=U|. . . .| UT
0 0 ... B,

where U is a general n x n unitary matrix.

(a) Show that the time evolution operator is given by

e~ iEt/h 0 . 0
, 0 e~ tE2t/h 0
e—lHt/ﬁ U . ) ) ) U+
6 0 . e_“”;“t/h

The time evolution operator is

—i k —1 k
e~ iHt/h _ Zk: %H’“ = Zk: %(UEUﬂk

where F is the diagonal matrix of Hamiltonian eigenvalues E,, given above.
Expanding a bit further,

e tHt/h _ Z M(UEUJF)(UEU"‘) (UEU+)(UEU+)
_ k o (UEUTIUEUT)...... k

We see that apart from the ends, every UT has a U to the right of it.

Now a matrix is unitary if U™ = U~ and (UT)" = U, so the expression
simplifies to

, —it/h)* ,
e iHt/h _ 11 (Z ( Zk/' ) Ek) Ut = Ue—iBt/hyr+
- !
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or

e 1Bt/ 0 0
, 0 e iBat/h 0
e—th/h =U ] ] . ) U+
o o s

by the properties of matrix multiplication.

For a two-state problem, the most general unitary matrix is

U — 0 [ €O fe’®  —sinPe™
- sinfe™™  cosfe~®

Work out the probabilities P(1 — 2) and P(2 — 1) over time interval ¢
and verify that they are the same despite the the apparent T-violation
due to complex phases. NOTE: This is the same problem as the neutrino
oscillation (problem 8.39) if you set E; = /p?c? + m2c* =~ pc + m;f and
set all phases to zero.

The probabilities are
P(1—2) =@ M) P = | @Uue PMUT 1) P

P(2 1) =|(1|Ue E/ry+2) |2

We will demonstrate that there is no T'—violation by showing P(1 —
2) — P(2 = 1) = 0. let us have Mathematica do the work:

U2m = E*® [ Cos[6] E'® -Sin[e] E'” }
h sin[6] E'I" cos[6] E1¢ |’
El1 0
E2m = ( o E2l7

amp2l12 = (0 1).U2m.MatrixExp[-IE2mt /h].Transpose[Conjugate[U2m]]. ( ; ) H

p212 = ComplexExpand[Conjugate[amp212] » amp212];

amp221 = (1 0).U2m.MatrixExp[-IE2mt /h].Transpose[Conjugate([U2m]]. ( (1) ) H

p221 = ComplexExpand[Conjugate[amp221] » amp221];
TrigExpand[p212 - p221])[[1, 1]]

0
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(c¢) For a three-state problem, however, the time-reversal invariance can be
broken. Calculate the difference P(1 — 2) — P(2 — 1) for the following
form of the unitary matrix

1 0 0 C13 0 8136_i6 C12 si2 0
U = 0 C23 $93 0 1 0 —S12 C12 0
0 —S23 (23 _51362'6 0 C13 0 0 1

where five unimportant phases have been dropped. The notation is s15 =
sin 019, co3 = cos fa3, etc.

Let us proceed in similar fashion as in the two-state problem above:

1 0 0
U3m = [ 0 Cos[623] 8Sin[623] ] .
0 -Sin[623] Cos[623]

Cos [613) 0 Sin[613] E!¢ Cos[612] Sin[612] 0
[ 0 1 0 ].[—sin[elz] Cos[612) 0];
-8in[613] E'¢ 0 Cos [613] 0 0 1
El 0 O
E3m = [ 0 E2 0 ],
0 0 E3

1
amp312= (0 1 0).U3m.MatrixExp[-IE3mt/2].Transpose[Conjugate[U3m]]. [ 0 ] ;

0
p312 = ComplexExpand[Conjugate[amp312] »amp312];

0
amp321=(1 0 0).U3m.MatrixExp[-IE3mt/2].Transpose[Conjugate[U3m]]. [ 1 ] ;

0
p321 = ComplexExpand[Conjugate[amp321] » amp321];
Simplify[TrigExpand[p312-p321]][[1, 1]]

(E1-E2) t .. r (E1-E3)t
ah | sin =g

| sin[&] sin[2612] Sin[613] Sin[2 623]

-4 Cos[613)% sin|

(E2-E3) t

Sin[ 5F
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Indeed, when § # 0, the two probabilities are different.

(d) For CP-conjugate states (e.g.., anti-neutrinos(7) vs neutrinos(v), the Hamil-
tonian is given by substituting U* in place of U. Show that the proba-
bilities P(1 — 2) and P(1 — 2) can differ (CP violation) yet CPT is
respected, ie., P(1 — 2) = P(2 — 1).

Again, as above, substituting U — U™*:

amp3cl2= (0 1 0).Conjugate[U3m].MatrixExp[-IE3mt /2].Transpose[U3m]. [ ; ] ;

p3cl2 = ComplexExpand[Conjugate[amp3cl2] » amp3cl2]; °

amp3c2l= (1 0 0).Conjugate[U3m].MatrixExp[-IE3mt /2)].Transpose[U3m]. [ 2 ] ;

p3c2l = ComplexExpand[Conjugate[amp3c2l1] » amp3c2l]; °
P(1>2)-P1-2):

Simplify[TrigExpand[p312 - p3cl2]][[1, 1]]

.. (E1-E3) t
T R ]

| sin[&] sin[2612] Sin[613] Sin[2 623]

-4 Cos[613)? Sin|

(E2-E3) t
2h

(El—EZ)t]
2h

Sin|

P(l—»2)—P(2—>1]:

TrigExpand([p312 - p3c21][[1, 1]]

0

6.15.42 Kronig-Penney Model
Consider a periodic repulsive potential of the form

V= i Ad(x — na)

with A > 0. The general solution for —a < z < 0 is given by
1/}(.%) — Aeimg +B67imc

with kK = v2mE/h. Using Bloch’s theorem, the wave function for the next
period 0 < z < a is given by

P(z) = e (Aem(z_a) + Be‘i“(ﬂﬂ—a))

for |k| < m/a. Answer the following questions.
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(a) Write down the continuity condition for the wave function and the required
discontinuity for its derivative at # = 0. Show that the phase e”** under
the discrete translation © — = + a is given by & as

2
ika __ i . . . i .
e’ = coska + 7 sinka 44/ 1 cos Ka + p sin ka

K K
Here and below, d = h?/mA.

Using the form of the wavefunction given in the problem,

which we now solve:

msol = Solve| {

2mA
A+B=E!*® (AET*® yBE!*®), I xE!*® (AE'*® -BE'"®) -Ix (A-B) = (A+B)

}e
(B, k}

H

n?

Inserting the solution for k into the phase e**%:

fool = FullSimplify[E'*® /. msol, Assumptions- {A>0, m>0, A>0, x>0, a>0}]

1
{zm% le

(.hz (1re?*2%) x-1 t~1»e2'°“‘)ml~2\."'e2~h (-nt k2 + (2 xCos[ax] +mASin[ax])?) )]

r
1 ( ax (p2 2iax : 2lax

mle'“ |h* (1+e“* ") k-1 (-1+e“"*")mA+
itk \ \

24[e?tax (-ni x? 4 (n? xCos[ax] +mASinfax])?) )]}

Making the suggested substitution d = h%/mM:
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phase = Expand[Simplify[fool /. A » h? / (mxd), Assumptions-» {A>0,d>0, x>0, a> 0}]]

{L tax . L iax PE®CRF ietdr
7€ 7 e 2dx 2dx
eter  fe2tax (g2 x2 cos[ax])? +Sin[ax]® +dx (-dx+Sin[2ax])) 1 1
\ e lax . elax
dx ) 2
ie 8" e 8" e tax \;‘Iez-‘“ !:d2 x2 Cos[ax]z~Sin[ax]z'dx[—dKQSin[ZaK])}
2dx  2dx dx }

We can read off the expressions for the two roots:

1 1
(ed)? sinka — 1+ T sin 2ka

. 1
e’k = coska + T sin ka + \/cos2 ka +

Recognizing that sin 2ka = 2 sin ka cos ka, we may factor the radicand and
pull out a /—1 to give:

, 1 1 2
et = coska + gsinka + i\/l - (coska+ kdsinka)

as desired.

(b) Take the limit of zero potential d — co and show that there are no gaps
between the bands as expected for a free particle.

In the limit d — oo, which is nothing but a free particle without a poten-
tial, we have

e = coska + +iv/1 — cos? ka = eT*e

/»z:l:(k+27m)
a

Equivalently, k is the momentum modulo 27na. Therefore, x and hence
the energy grow continuously as a function of k. This can be seen numer-
ically with a d that is large enough:

and so
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kplotl = Plot[-I/a*Log[phase[[I]]] /.{a=1,d->100} /. x> T*Xx,

xa
{x, 0, 4}, PlotRange » {-Pi, Pi}, AxesLabel » {"—", "ka"}];
T

ka
3

RS
e

kplot2 = Plot[-I/a*Log[phase[[Z]]] /.{a=»1,d->100} /. x»t*xx,

xa
{x, 0, 4}, PlotRange » {-Pi, Pi}, AxesLabel - {--__.., "ka"}];
b

ka
3
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Show[kplotl, kplot2];

-1
-2}
-3}

PN
=

As we can see, no band gaps — every k has a real k.

When the potential is weak but finite (large d) show analytically that
there appear gaps between the bands at k = £7/a.

Looking at the equation

2
) 1 1
ika __ : ; _ 3
e —cosk;a—i—kdsmk:aiz\/l (coska—i—kd&nka)

if the argument of the square root is negative, the LHS becomes pure real
and cannot satisfy the equation for real k. Therefore, there is no solution
when

1
| cos ka + ﬁsinkcd >1

When d is finite but large, the combination exceeds 1 for ka = nw + ¢(e >
0). This can be seen by expanding it in terms of ¢,

cos (nm +¢€) = (—=1)" (1 - ; + O(e‘*))

sin (nm +€) = (—1)" (e + O(€?))

1 . n 1 € 3
coska + k—dsmka =(-1) (1—|— W7 +O(e ))
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The magnitude exceeds 1 for 0 < € < 2/kd =~ 2a/nwd. The gap must exist
just above k = nm/a for any n, while the gap becomes smaller for large n.

So there exists a band gap at k = £7/a.

(d) Plot the relationship between x and k for a weak potential (d = 3a) and
a strong potential (d = a/3) (both solutions together).

Let us plot for the given cases as we did in (b), first the weak d = 3a:

kplotcwl =Plot[-I/a*Log[phase[[l]]] /.{a=1,d-+3})/.x»7*xx,
xa
{x, 0, 4}, PlotRange » {-Pi, Pi}, AxesLabel » {"—", "ka"}];
T

ka
3

xa

1 3 4 T
-1
-2
-3

kplotcw2 =Plot[-I/a*Log[phase[[Z]]] /.{a=1,d-3}/.x»7xx,
xa
{x, 0, 4}, PlotRange » {-Pi, Pi}, AxesLabel » {"—", "ka"}];
bis

N

k

a
3
\ \Ka
1 2 3 4 T
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Show[kplotcwl, kplotcew2];

[

xa

We see a big gap at k = 0, a smaller one at kK = 7/a, a yet smaller one
at K = 2w /a, and a gap you can barely see at k = 37/a. This is exactly
what we predicted in part (c).

Now let us do the strong case d = a/3:

kplotcsl =Plot[-I/a*Log[phase[[l]]] /.{a-=»1,d-1/3}/.x>7*x,

xa
{x, 0, 4}, PlotRange + {-Pi, Pi}, AxesLabel » {"—", "ka"}];
T

ka
3

N

xa
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kplotcs2 =Plot[-I/a*Log[phaseuz]]] /.{a=»1,d->»1/3}/.x>7*x,
xa

{x, 0, 4}, PlotRange » {-Pi, Pi}, AxesLabel » {"—", "ka"}];
T

k

a
3
1

xa

1 2 3 4

N

Show[kplotecsl, kplotes2]);

TAVAY
3\ /N
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Obviously, there is significant distortion from the free case in part (b),
with gaps at k = nm/a much bigger than in the waeak case above.

(e) You always find two values of k at the same energy (or k). What discrete
symmetry guarantees this degeneracy?

It is the parity that changes the over all sign of k. This can be seen from
the explicit form of the wave function,

Y(x) = Ae"™ + Be ™™ for —a<x <0
Y(x) = e (A=Y 4 Bem (@) for 0 <z <a
The parity transformation gives

’(/)((E) _ eika(Aein(—:v—a) + Be—in(—o:—a)
:Bei(k+n)aeinm _i_Aei(kfﬁ)aefinm

— A/eZK,IE _|_ B/efllﬁlm
and

w(x) :Aeinw +Befma:
— e—ika(Bei(k+n)aein(m—a) _’_Aei(k—n)ae—in(x—a))

_ efika(Aleim(wfa) + Blefiﬁ(:rfa))
respectively. The two wave functions are related by the changes
A — A = Bellhtr)e
B — B’ = A¢ilh—r)a

ika —ika

(& — €

This is called Z5 symmetry in k.

6.15.43 Operator Moments and Uncertainty

Consider an observable O4 for a finite-dimensional quantum system with spec-
tral decomposition
Oa=Y AP,
i
(a) Show that the exponential operator F4 = exp(O4) has spectral decom-
position
i

Do this by inserting the spectral decomposition of O 4 into the power series
expansion of the exponential.
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We start with the definition,
€Or =140, + 202+ -03 4
= at50a+ 500+ oo
and insert the spectral decomposition
Ou =Y AP,
This leads to

I+ZAP+Q,ZA2P+3,ZA3P+ .......

fZP +Z)\P+ ,ZA2P+ 'Z)\SPJr .......

(2
% n=0
“yen
(b) Prove that for any state |¥ 4) such that AO4 = 0, we automatically have
AE, =0.

In order to have A), = 0, it must be the case that P; |¥,) = |¥,) for some
eigenspace projector. Then

E,|¥,) =M |¥,)
Eg |\Ija> = eV |\I’a>
AE, =0

6.15.44 Uncertainty and Dynamics
0 1

o= (1 )

1

4(0) = (o)

(a) Compute the uncertainty AOx = 0 with respect to the initial state

[W4(0)).

Consider the observable

and the initial state

By definition,
A0, = V{03) = (Og)?
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so we start by computing

1= 03 () -0 o)
=00 D6

so obviously (O2) = 1. The finally AO, = 1 for the initial state |¥,(0)).

Next

Now let the state evolve according to the Schrodinger equation, with

Hamiltonian operator
0 i
H=n <—i O>

Compute the uncertainty AOx = 0 as a function of .

We have p ]
)
il - __“HI|WU
dt |\I/a(t)> hH| a(t)>

|Wa(t)) = e W, (0))
We begin by diagonalizing the Hamiltonian (divided bh):

1H_<O. Z) AN o1=0-—\==+1
-7 0

Thus,

3
I

\
o~ N =

—sin (t) cos(t)

cos (t)  sin (t))



o
cos (t)

) = (50)

and at time t,

00— eos) —simo) (7 3) (“20)

—sin (t)

= (cos(t) —sin(t)) ( cos (t) )

= —2sin (¢) cos (t) = — sin (2¢)
(07) =1

AO, = /1 —sin? (2t) = | cos (2t)|

(c¢) Repeat part (b) but replace Ox with the observable

1 0
oo )

That is, compute the uncertainty AOz as a function of ¢ assuming evolu-
tion according to the Schrodinger equation with the Hamiltonian above.

Noting O? is again the identity, we compute at time ¢

0= eost —sn) (5 %) (50

_ . —sin 05 £)

= (cos (t) () (sin (t)>

= cos® () — sin’ (#) = cos (2t)
(0) =1

AO, = y/1 —sin? (2t) = | cos (2t)]

(d) Show that your answers to parts (b) and (c) always respect the Heisenberg
Uncertainty Relation

1
A0xA0z = 5|(10x,0z])

Are there any times ¢ at which the Heisenberg Uncertainty Relation is
satisfied with equality?
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We have

[Oxa Oz} =

Do) o 5) -6 20 )

Il
7 N7 N7/

i)
o |
—_
N———
I
T
=
O =
N————

so at time ¢t

(00,0 = (st —sin) (3 ) (“5.0)
25sin (¢)

= (cos(t) —sin(t)) <2 cos (t))
=0

Hence with
AOLAO, = |sin (2t)|| cos (2t)]

we see that the relation is always satisfied. The product of the uncertain-
ties actually reaches zero whenever either AO, or AQO, vanishes, i.e.,
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Chapter 7

Angular Momentum; 2- and 3-Dimensions

7.7 Problems

7.7.1 Position representation wave function

A system is found in the state

1
Y0, ) = \/jcosesinﬁcosgo
8T

(a) What are the possible values of L. that measurement will give and with
what probabilities?

We have

[1 [1 i 4 omiv
(0, ) = écosﬂsin@cosgoz &icosﬁsinf)(e—;e>

Now
15 : +i
Y5, 41(0, ) = Fy/ — cos O sinfe™"?
8
so that 1
1/)(97 90) = 5 (_}/271(07 QO) + YQ,—l(Ga QO))
or

1
[0) =5

The state is not normalized, that is,

(—12,1) +12,—1)) using then notation |L,L,)
1 1

= (141 ==

Wl =10+ =1

so after proper normalization we have

1
) = NG (=12, 1) +2,-1))
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It is clear from the state vector that
L, = £1 each with probability = 1/2
We then have
(L) =hP(L,=41)—hP(L,=-1)=0

For completeness, let us also do this calculation in the position represen-
tation. We have

://w*f/z?ﬁSiHQdﬂdgp
- s 1
B V2 (Y27_1 - Y2,1) LZE (Yo,_1 — Y5,1)d2
h
- 5// (Y51 = Y5) (=Y2,1 — Y2,1)dQ

h h
=5 [—//Yzf1Y2f1dQ+//Y2f1YQ,1dQ] =3 [-1+1]=0

where we have used the orthonormality of the spherical harmonics.

(b) Determine the expectation value of L, in this state.

We have . )
oLl
2
so that
1 Ly+L_1 1
Ly=—(—{2,1]|+2,-1]) ————=(— 2, 1) +|2,-1)) = -(0) =0
<>ﬂ(<\< ) —— \/5(|>\ ) =700

since all the matrix elements are identically zero.

7.7.2 Operator identities

Show that
(a) {é’- Lb- I_;} = ih (Ei X 5) - L holds under the assumption that @ and b

commute with each other and with L.

a8 = [a.2] = [1.6] =0

Using Einstein summation convention we have

We have

=

[a L L} @ L)G-L)—(G-LD)@- L)
b,

= (a;Li)(bjL;) — (b;L;)(aiL;)
= a;b; [L;, L;] = a;bjihe;jp Ly
471( ) Lk:ih(dx5)~f
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=

(b) for any vector operator ‘7(:?:,13) we have {EZ, ‘7] = 2ih (‘7 x L — th)
Again using Einstein summation convention we have
|:I_:27 ‘7:| = {(imim) ’ (Vnén)} = [ﬁmiwu ‘A/n} €n = €n [imim‘}n - VnﬁmLm}

o [ ([E V] + Vi) - (fmvn (i) £

Now for any vector operator we have
[f/m7 an| = ihEmnp‘7p

so that

Now consider
(E x V)l = LoVs — LyVi = (VaLo + ihVi) — (VaLs — ihV4)

where we have used o .
[Lm7 Vn} = Z‘ﬁgmnl’v}’

Thus,
(LxV) == (VL) +2mm
. o _’1 ) ) 1
L xV =V x L+ 2ihV for operators
Therefore,

[E27X7} :ih(fo—fo):2ih(17xf—th7)

7.7.3 More operator identities

Prove the identities
(a) (5-&) (aé) = A B+ic- (/Yx B)
Using Einstein summation convention we have
(5 4) (7 B) = 4iBji6; = AiB; (53 + ieijnn)
= A;B;6;; +iciAiBijoy = A B+ - (/T x é)
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(b) ei#Si/hge=ioS i/l — (f . 5) + i x [A x &] cosd + [A x &] sin

Again using Einstein summation convention we have

o181/ hg,—i¢S-a/h _ igdn/2hz,—i¢d 7/2h

and
e P7/2h — (o5 ?f + i - nsin ?
2 2
Therefore,
¢i9S0/hge—isSa/n _ (cos gf + 40 - i sin 2) o (COS %f — 40 - nusin
= cos? g&’—l—isingcosg [& - 7, 7] + sin® % (@ -n

Now

~—

[0_" . ﬁ75] = niéj [O’i,O'j] = 2iniéj€ijkak = 2i5kijakniéj =2 (6 X fl)

=nn;€;jo; + isjkmninkej ((Szm + iEimpUp)

and
(C? . ’fl) 5(& . fl) = nmkéj&ic}j&k = ninkéja'i (5jk + iajkm(}m)
= nmkéj&iéjk + isjkmnmkéj&i&m
=n(d
=n(d
(G -1
=n(d
=n(d
Now
nx (nxd)=(n-n)
so that
Finally,
ewg'ﬁ/h&’e_wg'ﬁ/h = cos? %6’ + 4 sin — cos
= 2 —_— n
cos 5
+ sin? % ((¢
=(0-n)n+ (fx (*x

QL

1) + 9 jlmNiNEEj Oim — € jkmEimpNiTk€;0p



7.7.4 On a circle

Consider a particle of mass p constrained to move on a circle of radius a. Show

that
L2

- 2ua?

Solve the eigenvalue/eigenvector problem of H and interpret the degeneracy.
We have the potential V = 0 and the kinetic energy

1 1 . .
T= 5/“)2 = §Ma2¢2 , v=ad
In addition, _

L. = pav = pa’e

so that
2

L
H=T+V=—"2
+ 2ua?

Now we have )

L
HY) = 355 V) = E|)

or
(6l H1v) = (9] 52z [9) = (6| B )
s (33) (019 =E (6| v)

- 2Za2 8aﬁ(2¢) = E¢(¢)

so that we have the solution

: h2m?
= /Lm¢ T e—
1l)(¢) Ae ) E ZMGQ

Now, imposing single-valuedness, we have

¢(¢) — Aeimé — 1/)(¢ + 27r) = Aeimdi2rm

e?™ =1 — m = integer

Since m and —m give the same energy, each level is 2-fold degenerate, corre-
sponding to rotation CW and CCW.

7.7.5 Rigid rotator

A rigid rotator is immersed in a uniform magnetic field B = Byé, so that the
Hamiltonian is

2

IA{: E+WO[A/Z

where wq is a constant. If

0,6 | ¥(0)) = \/ESiHQSin¢

237



what is (0, ¢ | ¥(t))? What is <Lz> at time 7

Preliminary work:

_ 3 o ip _ _ [ 3 ztiy
Y171 = Sr sin fe = -y
_ 3 o —ip __ 3 xz—1iy
Yi 1= > sin fe =15

Now
3 . . 3 . e —eTi 1 )
(0,9 ]4(0)) = \/ Esmﬁsmqﬁ =1/ ESIHGT = ﬁyl,l + ﬁ}/l,—l
or . )
[(0)) = —= |1,1) + —= [1,-1)
V2o V2

Now,

N .

H = E +CUOLZ
and

[9(0) = e M P(O) = e B 1, 1) + e Bt )

V2
where
. i2 . K2
H|L,M) = 5T |L, M)+woL, |L, M) = <2IL(L+ 1)+ Mﬁwo) |L, M) = Ep a |L, M)
Therefore,

W(t)) — 76—1E1,1t/h ‘17 1>+76—1E1,,1t/h |1’ _1> — _ _eTift (e—zwot |1, 1> + elwot |1’ _1>)
V2 V2 V2

so that
0.6 b(t) = %e_i?t (70 Yyy + 0ty )
= \;éei?t\/gsinﬁ (eii“’otew + ei“’otefi‘p)
= ei?t\/gsin 0 sin (¢ — wot)
Finally,
(Be) = W0 B [p(0) = 5 (6@ (Bs + L) [p(0) =0

since states making up [¢(¢)) have AM = 0,42 only.
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7.7.6 A Wave Function
A particle is described by the wave function

U, §) = Ac"/*A cos” ¢
Determine P(L, =0), P(L, = 2h) and P(L, = —2h).
We have

V(o) = A2 cos? 6 = a2

_ ?e”ﬁ/m (2 4+ o2t 4 672id>)

e e ?
)

This corresponds to

)= (el =1)+ o1t =0)+ 2L = -1)

Therefore, we have

P(L. = 0¢) = [(L. = 0 | )|* = 2
P(L. = +2) = [(L. = +2 | v)|* =
P(L.=-2]$) = [(L. = -2 | v)|* =

==

777 L=1 System

Consider the following operators on a 3-dimensional Hilbert space

1(?—20

— 1 i 0o =
\/§Oi0

0
0

-1

0 1 0
V2 0 1 0

1
i |, L.=10
0

o O O

(a) What are the possible values one can obtain if L, is measured?
Since L, is diagonal, we are in the L, basis and the diagonal elements are

the L, eigenvalues, we have, L, £ 1, 0. The corresponding eigenvectors
are

|Lz = +1> =

o O =
Il
—
~
h
n
I
|
—
~
Il
= o O
I
|
—_
~
~
n
I
(@)
S~
I

(b) Take the state in which L, = 1. In this state, what are (L,), (L2) and
AL, =\J(12) — (L)
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We have

010 1
1 —
(L) = (1] Ls[1) = (1,0,0) 5 | 1 0 1 0]=0
010 0
101 1
(L2) = (1| L2|1) =(1,0,005 | 0 2 0 0 |=13
101 0
AL, =/(L2) — V1/2=0.707

(¢) Find the normalized eigenstates and eigenvalues of L, in the L, basis.

We use
det|Ly —M|=0= -+ X—=\=41,0

or we get the same eigenvalues as for L, as expected. To fin d the eigen-
vectors we solve the equations generated by

1 1 0 1 a a
L,|L,=1)= 5 0 2 0 b | = b
1 0 1 c c
o 1 1 1 1
—b=a , —a+-—=c=b , —=b=c
V2 V2 V2 V2
which give

a=cand V2a =10

Normalization requires that a? + b? + ¢ = 4a? = 1 so we finally obtain

1
a=c=—andb=—
2 NG
Y2y :
Ly =1) = 1/\/5 =5L:=1)+—72 L. =0)+[L. =-1)
1/2 2 V2
Similarly, we get
1/2
|Lx:_1>: _1/\/5 :%le:U_%‘Lz:O>+%|Lz:_1>
1/2
1/v/2
|Lx:0>: 0 :%|Lz:1>*%|Lz:71>
-1/v2

(d) If the particle is in the state with L, = —1 and L, is measured, what are
the possible outcomes and their probabilities?
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We have

P(Ly =1|L = =1) = |(Ly = 1| L. = =1)|* = §
P(L,=0|L,=-1)=|(L, =0]| L, =-1)| :25
P(Lm:_1|Lz— ):‘< :_1|Lz—_1>|:i
Consider the state
R
=— 1 1/Vv2
%) 7 /1\7

in the L, basis. If L? is measured and a result +1 is obtained, what is
the state after the measurement? How probable was this result? If L, is

measured, what are the outcomes and respective probabilities?

We have

. 1
\WZE 1/vV2 :§|LZ:1>+§|L22>+

Now we have

L?|L,=1)=|L, =1) = eigenvalue = +1
L?|L, =0) =0 — eigenvalue =0
L?|L, =—-1)=|L, = —1) — eigenvalue = +1

and

P(L. = =1|¢) = [{L: = -1 ¢>|
so written in the L? basis states labeled by |LZ, Lz> we have

1

1
) = 5 1L0) + 510,00+ —= [1,-1)

1
V2

If we measure L? = 1, the new state is

1 2
|¢new> = \/;15 1> + \/;Hv 71>

so that
L? Ynew) = [new) — eigenvalue = 41

and

P(L2=1) = (L2 =1| L. = )P + (L2 = 1| L. = 0)[” + |(L?
1 1 3
“1737 1
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(f) A particle is in a state for which the probabilities are P(L, = 1) = 1/4,
P(L, =0) =1/2 and P(L, = —1) = 1/4. Convince yourself that the
most general, normalized state with this property is

61;62 ’i53
|Lz:1>+%|Lz:O>+

We know that if |¢) is a normalized state then the state e 1)) is a phys-
ically equivalent state. Does this mean that the factors e*® multiplying
the L, eigenstates are irrelevant? Calculate, for example, P(L, = 0).

Since the phase factor does not affect absolute values, we have, for

6161 eié? ei63
|¢>:7|L2=1>+%|Lz=0>+7le=—1>

P(L. = 1) = [(L. = 1| 9)* = §

P(L, =0[)) = (L. =0 | )| = 1

as before.

Phase factors (or really relative phases) matter, however, for some mea-
surements. If T write [¢) in the |, basis we get

ei61 _ eiég
= — LI == O + ............
W) = S 1L =0)
so that
ei51 _ 61;63

L,=0 = —

(L =014) = =~
and hence

2

ei51 _ ei§3 1
—7% | =1 (1 —cos (01 — d3))

— J— J— 2_
P(Ly = 0l¢) = [{Ls =0 | )" = NG

so clearly relative phase matters.

7.7.8 A Spin-3/2 Particle

Consider a particle with spin angular momentum j = 3/2. The are four sublevels
with this value of j, but different eigenvalues of j,, |m = 3/2),|m = 1/2),jm = —1/2)
and |m = —3/2).
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We have

J?3/2,3/2) = h(3/2)(3/2 + 1)13/2,3/2) = 15h%/4|3/2,3/2)
J.13/2,3/2) = 31/213/2,3/2)

J?3/2,1/2) = h*(3/2)(3/2 +1)13/2,1/2) = 15h%/4|3/2,1/2)
J.13/2,1/2) =n/2|3/2,1/2)

J213/2,-1/2) = h2(3/2)(3/2 + 1) |3/2, —1/2) = 15K2/4|3/2,—1/2)
J.13/2,-1/2) = —h/2|3/2,-1/2)
J?13/2,-3/2) = 12(3/2)(3/2 + 1)
J.|3/2,-3/2) = —3h/23/2,—3/2

13/2,-3/2) = 15h2/4|3/2,-3/2)
)

The operators ji must satisfy

Jeljrje) = m/iG+1) = j=(i= £ 1) 13, J: £ 1)
(a) Show that the raising operator in this 4—dimensional space is
Jo = (V3I13/2) (1721 +211/2) (12| + V3|-1/2) (-3/2)
where the states have been labeled by the j, quantum number.

For the operator
Jo =1 (V313/2) (1/2] +211/2) (~1/2] + V3|-1/2) (~3/2])

we have

Ji13/2,3/2) = 1 (VB 13/2) (1720 +211/2) (~1/2 + V3 |-1/2) (=3/2]) 13/2.3/2)
=0="hy/3/2(3/2 +1) - 3/2(3/2 + 1) 3/2,3/2)

Ji13/2,1/2) = (V313/2) (1/2 + 211/2) (=1/2] + V3| -1/2) (~3/2]) 13/2,1/2)
= V/3h|3/2,3/2) = h\/3/2(3/2 + 1) — 1/2(1/2 + 1) |3/2,3/2)

Ji13/2,-1/2) = B (V313/2) (1721 + 211/2) (=172 + V3| -1/2) (=3/2]) 13/2.-1/2)
=2013/2,1/2) = h/3/2(3/2 + 1) + 1/2(~1/2 +1)|3/2,1/2)

Jo 13/2,-3/2) = 1 (V313/2) (1/21 +2[1/2) (~1/2] + V3 |-1/2) (=3/2]) 13/2, ~3/2)
= V3h|3/2,~1/2) = h\/3/2(3/2+ 1) + 3/2(~3/2 + 1) 3/2, ~1/2)

so that the raising operator in this 4-dimensional space is

Je = n(V313/2) (1/2] +211/2) (~1/2] + V3 |-1/2) (~3/2])

(b) What is the lowering operator j_?
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We have

N A +
Jo = Gt = (V313/2) (1720 + 211/2) (-1/2] + V3 |-1/2) (-3/2])
=1 (VBI1/2) (3/21 + 21-1/2) (1/2] + V3|-3/2) (~1/2])
What are the matrix representations of ji, JAQE, jy, J, and J? in the J,
basis?

J? and J, are both diagonal

1 000 3/2 0 0 0
. 15 01 00 R 0 1/2 0 0
2 _ 1952 _
=71 0010 ’th00—1/20
00 0 1 0 0 0 —3/2
The other operators are not diagonal,
0 V3 0 0 0 0 0 0
- 0 0 2 0 5 V3 0 0 0
J+_h000\/§ e R
0 0 0 0 0 0 V3 0
and
0 V3 0 0
G detd _n V3 0 2 0
e 2 20 2 0 V3
0 0 V3 0
0 V3 0 0
Go_did _a| -V3 0 2 0
y 24 2i 0 —92 0 \/§
0 0 —/3 0
Check that the state
1
= — (V3]3/2) 4+ [1/2) — |-1/2) —V3|-3/2
v) =55 (V313/2) +11/2) = 1-1/2) - V3|-3/2))
is an eigenstate of J, with eigenvalue 71/2.
We have
V3
) = o= (VBI3/2) + = [1/2) — |-1/2) - VB|-3/2)) = = [
2v/2 2v/2 -1

—V3
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in the standard basis. The state is normalized since

V3
1 1 1
<w|w>=§(\/§1 -1 —\/§) | =B+ =1
-V3
We also have
0 V3 0 0 V3 V3
) = 1L Al V3 0 2 0 1 ok 1
=5kl 0 2 0 V3 -1 | 4| -1
0 0 V3 0 -V3 —V3

so it is an eigenvector of .J, with eigenvalue %i/2.

Find the eigenstate of J, with eigenvalue 37/2.

We have
0 V3 0 0 a
2 _a|l V3 0 2 0 b
Jx|w3/2>_2 0 2 0 \/g ¢
0 0 V3 0 d
V/3b a
V3a + 2¢ b
= % 2% + \/gd ‘w> = 3 |'(/)3/2> = jh c
3c d
V3b = 3a
V3a+2c=3b
1
| VB
1

Suppose the particle describes the nucleus of an atom, which has a mag-
netic moment described by the operator i = gN,uNf, where gy is the
g-factor and ppn is the so-called nuclear magneton. At time t = 0, the
system is prepared in the state given in (c). A magnetic field, pointing
in the y direction of magnitude B, is suddenly turned on. What is the

evolution of <§Z> as a function of time if

H=—j-B=—gyunhJ - Bj=—gnunhBJ,

where puny = eh/2Mc¢ = nuclear magneton? You will need to use the
identity we derived earlier

zAf —zA _ p AP i [ oplle i lalin a’

e ABe™d = B+ [A,Bla+ A, |AB]| 5+ |4 [A [4B]]| T+
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We suppose at ¢t = 0 we are in the state |1/)3/2>, describing a positive
nucleus with g-factor gn. The time evolution of the state is given by

|13/2(t)) = Ut) |[t3/2) = emi/n |13/2) = ety |43/2)

where o = —gnunB.

Then the time evolution of <jz> is given by

<jz>t = <1/13/2’ €mtjyjz€_i“tjy ’¢3/2> )
Now we have that
erAperA = B4 [4,Blo+ [4,[4,B]] £ + [4,[A, [A,B]]] £ + ...
[ji, jj} = Z'Eijkjk

or
o) =ide o [i) =i Rk =i,
Thus,
ey ey = J 4 jy,jz} o+ [jy, [;,LH <4 [jw [;,, [;,jzm <o
e ey = o+ idue 4 [Fpide| 5+ [y [y ide] | 5 4
e J e~ = J, + i,z + AZ*Q—Z + | Jy, J- % I
e“”Jije_”jy =J, +idyx+ ;%2 + ij%s + e = cos(at/h)J, — sin(at/h)J,

where x = iat/h. Therefore,

<jz>t = <1/J3/2| (cos(at)J — sin(at)J, ) ’1/13/2>
= cos(at) (12| J. |3/2) — sin(at) (V3 s| Js |[3/2) [¥03/2)

Now
(W3/2| Iz |93/2) = 0
(Vaya| Ju [3/2) = %

so that
A 3h
<Jz> = 7smgNuNBt
t

7.7.9 Arbitrary directions
Method #1

246



(a) Using the |z+) and |z—) states of a spin 1/2 particle as a basis, set up
and solve as a problem in matrix mechanics the eigenvalue/eigenvector
problem for S,, = S - 7 where the spin operator is

—

S = Spén + Sye, + 5S¢,

and
7 = sin 0 cos pé; + sin 0 sin pé, + cos 0¢,

(b) Show that the eigenstates may be written as
N 0 .0
|fit) = cos 3 |z+) + ' sin 3 |z2—)
0 ; 0
|fi—) = sin 3 |z+) — e*¥ cos 3 |z—)

In the 6, basis we have

A 0 1
_ ks _ &

©=2% =211

A 0 —z
B h

y =20y =3 i 0

- 1 0
_hs _h

$:=30:%3 | g

Therefore,
S, =5 = (S'Iéw + gyéy + Széz) - (sin @ cos pé,, + sin @ sin pé, + cosbé,)

. O . : h cos) e ¥sinf
_Sx31n00054p+5y81n9s1n<p+Szcosﬁ—2(ewsina _ cosd )

Eigenvalue/Eigenvector problem
Sul) = 25 1)
or in matrix form
( cosf e ¥sind ) ( (+2 ] ) ):)\( (+2| ) )
e¥sinf®  —cosf (=2 | ) (=2 |¥)
which is two homogeneous equations in two unknowns (£2 | ¢). For a non-trivial

solution, the determinant of the coefficients must vanish

cosf — A e ¥sind

= = - 20 — sin? 2 2: =
€% sind —COSQ—/\‘_O_ cos” 0 —sin” 0 + A" — A 13 A=4=+1

For A = +1, we have

cosf e “ginf (F2 1Y) \ [ (+2] )
e¥sinf®  —cosf (=21 ]\ (=2]v¢)
(cosO — 1) (+2 | ¥) + e “sinf (—2 | ) =0
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and from normalization

[(+2 | )P+ (=2 | 9)* =1

so that
2 Lol [1 - (55559)°] =1
A 2 in2 1—cos 6)(14cos 6 1+cos 6
|<+Z | w” = 2(015—00059) = ( 2(1—)(50:6) ) = ( Jr2 ) = COSZ%
(+2 ] v¥) =cos§
and
N 1 —cosf R 1 —cosf 0
_ 1—cosf \/m
e~/(1 —cosf)(1 — cos0) 2
=e \/m =e' sing
2 2
so that

0 ; 0
[A=+1) = (+2 | ) [+2) + (=2 | ¢) |—2) = cos 5 |[+2) 4+ €' sin 3 |—2)
Similarly, for A = —1, we have
cos) e ¥sinf (+2) \ _ [ (+2]|)
e¥sinf  —cosf (=2 |v¢) ) (=2 | )
(cosO + 1) (+2 | Y) + e ¥sinf (—2 | 1
and from normalization

(2P + (=2 9))P =1

so that
z 2 cos 2
(2 [ 1+ (Mes0)®] =1
5 2 sin? 1— 0)(1 0 1— 9 .
(2 )" = ity = Uogmlissn - Oognt) _ iyt 4
(+2 | ) =sin g
and
~ 1+COS€ . 1+C089 . 9

_ 1+ cosf \/m
e=1#\/(1 — cosf)(1 — cos0) 2
; 1+ cosé . 0

[~ e 172} 7
€ \/T e cos2
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so that

A=) = (2 | 0) )+ (2 9| -2) = sin g [42) — ¢ cos & |) = |-)
Method #2

This part demonstrates another way to determine the eigenstates of S,, = S ..

The operator A
R(Qéy) _ e—iSyQ/ﬁ
rotates spin states by an angle € counterclockwise about the y—axis.
(a) Show that this rotation operator can be expressed in the form
0 2,4 0

R(0e,) = cos 3 %Sy sin 3

(b) Apply R to the states |24) and |z—) to obtain the state |a+) with ¢ = 0,
that is, rotated by angle 8 in the x — z plane.
In the Sz basis
4 0 — 4 2 |1
sy:g{ ' }—msy)?:@[o

1
- (S‘y)3: %3 [ ? N } = %252, — (%)4 = %f and so on ......

This implies that

R(0e,) = eSO = T (=) 8y + 5 (=) (5,7
A 3 R G+ g () B
= E () (B)a+ (2 (B T+ (2 (8)s,
e O R R IE N OR
=cos g1 — iGy sin 5
as expected from the general rule
e — cosal —i6 - Asina

Therefore, converting to matrix form S, basis) we have

%) i 0

NN COs3; —SIng

R(0é,) = . 0>
Sin 5 COS 5

so that
A cos? —sin? 1 cos 2
e 2\ = 2 =
R(0ey)|+2) ( sing cosg ) ( 0 ) ( sing )
0 2 .
= con T 42) +sin 0| -2) = [ +a(p = 0)
and similarly for |7 = 0)).
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7.7.10 Spin state probabilities

The z-component of the spin of an electron is measured and found to be +7/2.

(a)

If a subsequent measurement is made of the x—component of the spin,
what are the possible results?

In the 6, representation, the spin eigenvector is

|[+2) = < 0 ) =0, |+2) = +|+2) = S, |+2) = 5az|+z> =+3 |+2)

The eigenvectors of 6, in the &, representation are

I+4) = \2( M > S Gy | ) = + |+4)

Expanding |+Z) in the 6, states in the &, representation we have

5 - L s+ L

which says that the possible results of measuring S, are +h/2.

What are the probabilities of finding these various results?

We have
P(+h/2) = |(+& | +8)* =
P(=h/2) = |(~& | +2)[* =}
so that

N h h
(8.) = 3P(+1/2) = SP(=1/2) =0
If the axis defining the measured spin direction makes an angle 6 with
respect to the original z—axis, what are the probabilities of various possible

results?

Suppose that the spin axis is 7 = 7(6,$) = (sin 6 cos ¢, sin 0 sin ¢, cos 6).
Then the eigenfunctions for S,, =75 - 7 are (see earlier problem) in the &,

basis are
0 .0
. cos . sin £
4Ny = L2 —f) = 2
|+7) €' sin g o =) —e'? cos g

with eigenvalues +7/2 and —7i/2 respectively.

Therefore
|+2) = cos 3 |+7) + sin 3 |—7)
so that ) -
P(+h/2;r}) = |<+7} | +~§>|2 = o84
P(=h/2;n) = [(—n | +2)|° = sin” 5



(d) What is the expectation value of the spin measurement in (c)?

<.§'n> = gP(+h/2) - gP(—h/2) = g <C082 g — sin? > = —cos¥f

7.7.11 A spin operator
Consider a system consisting of a spin 1/2 particle.
(a) What are the eigenvalues and normalized eigenvectors of the operator
Q = A3, + Bs,

where 3, and 3, are spin angular momentum operators and A and B are
real constants.

We have 5 L
Q= A58, + B3o.
N ST YT T -
Q== (426, + B2 (4.)* + AB{5,.0.})
h? h?
=7 (A*(1)+ B*(1) + AB(0)) = T (A* + B?)

where we have used 67 = I and {;,6,;} = 20;;1. Therefore, the two
eigenvalues of ) are

Q+ = ig A2 + B2
Alternatively, we could write in the S, basis
A h . h,  h(f0 —i h(i1 0\ h( B —iA
Q_A2Uy+B2UZ_A2< i 0 >+Bz( 0 -1 ) _2< iA —B )

so that the characteristic equation is

h - h
7B*E 77,*14 hB 2 hA 2
b4 ip g :0:((7) _EQ)_(T)
— By =Qy = +2/A2+ B?

To get the eigenvectors we use
P o h B —iA a+ _ a4
o=l -5 (5 T8 ) (5 )-=e( i)

gBai — i%Abi = Qiai
i%Aai - %Bbi = Qibi

or
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This gives

bi=.2<hB—Qi)=.B:F.1\/A2+BQ

ayr 1AR\ 2 1A iA

and

a4 o 1A o . .
( by > =N ( BT JAT T B2 ) where N = normalization factor

Normalizing, we find that

(ZI>: \/A2+(B¢1\/m)2 ( Bqﬁ/ﬁﬁ)

Assume that the system is in a state corresponding to the larger eigenvalue.
What is the probability that a measurement of 5, will yield the value
+h/2?7

In the Sz basis we have

s :+h/2>:\}§( ‘12')

Therefore, the probability that S, = +5h/2 in the states |+Q)) is given by

Py(S, = +1/2) = |(S, = +h/2| £Q)|”

1 i\ T S
—1 a .
- ﬁ( 1 ) (bi)‘ = 3 lias +bef”

1 . L 1 - Lok
=3 (|ai|2 + |bi\2 —ialby + zaibi> =3 (1 —ia3 by + zaibi)
or
1 2A (B ¥V A? + B2
Pi(S, = +h/2) =~ [1— (BF )2
2 A? + (BF VAT 1 B?)

7.7.12 Simultaneous Measurement

A beam of particles is subject to a simultaneous measurement of the angular
momentum observables L? and L,. The measurement gives pairs of values

(¢,m)=(0,0) and (1,-1)

with probabilities 3/4 and 1/4 respectively.
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(a)

Reconstruct the state of the beam immediately before the measurements.

The state of the beam is, in terms of the eigenstates of L,

vy = L2

where « is an arbitrary phase.

1 .
‘O’O> + iela |]-a 71>

The particles in the beam with (¢,m) = (1,—1) are separated out and
subjected to a measurement of L,. What are the possible outcomes and
their probabilities?

The possible outcomes will correspond to the common eigenvectors of
12, L.,
1,m,=1) , [1,m,=0) , [1,m,=-1)
Each of these can be expanded in terms of L, eigenstates:
[1,m,) =C1]1,1) + Co|1,0) + C_1 |1,—1)
Acting on this state with
L,=(Ly+L_)/2

we should get m,h. Doing this, we obtain the following relations between
the coefficients

Co = mx\/§C1 = mx\/iC_l , Ci1+C_4= mx\/iC()
Therefore, we are led to

11,my =1) = 2 (|1,1) + V2|1,0) + |1, 1))
11, my =0) = == (]1,1) — [1,-1))
|17m$ = _1> = % (|1’1> - ﬂ|170> + |1’_1>)

The inverse expression for the L, eigenstates are

S

11,1) = J511,mg = 1) + 5 [1,mz = 0) + [1,mg = 1)
I1,-1) = —%H,mz =1)+3[1,m, =0) + [1,m, = —1)

From these states we can read off the probabilities:

1

1
Pr —4n= 1 Pr o= 3

Construct the spatial wave functions of the states that could arise from
the second measurement.

Using the standard formulas for the spherical harmonics we obtain for the
eigenfunctions of L,

3 3
a1 =1/ — (£cosf —isingsinh) , o= —4/-—cospsind
8 4m
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7.7.13 Vector Operator

Consider a vector operator V that satisfies the commutation relation
[Li, V)] = iheiji Vi

This is the definition of a wector operator.

(a) Prove that the operator e~ La/h ig g rotation operator corresponding to

a rotation around the x—axis by an angle ¢, by showing that
emike/hyeiele/h = R (0)V;
where R;;(¢y) is the corresponding rotation matrix.

Consider the operator

Xi — efinLz/ﬁ‘/ieichI/h

as a function of ¢ and differentiate it with respect to . We get

dX; _ <dei@Lx/h> Vieielalh 4 o=ioLa/hy, <d€sz/h>
de de de
— _ze_isz/thweiWLz/h + ie_iSOLm/th‘/;ei@Lm/h
_ 7%67“0[/1/}1 [Lm; V;] ei(pLz/h _ 7%€7itpLI/h (ZhEzZJV]) eigaLI/h
= 5:m'ij
From this we obtain

d

d 2 — p—

1o = EayiXj = Xz
ax, _ . J——
o =4 X = —Xy

The last two equations give

d? X,

T =Xy = Xy(p) = Xy(0) cosp + X.(0)sinp =V, cos p + V. sing
dj;iz =-X. = X.(¢) = X.(0) cosp — X (0)sing = V. cosp — V, singp
or
' , 1 0 0 Va
e Wka/hyeiela/h — [0 cosp  sing Vy | =RV
0 —sing cosyp V.

where the matrix R is a rotation matrix corresponding to a rotation around
the z—axis by an angle ¢.
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(b) Prove that '
e L |0 m) = |¢, —m)

Putting ¢ = 7 in the expression from (a) we get
e ele/ML et /h = R L; =R..L. = — L,
Acting on the rotated state with L, we get
L,e'mLalh |6, m) = —eimLa/hy, |6, m) = —hme i La/h [¢, m)

Thus, ‘
el |0 m) = |0, —m)

(¢) Show that a rotation by 7 around the z—axis can also be achieved by
first rotating around the x—axis by /2, then rotating around the y—axis
by 7 and, finally rotating back by —m/2 around the z—axis. In terms of
rotation operators this is expressed by

ez'erz/2hefz7rLy/hefz7rLz/2h — 6717rLz/ﬁ

Putting ¢ = 7/2 in the rotation matrix, we get

L, L,
e—urLz/2h Ly eurLz/2h — L,
L, -L,
Thus, we obtain
7i7TLz/2hL n imLy/2h __ 7i7rLI/2hL iwLy /2R 7i7rLI/2hL iwLy /2R — (L))"
e (Ly)"e =e € e ge e = (L,)

and finally
e—lﬂLm/Qhe—Zﬂ'Ly/helﬂ'Lm/Qh — e—zrrLz/h

7.7.14 Addition of Angular Momentum

TWO atoms with J; =1 and J> = 2 are coupled, with an energy described by
= €J1 Jg, € > 0. Determine all of the energies and degeneracies for the
coupled system.

We have
e a1
J:J1+J2;»J1-J2:§(J2 J2 JQ)
1
=5 (j? R (1 DT — B2 Ja(Js + 1)1)
_1 (hQJ(J + 1) —2m] — 6h2f)
2
K2 )
=S U+ -8)1
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when acting on a |J, M) state. The energies depend only on J and hence are
2J 4 1 degenerate (M values).

Now the possible values of J are given by
J=J+ Jo,..... ,|J1—J2‘:372,1
Thus, the final configurations are

=1:|1,1),[1,0),|1,-1) = E = —3¢h?
=2:12,2),]2,1),]2,0),]2,-1),|2,-2) = E = —eh?
J=3:13,3),13,2),13,1),[3,0),13,~1),[3,~2),[3, -3) = E = 2ch?

7.7.15 Spin = 1 system

We now consider a spin = 1 system.

(a) Use the spin = 1 states |1,1), |1,0) and |1,—1) (eigenstates of S,) as a
basis to form the matrix representation (3 x 3) of the angular momentum
operators Sy, S'y, S,, §2, S’Jm and S_. In the |1,1), |1,0) and |1,—1) or
S, S.) basis the S, operator is diagonal (by definition)

1 0 0
S.=h|{ 00 o0
00 -1

Now using

Si|s,m) =hy/s(s+1) —m(m£1)|s,m=*1)

in the s = 1 basis we have

X <171|5:'+|1,1> <171|5:'+|1,0> (1 1I§‘+\1 )
Sy = <170|S+|1,1> <1a0|S+|170> <1,0|S+‘1, 1>
<17_1‘S+|171> <17_1‘S+|17O> <17_1|S+|17_1>
0 V2 0 010
=l o0 0o Vor |=v2r|l 0 01
0 0 000
Therefore,
) A 00 0
S.=8t=ven| 1 0 0
010
and
e 01 0
G, =55 | 1 o 1
z 2
vz 01 0
e 0 —i 0
Sy==2==L i 0 —i
i V2
VLo i o



Finally,

5% =82+ 8%+ 52
p2 (101 p2 [ 1 0 -1 100
=5 020+ 0 20 +hr[ 0 00
1 01 -1 0 1 00 1
100 100
=2r*[ 0 1 0 |=10+DR*[ 0 1 0
00 1 00 1

(b) Determine the eigenstates of S, in terms of the eigenstates [1,1), |1,0)
and |1, —1) of S,.

We have the eigenvalue/eigenvector equation S, |1, m), = mh|l,m)_, or
in matrix form

A 01 0 a a
— 1 0 1 b =mh
V2 01 0 c
For a non-trivial solution, we must have
-m \/§/2 0
V2/2 —m V2/2 |=0=-m*+m > m=0,+1
0 V2/2  —m
as expected. Substituting m = 1 into the eigenvalue equation, we get
2 2 2
so that
a=c , b=+2a
1
S LY, =3 V2 | =30+ 20+ 51, -1)
1

In a similar manner, we have for m =0

b=0 , a+c=0

1
= 11,0), = 75 01 :%|1,1>f%|1,f1>
and for m = —1
gb:fa . La+c)=-b , gb:fc
1,-1), =25 —12 = 111,1) = 2 |1,0) + 1|1, -1)
1
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(c) A spin =1 particle is in the state

1
V) = —=| 2
Vi \ 3
in the SZ basis.
(L, 1) 1 1 )
)y =1 (L,0]v) |= 2 intheS, basis
-1l ) Vs

(1) What are the probabilities that a measurement of S, will yield the
values &, 0, or —h for this state? What is <§Z>?

— _ 2 _ |1 2_1
P(S. = +h) = (L1 | 9) = | 4| =

T% 14
P(S.=0) = (1,09 = | Z| =2
12

P(S. = =h) = (1, -1 o) = | 25| = &

- ss1=n () (3 2 (2) -

(2) What is <S’z> in this state?

) ) a0 10N, [ /3
<5x>:<¢|5x|¢>:\/ﬁ(lﬂv—?ﬂ)\/ﬁ(é ? é)\/ﬁ(??l):’?h

(3) What is the probability that a measurement of S, will yield the value
h for this state?

1
1 1 2 1
1,1, == V2 :7\1,1>+£|1,0>+7|1,—1>
2\ 5 2 2 2
Therefore,
1 V2 1
+ (1,1 == (1,1 + - (1,0] + = (1,-1 1,1) +21,0) +3i |1, -1
(1,11 ¢) (2< [+ %5 (1,0 + 5 ¢ ')m(' ) +2[1,0) +3i[1,-1)
11 .
== (1+2¢§+32)
214
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and
2

2 1 )
P(Sy =+4h) =, (1,1 |9)]" = ’214 (1+2\/§+3z)

:%(1+4\/§+8+9) :%(9+2\/§>

(d) A particle with spin = 1 has the Hamiltonian
A ~ B .
H=AS. + Esﬁ
(1) Calculate the energy levels of this system.

Using (a) we have

) A+B/2 0  B/2
H=h 0 B 0
B/2 0 —A+B/2

The characteristic equation determines the eigenvalues

Ah+Bh/2—E 0 Bh/2
0 Bh—E 0 =0
Bh/2 0  —Ah+Bh/2—E

(Bh — E) (Al + Bh/2 — E) (—Al + B2 — E) — (Bh— E) (BE/2) (BE/2) = 0
(Bl — E) ((Bh/Z — B)® — (AR)? - (Bh/2)2) =0

B h2 B2
Bo=hB , Ey=hg +1[h242 + ——

We now determine the eigenvectors.

so that

For By = hB =D’

A+B/2 0 B/2 ag ag
h 0 B 0 bo | =B | bo
B/2 0 *A‘FB/Q Co Co
0
%GOZCOZO,bOZI%‘E(ﬁ: 1)
0

For B, = % (B + v4A% + B?)

A+B/2 0 B/2 a+ CL+
h 0 B 0 by | =Aih| by
3/2 0 —A+B/2 Cy Cyt

(B+ V4aAz +B2) ( Zi )

C+

| St

259



(A + g) ay + §C+ = /\+a+
Bb+ = )\+b+ — b+ =0
ga_,_ + (—A + g) Cy = )\+C+

2 2 _
ai +cip =1
Then,
ay _ ___ 7 =— B =B w = V4A?% + B2
ct A+Z-X; 2A—\/4§2+B2 2A-w 7 A
2 2 w—2
a ct=12a, = ——2—— cy =
+ T + Bit(w—24)2 ' T B4 (w—_2A4)2
B
= |Ey) = ——— 0

B2 |

Using orthonormality, we then have

1 w— 24

= e | Y

(2) If, at t = 0, the system is in an eigenstate of S, with eigenvalue h,

calculate the expectation value of the spin <S’ Z> at time t.

Now )
[$(t)) = e~ [4(0))
and
1 1
so that
_ 1 e—iﬁt/h w— 671'13115/5
9 = s (BT B + (w =240/ |-
_ 1 e~ iE+t/h w — e—iE-t/h
Now
R B
S, |Ey) = T oAy iy 0_ 24)
(w—24)

_ _ 1
S: 1) = Tomomne i
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Thus,
(S2), = ($(®)] S= [$(2)

_ 1 Be'P+t/M(E |
T VB2t (w—24)2 \ +(w—24)e - (E |
B
BefiE+t/h O
o 1 —(w —2A4)
B2 + (w—2A4)2 _ (w—24)
+(w — 24)e~E-t/R 0

B
After lots of algebra, we find

1
(B + (w — 24)?)

(S.), = - ((32 + (w —24)%)% 4 4B*(w — 24)% cos (E+_Et>)

h

Some limits:

(a) Let B — 0, w— 2A. We find (S.), = h = constant since

(b) Let A— 0, w— B. We find
E, —FE_ B —
<Sz>t = hcos <+ht> = hcos (h h 0t> = hcos (Bt)

which corresponds to precession.

7.7.16 Deuterium Atom

Consider a deuterium atom (composed of a nucleus of spin = 1 and an electron).
The electronic angular momentum is J=L+S§ , where L is the orbital angular
momentum of the electron and § is its spin. The total angular momentum of
the atom is F = J + f, where I is the nuclear spin. The eigenvalues of J? and
F? are J(J + 1)h? and F(F + 1)h? respectively.

(a) What are the possible values of the quantum numbers J and F' for the
deuterium atom in the 1s(L = 0) ground state?

For the 1s ground state we have
L=0=J=L+5§=5S=J=5=1/2
Since F = J+ [ and I = 1, the possible values of F' are

F=J+1,...|J—1=3/2,1/2
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(b) What are the possible values of the quantum numbers J and F' for a
deuterium atom in the 2p(L = 1) excited state?

For the 2p excited state, we have L = 1. The possible values for J are
J=L+S5, ... |L—S|=3/2,1/2

The possible values for F' are

For J = 3/2 we have
F=5/2,3/21/2

For J = 1/2 we have
F=3/21/2

So the possible values of F' are

F=5/2,3/2,1/2

7.7.17 Spherical Harmonics

Consider a particle in a state described by
Y=N(x+y+2z2)e "

where N is a normalization factor.

(a) Show, by rewriting the Ylﬂ’o functions in terms of x,y, z and r that

yi B 3 1/2x:i:iy vo_ 3 1/2i
T\ Vor Tt T \4n r

Y:I:l 3 :I:z¢ sinf = F 3 rtiy

\/ 47r cost = \/ 47rr
+1
Y=Y =2 Sﬂr

—(Y Y =24,/ 2L

(b) Using this result, show that for a particle described by v above

or

P(L,=0)=2/3, P(L,=h)=1/6, P(L,=-h)=1/6
Thus, we have

Lti, o 1-i
Vol V2

Yv=N(x+y+2z)e* =Nf(r) ( +2Y10)
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or

) = — (” L -y e |1,0>>

V6 V2 V2
Therefore,
12
P(Lz:0|¢)=\<1,0|¢>\2:%‘% —1
12
P(Lz:+1|w):|<1,1|¢>|2:%’17—§z —1
P(L.=—1]) = |(1,-1| )" =24 =2

7.7.18 Spin in Magnetic Field

Suppose that we have a spin—1/2 particle interacting with a magnetic field via

the Hamiltonian
a={""
i

where [i = ppd and the system is initially(¢ = 0) in the state

B=DBé, 0<t<T

B=Bé, T<t<2T

T o

?
)

9(0)) = Jo+) = % (l2+) +5-))

Determine the probability that the state of the system at ¢t = 2T is

[¥(2T)) = [z+)

in three ways:

(1) Using the Schrodinger equation (solving differential equations)

During the time interval 0 < ¢ < T we have

- 1 0
a=-no g )

so that the Schrodinger equation becomes

8 (5)=0($)=(3) (3 5

or

™ Q
~—
Il
|
g
A/~

& = iwa — a(t) = Ae™!
B = —iwp - B(t) = Be—"

The initial state (at t = 0) is

1

[9(0)) = a+) = —= (|z4) + |2-)) =

S

Sl
N
— =
N—

2
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so that

and

w0) = 5 (e ) =5 ( Zr )

Now during the time interval T' <t < 2T we have

N 0 —i
H“””(i 0)

so that the Schrodinger equation becomes

gy ()= (5)=m(5) =m0 3 )(5) = ()

or
d=wf— d=wf=—-wa — at) = et 4 cye @t
f=—wa— B =—wi=—w?B — B(t) = 3™t + cye
Now
d=wph —icp =c3 , —iCcy =cy
B =—-wa—icg=—c1 , —ica = —cCy
so that
c3 = icp and ¢4 = —ico
and _ _
a(t) = cre™t + et

B(t) = i(cre™t — cpe™ ™)

The initial state (at ¢t = T) is

so that
Oé(T) — Clesz + coe iwT _ %GZNT
— iwT —wTY\ _ 1 —iwT
B(T) =i(c1e™* — coe ) = 7€
or
wT —iwT _ 1 _iwT
cle. + coe = \/5(?
clesz —c e—uuT _ 126—sz
and
wT _ 1 (iwT s —twT
2c1e = (e ie 4 )



Finally, for T' <t < 2T

won=( 5 ) =75 (oot 2l )

1 efin (ein_,L'efin) eiwt+ 1 ein (ein_f_Z'efin) efiwt

_ 2v2 2v/2
[ —iwT (T _ ;  —iwT wt i wT (iwT - —iwT —iwt
—2\/56 (e € ) e 2\/56 (e + 1€ ) e

Now, we need

(Se =+ [ 9(2T))

1 e—sz (esz_ie—sz> eZsz+ 1 esz (esz+,L'e—sz) e—szT

~ Ly et | o | |
V2 LT (T o) ) (T (i (i (i jiT) ) o2
= L (T =) (e 9T) i (P97 i) i (1 4+ i)
= i (L+a) (" +e72T) 4 2(1 - 1))
so that
Prob = %6 ((2 +2cos 20T)% + (2 — 2cos 2wT)2)
= 1—16 (8 + 8 cos® 2wT) = % (1+ cos® 2wT)

(2) Using the time development operator (using operator algebra)

During the time interval 0 < ¢t < T we have

- 1 0
a=-no g )

The eigenvectors and eigenvalues of H are

|z+>—<(1))HE+—hw , Z>_<(1)>%E__+hw
Initially,
[4(0)) = |z+) = % (l24) + 12-)) = % ( 1 )
Therefore,

[(t)) = e~/ [y 0)) = e*“f”/% (Jz4) +|z=) =

(eiwt |Z+> + efiwt |Z—>)

Sl

so that
iwT
—iwT

[W(T)) = —= (“T [z4) + e T |z—)) =

Sl
—
® (9]
N

Sl
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as in part (1).

Now during the time interval T' <t < 2T we have

. 0 —i
H:_h"(i 0)

|’¢(T)> _ i (ein |Z—|—> _|_e—in |Z—>) o L ( ei‘f’T )
\/i 5 efuuT
a 1 b 1
—alyt)+bly—)=—( > )+—=(
vy ol = 25 (5 )+ 5 ()
or
a+b=e“T | i(a—b)=e T
or
20 = esz iefsz
2h = ein+,L'67in
so that

() = e DM (qlyt) + bly—)) = ae™ ) y4) 4 be =T |y—)

and

|’¢(2T)> = L (ein — ieiiWT)eiWT 1 + (eiWT + ie*in)efin 1
2V2 i i

Finally,

(Se =+ [ 9(27))

_ 1 1 iwT - —qwT iwT 1 iwT - —qwTN  —iwT 1
= (1,1) Wi ((e —ie Je ( ; ) + (e +ie Je 4

((1 —4) + (1 + 1) cos 2wT)

S

N | =

and

Prob = ((1 + cos 2wT)? + (1 — cos 2wT)2)

e Rl

(2 + 2 cos? 2wT) = % (1 + cos? 2wT)
as in part (1).

Using the density operator formalism.

The initial system density operator is
p = [4(0)) @ (0)] = [z+) (x+)

= % (lz4) (| + |24) (= + [2=) (24 + [2=) (2=]) =

N | =
7 N
—_ =
— =
N———
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During the time interval 0 < ¢ < T we have

- 1 0
Hh”(o —1)

The equation of motion for the density operator is

PO _ i, o)

and the probability of measuring |S, = +) = |z+) at time ¢ is
P(t) = Tr(p(t) [a+) (z+])

Now assuming that

we have

so that
c'L_zO—>a(t)=a(O)=%
d=0—d(t) =d(0) = 3
b= 2iwb — b(t) = et
¢ = —2iwc — c(t) = Je 2t
so that ) it
R _ 1 e w
pt) = B ( e-2iwt 1 )
or

) 1 1 einT
P(T) 9 ( e—2iwT 1 )

Now during the time interval T' < t < 2T we have

A 0 —i
H‘“(i 0)

The initial density operator is now p(T). The equations of motion are

(& 5) =wlop

e ne )

w( —(b+c) (



so that

i—wbto), al) =1 , , _
¢=-wla—d), ¢(T) = e 2T | =-wb+c), dT) =3

These equations say that
d:—d—>a:—d—|—G1
b=¢—>b=c+ G2

The boundary conditions then give

a(l)=—d(T)+G1 =G =a(T)+d(T)=1
H(T) = ¢(T) + Gy — Gy = b(T) — o(T) = §e*T — Je= 2T = jsin 2T
so that
a(t) = —d(t) +1
b(t) = c(t) + isin 2wT

Therefore, we have the equations

1 : 1,
a=w(2b—isin2wT) , a(T) = 5 o b= —w(2a—1), b(T) = 5eMT

Therefore, we have

i = 2wb = —dw?a + 2w?
b= —2wa = —4w?b + 2iw? sin 2wT
which have solutions

a(t) = Re*™! 4 Se—2iwt 1 %
b(t) = Ue*™ + Ve 2@ 4+ Lsin 20T

In order for the equations to be consistent we must have

a = w(2b—isin2wT)
21w (ReQWt — Se_%“)t) = 2w (Ue%"t + Ve 2wt % sin 2wT) — isin 2wT
Z-(R621wt _ Se—int) — (Ue%wt + Ve—2iwt)
or
iR=Uand —iS=V

Similarly, we must have

b=—w(2a—1) ‘
2iw (Uewt — Ve~ 2iwt) = —2w (ReQ“"t + Se~2iwt)
(UeZiwt _ Ve—2iwt) = (R621wt + Se_giwt)

or

iIR=Uand —iS=V
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which is identical to the above result.

So we have ‘ ‘

a(t) = Re”™" 4 Se~2iwt 4 1

b(t) = iRe*" — iSe~2! + L sin2wT
Now the boundary conditions are

a(T) = § = Re®™T 4 Se=2wT 4 1
ReZin + Sef2in =0
H(T) = 32T = iRe*™ T — iSe=2T 4 1 sin 20T

. . 1 i
Re2T _ G2 — % (e — isin2wT)
7
1 ) 1., 1 ; 1
_ % <€21wT _ 5eZm}T + 26—21wT> — ; cos 2wT
(7.1)
or ) ;
2Re*™ T = L cos 2wl — R = Le 27 cos 20T
2Ge—2iwT _ _% cos 2wT — § = _i‘fQMT cos 2wT
Therefore,

a(t) _ ReZiwt+5672iwt+% — i cos 2wT (672in62iwt o 62in5672iwt)+%

b(t) = iRe*™! — jSe 2! 4 %Sin 2wT
1 _ ' ' _ )
=3 cos 2wT (6721WT€22wt + eZZWTSe”“"t) + % sin 2wT

c(t) = b(t) — isin 2wT = § cos 2wT (e~ 2wTe2iwt 4 2T Ge=2iwt) — L gin 20T

d(t) =1—a(t) = 3 — 5 cos 2wT (e~ 2T 2wt _ g2iwT Go=2iwt)

Consistency checks:

Trp=a+d=1 (true) and p=p" — b* = ¢ (true)

Thus,

5(8) — - cos 2wT (eQiW(t_T) — e_Zi‘”(t_T)) + 3 1 cos 2wT (egiw(t_T) + e_Qi“(t_T)) + L sin 2wT
plt) = 3 cos 2wT (e2i“’(t_T) + e_Qi“’(t_T)) — & sin2wT 3 — 5 cos 2wT (eZiw(t—T) — e_Qi“’(t_T))
Now

P2T) =Tr(p2T) |z+) (x+])

= N = N =

Tr cos 2wT sin 2wT + % cos? 2wT + % sin 2wT 1 1
cos? 2wT — % sin 2wT % — cos 2wT sin 2wT 11
cos 2wT sin 2wT + % + cos? 2wT + % sin 2wT’ >

+ cos? 2wT — % sin 2w + % — cos 2wT sin 2wT’

(1 + 2cos? ZwT)
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which agrees with earlier results.

7.7.19 What happens in the Stern-Gerlach box?

An atom with spin = 1/2 passes through a Stern-Gerlach apparatus adjusted
so as to transmit atoms that have their spins in the +z direction. The atom
spends time T in a magnetic field B in the z—direction.

(a) At the end of this time what is the probability that the atom would pass
through a Stern-Gerlach selector for spins in the —z direction?

(b) Can this probability be made equal to one, if so, how?

We have B B
fe—g B=l1"Bs s, | w=l
2me 2me

The Schrodinger equation is

. d [ a 0 1 a b . ¥
zhﬁ(b)—hw<1 0>(b)—hw<a)—>za—wb , ib=wa

This gives
i+w?a=0—a(t) = ae™’ 4 fe= !
b(t) = La = —ae™! 4 fem !
Now,
_(a0)y_ (1
won=(50 )= (5 )
Therefore,
at+pf=1—-a=p= %
and

t W et t 1 . 0
ey =g ) =3 (SR ) = (e, Y ot () st (§)

[t(t)) = coswt |[+z) —isinwt |—2)

Now,
1 — cos2wt
P(-2it) = [(-2 | w(E)f? = sin? ot = =2
Thus, the probability = 1 if
2 1
1—cos2wt =2 — cos2wt = -1 —t = nt T=(2n+1) men

2w le| B
Alternatively, we have

U = e M/ = o=i0t0x — co50t] — i, sinwt
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Then

W (t)) = U [1h(0)) = (cos wtl — 6, sin wt) 2) = — (coswtf —i6, sinwt) (l+2) + |-z))

V2

= % ((coswt —isinwt) |[+x) + (coswt + isinwt) |—x))
1 —iwt iwt _ L e—iwti P —z eiwti 2N —|—2
= s (e )+ o) = o (T (a2 + e () — o) )

= coswt |[+2z) —isinwt |—2)

as above.

7.7.20 Spin = 1 particle in a magnetic field

[Use the results from Problem 9.15]. A particle with intrinsic spin = 1 is placed
in a uniform magnetic field B = Byé,. The initial spin state is [(0)) = |1,1).
Take the spin Hamiltonian to be H = wyS, and determine the probability that
the particle is in the state |¢(¢)) = |1,—1) at time ¢.

We have B = Boé,, H= wOS'I and

1
[¥(0)) =[1,1)={( 0
0
From problem 9.7.15 we have
1
LD, =3 v2 | =5ILD)+Z1,00+31,-1)
1
1
_ 1 _ 1 1
|170>x - /2 01 - /2 |171> V2 |17 1>
1
-1, =2 —v2 | =311 =210 +35[1,-1)
1
Therefore,
F(LL90) =, (1111 =}
x<1a_1‘¢(0)>:9€<17_1 ‘ 171>:%
Now,

HI1,1), = woS,|1,1), = fiwg [1,1),
H[1,0), = woS,|1,0), =0
H |17 _1>g; = wOSx |17 _1>;E = —hwo |1a _1>g;
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Then,

1 1

i s " 1
t — —iHt/h 0 — —iHt/h 1.1) = —iHt/h [ 1.1 1.0 N
90 = e TR [p0)) = e A 1,1y = U (2 101), + = [1,0), + 3
1 .
= _g ot I1, 1)1, +

1.
— Jiwot 1 71
2 >x+26 | ) >

x

1
— 1,0
ﬂ'

Going back to the z—basis we have

1 1 1
1 . .1 1 1 1 . 1
t :76—1w0t7 2 4+ 0 +*6w}0t7 /2
O T IEl R v W Rt A B
1 1+ coswypt
:i —V/2i sinwot
—1 + coswgt
Finally,
1 1 + coswypt
P(S. = —hit) = [{1, -1 | (t))]* = [(0,0,1) 3 —V/2isinwot
—1 + coswpt

1 2 wot
=|Z(=1 | = sin® 2%
2( + cos wot) sin” =

NOTE: When wot = 7, P(S, = —h;t = 7/w) = 1. Since U(t) = e~Ht/h =

—iWQtSI/h
’

e when wot = 7, the spin has precessed by 180° about the x—axis,

-1, )

turning a spin-up along the z—direction state into a spin-down along the z—direction

state.

7.7.21 Multiple magnetic fields

A spin—1/2 system with magnetic moment i = pod is located in a uniform
time-independent magnetic field By in the positive z—direction. For the time
interval 0 < t < T an additional uniform time-independent field B; is applied in
the positive x—direction. During this interval, the system is again in a uniform
constant magnetic field, but of different magnitude and direction 2’ from the
initial one. At and before t = 0, the system is in the m = 1/2 state with respect
to the z—axis.

We have B = ByZ + By so that the B—axis (call it ) makes and angle
By
0

f = tan~?

with the z—axis. Therefore

[+2') = cos & [+z) +sin & |—2)
|—2) = —sin & [+2) + cos & |—2)

[¥(0)) = |+2)
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(a) At t = 0+, what are the amplitudes for finding the system with spin
projections m’ = +1/2 with respect to the z’'—axis?

We then have
P(+231 = 04) = [(+2' [ 9(0)* [(+2' | +2)|* = cos? §
P(=2'5t = 04) = [(=2' [ (0))[* |{=2" | +2)|* = sin* §
(b) What is the time development of the energy eigenstates with respect to
the z’ direction, during the time interval 0 < ¢ < T'7?

In this interval, the Hamiltonian is

. - R R B B cosf  sinf
H = —ji-B = —po(Bo6.+B16,) = —pio ( BT —éo ) = _“OB( sinf —cos6 )

where B = /B3 + B?. The corresponding eigenvalues/eigenvectors are

Ei = FpoB = Fuo\/B§ + B}

|Ex) = |F2")

as expected!

¢) What is the probability at t = T of observing the system in the spin state
g

m = —1/2 along the original z—axis? [Express answers in terms of the

angle 6 between the z and 2’ axes and the frequency wy = 0B/}

Using spectral decomposition, we then have

0(0 _ efilzlt/h — efi,uoBt/h |7Z/> <7Z/| + 6iyoBt/h |+Z’> <+Z/|
so that
[$(2)) = U@) [$(0)) = U(t) [+2) = e 0PN |=2) (=2 | +2) + 0PUM |42) (+2 | +2)

= —sin ge*“‘(’Bt/h |—2") + cos gei”OBt/h |+2")

and
2 .0 —ipoBt/h / 0 ipgBt/h / ?
P(=5T) = |(~2 | $(T) = | —sin geM0BUM (—z | —2') + cos ZeoB/M (—5 | 1)
0 _, o 0, 2 o L0 Bt
— | _ain 2 Y _—iuoBt/h T 7 siuoBt/h|  _ 227 27 2 Ho
sin > cos 26 + sin 5 cos 26 4 sin 5 cos > sin 7
2 HoBt

= sin? @ sin

h
7.7.22 Neutron interferometer

In a classic table-top experiment (neutron interferometer), a monochromatic
neutron beam (A = 1.445A) is split by Bragg reflection at point A of an inter-
ferometer into two beams which are then recombined (after another reflection)
at point D as in Figure 7.1 below:
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Figure 7.1: Neutron Interferometer Setup

One beam passes through a region of transverse magnetic field of strength B
(direction shown by lines)for a distance L. Assume that the two paths from A
to D are identical except for the region of magnetic field.

This is a spinor state interference problem. We consider a neutron in the beam.
In the region where the magnetic field is B the Schrodinger equation for the
uncharged neutron is

h? -
<—v2 - ,u&-B) Y =FEy

2m

(a) Find the explicit expression for the dependence of the intensity at point D
on B, L and the neutron wavelength, with the neutron polarized parallel
or anti-parallel to the magnetic field.

Suppose that B is uniform and constant. Then

G(tr) = e H =t Ry (1)
where

top = time when neutron enters field region
t; = time when neutron leaves field region

We then write

P(t) = (7, t)(8,t) = (space - part)(spin - part)

which implies that

(2 2 _
U7, 1) = & (7))
V(3 1) = e/ B)tt)/hy (g 4

The interference effects arise from the action of B on the spin-part of the
wave function.
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Now (7, t) is the wave function of a free particle so that

g = LML
YTy Tk
and thus o 2
¢(§,t1) = eZ(HU'B)mL)\/Qﬂ'ﬁ 1/J(§, to)
where
2r  mo
k= ~ = I = neutron wave number

The intensity of the two beams at D is proportional to

T e v )|

i(ue-B 2
= [¥(5, t0)| ’1 + el(‘m'B/B)mLAB/zwh2

’w(l) 7, (1)( )+¢(2)( ) (2) 5t

= ‘w(ga tO) + w(g, to)ei( ué- B)'mL/\/QTrh2

. 2
. 2 pmLAB . B . umLA\B
= 1 .2 ogip B2
(S, t0)[™ |1+ cos =5 ma— +i0 - psin =
Now,
. B "
d-==

iz o

depending if ¢ is parallel or antiparallel to B. We then have

I = intensity of interference at D

2
_ 1 g cos PAB L BEAB
2mh? 2mh?
LAB\? L\B
= (1 + cos L;l 2 > + sin? LT; =
T T
B 9 pmLAB
=4cos i

(b) Show that the change in the magnetic field that produces two successive
maxima in the counting rates is given by

AB — 8m2he
e[ gnAL
where g, (= —1.91) is the neutron magnetic moment in units of —eh/2m,,c.

This calculation was a PRL publication in 1967.

The separation between the maxima is given by

umLAAB 42 p? 4722 8m2hc
Amh wm L\ (aneh> mL\ I
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7.7.23 Magnetic Resonance

A particle of spin 1/2 and magnetic moment p is placed in a magnetic field B =
Byz + By coswt — Bygsinwt, which is often employed in magnetic resonance
experiments. Assume that the particle has spin up along the +z—axis at t = 0
(m, = +1/2). Derive the probability to find the particle with spin down (m, =
—1/2) at time ¢t > 0.

We have a spin = 1/2 particle in a magnetic field
B= Byz + B1Z coswt — Bygsinwt

The Hamiltonian is

. I h
H=-—~S-B= —75 (Bo6> + B1 coswtd, — By sinwtdy)

We first make a transformation to a rotating frame of reference. The equations

ihgy () = H [i)(1))
[ (1)) = e~ 5t5=/P g (1))
give
h%é‘wtgz/h W, (1)) = FeiwtS:/h by (2)

)
ifiei S /0 |45, (1)) — w8 eWIS<R |y (1)) = HewtS=/M yp, (1))
ih% W)r(t» _ we—zwtsz/hszezwtsz/h |¢r(t)> + e—zthz/hHezthz/h |¢r(t)>

d hw |
ih— [n(t)) = === (1))

B o
- 7567“’“’2/2 (Bo6. + By coswtd, — By sinwtéy,) e%=/2 |, (t))

d hw
th— |- (1)) = —6, | (t
i (1) = 5 (1)
h Boe—iwtéz/Z&zeiwt&z/2 .
5 +B; coswte_ma'z/zﬁme“t&z/z - B Sinwte—iwt&z/Qé.yeiwt&z/Q |w7“( )>

.
. d hw
ih g 1 (1)) = 56 [00(1)

—73 (B()&z + B coswte “0=/25 ¢wto=/2 _ B gin wte*“”wzﬂ&ye“’t”z/?) [, (1))

Now ; ;
. N w N . w
eTWt0=/2 — (¢og > + 40, sin —

2
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and therefore,

5 wt wt wt wt
e Wt0:/25 oiwto=/2 (COS 3~ 10, sin 2> o <cos o) + 40, sin 2)

5wt o owt o wt Lowt

= cos” -0y + % cos 5 sin [6z,6.] + sin 5 020202
o wt . oowtoowt = owt

= cos” -0y + icos - sin— (—2i6,) + sin 5 (1646)
5 Wt 4o wt . wt . g Wi,

= cos® —0& cos — sin — 4, — sin® —a&

2 " 2 2 Y 2 "
= coswtoy, + sinwtdy
and similarly,
eﬂm&z/zc}yei‘*’t&z/2 = —sinwtd, + coswtdy

Therefore,

d hw
ih— [Ur (1) = 6= (1))
h ( By6, + By coswt (coswtd, + sinwtdy) ) e (1))

7 — B sinwt (— sinwtdy, + coswtdy)

i (1) = o 1)
h < Bot- + B ( c0s wt) & + 3 sin 2wtdy) ) [ (1))

141
2 — B sinwt (27 é %cos 2wt) Oy + = sin 2wt )

d hw |
Zh% [V, (t)) = 70% (1))

_ _h( Byo.+ By ([’ % (cos 2wtd, + sin 2wtay)) o (1))
75 — By sinwt (f% + 1 (cos 2wt + sin 2wtdy)) "

Mw — wo) .

d Tw
Zh% W)r(t» = 9 ——F—0: |wr( )>77

| S

G [P0r(t)) = 5 (W —w0)G2 — w162) |¥r (1))

where
wo =vBy and w1 = vB;

We then have

[N

m% [0 (8)) = 2 ((w — wo)F — wi6a) [0 (£)

Manipulating this equation we get
4 [ (8)) = —Z* & |¢r (1))
dat'T "
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where
A W —Wo . w1 . 2
6 =6, — —6, and Q% = (w —wp)” +w?

Q Q

Since 62 = I we can write

_iQ2ts
(1)) = €727 [¢(0))

and then o o

et/ (1)) = =¥ [(0))

. & S Qt A

[9(1)) = et5=/Re™ 27 [4(0))
The last equation is the time development equation for the system state vector.
The initial state is

Therefore,

pon =14 = 4 |
[(t)) = etS=/h (Cos % — i sin Qt) <

1

2 0
4 g 2t Q —
_ LiwtS:/h COs =5 e et w — Wo 1 _ ﬂ 0
€ (< 0 > 181n 5 < Q 0 Q 1

A Qt _ jw—wg i Qt _ jw—wo iy QY Liwt/2
_ ezthz/h ( COSs 2 1 QQt Sin 2 ) _ < (COS B} 1 Qﬂt SH,l )52/2) e )
L Qt cwW1 iy Q2 —iw

(3 Q Sin 2 (2 Q Sin 3 e

~

Therefore, finally
(1)) = ( (cos G — 350 sin 1) ett/2 )

w1 iy Ot —iwt/2
g sin e

Q1 - AN Ot .
= (cos YT g > ewt/2 |z+) + 2L in 73_’“/2 |z—)

2 Q 2 Q
and
at . 2 2
P(z=) = [(z— [ 9()[* = z% sin ?e*m/? (%) sin? —
Alternative solution using differential equations
We have
H= —’75- B= —5 (wob > + w1 coswtdy — wi sinwtdy)
h R h 0 eiwt
BRI R
Then

~—
gt

ing; () = H [yt

()=l W) (5) () (5)



so that

a = swoa + tw1e™'h
b= —3fwob+ twie "“a
We guess solutions of the form
a = aerJgt/Q , b= Be—zwot/Z

which gives
(j.z _ i%ei(—w(,—l-w)tﬁ
B _ i%efi(fwngw)ta
Now assume that
a= Alei(7w0+w+£2)t
8= AQSiQt

Substitution gives
(—(JJO +w + Q)Al - %AQ =0
-5 A + QA =0

These homogeneous equations have a non-trivial solution only if

—wo+w+N - w
o 3 ‘oa(wo+w+9)410
2
so that
w — Wy w—wy
QL = + - — = + —
* 2 (W= wo)” +wy 2 2
where
Q =/ (w—wo)® +w?
Therefore, the most general solutions are
ﬁ — A2+eiﬂ+t + Ag,eiQ*t
_ 12 ji(~wotw)t B _ 2 i(—wotw)t Q4 t iQ_t
o = wle 0 6 = wle 0 (Q+A2+e 4 Q_Ag_e )

The initial state is
cor-ten=(3)- () -

O - A2+ + A2_
1= 2 (Q Ay +Q_A5.)

Therefore,

or
w1 w1

1
Agy =—Ay =-—1 2L
>t T 20, —0. 20
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so that

b(t) — ﬂ(t)efiwot/2 — efiwgt/2A2+ (ei§2+t _ eiQ_t)

w Cw—w . .
zwot/261492 tA2+ <€th/2 —e th/Q)

250091 (g
Q 2
2
ot ising
Q 2

=€

— e*lwot/Qel

Finally,

2

“iwot)2 i _wi oo Sl
e = —Lsin

02 2

P=bt)* =le

as in the earlier discussion.

7.7.24 More addition of angular momentum

Consider a system of two particles with j; = 2 and jo = 1. Determine the
|7, m, 1, j2) states listed below in the |j1, mq, j2, m2) basis.

13,3, 51,2) 5 13,201, 02) 5 13, 1,01, 02) 5 [2,2,51,52) 5 (2,151, J2) 5 (1, 1,1, 52)
We have 2@ 1 =1@ 2@ 3. Now in the |my, ms) basis
j1=2—>m;=22,41,0 - 5 states and jo =1 — mo = +1,0 — 3 states
so that we have a total of 5 x 3 = 15 states.
Similarly, in the |J, M) basis
J=3—>M=243,£2,+1,0 — 7 states
J=2—>M=%2,+1,0— 5 states

J=1— M =41,0— 3 states

for a total of 7+ 5 + 3 = 15 states.

We now use Clebsch-Gordon coefficients technology to construct the |J, M)
states from the |my, ma) = |my, m2),, states.

Remember

T ljym) = h/5G +1) = m(m = 1) [j,m = 1)
The highest |J, M) is |3,3) = |2,1),,. Therefore,

- [3,3) = V6R[3,2) = (Ji- + Jo-)[2,1),, = 2R[1,1),, + V2R[2,0),,
—13,2) = /2 ]1,1),, +\f|2o
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and

J_Bﬂ>:Vﬂm3J>:(h_+J%J<¢z1J%f+¢g2ﬁ%)
=\/§\/6h|0,1> \/>2h|10 \/>fh|10 ffhp ).
— |37 1> = \/§|1»0>m + \/§|07 ]‘>m + \/E|27_1>m

2,2) =all,1), +b2,0 . at+br=1
| m m

2 1
212,2) =0=14/= =b
(3,212,2)=0 \/;H\/;
1 2
5 —./z b= —4/2
Masa=fgor=nify
1 2
2,2y =4/=|1,1) —+4/=|2
2,2) \/gl,%n \/g|,0>m
Then
1 2
J- |272> = 2h|2a 1> = (Jl— + ‘]2—) <\/;|1a 1>m - \/;|2a0>m>

:\/gx/émo,mm—\[%uo \/>\fh|10 \/>\fh|2 )
‘”Z”:VEMUW_VEWWW_VEM_”

I1,1) =al0,1), +b|1,0), +c|2,-1),  , a®+b+F=1

Now

and

which gives

so that

Finally,

and

2,111,1)=0=1/la—/tb— /e

(3.111,1)=0=/2a+/Eb+ /e
so that

c=+v6a , b=—+v3a

a= %O—HJ:—\/% , c—\[
and

1
1,1) =4/—10,1) — 1,0),, 2,—
L) =\ 00—y 2 0, + 2 R,



7.7.25 Clebsch-Gordan Coefficients
Work out the Clebsch-Gordan coefficients for the combination

3 1
293
We have that
Selotan
2 2
The maximum state is |j = 1,m =2) = |2,2) which is written as |2,2) =
%, %>a %, %>b. From the general formula for ladder operators we have

Ji|jm) =/j(j+1) —m(m £ 1)[j,m£1)

where we have chosen i = 1 for convenience. We then have

T2 =21 = (724 ) [ 8)° 183 = VIS B 3.5 + 13 8)°
A T R T T
and
a 1 a
= VB0 = 2+ ) (1 1 182 1)
\/g a b \/g a b \/g a b
= 8- 0 5 5D+ 1 D )
1 a b 1 a b
S0 = 3 B+ 8 D
Similarly,
V3 a p 1 a b
2= 4 b+ L3I
and ,
2,-2) =[3,-3)"|3.-3)
To find the |1, m) states we start with |1, 1) which must be a linear combination
L1 =al2 )7 148 01227 141
with
a® +b* =1 and <1,1|2,1>:0:§a+%b
or
b=—\/§@—>4a2:1—>a:%—>b:_§
so that /3
1 a b 3 a b
L =3I D - LI -



Using the same procedure as above we find
1
3 -
’l
2

All states are automatically normalized to unity and all orthogonality relations
are satisfied.

7.7.26 Spin—1/2 and Density Matrices

Let us consider the application of the density matrix formalism to the problem
of a spin—1/2 particle in a static external magnetic field. In general, a particle
with spin may carry a magnetic moment, oriented along the spin direction (by
symmetry). For spin—1/2, we have that the magnetic moment (operator) is
thus of the form:

.1
Hi = 5701'
where the &; are the Pauli matrices and v is a constant giving the strength of
the moment, called the gyromagnetic ratio. The term in the Hamiltonian for
such a magnetic moment in an external magnetic field, Bis just:

H=-ji-B
The spin—1/2 particle has a spin orientation or polarization given by
P = (5)
Let us investigate the motion of the polarization vector in the external field.

Recall that the expectation value of an operator may be computed from the
density matrix according to
(3) =10 (3

In addition the time evolution of the density matrix is given by

Determine the time evolution d.ﬁ/ dt of the polarization vector. Do not make
any assumption concerning the purity of the state. Discuss the physics involved
in your results.
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Let us consider the i*" component of the polarization

dP;  d{o;) . d . Op
i o =1 il —zaTr(pal) —zTr(aol)

= Tr( [f{,;s] 0;) = Tr(Hpo; — pHo;)

= Tr(oHp — Hop) = Tr( [0 H} /)

3

1 1 . .

= —TT([O‘i,M . B] p) = —§7Tr oZy E G;Bj| p
j=1

3

1 s

= —§VZBJ'TT([U¢70'J'] p)
j=1

To proceed further, we need the density matrix for a state with polarization P.
Since rho is hermitian, it must be of the form

p=a(ll+b-3)

that is, {f, 6’} are a basis set for all 2 x 2 matrices. Buts its trace must be one,
so that

Trp=1=a(Tri+Trb-5)=a(2+0)=a=1/2
Finally, to get the right polarization vector, we must have

—

Tr (p3) = (3) = P = a(Tré + Tr ((5- 5)5))

1 N L
= S(0+17 ((b a)a) = ST ((b ) )
Now
b ((b 5)5):(19 F)(b-5)=0b-b+ic-bxb=b-b
or R .
(b-8)5 =1b
so that .
o . - b A o
P=Tr(ps)=-Tr ((b a)a>=§TrI:b

3 3
00 _EVZBJ‘ {TT([&h&j]) + 2 PiTr((63, 5] &k)}

k=1

Now [6;, 6] = 2ie;;,0%, which is traceless. Further,
Tr([&i,ﬁj] &k) = 2i6ijkTT(6'ka'k) = 4i5ijk
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This gives the result

dP; 3 3
i = 12D cunBib
j=1k=1
or .
P
& —yPxB
@~

which implies that P precesses about the direction of B.

7.7.27 System of N Spin—1/2 Particle

Let us consider a system of N spin—1/2 particles per unit volume in thermal
equilibrium, in an external magnetic field B. In thermal equilibrium the canon-
ical distribution applies and we have the density operator given by:

67Ht

Z

ﬁ =
where Z is the partition function given by
zZ="Tr (e_H t)

Such a system of particles will tend to orient along the magnetic field, resulting
in a bulk magnetization (having units of magnetic moment per unit volume),
M.

(a) Give an expression for this magnetization M = N~(&/2)(don’t work too
hard to evaluate).

Let us orient our coordinate system so that the z—axis is along the mag-
netic field direction. The M, = M, =0, and

1 1
M. = Noy(oz) = NygTr (e_H/TJZ)
where H = —vB,0,/2.

(b) What is the magnetization in the high-temperature limit, to lowest non-
trivial order (this I want you to evaluate as completely as you can!)?

In the high temperature limit, we will discard terms of order higher than
1/T in the expansion of the exponential, i.e.,
H vB.,

HIT 1= =1
€ T~ or

Thus,

_ 1 B, _ 9
M, —N’yﬁTT ((1—1— 5T ) 02> = Nvy'B,—
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Furthermore,
Z="Tr (e—H/T) =2+ 0(1/T?)
so we have the result
N+*B,
4T

This is referred to as the Curie Law for magnetization of a system of
spin-1/2 particles.

M, =

7.7.28 In a coulomb field

An electron in the Coulomb field of the proton is in the state
4 3i
[¥) = £ 11,0,0) + Z2.1,1)

where the |n, £, m) are the standard energy eigenstates of hydrogen.

(a) What is (E) for this state? What are <

h>
\/
7~
~
8
~_—
I
=
(oW
7~
~
8
~_
~

(E) = E\P(Ey) + E;P(E >=(%)2(—%ucza%;(%f(—éuczaz)=—%ue?a2
(L2) = (PNP((L2) + (D)2P((L2)2) = () (0) + (2) (202) = 352
(L2) = (L)1 P((L2)1) + (L2)2P((L2)2) = (2)7(0) + (2)" (h) = &h

(b) What is |¢(¢))? Which, if any, of the expectation values in (a) vary with
time?

Now
—ifit/h 4 _ipn 3l _imat/n
lU(t) =e [¥(0)) = e 11,0,0) + ¢ 12,1,1)

e (i.01] = [i1.22] = [f10] =0
and )
TA _ Ll [A.4) 1)

all expectation values are independent of time.

7.7.29 Probabilities

(a) Calculate the probability that an electron in the ground state of hydrogen
is outside the classically allowed region(defined by the classical turning
points)?
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The classical turning point occurs when the kinetic energy is zero, that is,
when the total energy equals the potential energy. Therefore,

2 1 2e? h
L By = —-pcta® = ry = % =2— = 2q9
n 2 ueta pea
Now for the ground state
1 3/2
Rt =2 (1) i

ag

and the probability of being outside the classical turning point is

P(r>ry) = /Rfo(r)vﬂdr = ;8 / e 2r/wor2dy
2a0 2a0
4 [r2e—2r/a0 2 e—2r/ao 2r T:oo
T @ | (—2/a0)  (—2/a0) (—2/ag)? <“0 - 1>]r_2a0
4e~4

= [2a3 + iag] =13¢7* =0.24
An electron is in the ground state of tritium, for which the nucleus is
the isotope of hydrogen with one proton and two neutrons. A nuclear
reaction instantaneously changes the nucleus into He3, which consists of
two protons and one neutron. Calculate the probability that the electron
remains in the ground state of the new atom. Obtain a numerical answer.

Now

7\ 32
Rio(r) =2 <> e 7r/e
ao

For tritium in the ground state we have

|indtial) = |1,0,0; Z = 1)
|final) =11,0,0; Z = 2)

Therefore,
(final | initial) = /d?’r (final | ) (7| initial) = /R1ZO:2R120:17"2d7“
0
4y [ 93/2
= —323/2/6737”/“07"2&{‘ =873
ag 3
0
Therefore,
232> 64.8
P(remain) = |(final | initial)|* = ’833 = CRE =0.70
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7.7.30 What happens?

At the time ¢ = 0 the wave function for the hydrogen atom is

(7, 0) = (2¢100 + 10 + V2211 + \/§¢21—1)

1
V10
where the subscripts are the values of the quantum numbers (ném). We ignore

spin and any radiative transitions.

(a) What is the expectation value of the energy in this state?

(E) (4, + Ea + 2B + 3E»)

1
(| H [¢) = ZEP =5

1
= £ (2B1 + 3By) = 0.55E) = ~0.55(13.6) = ~7.47eV/

(b) What is the probability of finding the system with £ =1, m = 41 as a
function of time?

Put) = 12,1,1 [ 6() = [{2,1,1] e~/ (o))

g (L 2e7"F1/M1,0,0) + e P20 (2,1, 0)
Y +v2e7 B2t/ 2.1, 1) + V/Be T F2t/M 2,1, 1)

2

(c) What is the probability of finding an electron within 1071% em of the
proton (at time ¢ = 0)? A good approximate result is acceptable.

Let & = 10~ 9%¢m. Then we have

1
P(r<a;t=0) /1/) YridrdQ) = —O/ (4R3, + 6R3,)rdr
0

2
e a=ay=529x10"%m

_ = —2r/a _
RlO a e ) R21 24ab

Since r < o << a we can make approximations

4 2r 9 r? T
Rlo_cﬁ(l_a) =g (1_%>



Therefore,

44 2% 6 1 r
P t=0)= —— [ (1= )24 (17—>4d
(r<e;t=0) 10a3/( a)T T+1024a5/ 2a)" "
0 0

(d) Suppose a measurement is made which shows that L = 1, L, = +1.
Determine the wave function immediately after such a measurement.

Now a measurement gives L. = 1, L, = +1. Since n > L + 1, we have
n = 2. Therefore, after the measurement

|’(/)> = CO |27 1a 0> + C+ ‘27 17 1> + C- |27 17 _1>

Since the measurement gave L, = +1, the collapse postulate says that we
must have

Lo |¢) = CoLy |2,1,0) + Cy Ly [2,1,1) + C_ L, 2,1, -1)
= |¢> = CO |27 170> + C—i— ‘25 17 1> + c_ |27 17 _1>

1
— 5 (\/500 ‘25 1? 1> + \/§(C+ + C—) |2a la 0> + \/500 |2a 1; _1>)
- C’0 |27 1a 0> + C+ |2? 17 1> + c_ |27 17 _1>

c 1
SOy =0 :7‘;% %) = 5Co (2\2,1,0>+ﬁ|2,1,1>+f2|2,1,f1>)

Normalizing gives Cy = 1/v/2 so that
1
) =5 (V212,1,0) +12,1,1) + [2,1,-1))

7.7.31 Anisotropic Harmonic Oscillator
In three dimensions, consider a particle of mass m and potential energy

mw2

V(i) == [1 -7 +y*) + (1 +7)2
where w > 0 and 0 < 7 < 1.

(a) What are the eigenstates of the Hamiltonian and the corresponding eigenen-
ergies?
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The eigenvectors of the Hamiltonian in configuration space are

(W““)
(F)

w=w) =wr=wVl—7 |, ws=wVv1l+T

The corresponding energy eigenvalues are

mb—‘

,l/]’nl’ngn;; (xla x27x3) = 6

mb—A

with

E(n1,na,n3) = iwg(ny + na + 1) + Aws(ns + 1/2)

Calculate and discuss, as functions of 7, the variation of the energy and
the degree of degeneracy of the ground state and the first two excited
states.

For generic values of 7, the degeneracy is the same as that of the 2-
dimensional oscillator. In fact, we can write

E(n,n3) = E(n1,ng2,n3) = hwo(n —nz + 1) + hws(ns + 1/2)

where n = nj +ny +ng. For given n and ng all the eigenvectors with ny =
0,1,2,....,n—ng have the same energy, so the degeneracy is n—ng+1. The
ground state corresponds to n = 0 = ng, so this state is not degenerate.

For n =1, there are two different energy levels,

E(1,0) = 2hwv1 — 7+ ShwyI+ 7
E(1,1) = hwy/T =7 + hwyT+7

E(1,0) has degeneracy 2, while E(1,1) is not degenerate. Since
E(1,1) - E(1,0) = hw(vV1+7—-V1-7)>0
for 7 > 0, it follows that
E(0,0) < E(1,0) < E(1,1)

For special values of 7, the degeneracies can be accidentally higher. For
example, if 7 = 0 we have an isotropic 3-dimensional oscillator and the
energy levels depend only on n and the degeneracy of the nt" level is
(n+1)(n+2)/2. Then E(1,1) = E(1,0) and this level is triply degenerate.

There are other values of 7 for which degeneracies are higher than the
generic values. For examples, for 7 = 3/5,

Vitr=2/1-7
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and then
E(n,n3) =hw(n+ns+2)vV1—r1
In this case
E(0,0) = 2hw/1 — 1
E(1,0) =3hw1—71
E(1,1) =4hwy1—71

so the levels remain separated. However, for n = 2, we have the levels

E(2,0) = dhwy/I— 7
E(2,1) = 5hwy/I— 7
E(2,2) = 6hwyv/I—7

so that the three eigenvectors corresponding to E(2,0) are degenerate
with the eigenvector corresponding to E(1,1). The energy level is thus
quadruply degenerate for this particular value of 7.

Evidently, similar coincidental degeneracies occur whenever 7 is such that
V14 7= N+1—7, with N a positive integer.
7.7.32 Exponential potential

Two particles, each of mass M, are attracted to each other by a potential

V(r)=— (i) e r/d

where d = h/mc with mc? = 140 MeV and Mc? = 940 MeV.

(a) Show that for ¢ = 0 the radial Schrodinger equation for this system can
be reduced to Bessel’s differential equation

d®J,(x)  1dJ,(z) 0
a2 Trode T\ Tz ) @) =0

by means of the change of variable x = ae™" for a suitable choice of «
and S.

When ¢ = 0, the radial wave function R(r) = x(r)/r satisfies the equation

de M g2 —r/d
Cl’l“2+h,2(E+de / XZO

where u = M/2 is the reduced mass.

Now, changing variables: © — 2 = ae™#" | x € [0,a] and writing x(r) =

J(x) we get
d _ded _ _goo—Brd _ _g.d
dr2 — drdz 6046 wa - dew )
d __ dx d d\ _ dx d d\ _ d d
e = o (@) = Gras (FPr) = =B (—5% —WW)
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Therefore,

We now choose

729 71 274d2M|E\
a=pVvMd o B=og s =

so that the equation becomes Bessel’s equation of order p

d>J,(x)  1dJ,(z) p?
i (1‘xz) Jo(@) =0

The solution (unnormalized) is

X(r) _ Jp(ae™?T)

Suppose that this system is found to have only one bound state with a
binding energy of 2.2 MeV. Evaluate g% /d numerically and state its units.

For bound states we require

lim R(r) — 0 — J, remains finite or p > 0

T—>00
R(r) must also be finite at » = 0, which means that x(0) = J,(a) = 0.
This equation has an infinite number of real roots.

For

2d 2 2
me

The graph below shows some contours of J,(c) for different values of the

function in the o — p plane. The values are indicated by the contour

markers (see OCTAVE code below).

OCTAVE code:

n=0.05%(0:40) ;x=0.05%(0:160) ;
nx=length(x) ;nn=length(n) ;
ox=ones (1,nn) ;xxx=x(:)*o0x(:)’;
on=ones (1,nx) ;nnn=on(:)*n(:)’;
zz=besselj (nnn, xxx) ;

figure

[C,h]=contour(nnn,xxx,zz,[-0.3,-0.2,-0.1,0.0,0.1,0.2,0.3],7-k’);
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clabel(C,h);

hold on

plot([0.65,0.65],[0.0,8.0],’--k’)

xlabel (’\rho’, ’FontSize’,20)
ylabel(’\alpha’,’FontSize’,20)

title(’J_\rho(\alpha) in \rho-\alpha plane’,’FontSize’,20)
hold off

J‘(o) in ¢-c plane

¥

0
>

Figure 7.2: J,(a) contours in the o — p plane
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The lowest zero of J,(«) for p = 0.65 is a = 3.3. This corresponds to
the intersection of the vertical (dashed) line from p = 0.65 and the 0.0
contour. The next intersection is oo = 6.6.

Thus, for @ = 3.3, the system has only one ¢ = 0 bound state, for which

g° ha? hmc?a?

he  AMed . AaMe 0.41 (dimensionless)
C C c

(c) What would the minimum value of g?/d have to be in order to have two
¢ = 0 bound state (keep d and M the same). A possibly useful plot is
given above.

For oo = 6.6, there is an additional £ = 0 bound state. Thus, the minimum
value of « for two ¢ = 0 bound states is 6.6, for which

7.7.33 Bouncing electrons

An electron moves above an impenetrable conducting surface. It is attracted
toward this surface by its own image charge so that classically it bounces along
the surface as shown in Figure 7.3 below:

y A

e

A AAs

> 7777771777

Figure 7.3: Bouncing electrons

(a) Write the Schrodinger equation for the energy eigenstates and the energy
eigenvalues of the electron. (Call y the distance above the surface). Ignore
inertial effects of the image.

We consider an electron above an impenetrable conducting surface (, y, 2)
and its positive image charge (x,—y,z) as the system. The potential
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energy of the system is

V() = ;qu = % <(+e) <2;) +(—e) (;;)) _ ZZ

and the Schrodinger equation is then

h_, €
(_va - 4y> U@y, 2) = BY(x,y, 2)

What is the x and z dependence of the eigenstates?

Separating the variables we have

w($27 y’zz) = ¢n(%)@w($)@2(3)
— L L) ey (y) = Eytha(y)

SE LoD _ o), —£LEE = o)
bE= 2%1 + 2p;z + By
Note that since
2
V(F) = —
depends only on y, p, and p, are constant of the motion. Therefore,
pule) = PN (z) = el

so that _
U,y 2) = Galy)e P70

What are the remaining boundary conditions?

The remaining boundary condition is

Y(z,y,2) =0 for y<0

since that region is inside the conductor.

Find the ground state and its energy? [HINT: they are closely related to

those for the usual hydrogen atom|]

Now consider a hydrogen-like atom of nuclear charge Z. The correspond-

ing radial Schrodinger equation for R(r) = x(r)/r is
n? d*>x  Ze? L+ 1)h2
S\ Bl Sl Ny AL )
2m dr? T x+ 2mrz X X

Now, when ¢ = 0, we have



which is identical to the bouncing electron equation with the replacements

1
Ty o, Z—>Z

Therefore, the solution for the bouncing electron ground sates is

Z 3/2 Z/ h2
¢1(y):leo(y)=2y(a> e~ %Y L A=

With Z = 1/4, we have

m62 3/2 me?
V1(y) = yRio(y) = 2y (4712) e Y

Note that the boundary condition (c) is satisfied by this wave function.

The ground state energy due to the y—motion is then

5o Z2me4_ met
Y 22 32Rm2

(e) What is the complete set of discrete and/or continuous energy eigenvalues?

The complete energy eigenvalue spectrum for the quantum state n is

> _ met 1 ﬁ p?

mPePe T 830p2 p2 T oy 9y

with wave function
¢n7pm Pz (.'1/'7 y’ Z) = ARnO (y)ei(pmm""pzz)/h

where A is the normalization factor.

7.7.34 Alkali Atoms

The alkali atoms have an electronic structure which resembles that of hydrogen.
In particular, the spectral lines and chemical properties are largely determined
by one electron(outside closed shells). A model for the potential in which this
electron moves is

Solve the Schrodinger equation and calculate the energy levels.

The radial Schrodinger equation for the alkali atom is

hQ( > l+1)

e%b

) Ry(r) — er—QRg(r) — T—QRg(r) = FERy(r)

2m \ dr? r2
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This can be rewritten as
G R (")
dr? 72

o ) Ry(r) — %RZ(T) — ERy(r)

where

_ - 1
L0+ 1)=L(l+1)—be* > = -5+ VE+1) —be2 +1/4
The rewritten equation is just the hydrogen atom with ¢ — /.

The hydrogen atom has

Eo— 1 ithk—01,2
- w1 =0U,1,2,.....
2a9 (k+ €+ 1)2 B
Therefore, we now define n = k + £ + 1 as in the hydrogen atom solution and
not n =k + ¢+ 1, which would not be an integer. The alkali energy levels then

become
€2 1

0 (o SRR R - (- 172)]

Note that the energy levels depend on the angular momentum quantum number,
£, as well as the principal quantum number, n. We need to restrict the parameter
be? < 1/4, to ensure that all these energy levels are real.

The accidental degeneracy of the hydrogen atom has been lifted.

7.7.35 Trapped between

A particle of mass m is constrained to move between two concentric impermeable
spheres of radii r = a and 7 = b. There is no other potential. Find the ground
state energy and the normalized wave function.

The standard radial equation is

Ld <r2dR> T (2’” (B - V() - WH)) f=0

V)t =
Substituting R(r) = x(r)/r we have
d*x 2m Ll+1)
drg"'[hg(E—V(T‘))— 2 }X—O

These equations are valid for a < r < b.

For the ground state, £ = 0. Using V(r) = 0 between the shells and letting
K? = 2mE/h?, we have

ng 2 : .

) + K*x = Owithx(a) = x(b) = 0 (impermeable walls)
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The general solution is

x(r) = Asin Kr + Bcos Kr
x(a) =0= AsinKa+ Bcos Ka — £ = —tan Ka

We choose
A=CcosKa , B=-CsinKa

Therefore,

x(r) = C(cos Kasin Kr — sin Kacos Kr) = C'sin K(r — a)

Now,
X(b):0:CSinK(b—a)—>K:bmr ,n=1,2,3,...
—a
Normalization:
b b 5
/TQRZdrzlz/Xer—)C':
b—a

so that

[ 2 1 —
Ryo(r) = b —ar sin 7r(br_ aa) since ground state is n =1

Finally, the fully normalized wave function is

1 2 1 . w(r—a)
C VarVb—ar b—a

() = Rio(r)Yoo ()

7.7.36 Logarithmic potential
A particle of mass m moves in the logarithmic potential
V(r) = Ctn (T)
To
Show that:

(a) All the eigenstates have the same mean-squared velocity. Find this mean-
squared velocity. Think Virial theorem!

We have . .
() = o3 (F) = o3 [ 0@ 0(e)

m2

For a stationary state, the virial theorem gives



Therefore,

()= 5 (%)= 2 () = (7 vv< ")) notag (7.2)
:%/d?’rrdir (CZ :) dgrww—g

which is true for any eigenstate.

(b) The spacing between any two levels is independent of the mass m.

F )
OE, _[oH\ /[ P\ _ 1 (i) = <
om om 2m?2 2 2m

This says that

We have

OFE,,
om

is independent of n so that

O(En — En_1) C C
Son ol 2 2 0 By — B
om 2m + 2m - !

is independent of the mass m.

7.7.37 Spherical well

A spinless particle of mass m is subject (in 3 dimensions) to a spherically sym-
metric attractive square-well potential of radius rg.

The attractive potential is represented by

Vo 0<r<
V(w)—{ 0 T=TET
0 r> 7y

(a) What is the minimum depth of the potential needed to achieve two bound
states of zero angular momentum? For a bound state 0 > E > —Vj.
Therefore, for ¢ = 0, the radial wave function R(r) = x(r)/r satisfies the

equations
n2 d?x
2md§ —Vox=Ex 0<r<mno
_%W = EX r> To

with boundary condition x(0) = 0 and x(oco) = finite.

We can satisfy these conditions by choosing

x(r) =sinar 0<r<mry
x(r) = Be=P" >y
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where

a= %\/2m(E+ VW) , B= %\/—QmE

Now at 7 =y, x(r) and dx)/dr are continuous, so that
sinarg = Be # | acosarg = —BBe P
which gives
—acotarg = f3

Now defining & = arg , n = fro we have two equations defining the
solutions corresponding to the energy eigenvalues

B 2mVord
= ,

Each set of positive numbers £ and 7 satisfying these equations gives a
bound state of the system.

E+n —Ecoté =n

We can solve the problem graphically as shown below.

X! EP-100
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We have plotted curves representing the equation
—&coté=n
and circles representing the equation

2mVyré
52 + 772 = TO
on an ¢ — 7 plot.

Clearly from the plot, for a given value of Vj, to have two intersections (2
bound states), the radius of the circle (there is only one circle for a given
Vo) must be greater than 37/2 or

2mVord 3r\? 97m2h?
>(—=) = VW2
2 T\ 2 0= B2

This is the minimum potential depth to achieve two bound states of zero
angular momentum.

With a potential of this depth, what are the eigenvalues of the Hamiltonian
that belong to zero total angular momentum? Solve the transcendental
equation where necessary.

We have

or

2n 2 2n 3m 2n 2
f(m) <37r> T 3T tan 2 (37r
= /1 —0.04572 4 0.212n tan (4.712 1-—- 0.045172> =0

If we solve the last equation numerically (find the zeroes of f(n)) to find
1, we get n = 0, 4.444, and then the energy is given by

n hQ ) h2 ,'72
= — E = —— _——
g ro 2m g 2m 7’(2]



7.7.38 In magnetic and electric fields

A point particle of mass m and charge ¢ moves in spatially constant crossed
magnetic and electric fields B = BypZz and £ = &yz.

(a) Solve for the complete energy spectrum.

We choose a gauge such that A= Byzéy and ¢ = —epx so that V x A=
Bgé, and —V¢ = gpé,. We then have

2m

N 1 /., q = ,\2 1 (. . qBo . o .
H=— (p— EA(F)) +ap=— (pi + <py - Cox> +52 | — geo
Since H does not depend on g and Z explicitly, we have
|f.5,] = 0= |f.p.]

so that p, and p, are constants of the motion. That means we can replace
operators by eigenvalues (numbers) to get

1 By \?
H=— (pi + (py - qof:) —i—pi) — qeod
2m c

2132 2 2 2.2
1 5  ¢*B§ (j cpy M 60) 1 5, mc’ef  cpyeo

om* 7 2mc? qBy qB3 om?= 2B2 By
Now let
A é_i_cpy_mczeo w_|e|B0
P =Pz - qBO qu ) - me

We then have

L1 1
H=—p; +

Now,
[Z,pz] = ih — {é,ﬁg} = ih (a new pair of conjugate variables)
This represents a simple harmonic oscillator. Therefore,

1 2.2
By = (n+ 1/2)hw + 5 —p2 — 0 — D0
m

2B B,

, n=0,1,2,.....

(b) Find the expectation value of the velocity operator

1

—

U = —Pmechanical
m
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in the state p'= 0.
A state of zero momentum signifies one in which

py:pz:(): <ﬁx>

Now we have ) 1
U= *Pmechanical = (ﬁ_ gA)
m m C

Therefore,
Lo 1 q/zr q/7 qBo .. .
L= 3(1)=-4() -2
@ == ®-2( . =L (e,
But,
2 2
. - cpy | mcieg  mcieg
D= (s e mm e
@) qBo 4B 453
since .
<§ > = 0 for simple harmonic motion
Finally,
, qBo . Ccep ,
(v) = e (%) €y = By €y

7.7.39 Extra(Hidden) Dimensions

Lorentz Invariance with Extra Dimensions

If string theory is correct, we must entertain the possibility that space-time
has more than four dimensions. The number of time dimensions must be kept
equal to one - it seems very difficult, if not altogether impossible, to construct
a consistent theory with more than one time dimension. The extra dimensions
must therefore be spatial.

Can we have Lorentz invariance in worlds with more than three spatial dimen-
sions? The answer is yes. Lorentz invariance is a concept that admits a very
natural generalization to space-times with additional dimensions.

We first extend the definition of the invariant interval ds? to incorporate the
additional space dimensions. In a world of five spatial dimensions, for example,
we would write

ds® = Adt* — (dz')? — (dz?)? — (dz®)? — (dz*)? — (dz)? (7.3)

Lorentz transformations are then defined as the linear changes of coordinates
that leave ds? invariant. This ensures that every inertial observer in the six-
dimensional space-time will agree on the value of the speed of light. With more
dimensions, come more Lorentz transformations. While in four-dimensional
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space-time we have boosts in the z', 22 and z3 directions, in this new world
we have boosts along each of the five spatial dimensions. With three spatial
coordinates, there are three basic spatial rotations - rotations that mix 2! and
x2, rotations that mix z!' and 3, and finally rotations that mix z? and z3.
The equality of the number of boosts and the number of rotations is a special
feature of four-dimensional space-time. With five spatial coordinates, we have

ten rotations, which is twice the number of boosts.

The higher-dimensional Lorentz invariance includes the lower-dimensional one.
If nothing happens along the extra dimensions, then the restrictions of lower-
dimensional Lorentz invariance apply. This is clear from equation (9.1). For
motion that does not involve the extra dimensions, dz* = d2® = 0, and the
expression for ds? reduces to that used in four dimensions.

Compact Extra Dimensions

It is possible for additional spatial dimensions to be undetected by low energy
experiments if the dimensions are curled up into a compact space of small vol-
ume. At this point let us first try to understand what a compact dimension is.
We will focus mainly on the case of one dimension. Later we will explain why
small compact dimensions are hard to detect.

Consider a one-dimensional world, an infinite line, say, and let z be a coordinate
along this line. For each point P along the line, there is a unique real number
x(P) called the z—coordinate of the point P. A good coordinate on this infinite
line satisfies two conditions:

(1) Any two distinct points P; # P, have different coordinates z(Py) # x(Pz).

(2) The assignment of coordinates to points are continuous - nearby points
have nearly equal coordinates.

If a choice of origin is made for this infinite line, then we can use distance from
the origin to define a good coordinate. The coordinate assigned to each point
is the distance from that point to the origin, with sign depending upon which
side of the origin the point lies.

Imagine you live in a world with one spatial dimension. Suppose you are walking
along and notice a strange pattern - the scenery repeats each time you move a
distance 2w R for some value of R. If you meet your friend Phil, you see that
there are Phil clones at distances 27 R, 47 R, 67 R, ....... down the line as shown
in Figure 7.4 below.
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Figure 7.4: Multiple friends

In fact, there are clones up the line, as well, with the same spacing.

There is no way to distinguish an infinite line with such properties from a circle
with circumference 27 R. Indeed, saying that this strange line is a circle ezplains
the peculiar property - there really are no Phil clones - you meet the same Phil
again and again as you go around the circle!

How do we express this mathematically? We can think of the circle as an open
line with an identification, that is, we declare that points with coordinates that
differ by 27 R are the same point. More precisely, two points are declared to be
the same point if their coordinates differ by an integer number of 27 R:

P ~Py+z(P)=xz(P2)+2rRn , nez (7.4)

This is precise, but somewhat cumbersome, notation. With no risk of confusion,
we can simply write
x~x+21R (7.5)

which should be read as identify any two points whose coordinates differ by 27 R.
With such an identification, the open line becomes a circle. The identification
has turned a non-compact dimension into a compact one. It may seem to you
that a line with identifications is only a complicated way to think about a circle.
We will see, however, that many physical problems become clearer when we view
a compact dimension as an extended one with identifications.

The interval 0 < z < 27R is a fundamental domain for the identification (7.3)
as shown in Figure 7.5 below.
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Figure 7.5: Fundamental domain

A fundamental domain is a subset of the entire space that satisfies two condi-
tions:

(1) no two points in are identified

(2) any point in the entire space is related by the identification to some point
in the fundamental domain

Whenever possible, as we did here, the fundamental domain is chosen to be a
connected region. To build the space implied by the identification, we take the
fundamental domain together with its boundary, and implement the identifica-
tions on the boundary. In our case, the fundamental domain together with its
boundary is the segment 0 < z < 27 R. In this segment we identify the point
x = 0 with the point z = 27 R. The result is the circle.

A circle of radius R can be represented in a two-dimensional plane as the set of
points that are a distance R from a point called the center of the circle. Note
that the circle obtained above has been constructed directly, without the help
of any two-dimensional space. For our circle, there is no point, anywhere, that
represents the center of the circle. We can still speak, figuratively, of the radius
R of the circle, but in our case, the radius is simply the quantity which multi-
plied by 27 gives the total length of the circle.

On the circle, the coordinate x is no longer a good coordinate. The coordinate
x is now either multi-valued or discontinuous. This is a problem with any coor-
dinate on a circle. Consider using angles to assign coordinates on the unit circle
as shown in Figure 7.6 below.
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Figure 7.6: Unit circle identification

Fix a reference point ) on the circle, and let O denote the center of the
circle. To any point P on the circle we assign as a coordinate the angle
0(P) = angle(POQ). This angle is naturally multi-valued. The reference point
Q, for example, has 6(Q) = 0° and 6(Q) = 360°. If we force angles to be
single-valued by restricting 0° < 6 < 360°, for example, then they become
discontinuous. Indeed, two nearby points, Q and @@, then have very different
angles 6(Q) = 0°, while (Q~) ~ 360°. It is easier to work with multi-valued
coordinates than it is to work with discontinuous ones.

If we have a world with several open dimensions, then we can apply the identi-
fication (7.3) to one of the dimensions, while doing nothing to the others. The
dimension described by z turns into a circle, and the other dimensions remain
open. It is possible, of course, to make more than one dimension compact.

Consider the example, the (z,y) plane, subject to two identifications,
r~x+2TR , y~y+27R

It is perhaps clearer to show both coordinates simultaneously while writing the
identifications. In that fashion, the two identifications are written as

(IE, y) ~ (LE +27R, y) ) (.’[, y) ~ (iL’, Y+ QWR) (76)

The first identification implies that we can restrict our attention to 0 < = < 27 R,
and the second identification implies that we can restrict our attention to
0 <y < 27R. Thus, the fundamental domain can be taken to be the square
region 0 < z,y < 2R as shown in Figure 7.7 below.
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Figure 7.7: Fundamental domain = square

The identifications are indicated by the dashed lines and arrowheads. To build
the space implied by the identifications, we take the fundamental domain to-
gether with its boundary, forming the full square 0 < z,y < 27 R, and implement
the identifications on the boundary. The vertical edges are identified because
they correspond to points of the form (0,y) and (27 R, y), which are identified
by the first equation (7.4). This results in the cylinder shown in Figure 7.8
below.

-————

Figure 7.8: Square — cylinder

The horizontal edges are identified because they correspond to points of the
form (z,0) and (x,27R), which are identified by the second equation in (7.4).
The resulting space is a two-dimensional torus.

We can visualize this process in Figure 7.9 below.
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Figure 7.9: 2-dimensional torus

or in words, the torus is visualized by taking the fundamental domain (with its
boundary) and gluing the vertical edges as their identification demands. The
result is first (vertical) cylinder shown above (the gluing seam is the dashed
line). In this cylinder, however, the bottom circle and the top circle must also
be glued, since they are nothing other than the horizontal edges of the funda-
mental domain. To do this with paper, you must flatten the cylinder and then
roll it up and glue the circles. The result looks like a flattened doughnut. With a
flexible piece of garden hose, you could simply identify the two ends and obtain
the familiar picture of a torus.

We have seen how to compactify coordinates using identifications. Some com-
pact spaces are constructed in other ways. In string theory, however, compact
spaces that arise from identifications are particularly easy to work with.

Sometimes identifications have fixed points, points that are related to themselves
by the identification. For example, consider the real line parameterized by the
coordinate x and subject to the identification £ ~ —z. The point x = 0 is the
unique fixed point of the identification. A fundamental domain can be chosen
to be the half-line x > 0. Note that the boundary point z = 0 must be included
in the fundamental domain. The space obtained by the above identification is
in fact the fundamental domain > 0. This is the simplest example of an orb-
ifold, a space obtained by identifications that have fixed points. This orbifold
is called an R'/Z, orbifold. Here R! stands for the (one-dimensional) real line,
and Zs describes a basic property of the identification when it is viewed as the
transformation x — —ux - if applied twice, it gives back the original coordinate.

Quantum Mechanics and the Square Well
The fundamental relation governing quantum mechanics is

[i’i,ﬁj} = zh&w
In three spatial dimensions the indices ¢+ and j run from 1 to 3. The general-
ization of quantum mechanics to higher dimensions is straightforward. With d
spatial dimensions, the indices simply run over the d possible values.

To set the stage for for the analysis of small extra dimensions, let us review the
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standard quantum mechanics problem involving and infinite potential well.

The time-independent Schrodinger equation(in one-dimension) is

2 )
2m  dzx?

+V(z)p(z) = Ey(x)

In the infinite well system we have

)0 ifze(0,a)
V(x)_{oo if x ¢ (0,a)

When z € (0,a), the Schrodinger equation becomes

R R
2m  dx?

= Ey(x)

The boundary conditions ¥ (0) = ¢ (a) = 0 give the solutions

The value k£ = 0 is not allowed since it would make the wave-function vanish
everywhere. The corresponding energy values are

h? (km) 2
Ey=—|—
2m \ a
Square Well with Extra Dimensions

We now add an extra dimension to the square well problem. In addition to x,
we include a dimension y that is curled up into a small circle of radius R. In
other words, we make the identification

(@,y) ~ (z,y + 27 R)

The original dimension x has not been changed(see Figure 7.10 below). In the
figure, on the left we have the original square well potential in one dimension.
Here the particle lives on the the line segment shown and on the right, in the
(x,y) plane the particle must remain in 0 < z < a. The direction y is identified
asy ~y+2rR.
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Figure 7.10: Square well with compact hidden dimension

The particle lives on a cylinder, that is, since the y direction has been turned into
a circle of circumference 27 R, the space where the particle moves is a cylinder.
The cylinder has a length a and a circumference 2w R. The potential energy

V(x,y) is given by
0 if 0
V(=) Ere
oo ifxz ¢ (0,a)
that is, is independent of y.
We want to investigate what happens when R is small and we only do experi-

ments at low energies. Now the only length scale in the one-dimensional infinite
well system is the size a of the segment, so small R means R << a.

(a) Write down the Schrodinger equation for two Cartesian dimensions.

(b) Use separation of variables to find x—dependent and y—dependent solu-
tions.

(¢) Impose appropriate boundary conditions, namely, and an infinite well in
the x dimension and a circle in the y dimension, to determine the allowed
values of parameters in the solutions.

(d) Determine the allowed energy eigenvalues and their degeneracy.

(e) Show that the new energy levels contain the old energy levels plus addi-
tional levels.

(f) Show that when R << a (a very small (compact) hidden dimension)
the first new energy level appears at a very high energy. What are the
experimental consequences of this result?
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In two dimensions, the Schrodinger equation is given by

R (0 | 0Hy)
2m Oz? Oy

) + V(zuy)w(xa y) = Ez/)(:z:,y)

Inside the well we have

_R (Py)  PY(y)
2m Ox? Oy?

> = E(2,y)
We use separation of variables to solve this equation. We let

Y(z,y) = a(z)B(y)

_E 1 d*a(z) 3 fi 1 (d?B(y)\ B
2ma(z) \ dz? om B(y) \ dy? )
The z—dependent and y—dependent terms of this equation must separately be
constant. We obtain solution of the form

Yz, y) = o) Bi(y)

and obtain

where
o (z) = ey sin (E22)

Bi(y) = a;sin (%’ + by cos (%’)

The physics along the x dimension is unchanged, since the wave-function must
still vanish at the ends of the segment. Therefore, the solution ay(z) takes the
same form as earlier and k = 1,2, 3, .... The boundary condition for §;(y) arises
from the identification y ~ y 4+ 2w R. Since y and y + 2w R are coordinates that
represent the same point, the wave-function must take the same value at these
two arguments:

Bi(y) = Bi(y + 27 R)

The most general solution contains both sines and cosines in this case. The
presence of the cosines allows a non-vanishing constant solution for [ = 0 -
we get Bo(y) = bo. This solution is key to understanding why a small extra
dimension does not change the low energy physics very much.

The energy eigenvalues of the vy, are

B2 | kr)? 1\?
E“—zml(a) +(R)

These energies correspond to doubly degenerate states when [ # 0, because in

this case the term l l
Bi(y) = a; sin (é) + b; cos <fy€>
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contains two linearly independent solutions.

The extra dimension has changed the energy spectrum dramatically. We will see,
however, that if R << a, then the low-lying part of the spectrum is unchanged.
The rest of the spectrum changes, but these changes are not accessible in low
energy experiments.

Since [ = 0 is permitted, the energy levels Ejg coincide with the old energy levels
E} ! The new system contains all the energy levels of the old system. However,
it also includes additional energy levels. What is the lowest new level? To
minimize the energy, each of the terms in the result for Ej; must be as low as
possible. The minimum occurs when k£ = 1, since £ = 0 is not allowed, and
Il =1, since | = 0 gives us the old levels. The lowest new energy level is

h? m\ 2 1)\?
a0+ 3
" om l a * <R)
When R < a, the second term is much larger than the first and thus
R 1)
En=_—1|5
2m \ R
This energy is comparable to that of the level k eiegnstate of the original problem
where

km 1 la

a R - T R
Since R is much smaller than a, k is a very large number. So the first new
level appears at an energy far above that of the low-lying original states. We
therefore conclude that an extra dimension can remain hidden from experiments
at a particular energy level as long as the dimension is small enough. Once the
probing energies become sufficiently high, the effect of an extra dimension can
be observed.

he quantum mechanics of a string introduces new features not present here. For
an extra dimension much smaller than the already small string length ¢, new
low-lying states can appear! These correspond to the strings that wrap around
the extra dimension. They have no analog in the quantum mechanics of a point
particle. In string theory, the conclusion remains true that no new low energy
states arise from a small extra dimension, but there is a small qualification - the
dimension must not be significantly smaller than #.

7.7.40 Spin—1/2 Particle in a D-State

A particle of spin—1/2 is in a D-state of orbital angular momentum. What
are its possible states of total angular momentum? Suppose the single particle
Hamiltonian is

H=A+BL-S+CL-L
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What are the values of energy for each of the different states of total angular
momentum in terms of the constants A, B, and C?

We have J = L+ S, L =2, S = 1/2. Thus, the possible values for j are 5/2
and 3/2 ({+s> 7> | —s]).

Now
H|jm)=(A+BL-S+CL-L)|jm)

where |j,m) = |{, s;4,m) =.

Then, we have

E~§:%(J2—L2—S2)

.o 1
LS|£75a]am> = §(J2 7L2 782) |€75;jam>

= G+ D)~ () = s(oot D) fosgom) = 50 (G4 1) =g = § ) osiom)

- -

L - L=1I3
L-L=1I*t,s;j,m) = (L +1)|¢,5;5,m) = 61> |(, 5 j,m)
so that

1 3
Hljm) = (A + 35 (3 +1) =g = §) + 6CH) i) = By i)

Thus,
5
For j = 3 Ej,m = A+ Bh* +6Ch* independent of m
. 3 3 2 2 .
For j = 3 Eim=A- iBh 4+ 6Ch* independent of m
7.7.41 Two Stern-Gerlach Boxes

A beam of spin—1/2 particles traveling in the y—direction is sent through a
Stern-Gerlach apparatus, which is aligned in the z—direction, and which divides
the incident beam into two beams with m = £1/2. The m = 1/2 beam is allowed
to impinge on a second Stern-Gerlach apparatus aligned along the direction
given by

é =sinfz + cos 0z

(a) Evaluate S = (h/2) & - €, where & is represented by the Pauli matrices:

1 0 —i 1 0
n(o) e (T ()
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Calculate the eigenvalues of S. The vector sigma is defined as a vector
whose components aren matrices:

0 =012 + 092y + 032

Taking the dot product with the vector é gives
2 .
M = ﬁS = sinfoy + cos oo

The matrix S represents the angular momentum along the vector €, so
we expect that the eigenvalues must be +//2 or the matrix M must have
eigenvalues +1. To prove thsi, we solve My = A\ip. As usual, this requires
the zero determinant [N — AI| = 0:

cost — A sin 6

— 2_ 2 _.2 _ 2_ _
sin 0 —cosf — \ = A —cos“f —sin“ 0 = A 1=0

Hence, the eigenvalues are as expected.

Calculate the normalized eigenvectors of S.

For the eigenvectors we need M1y = +. Writing ¢ as a 2-component

vector A
o= (3)

Acosf + Bsinf = +A
Asinf — Bcosf = +B

we get the two equations

These give

sin (41 — cos )
__ cosf+1

~  sinf

[Ss/FSev| RS

but these are the same equation (divide by the RHS), so we only get the
ratio, which is reasonable since we have not used normalization yet (the
second equation). Therefore,

sin @
e =Nzt (:I:l — coS 9)

where N is the normalization factor. We require the vector be normalized
to 1 so that [N|? = (2 F cosf) L.

Calculate the intensities of the two beams which emerge from the second
Stern-Gerlach apparatus.
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Finally, we write

1) = avy + B

where the coefficients o and 8 come from the scalar product of |1) with
Yy and ¥_, ie.,

sin .

a=(t|+)=(1 0)N; (:I:l—cos@) = N, sinf

and 0

sin .

B=(1|-)=(1 0)N_ (i—l—cosH) = N_sin#6

The ratio of the two beam intensities is given by

w B |N, |2 ~ 1+cost ot Q
B2 |[N_|2  1—cos® 2

7.7.42 A Triple-Slit experiment with Electrons

A beam of spin-1/2 particles are sent into a triple slit experiment according to
the figure below.

beam source

triple slit detector screen

Figure 7.11: Triple-Slit Setup
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Calculate the resulting intensity pattern recorded at the detector screen.
This calculation is the same for all particles independent of the spin value.

We assume that a spherical wave

ei(kr—wt)
rt) ~ ——
v t) ~
with momentum p = fik extends from the source and one is generated at each
slit. The probability amplitude at the detector screen then becomes the super-
position of probability amplitudes of the waves from the three slits:

ei(k:rl —wt) ei(krgfwt) ei(krgfwt)

Y(z,t) ~ + +
™1 T2 T3

and the measured intensity at the detector screen is

ei(k’rl —wt) ei(krz—wt) ei(krg—wt) 2

I~ |1ﬂ(l’)|2 ~ T1 * ] + r3

and so on.

7.7.43 Cylindrical potential

The Hamiltonian is given by

.2
H="41v(p
ot (»)

where p = /22 + 12

(a) Use symmetry arguments to establish that both . and IA% the z—component
of theA linear and angular momentum operators, respectively, commute
with H.

Since the Hamiltonian is invariant under translations along the z—axis
(the potential energy does not depend on z), the Hamiltonian must com-
mute with p,, the generator of z—translations.

Similarly, since the Hamiltonian is invariant under rotations about the
z—axis (the potential energy does not depend on the azimuthal angle ©),
the Hamiltonian must commute with L., the generator of these rotations.

(b) Use the fact that H, P, and L. have eigenstates in common to express the
position space eigenfunctions of the Hamiltonian in terms of those of p,
and L.
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Part (a) says that |E, p,, m) is a simultaneous eigenstate of H, p., L.. We

then have
etp= z/h eime

Va2rh V21

(¢c) What is the radial equation? Remember that the Laplacian in cylindrical
coordinates is

(F| E,pz,m) = R(p)

V2 1a<a¢>+132¢ 0%

pOp \" dp 02002 | 022
A particle of mass pu is in the cylindrical potential well

wm{o e

0o p>a
The energy eigenvalue equation in position space is

2
h 2 th

Fno = Zna =N zero of Jy

= —%
2/“12 no

N h? R . R
G Epesm) = (=554 V() ) (7] Bopam) = B (7| B
Using the Laplacian in cylindrical coordinates

5 10 81/) 1 0% 0%y
VY= pop 8p T2 p2 92 +822

we have

210 2 eiPzz/h gime  ipzz/h gime
(5258 (052) + B R+ R4 V()R) S = B2 2R R
~E19 (p9B)+ EBmIR+ ER+V(p)R = ER

2u p Op 2u p?
Now rearranging and using

2uE

2 _
/\_h2 ,

p, = hk
we have

d2 dR 2 2 2 2 2 2
pdp g, + (W = (m* + k)R thV()R 0

(d) Determine the three lowest energy eigenvalues for states that also have p,
and L, equal to zero.

For



we have for p < a

PR d
f@§+pé?+@%?—mf+ﬁnR=0 and  R(e) =0

which is Bessel’s equation. Letting a? = m? + k2 we have
R(p) = AJa(Ap)

We have excluded the Bessel functions of the 2" kind since they are not
finite at p = 0.

The boundary condition becomes J,(Aa) = 0 so that Aa = a zero of the
Bessel function of order a.

Therefore,

52
= szm . Zna =0 zero of Ju

When p, = hk = 0 =m — «a = 0 we are looking for the zeroes of Jy. The
three lowest energy eigenvalues are then

E’ﬂOt

By = 55 (2.4048)?
By = 5122(5.5201)?
2 — 2pa? .

B3 = 125 (8.6537)2

2pa?

Determine the three lowest energy eigenvalues for states that also have p,
equal to zero. The states can have nonzero L,.

For p, = hk = 0, we have

Jo(z) =0 — z =2.40, 5.52, 8.65
Ji(z) =0 — z =3.83, 7.02, 10.17
Jo(z) =0 — z=5.14, 8.42, 11.62

and therefore the three lowest energies are

B = (2.4048)% p, =0,m =0 — 1% zero of Jy

2pa?
By = 3" 5 (38317)2 p.=0,m =1 1" zeroof J;
By = 22%(51356)2 p.=0,m=2— 1% zeroof Jp
7.7.44 Crazy potentials.....

(a)

A nonrelativistic particle of mass m moves in the potential
V(z,y,2) = A(@® +y* + 2\ay) + B(2* + 22)

where A > 0, B >0, |A\| < 1. p is arbitrary. Find the energy eigenvalues.
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We choose two new variables

u:\/i(x+y) ; t=7( )
g o= ikt u—t
/2 Y=-"xr

The potential energy becomes

Viz,y,2) = A <(“\2t>2 + (u\/_;) o) (u\gf) ( \/;>> + B (2% + 2u2)

=A[1+N)u*+ (1 =N t?] + B (2% + 2u2)

The derivatives become
0 _10 10
oxr  20u 20t

L (1 F BN L1 @
0r2 2 \\V20u? /2 0udt V2 \V20t2 /2 0udt

9o_19 1290
Ay V20u 20t
I S T S N N N N
oy? V2 \V20u? /2 0udt V2 V2082 /2 Oudt
so that

, 07 0? 0? 0? 0? 0?
Veaz o or "o tor T o2
and the Schrodinger equation becomes
0? 0? 0? 2m
(82 + 2 + 62) o(u,t, z) + W (B =V(ut, 2)p(u,t,z) =0

We now separate variables. Substituting ¢(u,t,z) = U(u)T(t)Z(z) gives

%ZE + 38 (B + AL+ \)u?) U =0
+ 38 (Ba — A1 = N*) T =0

3%2
92 + 20 (By — B(2? +2uz)) Z =0

where the separation constants are chosen so that £ = F; + FEy + Ej3.

If we set 2/ = z + p and Ej = E3 + p? all of the above equations reduce
to harmonic oscillators. Therefore,

El = (n1 + 1/2)hw1 s w1 =
Ey = (n2 + 1/2)%2 , W =
FE5 = (n3 + 1/2)77,0.)3 — B/L2 , W3 = %

where nq, ny, n3 =0,1,2,3,.........



(b) Now consider the following modified problem with a new potential

Voo V(x,y,z) z>—pand any x and y
" ] 400 z < —p and any x and y

Find the ground state energy.
The wave function must now vanish for z = —pu.
This has no effect on the U(u) and T'(t) solutions.

The original Z(z) equation had the solutions

2 m 1/4
26) = (@ = (HE) G

where H,,, are the Hermite polynomials.

We need solutions that are zero at ( = 0 or z = —u. These are the odd
parity solutions where the parity of the solutions is given by (—1)" so
that the only allowed solutions now correspond to ng = 1,3,5, ......

The old ground state was n; = no = ng = 0. The new ground state is
ny=ng =0ng =1.

The old ground state energy was
1
EO = §h(w1 + wo + W3) — BMQ
The new ground state energy is

1
E} = 5h(w1 + wy + 3ws3) — Bu?

7.7.45 Stern-Gerlach Experiment for a Spin-1 Particle

A beam of spin—1 particles, moving along the y-axis, passes through a sequence
of two SG devices. The first device has its magnetic field along the z—axis and
the second device has its magnetic field along the z’—axis, which points in the
x — z plane at an angle 0 relative to the z—axis. Both devices only transmit the
uppermost beam. What fraction of the particles entering the second device will
leave the second device?

As preparation we determine the eigenvectors corresponding to the eigenvalues
myh, my = 1,0,—1 of S,. From S, |m,) = my,h|m,) we obtain(using problem
9.7.15)

i 0 — 0 a a
— 17z 0 —1 bl =myh|b
V2 0 = 0 c c



or

—;%bz Zzyha
%Ea—z%c: myhb
zﬁb = myhc
These give
1 1 1 L
=+1) = - | +v2i =0)=—|0
|y ) B :/;Z ;o my ) V2 .

Now we can solve the problem The incoming state into the second device is

1
lm,=1)=10
0

The second device is rotated by 6 around the y—axis. The outcome of the
experiment can be calculated in many ways. Here we consider rotating the state
by —0 around the y—axis and sending it through an unrotated SGz device. The
incident state thus becomes:

[4) = Ry(=0) |m. = 1) = e, = 1)

We evaluate this by the completeness relation of eigenstates of .Sy:

[0) =Y 5 [my) (my [ m. = 1)

TYLy
:€i9|my:1><my:1|mz:1>+|my:0><my:0‘mz:1>
+e " my = —1) (my = —1|m, =1)
The amplitude of the spin-up state exiting the second device is

(m. =1[¢) = e[ (my =1|m. =1) >+ | (my =0[m, =1)°

e (my = 1 m. = 1)
e 1 —e?  1+4cosh
4 2 4 2
The fraction of particles exiting is the probability
(1 + cos )2
Noa() = [(m. = 1) 2 = T8

Note that N(0 = 0) =1 and N(6 = 7) = 0 as expected. One can check by the
same method to obtain

_ 2 .2
N_1(6) = w = No(m—0) , No(f) = 5”12 0

so that N+1 + N_1 + NO =1.
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7.7.46 Three Spherical Harmonics

As we see, often we need to calculate an integral of the form
[ 49220, 0. Y20, 0. )Yr, 1, 01)

This can be interpreted as the matrix element (¢3mg)| }A/}Sf;) |¢ym1), where Y,Sf;)
is an irreducible tensor operator.

(a) Use the Wigner-Eckart theorem to determine the restrictions on the quan-
tum numbers so that the integral does not vanish.

We have

(tama] T3 ) = [ 40V, (6,0)Yr, (0,)Ye,m, (0,1)
= (3|Y 1) (Lsms | Lamatim)

where we have used the Wigner-Eckart theorem.

Thus, this integral vanishes unless

ms = Mg + M1
[lg — €1 <l < ly + 1y

(b) Given the addition rule for Legendre polynomials:

Py (1) Pry (1) = > (€30 | £10£20)° Py, (1)
l3

where (€30 | £,0£50) is a Clebsch-Gordon coefficient. Use the Wigner-
Eckart theorem to prove

[ 920,620 Yo, 6. 0)Ye, 1, 01)

205 +1)(20, +1
= \/( 17_(_(223( +11) ) <€30 | (10€20> <£3m3 | €2m2€1m1>

HINT: Consider (¢50| 370(22) [¢,0).
Consider

(120 Y5" 100) = [ 40200, 9)Ye,0(6. )Y, (0, )
Now

20+1
T

YO(Z) = Py(cos )
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where Py(cos @) is the Legendre polynomial. This implies that

(05072 16,0) = \/ (26 + 1)(2&;;31)(%3 +1) / 2P, (cos 0) Py, (cos ) Py, (cos 0)

Now
Py, (cos0) Py, (cos0) = > (£'0] £,0650)” Py (cos )
Zl
Therefore,

[ d9;20(6.00Yes0 (6. 0)Yr,0(60,9) = 3 (€01 £20620)" [ d2P, (cos6) P (cos6)
e/

= Z (00| £,00,0)° / 27d(cos 0) Py, (cos 0) Py (cos 0)
é/

=" (£'0] 6:06,0)

e[

47

75 ,
25+ 1 %"

Therefore,

, (02) . (251 + 1)(2(2 + 1) 2
(050 V) |0,0) = \/ o (010060

= (L5]|Y 2 ||61) (050 ] £,0650)

This implies that we can solve for the reduced matrix element. Putting it
all together, we have

[ 92,201,000 Yr, 610070, 61)

205 +1)(20, + 1
= \/( 17((2;3( +11) ) <€30 | 810€QO> <€3m3 | £2m2£1m1>

7.7.47 Spin operators ala Dirac

Show that

A h h
S, = B} |z+) (z+]| — 3 |2—) (2~

Sy =hleH) (==, S = hlz=) e+

We have the general spectral decomposition of an operator

Q=> QulQr(@Qxl . QlQx) = Qx|Qx)
K

Therefore,

N h h
S, = 5 [+2) (+2] — 5 |—2) (—2|
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Now

) = |-)

1 1

so that

. h h
8 = 5 +2) (4ol = 5 |-2) (~al

= 5 (G4 + 1=l (el 4 (2l = 5 (1) = |20 (G2l = (D)
h
= D) el D2 G
and since )
) = s 2) & = |-2)
we get in a similar manner
= D) (ol — o ) (ol = = ) (el ) (e

Then

. S, +iS
Sy = ?y = h|%z) (F2|

Some other checks:we find

S, |+z) = j:h |4+2)

S+|+Z>

S |+2) = h|— )
S5 =i+
S_|—z)=

which are all consistent with the general relations

S, |s,m) = mh|s,m)
Syls,m)=/s(s+1—m(m=+1)h|s,m+1)

7.7.48 Another spin = 1 system

A particle is known to have spin one. Measurements of the state of the particle
yield (S;) = 0= (Sy,) and (S,) = a where 0 < @ < 1. What is the most general
possibility for the state?

We consider first the case of a pure state

x 1 0 0
|¢>: Yy = 0 +y 1 +z 0 :x|1,1>—|—y|1,0)+z|1,—1>
z 0 0 1
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where |1,m) is the normalized eigenvector of S belonging to the eigenvalue m
(assuming i = 1). Since the matrix elements of S and Sy vanish, so do the
matrix elements of S4 = S7 + iS5, and since

Syl =0, 8¢0L,0)=v2[1,1) , Sy[1,-1)=v2]1,0)
it follows that
W] Sy ) =V2(a*y +yz) 5 27y = —y'z

We also have

W]8:¢) = (@*z - z*2) = a = |2|* - |2"

and normalization gives
Jef* + Jy|* + 2" = 1

These equations imply that
2 2 (2
2l Iyl = 12l Iyl = (Jal* = 12) yl* = 0
Combining these equations we have a|y|* = 0.

Case #1: If a # 0, then necessarily |y|> = 0. Then

2 =2 =a , Jaf+]e? =1
1+a 2_ 1-a
=, 7

2
|x| = D)

Since overall phase is not important we then have

1+a
2

¥) = 0

with just one free parameter, the relative phase ¢. In the special subcase a = 1,
this reduces to the unique solution |1, 1).

Case #2: The case a = 0 requires special treatment. Now |y| need not vanish,
and we find that, in general,

2 2 2
(1al* = 1) [y =0~ |al = 2] = a
If we fix the overall phase by requiring that y be real, then we have

'Yy=—-y'z=—yz > " =—z

Now, the normalization condition gives
jo” + lyl” + |2 =1=20" +3* =y = V122
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The general solution is then

aet?
lv) =1 V1-2a2

—qe i
which depends on two parameters, o and .
The above discussion applies to pure states.

More generally, a state can be expressed by an operator of the form

11
p=>_ > pilli) (1,4l
i=—1j=—1

where p;; = p7; since the operator is Hermitian. Therefore, there are three real
diagonal elements, but only two are independent because of the normalization
condition Trp = 1. There are three complex elements above the diagonal which
corresponds to six real numbers that determine the non-diagonal elements above
and below the diagonal. The conditions and yield three real constraints on these
eight numbers, thus leaving five real parameters for the general solution, say
c1,Ca,C3,C4q, C5 as shown below.

Cc1 co +icg cy4 + tcs
p= co—icg 14+a—2c1 —co—icg
cy —ics —cCo +1c3 c1—a

Clearly, there is much more freedom for a general state than for a pure state.

7.7.49 Properties of an operator

An operator f describing the interaction of two spin—1/2 particles has the form
f =a+bd, 52 where a and b are constants and ¢;=0,;%+0,;y+0.;2 are Pauli
matrix operators. The total spin angular momentum is

- = - h — —
J=n+J2= 5(014-02)
(a) Show that f, j2 and j. can be simultancously measured.

f , J2, J. can be measured simultaneously if they all commute. Now we

know that o ) )
(2] =0=[7%a] = [1..q]
Now
j2_h2 ~ A~ 2_h2 ~2 ) 2,\ N A 2j2 1 ~92 ~9
_Z(Ul+02) —Z(0_1+0'2+ 0‘1'0’2)%0’1'0’2—? _5 (01 +0'2)



and

Therefore,

P f] = [0 a] 40026160 =0 [ 02, 302 - 3] =0
Jofl=[J.a] +o jz,&l.&z] :b[ Z,%jt?)} -0
so that f , J2 , J, can be measured simultaneously.
(b) Derive the matrix representation of f in the |7, m, J1, jo) basis.
In the |J, M, j1, j2) basis we have
.2 . . 2 . .
(J, M, g1, go| F1T', M, ju, j2) = adypdnane + b (J, M, j1, jo (h2=]2 - 3) |J', M, jv, ja)
— (a+ (2J( +1) = 3)b) 610 8arr

Since for two spin = 1/2 particles we have

=0&1

N =

®

DN | =

The allowed J values are 0,1 and the allowed states of the two-particle
system are (letting |J, M, j1,j2) — |J, M))

|070> ) |171> ’ |170> ’ ‘1a71>

which give a diagonal matrix

a—3b 0 0 0

3 0 a+b 0 0
/ 0 0 a+b 0
0 0 0 a+b

(¢) Derive the matrix representation of f in the |71, j2, m1, ma) basis.

We now use the basis (letting |1, jo, m1, m2) — |m1, m2)) since j; and jo
do not change. We then write

f=a+4b61-62=0a4b(61,02, + G102y + 51.022)

014 +01_ 094 + 09— 014 — O1— Oy — 0o . ..
—a+b(LE 1= 272 2= 4 T 1 2t - 2 + 01202;
2 2 21 21

. O1402_ +G1-024 . .
—a+b 5 +Ulz0—2z
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The basis states are

330 13-3) -2 3) -5 -3)
and using
~ 1 ~ 1 ~ 1 1 ~ 1 1
O 2>:0:Ug—2> o orl-g)=2[3) , o-[3)=2|-3)
o: =1 =13 . elb=1h
we have
Jf‘%’%z:(a_i%) |1%’%> 11 11
Jf|§a;g> = a|§7;?> +b(4|;§q> - |5’f?>)
fl=33)=al-3.3) +b(4|3.-3) — [-3.3))
fl=3.-3) =(a+20)|-3,-3)
Then
(331 f13.3) = @+20) (3,5 | 3.3) = (a+20)
B oA 5 D (3 | b )~ (3] b
@:ﬂﬂ:iv? =a(3,—3 |1—1§,§>1+b§4<5,—§ |3 -3) (33| -
(3:3|fl-3-3)=(@+20) (5,5 | -3.—3)=0
so that
a+2b 0 0 0
0 a-b w0
f= 0 4  a-—-0> 0
0 0 0 a+2b

7.7.50 Simple Tensor Operators/Operations

Given the tensor operator form of the particle coordinate operators

Tty

V2

7= (z,y,2); Rl =z, Rf =¥

(the subscript ”1” indicates it is a rank 1 tensor), and the analogously defined
particle momentum rank 1 tensor P!, ¢ = 0,+1, calculate the commutator
between each of the components and show that the results can be written in the

[R{, P"] = simple expression

We have

R, +iR,
\/i )

P, £iP,
V2

R%:IZZF Pljzlz:':

We can write (for generality)

R, +q¢iR
Rl = —q# , et
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Now
1
[R], P"] = Eqm[Rx + qiRy, Py = miP,]

1 1 1
= Zqm ([Rm Px] + iQ‘Im[Ryv Py]) = iqm(Zh) - §q2m2(ih)

2
ih —ih q#m
= E[qm —1]=
0 qg=m
So,
[R{, P"] = —ih(1 — 0gm) = —ihdq —m
Now,

[R(l)’Plo} = [ZaPZ] =th
Clearly, RY commutes with PljE and vice-versa.

A simple way to combine all of these results is

[RY, PI"] = (=1)%ihéq,—m

7.7.51 Rotations and Tensor Operators

Using the rank 1 tensor coordinate operator in Problem 9.7.50, calculate the
commutators

[Ly,RY]and [L,, RY]

where L is the standard angular momentum operator.

We have
(L.,RY = |L.,— R, +iqR,
z9 1 z \/i
)
= _i[LZvR:c] - 2[LZaRy]

S

V2

- (i)

= ——= (R, + igRy)

qa .
= _i(lhRy)

o=

= qhR{

for ¢ = £1 (note that we used ¢ = 1 in the derivation). Note also that if ¢ = 0,
the commutator vanishes and this expression still works!
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Now

[Le,RY) = Ly +iLy, RY]
= [La, R{] £ i[Ly, R]]

e
= —\%[LI,RI} - \%[Lx,Ry] +i (—\%[Ly,Rm] - \;i[Ly,Ry])
—0- \%(—zih) +i (0 - \i@(ziﬁ))

()

= f\%R(f(l + 1)

So it should be i\/ihR?, if it is nonzero. It means

[Ly,Rl=0=[L_,R7'] , [Ls,Rf]=+V2hR}

7.7.52 Spin Projection Operators

Show that P; = %f + (§1 . gg)/h2 and Py = iIA — (§1 . ,S_"g)/h2 project onto the
spin—1 and spin—0 spaces in % ® % =16 0. Start by giving a mathematical
statement of just what must be shown.

We have . . B . B o
S% = (S, +82)? =S¢+ 57 +25; -5,

We can easily answer this question in the {S, M} representation. We have

SRS % (5782 -52)

where
= 3h2
=51 (S1+1) = 4
2
S = h2S5(Ss +1) = %
Therefore,
3A 2 1 3 ol 1 ~
P1:ZI+(5‘1 Sa)/h* = 7+§S(S+1)—Z I:§S(S+1)I
P —lff(sﬁ Sy) /2 = +ES(S+1)7§ I= 1f15(s+1) I
07y L VR 4)° 2



Then, clearly
1 A
Py |1aM> = §S(S+1)I|17M> = |17M>

1 R
P10, M) = 5S(S+ DIN,M)=0
1 .
nﬂLM>=<1—2ﬁS+U)ImAD=0

1 o
Po |0, M) = (1 — §S(S+ 1)> 1|0,M)=10,M)
which are the correct properties for the projection operators.

Note also that Py =1 — Py or Py + P; = 1 and P? = Py and Pg = Py which
are also correct properties for projection operators.

7.7.53 Two Spins in a magnetic Field

The Hamiltonian of a coupled spin system in a magnetic field is given by

§1 . gg Slz + S2z
H=A+J B
+ h? + h
where factors of % have been tossed in to make the constants A, .J, B have
units of energy. [J is called the exchange constant and B is proportional to the
magnetic field].

(a) Find the eigenvalues and eigenstates of the system when one particle has
spin 1 and the other has spin 1/2.

(b) Give the ordering of levels in the low field limit J > B and the high field
limit B > J and interpret physically the result in each case.

This Hamiltonian is diagonal in the |\S, M) representation. We write

J .

=455 h

(S* - St —S3)+B
or in the |S, M) representation
J
H=A+§@w+m—swi+m—&wa»+BM
In the case, S; =1 and Sy = 1/2, the energy eigenvalues are
15 J
E(S,M)=A—- §J—|— 55’(5’-1—1) + BM

Coupling the two spins we have the allowed values of S:
3

1@1—1@
2 T 272
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so we have 3 1
with M = £—,+=

5= 279

N W

and 1 1

The final energy levels are

B(3/2,3/2) = A+ gB

E(3/2,1/2) = A+ %B

E(3/2,-1/2) = A — %B

E(3/2,—3/2) = A — ;B

B(/2,1/2) = A— gu %B

1
B(1/2,~1/2) = A — ;J - 3B

A plot (for A =10,J = 4) as a function of B is shown below:

40 T T T T T T
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7.7.54 Hydrogen d States

Consider the ¢ = 2 states (for some given principal quantum number n, which is
irrelevant) of the H atom, taking into account the electron spin= 1/2 (Neglect
nuclear spin!).

(a)

Enumerate all states in the J, M representation arising from the ¢ = 2,
s= 1/2 states.

When coupling ¢ = 2 and s = 1/2 we have

1 3 5
—02=2ap2
5 ®e=593
Therefore, we have
5 5 3 1 1 3 5
J=2with M =-2 -2 2 42 42 42
7 W 5 "3 Ty Ty Tty
and 3 3 1 1 3
J=2 with M = -2, —= 42 42
g M 5 "3 Ty

Two states have m; = M = +1/2. Identify them and write them precisely
in terms of the product space kets |¢, my; s, ms) using the Clebsch-Gordon
coefficients.

Starting with the |5/2,5/2) state and using the lowering operator twice

we obtain
2 3
52,12 = 2 -1/ 2012

Then, using orthogonality we get

52,12 =21 -1/2 - 20412

7.7.55 The Rotation Operator for Spin—1/2

We learned that the operator

R, (@) _ 672'@(6"-:])/71

is a rotation operator, which rotates a vector about an axis €, by and angle ©.
For the case of spin 1/2,

A A fi~ s
J=8=10—Rn(0)= e10on/2

(a) Show that for spin 1/2

R,(©) = cos <2>i — isin (S)&n
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We have

R,(©) = i <_;@)m (&,;;)!m

m=0

Now we have (6,)% = I, i.e, the square of any Pauli matrix is the identity
matrix. Thus, we can separate the sum into even and odd terms

- \m I m even
()™ =1 .
0, m odd

Moreover,

(=)™ = (—1)m/? m even
] =i(=1)m=D/2 i odd

This implies that

m odd

R,(©) = cos <(;)>f — isin (2)@

Show R, (0 =27) = —f; Comment.

m even

R,(©) = (

or

Now

Rn(© =27) = coswl —isinné, = —1
Thus,
Ry (O =27) |¢p) = — |¢)
For any |psi) describing a spin—1/2 state, this is the famous phase associ-

ayed with spinors, that differentiates it from orbital angular momentum.

Consider a series of rotations. Rotate about the y—axis by 6 followed by
a rotation about the z—axis by ¢. Convince yourself that this takes the
unit vector along €, to €,. Show that up to an overall phase

We obtain a vector in the (6, ¢) direction by first rotating about the y—axis
by 6 and then about the the z—axis by ¢. We have

R,(0) = cos

N D

I —isin §Uy

In the {|1.), [{-)} basis we have

> (yme ((;))m W;) I—i < S (1) ((;))m %



Therefore,

0 0 0
A _ [(cos5 —sing 1 _ [cosy
By (0)[12) (sin g cos § ) <O> (sin g)
Now follow this by a rotation about the z—axis by ¢ where

R.(¢) = cos

>
IVIRSS

I —isin=6,
2

Again, in the {|1.),|{.)} basis we have

¢ _isin @ -ig

~ Ccos 5 —isin % 0 e "2 0
R, — 2 2 o — _
2 ( 0 cos g + isin ‘3) ( 0 e‘“?)

Therefore,

Therefore,
A ~ ;e 0 _;'_ié . 0
Ro(6) (Ry(0)11)) = e7% cos 5 [1.) + % sin 7 [L.)
or neglecting an overall phase factor
; 5 0 it g
B (9) (Ry(0) 1)) = cos S [12) + 7% sin S |1.)

so that
R(6) (Ry(0) 1)) = 1)
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7.7.56 The Spin Singlet

Consider the entangled state of two spins
€
V2
(a) Show that (up to a phase)
€
V2

where [1,,), [{n) are spin spin-up and spin-down states along the direction
€n. Interpret this result.

Wap) = 7= (1204 ©N2)p — N2)a ® [12)5)

“I’AB> = (|Tn>A ® Hn>B - |¢n>A ® |Tn>B)

We have 1

V2
This state has zero total angular momentum. It is thus rotationally in-
variant and we expect it to look the same, irrespective of the quantization
axis. Recall from Problem 9.7.9

[Tn) = cos 5 [12) +e**sin 5 |L2)

i

[4n) =sin g |1.) — et cos & |1.)

are the spin-up and spin-down states along an arbitrary quantization axis
defined by polar angles (6, ¢).

‘\I/AB> = (|TZ>A®|\LZ>B_ |‘l’Z>A®|TZ>B)

Consider then

1

= % ((COSZ [t2) + et sing 11:)) ® (sing I1.) — e cos g |¢z>))
1

G ((Sinz 11,) —e® cosg 1)) ® (cosg [1.) 4 eti® sing ¢z>))

+id A 0 0 0
= _e\/§ <(cos2 3 + sin? 5) 112) [4.) — (cos? 3 + sin® 5) 142) |Tz>)

= —6+i¢ |\IJAB>

Thus, up to an overall phase (which is irrelevant), the singlet state is the
same for all quantization axes.

(b) Show that <\I/AB| On Q Gpr |\IIAB> = —¢&, - Ey
Consider the correlation function (¥ sp| 6, ® 6/ |Pap). Now

Wan) = = (1)@ ) — 1) @ 11.))
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which implies that

(a'n |Tz> ® &n’ ‘\Lz> - 6-n |~er> & &n’ |Tz>)

Gn @ G |V aR) = %
Thus,

(VaB|On ® 0w [V aB)

= 2 (0l 6 1) (G 102 = 5 (4] 1) {0 6 102}

— 5 (018 1) (el G 112) + 3 4Ll 6 12) (1] 6 12)

Now from earlier work (in the z—basis)

N cos e " sin @

. (ei<z§ sin 6 cos @ )

Therefore,
(VAB|Gn ® 6 [V aB)
= % (— cos B cos 0 — (9= sin B sin 0’)
- <fe*i(¢*¢/) sin f sin ' — cos 6 cos 0/)
= — (cosf cos b’ + cos (¢ — ¢')sinfsin @)
Now
€, = cos 0¢, + sin f(cos ¢pé, + sin pé,)
€ = cos'é, + sinf’(cos ¢’'€, + sin¢'e,)
so that

€ €y = cosfcos + sinfsin b (cos ¢ cos ¢’ + sin psin ¢')

= cos B cos )’ + sin @ sin 0’ cos (¢ — ¢')
Therefore,
<\I]AB| a'n & a'n/ |\IIAB> = *é‘n : gn’

As we will see later, these are the famous correlations of the Bell inequal-
ities which cannot be captured in a local hidden variable theory.

7.7.57 A One-Dimensional Hydrogen Atom

Consider the one-dimensional Hydrogen atom, such that the electron confined
to the x axis experiences an attractive force e*/r2.
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(a)

Write down Schrodinger’s equation for the electron wavefunction ¢ (z) and
bring it to a convenient form by making the substitutions

K2 5 K2 2x
a = —— = —_——_— z = —
me2 ' 2ma2a? ’ aa

We consider an electron confined to the x—axis that experiences an at-
tractive force e?/r?. The Schrodinger equation is

h2 2
(_mV2 B e:C) w(l',y,Z) = Ew(xaywz)

Solve the Schrodinger equation for ¥(z). (You might need Mathematica,
symmetry arguments plus some properties of the Confluent Hypergeomet-
ric functions or you could recognize the equation from previous work).

We can separate variables to obtain

qu(xvy’zz) = Y (2)py (y)e=(2)
— I L) — £, (2) = Exn (o)

B2 d’ey(y) _ Py B2 d?p.(2) _ p2

“zm gy =) 0 Tan @ = aave(2)
_ Py pi —

E‘_2m4>2m4>E135_E‘3C

since confinement to the x—axis means that p, = p, = 0. This leaves us
with the equation:

2 d¢(z)
2m  dx?

2
We can rewrite this as follows(using the above definitions of constants):

d*iy,
T2 4 L) = un(a)

Alternatively, we can recognize that a hydrogen-like atom of nuclear charge
Z has the radial equation for R9r) = x(r)/r

h? d*x  Ze? 00+ 1)h?
DX 4t TR R
2m dr? r X+ 2mir? X X

Now when £ = 0, we have

ey e

_ A = F
2m dr? r X X

which is identical to our equation in this problem if we choose
r—x , Z=1
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Therefore, the ground state solution is

1\*/? K2
Y1(x) = zRyo(x) = 22 <> e—%/a , 4= —

a me2

The ground state energy due to the x—motion is then

me4 me4 62

T2 T 22 2a
(c¢) Find the three lowest allowed values of energy and the corresponding
bound state wavefunctions. Plot them for suitable parameter values.

The complete energy eigenvalue spectrum for the quantum state n is

2

e 1

E,=——

" 2a n?
with wave function

Un(x) = ARpo(z)

where A is the normalization factor.

7.7.58 Electron in Hydrogen p—orbital

(a) Show that the solution of the Schrodinger equation for an electron in a
p.—orbital of a hydrogen atom

3

Y(r,0,¢) = ERM(T) cos 6

is also an eigenfunction of the square of the angular momentum operator,
L2, and find the corresponding eigenvalue. Use the fact that

jr_ g2 L O (0N, 1 0%
L7==n Lmaaa 056 ) T n? g 062

Given that the general expression for the eigenvalue of L2 is 00+ 1)h2,
what is the value of the ¢ quantum number for this electron?

The general solution for the Schrodinger equation of the hydrogen atom
is

'(/J(T7 9; d)) =NR, (T)}/(m((g, d))
where

h2 2
H(r,0,6) = =5 V*(r,0,6) — —1(r,0,0) = B¥(r,0, )

and .
LY (0, 6) = £(£ 4+ 1)h*Y0,, (0, ¢)
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and N is a normalization constant.
We have
/3
w(ra 97 QS) = Zan(T)Ylo (97 QS)
s
Therefore £ = 1 and this is a solution for quantum numbers (n, 1,0).

Alternatively, we can calculate

L4, = L?y/ %RM(T) cosf

NE (1 0 ( 0 1P
= — ERne(T)h |:51n€80 (Sln980>+m29&¢2:| cos

B 3 o 1 0 (. 0(cost)
=\ 2 e O 1 B (bme 0

3 9 0 ,. o
ERng(T) 7sin9%(sm 6)

3
= 20?4/ ERnE(T)COS@ = 2h%y,,.

(b) In general, for an electron with this ¢ quantum number, what are the
allowed values of m,? (NOTE: you should not restrict yourself to a p,
electron here). What are the allowed values of s and m?

m = my can always take the values —¢,—¢ + 1,.....,+£. In this case,
myg = —1, Oor 1. For the electron in this problem, s = 1/2 and m,; = +1/2.

Write down the 6 possible pairs of mg and my values for a single electron
in a p—orbital. Given the Clebsch-Gordon coefficients shown in the table

below
|j7mj>

my, | my, || 13/2,3/2) | 3/2,1/2) | [1/2,1/2) | [3/2,-1/2) | [1/2,-1/2) | [3/2,-3/2)
1 [ 1/2 1

1| -1/2 1/3 2/3

0 | 1/2 2/3 —\/1/3

0 |-1/2 2/3 1/3
1| 1/2 1/3 —/2/3
-1 [ -1/2 1

Table 7.1: Clebsch-Gordon coefficients for j; = 1 and jp, = 1/2
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write down all allowed coupled states |j,m;) in terms of the uncoupled
states |myg, ms). To get started here are the first three:

3/2,3/2) = [1,1/2)
13/2,1/2) = V/2/310,1/2) + V/1/3]1,-1/2)
11/2,1/2) = —V/1/3[0,1/2) + v/2/3]1,-1/2)

For a single electron in a p orbital, the following pairs of m,, ms are al-

lowed:
my mg
1 1/2
1 |-1/2
0 1/2
0 |-1/2
-1 ] 1/2
-1 -1/2

Using the Clebsch-Gordon coefficients the coupled states |j, m;) are given
by

3/2,3/2) = [1,1/2)

13/2,1/2) = V/2/310,1/2) + V/1/3]1, -1/2)
1/2,1/2) = =/1/30,1/2) + v/2/3]1,-1/2)
11/2,-1/2) = V/1/310,-1/2) — V/2/3|-1,1/2)

)
13/2,-1/2) = v/2/310,-1/2) + V1/3]-1,1/2)
3/2,-3/2) = |-1,-1/2)

(d) The spin-orbit coupling Hamiltonian, H,, is given by

H,, =& -5

Show that the states with |7, m;) equal to |3/2,3/2),(3/2,1/2) and |1/2,1/2)
are eigenstates of the spin-orbit coupling Hamiltonian and find the cor-
responding eigenvalues. Comment on which quantum numbers determine
the spin-orbit energy. (HINT: there is a rather quick and easy way to do
this, so if you are doing something long and tedious you might want to
think again .....).

There are two ways to approach this part.

First Method: We write



Then, operating on the |j,m;) states written in the |m + £, m,) basis, we
get

H,,|3/2,3/2) = £(7) (es + %(Ag, +£§+> I1,1/2)
= &M (h)(h/2) 11,1/2) = —-£(7) [3/2,3/2)
Thus, the state |3/2, 3/2) is an eigenstates of H,, with eigenvalue h2¢(7)/2.

Continuing we have
(Frso 1250 ) (VEBI0.1/2) + VIBIL-1/2)
(Uis_ + é§+> V2/310,1/2)
#600 (Eso 4 s+ 15 ) VIBIL-1/2
= (VB 10.1/2) + VIBIL-1/2) = e 312,172

Thus, the state |3/2,1/2) is an eigenstates of H,, with eigenvalue h2¢(7)/2.

Similarly, the states [3/2, —1/2) and |3/2, —3/2) are also eigenstates of H,
with eigenvalue h2¢(7)/2.

Finally,

A A 1 - o

H,,[1/2,1/2) = &(7) (ﬂzéz + f(€+§_ + €_§+> (—v/1/310,1/2) + +/2/3|1,—-1/2))
= 2P (—/1/30,1/2) +1/2/3 |1, —1/2)) = —h%¢(7) [1/2,1/2)

Thus, the state [1/2,1/2) is an eigenstates of H,, with eigenvalue —h2¢ (7).

Similarly, the state |1/2,—1/2) is an eigenstates of H,, with eigenvalue
—hZE(7).
Second Method: We write

P=l+s? =P+ 4205

so that

Then, since all the states have simultaneously well-defined values of j, ,
and s, they are all eigenstates of 52, £2, and 32 and hence of H,,. To find
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the eigenvalues we just operate on a general state

ﬁso |j7mj> = @(52 - éQ - §2) |j’mj>
26(7
A 2( L5+ 1) — €e + 1) = s(s + 1)) j,my)
2(7
= %()(j(jﬂ) = 11/4) lj,m;) T.7)

since £ = 1,s = 1/2 for all these single electron p orbital states.

For j = 3/2, we have the eigenvalue h?£(7)/2 as before and similarly for
j = 1/2 we have the eigenvalue —h%¢(7) as before.

We see that the eigenvalue of H,, depends on the j quantum number (for
a given ¢ and s), i.e., it depends on how ¢ and s are oriented relative to
each other! It does not depend on myj, i.e., it does not depend on the
orientation of j.

The radial average of the spin-orbit Hamiltonian

/ () Rua(r) P
0

is called the spin-orbit coupling constant. It is important because it gives
the average interaction of an electron in some orbital with its own spin.
Given that for hydrogenic atoms

Ze? 1
§r) = Smegm2c? 13
and that for a 2p—orbital

Z 3/2 1 B
R = (1) "

(where p = Zr/ag and ag = 4megh? /mec?) derive an expression for the
spin-orbit coupling constant for an electron in a 2p—orbital. Comment on
the dependence on the atomic number Z.

We need to calculate
Ze?

oo oo 1
2,2 _ 2,2
| eonrnrar = e [T R )Pt
zer 1 (2Z\° [® _,
_ = - (= —Zr/ao g
8mregmzc? 24 <a0> /0 e "

RN A
- 8megm2c? 24 \ ag
meed 4

~ 1536832 RS
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i.e., the strength of the SO coupling increases markedly with the atomic
number (it is o« Z%) which means that it is very important for heavy
atoms.

In the presence of a small magnetic field, B, the Hamiltonian changes by
a small perturbation given by

HY = ugB(l, + 23.)
The change in energy due to a small perturbation is given in first-order

perturbation theory by .
EW = (0| HW |0)

where |0) is the unperturbed state (i.e., in this example, the state in the
absence of the applied field). Use this expression to show that the change
in the energies of the states in part (d) is described by

EW = upBg;m (7.8)

and find the values of g;. We will prove the perturbation theory result in
the Chapter 10.

We have )
E'1) = (j,m;| ppB(L. + 23.) |j, m;)

To do the calculation, we rewrite the |j, m;) states in the |mg, m;) basis.
Then we have for |j,m;) =13/2,3/2) = [1,1/2)

BU) = (1,12 jup B, +25.) L. 1/2) = 2hunB
4 4
= uBthmj = ppBgjhm; with g; = §h
Similarly, we have for |j,m;) = |3/2,1/2) = \/g|0, 1/2) + \/g|1, —1/2)
( 2 N 1 N
B) = upB (5 (0,1/2/ 2 +25.10,1/2) + 3 (1,-1/2/ &, +25.|1,-1/2)

2 1 4 , 4
=upB (3h+ 3(0)> = ppBghm; = upBgjm; with g; = h

Similarly, we get for [j,mj) = 1/2,1/2) = /510,1/2) + /2 1, ~1/2)
( ; 2
E'l) = upBg;m; with g; = gh
So, in general we have
1, (ol
g; = §(2j + )i and E'1) = §mj(2j + )iupB
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(g) Sketch an energy level diagram as a function of applied magnetic field
increasing from B = 0 for the case where the spin-orbit interaction is
stronger than the electron’s interaction with the magnetic field. You can
assume that the expressions you derived above for the energy changes of
the three states you have been considering are applicable to the other
states.

Assuming that the energy splitting resulting from the spin-orbit coupling
is larger than that due to the magnetic field, we have the following energy
level diagram:

Energy E
A
13/2,3/2>
13/2,1/2>
) 4
j=3/2 n B = - “sBm
3 5 13/2,-1/2>
?ﬁ g
13/2,-3/2>
1/2,1/2>
=12 L " _ %uBBmj
1/2,-1/2>

\

Magnetic Field B
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Note that at zero field (j = 3/2,m; = £3/2,%1/2) are degenerate and
(j =1/2,m; = £1/2) are degenerate.

7.7.59 Quadrupole Moment Operators

The quadrupole moment operators can be written as

QU = \/g(x +iy)?
QU = —\/g(m +iy)z

QY = %(32’2 —r?)

QY = @x —iy)z
QU = @x —iy)?

Using the form of the wave function v, = R(r)Y,% (6, ¢),

(a) Calculate (¢33 Q® |13 3)

We need to calculate
(V33| Qo [1h3,3) = /dTTzRQ(T)TQ/dQY3f3(97¢)T;3%,3(9,¢)

where

Qo _ 1 o9 o 1 2
T—Qfﬁ(?)z fr)f§(3cos 0—1)

We can ignore the radial integral (which just factors out in all cases) and
compute the angular integral.

We use Mathematica. We define @y and the integral:

1 2
q0 = -2- (3Cos(B8]" -1);

shavg[(m2_, q_, ml_] := Integrate[Conjugate[SphericalHarmonic¥[3, m2, 6, ¢]]
q SphericalHarmonicY[3, ml, 8, ¢] Sin[8], {8, 0, n}, {¢, 0, 27}];

and then compute

(b) Predict all others (13 /| Q) [1)3,,,,) using the Wigner-Eckart theorem in
terms of Clebsch-Gordon coeflicients.

Using the result above, the double-bar-inner-product on the RHS of the
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q0a33 = shavg([3, q0, 3]

<
3

dbavg = q0a33 / ClebschGordan[ (3, 3}, {2, 0}, {3, 3}] =7

o. 7
- | Q.
2 \/ 15

N

weavg[(m2 , q_, ml_] := ClebschGordan[{3, ml}, {2, q}, {3, m2}] -dbavg/‘\/?;

Wigner-Eckhart theorem is
Then, we can insert this in a general function for any m; and mo:
or written out...

(3,ma] (Q®), |3, my) = (%) (3,2,m1,q13,2 : 3,m0) (—2 175>

On the RHS, the first factor comes from 1/4/2j; + 1 where j; = 3 is the
total angular momentum eigenvalue of the ket.

The second factor is the Clebsch-Gordon coefficient of

|j1aml> b2 |k7Q> & |j27m2>

For this problem, j; = jo = 3 and we get a non-zero result only if
my + q = mg amd |j; — ja| < k < j1 + j2, which is satisfied since k = 2
for the quadrupole tensor.

The third factor is shown to exist by the Wigner-Eckhart theorem is
3llQ|I13). It is independent of the quantum numbers m;, me and ¢, de-
pending only on the quantum numbers 51, jo and k.

(c) Verify them with explicit calculations for (51| Q) |130), (31| Q) [4h3.1)
and (13| Q) |ihs _3).

Let us define the @Q operators in similar fashion to (a):
and compute the inner products using the shavg function from (a);

Note that we leave (r?) = [ r?drR*(r)r? as an overall constant that drops
out from the ratios.
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qpl = -." -::— (Sin[©8] Cos[¢] + I Sin[B] Sin[¢]) Cos[B];

f 3
qu2 = [ — (Sin[6] Cos[4] - I Sin[e] sin[¢])?;

shavg([1l, gqpl, 0]
shavg[-1, qm2, 1]
shavg[-2, q0, -3]

V2
15

Compare the results using the Wigner-Eckhart function from (b):

weavg(1l, 1, 0]
weavg[-1, -2, 1]
weavg[-2, 0, -3]

v

2
15

f"j"
24§
5

ClebschGordan::phy : ThreelJSymbol[(3, -3i, {2, 0}, {3, 2}] is not physical. More...

0

7.7.60 More Clebsch-Gordon Practice

Add angular momenta j; = 3/2 and j2 = 1 and work out all the Clebsch-Gordon
coefficients starting from the state |j, m) =15/2,5/2) = |3/2,3/2) ® |1, 1).
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We have the relationship

Jx e gm) = (Jix + Jox) D D ljuje; mama) (jrjas mama | jija; jm)

mi1 Mo
where
C(j1j2d; mimam) = (j1j2;mama | j1j2; jm) = Clebsch-Gordon coefficient

Expanding out we have

VGTm)GE£m+1) |jijy;jm+1)
=> >3 \/(jl Fm)) (1 £ mh + 1) [1ja; mh £ 1,mb) (juja; mymb | jija; jm)

’ ’
my My

+> ) \/(Jé F mjy)(j2 £ mh + 1) |jrjes my, my £ 1) (jrjz; mymy | jij2; jm)

’ i
’I’TLl m2

Using orthonormality, we take the scalar product with <j1 J2;mims| and find
that the first term on the RHS contributes only if m; = m1 + 1 and me = mj
and the second term on the RHS contributes only if m; = m} and mq = mj+1.
Therefore we get the recursion relation:

\/( :Fm)( ﬂ:m—l—l)C(jljgj'ml,mg,m:I:l)
= /(1 Fmi + 1)1 £ m1)C(jrjag; mi F 1,ma,m)
+ /(G2 F m2 + 1) (j2 £ m2)C(jrjeg; ma, ma F 1,m)

where now m; + me = m = 1. An example of its use is shown below. For
Jj =5/2,m =5/2 we have using the lower sign

V5C(3/2,1,5/2;3/2,0,3/2) = V2C(3/2,1,5/2;3/2,1,5/2)

By convention C(3/2,1,5/2;3/2,1,5/2) = 1. Therefore we obtain

C(3/2,1,5/2;3/2,0,3/2) = \/g

and
V5C(3/2,1,5/2;1/2,1,3/2) = vV/3C(3/2,1,5/2;3/2,1,5/2)
so that
C(3/2,1,5/2;1/2,1,3/2) = \/g
and therefore
13/21:5/2,3/2) = C(3/2,1,5/2;1/2,1,3/2) [3/2,151/2,1)
+C(3/2,1,5/2;3/2,0,3/2)3/2,1;3/2,0)
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lower[j_, m_] =+ (j+m) (J-m+1);

13/21;5/2,3/2) = \/§|3/2, 1;1/2,1) + \/§|3/2, 1;3/2,0)

This leads to the following sequence using Mathematica. We implement the
lowering eigenvalue

Then we start from the maximum state(j = 5/2,m = 5/2) and write for m =
3/2:

lower(3/2, 3/2)/lower[5/2, 5/2]
lower([1l, 1] /lower([5/2, 5/2]

o]

u-|:]
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Thus we get (as before)
C(3/2,1,5/2;1/2,1,3/2) = \/g
2
C(3/2,1,5/2;3/2,0,3/2) = \[5

Then for m = 1/2:
\3/5 lower[3/2, 1/2]/lower[5/2, 3/2]
v'3/5 lower[1l, 1] /lower([5/2, 3/2]

V2/5 lower([3/2, 3/2)/1lower[5/2, 3/2]
275 lower[l, 0] /lower[5/2, 3/2]

so that we get

C(3/2,1,5/2;-1/2,1,1/2) = \/E

0(3/2,1,5/2;1/2,0,1/2) = ;\/EJF ;\/EZ \/g

1
0(3/2a1?5/273/2,—1,1/2) = E

Note that the second and third terms end up as |3/2,1/2) ® |1,0) and we just
add their contributions.

Then for m = —1/2:

so that
C(3/2,1,5/2; —3/2,1,—1/2) = %0
C(3/2,1,5/2:—1/2,0,—1/2) = 1/ = + 2/ = = /2
5 A1V
C(3/2,1,5/2:1/2,—1,—1/2) = | = + 1/ = = />
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4/3/10 lower[3/2, -1/2] /lower[5/2, 1/2)]
\/'3/10 lower([1l, 1] /lower[5/2, 1/2]

V'3/5 lower[3/2, 1/2) /lower[5/2, 1/2]
v'3/5 lower[l, 0] /lower([5/2, 1/2]

“'1/10 lower(3/2, 3/2]/lower[5/2, 1/2]

Note that we omitted the term which would have lowered |1, —1).

Then for m = —3/2:

4/1/10 lower[1l, 1] /lower[5/2, -1/2]

V3/5 lower(3/2, -1/2] /lower[5/2, -1/2]
V'3/5 lower[1l, 0] /lower[5/2, -1/2)]

V3710 lower[3/2, 1/2] /lower[5/2, -1/2]
1

Win)

3
2+/10

o]

<

w'u] N

<__
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so that

1 /1 1 /9 2
C(3/2,1,5/2;—3/2,0,—3/2) = 5’/E n 2\/; \/;
1 /3 1 /3 [3
0(3/2,1,5/2,1/2,—1,_1/2)2\/;+2\/;\/;

Here we omitted two terms due to annihilation. Note that the results are the
same as with |5/2,3/2), which one expects by symmetry.

Finally, for m = —5/2:

Y2/5 lower[l, 0] /lower(5/2, -3/ 2]

“3/5 lower[3/2, -1/2) /lower[5/2, -3/2]

wlw uN
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so that

3
21
5

2
C(3/2,1,5/2-3/2,-1,-5/2) = = +
This is necessary by both convention and symmetry.

We have now completed all the n-n-zero CG coefficients for j = 5/2. We are not
done, however, we must calculate the CG coefficients for j = 3/2 and j = 1/2
representations also. Unfortunately, there is no single extreme states to start
the process. What are we to do?

Now, we know that the different representations we get when adding angular
momentum are separate and irreducible, so eigenstates from different represen-
tations with the same m eigenvalue must be orthogonal. Indeed the number
of ways to produce a particular m states with |j1m;) ® |[jomz) is equal to the
number of irreducible representations.

Knowing this, we can immediately write down the the CG coefficients for the
maimum m state of the sum representation j = 3/2, |3/3,3/2):

C(3/2,1,3/2;1/2,1,3/2) = \/g

C(3/2,1,3/2;3/2,0,3/2) = \/g

Note that we have fixed a sign convention.

We can now proceed in the same fashion as before. First, for m = 1/2:
-V2/5 lower[3/2,1/2)/1lower[3/2, 3/2]
-V2/5 lower[l, 1) /lower([3/2, 3/2)

V3/5 lower(3/2, 3/2]/lower[3/2, 3/2]
“3/5 lower[l, 0] /lower([3/2, 3/2]
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so that
/8
C(3/3,1,3/2;—-1/2,1,1/2) = —

C(3/3,1,3/2:1/2,0,1/2) = —2\/7+3\/7 \/7
C(3/3,1,3/2;3/2,—1,1/2) = \/;
Then for m = —1/2:
-A/8715 lower[3/2, -1/2] /lower[3/2, 1/2)

-4/8/15 lower[1l, 1] /lower[3/2, 1/2]

V1/15 lower(3/2, 1/2)/lower[3/2, 1/2]
Y'1/15 lower[1l, 0] /lower[3/2, 1/2]

V2/5 lower[3/2, 3/2]/lower(3/2,1/2)

so that

C(3/3,1,3/2;-3/2,1,—1/2) =

C(3/3,1,3/2: —1/2,0,-1/2) = —2 15+\/E:_\/§
C(3/3,1,3/2:1/2, —1,—1/2) = \[ g\/g_\/g

One might expect this result from symmetry, taking into account the minus
sign.

Finally for m = —3/2:
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-v2/5 lower[l, 1] /lower([3/2, -1/2]

-A1/15 lower[3/2, -1/2] /lower[3/2, -1/2]
-41/15 lower[1l, 0] /lower([3/2, -1/2]

8715 lower[3/2, 1/2] /lower[3/2, -1/2]

so that

C(3/3,1,3/2; -3/2,0,-3/2) = —2\/5_ \/E - _\/E
C(3/3,1,3/2;—1/2,—1,-3/2) = \/;+ \/g - \/E

Again, we could have predicted this result by symmetry.

Finally, for j = 1/2, we can again construct the m = 1/2 state, and therefore
the CG coefficients, by orthogonality to both |5/2,1/2) and |3/2,1/2). Then we

solve
3x+\/§ + iz—O
V10 5 V10" T
— éx—i— 1 +\/§z—0
Vi TV 1sY T V55T

where x,y, z are the CG coefficients

Solve[{V3/10 x+V3/5y+V1/10 2=0,
-V8/15 x+V1/15 y+V2/52=0, x* +y? +2? =1}, {x, vy, 2}]

1

1 ¢ 1 1
_-—\7_6__—, Y- :‘/,—3..—}, "Z—)——.:.—, X = :‘/—g—, y—)———:.—}}

{'z—>———1—— X -
. 5 ! \/2

2
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to get

C(3/3,1,3/2;-1/2,1,1/2) = — é

W =

C(3/3,1,3/2;1/2,0,1/2) = —

DN | =

C(3/3,1,3/2;3/2,—-1,1/2) =
where we have chosen a sign convention.

We can do the same for m = —1/2:

Solve[{V1/10 x+V3/5 y+V3/10z2=0,
-V2/5x-vV1/15 y+V8/15 2= 0, x* +y* +2* =1}, {x, y, 2}]
1 1 1 1

. 1 1 ¢
{(Zo mmmmr y XD m i , ¥ = |y {29~y Xy ¥ =
{ \ \.."6 ’ ,\,v" 2 r Y ,\,v'3 }' \ ,\‘.’6 ’ \..'2 1Y ,\,:’3

to get

C(3/3,1,3/2 —3/2,1,-1/2) = \E

C(3/3,1,3/2;—1/2,0, -1/2) = — %

C(3/3,1,3/2:1/2,—1,~1/2) = \/z

7.7.61 Spherical Harmonics Properties

Again, we will use Mathematica.
(a) Show that L, annihilates Y = /15/327 sin? fe?®.

The raising operator in the position representation is

; 0 0
— _ihet? (4 _
L, ihe (189 cot96¢)

Applying it to Yoo we get

358



SphericalHarmonic¥([2, 2, 6, ¢]

15
~—— sin[@8)*

\ 2

=
(5]

-

1

4

(-1h) e'® (ID[%, 6] -Cot[6] D[%, ¢])

(b) Work out all of Y™ using successive applications of L_ on Y.

The lowering operator in the position representation is

. 0 0
_ i v
L_ = —ihe ( 7 7 cot 0 )

We implement both it and its eigenvalue

lowy[y_] := (-Ih) Exp[-I¢] (-ID[y, 6] -Cot[6] D[y, ¢]);
lowyv[m_ ] =V (2+m) (2-m+1) h;

and apply it repeatedly to Yao:

¥21 = lowy[SphericalHarmonic¥Y[2, 2, 6, ¢]] / lowyv([2]

1 44 ’__]_._5_ :
-y e 5 Cos 6] Sin[8]

y21 - SphericalBHarmonic¥[2, 1, 6, ¢]

0
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y20 = Simplify[lowy[y21l] /lowyv[1l]]

1 |5
'8— }? (1+3Cos[20])

Simplify([y20 - SphericalHarmonic¥[2, 0, 6, ¢]]

0

y2ml = lowy[y20] / lowyv[0]

1 ., |15 .
Te HSHI[ZG]

Simplify[y2ml - SphericalHarmonic¥[2, -1, 6, ¢]]

0

y2m2 = Simplify[lowy[y2ml]] / lowyv[-1]
1 5is } 15 : 2
T e E—; Sin([©]

Simplify[y2m2 - SphericalHarmonic¥[2, -2, 6, ¢]]

0

lowy[y2m2]

0

(c) Plot the shapes of Y3™ in 3-dimensions (r, 8, ¢) using r = Y37 (6, ¢).
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First we create a plotting function

ploty[m_] := ParametricPlot3D[
Conjugate[SphericalHarmonicY[2, m, 6, ¢]] SphericalHarmonicY[2, m, 6, ¢]
{Sin[®] Cos[¢], Sin[6] Sin[¢], Cos[6]}, {6, O, 7}, {¢, O, 2}, PlotPoints - 50];

and plot |Ya,,|? for m = 0,1, 2:

Table[ploty[m], {m, 0, 2}];
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7.7.62 Starting Point for Shell Model of Nuclei

Consider a three-dimensional isotropic harmonic oscillator with Hamiltonian
p2 1 3
H:p—+—mw2f’2=hw<[i+-&'+§>

where p' = (p1,P2,D3), T = (&1, Zad2), @ = (a1, a2,d3). We also have the com-
mutators [, p;] = ihdij, [&i, 5] = 0, [pi, ;] = 0, [as, a5] = 0, [a;", 4] = 0, and
[, &j] = d;; Answer the following questions.

(a) Clearly, the system is spherically symmetric, and hence there is a con-

served angular momentum vector. Show that L=+x p commutes with
the Hamiltonian.
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We handle the two terms separately; first the kinetic energy,

[Li, p} = €ijk {l'jpkv pzpz}

2m 2m
PE

= eiijih(Sjlpl om

Pk
= €ijk [ffjplpl] %

ih
= - €ijkPiPk = 0

by the antisymmetry of €;;;. Similarly for the potential energy,

1
{Li, mw2fz] = €k {ijk, 2mw2xl$l}

2 . 2
= imw €ijkT [pk,xlxl] = —imhw Eijkxj(;klxl
= fimhw2eijkxj$k =0

by the antisymmetry of €;;y.

Rewrite L in terms of creation and annihilation operators.

We generalize the usual creation and annihilation operators for each spa-
tial direction,

a; = %(as&ripi) al = %GE-*Z’M)
! 2\ Tmw oo 2h \"" T

The commutation relations are obviously [a;, aj'] = §;5. The Hamiltonian
is simply the sum of three 1D harmonic oscillator Hamiltonians

3
H = hw (a;rax —|—a;ay +ata, + 2)

The angular momentum operators are rewritten using

h . [ hmw
xi:”Qmw(ai_Faj) » D= (a; —a
We find
h . [ hmw
Li = eiju;pn = €| 5——(0; + ¢f) (-Z 5 ) (ax — ay)

S
~—

= —i§eijk(aj + a;r)(ak — a;)
= —i§eijk(ajak — aja; + a;rak — ajazr)

— —i§eijk(ajak — aZ'aj)

— _ibeaat
= zhe”kajak

363



where we have used €;,a5a1 = eijkaja;r =0, €;j10k; = 0 and €55, = —€ip;.

For later purposes, it is useful to define

a ——i(a —iay) a_ = —(ay +iay,)

-+ \/§ T Y ) - \/§ x Y
Note that

las,a%] = [a_,a*] =1

[a-‘ma—] = [a—i-aa——i_] = [aiva—] - [0’170’1_} =0

Then the angular momentum operators can be further rewritten as

Ly = Ly +iLy = —ih(a}a. —afay) + h(afa, —afa.)
= h(~(af +iay)a: +af (az + iay))
= h\[?(aiaz +ata_)

L_ =L, —iLy, = —ih(a}a. —afay,) — h(afa, —afa)
=h((a, + ia;)az —al(a, — iay))

=2 a, +atay)

V2 V2 V2 V2

+,+ + o+
a’al ara ajal a_a
L. = —ih(a*zay — af ay) = —ih ( S kS e +>
=h(alay —ata_)
In other words, af(a) creates (annihilates) the excitation with L, = +A,
while a® (a_) creates (annihilates) the excitation with L, = —h.

Show that |0) belongs to the £ = 0 representation. It is called the 15
state.

The ground state is unique, and the only representation of angular mo-
mentum that can be formed by a single state is £ = 0. A more explicit
way to show it, is simply by acting
L. |0) = hv2(ata, +afa_)|0) =0
L_10) = hv/2(aTa, +atay)|0) =0
L.10) = a(afar —ata_)[0) =0

Show that the operators F(aj 4 a3 ) and aj form spherical tensor opera-
tors.
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ASIDE: Definition of a spherical tensor:

We define a spherical tensor of rank k as a set of 2k + 1 operators T},
q=k,k—1,.....,—k such that under rotation they transform among them-
selves with exactly the same matrix of coefficients as that for the 25 + 1
angular momentum eigenkets |m) for k = j, that is,

U(R)TIU (R ZD(k T

To explicitly see the properties of these spherical tensors, it is useful to
evaluate the above equation for infinitesimal rotations, for which

D@ = (k,q'|1 — i€ T/hlk,q) = 0 q — & (k,q'| J/ 1|k, q)

Specifically, consider the infinitesimal rotation &J = eJ. (Strictly, speak-
ing, this is not a real rotation, but the formalism does not care, and the
result we can derive can be confirmed by rotation about the x and y di-
rections and adding appropriate terms).

The equation is

Ji dJ . /
(1-ie%e ) 72 (1 ieSs) = 3 g — e i1 91 /n k) T2

q

and equating terms linear in € we have

e, T8 = +h/(k T ) (k £ ¢ + DTEE
[JZ,T,g] = thlg

which can be taken as the definitions of spherical tensors. The creation
operators are k = 1 spherical tensor operators.

1 1
J(rl)—aJr ) To()

To verify this claim:

L+, 8] = [W2(ata. +aFa-),af] = 0
(L, T = [(W2(ata. + afay),at] = hv/2at = h2r
[L_,Tél)] = [m2(ata, +atay),al] = hW2aT ﬁ\/iT(ll)
[L_, T = W2(a*a. +afay),at] =0

Indeed, the operators form the k = 1 representation.

Show that N = 1 states, |1,1,+1) = F(af 4+ a3)|0) /v/2 and |1,1,0) =
ag |0, form the ¢ = 1 representation. (Notation is |N, ¢, m)) It is called a

365



1P state because it is the first P—state.

Using the notation defined above,
|1,1,+1) = a1 |0)
First, we show that |1,1,1) cannot be raised:
L. |1,1,1) = hv2(afa. +afa_)al |0) =0
Then by lowering the state,
L_|1,1,1) = iv2(ata. + afay)al |0) = hv/2a] |0) = hv2]1,1,0)
Lowering this state once more,
L_11,1,0) = iv2(aTa, + aFay)at [0) = iv/2a™t |0) = hv2(1,1, 1)
Finally, this state cannot be lowered
L_|1,1,-1) = hv2(ata, +afay)at |0) =0
Therefore, they form the [ = 1 representation correctly.

Calculate the expectation values of the quadrupole moment Q = (322 —12)
for N ={¢=1,m = —1,0, 1 states, and verify the Wigner-Eckart theorem.

We first rewrite the quadrupole operator in terms of creation and annihi-
lation operators. Starting with

x; = (ai +aj)

2mw

we have

h
322 —r? =227 — 2% — P = T (2(az +af)? = (az + a})? = (ay + a}})?)

= g (20 a2~ (o — ) + @D - Hla + a) + (0 +aD)Y )

Because we will take the expectation values of this operator, we are only
interested in the pieces with one creation and one annihilation operators.
The pieces with two creation or two annihilation operators do not give
non-vanishing expectation values. Therefore, keeping only those terms,
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we have

h
322 —r? ~ —(a,af +afa,)

mw

_ %((a, —ay)(at —al) + (af —al)(az —ay))

_ %((a_ +a)(al +al) + (aF +al)(a- +ay))
B %(2(%“; +ata.) - (a_at +ata_ +ayal +alay))
= %(%jaz —(ata_ +atay))

In the last step, we used the commutation relations to rewrite aa®™ =
ata 4+ 1, and cancelled the constant pieces against each other. Then it is
easy to work out the expectation values,

B I
2 _ 2 - + + +10) —
(1,1,1]32* —r?|1,1,1) = (0| a_,_@(Qajaz —(ata— +alay))al |0) = -
I h
1,1,0[32%2 = r%|1,1,0) = (0l a,— (2ata, — (aTa_ + af Ty = —2—
<a ; | z r | P > <|a’ mw( a,a ((Z_(Z +a+a+))a’z |> Mw
h B
1,1,-1]322 = r2|1,1,—-1) = (0|l a_ —(2aTa, — (aTa_ + at 10y =-——
<, ’ | z T ‘ s 4y > < |a mw( a,a (a'fa +a+a+))a7| > mw

The quadrupole moment operator here is a spherical tensor with rank
k =2,q =0. To see this result is consistent with the Wigner-Eckart the-
orem, we need the Clebsch-Gordon coefficients

Table[ClebschGordan[{1l, m}, {2, 0}, {1, m}], {m, -1, 1}]

{— 1_ /2 1
vio TV 5" W10

The ratios among the expectation values are indeed the same as the ra-
tios among the CG coefficients, 1 : —2 : 1. As an added note, a positive
quadrupole moment (322 — r2) > 0 indicates a prolate form, while a neg-
ative quadrupole moment (322 — r?) < 0 indicates an oblated form.

There are six possible states at the N = 2 level. Construct the states
|2, ¢, m) with definite £ = 0,2 and m. They are called 25 (because it is
second S—state) and 1D (because it is the first D—state).

From part (d) we can guess that the six states are composed of

(@D)?10) , (a)?[0) , (@D)?]0) , ala |0) , ala® |0) , afa’|0)
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By looking at the L, eigenvalues, it is easy to identify

|27 27 2> = 72(0‘1)2 ‘0>
2,2,1) = aTal |0)
|27 27 *1> = ajat ‘O>
1
12,2,-2) = —(a*)?|0)

There are two states with m = 0: (af)?|0), afa’ [0). We can tell which
linear combination belongs to the [ = 2 representation by acting L_ on
|27 27 1>7

L_|2,2,1) = iW2(ata, + afay)alal |0)
= h/2(atal +atal)|0) = 1V6(2,2,0)

Therefore we identify

1
2,2,0) = ﬁ(afai +afal)|0)
which is properly normalized as it should be. The orthogonal combination
is

1
|27070> = 7(2(11_(11 - aja‘j) |0>

V6

To verify that this state is indeed an [ = 0 state, we can check

1
L [2,0,0) = hv2(ata, + aja,)—6(2afai —atal)|0)

1
= h2-—=(—alal —afal +2afal)|0) =0

V6

How many possible states are there at the N = 3,4 levels? What /¢
representations do they fall into?

For N = 3, it is clear that the state with the highest L, eigenvalue is
(aZ)?]0) with m = 3. Hence it belongs to the I = 3 representation and
has 21 +1 = 7 states. The only way to creat an m = 2 state is a.(al)?|0),
so there is no orthogonal | = 2 representation. However, there are two
m = 1 states (a])%a’ |0) and (aF)?a’ |0), so there is an orthogonal | =
1 representation with 3 states. Finally there are two ways to make an
m = 0 state, (af)?|0) and afalat |0), so there is not an additional { = 0
representation. Thus, there are 10 states in total.

Similarly, for N = 4, the highest representation must be | = 4 with 9
states. Learning from above, there are only three ways to make m =
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0: (al)?(ar)?|0), (af)?ala’ |0) and (af)*|0), so there are three total
representations. The only m = 3 state is af (a])?|0), so there is no [ = 3
; there are two m = 2 states (a])%a’ |0) and a (al)?|0), so there is an
I = 2 representation with 5 states. The final representation must be [ =0

with 1 state. This gives 15 states total.

What can you say about general N7

We note that the creation operators are linear combinations of Z and p an
hence parity odd. Therefore, N = even states have even parity, and hence
can only have even [, while N = odd states have odd parity, and hence
odd [. In general, N = even states have [ = 0,2,4,..., N, while N = odd
states have | = 1,3,5,...., N. It can be verified by looking at the number
of states (we will prove parity below).

The number of states at level N is the number of ways to make N selections
of three objects a}, ai, and a® with replacement. We may use the multiset
3Hy =n42 Cny = (N+2)(N+1)/2. For even N = 2k, it is (k+1)(2k+1).
Each [ = 25 contributes 2] + 1 = 45 + 1 states, and the total is

k
> (4j+1) =2k(k+1)+ (k+1) = (k+1)(2k + 1)
7=0

For odd N = 2k — 1, the number of states is k(2k +1). Each [ =25 — 1
contributes 2l + 1 = 45 — 1 states and the total is

Mw

(45— 1) =2k(k+1) — k = k(2k + 1)

Jj=1

Verify that the operator IT = ¢™@"@ has the correct property as the parity
operator by showing that Il #IIT = —Z and IIp1IT = —p.

Recognizing that @* - @ = N is Hermitian, i.e.,

h
Nz = e”N (&’+ a‘+) e—urN
2mw
h - (i) .
=\ 3 2m o VNN [N G G ]
Noting that [N,a] = —a and [N,at] = a*, we may collapse this result
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and separate even and odd terms:
[ h (im)™
ST+ mz =+
Izl = 2mw; m)! ((71) ¢ta )
h

_ — >4 — -4 . _ —
= — (la+a )cos —a -+ a )sin = -
\ 3o ((@+ @) cosm + (=@ +a") sin)

15T = —p follows immediately with

h
T = =iy g (@—a")

since only the odd term changes sign.

(k) Show that IT = (—1)V
The computation is easy:
I[N, l,m) = ™ [N, l,m) » I =™ = (eM)N = (~1)N

(1) Without calculating it explicitly, show that there are no dipole transitions
from the 2P state to the 1P state. As we will see in Chapter 11, this
means, show that (1P|7|2P) = 0.

Considering the Wigner-Eckart theorem, a 2P — 1P transition is allowed
since Al = 0 and [ # 0. However, we note that 2P and 1P are both parity-
odd eigenstates (which belong to odd N levels, as we have proved). The
dipole operator is parity-odd, so the amplitude of the transition is zero
by parity conservation. A parity-odd operator can only connect states of
opposite parity under conservation.

7.7.63 The Axial-Symmetric Rotor

Consider an axially symmetric object which can rotate about any of its axes but
is otherwise rigid and fixed. We take the axis of symmetry to be the z—axis, as
shown below.
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X Ay

Figure 7.12: Axially Symmetric Rotor

The Hamiltonian for this system is
T2 T2 7

g Deid iz

21, 21

where I and I are the moments of inertia about the principle axes.
(a) Show that the energy eigenvalues and eigenfunctions are respectively

— hg 2 = "
Ee’m_%(é(ﬁ—&-l)—m (1_I|)>  Yem =Y{"(0,9)

What are the possible values for £ and m? What are the degeneracies?
We seek solutions to H 1) = E1. Note that
P2y i2—i2-i2

which implies that

L L2 1 1) - 1 /. I\ -
H=—" (—— —12=—(I2-(1-=2)12
21, (QIL 2]|> # 21 ( < IH ) z)

Now the spherical harmonics are the eigenfunctions of L? and L? where
2V (0,6) = B+ )Y (0,6) . L.Y7(0,0) = hmYi"(0, )
This implies that the energy eigenfunctions are 1, ., = Y;", i.e.,

ﬁd)e,m = EZ,mwl,m

h? '
By = — ) -—m?(1- =%
AT <W+ )= m ( I|>>

The degeneracy is as follows: if m # 0, then the two states Y, and Y, ™
have the same energy.
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At t = 0, the system is prepared in the state

3z 3 .
Yem(t =0) = Vier = \/Esmﬁcowb

(b) Show that the state is normalized.

Normalization corresponds to

/dQ|’(/)g7m|2 =1

where

dQ) = d(cos0)de = dudgp (u = costheta)

Now

/dQIwe,mF = /d(cose)d(ﬁ;sin?ecos?qb
/I
1

2
= /d(cosf))dqﬁ%(l —cos®f) cosh = %/ du(l 7u2)/0 cos? gpdo

—1
3 udl! 34
= — U — — m= ——-—7T =
47 314 3

(c¢) Show that

1 _
Yom(t =0) = NG (=Y (0,0) + Y, 1(0,9))
Given
3 (x+Liy
YiE (0, 0) = F\/ —
1 (7¢) + 87T< r )
we have
1 _ 1 3 ([x+iy x—1y
— (=Y + YY) =y — _—
7 (e = g ()
_ 1 /32 /3
V2V err  Vdrr
so that

'lpf,m(t = O) = % (_Yll(gv d)) + Ylil(ev ¢))

NOTE: This is clearly normalized since it is a superposition of Y?’s ;
P = Zcemnm and Z |C€m|2 =1

(d) From (c) we see that the initial state is NOT a single spherical harmonic
(the eigenfunctions given in part (a)). Nonetheless, show that the wave-
function is an eigenstate of H (and thus a stationary state) and find the
energy eigenvalue. Explain this.

1

Yem(t=0) = NG (=Y7'(0,0) +Y;1(6,9))
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—HY6,6) + Y (0,0))

[N}
S

Vo) (=E11Y]'(0,0) + E1 1Y, (0. 9))

But E 1 = F1,—; since E is independent of m. Therefore we have flw =
E1,1%; it is an eigenfunction of H.

Because v is a superposition of degenerate eigenfunctions it is also an
eigenfunction.

(e) If one were to measure the observable L2 (magnitude of the angular mo-
mentum squared) and L., what values could one find and with what prob-
abilities?

The possible values of L2 and L. are their eigenvalues h2((¢ + 1) and
hm with £ = 0,1,2,..... and m = —¢,—¢ + 1,.....0 for each ¢ value. The
probabilities are the expansion coefficients in ) = >_ ¢p, Yo, such that
Pl,m = |CZm|2-

Here

¢ =1 with probability =1
m = +1 or m = —1 with probability = 1/2 each

7.7.64 Charged Particle in 2-Dimensions

Consider a charged particle on the x — y plane in a constant magnetic field

—

B = (0,0, B) with the Hamiltonian (assume eB > 0)
H2 +H2
H=—"" Hi:pi_EAi

2m c

(a) Use the so-called symmetric gauge A = B(—y,x)/2, and simplify the
Hamiltonian using two annihilation operators a, and a, for a suitable
choice of w.

We expand the Hamiltonian in the symmetric gauge

ne = o (o= 0" (-4

2m
1 n eB \* n eB \?
T 2m Pz c 2 y Py c 2 .
1 e B2 eB
H— (2 2 2 2 -
5 Pz +0y) + o (@7 %)+ o (Ypa — 2py)
1 mw?
= — (0 +0)) + —— (@ + ) +w(yp. — xpy)

2m
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where w = eB/2mc. Using the standard oscillators

N T NN
v 2h mwpw ’ v 2h y mwpy

we can recast our coordinates in oscillators

| h . [hmw
T = Qmw(ajﬂLaa:) y Pz =1 T(a:*az)

h . [hmw
Y= o (a;_ +ay) , py=i B) (a;' ay)
Substituting back into the Hamiltonian,
hw 2 g + 2 2+ + .2
H:—I((az) —ay a; —aga; +a; + (a;)° —aja, —ayay + ay)
hw 2 2 2 2
+ 5 (00) + afas + azaf +af + (ay)* + ajay +ayay +ay)
+ i7(a;a: — a;aw + aya;|r — QyGy — a;'a;' + a;'ay — awa;' + agay)
= 7(a;§ax + azal + afay + ayal + 2i(at zay — af a,))

Using the commutation relation [a,a™] = 1, we have
H = hw(afa, + afa, +1+i(aza, — a) a,))

(b) Further define a, = (4, + id,)/2 and az = (G, — id,)/2 and then rewrite
the Hamiltonian using them. General states are given in the form
A\ &:i» m
|n7m>: (az) ( Z)
n! vm!
starting from the ground state where a, |0,0) = a5 |0,0) = 0. Show that
they are Hamiltonian eigenstates of energies hiw(2n + 1).

|0,0)

We have
= L(a —az)

(az+az) , ay
which gives

hw hw
H = "2(at +af)(as +az) — o (af —a)(a? +a?)
(3

+hw + hw(al +al)(a, —az) — hw(a; —al)(al +al)
hw
= hw(ala, +atas) + hw + 7(ajag —ata, +afaz)

z
hw
+ + + +
7(az a,+alas—afa, —ataz)

_|_
= hw(2afa, +1)
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Now applying this Hamiltonian to the presumed eigenstates, we have
~ ™ m

()" (a2)
vnl vm!

We need to commute the a, through the daggered operators to the right.
Let us evaluate the commutation relations:

H|n,m) = hw(2afa, + 1) |0, 0)

1 . . 1
[az,aj} = i[am +Zayva;r _za;] = 5(1 + 1) =1

1 . . 1
[a.,al] = 5[% +iay, af +ia)] = 5(1 -1)=0

Then, [a., (aF)"] = n(af)"! and so
H|n,m) = hw(2n+ 1) |n,m)
as desired.

For an electron, what is the excitation energy when B = 100 kG?

For an electron, the Bohr magneton is

h
= 4 =579 x 1071 MeV T
2me
The excitation energy
LB
AE =7 2116 x 1073V
2me,

for B =100kG = 107T. The corresponding thermal energy is

AE 116 x 10~%eV

= =134K
k 8.62 x 1075V K1 s

At temperatures below a few Kelvin, practically all electrons populate the
ground states.

Work out the wave function (z,y|0,0) in position space.

We have the requirement

1
a.0,0) = —=(ay + iay) |0,0)

V2

A (e N e Y o)

V2 2h mw’® on \Y T mw? ’
mw ) 1 .

1/45<x+zy+mw(1p1py)>0,0)0
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which in the position representation is

mw . 1 .. .
1 /4—5 <:c + iy + m(z(fzhax — (zhﬁy))) 0,0
mw . h )
= ”E <x—|—zy—|— mw((?x—kzay) oo =0

Similarly, for the requirement a3 |0,0) = 0, we have

[mw ) h )
E (33 — Yy + %(8_L — Zay) w0,0 =0

To make our lives easier, let us change coordinates from (z,y) to (z,2)
where z = x + iy and z = x — 4y. then,

1 = 1
=30, —i0,) and 9= (9, +id,)

such that
0z=0z=1 and 0%Z=bardz=0

Our equations then become

% <Z+ 2h(§> '1/1070 =0

4h mw
mw [ 2h
Th (Z -+ W@) 'l,Z)()’O = 0
which have the solution
w0,0 x e—mwzi/Zﬁ — e—mw(ac2+y2)/2h

|0, m) are all ground states. Show that their position-space wave functions
are given by
w07m(z7 2) _ sze—eBZZ/4hc

where z = x + iy and z = & — iy. Determine N.

For n = 0 and m # 0, the first requirement is the same as above,

[mw 2h -
azwo,m — E (Z + ma> wO.m =0

and this is clearly met by the form of the given wavefunction. For the
second requirement, we use the number operator:

ata,|0,m)=m|0,m)
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In the position representation,

a+—i(a++ia+)—i °B x—ki +1 °B —Ei
== T = A\ he eB'P" ahe \Y

eB 'y
eB . 2c . eB 2¢ ‘ .
=\ e <:r +y — efB(wz Py)> =\ 8he (x + iy — —B( i(—ihdy) — zhay))
eB 2he ) eB Ahe -
\/Q(x—l- y—(5w+26y))_ 8hc< eBa>

where w has been substituted so as not to confuse the eigenvalue m with
the mass m. Then, our requirement is

ata,|0,m) =m|0,m)
eB 4he - 4710
— S5 - 78 wO m m¢0,m
8hc
1_
2

B 1
— (ghzz—i— —20 — z8—2hc68) |0, m) =m0, m)

Applying the LHS operator to the given wavefunction, we find
B ool (m_oeB ) L L[ eB N yheg(m B
SHCZZ QZ z 8hcz 2 QZ 8hcz eB z  8hc

eB o om_eB 1 eB  _yhe( eB (m_eB N[ eB
Shc 2 8hc . 2 She eB\ dhc ' \z  4hc )\ dhe”
=S Tt e T T

=m
10,m is indeed the wavefunction (z,Z|0,m)

Now let us find N:

[ 1 dedy = N? [ dady(a® 42 ymeeN e

= N2/ (27r7'dr)r2m6763r2/2"w =1

0

o , —1/2
— N = (/ (2mrdr)r?me=eBr ﬂhc)
0

Computing
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eB
[ Integrate[2 xr#r’" «Exp[-

2hc rl],

~1/2
{r, 0, @}, Assumptions- {(m > 0, e > 0, B>0, 1 >0, c>0)]]

1

1} . he 1"" r -
Vo2t (55 Gamma (1 + m)

We find
2he\ ™ e
N = ' —
- ( B)
Another way to find the wave function is directly working out

(ad)™

Vml

10,0)

From the previous part,

—mwzZ/2h _ —mw(z?4y?)/2h

Yo,0 X € e

The correct normalization is easily obtained by the Gaussian integral and
we find

_ eB —eBzZz/4hc
Yoo = 27hc c

The creation operator was worked out above,

+_ B ([, _4hcs
% =\ 8he (Z eB 8)

When we use this operator multiple times, there is never a derivative with
respect to z, and hence 0 acts directly on 9. Namely, 0 = —eBz/4hc
as long as it acts only on the ground state wave functions. therefore,

o =B (,_dhezeBz) _ [eB
=V 8he eB 4hc )\ 2he
Using the definition,

m/2
(a;)m 1 <€B) / m eB e—eBz2/4ﬁc

vml Y00 = V! \ 2h¢ 2mhe
1/2

m—+1
= (1'1 <§f) ) LM e—eB2z/4he
ml T c

which is exactly the same result.

wO,m =
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(f) Plot the probability density of the wave function for m = 0, 3,10 on the
same scale (use ContourPlot or Plot3D in Mathematica).

Take eB/2hc¢ = 1. Then
Vom = (m!ﬂ_)—l/2zme—zi/2
Therefore,

Contour?lot[(ml )t et E = . {r-> Vx? 4+ y? } /. {m=>0},

1
{x, -4, 4}, {y, -4, 4}, PlotPoints » 100, PlotRange » {0, —}];
n

Contourl’lot[(ml zr)'1 2" ET /. {r->Vx7 +y? } /. {m->3},
{x, -4, 4}, {y, -4, 4}, PlotPoints » 100];
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ContourPlot [ (m! x) tgtmpgr {r-> x4+ y? } 7+ (m- 10},
{x, -4, 4}, {y, -4, 4}, PlotPoints -+ 100];

Plot3D[[ml7r) tgmgeet oy, {r-> Vx’+y’}/. {m -0},

1
{x, -4, 4}, {y, -4, 4}, PlotPoints -+ 100, PlotRange » {0, —}];
n
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Plot3D[(mim) ™ 2" B /. {r->VxZ +y7 } /. (m>3),
{x, -4, 4}, {y, -4, 4}, PlotPoints - 100];

Plot3D[(ml )t et e g, {[r->vx2+y2} /. (m>10},
{x, -4, 4}, {y, -4, 4}, PlotPoints - 100];

(g) Assuming that the system is a circle of finite radius R, show that there are
only a finite number of ground states. Work out the number approximately
for large R.

The wave function forms a ring further and further away from the origin
for larger and larger n. If the system has a finite radius R, the ring goes
outside the system for too large n. This sets a maximum value on n,
and hence there are only a finite number of ground states. To obtain the
maximum n, we require that the peak of the probability density is less
than R.
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Solve[D[ (r® geBr/un ]2. r] =0, r]

- r— = = — =

p V2 yn \h p V2 yn VA

LS ol I e p——— | g LI e B }
- VB ve ‘ . VB e

For this radius to be inside the system, we must have

2nh 9
P

and hence
eBR?

2h
The number of ground states is therefore e BR?/2h.

n <

(h) Show that the coherent state e/ |0,0) represents a near-classical cy-
clotron motion in position space.

Expanding the state in the Schrodinger picture,

s t) = = ) = e /RS 10, 0)

_ (Z e_Ht/;(f(“)l) 10,0) = (Z e_wm;;)(f“j)l) 10,0)

l . —i2wt
— piwt (Z(eizwt)l (fa?) > |0,0) = e L 0,0)

In the position representation

+ = @ > ﬁa — lki > _ ia
a, \/;(z o =3 ol z kg
1 . 2k3 .
(2,2 0,0) = e—mwzZ/2h _y \/Te—kgzz
\/E T

mw

so the wavefunction is
(2,2 | e t) e—iwtekofe’i“t(z—(l/kg)0k0/2e—k§z2
—iwtekrofefiz“’tie—kng

— e

Making the coordinate transformation z — &/ fko,
(€, Epsic;t) oc e tebe ™ I/
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The position wavefunction is a 2D Gaussian profile whose center moves
clockwise on a circular path, which is precisely cyclotron motion of fre-
quency 2w = eB/mc for an electron. (The first factor in the wavefunction
is a time-dependent global phase due to the zero-point energy). To see
this explicitly, we plot with w = 1, f = 2 and £ = z + iy. (To see the
output, run the commnad below; then select the whole cell of plots, and
create an animation by selecting the menu items ” Cell — Animate selected
graphics” or by punching Control-y):

Table[ContourPlot[Exp[x Cos[2t] -y Sin[2t]) Exp[(-x* - y¥?) /4)

{x, -4, 4}, {y, -4, 4}, PlotPoints -» 64], {t, 0, 27, n/10}];

7.7.65 Particle on a Circle Again

A particle of mass m is allowed to move only along a circle of radius R on a
plane, x = Rcos#, y = Rsin6.

(a)

Show that the Lagrangian is L = mR262 /2 and write down the canonical
momentum pg and the Hamiltonian.

Into the Lagrangian of a point particle
L .o .o
L= im(sc +9°)

we substitute in x = Rcosf, y = Rsinf. Because the particle is always
at the radius R, we have

&= —ROsin@ , ¢ =ROcosb

and hence

1 R
L= §mR292

The canonical momentum is given by its definition,

_ oL _

= mR20
Do a0

The Hamiltonian is

; P 1o ph \'_
H=pob— L= - -
bo PoR? T 2 mht <mR2 ) 2mR?

Write down the Heisenberg equations of motion and solve them, (So far
no representation was taken).
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The Heisenberg equation of motion is

L d V3 . Do o
he9—=1[0,H = |6 —ih Zo=
"t 10, 5] [’QmRQ} ! -

ind = [pg, H] = P =0—= —pp=0
dtpe— 0, = |Deo, m = Po =

The solution to the second equation is simply pg(t) = pg(0) is conserved,
and hence

0(t) = 0(0) + nf;Qt

Write down the normalized position-space wave function ¢ (0) = (0| k) for
the momentum eigenstates py |k) = Rk |k) and show that only k =n € Z
are allowed because of the requirement (6 + 27) = 1(6).

The position-space wave function is given by

h 0

(0l po |k) = ~

L35 (O1K) = 1k 01 )

so that
$(0) = (0| k) = Ne™

To normalize it, we require
2
/ |¥0|>df = 2rN? =1
0

so that N = 1/\/% and hence

In order to satisfy 1(0 + 27) = () which implies that e2™** = 1 we must
have k = an integer.

Show the orthonormality
2

<n I m> = 1/12%1 df = 6nm
0

27 2
1 .
<n\m>=/ (n]8) (0] m) d@z—/ ¢ilm=m0 g
0 21 Jo
When n = m, the integrand = 1, and hence (n|n) = 1 and is normalized.

When n # m, (n|m) =0 and we have orthogonality.
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(e) Now we introduce a constant magnetic field B inside the radiusr < d < R
but no magnetic field outside r > d. Prove that the vector potential is

B(—y,x)/2 r<d
Bd*(—y,z)/2r? r>d

(AmAy) = {

Write the Lagrangian, derive the Hamiltonian and show that the energy
eigenvalues are influenced by the magnetic field even though the particle
does not see the magnetic field directly.

With the vector potential, there is an additional term in the Lagrangian
2

d . . 1 .
(yROsin€ + xRO cos ) = iquQG

= . . B
Lint = qA -7 = q(Az2 + Ayy) = QW

Therefore, the total Lagrangian is
1 252 1 2
inmR 0 +§qu 0

and hence the canonical momentum is modified to

_aL_ 2 1) 1 2
Pe—%—mR 9+2qu

Using
. po — 59Bd’
b="nr

the Hamiltonian is therefore(after some algebra)

H=pyb—L

1 1 2
=—(py— =qBa>
mR2<p9 24 d>

The eigenvalues of the canonical momentum are still pg = nh because of
the periodicity requirement and hence the energy eigenvalues are

E, = 1 B 1Bd22
"= omrz \"M' T 9t

Even though the particle never sees the magnetic field, the energy eigen-
values are affected by the vector potential, another manifestation of the
Aharonov-Bohm effect. Note also that the result depends only on the total
magnetic flux
q® gBnd?
2h  27h

modulo integers
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7.7.66 Density Operators Redux
(a) Find a valid density operator p for a spin—1/2 system such that

(Sz) = (Sy) = (52) =0

Remember that for a state represented by a density operator p we have
(O4) = Tr[p0,]. Your density operator should be a 2 x 2 matrix with
trace equal to one and eigenvalues 0 < A < 1. Prove that p you find does
not correspond to a pure state and therefore cannot be represented by a
state vector.

We have

h(o 1 h(0 —i h(l 0
Sm<—>2<1 O) ) SyHQ(Z. O> , SZHQ(O _1)

and note that each of these matrices already has a zero trace. Hence

_1/o
P=35\0 1

clearly satisfies the requirements to be a valid density operator (trace one,
eigenvalues both equal to 1/2, Hermitian) and achieves

1
=Tr[Syy,:] =0

TripSey,.| = 5

Hence, with this state

We also have

. 1(1 0
P=1\o 1

and thus Tr[p?] = 1/2, which proves that our p is a mixed state.

(b) Suppose that we perform a measurement of the projection operator P; and
obtain a positive result. The projection postulate (reduction postulate)
for pure states says

P; |¥)

W) = W) = N

Use this result to show that in density operator notation p = |¥) (¥| maps
to
_ Piph
T TrlpP)
Both p and |¥) here represent the same initial state, so the final states
are also the same regardless of whether we work in the state vector or
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the density matrix representation. Thus, we can simply take the final
state according to the projection postulate for state vectors and form the
corresponding density operator:

[Wi) <> [Wq) (W4

_ Rk (V| P
V(U P [) /(] P [0)

P ) (Y] P

- (Y|P

PP

- (Y|P |Y)

There are many ways to show the final step, that
(| P, [¥) = Tr[pP)
An easy way is to use the fact that p? = p since it represents a pure state:

Tr(pP] = [p*P;) = Tr[pPip]
=Tr[|W) (V| P; [¥) (V]
= (V| P [0) Tr(|w) (T

= (V| P [®) Trlp] = (V| P [¥)

One could also compute the trace in terms of a complete basis {|k)}:

TrlpP) =) (k| pP;|k) =Y (k| W) (V| Pi|k)

k k

= S|P Jk) (k| 9) = (%] P, (Z k) <k|> )
k k

— (¥| | W)

7.7.67 Angular Momentum Redux

(a) Define the angular momentum operators L, Ly, L. in terms of the po-
sition and momentum operators. Prove the following commutation result

for these operators: [Ly, L,| —ihL,.

We have L = 7 X p, so



and similarly for the other components, cyclically permuting z,y, z. The
first commutator is just hard work:

0 0 0 0
LiLy=-12(y——z2— ) (20— —2—
* h (yaz zay) (Zax xaz)

=—h? g—t— z o — xa—Q—zz o + zx i
N Yor TV 0200~ V7922 Oyox Oy0z

<

Similarly,

L,L

8
Il
|
%
—
N
S
|
5
¥l
N
—
<
¥l
I
SE
N

=—h? gcg—&—z o — 22 o - a—Z—i—xz o
N Ay Y o102 Oxdy Vo2 020y

Therefore, since mixed partials are independent of order, we have

[La, Ly —ihL,

Show that the operators L4+ = L, +iL, act as raising and lowering oper-
ators for the z component of angular momentum by first calculating the
commutator [L,, Ly].

We need to consider L, Ly which is
LiLz - [Liy Lz}

The require commutator is readily proved from the basic commutators,
we get:
[L:I:a LZ} FhLs

Thus we have
L.Ly|l,m)=(LyL,+hL,)|¢,m)

or since L, |¢,m) = mh|l, m) we have
L.Lyt,m)=(m=1)|¢,m)

Therefore, the state Ly |¢, m) is also an eigenstate of L., but its eigenvalues
is (m 4 1)A; this is what we mean by raising or lowering.

A system is in state 1), which is an eigenstate of the operators L? and L,
with quantum numbers ¢ and m. Calculate the expectation values (L)
and (L2). HINT: express L, in terms of L.

We have
L+ L

Ly
2
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If v is the m eigenstate of L., L, produces a mixture of m —1 and m +1
states, which are orthogonal to the m state. Hence, (L,) = 0. Similarly,

Ly+L_\> 1
L2 = (2> = 1(LEr +IL? 4+ L L_+L_Ly)

The expectation value of the first two terms vanishes, leaving

1
(L) = Z<L+L7 +L_Ly)

Now
LiL_+L_Ly=2L2+L)=2L"-L2)
Therefore,
2 L, 2 n? 2

The last step can also be argued by symmetry. We have
(L = L2) = (L3) +(L})
but we expect (L) = (L2).
Hence show that L, and L, satisfy a general form of the uncertainty
principle:
(AAP)(ABY?) >~ (14, B)

Now ((AA)?) = ((A — (A))?). Therefore, we have ((AL,)?) = (L2) and
((ALy)?) = (L). Therefore,

h4

(AL:)*)(ALy)?) = - (U(L+ 1) = m?)?

Since the maximum value of m is ¢, we have

(ALghiaL, =

Now consider the general uncertainty relation:

([4,B))?

(A4)*)(AB)?) = ==

and the fact that ([L,L,]) = ih(L,) = imh® Then the RHS of the
uncertainty relation is 2*m? /4 However, we already proved that the LHS
was > ht¢? /4 and £ > m, so this is consistent with the uncertainty relation
(which becomes an equality when m = ¢).
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7.7.68 Wave Function Normalizability
The time-independent Schrodinger equation for a spherically symmetric poten-
tial V(r) is

R[1 0 (,0R L(0+1)

— |s= — ) - =(F-V)R

2u {7’2 or (r 87’) r2 ( )
where ¢ = R(r)Y,"(0, ¢), so that the particle is in an eigenstate of angular
momentum.

Suppose R(r) o< 7~ and V(r) o< —r~” near the origin. Show that a < 3/2
is required if the wavefunction is to be normalizable, but that o < 1/2 (or

< (83=7p)/2if B > 2) is required for the expectation value of energy to be
finite.

Normalization requires
/|¢|2dV =1 :/|R\2r2dr/|y|2sin9d9d¢

If R ocr—<, the radial integral is

o</7“2720‘ dr

This diverges at r = 0 if 2— 2o < —1 or o > 3/2. Thus, there is no objection to
divergent wavefunctions from the point of view of normalization, provided that
the divergence is not too extreme.

Now consider the energy eigenvalue, which is
(H) = / Y*Hy dV
Now,
Hy = —% (;(r%’)’ - W;l)w) +Vy
If ¢ o< 7~%, the term in the square brackets is

[a(a—1) =L+ 1)

2

r

This vanishes if & = —¢, but otherwise causes a divergent energy if o > 1/2.
Whatever happens with the first term, the term
/ YV dV

causes divergence at r = 0 if 2 — a — (o + ) < —1 where we assumed that
V oc =8, Therefore, again the energy diverges if a > (3 — 3)/2.
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Recall that we had a choice of 1 o ¢ or ¢ oc r~*+1) in the Hydrogen atom
solution. The reason we reject the second one is not that it cannot be normalized
(it can, at least for £ — 0), but because it gives divergent energies, which are
unphysical. Many books say that the fact that ¢ diverges at r = 0 is reason
enough to reject it, but this problem shows that divergent wavefunctions are
OK - it is just that ¥ oc r~(+1) is too divergent.

7.7.69 Currents
The quantum flux density of probability is

= ih * *
= GV~ V)

It is related to the probability density p = |1|? by V J4+p=0.

(a) Consider the case where 1 is a stationary state. Show thet p and ; are
then independent of time. Show that, in one spatial dimension, j is also
independent of position.

If ¢ is a stationary state, then
p(t) = P (0)eFHP
Therefore,
p(t) = |[v(®)|* = [1(0)|* = p(0) — time-independent
We also have
= 2 Y~ )
= %(w(o)vw*(o) —*(0)V(0)) — time-independent

Finally, we have
dj

Ve j+p=0-—4p=0
dx
But p =0, so we have
dj T
e 0 — position-independent
x

(b) Consider a 3D plane wave ¢ = Aet*% What is 7 in this case? Give a
physical interpretation.

For ¢ = AetFT e have
Vo =iky Vit = —iky*
Therefore,

. b - . hik hk
Jj= Z—(—ik\¢\2—ik|w|2) = —|¢|> = —p = pi — the flux density of probability
2m m m
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7.7.70 Pauli Matrices and the Bloch Vector

(a) Show that the Pauli operators

satisfy
T’I“[O‘i, O'j] = 25@‘

where the indices ¢ and j can take on the values z, y or z. You will
probably want to work with matrix representations of the operators.

We have

o (01 o (0 = (10
9o \1 0) » %7\ o) 0 27\ o -1

so clearly
o2 — 1 0
' 0 1

which establishes the i = j parts of the equation we are trying to prove.
For i # j, we note that T'r[o;0;] = Tr[o;0;] so we need only compute

three matrix products:

_ (0 (0 =\ _ (i o)
%% =1 0)\i o) \o —i) 7"
(1 0N [0o 1y_(0 1y ..
929 = \og —1)J\1 o) " \=1 o) 7"
(0 =i\ (1 0 _ (0 i\, .
9= =\ o)\o —1) 7 \i o) 7

These are all clearly traceless, which completes the proof.
(b) Show that the Bloch vectors for a spin—1/2 degree of freedom
§=(S)% + (Sy)§ + (52)2

has lengthf/2 if and only if the corresponding density operator represents
a pure state. You may wish to make use of the fact that an arbitrary
spin—1/2 density operator can be parameterized in the following way:

1
P=5 (I + {o2)00 + (oy)oy + (0:)0%)
We first use the parameterization and the result of part (a) to obtain

Trlp?) = 5+ (02 + (o) + (02)?)
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Since this is equal to the purity, we conclude that the state is pure if and
only if
<Uo:>2 + <Uy>2 + <‘7Z>2 =1

Since
1512 = (S2)? + (8y)? + (S.)?

2

=L (0 + (o) + o)

we conclude that |§] = 1 if and only if the density operator represents a
pure state.

393



394



Chapter 8

Time-Independent Perturbation Theory

8.9 Problems

8.9.1 Box with a Sagging Bottom

Consider a particle in a 1—dimensional box with a sagging bottom given by

(a)

Viz) —Vosin(mz/L) for 0 <z <L
xTr) =
00 forx <0and x > L

For small V{ this potential can be considered as a small perturbation of
an infinite box with a flat bottom, for which we have already solved the
Schrodinger equation. What is the perturbation potential?

We have
H=T+V(z)=T+ Vy(z) + V(z) — Vs(z) = Hy + H’

where

Vi(z) =

0 for0<a<L
oo forx<O0and x> L

and
Hy =T+ Vy(x)

which we know how to solve and

o= —Vosin(mz/L) for 0 <z <L
0 forzr<0Oand x> L
is the perturbation potential.

Calculate the energy shift due to the sagging for the particle in the nt"
stationary state to first order in the perturbation.
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With stationary states

(2) 2 . nrmx
n(T) =/ = sin —
v VoL

we have the energy correction to first-order in the perturbation

AE, = / dxp x5 () AV (2)pn(x)
L L
_ E/d TL . o NTET %/d s 1 2nmx
=-7 2 sin 7 sin < = @ sin — cos —
0 0
I L
Vo L cos ¥ + Vo desin ™ cos 2nmx
=—— |——cos — — xsin —
L T L|, L L L
0
2V W W (2 1) r (2 1)
_ N Yo nt i (20— DT
= + 5T /da:51 /dxsm 17
Lo 0
Wo Vo L 2n + V)rz]” L (2n — Drz]”
=+ — cos - cos
T 2L |(2n+ )7 L o (2n-1) L o
2V Vo [ L L
S T DU (N S — )
T + 2L _(2n+1)7r( ) (277,*1)7'(( )]
2V0 Vo [ 1 1 VQ 8n
= () s () = -2
™ 2 | (2n+1) (2n—1) m 4n? —1

All shifts are negative and for large n, they approach

2V
AE, =-=2

™

independent of n.

8.9.2 Perturbing the Infinite Square Well

Calculate the first order energy shift for the first three states of the infinite
square well in one dimension due to the perturbation

T
V(z) = Vog

as shown in Figure 8.1 below.
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Figure 8.1: Ramp perturbation

We have the perturbation
H=2"2 , 0<z<a

The unperturbed eigenfunctions and corresponding energies (unperturbed) for

the first three states are:

sin ¢

w%l) = \/gsin%Tx , Eéo) = 7222{}2
2 . 0 252

o = fEsinime B -

(0),\/5
1 = a

The 1%*—order energy corrections are then

(0] |9 = 2% Fsiot s = 3
(0] o) = 2% Fosn2zzan =
(9] o) = 2% Frsnizzan = %

Therefore, to 1% —order, the perturbed energies are

252
w“h Vo

S
_ 27"k \%
EQ - Zaz + 70
_ 9n?h? | Vo
E3 T 2pa? + 2

8.9.3 Weird Perturbation of an Oscillator

A particle of mass m moves in one dimension subject to a harmonic oscillator
potential %mwaz. The particle is perturbed by an additional weak anharmonic
force described by the potential AV = Asinkz , A << 1. Find the corrected
ground state.
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The zeroth order system is a harmonic oscillator with
Hy = % + tmw?3?
t=xo(at+a) , xo= /5

Hy = hw(ata+1/2) = B = hw (n+1/2)

Hy[n) = EY [n)

aln)=ynln—1) , a*n)=vn+1In+1)

The corrected ground state will be

0y = j0)+ 3 SUAVIO ) gy - A 5 fnlsinkel0)

n
n=

The relevant matrix element can be written as the imaginary part of
(n] €™ 10) = (n] *V 7= @+ o)

Since

we can make use of the identity
oA+TB _ LA B ,—[AB]/2

and obtain

(n] €™ |0) = (n] ¢V mz (T +a) 0) = (n] otk s at piky/ s a 10) o R

0>e 4n7u} —<n| Zk\/ | >e 47nw

= (n|e iky/gEoat i <Zk o )J

j=0 !

=<m§§<mz2m”+>| e §§<m QWJ Villiye

5 6 Imw — TL 4mw
i=0 J:
h ! h 7
e (Zk Q’mw) 2 e (Zk 2mw> 2
=Y A Vil | e e = Y A e
= J! = Vi
n
; h
(Zk 2mw> a2

Therefore,

>—(%m%>fﬂiu—«4w>

(n|sinkz |0) =




and

2
e ms |2g + 1)

8.9.4 Perturbing the Infinite Square Well Again

A particle of mass m moves in a one dimensional potential box

oo for |z| > 3a

0 fora<z<3a

0 for—-3a<z<—a
Vo for x| <a

Figure 8.2: Square bump perturbation

Use first order perturbation theory to calculate the new energy of the ground
state.

The energy and eigenfunction of the ground state of the unperturbed infinite

well are
272
© _ JL g™  po_ TR
1 30 " 6a 1 72ma?

The 1%t order energy correction is

a

—a

Therefore the perturbed energy of the ground state to 1% order is

2p? 1 V3
E=pgO0 g _ T —4¥Ye
+ 72ma? Vo 3 * 21
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8.9.5 Perturbing the 2-dimensional Infinite Square Well

Consider a particle in a 2-dimensional infinite square well given by

0 for0<z<agand0<y<a
V(:L y) = .
oo otherwise
(a) What are the energy eigenvalues and eigenkets for the three lowest levels?

For the unperturbed system we have

0 for0<z<agand0<y<a
V(w,y){

oo otherwise

A=-Ev24V(x) |, B, =2 (n2+n)

2ma?

Unon, (,y) = 2sin 22T gin 0 o ny, = 1,2, .
Ground state:
0 22
nzoz ny =1, E§1) = ’:m};
¢§1) (z,y) = 2sin ™ sin 2 | non - degenerate
This is a non-degenerate level.
1%t Excited state:
0 242 0 . . 9
ny =1,n, =2, Eigi = ‘;’:%% , %g;(:ﬂ,y) = 2 gin ZZ sin 7%
ngy =2,ny =1, E3 = 37:”52 ) 51 (T,y) = %sinz%sin%
This is a 2-fold degenerate level.
2nd Excited state:
272
o (o) _ 4rm°h (0) 2 2mx . 2my
Ng =ny =2 , FEg = 11(x7y)—551n751n7

This is a non-degenerate level.

(b) We now add a perturbation given by

Ay for0<z<agand0<y<a
Vi(z,y) = :
0 otherwise
Determine the first order energy shifts for the three lowest levels for A < 1.

First-order corrections: the perturbation is

Ary for0<zx<aand0<y<a

0 otherwise

V1(x,y)={
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Non-degenerate states:

4 2
2

(11| |11) = p Azy sin? %Sin2 Ydrdy = i)\a

C—a®P—n2
O—p®@P~—nsp

(22|V1 122) = A \zysin? 272 sin? 2 dydy = 1a?

a a

Therefore, to 15t order:

22
E11 = :n(;:g + i)\ﬂ?
Foo — 4m2h% | 14,2

22— "y + 4>\a

a2

Degenerate states: we must diagonalize a 2 X 2 matrix. We have

(12| V4 [12) = [ [ S Azysin® 22 sin® 28 dady = 1ha? = (22| V; [22)
00

(2ivi21) = [ [ ;%)\xy sin 2% sin ¥ sin ZZ sin 2%ydgccly = 25 \a? = (21| V1 [12)
00

Therefore, the degenerate submatirx (to be diagonalized) is

4 1024
. /\a2< w02 8% )
4
4 81 m
This has eigenvalues

Xa? [, 1024 0.28\a?
Be = (7r * 51 > { 0.22)a2

(¢) Draw an energy diagram with and without the perturbation for the three
energy states, Make sure to specify which unperturbed state is connected
to which perturbed state.

Therefore, the perturbed energy levels look like:

©)
0888 cccccccccsssssssssssssncssssssssssssss O.ZSA
€22 A
y v
(@ T 0.22a 0.284
12
E(O) 22T s 0.25A

11 ?
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8.9.6 Not So Simple Pendulum

A mass m is attached by a massless rod of length L to a pivot P and swings in
a vertical plane under the influence of gravity as shown in Figure 8.3 below.

P

N Gl

Figure 8.3: A quantum pendulum

(a) In the small angle approximation find the quantum mechanical energy
levels of the system.

We take the equilibrium position of the point mass as the zero point of the
potential energy. For the small angle approximation, the potential energy
of the system is

1
V =mgl(1l — cosf) ~ §mg€¢92

and the Hamiltonian is

1 . 1
H = —mf?6% + —mgl6?
™M + ™9
which corresponds to a 1-dimensional harmonic oscillator. Therefore, we
have

EO = hw(n+1/2) , w= %

(b) Find the lowest order correction to the ground state energy resulting from
the inaccuracy of the small angle approximation.

The perturbation Hamiltonian is

1 1 1
H' = mgl(1 — cosf) — 5mg£02 ~ —ﬂmg€04 = fﬂ%ﬁ , x =40

Now the ground state wave function of the harmonic oscillator is

(0% 1,22 mw
Vo= 2*" , a=4/—F
wl/ h

Therefore, the lowest order correction to the ground state energy is

o0

1 A2

wv_ _1mg _ 1
32 me?

1 mg «
0 7 24 43

R TR

(0] * |0) = gle=" " gy =

402



8.9.7 1-Dimensional Anharmonic Oscillator

Consider a particle of mass m in a 1—dimensional anharmonic oscillator poten-
tial with potential energy

1
V(z) = §mw2x2 + az® + Bat

(a) Calculate the 1%*—order correction to the energy of the n'* perturbed
state. Write down the energy correct to 15 —order.

We did some of this work in problem 8.15.9. here we have

~ p 1 2.9 ~

Hoz%%—?nwz . H'(z) = ai® + pa*
with
E=wzola+a’) , wo=/52
Hy = hw(ata+1/2) — B = ho (n+1/2)
Hy|n) = E |n)
and

alny =vnn—1) , atn)=vn+1n+1)
We then have

. h . . h
<’I”I/‘ x |n> = % (<n’| a \n) + <'n/‘ at ‘n>) = \/; (\/fﬁ(sn/’n71 +vn+ 15n’,n+1)

From this result we get

(n']2%n) =) (/| &|m) (m]| & |n)

m

S (Bt VT Turnst) (Vs + VA F o)

2mw
m

h
% (maﬂm*Q + (n + 1)(” + 2)5n’,n+2 + (2TL + 1)5n/$n)

and

(n'|2%|n) =Y (0| &% m) {m| &|n)

m

N (h)wz( T%%zmer(?erl)%xm >

2mw
X (\/ﬁém,nfl + vV n + 15m,n+1)
_ ( h )3/2 < n(n —1)(n —2)0p n_3 + 30N 1 >

2mw +(Bn 4+ 2)vVn + 16, pi1 + /(n+ 1) (n +2)(n + 3)6n7 i3
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and

('@ In) =Y (n'|2 |m) (m| 3* |n)
2T )

_ m +4/(m + m+25n mt2+ (2m+1)0n m
-\ 2mw Vn(n —1)0m n—2
+v/(n+1)(n+2)dpmnt2 + (2n+ 1) pn
ho\2 Vnn—1)(n—2)(n — 3)d n—a +2(2n — 1)\/n(n — 1), 52
= ( ) +3(2n2 + 2n + 1)0, n + 4(n + 1)«/(n + 1)(n+2)6y nto

+v/(n+1)(n+2)(n+3)(n + 4)6n nta

2mw

Using these matrix elements, we get

ED = {al H' |n) = o (n] #* [n) + 6 {n| & |n) = B (n] & |n)

2
=3(2n%*+2n+1)8 <h>

2mw

so that to 1%¢-order

2
E, = hw(n+1/2) +3(2n* + 2n + 1)8 (%Z)

(b) Evaluate all the required matrix elements of 23 and z* needed to determine
the wave function of the nt" state perturbed to 1*—order.

The state vector to 15 —order is
_ (m| H' |n) m| H' In
M=+ D e = to 2 m)
=In)+an_an—4 +apn_3n—3)+an2n—2)+a,_1|n—1)
+ant1n+1) + ant2|n+2) +anys[n+3) + anga|n +4)

m#n

where

s =B (5i5)" /ol = =00 =3) , ans =0 (505)"" Vb =T =2)
o2 =23 () (0 VAT D) oy = (5h) Py
an+2f4ﬁ(2mw)2(n—|—1) (n+1)(n+2) anHfa(quLw)S/z(Q—i—Sn)\/n—i-l

i1 =B () VI Dm+ 2+ 3)n+4) , anps=a(322)* /It D)(n+2)(n+3)

8.9.8 A Relativistic Correction for Harmonic Oscillator

A particle of mass m moves in a 1—dimensional oscillator potential

V(z) = imw2m2
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In the nonrelativistic limit, where the kinetic energy and the momentum are

related by
_r

T =
2m
= fw/2.

the ground state energy is well known to be Ej

Relativistically, the kinetic energy and the momentum are related by

T =E —mc* = V/m2ct + p2c2 — mc?

(a) Determine the lowest order correction to the kinetic energy (a p* term)

We have
T =F —mc? = /m2c* + p2c — me? = mc? ( 22 1)
m2c
2 4 !
2 p p p

~me |14 -t ... =1 —
( 2m2c¢2  8mict ) 2m 8m362

including only the largest correction

Therefore,
4
2,2

2
p p 1
H=T+V =" — -
+ 2m 8m362+2mwx
2 4
_(p 150\ P
N (Qm Tgmee ) 8m3¢?

(b) Consider the correction to the kinetic energy as a perturbation and com-
pute the relativistic correction to the ground state energy.

The unperturbed system is then

21
Hy=— + —mw?2? — a1 - dimensional harmonic oscillator

= p —
2m = 2
where
EY =ho(n+1/2) , Holn)=E |n)
and the perturbation is
4
p
H =——
! 8m3c?

The energy correction for the ground state is then

~ 1
By = (0 H1[0) = — g (015 |0)
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where

L N hmw
p=ipo(a” —a), po=1/—
Thus,
h2w? . ~
By =~ (0l @+ —a)* o)
h2w?
= 55 (0@ @)@ —a)a* - )@ - a)lo)
hw? St VAt Vst hw? St VAt g
= 5 (0la@ —a)a* - )t 0) = = {1 @ - a)a* - a) )
h2w? L H20,2
= o (1@ =) (V212) = [0)) = == (1] (VBI3) — 311))
3h%w?
 32me?

8.9.9 Degenerate perturbation theory on a spin = 1 sys-
tem

Consider the spin Hamiltonian for a system of spin =1
H=AS2+B(S2-5)) , B<<A
This corresponds to a spin = 1 ion located in a crystal with rhombic symmetry.
(a) Solve the unperturbed problem for Hy = AS2.

We choose Hy = AS‘E We have S =1 and S, = 0, 1 in the unperturbed
world (S, basis)

1+1) = B = An?

+1 =
0) = B =0
—1) = B = AR2
so that we have one non-degenerate level and a 2-fold degenerate level.

(b) Find the perturbed energy levels to first order.

We have

o= o (5 08) (5 5)) <3 ()" ()

Therefore the V' matrix is

0 2Bh? 0
2Bh? 0 0
0 0 0

with eigenvalues 0, £2BA2. Thus, the new levels are non-denegerate
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............... AR’ + 2B

--------------- Al’ = 2BI
| — 0

(¢) Solve the problem exactly by diagonalizing the Hamiltonian matrix in
some basis. Compare to perturbation results.

The full H matrix is

AR?2  2BR? 0
2BR? AR® 0
0 0 0

with eigenvalues 0, Ah? 4+ 2Bh2.

We can see that the exact eigenvalues agree with the 15¢-order perturbation
theory result. This means that there are no higher order correction in
perturbation theory.

8.9.10 Perturbation Theory in Two-Dimensional Hilbert
Space

Consider a spin—1/2 particle in the presence of a static magnetic field along the

z and z directions,
B =B.é, + B.é,

(a) Show that the Hamiltonian is
- RQ
H = hwoo, + 76—1’
where hwy = upB, and hQ)g = 2upB;.

The Hamiltonian is

ﬁ:-ﬁ-é:-(-z”{@-ﬁ:ug&-é

= :U/BUwB:E + //'BO-ZBZ = hQJOUZ + =0

2
where .
th = IJ’BBZ s 7 = /’LBB‘L
(b) If B, = 0, the eigenvectors are |1,) and ||,) with eigenvalues +hwy re-
spectively. Now turn on a weak x field with B, <« B,. Use perturbation
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theory to find the new eigenvectors and eigenvalues to lowest order in
B, /B..

If B, =0, then Hy = hwoo, and for zeroth order we have

|Tz> = E#O) = th
=) = B” = —hw

Now we add a small field |B,| << |B,| and use perturbation theory with

The first-order correction vanishes since

E{Y = (1 H 1) = 2 (1] 0, [1) = 0
%V4umm=%%uuw_o

The second-order shift is

B® = WAL (19)? e P _ h (2 )2 _ o (&)2

- W — 2 2hwo 2 2 \B.
(2) |<¢|H1|¢>\ h\2 [ D
B = = EO_g™ = (%)’ o =" (3

Thus, to second-order we have
7 B, \> 1 (B2
EFW%(B*':) (14 (5)’)
2 2
_ _ By _ 1 ( By
= =12 () = (14 (8))
The lowest order corrections to the state vectors are:

[12) = 112) + o) S — ) 4 182 )

EO_g©@ —
H,
ug:uawmg%%%—mwéﬁ )

If B, = 0, the eigenvectors are |1,) and ||,) with eigenvalues £ re-
spectively. Now turn on a weak z field with B, < B,. Use perturbation
theory to find the new eigenvectors and eigenvalues to lowest order in
B./B,.

If B, =0, then

and for zeroth order we have

[12) = Ego) — %
o) = B =~ 1
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Now we add a small field |B,| << |B;| and use perturbation theory with
H, = hwoo,
The first-order correction vanishes since

EM = (1] Hy 1) = hwo (T o2 [1) = 0

Ei“ (L Hy 1) = hwo (o2 [1) =0

The second-order shift is

E(2) (V| H| >2 2 |({o=ID? hQ (2wo 2 hQ ( B, 2
T+ = |E(o) lE(r‘)) - (FMO) < |hQ| ! 4 ( Q - i (BJL)
E(?) (VI Hq| A 2 |({]oz| hQ

4 |E(°) lE([L ( O) = is‘l” 1 ( )

Thus, to second-order we have
ne | he (B.)° _ o 1 (B2
ET:7+T(z 22(1+2(32))

B.
hQ hQ ( B 2 hQ 1 (B 2
E¢:*7*T(B§> =— <1+2<Bj) >

This problem can actually be solved exactly. Find the eigenvectors and
eigenvalues for arbitrary values of B, and B,. Show that these agree with
your results in parts (b) and (c¢) by taking appropriate limits.

For exact solutions we write the total Hamiltonian
. A
H = hWOO'Z + 70—m
and as a matrix in the {|1,),|}.)} basis

Q
H= h{ . }
2 Two
The characteristic equation is

det(H — hA) = 12 [(wo ) (—wo — A) — %] =0

Ay =y /wi + 5 L = By =4hy/wi + 512

The eigenvectors are

H|+) = Ey |+)

a
£) = ( b ) = woas + 5bx = Aray
unnormalized : ay =1 — by = )\?;;)0

|:t> =Nt [% |Tz> + (Ai - WO) Hrz>]
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Let us now expand to lowest non-vanishing order in the small parameter

1B,
*T % 2B

We have

02 g2

By = +hy/w2 + T= +hwo/1 + €2 = thw(1 + 5) =E0 +E®
which agrees with part(b).
Expanding the eigenvectors we have
Q

) = Na |5 112+ O — o) )

Now

62
)\iwowo(ﬁ:v1+62+1){ TwWo +

) T -

so that
Q Q 2
[+ = N [ 1)+ O =) 02| = 80 [ 120+ )]

=N 1) = e o)

=)= 8 G 1+ O =) 4) | = N G 11D = 2 )
=1} = o 1)

as before. A similar calculation shows that it agrees with part (c) also.

Plot the energy eigenvalues as a function of B, for fixed B,. Label the
eigenvectors on the curves when B, = 0 and when B, — +o0.

We have
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This energy level diagram is known as an avoided crossing. In the absence
of a B, the two energy levels would become degenerate at B, = 0 (as
shown above the dotted lines). Including B, the degeneracy is broken;
the new eigenvectors are symmetric and antisymmetric combinations of

1) and |4).

8.9.11 Finite Spatial Extent of the Nucleus

In most discussions of atoms, the nucleus is treated as a positively charged
point particle. In fact, the nucleus does possess a finite size with a radius given
approximately by the empirical formula

R~ rgAl/?

where 79 = 1.2 x 1073 cm (ie., 1.2 Fermi) and A is the atomic weight or
number (essentially the number of protons and neutrons in the nucleus). A
reasonable assumption is to take the total nuclear charge +Ze as being uniformly
distributed over the entire nuclear volume (assumed to be a sphere).

(a) Derive the following expression for the electrostatic potential energy of an
electron in the field of the finite nucleus:

Vi) —ZTS2 forr > R
T =
Zlff (—23;2 - %) forr < R

Draw a graph comparing this potential energy and the point nucleus po-
tential energy.

For r > R, Gauss’ law says that the sphere of charge acts like a point
charge at the center of the sphere. Therefore,
Ze?

V(T) = _TT > R
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For r < R, Gauss’s law says that only the charge inside contributes.
Therefore,

e dA = e,47r2 = 47 (chargeinside) = 47TZ€%

S

Er=Zegs = 9= Ze% + C = textpotential

= V(r)= ZeQQTT.i3 + C = potential energy
Now, continuity at » — R gives

R? Ze? 37¢?
Ze? —— =-- =—
e VE +C 7 —C ¥

Therefore,

Vi) —ZTEQ r>R
T)= p 2 B
2 (sm—3) r<R

The graph below chooses Ze? =1 and R =1 or

1
-1 1
V(?") — {T27> ‘ r>

3
3 r<i

.
&
@
[ =4
L
]

2
c
o
2
o
o
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(b) Since you know the solution of the point nucleus problem, choose this as
the unperturbed Hamiltonian Hy and construct a perturbation Hamilto-
nian H; such that the total Hamiltonian contains the V(r) derived above.
Write an expression for H,.

We then have

H= +V()f%fzf2+(V(r)+ZT‘fz)
Hy = 2;7; (hydrogen - like)
~ ZeZ 0 r>R
H=V(r)+ 25 =
! (r) r {Zlf (23; - %) + Zf2 r<R

(c) Calculate(remember that R < ag = Bohr radius) the 1%*—order per-
turbed energy for the 1s (nfm) = (100) state obtaining an expression in
terms of Z and fundamental constants. How big is this result compared to
the ground state energy of hydrogen? How does it compare to hyperfine
splitting?

The first-order correction to the ground state energy iis

By = [ dryg O (M H () (7)
wé(’)(r):@e-w, (t=0), a=Z

Now

B _T0 018 01075418 <<
ap apn

Therefore, we can approximate

ar . L
e=/% ~ 1 — Zforr < R (only region perturbation is nonzero)
ao

so that we get

R 2
2ar 2ar Ze? [ r? 3 Ze?
E(l =4 3/ 2d 1— _ _
apre * ag R \2R%2 2 * r
0
(Ze ( RS _dR3)+Z62R2>_27a<Z62 ( RS _3R4))
R |\ T0R? 6 2 o \ ' r \12R2 8

+Ze;R3 n (2704)

ao

2
3 (2«
— 4oy 72R2 — Y 7.2R3 72 RA
<10 e‘R 12ag e“R +14O a0 e“R

2
Ze*R%a3 = éLZLez <R)

=403

[\)
/N
RN

~N
N
=
=1,
(%]
5
w
N—
Jr
N
[v)
nN
e
7
N———

Q

5 5 2ap



The effect compared to the ground states energy of hydrogen (Z = 1) is

@] a1 (r)?
‘Eo ’ _ 52ag (a) 4 <R>2N 01
- 4 2 () &
‘E(()O)’ —2(10 5 agp

This is the same size as the hyperfine splitting due to magnetic moment
interactions.

8.9.12 Spin-Oscillator Coupling

Consider a Hamiltonian describing a spin—1/2 particle in a harmonic well as
given below:

Hy = %&Z +hw (aTa+1/2))

(a) Show that
{ln) @) =In, 1), In) @ 1) = In, 1)}
are energy eigenstates with eigenvalues E,, | = nfw and E,, + = (n+1)hw,
respectively.

The basis set is

{lmem, e} , n=01,2 ...

where

Holn & 1t = o (@%a-+ /) ) @ 1) + o ) @ 1) = (ol 1724 5 ) o 1) = s

and
Holn) ®11) = o (@*a+1/2) [n) © 1) + w6 In) © 1)
= (mw o+ /2= ) Iy ) = manlo) 1)
sothat {|n) @ 1), |n) @ |4)} , n=0,1,2,..... are eigenstates of hatHy

with eigenvalues {fiw (n + 1), hwn}.

(b) The states associated with the ground-state energy and the first excited
energy level are

{10,4) [1,4) 5 10,1)}
What is(are) the ground state(s)? What is(are) the first excited state(s)?
Note: two states are degenerate.

The ground state is
In=0,1) = Ey, =0
The doubly degenerate first-excited states are

|n=1,¢>:>E1,J,:hw s |n:0,T>:>Eo7T:ﬁw
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(c)

Now consider adding an interaction between the harmonic motion and the
spin, described by the Hamiltonian

Hy = ? (a6, +a*o-)

so that the total Hamiltonian is now H = Hy + H,. Write a matrix
representation of H in the subspace of the ground and first excited states
in the ordered basis given in part (b).

We add an interaction

Hy = ? (a6, +a*o)

The matrix representation in the ground/first-excited-state subspace
{ln=0,1),In=1,4),|n=0,1)}
can be found using the results

Hyln=0,1) =% (a6, +a*6_)|n=0,1) =0
Q h

Hin=1,1) =2 a6y +ats_)n=1,1) =2 n=0,1)
Hiln=0,1) =% (a6 +at6_)In=0,1) =% |n=11)
We have
0 0 0
Hi=|0 0 22
02 0

2
Find the first order correction to the ground state and excited state energy
eigenvalues for the subspace above.

To find the first-order corrections we have:

Ground-state - nondegenerate:

B = (=04 Hiln=0,1)=0

First-excited-state - doubly degenerate: Look at 2 x 2 submatrix
and find the eigenvalues from the characteristic equation

A ho )
- == :l:i

so that to first-order

hQ
EY =+
2
The new eigenstates in the first-excited state subspace are

1
#) = 75 (In =01 £n=1,1)
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8.9.13 Motion in spin-dependent traps

Consider an electron moving in one dimension, in a spin-dependent trap as
shown in Figure 8.4 below:

Az
I, IT)

Figure 8.4: A spin-dependent trap

If the electron is in a spin-up state (with respect to the z—axis), it is trapped in
the right harmonic oscillator well and if it is in a spin-down state (with respect to
the z—axis), it is trapped in the left harmonic oscillator well. The Hamiltonian
that governs its dynamics can be written as:
F i Lo o /. 2 Lo o s 2
H = % + 5”“")056(’Z - AZ/2) ® H\Z> <TZ| + imwosc(z + AZ/Q) ® |\I/Z> <\I/Z‘
(a) What are the energy levels and stationary states of the system? What are
the degeneracies of these states? Sketch an energy level diagram for the
first three levels and label the degeneracies.

We have motion in a spin-dependent trap where the trap is correlated

with internal states as shown in the figure above. The Hamiltonian that

governs its dynamics is

F T2 TR 2 Lo o . 2

= 2 i (- A2/2 @ 1) (1l 5melo (6 + Az/2)7 @ L) (L]

In the absence of coupling(see Hamiltonian) between |1.) and |],) there

is a doubly degenerate spectrum. The energy levels ar
E,=hw(n+1/2) , n=012...

each with two distinct spin states |1,) and |}.). Thus, we have two or-
thogonal quantum states for each energy level

Mr®tz)  In)p ®N2)

where |n), and |n), are the Hermite-Gaussian wavefunctions centered in
each well.
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(b) A small, constant transverse field B, is now added with |upB,| << Aw,se.
Qualitatively sketch how the energy plot in part (a) is modified.

We now turn on a small transverse magnetic field. The two states in each
degenerate subspace are now coupled so that this perturbation will break
the degeneracies. It might look like
5
—Zhw e
3
A T —
5 hw
LA — -
2
This is not drawn to scale since the splittings are < hw.

(¢) Now calculate the perturbed energy levels for this system.

We now calculate using degenerate perturbation theory. Each energy level
is doubly degenerate. Let

=)@l 5 [2)=In)r®T2)

The perturbation Hamiltonian is
Hl = ,UBBa:a'x = 70%

We note that H; does not couple the motional degrees of freedom - only
the spin degrees of freedom, i.e., we really should write

. Q. -

Hy = 70% & Imotion
We must now diagonalize H; in the {|1),]2)} basis. We have the matrix
representation

- (W QB
(2[Hy 1) (2] H:[2)
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where
N hS) | -
(1] H1[1) = (2| ® L (n] 7‘790 ® Imotion [¥2) In) 1,
Q) N A
2 (b2l 02 [2) L (1| Lmotion ), =0
. hQ . A
<2| H1 |2> = <TZ| ® R <n| 7093 & Imotion H\z> |n>R

h$) . -
= 7 <Tz| Oy |Tz> R <n| [motion |’I'L>R =0

- L.
<1| Hl ‘2> = <~I/z| ® L <’I7,‘ 7091 & Imotion |Tz> |7’l>R
) (el G2 [12) L (1] Limotion IN) g = > (ng | nr) = (2| Hy|1)

X hQ «_ hQ
(@ H (1) = = (ne | nr)" = = (ne | n)

where the last step follows since the motion wavefunctions are real.

Thus,
. 0 B (np | ng) hQ) 0 1
i, = 2 _

as we would expect. The eigenvalues are

hQ2
By = £ (ng | ng)

where

(ng | ng) = / dzpn(z—Az/2)(z+Az/2) = overlap of the wavefunctions

— 00

Note: Unlike the spin in free space, here the splitting between the spin
states depends on the spatial overlap of the two wavefunctions. This is
known as tunneling splitting, as the particle must tunnel to the neighboring
well in order to flip its spin.

What are the new eigenstates in the ground-state doublet? For Az macro-

scopic, these are sometimes called Schrodinger cat states. Explain why.

The eigenvectors are entangled states

1 1
=7 (1) £12)) = 7 (I}, © ) £ ) g ©[12))

which are the same as the Schrodinger cat states of the form

+)

1
|+) = 7 (|decay) ® |dead) + |no decay) @ |alive))
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8.9.14 Perturbed Oscillator
A particle of mass m is moving in the 3—dimensional harmonic oscillator po-
tential .

V(z,y,2) = imw2($2 + 32+ 27)
A weak perturbation is applied in the form of the function

K 5 5
AV(x,y,z) =k —
(z,y,2) xyz—f—hwwyz

where k is a small constant. Calculate the shift in the ground state energy to
second order in k. This is not the same as second-order perturbation theory!

We have H = Hy + AV where

2 2 2
1
_ Pz Py P 4 ome?(2? + 2+ 22)

Hy =
2m  2m  2m 2

gives the unperturbed world

[T Ty M) — EO = hw (ng +ny +n, +3/2)

NgNyN
and
2

AV = kxyz + ax2y222

First-order energy correction: From earlier problems we have
<Tl/‘ z |n> Y. ﬁ (\/ﬁan’,n—l +vn+ 15n’,n+1)
(|82 n) = 55 (V00— Do s + 3/ F D0 Db s + (204 D)

Therefore,
2
E’I(’L];c)nynz =k <nrvnyvn2| TYyz |nxvnya n2> + o <nm nyan‘ x2y222 |nxa ny7n2>
k2
k2 h\°
=z <2mw> (2ny +1)(2ny +1)(2n. + 1)

so that for the ground state

k2 ( h\°
Efgh = T <2mw> — O (k*) which is 2nd-order in k

Second-order energy correction: We have

Mgy Ny, Ny | AV 0y, 7nz>|2
Eég% _ Z |< y Ny y
0
E(()Oz) - Enznynz

Nz, My 70
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Now the zyz term — O(k?) effect, but the 2%y?2? term — O(k*) effect, which
we can neglect. Therefore,

E(2) — k2 Z |<nw7ny?nz‘ TYz ‘05070>|2
000 3hw/2 — hw (ng +ny + 1, + 3/2)

Ny, Ny ,nz 70

_ |(nz| 210) (ny| ¥ [0) (n.] |0)|*
= k2 Z ﬁw(nw_;’_ny+nz)

_[h e [Th
(el 210) = ) 5 (ol (@) [0) = 15—

2| 20) (ny| y0) (n.] 2 |0)|?
B _ 2 [(nz| 210) {ny
000 Z hw (ng +ny +n.)

Now,

Therefore,

Mg, My, Mz #0

SEY (SN R N N
B 2mw ) 3hw 3 \2mw,) hw
and the energy shift to 2nd-order (O(k?)) is

. o 2/ h \*k?
AE:EéogJ‘FEéoZ):S(Qmw) o

8.9.15 Another Perturbed Oscillator

Consider the system described by the Hamiltonian

»? mw?

H=2 4

2m 2c

(1—e o)

Assume that a << mw/h

(1) Calculate an approximate value for the ground state energy using first-
order perturbation theory by perturbing the harmonic oscillator Hamilto-
nian ) )

p mw= o
H=—+—z
2m + 2

We have
p’ mw? —az?
H=3-+%5-(1—e ) =Hy+V
2 2 2 2 2
Hy=L + M2 5 V = M (] — g7 ) — I y2

2 2 2 2 __—ax?
V:’rgz(l_e—am)_m(;xQZm;) |:1 ea —.1?2:|

The normalized unperturbed ground state energy eigenfunction of the un-
perturbed harmonic oscillator is

mw 1/4 7(7nw)w2
o= (1)
wh
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Thus, the first-order correction to the ground-state energy is

mw\ 1/2 mw2 7 (mw,2 l_e—azz
{pol Vo) = (E) 5 /dme (#2)e la —mQ]

— 00

Now
s} ntl
[are A dy = %F(nil)
0 A2
Nz+1)=al(z) , T(H)=1 , T(1/2)=7
so that
mw\ 1/2 mw? T mey, 2 | 1 —e 0%
Y bt dpe—(B2)2* |2°€¢ 2
(ol V' |o) ( 71'71) > / e [ - T
1/2 pr2 7 o o0 o .
— (@) /2 mw l / dxe*(mﬁw)f _ l / dl’ei( i« +a)z o / dIIQe—(
wh 2 « «
1ol 1
=\ n 11 1 1 T(3/2
wh 2 —a a2l (1/2) —25(%3332
3 (mw>1/2 mw? (1 111 11 )
“\n 2 \a /T2 o /T 1o 2 (mw)d/?
VA A R €
_mwQ_E_moﬂ 1 _mw2 1 1  hw
2« 4 2a 14 STZ 2a 14 % 4
Therefore the ground state energy is
hwo  mw? 1 hw
By = E” + (ol V o) = = + 1o —— | — =
2 2c 1+ ah 4
N L PR S
B 4" 2ah L4 ok

(2) Calculate an approximate value for the ground state energy using the
variational method with a trial function ¢ = e=B/2,
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Using the trial function ¢ = e=B7%/2 we find

F et [ g g 320 - o] 52
(H) = —

o0
[ e Bedx

— 00

i (28)+ e (- )

To find the value of 8 that minimizes the energy we set

d(H
dH) _
dp
We get,
dH) g B2 mw? 1

dg im 48% (14a/B)3/?
B1+a/p)t = me
Now « < mw/h gives the approximate zeroth-order solution
mw
=
This gives
(H) = hw

L omefp 1
4 2ha V1+ah/mw

which is the same as the result we got from first-order perturbation theory.

We can now iterate. We get

3/4
o / mw mw ah\ T34
Bl1+ e =—=f=—[(1+—
(M) h h mw

h

This gives a somewhat smaller value of 5 and a somewhat lower estimate
(and thus better) for (H).

8.9.16 Helium from Hydrogen - 2 Methods

(a) Using a simple hydrogenic wave function for each electron, calculate by
perturbation theory the energy in the ground state of the He atom asso-
ciated with the electron-electron Coulomb interaction. Use this result to
estimate the ionization energy of Helium.

The unperturbed Hamiltonian of the system is two non-interacting hydro-
gen atoms so that
h? Zer  Ze?

g e oy et Ze?
Ho = 2m (Vi+V3) ry T
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with the ground-state wave function

©(71,72) = Y100(71)¢100(72)

3 _ 2
Y1o0(r) = /£ Zae Zrjao - gp =y

and 2.2 2.2 2.2
E(O):_Ze _ZTe :_Ze
2a0 2(10 ap
Treating the e-e interaction
2
e
V=——
|71 — 73]

as a perturbation, the first-order energy correction is

EW =(p|V]p)=e //d rid” TQ |1/J1oo(7“1)| |¢h100(72)[?

( ) //d37“1d 75 —Z(ri4r32)/a0 _ 2 (Zg)z 2072 B 57¢?
mag |7 — r2| mag <%>5 8ag

ao

so that the energy to first-order (for Z = 2 (helium)) is

2.2 2 2
E _ E(O) +E(1) _ _Z e + 5Z€ _ _116
ap 8&0 4a0

The ionization energy is the energy required to remove one electron of the
helium atom to infinity. Therefore, for the ground state

Z%e? 1l 3e?
2&0 4(10 n 4&0

I= Ehydroqen Ehetium = —

Calculate the ionization energy by using the variational method with an
effective charge A in the hydrogenic wave function as the variational pa-
rameter.

For Z = 2 the Hamiltonian of helium including the e-e interaction is

N K2 Z Z 2
H=_ (v2+v2)_7€_7€+67
2m o) 9 |71 — 7|
We will assume the trial function

)\3

p(r1,re, \) = e M)
™

Then the expectation value of the energy is given by
EX) = (¢l H |¢)

2 2 3
//d3r1d3rge Arra) X < L S Ze? _zet | e ) N At
T1 T2 |7“1 - 7"2|
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3 2 7 2
(2 [ e (Lot 22) o
s m T1
A? 3= —2Ar R 1 d o d Ze? —Ar1
(J/d (_2md(d> —)
= ()‘3> /d37:'16—2)\7’1 (_hQ ()\2 _ 2/\) _ Z62> e~ AT
T 2m 1 1
2 | K%\
(5)forcm (s r-2) - 225) o
s m 1 1
— —h2)\2 - )\73 /dSF e~ 21 7262 * %
2m T ! 1
242 3 2
= —h2>\ — 47 <A> <Z€2 + m) /TldT1€_2)\T1
m s m

R2\? A3 AN 1 R2\?
= - —dr (=) | Ze* + —= = — Ze*\
2m 7T(71')<e—i_m>4)\2 2m ¢

Therefore,

A3 h? Zer  Ze*\ N3 .
//d?’f'ld?’f"g?e_’\(’“”‘”) (_Qm (Vi+V3) - e e) Z e AMritra)

T1 ) ™
21y2
:2(h A —ZeQ)\>

2m
and
hQ 2 )\3 5 )\3
E(\) = A — 272\ + //d37?1d37:*2767A(r1+r2) <_’6_’> A g A(ri4r2)
m ™ ‘Tl — T2| e
h2)\2 )\6 20627T2 52A2 5
= _ozea4 T A 9ge2y 4 2620
m AT 72 (2))5 m e A+ 86
21y2
= A — (2Z82 — 562) b
m 8

We now find the minimum with respect to A.

dE(\) d (12N , 5,
A _g= & — (2262 -2
I d/\( m ¢ -ge)A

me? 5
=— 1227 - -
A 2h2 ( 8)

Therefore, the ground-state energy(for Z = 2) is

2 4 2 9
o (g5 \ me (27 €
16 h2 16 ) ag
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(¢) Compare (a) and (b) with the experimental ionization energy

2, 2
Eion =1807TEy , FEy= a 72nc ,  « = fine structure constant
Finally, we have
P 62 A 62 P 62
EPT = 275— | EJAR=_286— , EFXPT=_290—
an ap ap

You will need

A3 h? e Blritra) 902
Jr) =4/ ~\ = drid® =
bis(r) =/ —exp(=Ar) , a0=——5 // ndre e 55

That last integral is very hard to evaluate from first principles.

8.9.17 Hydrogen atom + xy perturbation

An electron moves in a Coulomb field centered at the origin of coordinates. The
first excited state (n = 2) is 4—fold degenerate. Consider what happens in the
presence of a non-central perturbation

Vpert = f(T)ZL'y

where f(r) is some function only of r, which falls off rapidly as r — co. To first
order, this perturbation splits the 4—fold degenerate level into several distinct
levels (some might still be degenerate).

(a) How many levels are there?
(b) What is the degeneracy of each?

(c) Given the energy shift, call it AE, for one of the levels, what are the values
of the shifts for all the others?

The four degenerate unperturbed wave functions are

(7] 2,0,0) = Rao(r)Y0,0(0,¢)
<77| 23 17 1> = RQl(r)Yl,l(oa (b)
(7] 2,1,0) = Ra1(r)Y1,0(0, 9)
<F| 2,1, _1> = R21(T)Yl,71(9a gb)

They all correspond to the same unperturbed energy

2
Eéo) = 5 4 fold degenerate level
8&0

We need to calculate the 4 x 4 degenerate submatrix for the perturbation
V = f(r)azy = f(r)r®sin? fsin ¢ cos ¢
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with matrix elements
Virmrom = (£'m!| V |[0m)

_ / Rogr () Rog (r)r £ (r) / Vi (0, 6) Yo (6, 6) sin® 0 sin 6 cos ¢dfdep

The necessary spherical harmonics are

Yoo = \/% , Y= (%)1/2 sin fe’®
Yio= (%)1/2 cost , Yi_1= (8%)1/2 sin fe

Now the ¢ integrations take the form

27
/Sin ¢cospdp =0
0

or

2
/ elm=m") ¢ ¢ cos pdop
0

which is zero unless

m=1=-m" or m=-1=-m

Therefore, the only nonzero matrix elements are

. *
Vit =W

Lyt

= /RQl(T)R21(7’)7’4f(7")d7'/Yf—l(oa¢)Y11(9,¢) sin® 0'sin ¢ cos ¢pdOde

00 iy 2m
= 83 / R3,(r)r* f(r)dr / sin®0d6 / sin ¢ cos e 2dp = i A
T
0 0 0
where -
1
A= 3 /R%l(r)r‘lf(r)dr
0
Therefore the V' matrix look like
00 O 0
8 8 8 2?4 — eigenvalues = 0,0,+A
00 —iA O

Therefore the original 4-fold degenerate level splits into three new levels with
the remaining degeneracy as indicated.
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----------- E"' + A non-degenerate

A e —— 2-fold degenerate
----------- E." - A non-degenerate

8.9.18 Rigid rotator in a magnetic field

Suppose that the Hamiltonian of a rigid rotator in a magnetic field is of the
form

H=AL*+BL,+CL,
Assuming that A, B > C, use perturbation theory to lowest nonvanishing order
to get approximate energy eigenvalues.

We have R
H = A1?+ BL, + CL,

We choose the unperturbed basis states |L, M) where

L?|L, M) = h*L(L +1)|L, M)
L.|L,M)= Mh|L,M)

We also have

L
Ly=—=%—

where

Ly|L,M)=hy/L(L+1)— MM +1)|L, M)
For A, B > C, we choose

. . R . R Li—1L_
Hy=A1?+BL, , V=cClL, :c*T
i
The unperturbed energies are given by
Ho|L,M) = AL?|L,M) + BL, |L, M)

= (AR’L(L + 1) + BMR) |L, M) = E\) |L, M)
These levels are non-degenerate.

The general matrix element of V is given by

(L'M'|V |LM) = 29 (<L’M’| Ly |LM) —(L'M'| L |LM>)
1

_Ch < VI(L +1) = MM + D)5 160 a1 >
2% ~V/L(L+1) = MM = 1)1 1,00 -1
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Since the diagonal matrix elements are zero, we have no first-order corrections,
that is, E(LIJQ =0.

The second-order corrections (non-degenerate levels) are given by

2

L _ P ‘\/L(L ) S WO D00s6ar ater — VT T T = MO = 0500103001
LM — 0 0
Y Eft — Efi
_C2h2 L(L+1)—M(M+1)+L(L+1)—M(M—1)
4 —Bh Bh
C?h C?h

—E(M(M—Fl)—M(M—l))—ﬁM

Therefore to second order
9 C?Hh
Epy = ARPL(L+1)+ BMh+ ﬁM

Alternatively, this Hamiltonian arises from a configuration shown below:

Therefore, if we rotate the system to the new z’—axis along Eo, we get
H=AL2+ByL., , By=+/B2+C?
We can solve this problem exactly. We get
E = ARPL(L +1) + (B* + C%)* M'h

where

\L,M') =D (g,o,o) L, M) = ZL: D\, (g,o,o) \L, M)
M=—L

For B > C' we have
02
E=AR’L(L+ 1)+ BM'h+ @M’h ., M ~M

which is the same result as above.

428



8.9.19 Another rigid rotator in an electric field

Consider a rigid body with moment of inertia I, which is constrained to rotate
in the zy—plane, and whose Hamiltonian is

A 1 .
H=_—1?
21"

Find the eigenfunctions and eigenvalues (zeroth order solution). Now assume
the rotator has a fixed dipole moment p’ in the plane. An electric field £ is
applied in the plane. Find the change in the energy levels to first and second
order in the field.

Take the plane of the rotator to be the xy—plane with the electric field in the
x—direction such that the rotator(in direction of dipole moment p) makes an
angle 0 with respect to the electric field.

In the absence of the electric field, we have

~1 . h? d?
H=—1>=——_—
21 % 21 db?

so that the Schrodinger equation is

B2 d%4)
“oraee Y

which has solutions

L ime
e o om=0,£1,4£2,......
V2m

corresponding to energy levels

1/1m(9) =

© _ [Pm?

B 21

When the electric field acts on the system and is small enough to be treated as
a perturbation, then we have

V=—p &= —pecosh

The first-order energy correction is
2m
EY = (m|V |m) = _be /cos@dﬁ =0
27
0

The second-order correction is

"|'V |m>|2
m Z 0 0

m/#m

429



Since

27 27
(m/|V im) = *% e m=m"0 o5 0d0 = *% (ei(mfmlﬂ)e + ei(mfmlil)e)dG
0 0
pe
= - (5m’,m+1 + 5m’,m—1)

2

we have for m # 0

2.2
4 R\m?2—(m-12 m2—(m+1)2

_p*etl 1
h2 4m2 —1
If m = 0, only the first term 0.,/ 41 is valid and we get
2.2
I
EéQ) __pe

2h2

8.9.20 A Perturbation with 2 Spins

Let S; and S5 be the spin operators of two spin—1/2 particles. Then S=25+5,
is the spin operator for this two-particle system.

(a) Consider the Hamiltonian
Hy=o(S2+ 52— 82)/1?
Determine its eigenvalues and eigenvectors.

We can write
Ho = (82 + 82 - §2)/2 = a($2 — 262) /I
so that the eigenvectors of Hy are |S, M) where S can be 0 or 1. We then
have
Hy |S, M) = a(S? —252)/h*|S, M) = o (S(S + 1) — 2M?) |S, M)

or . . A

Hy |070> = Hy |]-7 1> = Hy |]-7 _1> =0

Hy|1,0) = 2a|1,0)

Thus, there are two eigenvalues of H,, namely 0, which is trip;ly degener-
ate, and 2, which is non-degenerate or simple.

The corresponding eigenvectors are
1,1) = [1/2),[1/2),
1,0) = =5 (11/2), [=1/2), + |-1/2), [1/2),)
1, -1) = [=1/2), [-1/2),
10,0) = =5 (11/2), [=1/2), — [=1/2), [1/2),)
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(b) Consider the perturbation H, = )\(5'11 — S’gm) Calculate the new energies
in first-order perturbation theory.

Since

)-5(2)-3m

8 1-1/2 = 21172

| St
VR
= O
O =
N——
7N\
O =

and similarly,

it then follows that

Hi[1,1) = XSt — S22) [1,1) = A(S1e — S20) [1/2) [1/2),

AR Ah
=5 (1=1/2)111/2); = [1/2),[-1/2),) = NG 10,0)

and similarly,
Ij[l |1,0> = )\(Slm - §2m) |170>

L (1/2), [=1/2), + [~1/2), [1/2),) =0

= )\(Slw - S?x) \/5

and
I:.rl ‘1, *1> = A(Slm - g?m) |]-, 71>
N N M
= )\(Slw - S2;E) |_1/2>1 ‘_1/2>2 = ﬁ

Therefore, (1, 0] H, |1,0) = 0, which means that the eigenvector, |1,0), of
energy 2q, is not shifted by the perturbation, to first order. Among the
matrix elements involving the degenerate eigenvectors, the only nonzero
ones are

10,0)

. N A
(0,0] Hy |1,-1) = 7 =—(0,0|H1|1,1)
and their Hermitian conjugates. Accordingly, the perturbed energy levels
are given by the characterisitic equation

_E A
V2
-2 _Af % | =0=—E(E* - XI*) - E =0, £)\h
0 2 _p
V2

Therefore, the energy levels are shifted in this way:

0(3 — fold) = 0, £\l (no remaining degeneracy)
2a = 2« (unshifted)
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8.9.21 Another Perturbation with 2 Spins

Consider a system with the unperturbed Hamiltonian H, = —AA(SHZ +§2z) with
a perturbing Hamiltonian of the form Hy = B(S1452; — S1y52y)-

(a) Calculate the eigenvalues and eigenvectors of ?Hy

We have the unperturbed states and energies for

Hy=—A(S1. + S2.)
+) , —Ah
)y , 0
)
)

Tt

-y, Ah
.0

—t
(b) Calculate the exact eigenvalues of Hy+ H;

We can rewrite the perturbation as

N A A A & _ 5'1+ + 311, S'2+ + SA’Qf B S’1+ - S’lf S2+ - 5‘2,
Ay = B(812820 — 81,55,) = B ( - ; = =

1 N ~ N N
= 3B (51+SQ+ + 51_52_)
We then have
H |++) = 1B (§1+§2+ + $1_$2_) I++) = 1BS Sy |++) = LBA2|——)

Hy|==) = 3BI*[++)
Hy|=+)=0
Hi|+-)=0

The last two states are eigenvectors of the total Hamiltonian H = Ho+H,
with eigenvalue 0. Of course, one can replace them by any orthonormal
combination, for example, the symmetric and antisymmetric states

1
7 (=) £1-+)

To obtain the other eigenvectors, consider the eigenvalue equation
(Ho + Hy) (cos 0 |[++) +sinf |——)) = A (cos 0 |[++) + sin 6 |——))
and
—Ah (cosf|++) —siné |——>)+%Bh2 (cos@|——) +sinf|++)) = A(cos @ |++) 4+ sinf|——))

We then have

—Ahcosf + $Bh?sinf = Acosf — (AR + \) cos = 3 Bh?sinf
Ahsin® + $Bh%cos 0 = Asin@ — (—Ah + \)sind = 2 Bh? cos §
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or

(Ah+)) %th 2 2,0 1oy h
= N — A“h® = —=B“h A=+—\/4A42 + B2j?
TR~ (Ah+N) pP AT VA

Now B
A= —5\/4142 + B2h2

corresponds to the ground state and we find the eigenvector as follows.

We have
(Ah+ A2) (Ah — g\/4A2 + B2h?)
~——— —tanf =
Bh? /2 Bh2/2
and

A=) =cosf|——) +sinf|++) = C(|——) +tand [++))
=C(|-—) +tanf|++))

Similarly,
h
)\+ - +§ V 4A2 + B2h2

corresponds to the highest energy state and

(An+Ay) o (Ah+ /442 + B212)
Br2j2 MU Bh2/2

in this case.

By means of perturbation theory, calculate the first- and the second-order
shifts of the ground state energy of Hy, as a consequence of the perturba-
tion H;. Compare these results with those of (b).

From above
(4] Hy |+4) = (+=| Hy |[+=) = (—=+| Hy |-+) = (——| H, |-—) =0

so that the first order correction to the energy is zero. For the ground state,
|+, +) with unperturbed energy —Ah, the only contribution in second-
order comes from the term

. 1
(——| Hy |4++) = 5Bh?

and so, to second-order in B, the ground state energy is
[t )|

——|Hy|++ ‘ B2p3

A+ — = — — n

(—Ah) — (Ah) 8A

The exact energy is

A= —g\/4A2 + B2h?
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which corresponds (for A > B) to

B2 B2 B2
)\——Ah\/l—f—WN—Ah(l—kw) = —Ah—

which agrees with the second-order result.

8.9.22 Spherical cavity with electric and magnetic fields

Consider a spinless particle of mass m and charge e confined in spherical cavity
of radius R, that is, the potential energy is zero for r < R and infinite for r > R.

(a) What is the ground state energy of this system?

The radial part of the Schrodinger equation for the particle in the potential
well is
L(L+1) _ hPk?

R”+2R’+ P—-———"2)|R=0 , E=
r 72

2m

The boundary condition is R(r — R) = 0. Introducing a dimensionless
variable p = kr, we get

2 2 1
&R dfn(l_W; >)R:0
P

dp®> * pdp

This is the spherical Bessel function equation with solutions j,(p) that are
finite for p — 0. je(p) is related to the Bessel functions by

s

1/2

Je(p) = <2p> Jos1/2(p)

The radial wave function is then
Rye(r) = Crije(kr) , Cg = normalization factor
The boundary condition requires that
je(kR) =0

which has solutions

kR=ane , n=12 ...

where the o, is the n'? zero of the ¢! order spherical Bessel function.

Then the bound states of the particle have energies given by

Ent = gmpp e
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For the ground state, ¢ = 0, and
. sin p
jo(p) = —
p

Therefore, the boundary condition says that

h2m2

SinkRZO%kR:Ozlozﬂ—)Elozm

Suppose that a weak uniform magnetic field of strength B is switched on.
Calculate the shift in the ground state energy.

We take the direction of the magnetic field as the z—direction. Then the
vector potential cab be written

By Bx
sz_i ’ Ay =— ) Az:O
2 Y 2
and
2 2
- 1 e eB
H=—(pe+=—19 by — — 2| +v
5 (( + 3 y) +<py 26%) +pz>+ (r)
= (= Lap, -+ S @) V)
~ 9m p c LTPy — YDz 1c2 T Y r
1 (4, eB: B, 5,
Zm(p - et e ) |1V

Since the magnetic field is weak, we can treat the term
eB. e*B%*, .,
B

as a perturbation.

When the system is in the ground state L = 0, L, = 0 so that we only
need to consider the term

e?B? , , e?B?
4c2 Ty ) T 42

The ground state wave function is

rsin® 0

C sinkr

Y(r,0,¢) = jo(kr)Yoo = E7

Normalizing we have

R R

1 1 1 1 1 /R
1:CQk:2/sin2k:rdr:CQkZ/(2—2coskr) drzCQE (2> —C =

0 0
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Therefore,

1 sink
Y(r,0,¢) = \/ﬁSH; :

and the first-order energy correction is

K

R
2p? 1 1 1 e2B?R?
1) i 03 _
E( ) WiR/T‘ sin k'rd"'/27rsln 0do = (3 — 271_2> W
0

where we have used
sinkR=0—>kR=m

Suppose that, instead a weak uniform electric field of strength £ is switched
on. Will the ground state energy increase or decrease? Write down, but
do not attempt to evaluate, a formula for the shift in the ground state
energy due to the electric field.

The corresponding potential energy (the perturbation) is
V = —eez = —eercosf
The shift of the ground state energy is then

2
|Vm0|

(2) — _ Ym0l
B = Eéo) — E’r(‘r(z))

m#0=ground state

But, Eéo) < EY (m # 0) which says that each term in the sum is less
than zero. This implies that the second-order correction causes an energy
decrease.

If, instead, a very strong magnetic field of strength B is turned on, ap-
proximately what would be the ground state energy?

If we have a very strong magnetic field, instead of a weak field, then

) ) e2B? )
=2 (22 + §°

)

and the B? term can no longer be considered as a perturbation. The
particle is now treated as a 2-dimensional harmonic oscillator with

2m  8mc?

1, e2B? . eB
MWt = —— S w =
2 8mc? 2me
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8.9.23 Hydrogen in electric and magnetic fields

Consider the n = 2 levels of a hydrogen-like atom. Neglect spins. Calculate to
lowest order the energy splittings in the presence of both electric and magnetic
fields B = Bé, and £ = £é,.

The unperturbed world is given by the n = 2 4-fold degenerate level of hydrogen

with )
Eéo) __°&
8(10

and states in the |L.M) basis |0,0),]1,1),]1,0),|1,—1). The perturbation is
given by

V= ‘/electric + Vmagnetic

e - e -
=—j-f——p-A=—er-é——p- A
me mc
e | - e -
=—er ey, — —p-A=—ect — —p- A
mc mc
Now, B = Beé,, which says that A= Brég so that
e - e eB h 0O hw. O - eB
——p-A=——pyBr=——r—— = — =w.L, , we=——
mct mct? me i 0¢ i 0¢ o c me
and thus

V = —eet +w.L,

In the |L.M) basis, the term wel, is diagonal, that is,
0

(L'M'| Vinagnetic |[LM) = Mhw.dr .00 —

o o

0
0
0
0

o

Note: the order of the states is |0,0),|1,0),|1,1), |1, —1).

Now we define
¢=—e(0,0/Z1,1) = —ec (0,0 Z |1, —1)

All other matrix elements are zero. We can see this as shown below.
27

1 , .
(0,0 % |1,0) 5/(el¢+eﬂ¢)d¢:0
0

Therefore, the fullV matrix in the degenerate subspace is

0 0

NN OO
g‘OAo

0 S
0 hw,
0 0
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The eigenvalues are

_____________ ES” + A non - degenerate
Eéo) 777777777777777777777777 Eéo) 2 - fold degenerate
_____________ Eéo) — A non - degenerate

EP—-136 — Paschen—Back Effect
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8.9.24 n = 3 Stark effect in Hydrogen

Work out the Stark effect to lowest nonvanishing order for the n = 3 level of
the hydrogen atom. Obtain the energy shifts and the zeroth order eigenkets.

The Stark effect involves the electric field potential energy
V = eercosf

The n = 3 level of hydrogen has energy

62

E(O) — E3 — _ 5
ao

There are 9 degenerate states(ignoring spin) corresponding to

(=2, m=22+41,0— 5 states
{=1, m==1,0— 3 states
£=0, m=0—1 state

We denote the zero-order state vectors as |¢,m)

|1> = |2’2> ) |2> = |27 _2> ) |3> = |2’ 1>
|4> = |1’ 1> ’ |5> = |27_1> ’ |6> = |17 _1>
|7> = |2’0> ) |8> = |170> ’ |9> = |070>

The degenerate submatrix is 9 x 9 = 81 elements. Because it is Hermitian, there
are 45 independent elements to determine.

Now cos 0 o Y7g so that each matrix element contains the factor
(m|Yip |€'m’y =0 wunless m=m' and ¢'=(+1

These relations are called selection rules (More about selection rules in Chapter
11). They say that the only nonzero matrix elements of V are

BIVI4)=@VP)=a , (GIVI6) = (6]VI[5)=0b
(VI8 =@V =c . @VI9)={VI8)=d

We will evaluate the matrix elements later.

The matrix is

000 O0O0O0OO0OTO 0O
000 O0O0O0OO0OTO 0O
00 0 a 0 O0O0O0O0
00 a 00 O0O0O0O
00 0O0O0OUWb®DO0OO0OO 0
00 0O0°UDO0OO0OO0O 0
00 0 0O0O0O0c O
000 00O < ¢ O0d
000 O0O0OO0OO0OGdSOoO
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We have two 2 x 2 and one 3 x 3 submatrices to diagonalize. The eigenvalues
give the first-order energy corrections. We have

Eil) = Eél) =0 1lx1 matrices
E:,()li =*a 222 matriz

Eélg, ==xb 222 matriz

BN g =0,£VE+ & 3a3 matriz

Calculation of matrix elements:

Radial/Angular functions:
3/2 2
Raa(r) = 27\/55 (3%) (%) e7r/3u0
3
1

/2 (ao) (1 B %> e—T/3a0

R ( -9 1 3/2 1— 2r QL —r/3ao
30 T) - + 9a3 €

3ao 3ao
Yo 10 = L5 o210 in2 g | Yo 41 =— geiw sin 6 cos 0
Yoo =1/107 (Bcos?0 —1) , Yii1=—/ge?sing
Ylo—\/?COSQ s YO,OZW/ﬁ
Now
oo 2w —1
a= 4|V |3) = (11| V|21) :eg///r2drd¢d(cos0)rcosaRgle2Y1*1Y21
0
_ 2\f ( ) 42 [ \/7
27\[ 3ag
27 —1

X /r3 <T> (1 - T) _QT/3“°dr/d¢e i +’¢/d(cos€)sin29c0529
ag 6ag
0 0 1

e} 27 -1
- 2 6 T\ —22/3 2\, 2
= ecag g7 /az (1 6) e dx d¢ dy(1 —y*)y
0 0 1




Similarly,

9
b= §eeao , Cc= 3\/365(10 , d= 3\@66%

Therefore, the energy levels to first-order are

E=— 15‘210 (3 — fold degenerate)

E=— 1;(210 + %ez—:ao (2 — fold degenerate)
E= —15@ — jecap (2 — fold degenerate)
E= —15@ + 9eeap  (non — degenerate)
E = —15- —9ecag (non — degenerate)

There are 5 new levels to first-order (one level remains 3-fold degenerate, two
levels remain 2-fold degenerate and two levels are non-degenerate).

Zero-order state vectors:

H=p . B=-;

=12 , E=-1&

3)=5(3)+14) , E=-35 - Jecao

)= 5(3) - 19) , E=—35 + Jecao
5)= (5 +16) , E=—5 - Jecao

6) = L5 (15) = 16) , E=—1e + esao
1=\ - 38 +4/319) . E= -1 —9ecag
B=—Em+ytl . E=-1

9) =/ +/318 +/319) . E=— +9eca

If we choose the values ¢? = 1 = ag so that

_ 1
PTIT L,
E——Tls‘i‘gf‘:

= —75 — 5¢€

118 2
E_—Ts+9€

1
E__TS_gg

we get a plot that looks like:
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&.004 0.C06 0.008
Electric Field

8.9.25 Perturbation of the n = 3 level in Hydrogen - Spin-
Orbit and Magnetic Field corrections

In this problem we want to calculate the 1st-order correction to the n=3 un-
perturbed energy of the hydrogen atom due to spin-orbit interaction and mag-
netic field interaction for arbitrary strength of the magnetic field. We have
H= f[o + f]so + fIm where

. D , (1

Hy =22 ) = _ -
0=5 F Vi(r) , V(r) e ( )

. 1 1dvV(r)] 5z =

Hso = [QmQCQ rodr } Sop - L

H,, = ’%B(Eop +25,,)- B

We have two possible choices for basis functions, namely,
|nésmems) or |nlsjm;)
The former are easy to write down as direct-product states
[nlsmems) = Rpe(r)Y, (6, 0) |s,ms)

while the latter must be constructed from these direct-product states using ad-
dition of angular momentum methods. The perturbation matrix is not diagonal
in either basis. The number of basis states is given by

n—1=2
(20+1)x2=10+6+2 =18
£=0
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All the 18 states are degenerate in zero-order. This means that we deal with an
18 x 18 matrix (mostly zeroes) in degenerate perturbation theory.

Using the direct-product states

(a) Calculate the nonzero matrix elements of the perturbation and arrange
them in block-diagonal form.

We have

Hy =
I:I = [v;mIZ c2 % d‘;g)}
H,, =15 (L,, +2S,,) B

Consider the n = 3 level of hydrogen which has energy

e
18&0

E© =Fy=—

There are 18 degenerate states corresponding to

=2, m=42410— 5 states

{=1, m==%10— 3 states

£=0, m=0—1 state

s=1/2, ms = £1/2 — 2 states for each ¢ state

We denote the zero-order state vectors as |[¢, m,ms).

|1> = |O 0, +> ‘2> = |0705_> ) |3> = |1>17+> ) |4> = |1717_>

|5> |1 0, +> ‘6> = |1v05_> ) |7> = |17_1’+> ) |8> = |1’_17_>
|9> |272 +> ’ ‘10> |272’_> ) ‘11> = |2’1’+> ) |12> = |2’15_>

|13> = |2 7+> ) |14> |2707 *> ’ |15> = |27*]~v+> ) |16> = |2a7177>
I17) =12,-2,+) , [18) =2, -2, —)

The degenerate matrix is 18 x 18 = 324 elements. Because it is Hermitian,
there are 171 independent elements to determine.

The magnetic term
I:Im = HB(EOP + 2§0p) ’ E/h

is diagonal in this basis as shown below:

(' ,m',ml| H,, |0, m,mg) = upB ', m/, m| (L. + 25, [¢,m, my)
= MBB(m + Qms)(sé’f(sm’mém;ms
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so we get the matrix

1 0 o000 O0OOOO OOOOODOTO0O 0O O o0 o0

0 -1 o 00 0 0 0 0O0O0OOOOTO O O0O O0 O

o 0 200 0 O O OO0OOOO0OTO0O O O0O 0 O

o 0 000 O OO OOOOOTO O 0O 0 0

o 0 001 0 0 0 0O0O0OOOOTO O O 0 O

o 0 000 -1 0 0 OO0OOOOTO OO O0 O

o 0 000 O O O OOOOOTO O 0 0 o0

o 0 000 0O 0O -200HO0O0©0 0 0 0 0 O

B o 0 000 O OO 30O0O0O0OO0 0 0 0 O
HB o 0 000 O OO OI1O0O0OO0OTOO0OO0O 0 O
o 0 000 O O O OOCZ20O0 0 0 0 0 O

o 0 000 0O O O OOOOOT O O O0 0 o0

o 0 000 0O O O OOCOOTI1I O 0 0o 0 O

o 0 000 0O O O OOOOOS-=-10 0 0 0

o 0 000 O OO OOOOOTO O 0 0 0

o 0 000 O OO OOOOOTGO OS-1 0 0

o 0 000 0O O O OOOOOTO OO0 -1 0

o 0 000 0O O O OOCOOOTO O 0 o0 =3

The spin-orbit term

so —

{ 1 1dV(r)}§ -

2m2c2 v dr op - rop

can be rewritten as

H:[ ! 1dV(T)}§op.zop:[ ! ”V“‘)] (ﬁZS‘z+1(ﬁ+S‘+JiS‘+))

2m2c2 v dr 2m2cZ v dr

This means that the matrix element

<€’,m’,mg|ﬁso|€,m,ms>
1 1dv(r)
2m2czr dr

- [ ] (LS b (Las +E_S+)) 10, m, )

equals zero unless one of the following conditions holds:

(m' =m & m), =ms)

or
(m'+1=m&m,—1=ms)
or

(m' —1=m&m,+1=my)

Therefore, we have to calculate all of the diagonal elements, but only the
off-diagonal elements below:

(4] Hyo[5) , (6] Huo |T) , (10] o [11)
(12 o [13) , (14] Hyo [15) , (16] Heo [17)
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We also note that any diagonal element is zero if m = 0 and the matrix
element is zero id £ = 0.

Finally, we note that

1 1dV(r) e (n€|i|n€>— e? A
2m2cr dr [/,  2m3c? 73 ©2m2e? [adnPl(l+1/2)(0+ 1)

=4 {6(6—&-1/;)(5—#1)]

where
Z3e? e?

2m2c2a3n®  54m2c2a

A:

Therefore, we have

1 1dv(r) A 1 1dV(r) _ A
2m2c?r dr /g, 15 2m2c2r dr /4 3

So let us do it.....
<1|]£Iso |1> = <2|FI§0 |2> = <5| ﬁso L5> =0
(6| Hso |6) = (13| Hs |13) = (14| Hyp |14) =0

(3] Huo [3) = 4 (11, 4] L8 |11, +) = 4 (%) = 422
(41 Hoo 14) = 4 (1,1, =] 252 11,1, ) = 4 (-5 ) = -4
) 2
(4] Hyo|5) = 4 (1,1, = L+.S_|1,0,+) = § (V2h?) = Y24
(6 Hoo |T) = 2 (1,0, L8 [1,-1,4) = 4 (van?) = Y248’
(7| Hyo |7) = %<1,—1 18,01, -1 +> 4 _%) — 4
(8| Hyo8) = 4 (1,~1,—| L.S.[1,-1,-) = 4 %) — 4n
'} 2
(91 Hso |9) = 15 <2,2, f| ngz |Ag,27+> — A () = An 2
(10 Hio |10) = §5 (2,2, ~| L.5: 12,2, =) = §§ (-17) = - 4%
(10 Hyo [11) = 55 (2,2, ~| L4.S_ |2, 1,+) = 55 (2h%) = 4%
(11) Hyo |11) = 4 (2,1, +| L.S. 2,1, +) = & (h?) = 4%
: A - A AR?
12| Hg [12) = — (2,1, —| L 2.1, )=~ (=p2) = —
< | 50| > 15<a7 ‘ zSz|77 > 30( h) 30
: A Poe A V6AR?
12 Hso 13) = — 271,— LiS_ 2,07 —_— 6ﬁ2 =
(12] Hso [13) = 55 | LyS_[2,0,+) = 3O(f) 5
(14] Hyo |15) = 45 (2,0, —| L1 5_ |2, —1,+> A (Voh?) = VoA
(151 .o 15) = & (2, —1,+[ L5 2, —1,4) = 4 (1) = — 4
(16| H,yo [16) = A (2, -1, —|L,S, |2, ~1,—) = & %):gg
r 2
(16] Hyo |17) = 55 (2,1 7—|§+§, [2,-2,+) = 4 (2h) = 4%
(17) Hig [17) = 35 (2.2, L5 2,2, 4) = {F (-h2) = — 4%
(18| Hyo [18) = 4 (2,-2,—| L.S. [2,—2,—) = &4 (r?) = 4L
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Therefore, the corresponding matrix is as below:

000 0 0 0 0O 00 0 0 0O O 0 0
000 O 0 0 0 00 0 0 0O O 0 0
005 0 0 0 0 00 0 0 0O 0 0 0
000 -5 5/2 0 0O 00 0 0 0 0 0 0
00 0 5/2 0 0 0 00 0 0 0O 0 0 0
000 O 0 0 5/2 00 0 0 0 0 0 0
000 0 0 5/2 -5 00 0 0 0O 0 0 ©
000 O 0 0 0 50 0 0 0 0 0 0

AR21 0 0 0 0 0 0 0 02 0 0 0 0 0 0

30| 000 o0 0 0 0 00 -22 0 0 0 0
000 0 0 0 0 00 2 1 0 0 0 0
000 O 0 0 0 00 0 0 -1 +v6 0 0
000 O 0 0 0 00 0 0 +v6 0 0 0
000 0 0 0 0 00 0 0 0 0 0 +6
000 0 0 0 0 00 0 0 0 0 6 -1
000 0 0 0 0 00 0 0 0O 0 0 0
000 0 0 0 0 00 0 0 0 0 0 0
000 0 0 0 0 00 0 0 0O 0 0 0

(b) Diagonalize the blocks and determine the eigenvalues as functions of B.

We can read off the energies that are diagonal

1) = B = upB

2) —» BO) = —nsB

3) — B = 42 +2;LBB
18) = EMW = A _ 9,5
19) = B = A{}, +3upB
18) - EM) = 4 _ 3,

We then need to diagonalize these remaining six 2 x 2 submatrices.

i (_5Ah2 5\[,4)52)

5v24R  pB

AR?
6—7 ( —usB  5v2% 3 )

5\[,4;12 _5Ah

—An B QAR
10— 11 JZ”B 30
2“ AR 4 2upB

12 - 13 ?; Vesy
V64 upB
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1415 ( ksl \/%EZ >
\/630 T30
1617 [ - wP 248
241 24 5B
30 30 ~ HMB
We get characteristic equations:
—5ARS 5, /pAR AR 1 2
4— 30 30 E—pupB)(E+——)— — (AR?*)" =
5(5@% ) S (BB (B ) — g (4R)° =0

2
—pupB  5v24L AR? 1 0 2
6—7 3 — (F B)(E+—)—— (AR°)" =0
(5\@%2 75%9 (E+upB)(E+—-)— 15 (AF%)

_9AR? upB 9 Ah? AR2 AR2 <Ah2>2
10-11 30 30 S (B—ppB+ oy (B-2 0B (22) =0
( 2,43;32 ‘%24‘2#33 ( “B 15 )( ppB)

_AR | fpAR? AR? 1 2
12—13 30 30 E—upB)(E+=—)—— (Ah*)" =0
( 642 B >_>( upB)(E+=307) = 155 (A°)
2
—npB 64k AR? 1 212
14—1 3 E+pupB)(E+=—)—— (AR?)" =
AR? AR? 2 2 2\ 2
o, -B P > AR AR [ AR
16—17 30 5 30 — (B+pupB+=—)(E4+2upB-—-)—( =— ) =0
Ah Ah
Continuing ....... 4-5
1 AR\ |1 An2\? 2 ) 2AR2
E== B-—""\)+:= B-—— Z (AR2 B
2<.UB 6) 2\/(#3 6)+9( )"+ s 3
1 AR? 1 /1 1
6-7
1 [ An? 1 |/ An2 2 2 2AR2
pey (% +umn) iz\/<6+'~“93> g AR s B
1 [ AR? 1 /1 1
=3 <6 + /LBB> + 2\/4 (AR2)* — SHBBAR + (upB)?
10-11
1 [ An? Ah? 2 An2\? Ah? Ah?
E=—-("——-3ugB) £/ =~ —3usB 4 == 4 =—42upB) | =— — upB
2<3o “B) \/<3o “B)+<15>+(30+“B>(15 “B>
1 [ AR? 1 /1 1
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2
14-15
2
E= —% (éh; + uBB> + ;\/(ézz + MBB> + 4% (AR?)* — 4=/un_r;BAg—i(:;2
-1 (ff; . MBB> " ;\/ 25 (AB)? = s BARR + (s B)’
16-17
= _% (éh; + 3uBB>
1

AR? 2 AR\ AR? AR?
+ £ B) +4(28) va( 28 4B (2 —oupB
2\/<3o+3”3)+<15)+<15+“3><30 Ko

1 [/ AR? 1 1 1
S < + :wBB) + \/ =g (AR?)® = SupBAR? + (upB)*

2V 36

Look at the B — 0 limit. Identify the spin-orbit levels. Characterize them
by (€s]).

The B — 0 limit:

45
E=j(upB— 2 )+ 5/ (AR + §upBAR® + (upB)*
= YAR? + 2upB | —1AR? + lupB
6-7
L1 B)il\/l AR2)? — L BAR? B)>
=—3\76 THB 5\ 1 (AR?)" — 3up + (upB)
— §AR —3upB , —§ AR’ — jupB
10-11
2
B= =4 (4~ 3upB) & 5[5 (AR + Lup BAR + (s B
— £ AR? + 2upB |, —35Ah? + SupB
12-13

2 2 2
= 3 (4 — jupB) + 1/ & (402 + LupBARR + (upB)
— AR+ 2upB |, — {5 AR + 2upB
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B= 4 (42 4 upB) + 1/ (AR — LunBAR + (usB)’

%LAh?*;,LLBB N 7%Ah27%u3B

2 2 2
B=—1 (4 +3upB) + 13 (AR2) — Lup BAR2 + (up )
— T15AFL2 — %,UBB s —%AhQ — g/JBB

Spin-Orbit Levels

These levels go like
AR? (j(7+1) =Lt +1) —s(s+ 1))

2 +1/2)(+1)

so that

0—11),2) =¢=0,s=1/2, j=1/2

+A8 = 13),18) S l=1,s5=1/2,j=3/2
10),|12),[14),|16) > =2, s =1/2, j=5/2
AR LB Ty l=1,s=1/2, j=1/2

AR T, |13), |T5),[T7) =+ £ =2, s =1/2, j = 3/2

in agreement with the spin-orbit formula.

Look at the large B limit. Identify the Paschen-Bach levels.

The B — oo limit:

18) — —3upB

1 AR 1 /1 1
E=3 (uBB — h)iQ\/4 (AR2)® + guBBAf# + (upB)> > upB , 0

1 [ AR? 1 /1 1
E=—- ( T MBB)i2\/4 (AR2)? — gMBBAFL2 + (usB)? >0 , —upB

10-11

po_L(A_, Bil\/l(Ah2)2+1 BAR? + (upB)? = 2upB , pupB
~ "3\ 30 MY )F3\ 36 At Ko HEZ o 1B
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po_L (AR Bil\/l(Ai‘z?)2+1 BAR? + (upB)> = upB , 0
=~ 73\ 30 KB 2\ 36 15MB HB uBb

Jop Ah2+ Bil\/l(Ai‘z?)Q ! BAR? + (upB)*> = 0 B
=5\ 30 LB 5\ 36 15MB kB » —HB

16-17

1 [ AR? 1 /1 5 1 9

The Paschen-Back levels are

3[LBB — |9> .

2upB —[3),[10)
peB = 1), [1). |TT). [12)
0 [5),[6),[13).[12)
—#pB = [2),]7), [15),, [16)
—2upB — [8),|17)
*3MBB*> |18>

Thus we have 7 equally spaced levels.
For small B show the Zeeman splittings and identify the Lande g—factors.

Limit B > A: Zeeman effect

1) ,12) = ¢=0,s=1/2, j=1/2

19),]18), [10),]12), [14) ,[16) » ¢ =2, s =1/2, j =5/2
5),|7) = t=1,s=1/2,j=1/2
11),[13),(15) ,|17) = ¢ =2, s =1/2, j = 3/2

The Lande-g factor is

JG+D) +s(s+1)—£(+1)
2j(j+1)

g=1+

The levels go like: Es, + gm;jupB

1),12) 5 €=0,s=1/2,j=1/2—g=2
13),(8),14),16) = ¢=1,s=1/2,j=3/2—g=4/3

19),[18) ,|10),|12),|T4),|16) > (=2, s=1/2, j=5/2 = g=6/5
5), |7y »t=1,s=1/2, j=1/2—g=2/3

11),|13),[15) ,|17) » ¢ =2, s=1/2, j=3/2 > g=4/5
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1) = uB — gm; = (2) (1/2)
2) = —pB — gm, = (2) (-1/2)
13) = A2 4 905 B -+ gmy = (4/3) (3/2)
8) = ——mBBbagm]—( /3) (=3/2)
9) - — (6/5) (5/2)
18) = 42 3B g, = (6/3) (~5/2)
4-5
1., 2 1., 1
AR 4 2unB | L AR 4 SunB o gmy = (4/3)(1/2) | (2/3)(1/2)
6-7
1A522 B 1Ah21 B =4
AR ZupB |~ A= upB - gmy = (4/3) (<1/2) , (2/3)(-1/2)
10-11
iAh2+9 B —iAhM§ B — gm; = (6/5)(3/2) , (4/5)(3/2)
15 5HEP T RHBD T Iy ’
12-13
AR 2unB AR 2B gmy = (6/5)(1/2) | (4/5) (1/2)
14-15
AR 2unB AR 2B o gm; = (6/5) (-1/2) , (4/5) (-1/2)
16-17
SR DupB | AR S upB — gm; = (6/5) (-3/2) , (4/5) (~3/2)

so that the results are in agreement with the Lande-g factor formula.

Plot the eigenvalues versus B. We choose up = 1 = Ah? so that the
energy levels become

1) - E=B

|2) - E=-B

13) = E=1+2B

8 > E=1_2p

9) » E=+ +3B



6-7

10-11

12-13

14-15

16-17
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8.9.26 Stark Shift in Hydrogen with Fine Structure

Excluding nuclear spin, the n = 2 spectrum of Hydrogen has the configuration:

Figure 8.5: n = 2 Spectrum in Hydrogen

where AEpg/h = 10 GHz (the fine structure splitting) and AELqms/h =
1 GHz (the Lamb shift - an effect of quantum fluctuations of the electromag-
netic field). These shifts were neglected in the text discussion of the Stark effect.
This is valid if eagFE, >> AE. Let x = eagE,.

The diagram above shows the n = 2 energy levels in Hydrogen including fine
structure. We now want to add a Stark effect perturbation H;,; = +eZFE, (cor-
responds to quantization along F).

We recall the spectroscopic notation nf;. Now for a given j, there are 2j + 1
degenerate sublevels:

281/2 = 281/27+1/2>,

2p10 = 2p1/27+]—/2>7
2ps/2 = |2p3/2,+3/2)

2s1/2,—1/2)
2p1 /2, —1/2)
2p32,+1/2) , [2p3/2,—1/2) , |2p3/2, —3/2)

Since H;,; acts only on the spatial degrees of freedom, it is useful to reexpress
the eigenstates above in terms of the uncoupled angular momentum basis. This
is just standard CG stuff and we have

2512, £1/2) = [2s,my = 0) ® |m, = £1/2)
[2p1/2,£1/2) = | /2 12p,0) @ |£1/2) — /2 |29, 41) @ [71/2)
|2p3/2, £3/2) = |2p, £1) ® [£1/2)

(a) Suppose & < AELump, but © << AEpg. . Then we need only consider
the (251/2, 2p1/2) subspace in a near degenerate case. Find the new energy
eigenvectors and eigenvalues to first order. Are they degenerate? For what
value of the field (in volts/cm) is the level separation doubled over the

zero field Lamb shift? HINT: Use the representation of the fine structure
eigenstates in the uncoupled representation.

For weak fields eagE, < AErqmp, We can restrict our attention to the
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(2512, 2p1 2) subspace.

The matrix representation of H;,; is block diagonal with no off-diagonal
elements between different m; as we will see below.

Consider the m; = 1/2 2-dimensional subspace.

A A AE; €
H0+Hmt=( E*L 0)

where the order of the states labeling the rows and columns is

|251/2) |2p1/2)
and AFE; = Lamb shift and

€= (2p1/2,1/2| Hint |251/2,1/2)

To calculate €, we use the uncoupled representation above:

= —eEZ\/§<2p,O| 2(2s,0) (+1/2 +1/2>—eEZ\/g<2p, 12 |2s,0) (—1/2] +1/2)

Using (2p, 0| 2|2s,0) = —aq as derived in the text, (+1/2|+1/2) = 1 and
(—1/2]41/2) =0, we get

e = —V3eaoE. (real)

We diagonalize as follows:

& (AEp O\, s .5 (01
H( 0 O)+HO+Hznt€<1 0)

or
. AFE, . AFE
== Ll =6, 4 eo,
Therefore, the eigenvalues are
AFE AFEL)?
By=—""x (AEL) + €2

2 4

and the eigenvectors are

) =cos (5 ) [202) 5in () f2su)

where 5
€
tan© =

— the so-called mixing angle
L
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Note that this is the ratio of the coupling matrix element to the energy
separation.

Thus, the new splitting between the perturbed 2s;,5 and 2p; /; levels is
AE; =E, —E_=/(AEL)? + e€?
We need to find the electric field such that AE} = 2AFE. We get

4 = 3(AFEL)? = e = gAEL

or
V3eagE, = éAEL ~E, = Aby
2 2eaq
Now for some numbers. Remember, we are using c.g.s. units. The easiest
thing to do is express AE} in electron volts, so that AFE} /e is in volts.
The conversion is via Planck’s constant h = 4.14 x 107® eV — sec. This
gives

AEp = (10 H2)(4.14 x 107 eV — sec) = 4.14 x 107 % eV
Using ag = 0.5 x 1078 ¢m (6.5A we have
414 x 107V
10-8¢em
What about the other substates? There are no off-diagonal matrix ele-
ments between different m;.

E, = =414V /em

PROOF:
(281/2,1/2| Hint |2p1/2, —1/2) = €E. Ty (2s,0[2[2p,0) (1/2]-1/2) — 5 (2s,0[2[2p, 1) (1/2]1/2)
Using (1/2|—1/2) =0 and (2s,0| 2 |2p, —1) = 0 we get
(2512, 1/2| Hint |2p1/2,—1/2) =0
and similarly X
(28172, —=1/2| Hing |2p1/2,1/2) =0
The 2 x 2 representation for m; = —1/2 is the same as for m; = 1/2.

Thus, in the 4-dimensional subspace of (252, 2p1/2), the representation
of H is block-diagonal, with two degenerate subblocks

AE, ¢ = 0 0

A e 0 : 0 0
H = ..
0 0 AEL €

0 0 e 0
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where the top-half corresponds to m; = 1/2 and the bottom half to m; =
—1/2. Thus, the eigenvalues we found earlier are doubly degenerate.

Now suppose x > AFEprg. We must include all states in the near degener-
ate case. Calculate and plot numerically the eigenvalues as a function of
z, in the range from 0 GHz < x < 10 GHz.

Comment on the behavior of these curves. Do they have the expected
asymptotic behavior? Find analytically the eigenvectors in the limit ©/AEpg —
00. Show that these are the expected perturbed states.

We now consider eagFE, > AFEprg. This means that we must include all of
the n = 2 states.

Again, His block-diagonal, with no off-diagonal matrix elements between
different m;. These blocks are also doubly degenerate for +m ;. There are
also bo p — p matrix elements for parity reasons, i.e., (2p, m;| 2 ‘2p, m;> =
0.

Therefore, we must diagonalize the following 3 x 3 matrix

. AEL € /3
H= e 0 0 m; = £1/2
B8 0 AFEpg

where the row/column order is

251/2) [2P1/2) |2p3/2)
Note that Ket2ps/o, m; = £3/2 is unperturbed.

We have
B =(2ps3/2,1/2] Hin |251/2,1/2)
2 1
V2 s 0) /20172 4/} o 12120.0) (1721172

= \/éeaoEz

—ekb,

This implies that

R 1 V3xr 6z
H=AE, |3z 0 0
\/éx 0 10

where x = eagE,/AFEr and AE;, = 1GHz.
Solving for the eigenvalues numerically in the range 0 < z < 10 we have
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\ o
%_(llslo - .‘2;3/G> /) & “t\,l>

30 /

n=2 29, l2p, 2D B 11> i, =13
10E s / Py 3 2

_Rp, O 15D ’
10
eq, By ( GH»;_L.)

o

135,02 ‘EIEPM LS
( SRR >

Let us now consider the asymptotic behavior. For small x we recover the
behavior of part (a) - the level |2p3 /2> is too far away to worry about.
For sufficiently large z, the fine-structure is negligible and we recover the
simple linear Stark effect discuss in the text. That we recover the expected
eigenvectors can be seen in the large x limit by setting

AEFS AEL

:720
T x

So that for x > 1 we get
) 0 V3 V6
H=—-z|V3 0 0
V6 0 0

which has eigenvalues (—3z,0,3xz). That is the linear Stark effect. The
eigenvectors (up to an arbitrary overall phase) are

1 _\/g 1 0 1 \/g
le1) = 7 \}5 le2) = 7 —1@ les) = 7 \}5

in the ordered basis

|231/2> ’2p1/2> |2p3/2> mj =1/2

Therefore, we get

\f
le2) = |2p,1) ® |-1/2)
1
les) = —=(12p,0) + |25,0)) ®[1/2)
V2
as expected.
Note the m; = —1/2 are the same asymptotes with my — —mg and the

mj = —3/2 are flat throughout and yield the remaining states |2p, £1) ®
|£1/2).
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8.9.27 2-Particle Ground State Energy

Estimate the ground state energy of a system of two interacting particles of
mass my and mo with the interaction energy

U(r - 72) = € (17 - 7l
using the variational method.

We have )

_r
H72M+V(T)

where 7 = |7 — 7|, V(r) = Cr* and g = myma/(my + ma),

We use a trial function
() = R(r)Yoo(0, ¢) = Ae ™" Yoo(0, ¢)

Then, normalizing we have

A2/€_2‘”2r2dr 1 a2 M2
NG
Now
h2
(H) = —E/R(T)V2R(T)T2d7"+ C/R2(’I")’r‘6d7”
We have
1 82 1 82 70(7‘2 7(17’2
V2R(r) = ;W(TR(T)) = A;w(re ) = A(4a®r? — 6a)e
Therefore,
h? 2 —2ar? 2 2 —2ar? 4
(H):—Q—A —6a | €72 ridr +4a” | e ridr
1
3h? 15C
H)=-— —
(H) =5779% 602
We set o)
— =0
lJe’
to find the value of o that corresponds to the minimum energy. We have
oH) 3n?  30C 3 duC
o T2y 16w Y TR
which give an estimated ground state energy of
oy = 30% (5uC\Y? 150 (5uC\ TP R0
2\ h? 16 \ h? B u2/3
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or using a different trial function...

We have
2

p
H="—+V
o T (r)
where r = |7 — 7|, V(r) = Cr* and u = myma/(my + ma),
We use a trial function

w(F) = R(T)YOO(Hv ¢) = Ae_arYOO(ev ¢)

Then, normalizing we have

A2/6_2mr2dr =1— A% = 4a)®

Now
2
(H) = —% / R(r)V2R(r)r?dr + C / R2(r)rSdr
We have
V2R(r) = 1872( R(r)) fAlﬁ( —ary — 4 (a2 car 20,
"= e ) = A\ o e - €
Therefore,
h2
(H) = —ﬂAQ [—204/6_20”7"(17“+a2/6_2m7“2d7“]
(H) = hj 2 @
B 2,ua 204
We set
O(H) _
foe} =0

to find the value of o that corresponds to the minimum energy. We have

OH) K 900 4 90uC
da VT 0T YT e

which give an estimated ground state energy of

<H>_hj 90uC\* 450 (90uC\ P W30/
_2M h2 2 h2 MZ/S

Thus, the Gaussian trial function yields a lower value for (H).
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8.9.28 1s2s Helium Energies

Use first-order perturbation theory to estimate the energy difference between
the singlet and triple states of the (1s2s) configuration of helium. The 2s single
particle state in helium is

1 /1\%? 2\ /e
vaalf) = m() (2_%>

The two-electron wave function must be antisymmetric with respect to inter-
change of the position and spin variables. Therefore S = 0 — symmetric space
function (for the singlet) and S = 1 — antisymmetric space function (for the
triplet) or

¢ls(r1)¢2s (TZ) + 1/115(7“2)1/125 (Tl)
V2

S=0 ¢s(r,m)=

15(71) V26 (T2) — V15(72) 124 (71)

S=1 op(r,m)=

We let
and treat

as a perturbation.

Now 11, and 194 are both eigenfunctions of Hy and the energies of ¥g and ¥
are equal.

The first-order corrections differ by

62 62
A = (Ps] =7l [Vs) — (Yr] =l [Yr)
2

= 2 (i1, (7)s ()| mej (b1 (7)o (7))

2 ) =3(ri+r2)/ao
~2() () [ (2=50) (-2 =
Tag 4ra} ag |71 — 72

Now
¢

7 ,T2| Z PO %Jrl Z Yom (01, 61) Y, (62, ¢2)
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and e—3("1+72)/a0 ig invariant under separate rotation of the # and 7. There-
fore, only the £ = 0 term survives the angular integration. We then have

8 1 > 2 e 2 1
A = 2(4x)? (3> < 3> 62/ r2dr (2 - 7“1) e3r1/ao / r2dry (2 - 742> e3r2/a0
Tag 4dmag 0 ao 0 () r>
128e2 [° 2 . o 2 . 1
= 766 / r%drl <2 - Tl) 6737‘1/0’0/ ’I‘%d’f’g <2 — TQ) e 3r2/a0 —
ao 0 ap o) Qo T2

64 2
= 2% _939ey
729 ag €

8.9.29 Hyperfine Interaction in the Hydrogen Atom

Consider the interaction

where pp, pn are the Bohr magneton and the nuclear magneton, ap is the
Bohr radius, and 51 , Sg are the proton and electron spin operators.

(a) Show that Hy splits the ground state into two levels:

A 3A

and that the corresponding states are triplets and singlets, respectively.

Instead of the |Symy, Se, ms) basis (|mims) = |[++),|+—),....), use the
total spin (total J) basis {|Sm)} = |1,1),|1,0),|1,-1),|0,0).

Then rewrite §1 . §2 in terms of the total spin S
52: (§1+§2)2 :§%+§§+2§1 'gg

For electron and proton,

so that

= 1 1 3 -

Both of these operators are simply constants (i.e., times the identity)
throughout this Hilbert space.

We get the allowed S values by

®-=0®1—5=0,1

N =
DO =
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and in the |Sm) basis: 52 - h2S(S + 1) which equals 0 for the singlet
S = 0 and 2Ah? for the triplet S = 1. Therefore in the singlet

§=0 51.52:_252

and in the triplet
L1
S=1 SyngZhZ

The energy before considering Hyy is —1 Ry. Hpy splits these into

A
S =1 triplet E,=-1Ry—+ —

4
3A
S =0 singlet E;=—-1Ry— e
where
A= NBéiN
ap

Look up the constants, and obtain the frequency and wavelength of the
radiation that is emitted or absorbed as the atom jumps between the
states. The use of hyperfine splitting is a common way to detect hydrogen,
particularly intergalactic hydrogen.

We have
. HBIN eh eh
S t A= ; =ge—(ge = 2), = =5.6
eparation is aZ UB =9 ch(g )s UN = gN oMe (gn )
Therefore,
e2h? e?h?
A=ggn———"——= =112 X 4———
gedn a%4dmM c? a%4dmMc?
Now
e?h? m o e?

= —a’— ~0.18 x 10 eV

a%AmM c? am ap x €
Thus the splitting is A = 2.092107%eV. Now 1eV < X = 1.24 x 10* cm.
Therefore this splitting corresponds to

1.24 x 104

"= 500z10-6 ~ O03em

We note that the dipole-dipole interaction that was implied in stating this
problem, actually vanishes for a (spherical) s state due to the angular
dependence. However, in the hydrogen atom there is another contribu-
tion to the energy that depends on the relative spin orientation of the
electron and proton and therefore has the form Bgl . 52. This is the
contact hyperfine interaction, due to the electron density at the proton
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site [¢(0)]*> = 1/(a3). Remarkably, because of this 1/aj dependence the
prefactor B is of the same order of magnitude as that of the dipole-dipole
interaction. In the text we show that the correct hyperfine splitting is

4
AE = 2ol

=— 7P _583x 10 %eV
3M,m2c%a} x c

which in frequency is v = 1420 M Hz, and in wavelength is 21 cm - the
famous 21 cm line seen in spectra emanating from interstellar space.

8.9.30 Dipole Matrix Elements

Complete with care; this is real physics. The charge dipole operator for the
electron in a hydrogen atom is given by

—

d(7) = —er

Tts expectation value in any state vanishes (you should be able to see why eas-
ily), but its matrix elements between different states are important for many
applications (transition amplitudes especially).

First, the general approach. The idea is to express everything in angular mo-
mentum language which does a lot of the algebra for you. It is a tiny bit of
algebra to convert the vector d to the spherical tensor d?. It is a similar tiny
amount of work to find appropriate linear combination of the spherical harmon-
ics. But, when this is done, what is left is to evaluate nine matrix elements,
which with the help of the Wigner-Eckhart theorem works like this:

(100| di |2im) — (10]|d||21) (00| 1¢; 1m)

(The principal quantum number n has been made boldface to distinguish it
from the angular momentum indices). The first quantity is the reduced matrix
element which is one radial integral (independent of ¢ and m), and the rst is
the CG coefficient. For the CG coefficients, one can check their selection rules
to see that a lot of them vanish, then look up the rest. I will outline the main
steps below(some of the lines might be a little rough, but the process will be
clear.

(a) Calculate the matrix elements of each of the components between the
1s ground state and each of the 2p states(there are three of them). By
making use of the Wigner-Eckart theorem (which you naturally do without
thinking when doing the integral) the various quantities are reduced to a
single irreducible matrix element and a very manageable set of Clebsch-
Gordon coefficients.

First, convert d <> d?. We have

1
& =d, |, dflzxﬁ(dwiidy)
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We then have for the ps,py,p. orbitals

. 1 1/2
PYor0=C—e P cosf=p, C= ()

ao 32ma

r .
Po141 = F— —e /2% gjp feT?
V2 ag

:FCL(T/QGO (sin@ <c0s¢:l:isin¢>) _ :pr +ip,
ao V2 V2

We then have

i

Pz = \%(*1/1211 +Y21-1) py = ﬂ(i/&n + Y21-1)

(b) By using actual H-atom wavefunctions (normalized) obtain the magnitude
of quantities as well as the angular dependence (which at certain points
at least are encoded in terms of the (¢, m) indices).

Normalizing properly we have

3
Y210 = Ro1(r)Y10 , Yio =1/ yym cos @
vy
3 3 T
= o R _ 7""/20‘0
Y210 ”4770 (“élw Cos9> aoe

1 " —r/2
RZl(r) = W;OG /2a0

so that

and thus

and therefore

Yo1m = R21(T)Y1m(97 ¢)
We then have

(1s|d|2ps) = (/ R;s(er)Rzpﬂdr) (Yool d |2pz)

The value of the radial integral is

/R*( YRopr?dr = LA
A= rear =——7=\ 3
L) e J6\3)

(¢) Reconstruct the vector matrix elements.
(Ls|d|2p;)
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and discuss the angular dependence you find.

Putting things together, the result is , using

41 /2\°
p=-75(5) e

(1s|d|2p,) = (D,0,0) , (1s|d|2p,) = (0,D,0) , (1s|d|2p.) = (0,0, D)

You should have guessed that the one involving p, would look a lot like
the one for p, except being rotated x — y some way .... and also for z.

8.9.31 Variational Method 1

Let us consider the following very simple problem to see how good the variational
method works.

(a) Consider the 1—dimensional harmonic oscillator. Use a Gaussian trial
wave function ¥, (x) = e—22"  Show that the variational approach gives
the exact ground state energy.

Using the Gaussian trial function

’l/@(m) — oz
we have the mean energy
7 _ (el H |ta)
(tha | ta)
Now .
(Yo |Va) :[m dre™ 20" = %
and
~ © 52 d2 5
<wa|H|"/}a> = . dm"l}a(ﬁc) o di? + imw T ’L/)a(m)
_ M fra 1 o [T
S 2m\ 2 8 203
Therefore,
- h? 1
Ha = %O[ + gmw2*
Then we have
dHo R 1 o1
da 2m 8 2

or



Thus,
mw 7mwx2/2h 7 Tw

wamm (I) = Ee s Hpin = 7

which is the correct ground state energy and wave function! The moral
here is: if, by chance you choose the exact from of the trial ground state,
minimization of the mean energy will lead to an exact solution.

Suppose for the trial function, we took a Lorentzian

1
2+«

Yn(T) =

Using the variational method, by what percentage are you off from the
exact ground state energy? We now have as above

™

<1/Joz |wa> = m

and )
ol H ) = S + T2
so that
_ h2 9
>~ 9ma * §mw @

Now _

dHq =0—=a h

do man V2mw
and therefore

Hy = 72

V2

This is not bad! It is 20% of hw off from the exact answer. Although
the variational method can give reasonably close answers for the ground
state energy, it is not a controlled approximation, i.e., there is no small
parameter with which we can know the accuracy of the result.

Now consider the double oscillator with potential
Lo 2
Viw) = sme(al - a)

as shown below:
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Figure 8.6: Double Oscillator Potential

Argue that a good choice of trial wave functions are:
VE(2) = up(z — a) £ up(z + a)

where the wu, (x) are the eigenfunctions for a harmonic potential centered
at the origin.

Since V' (z) is invariant under reflection, the eigenstates have good parity,
i.e., they are symmetric or antisymmetric. Therefore, we choose

¢,(Li)(:v) =up(z—a) tuy(z+a)

where wu, () is the harmonic oscillator wave function (Hermite polynomial
x Gaussian.

(d) Using this show that the variational estimates of the energies are

B = /inii(in
where
A, = /un(x —a)Huy,(z — a)da
B, = /un(x —a)Huy,(z + a)dzx
C, = /un(x + a)Huy,(z — a)dz

In this case, the variational estimate is the mean value since we have no
parameter to minimize. Thus,

(+) <1/)7(li) ’ H ‘w;i)>
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Now
(59 ]5) = s o2l |7 =

where u\Y) = up(x Fa) = <J: ’ u&i)> and

ugf)> + <u£f)

u;—)> + <u£;)) H

=2(A, £ B,) by parity

(o) f o) = (u)| &
+ <u£j')‘ H

u;+)>

Therefore
140,

For a much larger than the ground state width, show that

_ 2V
+ 0 - w
ABo = B — Ef) ~ 2wy | S e 20/

where Vo = mw?a?/2. This is known as the ground tunneling splitting.
Explain why?

For the ground state

1/4 )
wie) = (B) e g

The ground state splitting is

2By

ABy =By — B =~ ot

where

Co = / dzug(z + a)uo(z — a) = \/ﬁ/ daePl@ta)* +(r—a)?)/2
o T J_ oo

[ee]
= e_ﬁazq/ 2 / dre=Pe" = ¢=Ba
™ — 0o

oo 0
By = / dzug(z + a)Hug(z — a) = / daug(z 4 a)H_ug(z — a)

—0o0 — 00

and

oo
+ / drug(x + a)Hyug(z — a)
0

468



where

We note that the eigenvalue equations are

. hw
Hyiup(x Fa) = 71&0(:15 Fa)

Aside: we have

0

/OOO daug(z + a)H_ug(x — a) = / dx (ﬁ_uo(z + a)) uo(x — a)

— 00

where we have used integration by parts. We then get

By = heo (1 - 2\/Ea> e
2 s
which implies that

[B \ e
AEy=hw|1—24/~= _—
0 ( 7] T+ epa?
For a > \/m, this gives

AEy = 2hw \/Eae_ﬁaz
T

Noting that

so that

[2Vy  _
AEy = 2hw ane 2Vo/he

This is known as the tunneling splitting since the energy difference de-
termines the frequency of tunneling between the left/right wells, i.e.,
Wtunnel = AEO/h

This approximation clearly breaks down as a — 0. Think about the limits
and sketch the energy spectrum as a function of a.

When a > +/h/mw, we have tunneling splitting. When a — 0 we have a
single oscillator: hw(n+1/2). The ground-sate doublet is as shown below
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The symmetric state must match onto the ground state of the single os-
cillator.

The antisymmetric state must match on to the first excited state. This is
shown below

wh ‘ i

I\
TOL NG
?, - 2.5 % \\ \“‘/______________
A \ e
2.0+ b

i ~
{ ~
| R
| \ ~
L //>—__~_
NG R

s
Lo+ )
G s 7 (o
os L ey R i
; = z
e OJY?AW&JQ

Y T AL

8.9.32 Variational Method 2

For a particle in a box that extends from —a to +a, try the trial function (within
the box)

Y(z) = (z —a)(z+a)
and calculate E. There is no parameter to vary, but you still get an upper
bound. Compare it to the true energy. Convince yourself that the singularities
in 9" at x = +a do not contribute to the energy.

We have
0 T < —a
P(x)=¢q(r—a)(x+a) —a<z<a
0 T >a

The Hamiltonian (inside the well) is

h? d?
© 2m da?
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Thus,

— 2= [ dr(r — a)(z + a)L;(z — a)(z + a)
oo WH) P “
°T W) f
[ dz(z — a)?(z + a)?
—gm2 [ dz(z® —a?) B [m—; agxr K4 3
Ey < —a - " —o_ _ m3®
0 = a x5 2a2z3 16 .5
Ty | E-EErad, i
h? h?
Ey < T = —
The exact solution gives the result
72 h? h?
EO,e;cact - gm == 12325@

S0 EO,e;Eact < EO as eXpected.

8.9.33 Variational Method 3

For the attractive delta function potential
V(z) = —aVpd(x)

use a Gaussian trial function. Calculate the upper bound on Ey and compare
it to the exact answer —ma?VZ/2h%.

For V(z) = —aVyd(z) and the Gaussian trial function ¢ = e=**" we have

h? T —az? d* —az? T —2ax?
—3= [ duxe £ze —aVy [ dxe d(z)
— 00

— 00

(Y H )

Ey < =
PT W) [r—

_ﬁ T —2az? 2.2 _ _ 2 =
o 2m _{O dze (4022? — 20) —aVp — ((4@2W - 2a,/%>> —aVp
0> =

Via Za

2m

Ey < \/? (aVo + ” <1a1/2ﬁ \/§a1/2\/7r>> =— 27()‘ (aVo + %al/zﬁ (\}5 - \/§>>

V2

o =0 —/2 (éa%a*/? + 2 /7 (% - x/i))
1/2 _ A _ maVov?2
G Ca
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so that

Bo < =22 (aVo + a2y (5 = V2) ) = =2, 2 (aVy - 22 it /)
27,2 2y,2
By < —Mi = —(.318™4 Y

The exact result is
ma?V
72

Ep eaact = —0.500 < E

as expected.

8.9.34 Variational Method 4

For an oscillator choose

a) = {(x—a>2<x+a>2 2] <a

0 lz| > a
calculate F(a), minimize it and compare to fiw/2.

We use the trial function

zt —2a%222 +a* |z|<a
W(z) = =
0 |z] > a

for a harmonic oscillator Hamiltonian where V (x) = mw?z?/2. Now we have
a
f Y*pdr = 0.81a°

[ *V(2)ydz = 0.70mw?a*!

B pde = 1.230 47

Therefore,
1.23’ia7 + 0.70mw?a't K2
< 2m -1 ) 2 2
0 < 0.81a0 1 52—ma2 + 0.86mw*“a
Minimizing, we have
dE, h
0 -05a>=133—
da mw
so that
Ey < 2.28hw

The exact answer is
EO,e;Eact = 0.50hw < Ey

as expected.
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8.9.35 Variation on a linear potential

Consider the energy levels of the potential V(z) = g |x|.

(a)

By dimensional analysis, reason out the dependence of a general eigenvalue
on the parameters m = mass, h and g.

The Schrodinger equation is

h2 d2 d2 2
(sl o) = B0t (o 2 g ) o) =0
Since

El . B E]’ 2 B\
) - o (5] e [ e ()

or the eigenvalues have the form

5 N 1/3
B= () s

where f(n) is a function of a positive integer n.

With the simple trial function

Y(z) = cb(z + a)f(a — x) (1 _ le>

a

compute (to the bitter end) a variational estimate of the ground state
energy. Here both ¢ and a are variational parameters.

We first normalize the trial function
Y(x) =z +a)f(a — x) ( — |x|>

We have

2
17/1/1 dxc|/< x+a)0(ax)< |x|>> dx
a

[2\*, _2a o 2 3
—|/( dr =21 1o = 2

We then calculate the expectation value of H using the trial function
- h? d?

— [ i@ = [ 6@ (5o + alel) vloda

o [ @E kg [0 @) el vty

473




Now,
0 q

[ @lle@a =i (- [« 1+ s [o(1-2) w] =%

—a 0
and

dyp ||

Therefore, we have

f "/’(m) ¢ d“/’

SESOE =N

2 2
dw(x 2 |z 1 _ 2 _ 3
S (= dr = — ||_f(75)dx;a -3
and thus 12
3 ga
H —
(H) 2ma? + 4

i<H>=0=—ﬁ—&-g—>a: (12h2>1/3

da mg
so that the estimate of the ground state energy is
2\ 1/3
" 3h2 () 5 ranzg\
= JF — — -
" 2m<%)2/3 4 4< 2m >
mg

Why is the trial function 1 (z) = cf(x + a)f(a — ) not a good one?

If we had used the trial function
Y(x) = bz + a)f(a — x)
and repeated the above calculation we would get
1= [¢*(@)(z)de = 2ale] = |c)* = &
J (@ ddﬁf)dx =0
[ (@) |el (@)de = a® || = §

so that

_ga d .9
<H>—?—>%(H>—O—§7§O

that is, (H) has no extremum, Therefore, the trial function is not good.

Describe briefly (no equations) how you would go about finding a varia-
tional estimate of the energy of the first excited state.

We first choose a trial function for the 1st excited state that is orthogonal
to the ground state. Then we use the same method as above.
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8.9.36 Average Perturbation is Zero

Consider a Hamiltonian )
p
Hy=—+V
0 o +V(r)

H, is perturbed by the spin-orbit interaction for a spin= 1/2 particle,
A~ -
r_
H = ﬁS - L

Show that the average perturbation of all states corresponding to a given term
(which is characterized by a given L and S) is equal to zero.

Hy commutes with L2, 2, and J? and common eigenstates can be found. The
eigenvalues of Hy can depend on ¢, but not on s and j.

We denote the common eigenbasis of Hy, L?, S?, and J? by {|nfs; jm;)}.

The first-order energy correction due to the perturbation is
(H'Ynej = (nds; jmj| H' |nls; jm;)
Now 1
S.L= 5(J?—L2—52)
Therefore .
(H')nej = 5AGG+1) =60 +1) = s(s +1))

which is independent of m;. Now the possible values of j are j = ¢+ 1/2 and
there are 2j 4+ 1 terms for each j.

The average perturbation is
1
2(6+1/2)+ 1)§A((€ +1/2)(€+3/2) —4(t+1)—3/4)

F2—1/2) + 1)%/1((6 20+ 1/2) — (0 + 1) — 3/4)
= AP+ Al — AL — A2 =0

8.9.37 3-dimensional oscillator and spin interaction

A spin= 1/2 particle of mass m moves in a spherical harmonic oscillator poten-
tial 1
U= imw2r2

and is subject to the interaction

<
I

>
Qu
=
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Compute the shift of the ground state energy through second order.

We have a system where

)
Hy = ;; + imwQTQ — 3-dimensional harmonic oscillator
m

and
V=M 7

is a perturbation.

The unperturbed ground state is 2-fold degenerate (spin-up and spin-down along
the z—axis).

Unperturbed states:

|nznyn.; £) — E,gi)nynz = (g +ny +n, + 3/2) hw
ground — state — Ny =ny =n, =0

Now since Egj) = (000; £| V' ]000; +) = 0 the first-order energy correction is zero
and the states are still degenerate to first-order.

Therefore, we must apply second-order degenerate perturbation theory. We get

Vooo+,m Vim, 000+ Vo004 ,m Vim,000—
EO _p© -F Z E© _ ()
0 = det | m#I000:%) 000~ Em m=£|000;£) 000~ Em
=de Vo00—,m Vim,000+ Vo00—,m Vim,000— _R
O 5O £ _ 5o

m=#|000;4) 000~ m#|000;4) 0007

To evaluate this expression we need the matrix elements
A(000; £| 7 - 7|m) = A(000; | (6,2 + G4y + 6.2) [nznyns;s,)
the only nonzero terms come from

A (000; £ (6,) [100; F)
or
A(000; £| (6yy) [010; F)
or
A (000; £ (6.2) |001; &)

so we have only six nonzero contributions. In all these cases

3 5
ES) — B = S — g hw = —hw

m

Now

(0lx[1) = (0]y [1) = (0] 2 [1) = %
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and
(£|oz|F) =1 , (£|6y|F)=Fi , (£|o.|£)==1

Therefore,
Vooo+,m Vim,000+ A2 h 32 Vooo—,m Vim,000—
S I 2y =20 3 2000 T 000
(0) (0) ( 2 (0) (0)
m#£0004)  Eooo — Em hew 2mw 2mw m£000;t)  Booo — Em
Vooo+,m Vim,000— A2 Vooo—,m Vim,000+
2 20O _pO0 T Ty ©=0=" >, 50 _ 50
m##[000;+) 000 m m#|000;+) 000 m

We get a diagonal result so that the degeneracy remains to second-order and
we have

3 32
Eoo = shw — ——
000 = 5 2

8.9.38 Interacting with the Surface of Liquid Helium

An electron at a distance x from a liquid helium surface feels a potential

v {7 12

where K is a constant.

In Problem 8.7 we solved for the ground state energy and wave function of this
system.

Assume that we now apply an electric field and compute the Stark effect shift
in the ground state energy to first order in perturbation theory.

For z < 0, the wave function ¢(x) = 0 and for « > 0 the Schrodinger equation

is ( R K) U(x) = By(x)

C2mda?

For a hydrogen atom, the radial wave function satisfies the equation

2 2 2
( i 1d(r2d>+£(€+1)h e

C2mr2dr dr omrz r) R(r) = ER(r)

Letting R(r) = x(r)/r, £ =0 we get
h? d? €2
(-am e -5 ) Xt = Ex0)

which, mathematically is the same equation as above. The boundary conditions
in both case are identical. Therefore, the solutions must be the same with the
substitutions

rec , 2o K
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so that the hydrogen solutions

me? 2r K2
_ _ —r/a _
Eio = 2K2 X10(r) - ag/ge o a0 = me2
become
2 2
(0) - mK (0) o 2x 71/,/“ o 77,
B =% W= e

An electric field in the x—direction gives a perturbation V' = ecx so that the
energy correction to the ground state in first-order is

des [ 3 3ech?
E%l) = <7/)§0)‘ V ’¢§0)> = g /x?’e*%/“dx = jeca = ZiriK
0

8.9.39 Positronium + Hyperfine Interaction

Positronium is a hydrogen atom but with a positron as the "nucleus” instead of
a proton. In the nonrelativistic limit, the energy levels and wave functions are
the same as for hydrogen, except for scaling due to the change in the reduced
mass.

(a) From your knowledge of the hydrogen atom, write down the normalized
wave function for the 1s ground state of positronium.

By analogy with the hydrogen atom, the normalized wave function for the
1s ground state of positronium is

3/2 2

1 1 h
= — _ —7"/2&0 _

Yro0(7) N3 ( 2aq > ¢ 0T ez

Note that the factor of 2 in the exponential is to account for the fact that
the reduced mass is p = m/2.

(b) Evaluate the root-mean-square radius for the 1s state in units of ag. Is
this an estimate of the physical diameter or radius of positronium?

The mean square radius for the 1s state is

_ a _ 3a
e~ r/optdr = 9 | e T gty = 20
8 us
0 0

Therefore, the root-mean-square radius is

NGEE

This is a reasonable estimate of the radius of positronium.

() =

1
8ma,

ow
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(c¢) In the s states of positronium there is a contact hyperfine interaction

N 8t
Hiy = —g e fipd ()

where i, and i), are the electron and positron magnetic moments and

9625

o= 2me

Using first order perturbation theory compute the energy difference be-
tween the singlet and triplet ground states. Determine which lies lowest.
Express the energy splitting in GHz. Get a number!

Taking into account spin, the state of the system can be described by
|n7 €7 m,s, sz>

where s and s, are, respectively, the total and z—component of the spin.
Therefore, we get the first order enrgy correction

AE = (1,0,0,s', s"| Hint |1,0,0, 5, 5.)
8 . -
— = [ i) (55 e i)

8T s ge \2 & 4
Y (%) |¢100(0)‘2 (s',8L] Se - Spls, s2)

Now,
h2

se~sp:%(s2_sg_s§):7<5(s+1)_3/2)

and therefore is diagonal in this basis. We then have

AE = _%” (%)2 (2;)3 %2 (S(5 +1) - 3/2)

Now, positronium has a singlet state, S =0, S, = 0 and a triplet state
S=1,5,=0, 1.

For the singlet state

3 2\ 2 2
e \?2 1 1 /e e 1
AEy =2 (7) ~ ) r=-(2) S =cmeat>o
0 e (2a0) 4 \he) ag e

For the triplet state



Thus, the triplet ground state has the lowest energy and the energy split-
ting of the perturbed ground state levels is

4
1 1
AEy—AFE, = AE = gmc2a4 = - (0.51 x 10%¢V) () =4.83x10"4eV

137

W =

corresponding to

AE
—=v= 1.17x 10" Hz = 117TGH 2

8.9.40 Two coupled spins

Two oppositely charged spin—1/2 particles (spins §1=hd1/2 and §2=hds/2 )
are coupled in a system with a spin-spin interaction energy AFE. The system
is placed in a uniform magnetic field B = BZ. The Hamiltonian for the spin

interaction is AE
IA{:Tglgg—(ﬁ1+ﬁ2)B'

where [i; = g;uo5;/h is the magnetic moment of the jth particle.

(a) If we define the 2-particle basis-states in terms of the 1-particle states by

=11+ » 22=1H)l=)e » BY=I-)l+)e . [D=I[-)1]-)
where

Oiw|£); =1F); » OiwlE),=Fi|F) . owl|E), =E[|E),
and

01209 |1) = 01202 [+);1 [+)2 = (012 [+)1) (022 [+)5) = [=)1 |=)2 = [4)

then derive the results below.

The energy eigenvectors for the 4 states of the system, in terms of the
eigenvectors of the z—component of the operators ¢; = 25;/h are

1) =[+) 1+ =11) » [2)=d]|=) [+)y+elH) =) =d[3) +¢[2)
13) =cl=) [+)p —de|+) [y =cl3) =d2) , [4)=]-)]-)=14)
where

Gz ‘i>z =x |i>z

as stated above and

d:1<1—m>1/2 c:1<1+x )1/2 _ 1oB(g2 — g1)
V2 V1+ a2 ’ V2 V1+a2 ’ AE



(b) Find the energy eigenvalues associated with the 4 states.

We have

. AE .
H= 701 Go — (fi1 + fi2) - B

1
—poB (9101, + g202;)

= —— (012022 + 01402y + 01,02,) — 5

4

In the 6, basis, we have 1-particle states with these properties
Gl =1 s Gl =)
Gyl =11-) . 6yl-) = —il+)
o) =1+ , Gzl-)=—1-)
We now define the 2-particle basis
1) = |+>1 |+>2 , 12) = |+>1 |_>2 , 3= |_>1 |+>2 ;4= |_>1 |_>2
We then have
a-lxa-Zx |1> = &lx&2z |+>1 |+>2 = a'lw |+>1 &2$ |+>2 = |_>1 |_>2 = |4>

612020 12) = |3) | 012624 13) =|2) , G1a620[4) = 1)

Grybay 1) = = |4) . Guyfay |2) =13) , G1,013) =12)  Guybayl4) = 1)
612622 1) = 1), 61.62:(2) = —2) , 61.62.[3) = —3) , 61.60.[4) = |4)
G| =[1) , 6112)=12) , 6113)=—1[3) , 61|14 =—4)

6o 1) =11) , 62.12)=—[2) , 62:03)=13) , 62.|4)=—4)

Then

H|1) = (% - *MOB(gl +92)) 1)
— Hyp = l - *NOB(gl +g2) , Hip = Hoyy = Hiz3=H3y = Hiy = Hy =0

H2) = (=2E — $10B(91 — 92)) |2 + 52 13)

— Hap = —*E - *NOB(Ql g2) , Hiz = H21 =Hsy=Hys =0, Hy3 = H3zy = TE
HI|3) = (_%+2u08 91— g2)) 13) +A2E |2) .
— Hsyy = —2E + 1poB(g1 — 92) , Hi3=Hy = Hsy = Hyj3=0, Hy3 = H3p = &F
H|4) = (8F 1 2/~LOB(91 +92)) 14)

— Hyq = 22 + 1110B(g1 + 92) , Hia = Hyy = Hoy = Hyp = H3q = Hy3 =0

We then have the H matrix in the 2-particle basis

SF — 5291 + g2) 0 0
o 0 —8E 1B (g — gy) -
0 o —8F + 895 (g1 — go)
0 0 0 SE 4 198 (g1 + g2)
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Eigenvalues: We already have two diagonal elements so that

AE 1 AE 1
Ev=—= —cmoBloi+92) . Ei=—+5m0B(o1+g2)

We obtain the characteristic equation for the other two eigenvalues from
the 2 x 2 matrix. We have
AE 1 AE 1 AEN?
—— — —uoB(g1 — —FE)|——4 zpuoB(g1 — —-E)-[— | =
( 1 gHo (91— 92) ) ( L (91 — 92) ) ( 5 ) 0

AE AEN? 1 AE\?
E2+2E+(4> —4(MOB(91—92))2—<2> =0

Ey = _AE + 1\/<AE) + (oB(g1 — 92))% + % (AE)?

4 2 2
AFE

where
o MOB(gl - 92)
AFE

Eigenvectors: We then have the following complete solution

Il
=

)= By =2E — L110B(g1 + g2)
3) +¢|2) = By = —8E (1 - 2v1 +22)
13) —c|2) = B3 = —&E (1+2V1 +22)
% + 510B(g1 + g2)

N
S~ S S
[

QU

I

&
K

IS
I

where
A+d*>=1 , (2]|3) =0 (orthogonal)

Now we can determine ¢ and d as follows.
H[2) = F [2)
A (d]3) +c]2) = —2E (1 - 2VT+22) (d]3) + ¢ [2))

a((-25 + JuoBlo - ) 1+ 5 12) +o((-5F - JuoBlo - ) 12+ 55 1))

AE
--= (1f2 1+x2) (d[3) +c[2))
—d—(3+z)c=—5(1-2V1+22)c
e (f-m)d=3{1-2/1+a?)d
We then find

1/2 1/2
() T -
V2 V1 + 22 ’ 2 V1t 22
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(c) Discuss the limiting cases

poB B
—_— 1 —_— 1
AE ~ <

Plot the energies as a function of the magnetic field.

For puogB/AFE << 1 or x < 1 we have

)

Ey = 2F — Ju0B(g1 + g2)

By = —8E (1-2T447) = —8E (- _fa:Jf(q_(wygm
2

By = —8E (14 2T+ 27) = (2+x)%f<2+<m%ﬂfm))

Ey =28 + 115B(g1 + 92)

so that in the limit x — 0 we have

Ey=28E =P, =F,
E3 _ _3AFE

4

or two distinct levels (one is 3-fold degenerate).

For poB/AE >> 1 or > 1 we have

By =22 _1uiB(g) + go) = mMm+m)
By = —AE (1-2yT% %) = ~AE 2@—@%%@
By = —AF (142VT527) = ~4F N
Ey=2F + JuoB(g1 + g2) = 2”03(91 +92)

or 4 distinct, non-degenerate levels. An illustrative plot is obtained by
choosing some convenient numbers

AE=10 , ¢g1=20 , g=10 , puo=10

so that -
Ey=—1(1-2V1+ B?)
E3=—1 (1+2V1+ B?)
Ey=3:+3B

as shown below.

8.9.41 Perturbed Linear Potential

A particle moving in one-dimension is bound by the potential

V(x):{ax x>0
oo <0
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1.0
Magnetic Field

where a > 0 is a constant. Estimate the ground state energy using first-order
perturbation theory by the following method: Write V' = Vi +V; where Vy(z) =
bx?, Vi(x) = ax — bx? (for x > 0), where b is a constant and treat V; as a

perturbation.

We have

where

‘We now write

where

2
p=2 ,v
2m
V(x):{aw x>0
oo <0
V=W+W

b2 >0
Vo(x):{oo <0
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ar —bx? >0
Vl(x)_{oo <0

We then assume that the unperturbed system

2
Ho= 24V,
2m
These unperturbed solutions must have (0) = 0 due to the infinite wall. The
solutions are the the standard harmonic oscillator solution which vanish at the
origin, i.e., all the odd solutions. Thus, the unperturbed system has states
[n)y , n=1,3,5,.... with corresponding energies EY = hwin +1/2) , n =
1,3,5,......

The perturbation is Vi (x). For £ > 0 we can write
Vi = ax — bx? = axg(a+a™) — brd(a+ a™)?

Remembering that the solutions are only valid for = > 0, which introduces a
factor of 2, we have the first order energy corrections

EY = (n| Vi |n) /2

= —baZ (n|(aa™ +ata)|n) /2 = —bxd (n] (2aTa + 1)|n) /2
= —br3(n+1/2) , n=1,35,...

8.9.42 The ac-Stark Effect

Suppose an atom is perturbed by a monochromatic electric filed oscillating at
frequency wr, E(t) = FE,coswrté, (such as from a linearly polarized laser),
rather than the dc-field studied in the text. We know that such a field can be
absorbed and cause transitions between the energy levels: we will systematically
study this effect in Chapter 11. The laser will also cause a shift of energy levels
of the unperturbed states, known alternatively as the ac-Stark effect, the light
shift, and sometimes the Lamp shift (don’t you love physics humor). In this
problem, we will look at this phenomenon in the simplest case that the field
is near to resonance between the ground state |g) and some excited state |e),
Wi, & weg = (Ee — Ey)/h, so that we can ignore all other energy levels in the
problem (the two-level atom approximation).

(i) The classical picture. Consider first the Lorentz oscillator model of
the atom - a charge on a spring - with natural resonance at wg. The
Hamiltonian for the system is

2
P 1 - o

where d = —ez is the dipole.
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Figure 8.7: Lorentz Oscillator

(a) Ignoring damping of the oscillator, use Newton’s Law to show that

the induced dipole moment is

-

dinduced(t) = aE(t) =akF, coswrt

where ) )
e/m —e
o= ~
2_ 2
wf —wi  2mweA

is the polarizability with A = wy, — wq the detuning.

The incident field will drive oscillations of the charge at frequency
wr,. The equation of motion is

Z+ wgz = —EEZ coswy,t
m
We shift to complex amplitudes via
2 = R(Zge wrt)
This gives

9 9 e e 1
_ Zo=-SEB 52 =-*—~ _E
(—wi +wp)Zo m 0 mwid —w? 7

The induced dipole moment oscillating at drive-frequency wy, is

2
—twpt € 1
dinduced(t) = R(—eZpe"E") = Eiwg — E, coswrt
or
dinameea(t) = aB(®) = 0= &L (20 1+ A)(—A) ~ —2wpA
; = a=———=(2u —A) x~ —2w
induced m w% — w% 0 0

In the near resonance approximation, we let
A =wr —wy
which is the detuning factor and we have

A < wo ~ |wr]
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This implies that
Wi —w? = (wo +wr)(wo —wr) = (2wo + A)(—A) = —2wpA
to first order in A < wg. Therefore we have
2
2mwgo A

(b) Use your solution to show that the total energy stored in the system
is

1 1

H = =S dinducea(t) E(t) = —§aE2(t)
or the time average value of H is
_ 1
H=—-aFE?
147
Note the factor of 1/2 arises because energy is required to create the

dipole.

The total energy is

—

1 1 -
H=-m3*+ fmngQ —d-F

2 2
or
1 2 23,2 T
H=_-m(w; —w;)z—d-FE
1 2 2 € I 2 2
=gl —wL) s ey B ek
1
= —aB? —aF? = —-aFE?
5 @ 5
Therefore,

H= —%QE%) = —%de(t) CE(t)

Time averaging using
we get

(ii) The quantum picture. We consider the two-level atom described above.
The Hamiltonian for this system can be written in a time independent form
(equivalent to the time-averaging done in the classical case).

I:[ = gatom + ﬁint

where Hatom = —hA le) (e] is the unperturbed atomic Hamiltonian and

Hipy = —B2 (le) (g] + |g) (e]) is the dipole-interaction with i = (e| dlg) -

E.

487



(a) Find the ezact energy eigenvalues and eigenvectors for this simple
two dimensional Hilbert space and plot the levels as a function of A.

These are known as the atomic dressed states.
Given a two level atom with A <« wp and thus A < |wy| as shown

below

(we ignore all other levels in this system), then the effective Hamil-

tonian is H = fIO + I‘:Tl where
Hoy = Hytom == hA le) (e] — the ”unperturbed atom”

hQ2

H, = 5 (le) {g] + |g) {e]) — the "laser interaction”

with . .
dlg)-E
Q= % — the "Rabi frequency”
This simple 2-dimensional problem can be solved exactly. We can
write the matrix representation in the {|e),|g)} basis as
_ A Q2 A. A . Q -
H=-h <Q/2 0 > =-h (21 + 5 Sigma,, + 3 Sigma,
A . =
—h—1I — EQ e
2 2

where -
Q= Aé, +0eé,

is the generalized Rabi frequency and
0= 0] = V2 + A2

= cosfé, + sinfé,

2

so that

‘el el

with
tanf = —
an A
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We then have the eigenvalues

By = —%(A +Q) = —S(A +/02 + A?)

and the eigenvectors

|£) = cosg le) + sing lg)

A plot looks like:

This is typical anti-crossing behavior (we have seen this earlier).
At A =0, |e) and |g) are degenerate in the absence of coupling.
The field breaks the degeneracy into symmetric and antisymmetric
superpositions.

Note that for A < 0(called "red detuning”) |e) is shifted up and |g)
down (called level repulsion).

For A > 0 (called ”blue detuning”) the reverse occurs and implies
level attraction.

We note that in static perturbation theory the levels always repel due
to the perturbation. The above calculation agrees with this since in
the D.C. limit, A is negative.

Expand your solution in (a) to lowest nonvanishing order in 2 to find
the perturbation to the energy levels. Under what conditions is this
expansion valid?

We do an expansion in

coupling matrix element €

= 1
energy level difference A <
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h / 02 h 0?2

so that e .
E+ =~ 7hA — E s =~ E

Thus, the lowest non-vanishing perturbation is second-order in €.
Confirm your answer to (b) using perturbation theory. Find also
the mean induced dipole moment (to lowest order in perturbation
theory), and from this show that the atomic polarizability, defined
by (d) = aF is given by

| (el d]g) |2
hA

so that the second order perturbation to the ground state is E§2) =
—aFE? as in part (b).

Using perturbation theory where

= =137 (1 o] + lo) ()
we have
0" —order:
E® =-nA |, E®=0
15t —order:
EW = (e|Hle)=0 , EY = (g|H|g)=0
274 _order:

(2) _ | <9\ff1 le) |? _ h*Q? /4 _ _th

POS0 p0 T TR T A

e

(el i |g) | _ W%/ _ ne?
EO_p©O ~ hA A

2) _
Eé)—

Thus, to second-order

hQ?

=EO4+E® = _pn - —

E, =B + E! A
B, = B0 4 g _ "
e VN

as in (b).
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Mean Dipole: We assume that the atom starts in the ground state.
To first order

bt (€] 1:11 l9) (0) (1)
bg)=l9)tle) =5 = |99 ) + |
> Eéo)—Eéo) g > ‘ g >
Therefore
‘qfs > =|g) — @ le)  (unnormalized)
9 2A
Thus,
a2 Aol n) 1o dig a1
(¢a]d) 2 1tam
Since
2
E <1
we can write
. 1 = .
(d) = —5 1 (@ (el d]g) + (gl d]e))

Then, to lowest order in

(eldlg) - E
Q=49 =
n
= | (el dlg)|? = =
(d) A !
and .
[ (eldlg) I = 1=
(2):7:7 2:77 2
B =I1A s P 1E]

as in the classical calculation (b).

Show that the ratio of the polarizability calculated classically in (b)
and the quantum expression in (c¢) has the form

| 2

f= Aguantum ‘ <6‘ z |g>
Qelassical (Azz)SHo

where (AZQ) smo 18 the SHO zero point variance. This is also known
as the oscillator strength.

We have

ag | leld]g) |? 2mwo _ 2muwy

f=—=

7 2
O, hA 62 h ‘<e|d|g>|
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Thus,

;_ Leldlg) P
(AZ)QSHO
where
(Az)sHo = h
2mwyg

For a multi-level atom with resonances {w;}
a=>" flw)a(w)

The oscillator strentgh satisfies the sum rule

Z f(w;)) =Z (atomic number

For hydrogen and the alkalis, the majority of the oscillator strength
lies in the first s — p transition. Thus, if the perturbation is far from
any resonance, this transition will dominate.

We see that in lowest order perturbation theory an atomic resonance looks
just like a harmonic oscillator with a correction factor given by the oscilla-
tor strength and off-resonance harmonic perturbations cause energy level
shifts as well as absorption and emission(Chapter 11).

8.9.43 Light-shift for multilevel atoms

We found the ac-Stark (light shift) for the case of a two-level atom driven by a
monchromatic field. In this problem we want to look at this phenomenon in a
more general context, including arbitrary polarization of the electric field and
atoms with multiple sublevels.

Consider then a general monochromatic electric field E(Z,t) = R(E(Z)e~wrt),
driving an atom near resonance on the transition |g; J;) — |e; Je), where the
ground and excited manifolds are each described by some total angular momen-
tum J with degeneracy 2J + 1. The generalization of the ac-Stark shift is now
the light-shift operator acting on the 2J, 4+ 1 dimensional ground manifold:

Vis(@) = ~ 1B (@) - B@

Here,

dge ‘jeg
hA

&=—

is the atomic polarizability tensor operator, where d_;g = pecipg is the dipole
operator, projected between the ground and excited manifolds; the projector
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onto the excited manifold is

Je
P.= Z |6; JevMe> <€; JeaMe|
Mo=—J,

and similarly for the ground manifold.

(a) By expanding the dipole operator in the spherical basis(+,0), show that
the polarizability operator can be written

CM_q+q 2, -
> M, €q 9, Jg, My) (g, Jg, My| €

G=a| ot Mo+ M+
’ #ZM CMj-i-g—q’ Ch, "€y 19, T, Mg +a ') (g, g, Myl &g *
979", Mg
where )
o Keidelldlg: Jg)|
hA
and

CZ]\‘/149e = (Je M, | 1quMg>

Explain physically, using dipole selection rules, the meaning of the expres-
sion for a.

Let us write the explicit representation in the basis of the magnetic sub-
levels:

~ ~ Je Jg ~
deg = PedPy = Z Z les JeMe) (&5 JeMe| dg; JgMg) (g3 Jg M|
M.=—J, Mg=—1J,

We can then make a spherical basis expansion

A= (1) yd, = Y eud,
q

q

which then implies that
Jeg = Z € (€3 Je M| dq l9; JgMg) €5 JeMe) (g5 Jg M|
M., M,
Aside: Wigner-Eckhart theorem:
(€5 Je M| qu 95 JgMg) = (e; Jelld|g; Jg) (JeMe | 1qJgMy)

Using the selection rule M, = M, + q we have

2 sk ~M g+
deg = > @0 |es Je My + q) (g5 JyMy| (e]ld]lg)
My ,q
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where we have used a shorthand for the dipole CG coefficient
M
Ol ™ = (JeMy + | 1qJ, My)

Similarly,

=

d = ~Mg+ *
dge = :g = Z eqCMg “19; JgMg) (e; Je My + gl (e]|dl|g)
My,q

which says that

505 . M +q' M, +
dyedeg = Y D 8yCof " Copt " elldllg)? |g; JoMg) (e JeMy + 4 | €5 Je Mg + ) g5 Ty My
Mg,M; q,q'

Now
(e; Je M)+ q' | e; Je My + q) = M) +q' M, +g

This corresponds to the selection rule

M;—Mg:q—q’

which is just conservation of angular momentum § M} =M,+q—q'- Thus,

RN o o Mg+ Mg+
dgedeg = |<e||d‘|9>|25umMg Zeq'ech§+g_q/CM§ g JgMy +q—q') (g5 Ty M|

q,q’

Putting this together, the polarizability tensor in a spherical basis repre-
sentation is (explicitly writing the diagonal and off-diagonal terms):

Mg-l—q 2 - = %
ZJ\; ’CMg ‘ €qlg,Jg, Mg) (g, Jg, M| &
4, M,
Mg+ Mg+q = S
+ ;eZM CMjJr:]Ifq’ Cu, "€y 19, Jgs Mg +a ') (g, g, M| & *
a7q' My

a=a

where )
[(e; Je lld]l g5 Jg)]

hA
Physical Picture: We have this example(shown below)

a=-

, Y =2 a4 o = =
3 NP~
i) 3 o 1 =t
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Here the shift can be thought of as resulting from virtual absorption and
emission of photons.

If the atom absorbs and reemits a photon of helicity gthis implies that it
comes back to some state so that we have an oscillator strength M, <+ M.
If the atom absrobs a photon of helicty ¢ and emits ¢, the deficit goes
into atomic angular momentum.

Example-diagonal term:

here the strength is
M.=22
C=2)

Example-off diagonal term:

here the strength is

(CoCH)

(b) Consider a polarized plane wave, with complex amplitude of the form
E(f) = Eq&et*T where E; is the amplitude and £7, the polarization
(possibly complex). For an atom driven on the transition |g;J, = 1) —
le; J. = 2) and the cases (i) linear polarization along z, (ii) positive helicity
polarization, (iii) linear polarization along z, find the eigenvalues and
eigenvectors of the light-shift operator. Express the eigenvalues in units
of

1
Vi= —Za|E1\2.
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Please comment on what you find for cases (i) and (iii). Repeat for
lg; Jg = 1/2) — |e; Jo. = 3/2) and comment.

In the plane-polarized case
E(Z) = B\& - & - ¢

which implies that

—

C €L

Q>

N 1 o
VLS = 71|E1|2€L .

case (i): we have linear polarization along z : €, = €. This implies that

~ 1 R AL a M,
Vis = _1|E1|260 Q- €y = _Z|E1|2 Z |CMg 1g; JgMg) (g3 Jg M|
M,

g

Thus, we only have diagonal terms(as in the figure above)

case (ii): we have |g; J; = 1) — |e; J. = 2) as shown below:

< -
O [ 2 T =
L 2 +
sl JIE Qs
sid
2 Tel T4 ki
Here the relevant CG coefficients are C']]\\/[/[j = (2M, | 101M,) which implies
for epsilon; = €., that |[Jg =1) = |J. =2).

The appropriate eigenvectors are the magnetic sublevels |g; J,) and the
corresponding eigenvalues are V;/2,2V;/3. For A < 0 which implies V; <
0 we have the shifted levels

N, =) (@ 4

_3 LA e otm— e -~ -

—— e

case : €, =€, or |J, =1) = |J. = 2) we have

-2 -l O ! 2
2T e
%
-1 o [ g %
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The appropriate eigenvectors are |Jg, M) with eigenvalues M, =1: V; /6,
My =0:V1/2, My = 41 : V; with the shifted(V; < 0) level diagram below

case: € =€, or |J, =1) — |J. = 2) we have

L —E te

€r =
V2

which is not one of the spherical basis and therefore we do not just have
diagonal elements as shown below

- v
=% ~ ) o v Y 2

Light-Shift Operator: for €, =€, = (—€; + é’i)/\/é
A M JEO
V(@) = Vi Y (O P (- ) M) (My| (&5 - &)
Myg,q
M, Mg Y L
HVI D Ot O T E) IMy + g — ¢) (M| (& - €2)

gqq

Vi M,+1 M,—1 M,+1 M,+1
=5 Y (Cw T P H1Cw ) M) (Mg = > (ICh Lo P + O 17) | My +2) (M| + H.C.
M.q Mg

i
_ (o><0|+ <7|1><1+7—1><—1|—|1><—1|—|—1><1|>)
Note we have simplified the notation |M,) = |J,, M,).

The eigenvalues and eigenvectors in the basis {|0),|1),|—1)} are obtained

as follows:
1 0 0
~ Vl
Vi, = —
7 1
210 5 "1
1 7
0 ~15 13



Since this is block-diagonal, we need only diagonalize the 2 x 2 matrix.
It has eigenvalues )1/2,2/3). Therefore, the eigenvalues/eigenvectors for
€L =&, |Jy =1) = |Je = 2) are:

W -y 1 (0
5w vl

Thus, we see that the eigenvalues for €, = €, and €, = €, are equal, which
is as it must be, since what direction we call x or y or z is irrelevant, i.e.,
the choice of quantization axis is arbitrary.

What about the eigenvectors for the two cases? For €], = €, with z—quantization,
we found eigenvectors |M, = 0),|M, = £1) with eigenvalues 2V; /3 and
V1/2 (doubly degenerate, respectively.

This means that for €, = €, with x—quantization we must have eigen-
vectors |M, = 0),|M, = £1) with eigenvalues 2V;/3 and V;/2 (doubly
degenerate, respectively.

Now |M,) = D|M.) where D is a rotation matrix(operator).

For J;, = 1 we can explicitly calculate the rotation matrix, or use symme-
try arguments via the spherical basis,

1, My = 0) = =75 (1L, M. = +1) = [1, M. = ~1))
Thus,

Vi |1, M, =0) = 2V; |1, M, = 0)
Vi |1, M, = £1) = Vi 1, M, = £1)

so it all makes sense.
Let us repeat this for the case: |g;J, =1/2) — |e;Je = 3/2) as shown
below (with CG coefficiuents for dipole transitions):

case (i): €, = €,. We have eigenvectors |J,, My, = £1/2) with eigenvalues
2V1/3 (doubly degenerate).
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case (ii): €7 = €. We have eigenvectors |J,, M, = +1/2) with eigenval-
ues |Jg, My =+1/2) Vi and |J,, M, = —1/2) V4/3.

case (ii): €7 = (—€; + €-)/v2. Unlike the J,h = 1 case, the light-shift
operator is diagonal here, since there are no AM, = £2 matrix elements
possible in the ground state, i.e.,

Wi

Vis = 5 2 (Ch P 4 o™ 1) 1y My) (T, M|
Mg
= A+ 1312 172+ (1/3+ 1) |-1/2) (-1/2)
ZH(1/2) (/21 + |-1/2) -172)

This implies eigenvectors | J,, My = £1/2) with eigenvalues |J,, My, = £1/2)
with eigenvalues 2V; /3 (doubly degenerate). This is the same as the case
€1, = €, as it must be.

A deeper insight into the light-shift potential can be seen by expressing
the polarizability operator in terms of irreducible tensors. Verify that the
total light shift is the sum of scalar, vector, and rank-2 irreducible tensor
interactions,

Vis = - (IB@PA + (B°(@) x B@)-a + B°(7) -6 - B@))

where

and o o
1 (dd +d).di
dg) _ A ge’yg 5 ge~ge d(o)éij

The polarizability tensor can be written in terms of irreducible tensors.
Let . o

Tij = dg.dl,
which is the outer product of two vectors. Now any such Cartesian tensors
can be expanded in terms of irreducible tensors, i.e.,

foo_p0) (1) ()
Tij—Tz’j +Tij +Tz‘j
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where

, 5
7O = Trace( ij)?] =

v

a

d

e’

Q =

1] g

W =

A —dd, 1
Ti(jl):g—

5 9 29 — §eijk(dzge X dzg)k antyisymmetric
~ dAZeUZé —I—djecﬁ3 1 2 3, 12 =
Ti(jz) = % = ieijk(dzexdig)k—gd’ge-dég symmetric and traceless
Thus, with
. 1 -
Q= *thTij
we arrive at the desired expansion
5 1oy = )
Vis = fZE (@) -a- E(Z) = ——EfE;b;
]. — — —
= —1@OIE@)P +aV - (B x E) + £7(7) - 6@ - E(2)
where )
A () L (k)
hATij

For the particular case of |g;J, =1/2) — |e;Je = 3/2), show that the
rank-2 tensor part vanishes. Show that the light-shift operator can be
written in a basis independent form of a scalar interaction (independent
of sublevel), plus an effective Zeeman interaction for a fictitious B-field
interacting with the spin—1/2 ground state,

Vis = Vo(f)] + Bfict(f) -

where

Vo(%) = ZU,|EL(Z)|> — proportional to field intensity

1 gL*(f)XgL(.’f)
i

- ) — proportional to field ellipticity
i

and we have written E(Z) = E,&(Z). Use this form to explain your re-
sults from part (b) on the transition |g; J, = 1/2) — |e; J. = 3/2).

For the particular case |g;J, = 1/2) — |e;J. =3/2) Vs acts on the
ground state manifold {|J, =1/2),|J; = —1/2)}. The rank-2 part
[t At ¥

~ (2 1 o .2
Le =~ BB
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has matrix elements
" (2 " (2
(Jy = 1/2, M| VZ |, = 172, M) = (1/2||VZ|[1/2) (1/2M, | 241/2]M,,)

where the CG coefficient <1/2M; | 2q1/2Mg> vanishes by the triangle in-

equality. Thus,

1 L, L
—Z(&(0)|E(f)|2 +aW . (E* x E)

where the first term is a scalar and the second term is a vector.

Acting on spin—1/2, the scalar part must be proportional to the identity
and the vector part to ¢ since any operator acting on the 2-dimensional
Hilbert space is of this form. Thus,

Vis = Vo(@)I + Beys (@) - &
where 1 L
Vo(@) = 5Tr(Vas) . Begsl®) = 5Tr(Vis)3)
8.9.44 A Variational Calculation
Consider the one-dimensional box potential given by
Vi) = 0 forl|z|<a
oo for |z] > a
Use the variational principle with the trial function
() =la]* — |z*

where A is a variational parameter. to estimate the ground state energy. Com-
pare the result with the exact answer.

The wave function ¥ (z) = |a|* — |z|* is symmetric, and it is thus sufficient to
integrate over the interval [0, a]. The energy is

A

T om [Tdx[g 2mB

where ' = d/dx. We calculate A and B using ¢/ = —Az* ™1

A= [ = [wury - [wr=o0- 5

a a 1 2
B: d 2: d 2\ 2)\72 A A — 22+1 1 o
/o x /0 x(a* + x a’zt) =a +2)\+1 il
IAZg2M T
T2 4+ 3A+1
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We then extremize E:
dE  Bd),A - Ad\B

a = B2
where dy = d/d), gives
BdyA— Ad\B =0

Evaluating the derivatives using d\aP*t? = d\e(PAt9)Ina
have ) )
dyA=|—-+2Ina— A
A <>\ Ly 1>

2 AN+ 3
B=(242ma- 253 \p
o <A+ na 2)\2+3)\+1>

Putting it all together we get

1+6

AN 4N —-5=0—> ) = 5

= (plna)aP*? we

This root give the best answer; also the negative root gives a sharp cusp at the

origin. The ground state estimate becomes

RA R 222430+
2m B 2m  2(2\ —1)

h2

~ 24747 ——
2ma?

The exact solution is 1(z) = a~'/? cos (m2/2a) which gives
R, R a2 72 B2 B2
Y= EF=——"=2467T4——
deJ 2m 4a? v 4 2ma? 2ma?

The agreement is very good and the variational estimate is greater than the

ground state energy, as it must be.

8.9.45 Hyperfine Interaction Redux

An important effect in the study of atomic spectra is the so-called hyperfine
interaction — the magnetic coupling between the electron spin and the nuclear
spin. Consider Hydrogen. The hyperfine interaction Hamiltonian has the form

. 1. -
Hpgp = s GilBIN 58 - i

where § is the electron’s spin—1/2 angular momentum and i is the proton’s
spin—1/2 angular momentum and the appropriate g-factors and magnetons are

given.

(a) In the absence of the hyperfine interaction, but including the electron and
proton spin in the description, what is the degeneracy of the ground state?
Write all the quantum numbers associated with the degenerate sublevels.

In the absence of coupling between the electron and proton spins, the
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appropriate quantum numbers are the uncoupled representation.

The ground state: 1s has degeneracy 4; up-down electron and up-down
proton. We have quantum numbers:

ln=1,=0,my=0,s=1/2,i=1/2,ms,m;) ms==x1/2, m; ==+1/2
Now include the hyperfine interaction. Let f = i+ § be the total spin an-
gular momentum. Show that the ground state manifold is described with

the good quantum numbers [n=1,{=0,s =1/2,i=1/2, f, my). What
are the possible values of f and m¢?

Now include the hyperfine interaction. Let f = i+ § which is the total
spin angular momentum. We note that

- .1
f2=52+i2+2§~z'—>§-z‘=§(f2—32—¢2)

This implies that the eigenstates of Hy g are coupled §and 7, i.e., {2, 8%,i%, f.}

or the good quantum numbers are
In=1,0=0,s=1/2,1=1/2, f, my)

The values of f range from |s —i| < f < s+14. Therefore with s =i = 1/2
we have f=0—my=0or f=1—my=1,0,-1

The perturbed 1s ground state now has hyperfine splitting. The energy
level diagram is sketched below.

Figure 8.8: Hyperfine Splitting
Label all the quantum numbers for the four sublevels shown in the figure.
Show that the energy level splitting is
1
AEpr = gsgiMB/lN<73>1s

Show numerically that this splitting gives rise to the famous 21 ¢m radio
frequency radiation used in astrophysical observations.

Using .
F2\fmgsi)y = f(f + 1) [fmysi)
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2\ mgsi) = s(s +1) | fmysi) = 5 | fmysi)

. 3
| fmysi) =i+ 1) [ fmysi) = 7 | fmysi)
we have

s Tlfmgsi) = (7 +1) = 3 ) fmysi)

so that 5
=0—25-7]0,0,1/2,1/2) = ~710,0,1/2,1/2)

~

- 4
f=1—=5-1|1,my,1/2,1/2) = +Z |1,my,1/2,1/2)
Therefore,

3 1
Eis(y=0) = 7 YsGilBIN 5 )

1 1
Eig5=1) =+ 9s9ilBIN ),

Thus,
AEpr = Ers(=1) — E1s(s=0) = geGplBIN

The level diagram is

8.9.46 Find a Variational Trial Function

We would like to find the ground-state wave function of a particle in the potential
V = 50(e™® — 1) with m = 1 and A = 1. In this case, the true ground state
energy is known to be Eg = 39/8 = 4.875. Plot the form of the potential.
Note that the potential is more or less quadratic at the minimum, yet it is
skewed. Find a variational wave function that comes within 5% of the true
energy. OPTIONAL: How might you find the exact analytical solution?

The potential in the problem is V = 50(e~% — 1)2.

It is basically quadratic around zero and is very steep. One may guess that the

harmonic oscillator is a pretty good approximation.

Initial Guess:

If we try to identify the first term with the harmonic oscillator potential mw?x
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V=50 (E*-1)%;
Plot([V, {x, -1, 1}];

40
30

20

Series[V, {x, 0, 3}]

50x2 - 50 +0(x)*

we find w = 10 because m = 1. Then one may hope that it would give the ground
state energy fuw/2 = 5. However, this hope is not fulfilled. Using the ground
state wave function of the harmonic oscillator,

1/4
Ylraw = (—l-.i) gmex’/2n
nh

¥l=ylraw/. (m>1, w10, h»1)

we compute the total energy using the Hamiltonian in the position space:

_n2
Kl = ZL Integrate[y1D[¢l, {x, 2}], {x, -», ©}] /. {1, m~> 1}
m

5

2

P1 = Integrate[¥1? V, {x, -o, ®}]
50 (1-2e'/40 4 230

Ebarl = K1 +P1

5 1/40 1/10

5+ 50 (1-2e¢ +e )
N[Ebarl)

5.22703
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The error is

N[Ebarl] -39/8
39/8
0.0722121

and is bigger than 5%, but is pretty good, accurate within 7.22%. Therefore,
we are motivated to try a non-SHO Gaussian as a trial function.

Gaussian Trial Function:

¥2 = 1 E-!’IIZA‘) .
/e pli2 ’

-n?
K2 = 2o Integrate[y2D[¢¥2, {x, 2}], {x, -», =}, Assumptions +A>0] /. {(R>51, m->1}
m

1
a7

P2 = Ini:egr:.n:e[wzz VvV, {x, -», @}, Assumptions - A > 0]

2 -
50[1—22_‘_*2“' ]

Ebar2 = K2 + P2

f 3 1
50 (1-2e +e” Iy

LAY

Ebar2min = FindMinimum[Ebar2, {4, 107'/%})
{5.20891, {A-0.304036))

Ebar2min([1]] -39/8
39/8
0.0684949
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It has improved, but is not yet within 5%.

Linear times Gaussian: One way to improve it further is the following. Note
that the potential is not parity symmetric, and hence the ground state wave-
function is not expected to be an even function. Because the potential is lower
on the right, we expect the wave function is skewed towards the right. There-
fore, we can try

¥3= (1+kx) EX /287,

It is not normalized at this point, and we calculate its norm

norm2 = Im:agn.n:e[wv:iz , {x, -=, »}, Assumptions -» A > 0]
1

VT A (24K a%)

2

K3 = Ty Integrate[y3 D[y3, (x, 2}], {x, -», =}, Assumptions +A>0] /. (m>1, h>1}
m

VI (243K A%)
g4

P3 = Intergrate[w:!2 VvV, {x, -, @}, Assumptions » A > 0]

[ 2 aZ 2 \
25\ a (24K a7 re¥ (2+kA7 (~44k+2kA?)) e T (4+ka? (-4+k (2+47)))

K3 +P3
norm2

Ebar3 =

1 1 ‘N_ (2+3%* 4%)
Vra(2+k? a?) | 84

257 A (24K 8% e (24kA? (~4+k+2kA%)) —e T (4+ka? (-4~k;2w.‘;’)jx]}”
Ebar3min = FindMinimum[Ebar3, (A, 107?}, (k, 0}]
{4.92615, {A - 0.331205, k> 0.764297}}

Ebar3min[([1]] -39/8
39/8
0.0104928

This is correct at the 1% level! The wave function is therefore
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¥3
norm2

12 35

/. Ebar3min[[2]]

1.28474 e -55%01 %" (1. 0.764297 x)

Plot [¥f, {x, -1, 1}];

As expected, it is more or less a Gaussian, but skewed to the right.

The Analytic Solution: This problem is actually a special case of the Morse
potential

Vm=D (E** -1)7;

This potential is a form of the inter-atomic potential in diatomic molecules
proposed by P.M.Morse, Phys. Rev. 34, 57 )(1929). The variable u is the
distance between the two atoms minus it equilibrium distance u = r — rg. The
Schrodinger equation can be solved analytically. Expanding it around the min-
imum,

Series(vm, {u, 0, 4}]

P p 7 P
a’*pu’ -a‘pu’ + a‘pu® +0[u)’

12

The harmonic oscillator approximation gives w = /2a?2D/m. The correct en-
ergy eigenvalues are known to be

1\ h2a? 1\?
E,=hw({n+- |- n+ -
" ( * 2) 2m ( 2)
where the second term is called the anharmonic correction. For large n, the
second term will dominate and the energy appears to become negative. Clearly,
the bound state spectrum does not go on forever, and ends at a certain value

of n, quite different from the harmonic oscillator. But this is expected because
the potential energy asymptotes to D for u — 400 and hence states for £ > D
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must be unbound and have a continuous spectrum.

The ground state wave function is known to have the form
ym = E-4F°° gbaw2,

where b = 2d — 1, d = V2Dm/ah. Let us see that it satisfies the Schrodinger
equation.

(- £ pvm, (u, 2))+0 & - 1) vm) Viom

Simplify - /.{b>2d-1} /. {d-> — H

ah(-4+/2 +/Dm +an)
gm

The first term is fiw/2 = ha+/D/2M and the zero-point energy with the har-
monic oscillator approximation. The second term —h2a?/8m is the anharmonic
correction.

The normalization is

norm2m = l:mzegr:tn:e[ufm2 s {u, -», ®}, Assumptions »a > 0 &&d > 0]

2°d° Gammab)
a

Actually, this wave function could have been guessed if one pays a careful atten-
tion to the asymptotic behaviors. For u — oo, the potential asymptote to D and
hence the wave function must damp exponentially as e™"* with k = /2m/|E|/A.
For u — —oo0, the potential rises extremely steeply as De~2%". It suggests that
the energy eigenvalue becomes quickly irrelevant and the behavior of the wave
function must be given purely by the rising behavior of the potential. By drop-
ping the energy eigenvalue and looking at the Schrodinger equation,
h? d*y

—2au _
Tomaz TP =0

—au

and change the variable to y = e %%, we find

(R ldg
dy?>  ydy

The second term in the parentheses is negligible for y — oo. Therefore the wave

function has the behavior
P e—\/2mDy/ha
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Combining the behavior on both ends, the wave function has precisely the exact
form given above. This is the lesson: the one?dimensional potential problem is
so simple that there are many ways to study the behavior of the wave function.
On the other hand, the real?world problem involves many more degrees of free-
dom. In many cases, the Hamiltonian itself must be guessed.

Back to the Morse potential. The case in this problem has D = 50, a = 1,
m = 1, h = 1. Therefore, the ground state energy is
1 D h%a?® B 1 39

Ey = ~hay/ — —5_-=>
0= "N 9 T Bm 88

Dm
ahn

}/-{p+50,a51, m>1, h>1}]

1
ymf = Simplify [ ————ym /. (b>2d-1} /. {d >
-\}normZm

800000000 e 10¢ " -*1*
567 /2431

Plot [ymf, {u, -1, 1}, PlotPoints - 50];
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The variational linear time Gaussian wave function was

Plot [yf, {x, -1, 1}, PlotPoints -+ 50];

Show[%, %%);

Quite close.

8.9.47 Hydrogen Corrections on 2s and 2p Levels

Work out the first-order shifts in energies of 2s and 2p states of the hydrogen
atom due to relativistic corrections, the spin-orbit interaction and the so-called
Darwin term,

p* 1 14V, = Rh?

_ 2. §
8m3c? g4m202 r dr ( )+

Ze?
JE— 2 [
3 ECQV Ve, Vo "
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where you should be able to show that V2V, = 47w(F). At the end of the
calculation, take g = 2 and evaluate the energy shifts numerically.

Preliminaries: We use the 2s wave function

r
Res = (2a) -3/2 (2 _ :) E*/(28)

The full wave function is

Here, a = ag/Z = h*/(Ze?*m). Similarly,

-3/2 r g-*/(2a) ;
3a

Rzp = (2a)
As a preparation for calculating the spin-orbit interaction, we have

L =12 =80 = 4+ )~ 0+ 1) = a(s+ 1)

I.g=1
For j = £ +1/2,
L-§= %2((e+ 1/2)(0 +3/2) — (0 +1) — 3/4) = %24
For j =(—1/2,
L-S= %2(@— 1/2)(0+1/2) — (0 +1) — 3/4) = —%2(5+ 1)

For the calculations of the relativistic corrections, we use the fact that

h4
~ i V) = g TV
1 1
s | V=~ [

1 2 2d (l+1) 2 2d (t+1)
o d3 el a4 vy [ “v ym
78m362/ x(derrrdr 2 >(Rg)(dr2+rdr 3 )(RE)
1 ) 2 2d (l+1) > 2d ((l+1)
‘&w@/*WQw+rw‘ )R GE T T e ) R0
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The Darwin term for the Coulomb potential is proportional to

A 2
AV, = V2 (—f) = AnZe8(F) = dr——5(T)

ma

2s: First the relativistic correction

4

2 2
Integrate[— [D[Rz., {r, 2}] + — D[Rz, r]) r?, {r, 0, ®}, Assumptions -» a > 0]
r

8m3 ¢2

1344
“128atc?m’?

Second, the spin-orbit interaction. Because L = 0, it identically vanishes. Third,
the Drawin term.

l 4 l Y262 /. {r -0}
8 m? ¢? ma
ok
16 a% ¢2 m3

%+ %%

- 5hnt
128 a% ¢2 m3

2py /2 For the relativistic correction

nt 2 :
Integrate[-m (D[Rzp, {r, 2}] + —;D[Rzp: r] - ';Z—RZp] r?,

{r, 0, ©}, Assumptions - a > 0]

B 7 nt
384 a% ¢z m?

Second, the spin-orbit interaction.

1 n?
:I:m:egrat:e[L — — (-1?) R;,? r?, (r, 0, )}, Assumptions »a > 0]
4m?c? r’ ma
ght
" 96at cZm’
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Third, the Darwin term. Because the wave function vanishes at the origin, it is
identically zero.

$+%%/. (g2}

S hé
128 a® ¢ m?

2pg/z: First, the relativistic correction. We use the fact that

2
p*p = —h2Y" (d + 2d _ 2) R(r)

dr2  rdr r2

nt 2 2 .,
Integrate[—m (D[Rzp, {r, 2}] + :D[Rzp, r] - r—znzp] re,

{r, 0, ®}, Assumptions »a > 0]
7 B
~ 384atczmd
Second, the spin-orbit interaction.

g 1 n? n? 2 2 .
Integrate[z—;—z-c—z -;3— ;—a— -5- Rzp“ r‘, {r, 0, =}, Assumptions -» a > 0]

ght
192 a? ¢Z m?

Third, the Darwin term. Because the wave function vanishes at the origin, it is
identically zero.

$+%%/. {g~ 2}
hd
" 128atcim?
Summary

Therefore, the 2s and 2p; /, states are still degenerate, and have the energy

e? 5ht e? (1 5
S R Y
8a  128a*m3c? a \8 128
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while the 2p3/, states have the energy

e? (1 + 1,
—— | =+ —=—«
a \8 128
where a = €3 /he. Numerically,(we took g = 2 above for comparison between 2s
and 2p), the energy shifts in eV are

constants =
{e > 1.60217653%107*° ¥2.997925%10°, a -> 5.291772108%10°°, a -> 1/137.03599911};
ergtoev = 6.241506 » 10 ;

-e? 5
a ] /. constants| x ergtoev

a 128
-e? 1,
—_— } /. constants| x ergtoev
a 128
$ - %%

-0.0000566032

-0.0000113206

0.0000452826

8.9.48 Hyperfine Interaction Again

Show that the interaction between two magnetic moments is given by the Hamil-
tonian

H =~ 2o )~ ) — M2 2 (35— 6) ik
where r; = x; —y;. (NOTE: Einstein summation convention used above). Use
first-order perturbation to calculate the splitting between F' = 0,1 levels of
the hydrogen atoms and the corresponding wavelength of the photon emission.
How does the splitting compare to the temperature of the cosmic microwave
background?

We start with Maxwell’s equations

V-E:4ﬂp
. 1> 4dm-
VxB=-FE+j
c c
_ 1=
VxE=—--B
c
V-B=0
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They are derived from the action
15 -
S = /}ﬁd3 ( (E* + B?) — ¢p4—cA.j>

A magnetic moment couples to the magnetic field with the Hamiltonian H =
—ji - B, and therefore appears in the Lagrangian as L = +ji - B. We add this
term to the above action

S = /dtd3< (E? + B?) — ¢p+iff-5'+ﬁ-§6(f—z7)>

where g is the position of the magnetic moment. The equation of motion for
the vector potential is obtained by varying the action with respect to A,

_ 1% 4w
V x B =-E+ 25— dnji x V&(& — i)
c c
In the absence of time-varying electric field or electric current, the equations is

simply .
V x B = —4nji x V(T — 7))

It is tempting to solve it immediately as
B = —ji(@ - 7)
but this misses possible terms of the form B « V f where f is a scalar function.

To solve it, we use the Coulomb gauge and write the equation of motion as

= V%A = —4nji x V(T — i)

Because 1
—— = — 47§ (Z — 7))
|7 — ]
we find ) o
P . . Tr—y
Af)=—-fixXV—e—s=[1IX ——=
|7 — 7] |7 — 412
The magnetic field is its curl,
- - Lo 1 . 1
B=VXxA=—-iV —— +V(i-V) -
|7 — 4 |7 — 7]

We rewrite the latter term as
1 1
vﬁg(wvj:ﬁvﬁ+3%v2

so that the terms in the parentheses averages out for an isotropic source. They
are called the tensor term while the latter the scalar term. Then

1

. " 2 1 1
B=VxA=—-Z0V?— ﬂ+(v<v-*w)ﬂ
3 77 (fi-V) 3h |
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After doing the differentiation, we have

<y

where we used ¥ = ¥ —

Finally, the interaction of two magnetic moments, fi; at & and jis at ¥, is given
by the magnetic field created by the second magnetic moment at i

oL 8t . 1 [T L
H——urB(I)——3u1~u25(z—y)—(3“1 F2 —u1~u2>

In the MKSA system, it is

Lome o 200 L oo, iy -T2 T L
H=—ji-B@) = 20 - [ib(% — ) - 4%3 <3u1 Bl ~u2)
mr
For hyperfine splittings in the 1s state of the hydrogen atom (Z = 1), the second
term vanishes because it is a spherical tensor with ¢ = 2, and hence only the
first term is needed. The magnetic moments are (in MKSA)

fle =55 o fip = o35
where g. = 2 and g, = 2.79 x 2. It is useful to define
_ leln _ lelp
< 2me - 2m,
and . .
He = geﬂe% s Hp = 2'79NN2%

Therefore, the Hamiltonian is
2,Lto 4 [, —
H= +T2'79’MN‘U€§(S” - §¢)0(X)

The first order perturbation of this Hamiltonian gives the hyperfine splitting

L (5, 5O

2/10
Epp =4+—=2.79 eTs
ff 3 HNHe s

with |¢(0)|? = 1/(wa3) for the 1s state. Finally, the eigenvalues of the spin
operators are

h2
oS oo o o 0 r=1
51)'56*((51)4'56))2 _35 —862) = {43;32
1



Therefore, the difference in energies is

2 4 (12 3h2
AL = =52 T0uN ke 3 <4 ( e

2 4

= 209 19N pre—s = 9.39 x 1072 ]
3 Tag

Parametrically, it is a®(m./m,) times the binding energy and hence even more

suppressed than the fine structure.

The cosmic thermal bath has T = 2.7° K and hence kT = 3.7 x 10723 J, which
is much larger than the hyperfine splitting.

The deexcitation of the F' = 1 states to the F' = 0 state emits a photon of
the wavelength 21 cm, and it is called the 21cm line. It has had an important
impact on astronomy. Because the wavelength is much longer than typical dust
particles, it can bee seen through the dust which blocks photons in the optical
range. Because the cosmic thermal bath is "hot enough” to excite the hydrogen
to the F' = 1 states, we can see the 21 ¢m lines even from the region without
stars and hot gas. Namely any hydrogen gas emits the 21 ¢cm line. For instance,
the spiral arms in our Milky Way galaxy had been discovered using the 21 cm
line. Its frequency is 1420.4058 M H z, and hence in the radio range.

8.9.49 A Perturbation Example

Suppose we have two spin—1/2 degrees of freedom, A and B. Let the initial
Hamiltonian for this joint system be given by

Ho=—vB. (S} @ 1P + I* ® SP)

where 14 and P are identity operators, S is the observable for the z—component
of the spin for the system A, and SZ is the observable for the z—component
of the spin for the system B. Here the notation is meant to emphasize that
both spins experience the same magnetic field B = B,z and have the same
gyromagnetic ratio v.

(a) Determine the energy eigenvalues and eigenstates for Hy

It is easy to intuit,

‘+Z>A®|+Z>B Eiy =hwr
‘+Z>A®|*Z>B Ei_ =0
‘_Z>A®|+Z>B E_+=0
‘_Z>A ® |_Z>B E__ = —-hwr
where wy, = —yB, and the factors on H4 and Hp are eigenstates of S2

and SB.
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(b) Suppose we now add a perturbation term Hiopqr = Ho + W, where
W =X5" 58 =\ (S @ SP+ S @Sl + 58w SP)
Compute the first-order corrections to the energy eigenvalues.

The corrections for £, and E__ are easy to compute since these are
non-degenerate eigenvalues:

hbar?

4

hbar?
4

Epp = Epq + (+H|W++) = hwp + A

E _—SE _+(—|W|-—)=—hwr + A

For E,_ and E_,, we need to diagonalize the restriction of W on the
corresponding subspace. The matrix representation of this restriction is

Wo o (<+—|W|+—> <+—|W|—+>)

(—IWl+=) (W)

and to compute it we first derive the matrix representation of W on the
entire joint Hilbert space. Using the rules for tensor products of matrices,

00 01 0 0 0 -1
BPlo o 1 0 Blo 01 o0

A B o A B =
Sz®SrH4 010 0 , Sy®sye>4 0 10 o0
1 000 -1 0 0 0
1 0 0 0 1 0 0 0
1o -1 0 0 Rlo -1 2 o0

A B e =
SeSTe Tl 0 210l 0 WeEAMLe 2 210
0 0 0 1 0 0 0 1

With the corresponding vector representations of |[+—) and |—+),

0 0
1 0
0 0
we have
K2 K2
AW ) = AT W) = AL
h2 h2
oW =A-5 W = AT

So in the end )
hs (-1 2
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The eigenvalue equation is

(-1—€)?—4=0—ec+1=42

12 h?

and the corresponding eigenvectors are determined by

(0 2) ()0 ()~ ()
G 3) () =0 ()~(4)

and so the proper zeroth-order states in the degenerate subspace for Hy

SO

are
1 1
W)= —=(+-)+|-4) , W)= —(+-)— |-+
\+>ﬂ(|>|>) W)=+ = 1=+)
with corresponding energy corrections
h? h?
(Wi Wo W) = A, (W[ Wy [W-) = —3A—-
Finally, the first-order energy corrections are
h? | h? h? h?
{hLUL707 07 _hCLJL} — {ML + Az, )\Z, _3)\Z7 _h&}L - 3)\4}

8.9.50 More Perturbation Practice

Consider two spi—1/2 degrees of freedom, whose joint pure states can be repre-
sented by state vectors in the tensor-product Hilbert space Hap = Ha ® Hp,
where H4 and Hp are each two-dimensional. Suppose that the initial Hamilto-
nian for the spins is

Hy= (—vaB.S3) @ IP + I* ® (—vpB.SP)

(a) Compute the eigenstates and eigenenergies of Hy, assuming y4 # g and
that the gyromagnetic ratios are non-zero. If it is obvious to you what the
eigenstates are, you can just guess them and compute the eigenenergies.

The eigenstates are clearly {|+q+s),|+a—b5):|—a+b),|—a—s)}, With cor-
responding energies

Hy |+a+b> = 7(_711 - ’Yb)Bz

St | St

HO |+a_b> = 7(_711 + ’Yb)Bz

St N

Ho|—=a+b) = 5 (Ya — ) B:

St N

HO |_a_b> == 5(’7(1 + ’Yb)Bz
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If 74 # 7 and v4, 7 # 0 these eigenenergies are non-degenerate.

Compute the first-order corrections to the eigenstates under the pertur-
bation
W =aS?® S8

where « is a small parameter with appropriate units.

We use the general formula

(@p| W |9n)
Ay = 30 )
p#n " p
and note that
2

h
57 ® 87 [+ats) = 7 I=a=b)

SA®SB|+—>—h—2|—+>
T T ab—4 aTh
2

h
S8 @ SE |—ats) = T |+a—b)

h2
Sa? ® Sf |_a_b> = Z |+a+b>
For the |+,+3) state,

K2 <_a_b| w |+a+b> ha
All) - —— = — —a—
| > 4 h(’}/a + ’yb)Bz 4(7(1 + "Yb)Bz | b>

Similarly, for the |+,—3) state

h2 <*a+b|W|+a*b> ha
Al - —— = - —at
| > 4 h(_lya + ’Yb)Bz 4(’711 - ’Vb)Bz | ¢ b>

For the |—,+) state,

R {+o—p| W |—at h
A1) — I o[ W o) _ “ [4+a—b)
4 h(")/a - ’Yb)Bz 4(’7{1 - ’Yb)Bz

and for the |—,—p) state,

K2 <+a+b| w ‘7a7b> ha
Al —» —— = 4o+
I 4 h(ya+)B. 4(va + ) B [Fate)
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Chapter 9

Time-Dependent Perturbation Theory

9.5 Problems

9.5.1 Square Well Perturbed by an Electric Field

At time t = 0, an electron is known to be in the n = 1 eigenstate of a
1—dimensional infinite square well potential

Vi) = oo for |z| > a/2
0 for|z| <a/2

At time ¢t = 0, a uniform electric field of magnitude £ is applied in the direction
of increasing x. This electric field is left on for a short time 7 and then removed.
Use time-dependent perturbation theory to calculate the probability that the
electron will be in the n = 2, 3 eigenstates at some time ¢ > 7.

In the n = 1 state of this potential well, the electron has these wave functions
and corresponding energies

Yn(z) = \/zsin (T (242)) . Ba= %

The uniform electric field € é, has a potential energy

H’:—(—e)/edx:esx
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which we use a perturbation. We then have

a/2
Hr/nnz = (n4] H' In2) = %5 / sin (%nl (g + :17)) sin (WZQ (g + z)) xdx
—a/2
a/2
_— Ccos 7“”1 —n2) (9 + x) — Cos 77r(n1 +12) (g + x) xdx
a a 2 a 2
—a/2

= {“2 (=)™ —1) = (“2 ((=pmme — 1>]

a | (ny —ng)?m? ny + ng)?w?
_deea  ming

_1\nitn2 _
7 gy (U

since
((71)n1+n2 _ 1) — ((71)n1*n2 _ 1)

for all nq,no. We also define

En2 — E’Vll hﬂ'z 2

w’ﬂlng = h = 2ma2 (ng - nl)

Now, in time-dependent perturbation theory the amplitude for the transition
q — p is given by

1

! _ iwpqT
hu]qupq (1 e )

1 r .
Cpq(t) = h /Hzgqewpqtdt =
0

when H,, is time-independent. For the transition 1 — 2 we have

;o 4e€a2( 2) — 16eca ot — 3hm?
AT or2g T on2 0 T T o

so that the probability finding the electron in the n = 2 state at t > 7 is

1 ’ 1 — Wy T
Pg(t>7):|021(t)|2:WH2§ (l—ewqu) (].—6 Pe )
21
2
1 16eca 3hm?
= _ 9 9cos
B2 3z )2 < 972 ) ( “ 9ma? ™)
4m?a* 256e%c%a® ., 3hm? 45m2aSe?e? ., 3hm?
= sin T= sin T
9hind  8lmw2 4ma? 36hdnm6 4ma?

For small 7

Pg(t>7'):

45m2aSe2e? [ 3hm? \° _ 4taPe?e?
36pdr6 4ma27 T34p2n2 T
For the transition 1 — 3 we have

Hj =0— P3(t>71)=|Cs1(t)]> =0
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9.5.2 3-Dimensional Oscillator in an electric field

A particle of mass M, charge e, and spin zero moves in an attractive potential
Viz,y,2) =k (2* +y* + 2°) (9.-8)

(a) Find the three lowest energy levels Ey, E1, E2 and their associated degen-
eracy.

Using Cartesian coordinates

Eny=FE,+E/+Ep =3hw+ (n+{+m)hw = 3hw + Nhw

_ _ _ J2k
N=n+{+m=0,1,2,...... , W=/

Therefore,

Ey = %hw = %h % — non — degenerate ggg
E, = ghw = gh % — 3 — folddegenerate 100, %010, Yoo1

By = jhw = %h\/% — 6 — folddegenerate 1200, 1020, Y002, Y110, Y101, Yo11
degeneracy = fn = %(N +1)(N+2)

(b) Suppose a small perturbing potential Ax cos®t causes transitions among
the various states in (a). Using a convenient basis for degenerate states,
specify in detail the allowed transitions neglecting effects proportional to
A? or higher.

At time t = 0, H = Axcoswt. The first order perturbation correction
gives with ¢ being the quantum number for the component oscillator along
the x—axis

({O'm'n| H' (z,t) [fmn) = SmimOnrm (0| H' (2,t) |€) = A cosOtdmimOnm (€| x |€)
— A cos @tdmmbnn [VEF 100 041+ Viby o]

where

\/ n h ( h2 >1/4
o = = =
2Mw I /% 2k M

Therefore, the allowed transitions are between those states for which(the
selection rules)

(c) In (b) suppose the particle is in the ground state at time ¢t = 0. Find the
probability that the energy is F4 at time t.
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Between the states corresponding to energies Fy and E', the selection rules
allow only the transition g9 — ¥100- The corresponding probability is
1 / i A?a? / i
. le% .
Pio =+ /H{Oe“"tdt =73 /coswte“’tdt
0 0

where we have used
Hj, = (100| H'(z,t) |000) = Aa coswt

Now,

: . 1 ei(w-‘r@)t -1 ei(w—@)t -1
/cos ote™tdt = — - -
24 w+w w—w

0

In the microscopic world, w and @ are usually very large. Thus, only for
w =~ w, will the above integral be large. Thus,

A%a2 sin? ((w — @)t/2)

Py~ 5
R ((w-)/2)

or when t gets large enough
sin? ((w — @)t/2)
— 2
(w—-w)/2)

= 27td(w — W)

so that 22
2r A%t
PlO =~ T(S(w - (.A_.))

and the transition rate is

P10 - 27TA2042

= g w9

9.5.3 Hydrogen in decaying potential

A hydrogen atom (assume spinless electron and proton) in its ground state is
placed between parallel plates and subjected to a uniform weak electric field

= J0 fort <0
e fort >0

Find the 1%¢—order probability for the atom to be in any of the n = 2 states
after a long time.

To 1%t —order the 1s — 2s transition is forbidden since the matrix element

(200| z |[100) = 0 by parity considerations. Likewise, since z x Yjq, which is a
spherical tensor of rank 1, the corresponding matrix elements say that only the
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1s — 2p (Af = +1) transition is allowed in first order and we must also have
Am = 0.

With the potential energy
V = —e&yze VT

for ¢ > 0, we have the only non-vanishing first-order transition amplitude

t

0(1)(t) = — <;) ego/dt <210| Py ‘100> pliw=1/7)t
0

(e(iwfl/'r)t o 1)

2 1
w+7_2

ie&)

= —2 (210 = |100) (—iw—1/7)

The probability is then
2 &\ 1
P= ‘c(l)(t)‘ = (&0 —— (210 2 1100) > (1 + e /T _9e7t/T coswt)
h (.L)Z + =

For t > 7 (t = oo essentially) we have

2
P= <e€°> ! 1(210] z100) |

h w?+ %

Now,
; Oo 915/2
(210| z |100) = 27T/d(cos 0) /TerRlelor cosOR1oYoo = 375010
21 0
Therefore,
po () _a 2°

Uk w? + T% 310

where

Egp - Els _ 362
h B 8a0h

w =

9.5.4 2 spins in a time-dependent potential

Consider a composite system made up of two spin = 1/2 objects. For ¢ < 0, the
Hamiltonian does not depend on spin and can be taken to be zero by suitably
adjusting the energy scale. For ¢ > 0, the Hamiltonian is given by

- 4NN = =

H == (h?) S] N SQ
Suppose the system is in the state |+ —) for ¢ < 0. Find, as a function of time,
the probability for being found in each of the following states [+ +), |— +) and

=)
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(a) by solving the problem exactly.

We have (using the |S,.S.) basis)

. 4A 52 62 62 S(S+1)—3/2 A
() () (20
so that X .
H|L,M)=A|l,M) , H|0,0)=-3A]0,0)
We get the exact solution as follows: At ¢ =0,
[9(0)) = [+-) = 7 (11,0} +10,0))
At later ¢,
_ L inem —i3At/h
90 = 5 (7 1,0) + 74 0,0))
Lo —i
5 (72 (=) + =) + e (=) — [ —4)
_ 1 —iAt/h | _—i3At/R _ —iAt/h _ _—i3AL/RY |_
—2(<e +e )|+>+(e e )| +>>
Therefore,
(1) = (4= | ()7 = § a0/ 4 em 380" = § 4 3 cos 2t
(t) _ |< t _ i e~ tAL/h _ efiSAt/h| _ % _ %COSL?
P++(t) = |(++ \ (t)>\ = 0=[(—— Y@ = P-_(t)

by solving the problem assuming the validity of 1%t —order time-dependent
perturbation theory with H as a perturbation switched on at ¢ = 0. Under
what conditions does this calculation give the correct results?

Using first-order perturbation theory, we have

t t
A = Z/ | H [+ dt o, z—%/<—+\H|+—)dt

0 0

Now using,

1
+-) = *(Il 0)+10,0)) , [=+)=—=(1,0)—]0,0))

V3 V2

we have

SO AL (T=3N At ) AL (143)  2iAt
=" n\ 2 ) wmn > F awn\l 2 ) &

S=1
3A §=0



In addition, c(+1)+ = = 0 because A only connects states of the same

M;iotqr = m1 + msa, which is zero for this initial state.

Therefore, we have

i 2
Pe(t) = ler (07 = [1+ 5" =1+ 55
2 i 2,2
Poslt) = le—s (] = | 254" = 25
Po(®)=lesr (O =0=|c__(t)]* = P__(t)

We note that the exact solutions expanded to first order are

Po)=t LegdAt 1 1( 1 AT A%
T T T T T 2\ T2

in agreement with perturbation theory, but

2 242
<>A((A)>A

2 h 2 2 2\ h

which does not agree with perturbation theory.

We should not be surprised that something is wrong somewhere with the
perturbation result since the total probability for something to happen is
larger than one!

What is happening?

It turns out that there is another nonzero term to this order, in fact, the

cfl amplitude interferes with the c(fz amplitude and contributes AZ¢2

terms also.

If they are included, we get

8AZ¢?
s
which is still not in agreement with the exact result.

P (t)=1

It turns out that the validity of first-order perturbation theory for the
|+—) state is never satisfied.

The validity for the |—+) state is questionable when ¢ >> /i/A since the
lowest order expression gives a poor approximation to the exact answer.

9.5.5 A Variational Calculation of the Deuteron Ground
State Energy

Use the empirical potential energy function

V(r)=—Ae "/
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where A = 32.7MeV, a = 2.18 x 1073 em, to obtain a variational approxima-
tion to the energy of the ground state energy of the deuteron (¢ = 0).

Try a simple variational function of the form
¢(7’) — 6—ar/2a

where « is the variational parameter to be determined. Calculate the energy
in terms of a and minimize it. Give your results for o and F in MeV. The
experimental value of E is —2.23 MeV (your answer should be VERY close! Is
your answer above this? [HINT: do not forget about the reduced mass in this
problem)]

We have
V(r)=—Ae /% A=327MeV, a =218 x 10" 3em
We also assume that £ = 0. Then
(¥ H [9)

Ey < W21/

T (W)
with
52

QmD

H=———V?+V(r)

and we assume the trial function
w(r) _ efar/Qa
We then have (using ¢ = 0)

1d de—or/2a 1 d «
V2 N e R (_ 2 —ar/za)
() 72 dr (r dr > 72 dr 2ar €

a (2 o al o2
- | = = = —ar/2a — (== (7) —ar/2a
2a (r Qa) c < ar * 2a ) ¢

Therefore,

- T h? al o2
— 2 —ar/a [ _ el et _ —r/a
(Y| H |v) 471'/7“ dre ( i ( Pl (2(1) ) Ae )
0

ool e W 2 [ r |
=4 ¢ /rdre_o”/a - ( a ) /erre_o”/“ - A/Tere_(Ha)’/“
0

2mD %

(=)

I O S A A
- &) 57w

QmDa(g)2 2mp \2a g)?’ (Lte
[ 32 3

=d4m h g—2A a 3
_4mDa 1+ )




and
oo

W) = 47ro/r2dre_m/“ =A4r (;)3 =8 (g>3

where we have used

Thus,

—2A
4mp (1+a)

(e’ 2

By <

h2 3
am [4mD i 2A(lia)3} _1a? ( h? a’a )

One solution is « = 0 — Ey < 0, which we already know is true; so we ignore
this solution. The second solution is given by

0= (42 — 24552 ) +a (~Agiy + 34552

) 4mp (14a)® (14a)?

42—]3 (14 a)* —24a%a (1 + a) — Aad® (1 + a) + 34a%a% = 0
h? 4 2.

iy (L+a)” —34aa =0

(1 + a)4 _ ﬁa =0 , ﬁ — 12mh%Aa2
Now

A =327TMeV = 32.7 x 105V - 1.602 x 10719J/eV = 5.239 x 10712J
a? = (2.18 x 107 )em? - 1074m?2 /em? = 4.752 x 10~30m?
h? = (1.054 x 10734)2J2 — 52 = 1.111 x 1078.J% — &?

_ Mnmp _ 1.672-1.670 —27 — =27
mp = el — LOZLOIG « 1072Tkg = 0.835 x 102kg

Therefore,

12mpAa®  12-0.835-5.239 - 4.752
2 - 1.111

Therefore we must numerically solve the equation

B= x 107" = 22.453

(1+a)" —22.453a =0
We find a = 1.344. Now

h: 1.111 —11 _ —13
Tmoa? = 108354758 X 10 =7.000 x 10~*>J

7.000x10787
— 1.602><10713J/M6V = 4369M€V

and
a? [0} — 2 a?
Bo < % (4369 - 654255 ) = 2.1850% — 32,720
Fo < 2.185(1.344)% — 32.7 (L344)% = 3.047 — 6.164 = —2.217MeV

The experimentally measured value is —2.23MeV.
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9.5.6 Sudden Change - Don’t Sneeze

An experimenter has carefully prepared a particle of mass m in the first excited
state of a one dimensional harmonic oscillator, when he sneezes and knocks the
center of the potential well a small distance a to one side. It takes him a time
T to blow his nose, and when he has done so, he immediately puts the center
back where it was. Find, to lowest order in a, the probabilities Py and P, that

the oscillator will now be in its ground state and its second excited state.

Fort<Oandt>T,

1
V — 2 2
il
For0<t<T,
Ly 21 5 9 2 L 59
V = —mw’(x — a)® = —mw’z® — mw’ar + —mw’a
2 2 2
Fort<Oandt>T,
_ _ P’ 1 2,2 —
H=Hy=—+ -mw°z” = Hy |pn) = hw(n+1/2) |@,)
2m 2
For0<t<T,
H=Hy+ W= éi + %mwaQ — mw?az + %mwza2
W = —mw?az + §mw2a2
Therefore,
T 2
Pr= L /eiwfit'w ()dt! w _E(E - E;)
Ji h2 fi ’ fi h f 1
0
Now,

1
Wor = —mw?a (ol z|01) + QWUQ@Q {0 | 1)

h h
= — 2 S + = — 2 —
mway/ S (pol (@ +a™) |e1) mwa T
so that

21 T
1 h ) / 2 2 T
P°1:m<_m”2a 2mw> [ ertar| =B (wz>

Also,

1
War = —mw’a (p2] 1) + gmw’a® (92 | @)

[ h h
_ 2 o + — 2 A
= —mw-a ST {pa| (a+a™)|p1) mwa "
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so that

A\ 7 " T
1 "
For =55 (ﬂmﬂa mw> / et ar| = = sin’ <w2 )

0

In first-order perturbation theory, P,; (n > 2) = 0 since (¢,| W |p1) = 0 for
n> 2.

9.5.7 Another Sudden Change - Cutting the spring

A particle is allowed to move in one dimension. It is initially coupled to two
identical harmonic springs, each with spring constant K. The springs are sym-
metrically fixed to the points +a so that when the particle is at z = 0 the
classical force on it is zero.

The Hamiltonian is

(2k)?

2
~ p 1
H=-"—+-

2m+2

(a) What are the energy eigenvalues of the particle when it is connected to

both springs?

The energy eigenvalues are

Ep=ho(n+1/2) , o=

(b) What is the wave function in the ground state?

The ground-state wave function is

(@ 10) = o) = (22) " s

(¢) One spring is suddenly cut, leaving the particle bound to only the other

one. If the particle is in the ground state before the spring is cut, what is
the probability that it is still in the ground state after the spring is cut?

The new ground-state is that of a mass connected to one spring

1/4 s k
(x|0>:1/)0(x):(%) e 2 w:\/;
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In this sudden approximation, we have

P(remainsin [0)) = |(0 | 0)] /¢0 o (x

7 mw 1/4 _ maz? mw 1/4 _ mwaz? d
= _— 2h _— T 2h
/ ( wh ) ¢ ( 7h ) .

o0

1/2 1/2
2k k o
m ma/ — - 2
m m _ m(@tw)z
e 2h d
Th

mh

2

X

oo

k 00 2
M/ 2h
= ol/4 / e_yzdy
mh
2

m(VITI)/E |
21/4
T T (1+49)

so the probability of remaining in the ground state is close to one.

m = 0.985

9.5.8 Another perturbed oscillator

Consider a particle bound in a simple harmonic oscillator potential. Initially(t <
0), it is in the ground state. At ¢ = 0 a perturbation of the form

H'(z,t) = Az?e /T

is switched on. Using time-dependent perturbation theory, calculate the prob-
ability that, after a sufficiently long time (¢ > 7), the system will have made a
transition to a given excited state. Consider all final states.

The initial state is |0). The transition amplitudes are

i
A0 =ty AP0 = [N 10 )
0

Now,

(nl H' (2, 1) |0) = Ae~V/" <n| #10) = Ae7 S (] (a+ a*)(a+a*) 0)

= A ) (o) +v2l) = —t/T% (30 + V2012)

Therefore, cgll)(t) = 0 unless n = 0,2. We therefore have that
0 0
() =0=c{" (1)
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and
t

ity =-La / et = AT (7 1)

R 2mw 2mw
0
For t/7>> 1, we then have
(1) AT
t) = —
o (1) o
In the same way,
i, h / i AV2
W)y 0 —i(Bo—E)t/h —t/7 3, _ 4
c tf—fA—ﬁ/e e dt = —————
2 (1) h 2mw 2mw (% — 2wi)
0

Thus, after a long time duration of the perturbation, the state becomes

1AT . iAV2 ,
= [1= —iwt/2 0) — —1bwt/2 9
) [ Qmw} ¢ 0) 2mw (% — 2wi) ‘ 2
(all higher order terms in A, that is, 4%, A3 < ...... terms) are ignored).

Thus, the probability for the system to make a transition to the 2" excited
state is

A2

Py — 2] ) _ Imrw( L )
Wly) — [1+ 4]+ Az

2mw2m?2w? ( T%+4w2)
A2

~ am2w? (T% + 4w2)

There is no probability for a transition to |1) or |3).

9.5.9 Nuclear Decay

Nuclei sometimes decay from excited states to the ground state by internal
conversion, a process in which an atomic electron is emitted instead of a photon.
Let the initial and final nuclear states have wave functions ¢;(71, 7, ..., 7z) and
wf(T1, 7, ...,Tz), respectively, where ©; describes the protons. The perturbation
giving rise to the transition is the proton-electron interaction,

2
w=-3
= |7 =7l

Jj=1

where 7 is the electron coordinate.

(a) Write down the matrix element for the process in lowest-order perturba-
tion theory, assuming that the electron is initially in a state characterized

535



by the quantum numbers (nfm), and that its energy, after it is emitted,
is large enough so that its final state may be described by a plane wave,
Neglect spin.

The initial state is
©0 = Ynem (F)@i(Tis T2, ..., Tz)
and the final state is
L ikr

1 = ——=¢€ ’ Fl,FQ,...,FZ
P = o5 ( )

where the final state is a plane wave, which is normalized in a box of
volume V = L3 and we use periodic boundary conditions.

The matrix element needed to calculate the internal conversion rate is

z
1 T e?

Wor = (¢1| Wlgo) = —7/0537“6_%7’ (Pf(F1, Ty s T2)| Y o= i (75, T2, ..
VV ; 7= T

Write down an expression for the internal conversion rate.

We find the internal conversion rate using Fermi’s golden rule
2
h p
so that we need to find p(E1).

Wos1 = —p(E1) [Woi|* 6(Ey — Eo)

The energy eigenstates of a free electron confined to a cubical box with
periodic boundary conditions are

7,2%' (nzx4nyy+n.z)

Prgnyn. (Iayaz) = ﬁe
with ng,ny,n, =0,£1,£2,...... We have
2 2 2w
kx = fnx,ky = fﬂy,kz = fnz

If k£ is large, then the number of states with a wave vector whose magnitude
lies between k and k + dk is

2
AN — drk“dk  volume of shell

us 3 -
(QT) volume per state
so that
dN AV k2
dk— (2n)
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The density of states is

dN  dN dk
dE ~ dk dE
Using
h2k?
" 2m
we find

AN _ mVE _ @)V
dE — 2m2h2  4m2h3

(if we do not neglect spin, we would multiply by 2).

We therefore have for the internal conversion rate

3/2
Woon = % = (32)” VL

2

o oo N Z 2 N N .
2 fdsreilk.r <Q0f(?”1,7"2, "'7TZ)| Zl |Fif'j| |Q0¢(7’i,7’2, ...,Tz)> 1/)n2m(7") 5(E1 - EO)
j=

For light nuclei, the nuclear radius is much smaller than the Bohr radius

for a give Z, and we can use the expansion

Use this expression to express the transition rate in terms of the dipole

matrix element
z
d= (s Y 7 lei)
j=1

Using

we have

o2
|7

z
. = N = € .
(pr(m1, 72, ..., 77)] Z =7 |0i (T3, T2y oy T2)) = T—3r~<cpf(r1,r2,
j=1

J

where d is independent of 7. We can therefore write

et [2m)\*?
Vo =37 () VB

Note that in the above result we have used

62
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9.5.10 Time Evolution Operator
A one-dimensional anharmonic oscillator is given by the Hamiltonian
H=hw (aTa +1/2) + Xa'aa

where ) is a constant. First compute a™ and a in the interaction picture and
then calculate the time evolution operator U(t,tg) to lowest order in the per-
turbation.

Using
Or(t) = etHot/ ) —iHot/h
and
[a,at] =1
we get
daf _ i Hoatl = U iHot/h He qtle—iHot/h
ot _ﬁ[ 07a1]—ﬁ€ [ 0,Q ]6
= iwetHot/ Mgt g aTle Hot/h — jetHot/M (gt aa — atata)e tHot/P
= jwetHot/hg+ [a, a*]e*iHUt/h = iwa}
which implies that
af =e“tat

which fulfills the condition a} (t = 0) = a*. We then have a; = e~!a

The perturbation in the interaction representation is then

Vi = )\a?ajaj = datage™™?

The time evolution operator is now obtained to lowest order from

i [t i K , A . .
U(t,to) I~ I_ﬁ/ dt/VI — I_%a-i-aa/ di e~ Wt — I_ﬂa-i-aa(e—zwt_e—zwto)

to tO

9.5.11 Two-Level System
Consider a two-level system [¢,) , |1p) with energies E,, Ej perturbed by a

jolt H'(t) = U4(t) where the operator U has only off-diagonal matrix elements
(call them U). If the system is initially in the state a, find the probability P,
that a transition occurs. Use only the lowest order of perturbation theory that

gives a nonzero result.

‘We have

i

t
P e ) e

1

t . o, i .
=3 [ @8 ) e dt =~ (] U1

dy =
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Then,

. _ U
=

Prob ) = |db

9.5.12 Instantaneous Force

Consider a simple harmonic oscillator in its ground state. An instantaneous
force imparts momentum pg to the system. What is the probability that the
system will stay in its ground state?

We have
p* 1
Hoa = =— + zmw’z® = hw(a®a +1/2) = [0),,, = 0)
2m 2
and ) )
1
Hnew = (p +p0) + 7mw2x2 - Hold + @ + &
2m 2 m 2m
or
po [mhw 3
Hpew = hw(ata+1/2) + =/ ——(a —a™) + =%
(aa—l-/)-i-m 2(a a)+2m

Now define a = A + 3. This says that
[a,aT] =1=[A AT]

and if we choose

_ .po [mhw
ﬂ_lm 2

Hpew = hw(ATA+1/2) + %
which is another harmonic oscillator with shifted energies.

The new ground state is defined by

A |O>new =0= (a - /6) |0>new

or
Thus, |0),,.,, is a coherent state,i.e.,

10 new = 15)
where

alB) = B18)
Thus,

0) = e8P/ i A
o vVm!

539



Therefore,
(010)y = ¢/7/2

ne

and the probability of remaining in the old ground state is

Prob=1(010),.. ? = elBI? — g—pi/2mhw

9.5.13 Hydrogen beam between parallel plates

A beam of excited hydrogen atoms in the 2s state passes between the plates
of a capacitor in which a uniform electric field exists over a distance L. The
hydrogen atoms have a velocity v along the z—axis and the electric field £ is
directed along the z—axis as shown in the figure.

z 4

v, 1.

[

X

Figure 9.1: Hydrogen beam between parallel plates

All of the n = 2 states of hydrogen are degenerate in the absence of the field g ,
but certain of them mix (Stark effect) when the field is present.

(a) Which of the n = 2 states are connected (mixed) in first order via the
electric field perturbation?

Consider the potential energy ez of the electron (charge = —e) of a
hydrogen atom in the external electric field £é, as a perturbation H'.
Since the n = 2 states are degenerate, we need to calculate matrix elements
of the form (2¢'m'| H' |24m).

The selection rules for this perturbation imply that

Al=4+1 , Am=0

Thus the perturbation matrix is

0 (200/z[210) 0 0 0  —3eEap 0 0
(210] z [200) 0 00| [ —3¢a 0 0 0
0 0 00 |~ 0 0 00
0 0 00 0 0 00

that is, only the (200) and (210) states are connected (mixed) by the
perturbation.
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(b) Find the linear combination of the n = 2 states which removes the degen-
eracy as much as possible.

The eigenvalues and eigenvectors of the 2 x 2 submatrix are
1
V2 V2

and thus the degeneracy is removed for these two states (it remains for
the (211) and (21 — 1) states.

1
E =3eag — |+) = =—

(¢) For a system which starts out in the 2s state at ¢ = 0, express the wave
function at time ¢t < L/v. No perturbation theory needed.

We have 1
1(0)) = |2s) = [200) = 7 (+)+1-))

At time 0 < t < L/v when the atoms are subject to the electric field,

1 , i%efa 3efapt/h
®) =7 (eecaot/h |y 4 emiecant/h|_)) ( ;;jl((gigﬁft//h)) )

= cos (3e€apt/h) |2s) + isin (3e€apt/h) |2p)

(d) Find the probability that the emergent beam contains hydrogen in the
various n = 2 states.

This says that for ¢ > L/v we have the probabilities

1200 | (0))]” = |(2s | (1))[* = cos? (3eEagt/h)
(210 [ 9(1))* = [(2p | $(D)|* = sin® (3eLaqt /D)

9.5.14 Particle in a Delta Function and an Electric Field

A particle of charge ¢ moving in one dimension is initially bound to a delta
function potential at the origin. From time ¢ = 0 to ¢ = 7 it is exposed to a
constant electric field & in the x—direction as shown in the figure below:

£, (1) A

»> t

Figure 9.2: Electric Field

The object of this problem is to find the probability that for ¢ > 7 the particle
will be found in an unbound state with energy between Fy and Fy + dEj.
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(a)

Find the normalized bound-state energy eigenfunction corresponding to
the delta function potential V(z) = —Ad(x).

The energy eigenfunction v satisfies the Schrodinger equation

h2 d2,¢
or 2 21.2 A
d* 9 ek 2m
v A - Bl =1 4= 2
dx2 k ’(/) + 05(35)1/) 0 ’ | | m ) 0 72

Integrating from —e — +¢, € being an arbitrarily small, positive number
and then letting € — 0, we get

$1(0+4) = ¢'(0-) = Ao (0)

We also have wave function continuity at x = 0

$(0+) = $(0-) = ¥(0)

Therefore,
s v _
P(0+)  (0-)
Now, for z # 0, the Schrodinger equation has the solution
Y(x) = Ce M7
so that
Yx)=Ce ™™  o>0 |, ox)=Ce" 2<0
and thus . , A A
Y(0+)  ¥(0-) 2
The energy level for the bound state is
h2k? mA?
E = — = ——
2m 2h?

and the corresponding normalized eigenfunction is

wla) = e W

Assume that the unbound states may be approximated by free particle
states with periodic boundary conditions in a box of length L. Find the
normalized wave function of wave vector k, 1, (x), the density of states as
a function of k, D(k) and the density of states as a function of free-particle
energy Ey, D(Ey).
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If the unbound states can be approximated by a plane wave e’** in a
1—dimensional box of length L with periodic boundary conditions, we
have

P2 = =kL/2 _y kL — | kL =2nm , n=0,£1,42, .....

so that

2nm
k, = —
L

The normalized plane wave function for the wave vector k is

1 ikx 1< g
€Tr) = —e = ——¢ L
o = L
Note that the state of energy Ej, is 2—fold degenerate when k # 0 so that
the number of state with momentum between p and p + dp is

Ld 1
nap # cells in phase space = D(k)dk = — D(FEy)dE
2rh 3
Now,
L) @dk p=? g P
C o o ’ "k T om
or
% = D(k)dk — D(k) = i , D(k)dk = %D(Ek)udk
L m L m L m L pooy
D(Bx) = T35 = 7h 5 = = vanmy — wh\/ 25%

(c) Assume that the electric field may be treated as a perturbation. Write
down the perturbation term in the Hamiltonian, Hi, and find the matrix
element of H; between the initial and the final state (0| Hy |k).

Treating the electric field effect as a perturbation we have

H = —qg&zx

Its matrix element between the initial and final states is

A
(k| H'|0) = /wz —q€o7) wdx——@1/22 / ~ ke kolel gy
0 0o
— qgo /7722 / —ikx— k0\$|dl, C\Ifg mA d /e*ikw+kowd$+/67ikz7k0zdl,
0

— o0

q&o mA 1 _ 4iq& (m )3/2 k
h?

4Zk)k0 = —_—
YA A (k2 + k)" VI (k:2 + (%4)2)
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(d) The probability of a transition between an initially occupied state |I) and

a final state |F) due to a weak perturbation H,(t) is given by

¢ 2

1 ~ . ’
= / (F| Hy(t') [T) e™rr at!

o0

Prp(t) =

where wpyr = (Ep—FE7)/h. Find an expression for the probability P(Ey)dE}
that the particle will be in an unbound state with energy between Ej and
E, +dEy for t > 7.

The perturbation is

0 —o00<t<0
1:11: —q&pr 0<t<T
0 t>T7

The transition probability at t > 7 is

. 2

1 A 2 . / 1 N
oror(t) = | (01 10) /ewm at| = & |kl 2 o)
0

2 sin? (wpiT/2)
(wr1/2)?

Since

we get

sin? (wrrr/2) _ S (85 ( + (5)°))
ortl2 (g (1 (7))

and the probability is given by

P(Ey)dEx = p1-r(t)D(Er)dE) = % ‘<k| i, |o>‘2 W# %dEk
_ L |4 (mA)?’/Q k " wrrr/2) L [,
2| L \ h? (k2+ (%1)2>2 (wrr/2)?  wh\ 2E;
o fa (g e[l (t) .
R VL O\ R (k2+("£7;4)2>2 (ﬁn (k2+(’%‘)2>)2 mh




9.5.15 Nasty time-dependent potential [complex integra-
tion needed]

A one-dimensional simple harmonic oscillator of frequency w is acted upon by
a time-dependent, but spatially uniform force (not potentiall)

(For/m)
At t = —o0, the oscillator is known to be in the ground state. Using time-

dependent perturbation theory to 1% —order, calculate the probability that the
oscillator is found in the 15¢ excited state at t = +o0.

Challenge: F'(t) is so normalized that the impulse

/F(t)dt

imparted to the oscillator is always the same, that is, independent of 7; yet
for 7 >> 1/w, the probability for excitation is essentially negligible. Is this
reasonable?

We have a perturbation potential

(For/m)
The ground state energy is
1
E() - ihw
and the first excited state energy is
3
Fy = iﬁw
so that )
w10 = ﬁ(El — Eo) = w

We then have

1 i For T et
e (00) = T (1[z]0) / mdt

— 00
Now we do the integral using the residue theorem. We choose the contour

real axis [— R, R] + semicircle of radius R closed in upper half-plane

This contour encloses a pole of the integrand at +ir. We have

i c0 iwt Twz

lim § ——S——— = [ S mdt+ lim | w=5m—= = 2miResidue(z = i7)

z+iT)(z—iT 72412 z+iT)(z—iT
R—oo ( I ) —oo Rﬁoosemicircle ( J )
oo

it . LemWT et

| Fpdt = 2wt =
—oo
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We also have

h
1 =4/ —
< |x|0> 2mw

C(l) (OO) _ i@ [ h mwe T
1 T how 2mw T

Therefore, the probability of the system being found in the first excited state is

so that

—2wT

’2 7r2F02

1
Cg : (00)| = 2mhws3

P =

Challenge: It is reasonable! If the perturbation is turned on very slowly, and
then turned off very slowly (as in the 7 > 1/w case), then the oscillator can
be visualized to be in the ground state all the time. This is so because the
only effect of the applied force (uniform in space) is just a slow change in the
equilibrium point of the oscillator. At each instant of time, we can solve the
time-independent Schrodinger equation for the ground state.

9.5.16 Natural Lifetime of Hydrogen

Though in the absence of any perturbation, an atom in an excited state will stay
there forever(it is a stationary state), in reality, it will spontaneously decay to the
ground state. Fundamentally, this occurs because the atom is always perturbed
by vacuum fluctuations in the electromagnetic field. The spontaneous emission
rate on a dipole allowed transition from the initial excited state [¢.) to all
allowed ground states [¢)) is,

2

4, N
LY [l )
where k = wey/c = (E. — Eg)/hc is the emitted photon’s wave number.

Consider now hydrogen including fine structure. For a given sublevel, the spon-
taneous emission rate is

4 3 IR AVAVE 2
F(7LLJMJ)—>(n/L/J/) = %k Z ‘(n L'J MJ|d|nLJMJ>
M

The spontaneous decay rate on a dipole transition [¢e) — |1)4) summed over all
possible final states is (Fermi Golden Rule)

4 5
r= ﬁkﬁg]wgmwa B

Including the Hydrogen fine-structure

(nLJMj) = ('L'J' M)
M
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we have
4 N
= %1& > 'L M| d|nLIMy) |?
M
(a) Show that the spontaneous emission rate is independent of the initial M.

Explain this result physically.

Expand in the spherical basis
i=Yed,
q
and use the Wigner-Eckhart theorem

4
I = S K\ DL P Y7 | (7'M 1gTM;)
q, M

But

ST MYy [1gTM;) [P =1
q,My

by normalization. Therefore,
4 3 rrlogl 2
I'= ?Thk [(n'L"J'||d||nLJ)]|

independent of M ;. This makes sense physically. The vacuum is isotropic
and will not care what direction the angular momentum is pointing in!

ASIDE: Note that I' oc w?. Thus, high frequency transitions decay much
more rapidly than low frequency transitions. This makes sense from clas-

sical electromagnetic theory. The Larmor power (rate of energy from an

oscillating dipole) goes as w?.

(b) Calculate the lifetime (7 = 1/T") of the 2P, /; state in seconds.

We have the allowed transitions with associated CG coefficients

— 2
— P,
=¥5 ]
r‘f _/ [ r—
IR X< i~ L
J_: [ / v3

2V 4 Sy,

where we note that the Lamb shift puts 2s; /o above 2p; /5. Also note the
branching ratios for the decay are 1/3 +2/3 = 1.
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From part(a), we need only consider one initial M; since I' is the same
for all. Thus,

4
L(2p1/2 = ﬁk3\<251/2||d\\2p1/2>|2

To calculate the reduced matrix element, pick some allowed transition and
use the Wigner-Eckhart theorem.

(18172, My =1/2] d. |2p1 )2, My = 1/2) =)1s1 2]|d[|2p1/2) (1/2,1/2]101/21/2)

where (1/2,1/2]101/21/2) = —1/+/3. We must now uncouple spin and
orbital angular momentum in the LHS. We have

[201/2,1/2) = 1/ 20,0} [1/2) = /2 120, 1) |-1/2)
|181/2»1/2> = [1s5,0) [1/2)
This implies that

e

~ 1 o
<151/27MJ = 1/2| dZ |2p1/2aMJ = 1/2> = \/g<15?0|d2 |2p70> - \/g

(1s,0] 2|2p, 0)
ASIDE: we have

(1,0] 2 |2p,0) = / B, o &) tprp ()

and
am
2= \/:TYm(@,(b)
Therefore,
. 4 [
<1870| z |2p, 0> - \/;/ drulo""um/dQYoonYm
0
Now - .
_ %o 4,-3q/2 _
druiorugg = 7/ dgq*e 3% = 1.29a0
J il
and X )
/dQYOOYwYm =7 /dQY10Y10 ==
Therefore,
(1519, My = 1/2] d. |21 0. My = 1/2) = — /27 (1.29a0) —— = ~0.43¢aq
V3V 3 Vam

Thus, we have

) 1s1/21|d||12p1 2) = V/30.43eay = 0.74eaq
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Thus,

In atomic units:

=g =R =R — g = e
AL _ .34 .3 ( (d)
— 62/0,0 =€ gO{ (a
Now,
(d) 1
— =074 |, —
eag 137
and forn=2—->n=1,
hw 3
€E= — = —
Ey 8
Thus,
T
2717 =1.5x1078
e2/ag
Since

2

€ 979V = 4.1 x 10" sec™!
ao

we get I' = 6.2 x 10% sec™! and thus the lifetime is

T:f:1.6ns

9.5.17 Oscillator in electric field

Consider a simple harmonic oscillator in one dimension with the usual Hamil-
tonian R
- P mw”
2m 2
Assume that the system is in its ground state at ¢ = 0. At ¢ = 0 an electric field
£ = &% is switched on, adding a term to the Hamiltonian of the form

(a) What is the new ground state energy?

This problem is solved in Section 8.6.2 of the text. The new ground
state is a coherent state of the old oscillator with a|a) = «a|a) where
a=efx,/hw, ie.,

| >new |a = e—|0(‘ & Z i |m

m(]
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where
T =1/ —
The new ground state energy is the old ground state energy shifted by

e?E2x2
hw

ie.,
e?&%xf @e%’zx%
hw 2 hw

EOmew = EO,old -

Assuming that the field is switched on in a time much faster than 1/w,
what is the probability that the particle stays in the unperturbed ground
state?

In this case we can use the sudden approximation. We get

Prob=(0]0),., | = el

new

9.5.18 Spin Dependent Transitions

Consider a spin= 1/2 particle of mass m moving in three kinetic dimensions,
subject to the spin dependent potential

. 1 5
Vi = sk|-) (-l @]

where k is a real positive constant, 7 is the three-dimensional position operator,
and {|—),|+)} span the spin part of the Hilbert space. Let the initial state of
the particle be prepared as

[Wo) = [—) ®]0)

where |0) corresponds to the ground state of the harmonic (motional) potential.

(a)

Suppose that a perturbation
W = hQ(|=) (+] + [+) (=) @ [

where 1M denotes the identity operator on the motional Hilbert space,
is switched on at time ¢ = 0.

Using Fermi’s Golden Rule compute the rate of transitions out of |¥g).
We will denote states in the Hilbert space by
W) = |s) @ [4) = [s;¢)
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The first thing to do is to examine the potential
1 )
Vi = k1-) (-l @ I

This potential corresponds to states of positive spin |+) being in a free
potnetial and states of negative spin |—) being in a harmonic oscillator
potential. The wave functions of the 3D harmonic oscillator can be obtain
by separation of variables in Cartesian coordinates giving

[nanynz) = |nz) @ |ny) @ [n.)

Yngnyn. (Z) = Yn, (m)Qpny (Y)¥n. (2)

with energies
Enpngn. = hw(ng +ny +n.+3/2) ng,ny,n.=0,1,2,...

Alternatively, you could obtain the wavefunction in spherical coordinates
giving eigenfunctions

¢n€m(f) = Rn[ (T)}/Km(ea ¢)

where )
Roo(r) = refng(r)e*ﬁ”
with M
U=
and

Srne(r) = Z apr”
k

defined by the recursion relation
2k — 4n
k+2)(k+20+3)

ag is determined by the normalization and ar = 0 for all other k. The
energies are

ar k>0, even

a2 = 23 (

Enom =hw(2n+£+3/2) nt=0,1,2,.... m=—4—(+1,.... A —1,0
It is interesting to note that this gives a better explanation for the energy

level degeneracies of the 3D harmonic oscillator,i.e.,

() = DO

The reason for mentioning the spherical coordinate eigenfunctions was to
specifically make clear that the ground state

for En =hw(N +3/2)

2h

3/4
(Z]0) = Y, —0,n,=0,n.=0(F) = Y, —0,0=0,m=0(F) = (m‘*’) o—mw(@®+y’+2%)/2h _ (
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is an ¢ = m = 0 state(you could also deduce that from the fact that it has
no angular dependence when written in spherical coordinates).

In order to better demonstrate how to find transition rates (and to double
check my results) I will calculate the transition rate using two different
options: transitions to plane waves and transitions to spherical waves. I

will define the continuum states ‘E> and |k) to be the plane wave and

spherical s—wave (respectively) with delta function normalizations:

(7| k) = L= jo (k) = —Lz=nlkn)
(kK'Y = B [ & jo(kr)jo(k'r)] = 2 [ drlsin (kr)sin (K'r)] = 6(k — k')

We need only to consider the spherical s—wave, because the 3D harmonic
oscillator ground state is an £ = m = 0 state and so has a vanishing
inner product with spherical harmonic states that do not have ¢ = m =
0. Taking inner products of these continuum states with the harmonic
oscillator ground state, we have(with |k| = k for the plane wave case):

B 1 s 28\ e

_ 3 = ik-& —pB|Z

<0 ‘ k> = /d z ((277)3/26 (W> e~ P17
3/4 [e%s) s 27 ) R
) / dr/ d@/ do (7“2 sin geFreosto—hr )

0 0 0

3/4 0o , gikrcost a
ﬂ 271'/ dr ([ r2e= 0" € -
273 o —ikr |,

= /O h (rsin (kr)e="")

3/4 3/4
BANYam N e
23 k 23

(01k) = /d3f <7T\k/§jo(kr) (25)3/46&«2)
_ <7T> 2\/5/0 dr (7'2 sin (kr)e—?" )
(%)

3/4 3/4
28N gmr— (2 RV2RT
w3 2
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where we have used the following evaluation of the integral:

I:/O dr (7‘ sin (kr)e ﬁr2)

= _ﬁ sin (kr)e 62| ™ . + ﬁ dr (cos (kr)e_BT2>

zkr —ikr
+ e 7&”2
2ﬁ/ dr cos(kr 2ﬁ/ < e )
= ﬁ < drei*re=pr / dre'* ﬂTQ)
/ dreitre—ort = K 215 / T (cmperivr2o)
R 45 —

\f —k2/48
53/2

Now it remains to find the density of states for ‘E> and |k).

For

E>, we use py(k, B)dEdk = d3k where k = k/|k| is the direction
of the wave vector and dk corresponds to the differential solid angle and
E = h?k?/2m to get:

( )dekdlAci Kdk__mk _ Va2,
PGB Bah ~ KRkdkjm B2 B3

Finally, we plug everything into Fermi’s Golden Rule with

W) =) @), |¥g) =+ e |F)
- ~ h202 3
= E = = —
ko = kok 0 5 2hw
to get the transition rate:
27 2T
w(0 = ko) = —[ (ko | W [Wo) *ps(Eo) = *(7739)2\ (0 ko) [P ps(Eo)
3/2
= 27rh§22( 2 > et3/28 YT e
e h\f
3/2 ~1/2
_ 9rhQ)? 4h 3mw7r _av/m hw
Tmw 2h 2
s
e w

Thus, we get the same result whether we use transitions to plane waves
or transitions to spherical waves (as expected).
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(b)

Describe qualitatively the evolution induced by W, in the limits Q >
Vk/m and Q < \/k/m. HINT: Make sure you understand part(c).

First consider the evolution of a general gaussian in free space and in a
harmonic oscillator system. In free space, a gaussian wave packet simply
spreads out, dissipating with time. In the harmonic oscillator potential, a
gaussian obeys a periodic evolution (think squeezed states). The frequency
of transitions between the positive spin (free potential) and negative spin
(harmonic oscillator potential) states are determined by the value of .

In the © > w limit, there is a rapid transition between the positive and
negative spin states. Consequently, the position space wavefunction part
of the initial state |¥o) = |—) ® |0) remains essentially unchanged for a
while, since the spreading effect of being in the positive spin free potential
occurs at a rate much slower than the rate at which W flips the spin back
from positive to negative. Of course after a long time, the initial state will
dissipate, which is the unavoidable effect of coupling to the free potential
continuum.

In the Q < w limit, there is a slow transition between the positive and
negative states, so the rate at which the gaussian wavepacket spreads
out is much higher than the rate at which the spin would flip back from
positive to negative. When some of the amplitude of the initial state
|¥o) = |—) ® |0) leaks into the positive spin free potential, it almost
completely dissipates since you would expect almost no harmonic oscillator
ground state left by the time it flips back to negative spin. Effectively, the
decay rate of the initial state is the same as the transition rate w that we
solved for in part (a).

Consider a different spin-dependent potential
Vo = [+) (+1 @ 2+(@) + =) (-] 9 5-(@)
where ¥4 (Z) denote the motional potentials

- +oo |z| <a
N —
+(@) {0 2| > a

+oo x| >a

S (7) = {O |z| < a

and a is a positive real constant. Let the initial state of the system be
prepared as
[Wo) = |—) @ |0')

where [0") corresponds to the ground state of ¥_ (). Explain why Fermi’s
Golden Rule predicts a vanishing transition rate for the perturbation W
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specified in part (a) above.
For states |s) ® |¢) = |s; ) in the Hilbert space, the potential

+oo |z|<a

S (@) = (+; 3| Vo |+ 7) = {0 2>

- S - 0 | <a
z(w>—<—;x|v2—;x>—{+oo ol
(and spin off-diagonal terms of Vs being zero) requires that:
(&) = (Z] ) = 0 in the region |¥| < a for states with s = +
(&) = (| 1) = 0 in the region |Z| > a for states with s = —

Hence, for any two allowed states with different spin, |+;v¢) and |—; ¢)
(with ¢(&) = (Z| ) vanishing for |Z| < a and ¢(Z) = (Z| ¢) vanishing for
|Z| > a), we will have

(W d) = / B (@)@ dPE = 0

since no overlap is possible. Together with the fact that (s1]|d, |s2) =
1 — ds,,s,, this implies that

(H3 0| W |45 8) = B+ 6 |[+) [ % (&)$(3)d>T = 0
(39| W | = ¢) = BQ (+] 7, | =) [ 4" (D)$(8)d>F = 0
(=39 W [+ 0) = B (=] 05 |+) [ ¢*(2)o(Z)d’T =0
(=W = ¢) = hQ (—| &% | =) [¢*(D)p(Z)d*Z = 0

for any allowed 9 (Z) and ¢(Z), and so it follows that the transition rate
vanishes, since W is effectively zero when the system has potential V5.

9.5.19 The Driven Harmonic Oscillator

At t = 0 a 1—dimensional harmonic oscillator with natural frequency w is driven
by the perturbation ‘
H,(t) = —Fze ™%

The oscillator is initially in its ground state at ¢t = 0.

(a) Using the lowest order perturbation theory to get a nonzero result, find
the probability that the oscillator will be in the 2nd excited state n = 2
at time ¢ > 0. Assume w # €.

First-order:
(1)__1. ¢ ’ TN |\ dwpit! . _
dy’ = 5 at’ (f|H'(t") i) e/ =0 i=0, f=2
to
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Second-order:

t t’
o = ( >/ dt'/ dt" Y (FLH () Im) ] H (1) i) et tonc
t[) t()

n

t t/
|TL <TL‘ | / dt// dt”ei(wfn_Q)t/ei(wm—ﬂ)t”
to to

n

For the harmonic oscillator,

2|z |n) = 0 (2] (a + a™) |n) = 2o (Vnd2,n—1 + Vi + 182,041
i.e., the only non-zero term is

2]z 1) 1]z |0) = 23(182,0 + V262, 2)(081 0 + 161,1) = V22

So,

t t
d(z) _ _52 5 \[ dt'/ At @i —Dt gi(wni =)t
mw

Substituting wep = 2w, w19 = w, we1 = w, we have (choosing to = 0)

d?® — 7F2ﬁ 1 1 ( 2i(w—Q)t _ gi(w—)t | 1)
2mwh (w — Q)2 2

Then, squaring, the probability is

F4 3 1
Py = |ds|* = S (= Q1)1 (2 + 5 cos 2(w— Q)] — 2cos [(w — Q)t])

Now begin again and do the simpler case, w = Q. Again, find the prob-
ability that the oscillator will be in the 2nd excited state n = 2 at time
t>0

Using

2
FON ~F%/2 dt/ At @ sn— ) gilwni— )"
Y 2mwh

we now have the conditions wa1 = Q, wip = 2, so that (for ¢y = 0)

@ = ZV2 dt/ g TP
to

! 2mwh Jy, 2mwh 2
Therefore, the probability is

At

Po—2) = SI2m2w2
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(c) Expand the result of part (a) for small times ¢, compare with the results
of part (b), and interpret what you find.

In discussing the results see if you detect any parallels with the driven
classical oscillator.

If we expand, the probability is

F* 3 1 (w—Q)t (w—
P ~ = S (w- P ) — (2 (w -
(0=2) 2mlw?h?(w — Q)4 (2 + (2 @ &+ 3 ) ( @ &+
Pt
T 8RZm2w?

which is identical to the result obtained in part (b).

9.5.20 A Novel One-Dimensional Well

Using tremendous skill, physicists in a molecular beam epitaxy lab, use a graded
semiconductor growth technique to make a GaAs(Gallium Arsenide) wafer con-
taining a single 1-dimensional (Al,Ga)As quantum well in which an electron is
confined by the potential V' = ka2 /2.

(a) What is the Hamiltonian for an electron in this quantum well? Show that
Yolx) = Noe_‘mz/2 is a solution of the time-independent Schrodinger
equation with this Hamiltonian and find the corresponding eigenvalue.
Assume here that « = mw/h, w = /k/m and m is the mass of the
electron. Also assume that the mass of the electron in the quantum well
is the same as the free electron mass (not always true in solids).

Clearly, we have a harmonic oscillator with Hamiltonian

2
p L, o
H=-—+_k
om T 2"
As we know the ground state wave function is 1o (z) = Noe%*"/2 and the

corresponding eigenvale is Ey = hw/2 where k = mw?

(b) Let us define the raising and lowering operators @ and a* as

e - h ()

where y = \/mw/hz. Find the wavefunction which results from operating
on 1y with a™ (call it 41 (z)). What is the eigenvalue of ¢ in this quan-
tum well? You can just state the eigenvalue based on your knowledge -
there is no need to derive it.

The state ¢ (x) = aT1o(x) is the first excited state and its energy eigen-
value is Fy = 3hw/2
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(¢) Write down the Fermi’s Golden Rule expression for the rate of a transition
(induced by an oscillating perturbation from electromagnetic radiation)
occuring between the lowest energy eigenstate and the first excited state.
State the assumptions that go into the derivation of the expression.

This is a harmonic perturbation, which is derived in the text. We have
(eq 11.103)
re 2 LT
h 4
See reasoning in Chapter 11.

(d) Given that k = 3.0kg/s?, what photon wavelength is required to excite
the electron from state ¥y to state 117 Use symmetry arguments to decide
whether this is an allowed transition (explain your reasoning); you might
want to sketch 1g(z) and 17 (z) to help your explanation.

We have
2re 2me/Me

A:

¢
voow vk
(e) Given that

alvy=vvlv—-1 |, atl)=—-Vr+1jv+1)

evaluate the transition matrix element (0] z|1). (HINT: rewrite x in terms
of @ and a™). Use your result to simplify your expression for the transition

rate.
(0|2 [1) =z (0] (a +a™) [1) = 20
Thus,
2r x
Ty = —=2
0—1 B 4

9.5.21 The Sudden Approximation

Suppose we specify a three-dimensional Hilbert space H 4 and a time-dependent
Hamiltonian operator

H(it)=«

OO =
(el Ol en)
w o O

0 0
+8 o 0 o
1 0

where « and ((t) are real-valued parameters (with units of energy). Let 5(t)
be given by a step function
a t<0
o |

0 t>0
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The Schrodinger equation can clearly be solved by standard methods in the
intervals ¢t = [—o0, 0] and ¢ = (0, +00], within each of which H remains constant.
We can use the so-called sudden approzimation to deal with the discontinuity
in H at t = 0, which simply amounts to assuming that

[W(04)) = |¥(0-))

Suppose the system is initially prepared in the ground state of the Hamiltonian
at t = —1. Use the Schrodinger equation and the sudden approximation to
compute the subsequent evolution of |¥(¢)) and determine the function

@) =(w) [1w)) , t=0

Show that |f(¢)|? is periodic. What is the frequency? How is it related to the
Hamiltonian?

We begin by solving for the eigenstates of the Hamiltonian for ¢t < 0,

1
1

o N O
—_ O =

Clearly, one of the eigenvalues is 2« with the corresponding eigenstate

0
1
0

Simple algebra on the remaining 2 x 2 submatrix gives the other eigenstates as

L
V2 \1
with eigenvalue 2o and
1 1
0

with eigenvalue 0 (the ground state). Hence

O =

lp(=1)) = 7 '

and it is a stationary state until time ¢ = 0. For positive times, we can easily

read off the new energy eigenstates and write
e—iat

1
w0 = 5| o
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Then

and therefore L
lf()]? = 5(1 + cos (2at))

which is indeed periodic with the largest Bohr frequency, which is 3a — a = 2a.

9.5.22 The Rabi Formula

Suppose the total Hamiltonian for a spin—1/2 particle is
H = —~[ByS. + b1 (cos (wt) S, + sin (wt)Sy)]

which includes a static field By in the z direction plus a rotating field in the
x — y plane. Let the state of the particle be written

(W (t) = at) |+2) +b(t) |-2)

with normalization |a|? + |b|? = 1 and initial conditions

Show that (41y)?
701 .ol
P =" /A2 + (yby)?
la(t)] AT+ (1) sin (2 + (7vb1) )
where A = —yBy — w. This expression is known as the Rabi Formula.

In the rotating frame
[7(0)) = [¥(t)) = |—2)

and using results from the text (sections on magnetic resonance)

ih% [ (£)) = — (<BO + ‘:) S.+ blsz) ' (t))

In matrix representation, we have

i6) =3 (5 %))

and the eigenvalues of the effective Hamiltonian are given by
_ 1 2 _y2, L2 1 2
( /\)< A) +4(7b1) =A +4A +4(vb1)

A= i%dA? + (7h1)?
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The corresponding eigenvectors are determined by

(5o 47 () -

or ‘A .
] 1
or
= _Lblb
IA + 2\

Thus, the unnormalized eigenstates and eigenvalues are

_ —iyb
o) = (iA +iy/AZ + (707)2

N —iyby A 2
ja ><z’A—i A2+(7b1)2) @ VAT QOh)

) < —l—% A2 4 (yby)?

N S
(1)—% At o)

(a(t)) _ 1 (Ja+) 6%\/Wt —la—) ef%\/mt)
2i\/A2 + (7D1)?

and thus

a(t) = —— OO SVEFORPE _ o~ iR OR))
2i/A2 + (701)?

— _ i'ybl sin / A2 2£
T /AT (b ) ( AT Oby 2)

and finally,
b1)? t
a2 = ) E sin? <2\/A2 + (7b1)2>

A2+ (4

9.5.23 Rabi Frequencies in Cavity QED

Consider a two-level atom whose pure states can be represented by vectors in a
two-dimensional Hilbert space H 4. Let |g) and |e€) be a pair of orthonormal basis
states of H 4 representing the ground and excited states of the atom, respec-
tively. Consider also a microwave cavity whose lowest energy pure states can be
described by vectors in a three-dimensional Hilbert space H¢. Let {|0), [1),]2)}
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be orthonormal basis states representing zero, one and two microwave photons
in the cavity.

The experiment is performed by sending a stream of atoms through the mi-
crowave cavity. The atoms pass through the cavity one-by-one. Each atom
spends a total time ¢ inside the cavity (which can be varied by adjusting the
velocities of the atoms). Immediately upon exiting the cavity each atom hits a
detector that measures the atomic projection operator P. = |e) (e|.

Just before each atom enters the cavity, we can assume that the joint state of
that atom and the microwave cavity is given by the factorizable pure state

(W (0)) = 19) © (o |0) +c1[1) + 2 [2))
where [co|? + |e1|? + |co]? =1

(a) Suppose the Hamiltonian for the joint atom-cavity system vanishes when
the atom is not inside the cavity and when the atom is inside the cavity
the Hamiltonian is given by

Hac = fwle) (gl @ (10) (1] + V2[1) (2]) + 1w |g) (el (1) (0] + v2[2) (1])

Show that while the atom is inside the cavity, the following joint states
are eigenstates of H4¢ and determine the eigenvalues:

[Eo) = |9) ©10)

1
|Ery) = —=

5 (19 @ 1) +e) @10))

5

|&4=§;M®mw@@w
|&g=§;M®m+@®u»
B ) = —(lg) ®12) - |e) ® [1))

5

2

Then rewrite |¥(0)) as a superposition of energy eigenstates.

It is immediately clear that H,.|FEo) = 0, so that it is an eigenstate with
eigenvalue zero. Going down the rest of the list

hv
Hoc i) = 2206 & 10) +19) @ 1) = W Eva) = Bry = o

v
V2

Hac |Eay) = %(\@|€)®|1>+\/§|g>®\2>) = V2hv |Eyy) — By =2k

Hoc|[Er-) = —=(le) @10) —|9) @ 1)) = —hw [Ery) = By = —hw
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hv
V2

By inspection we can write

Hac |E2_> = (\[2|e>®\1>7\/§|g>®|2>) = *\[2711/ |E1+> — EQ_ *\/ﬁhl/

[9(0)) = lg) ® (co[0) + 1 [1) + c2(2))

= co| Bo) + %<|El+> +1E-)) + %<|E2+> +|Bam))

Use part (a) to compute the expectation value
(Pe) = (W(t)| P @ I [0(1))
as a function of atomic transit time ¢. You should find your answer is of

the form
(P) =Y P(n)sin® [Q,1]

where P(n) is the probability of having n photons in the cavity and 2, is
the n—photon Rabi frequency.

We can easily propagate the initial state:

c —iv i G —V2iv 3%
[U(0) = co | Bo)+ (7 [Bry )™ By )+ (V2 | By ) eV [ Bp.))

V2 V2

and then compute

Po® I°[()) = S(e™ = ™) &) © [0) + 2 (e™V2 — e/2) ) @ |1)

= —icy sin (vt) |e) ® |0) — dco sin (V2ut) |e) @ [1)

C2

Using
(Pe) = ((t)| Pe @ I°[9p(t)) = (Pe @ I° [9)()))" (Pe @ I° [1h(2)))

we have

(P.) = |e1|? sin? (vt) + |ea|? sin? (V2ut)

With |c1]? = P(1), |e2]? = P(2) and Q,, = vy/n we recover the desired
expression.
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